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THE SEMI-CLASSICAL APPROXIMATION FOR MODULAR
OPERADS

E. GETZLER

The semi-classical approximation is an explicit formula of mathematical physics for the
sum of Feynman diagrams with a single circuit. In this paper, we study the same problem
in the setting of modular operads {5]; instead of being a number, the interaction at a
vertex of valence nn will be an S,-module.

The motivation for developing this theory was the desire to calculate the S,-equivariant
Hodge polynomials of the Deligne-Mumford-Knudsen moduli spaces ﬂl,n of stable curves
of genus 1 with n marked smooth points. In performing these calculations, we use the
formulas for the Sp-equivariant Serre polynomials of My, and My, derived in [1] and [3]
respectively.

A particular consequence of our calculations will be needed in_{4} to find_a_relation
among the codimension two cycles in M 4.

Theorem. The S4-module H' (M, 4,Q) is isomorphic to
(V@ Q) & (Vo 8 Q) @ (Vo @ Q).
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1. WICK’S THEQOREM AND THE SEMI-CLASSICAL APPROXIMATION

Let I'y , be the small category whose objects are isomorphism classes of stable graphs G
of genus ¢(G) = g with n totally ordered legs [5], and whose morphisms are the automor-
phisms: if G € T'y,,, its antomorphism group Ant(G) is the subset of the permutations of
the flags which prescrve all the data defining the stable graph, including the total ordering
of the legs. Because of the stability condition, I'y, is a finite category.

Define polynomnials {Mug 5, | 2(g—1)+n > 0} of a set of variables {vy, | 2(9—1)+n > 0}
by the following formula:

1
(1.1) Mg = Z TAG(G)] H Vg(v),n(v)-

ut(G
GEObT, veVert(G)

Introduce the sequences of generating functions
n

ag(z) = Z vg,ﬂ%, and  by(x) = Z M?;g,nm

!
- 7.
2(g~1)+nu>0 2{g—1)+n>0

n

Wick’s theorem gives an integral formula for the generating functions {b,} in terms of

{“g}: -
o > — £)? dz
b8 =lo / ex ( ahd~! — (z —¢) ) .
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As written, this is purely formal, since it involves the integration of a power serics in .
It may be made rigourous by observing that the integral transforimn
dz

o0
—s Ky z)e~ (@02 2
/ / flze =

induces a continuous linear map on the space of Laurent series Q{(/i))[z] topologized by
the powers of the ideal (h,z).

The semi-classical expansion is a pair of formulas for by and b; in terms of qp and a4,
which we now recall.

Definition (1.2). Let R be a ring of characteristic zero. The Legendre transform L is
the involution of the set x2/2 + z3 R[z] characterized by the formula

(Lo f +f=mf.
Theorem (1.3). The series x2/2 + by is the Legendre transform of z°/2 — ag.

The first few coefficients of by may be calculated, either from the definition of My ,, or
from Theorem (1.3):

n | Mg,

3 |vos
4 | vga + v
0,4 0,3

5 {wos + 10ugqvp3 + 151)8’3

6 | v, + 15v0,5v0,3 + 100 4 + 1050 4] 5 + 105v¢ 5

We now come to the formula for &, known as the semi-classical approximation.

Theorem (1.4). The series by and ay are related by the formula
b1 = (a1 — 5 log(1 — ag)) o (z + bf).

By the definition of the Legendre transform, we see that (£f) o f' = z. It follows that
Theorem (1.4) is cquivalent to the formula

byo(z ~ap) = ay — 3 log(1 —ag).

This formula expresses the fact that the stable graphs contributing to b; are obtained by
attaching a forest whose vertices have genus 0 to two types of graphs:

(i) those with a single vertex of genus 1 (corresponding to the term aq);

(ii) stable graphs with a single circuit, and all of whose vertices have genus 0 — we call

such a graph a necklace.

The presence of a logarithin in the term which contributes the necklaces is related to the
fact that there are (n — 1)! cyclic orders of n objects.

The first few cocflicients of b; are also casily calculated:

n | Mu,

]
1 U]y] + Q’U(),g
1
w12 + V11003 + 5(‘00,4 -+ Ug’,g)

. 1 .
v1,3 + 3vy 2v0 3 + V1, 1v0,4 + —(’U(),5 + 3vg,4v0,3 + 21}8 3
2 ¥

A e N

vy 4 + 6y 3v0,3 + Vi 2v0,4 + 15‘01,2’1)3,3 +v1,100,5
1 . 4 .
- :_-,(’Uo’e, + 4dvgsvp 3 + ‘5”3,4 + 12’00,4713,3 + 6”(1,3)
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2. THE SEMI-CLASSICAL APPROXIMATION FOR MODULAR OPERADS

In the theory of modular operads, one replaces the sequence of coefficients {vyn} consid-
cred above by a stable S-module, that is, a sequence of §,-modules V((g,n)). The analogue
of (1.1} is the functor on stable $-modules which sends V to

(2.1) MY ((g,n) = golim Q) V((g(v),n(v)).
97 weVert(G)

Thus, the coefficients in (1.1} are promoted to vector spaces, the product to a tensor prod-
uct, the sum over stable graphs to a direct sum, and the weight | Aut(G)|~! to colimauyq),
that is, the coinvariants with respect to the finite group Aut(G). Note that this definition
makes sense in any syminetric monoidal category C with finite colimits. We will need the
Peter-Weyl theorem to hold for actions of the symnetric group 8§, on C; thus, we will
suppose that C is additive over a ring of characteristic zero.

Definition (2.2). The characteristic ch, (V) of an §,-module is defined by the formula

chn (V) = — Z Tre(V)ps € An ® Ko(C),
gES,

+ worwnsswhere-pg-is-the-product-.of-pewer-sums.p|o-over-the orbits.O-of-o.

Although this definition appears to require rational cocflicients, this is an artifact of
the use of the power sums p,; it is shown in [2] that the characteristic i3 a symmetric
function of degree n with values in the Grothendieck group of the additive category C. If
rk : A = Qz] is the homomorphism defined by h, — z"/n!, we have

tk(cha(V)) = V)/nl € Ko(C) @ Q
Note that rk(f) is obtained from f by setting the powers sums p, to 0 if n > 1, and to z
ifn=1

The place of the gencrating functions a4 and b, is now taken by

a= Y ca(V(g.n) € ABKo(0),
2(g—1)+n>0

by= > chu(MV(g,n) € ABKH(C).
2(g—1)+nr>0

Theorem (8.13) of [5], whose statement we now recall, calculates by in terms of a, h < g.
Let A be the “Laplacian” on A((A)) given by the formula

. (n & 0
A= Z & (2 8])2 Bpgn) '

Theorem (2.3). If V is a stable S-module, then

oo
Z b1 = Log (exp(A) Exp(i agﬁf’_l)) .
9=0

9=0
There is also a formula for bg in terms of ag. To state it, we must recall the definition
of the Legendre transform for symmetric functions. Let
A®K(C) = {f € A@K(C) | tk(f) = 22/2 + O(z™)}.
If fis a symmnctric function, let f' = 9f/dp,; this operation may be expressed more
invariantly as pi- (Ex. 1.5.3, Macdonald [6]).

Definition (2.4). The Legendre transform £ is the involution of A,&K(C) characterized
by the formula (Lf)o f'+ f=mp f'.
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The Legendre transform Lf of a function f is characterized by the formula (£f) o f' = z.
For symmetric functions, although the analogue of this formula holds, in the form

(Lf) o f =My,
the situation is not as simple, since there is no single notion of integral for symmetric
functions (the “constant” term may be any function of the power sums p,, n > 1).
Neverthless, there is a simple algorithm for calculating £f from f. Denote by f, and
gn the coefficents of f and ¢ = Lf lying in A, @ Ky{C).
(i) The formula f’ o (Cf)' = h; may be rewritten as
N-1

an +Zf °© (h] + Z Jk) =0 mod Ay @ Ky(C).

n=3 n=3

This gives a recursive procedure for calculatmg G
(ii) Having determined g’, we obtain g from the formula f = Lg, or g = p1g' — fo g’

We now recall Theorem (7.17) of [5], which is the generalization to modular operads of
Theorem (1.3).

Theorem (2.5). The symmetric function hy + by is the Legendre transform of e — ag.

The main result of this paper is a formula for by in terms of a1 and 8y, gencralizing
Theorem (1.4). If f is a symmetric function, write f = 8f/8ps = ipsf.

Theorem (2.6).

b1 = (a0 20 A osts — o) + {5 ) o b

Here, ¢(n) is Euler’s function, the number of prime residues modulo n.

Remark. The first two terms inside the parentheses on the right-hand side of Theorei
(2.6) are analogues of the corresponding terms in the formula of Theorem (1.4). In partic-
ular, the second of these terms is closely related to the sum over necklaces in the definition
of MV((1,n)), as is seem from the formula

i chy, (Inds“ 1 Z ¢ log(1l — py).

n=1

The remaining term may be understood as a correction term, which takes into account the
fact that necklaces of 1 or 2 vertices have non-trivial involutions (while those with more
vertices do not). A proof of the theorem could no doubt be given using this observation;
however, we prefer to derive it directly from Theorem (2.3).

If we take the plethysin on the right of the formula of Theorem (2.6} with the symmectric
function hy —ag, and apply the formula (k1 +bg)o(h; —aj) = h1, we obtain the equivalent
formulation of this thcorem:

00 . .
¢’( ) I ag(ag + 1)
log(t — ¥n(ag)) + ———-
2 n MR o (ap)
Proof of Theorem (2.6). The symmetric function by is a sum over graphs obtained by
attaching forests whose vertices have genus 0 to cither a vertex of genus 1, or to a necklace.
In other words,

t\le—‘

blo(hl —&6) =a; —

n=1

b, = (a1 -+ sum over necklaces) o (h; + bg).

To prove the theorem, we must calculate the sum over necklaces.
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To do this, observe that a necklace is a graph with flags coloured red or blue, such that
each vertex has exactly two red flags, each edge is red, and all tails are blue. Let W((n)),
n > 1, be the sequence of representations of S; x §,

W(n)) = Resgnis. V(0,1 + 2));
think of the first factor of the product S, x 8§, as acting on the blue flags at a vertex, and
the second factor as acting on the red flags. Applying Theorem (2.3), we see that
Log(exp(1 ® A) Exp(Ch(W))) € AQA®K(C)

is the sum over stable graphs all of whose edges are red. To impose the condition that all
tails arc blue, we set the variables ¢, to zero before taking the Logarithm.

We now proceed to the explicit calculation. We set fi = 1, since it plays no réle when
all graphs have genus 1. In writing clements of A®A, we will denote power sums in the
first factor of A by p,, and in the second by g¢,.

Lemma (2.7). The characteristic Ch{W) of W is the “bisymmetric” function
Ch(W) = lafq! + aggr € A®A®K(C).

Proof. We have Ch(W) = hiag ® hy + exap ® e2. Expressing this in terms of power sums,
we have

hyag® hy + exag ® ez = (5(p1)° + p7) a0 ® (g} + @2) + (3(p1)* — p7)a0 ® §(af ~ @2)
= 3(pi )2ao®q1 +prap®q. O
From this lemma, it follows that
oo
Exp(Ch(W H cxp(z,bn ) qn) H ( tDn) € A®ARKLH(C),
We now apply the heat kcrncl and scparate va.rla.blcs:
9 Un
exp(l ® A) Exp(Ch(W))] q —0 nl(:!d exp (2 B 2) exp (¢n(a())2n)|q“=0
n 9% a q2 2qy,
x J] exp (26 3 )CXP(Tlln( ) +"/)n/2( ) ” )]qn=0

n even

We now insert the explicit formulas for the heat kernel of the Laplacian, namely

n 7\ dq
exp (2 3 2) qn)|q -0 / f(qn)cxp(—2—) Voo
For the odd variables, matters are quite straightforward:
n & 0 " e N AN
P (2 aqg) ( ¥ )) qn=0 - ./;oo oxp{ ¥n(ag )Zn 2n Varn
172
. (1 - "1[’1"1( )) /

For the even variables, things become a little more involved:

n 9% g 1-,1 20n
o0 (3o * o) 0 (0BGt )

?L

gn=0
n 0% g% 2q,
= exp (2 ) 2) CXD("/}n( ’) +¢u/2(a0) 11) -

o0 2 Gn — 2 dgn
-/ cxp(v,bn(a)" Fuya(B0) T @ ”) 9

-0 n 2n 21
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To perform this gaussian integral, we complete the square in the exponent:

2gn _ (Qn — 1)2

Yn ( ”)qn +"|bn/2(- )

2n n 271
n 1
(1= o)) 22 o (2 afi) + 1) 2 L
_ _1 - 'lll'n(ag) ( _ 21}’71/2(&0) + 1)2 +Z T,L’n/z(élo) (¢n/2(a0) + 1)
7 T (ap) n = nlay |

Thus, the gaussian integral equals

(1= wnlaf)) "/ pi(%/z(‘ 0) (Yn/2(0) + 1))_

1 _d}n( )

Putting these calculations together, we see that

exp(l ® A) EXp(Cll(W))lqn:O — H (1 _ ¢n(ag))—1/2 exp:_l(wn(a[l)(wﬂ(a@))+ 1))

n=1 1_14)211(8'8
Tt (a2 B (éo(éo+1))
)111;[1(1 dnlen)) B\ T )

and, applying the operation Log, that

= Y- g8 + 1
Log(exp(1 @ &) Exp(Ch(Y)) o) = Log [ (1= da)) ™/* + 220

The proof of the theorem is completed by the following lemma., applied to [ =1 — ag.

n=1

Lemma (2.8). Let f € AQK(C) have constant term equal to 1; that is, rk(f) = 1+O0(z).
Then

LogHv,IJ -z = Z ¢ og(¥a(f))-

n=1

Proof. By definition,

Log [[ ()7 = 32 g [T a7/ = =5 T1 (52 st

n=1 n=1 d|n

The lemma follows from the formula
$ ) _ o)
dln
which follows by Moébius inversion from Zd|n o(d) = n. 0
Corollary (2.9). Define a, = rk(a,), by = rk(by,), and g = rk(ag). Then we have
aro(z—ay)=a; — % log(1 — ag) + ap(ag + 1).
Example (2.10). Suppose V((0,n)) = 1 is the trivial one-dimensional representation for

all n > 3, while V((1,n)) = 0. Then MV((1,n)) is an S,-module whose rank is the number

of graphs in Fl s Where T n C Lin is the subset of stable graphs all of whose vertices

have genus 0. We have

ap = Zhn—exl)(z )-l—hl—hg
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Theorem (2.6) leads to the following results; the calculations were performed using J. Stem-
bridge’s symmetric function package SF for maple [7].

n | chy (MV((1, n)) 09|
119 1

2| 3s, 3

3| 783+ 45 15

4 2084 + 17831 + 14592 +4 5972 111
5| 5255 + 78541 + 71 syy -+ 335912 + 34 5921 + 45995 + 535 | 1104

An explicit formula for the generating function of the numbers

I} .| may be obtained
from Corollary (2.9), using the formulas ay = ¢* — 1 — z, aj = ¢ — 1 and a9 = 3(e” — 1).

Proposition (2.11).

o0

37"' 1 1 )
12 — (Lo )+ 1) o1 20—
It

n=

3. THE S,-EQUIVARIANT HODGE POLYNOMIAL OF M, ,,
A more interesting application of Theorem (2.6) is to the stable S-module in the category
of Z-graded mixed Hodge structures

V({g,n) = H (Mg, C).

Let KHM be the Grothendieck group of mixed Hodge structures. The S;,-equivariant
Serre polynomial e37(AM, ;) is by defiuition the characteristic ch, (V((g,n)}) € A, ® KHM.
It follows from the usual properties of Serre polynomials (see [2] or Proposition {6.11) of
(5]) that ch,(MV((g,n))) is the S,-equivariant Serre polynomial e5»(M, ) of the moduli
space ﬂg’n of stable curves. Since the moduli space Hg,n is a complete smooth Deligne-
Mumford stack, its kth cohomology group carries a pure Hodge structure of weight k;
thus, the Hodge polynomial of M, ,, may be extracted from e5*(M, ). Using Theorem
(2.6), we will calculate the Serre polynomials e57(M ,,).

It is shown in [1] (sce also [2]) that

{ ﬁ (1 + po) Zn “(”/‘1)(1+Ld)} -1

n=1 h:l }12

oo
— Sn — — -
a0 =) & (Mo,) = 3L Z-L L+1

n=3

where L is the pure Hodge structure C(—1} of weight 2. Theorem (2.5) implies that

oo
ho +bg = ho + Z es"(ﬂg,n)
n=3
is the Legendre transform of e — ag; this was used in {1] to calculate ES"(HU,,;).

Let Sox42 be the pure Hodge structure grg‘l,:_H H! (.f'\/h,l,Sym?IIC H}, where H is the local
system R'm,Q of rank 2 over the moduli stack of elliptic curves. (Here, 7 : :’Wl,g — ﬂl,l
is the universal elliptic curve.) This Hodge structure has the following properties:

(1) Soks2 = FOSok2 @ FOSqko;

(i) there is a natural isomorphism between F2Syc.o and the space of cusp forms Sppo
for the full modular group SL(2,Z). (In particular, Sopip =0 for & < 4.)
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It is shown in [3] that

o0
a; = Zes"(Ml,n) = resg

n=1

l-w—-L/w+L

p (i (%)w% - 1) (w— L/w)dw],

k=1

[ (I—I?f;l (1 4 pp) 7 Sain wl/ (=Lt eld) g )

where resp[a] is the residue of the one-form « at the origin.

We may now apply Theorem (2.6) to calculate the generating function of the $;-
equivariant Serre polynomials es"(ﬂl,n). We do not give the dctails, since they are
quite straightforward, though the resulting formulas are tremendously complicated when
written out in full. However, we do present some sample calculations, performed with the
package SF.

n e(ﬂlﬂ‘) X(ﬂl,ﬂ)
1 (L+1)s 2
2 | {(L24+2L +1)s, 4
13 (B +3L2+3L+ sz + (L2 +L)syy  — — 7 7Tt T
4| (LY 440 + 712 + 4L + 1)sq + (213 + 412 4 2L)s31 4 (L 4+ 2L% + L)sge | 49
51 (L5 +5L% + 1203 + 1202 + 5L + 1)s5 + (3L 4+ 11L% + 11L2% + 3L)s4, 260
+ (2L% + 713 + TL2 + 2L)s32 + (L2 + L2) (530 + $92,)

In a table at the end of the paper, we give a table of non-equivariant Serrc polynomials
of ﬂhn for n < 15; these give an idea of the way in which the Hodge structures Sogo
typically enter into the cohomology. In particular, we sce that the even-dimensional coho-
mology of the moduli spaces M, is spanned by Hodge structures of the form Q(¢), while
the odd dimensional cohomology is spanned by Hodge structures of the form Sgg.o(f).

The rational cohomology groups of M, satisfy Poincaré duality: there is a non-
degenerate S,-equivariant pairing of Hodge structures

HY (M) 2, Q) @ H5(Mi,0,Q) — Q(—n).
Unfortunately, our formula for es"(ﬂl,n) does not render this duality manifest.
4, THE EULER CHARACTERISTIC OF ﬂl,n

As an application of Corollary (2.9), we give an explicit formula for the generating
function of the Euler characteristics x(M, ).

Theorem (4.1). Let g(z) € = + z°Qfz] be the solution of the equation
29(z) — (1 + g(z)) log(1 + g(x)) = =.

Then
s 1
_ 1 1
2 x(Mip)— = =5 log(1 +g(a)) = 5 log(1 ~ log(1 + g(a)) + elg()),
n=1 ’
where

1 .
e(z) = ﬁ(19;«:+23m2/2+ 102 /3 + z'/2).
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Proof. We apply Corollary (2.9) with the data

o0
ay = Z x(Mo i) I—l Z( *(n - .—~ = (1 +z)log(l + z) — =,
n=2 :

n=2

1
af = log(1+3), a9 =u(z+2)

z? 73 A n "

= ' )= S )i -1

a1 = x(My 1z + x(Mi2) 2 + x(Mi13)— +X(-M14)24 + D 2 5( )" —1) "
72 72 3 g4

+ lo(1+)+l(+ + 2 )
—TT BT T R\ Ty T )

where we have used that x(M;i;) = x(Mi2) = 1 and x(M;3) = x(M14) = 0. The
function g(z) of the statement of the theorem is z + by (x). O

The following corollary was shown us by D. Zagier.

Corollary (4.2). '
Y v (n—1)! L 1/ _3/2
X(M']'u) 4(6 — 2)11 (’1“*“0"’ " ““‘}"O('n-‘ "')) 3yt
where
2 .
C= is (1 + de + 9¢2 + 4¢3 + 2¢) ~ 18.31398807.

Proof. To show this, we analytically continue g(z) to the domain C\ [e — 2,00). The
resulting function has an asymptotic expansion of the form

glz) ~e—1-— \/28(8—2—$)+Z(Lk(6—2—l‘)k/2.
k=3

The asymptotics ((4.2)) follow by applying Cauchy’s integral formula to the right-hand
side of Theorem (4.1), with contour the circle |z| = e — 2. O

The peculiar polynomial €(z) of Theorem (4.1) combines the error terms in the formula
for x(My n) with the correction terms involving ép in Corollary (2.9). Omitting the term
e(g(z)) in Theorem (4.1), we obtain the generating function not of the Euler characteristics
x(ﬂlm), but rather of the virtual Euler characteristics xv(ml,n) of the underlying sinooth
moduli stack (orbifold). The asymptotic behaviour of the virtual Euler characteristics

is the same as that of the Euler characteristics, with C' replaced by C = (188_71' 26)!/2 "2
0.06835794. The ratio between these Euler characteristics has the asymptotic behaviour
M ~
M ~(C = Cn~ Y2 0™,
Xu(Ml,n)

giving a statistical measure of the ramification of My, for large n.



n e(—Ml,n)
1 [L+1
2 [L24+2L+1
3 L3 4+5L245L+1
4 (L4128 + 2312 +12L +1
5 [ L5 4+27L4 +102L8 +102L2 +27L +1
6 | L®+58L% +421L% + 756 L% + 42112 4- 58L + 1
7 | L7+ 12118 +1612L% + 5077 L + 507713 4 1612L% 4+ 12L + 1 f
8 | L8 +248L7 4+ 5802L% + 31072L°% + 5240214 + 3107213 + 580212 + 248L + 1 L
9 | L% +503L% +19925L7 + 175036 L8 + 480097 L5 + 480097 L* + 175036 L3 + 19925 L'2 +503L +1
10 | L1 + 1014 L° + 66090 L% + 920263 L7 + 3975949 L8 + 6349238 L5 4 3975949 L* + 920263 L3 +66090L% +1014L +1
11 | L1 42037110 4- 213677 L% + 4577630 L8 + 30215924 L7 + 74269967 LS + 30215924 L5 . 4+1—S535
12 | L12 4 4084 L1 + 677881 L10 + 21793602 L% + 213725387 L8 + 784457251 L7 + 1196288936 L6 4+ 4084L + 1 — 11{L + 1)S12
13 | L'3 4- 8179 L% + 2120432 L' + 100226258 L10 + 1424858788 L% + 7603002045 L8 + 17095248952 L7
~ (66 L2 4 429 L + 66)S; ;
14 | L' + 16370 L3 + 6563147 L'? + 448463866 L1! + 9049174765 L0 + 68547770726 L9 + 221071720149 L® + 324314241400L7 +
— (286 L3 + 6006 L2 + 286 L)S;» :
15 | L' 4+ 32753 L1 4 20153930 L'3 + 1963368663 L'? + 55228789080 L1 + 581636563570 L0 + 262742732752219 + 5488190927216 L8 +

— (1001 L* + 53053 L3 + 186263 L2 + 53053L + 1001)S32 — Sie :

01

e

UATZLUD
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