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A.S. DZHUMADIL’DAEV

Abstract. An algebra (A, ◦) is called Leibniz if a ◦ (b ◦ c) =
(a ◦ b) ◦ c − (a ◦ c) ◦ b for all a, b, c ∈ A. We study identities for
the algebras A(q) = (A, ◦q), where a ◦q b = a ◦ b + q b ◦ a is the
q -commutator. We show that the class of q -Leibniz algebras is
defined by one identity of degree 3 if q2 6= 1 , q 6= −2 , by two
identities of degree 3 if q = −2 , and by the commutativity iden-
tity and one identity of degree 4 if q = 1. In the case of q = −1
we construct two identities of degree 5 that form a base of identi-
ties of degree 5 for −1 -Leibniz algebras. Any identity of degree
< 5 for −1 -Leibniz algebras follows from the anti-commutativity
identity.

1. Introduction

Denote by A = (A, ◦) an algebra with vector space A over a field K
of characteristic 6= 2, 3 and multiplication (a, b) 7→ a◦b . Let (a, b, c) =
a◦(b◦c)−(a◦b)◦c be the associator and a◦q b = a◦b+q b◦a be the q -
commutator, where q ∈ K. Denote by A(q) = (A, ◦q) the algebra with
the q -commutator. Notice that a ◦−1 b = a ◦ b− b ◦ a is a commutator
(Lie bracket, usually denoted by [a, b] ) and a ◦1 b = a ◦ b+ b ◦ a is an
anti-commutator (Jordan bracket, sometimes denoted by {a, b} ).

Example. If A is an associative algebra, then A(−1) = (A, [ , ]) is a
Lie algebra,

[a, b] = −[b, a],

[[a, b], c] + [[b, c], a] + [[c, a], b] = 0,

and A(+1) = (A, { , }) is a Jordan algebra,

{a, b} = {b, a},

{{a, a}, {b, a}} = {{{a, a}, b}, a}.

Usually, q -commutators are studied in a frame of quantum groups.
It seems that studying of q -identities has their own interest. We try
to demonstrate it in a class of Leibniz algebras. We call an algebra A
Leibniz (more exactly right-Leibniz) if for all a, b, c ∈ A

a ◦ (b ◦ c) = (a ◦ b) ◦ c− (a ◦ c) ◦ b.
1
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Leibniz algebras were introduced in [2], [3]. In other words, Leibniz
algebras are algebras with the identity lei = 0, where

lei = lei(t1, t2, t3) = t1(t2t3) − (t1t2)t3 + (t1t3)t2.

Example. Let (L, ?) be a Lie algebra under multiplication ? and let
M be an L -module under the right action (M,L) →M, (m, a) 7→ ma.
Make M a trivial left L -module: am = 0, a ∈ L,m ∈ M. Then the
vector space L⊕M under multiplication

(a+m) ◦ (b+ n) = a ? b+mb

becomes right-Leibniz. Indeed,

(a+m) ◦ ((b + n) ◦ (c+ s)) = (a+m) ◦ (b ? c+ nc)

= a ? (b ? c) +m(b ? c) = (a ? b) ? c− (a ? c) ? b + (mb)c− (mc)b

= ((a+m) ◦ (b+ n)) ◦ (c+ s) − ((a+m) ◦ (c+ s)) ◦ (b+ n).

We call the so-obtained algebra L +M (a semi-direct sum of Leibniz
algebras) standard Leibniz.

Endow a standard Leibniz algebra (L+M, ◦) with the commutator
[ , ]. Then

[a+m, b+n] = (a+m)◦(b+n)−(b+n)◦(a+m) = (a?b)+mb−(b?a)−na

= 2[a, b] +mb− na,

where [a, b] = a ? b − b ? a. The algebra (L +M, [ , ]) (more exactly,
L +M under multiplication [a, b] + (mb − na)/2 ) is called Omni-Lie
[4], [5].

Given non-associative polynomials f1, . . . , fs , we let V ar(f1, . . . , fs)
denote the variety of algebras with identities f1 = 0, . . . , fs = 0.

In this paper we construct identities for q -(right)-Leibniz algebras.
In particular, we describe identities for Omni-Lie algebras.

We prove that the category of q -Leibniz algebras is equivalent to the
category of Leibniz algebras if q2 6= 1, q 6= −2. This means that, for
q 6= ±1,−2, every algebra with identity lei(q) = 0 can be obtained as
A(q) from some Leibniz algebra A and, conversely, if B is an algebra
with identity lei(q) = 0 , then B(−q) is right-Leibniz. In the case of

q = −2 we should add to the identity lei(q) = 0 the identity lei
(q)
1 = 0

in order to obtain equivalent categories.

Theorem 1.1. (q 6= −1, 1,−2) The class of q -Leibniz algebras Lei
(q)

satisfies the identity lei(q) = 0, where

lei(q) = lei(q)(t1, t2, t3) =

(q2−1) (t1(t2t3)−t2(t1t3))+(q2+q−1) (t2t1)t3+(t2t3)t1−t1(t3t2)−q t3(t1t2).

The varieties Lei, Lei
(q) and V ar(lei(q)) are equivalent.
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In particular, V ar(lei(q) has no special identity for L
(q) if q 6=

−2, q2 6= 1. The identity lei
(q)
1 = 0 is a consequence of the identity

lei(q) = 0 if q 6= −2, q2 6= 1.

Theorem 1.2. (q2 6= 1) Let q = −2. The class of q -Leibniz algebras

Lei
(−2) satisfies the identities lei(−2) = 0 and lei

(−2)
1 = 0, where lei(q)

is given above and

lei
(q)
1 = lei

(q)
1 (t1, t2, t3) = −t1(t2t3 + t3t2) + q(t2t3 + t3t2)t1.

The varieties Lei , Lei
(−2) and V ar(lei(−2), lei

(−2)
1 ) are equivalent.

So the identity lei
(−2)
1 = 0 is a special identity for V ar(lei(−2))

which does not follow from the identity lei(−2) = 0 , and there are no
other special identities for Lei

(−2).
Define non-commutative non-associative polynomials leilie1, leilie2

of degree five by

leilie1(t1, t2, t3, t4, t5) = 2 ljac(ljac(t1, t2, t3), t4, t5)−[ljac(t1, t2, t3), [t4, t5]],

leilie2(t1, t2, t3, t4, t5)

= −
1

2

∑

σ∈Sym(2,3,4,5)

sign σ(−4(((tσ(2)tσ(3))tσ(4))tσ(5))t1+2(((tσ(2)tσ(3))t1)tσ(4))tσ(5)

+2(((tσ(2)tσ(3))tσ(4))t1)tσ(5)+((t1tσ(2)tσ(3))(tσ(4)tσ(5))+((t1tσ(2))(tσ(4)tσ(5)))tσ(3)).

For a non-commutative non-associative polynomial f(t1, . . . , tk) ,
denote by Alt(f) its skew-symmetrization

Alt f(t1, . . . , tk) =
∑

σ∈Symk

sign σ f(tσ(1), . . . , tσ(k)).

Let

leilie(t1, t2, t3, t4, t5) = Alt(4(((t1t2)t3)t4)t5 − ((t1t2)t3)(t4t5)).

Theorem 1.3. (q = −1) Let A be a right-Leibniz algebra. Then
A(−1) satisfies the identities acom = 0, leilie1 = 0 and leilie2 = 0.
Any polylinear identity of Lei

(−1) of degree no more than 4 follows
from the anti-commutativity identity. Any polylinear identity of Lei

(−1)

of degree 5 follows from the identities com = 0, leilie1 = 0 and
leilie2 = 0.

Corollary 1.4. Let A be a right-Leibniz algebra. Then A(−1) satisfies
the identity leilie = 0.
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Corollary 1.5. Every Omni-Lie algebra satisfies the polynomial identi-
ties acom = 0, leilie1 = 0, leilie2 = 0 and leilie = 0. The identities
acom = 0 , leilie1 = 0 and leilie2 = 0 form a base of identities in the
space of polylinear identities of degree no more than 5 for the class of
Omni-Lie algebras.

Note that the polynomials leilie1, leilie2 and leilie have 9 , 60
and 90 terms respectively.

Let
leijor(t1, t2, t3, t4) = (t1t2)(t3t4).

Theorem 1.6. (q = 1) Let A be a right-Leibniz algebra. Then A(1)

satisfies the identities com = 0 and leijor = 0. Every polylinear
identity which is true for any Leibniz-Jordan algebra follows from the
identities com = 0 and leijor = 0.

In other words, there are no special identities for the class of Leibniz-
Jordan algebras.

2. Non-commutative non-associative polynomials

Let K〈t1, t2, . . . 〉 be the space of non-commutative non-associative
polynomials in variables t1, t2, . . . (free magma). For a polynomial
f = f(t1, . . . , tk) ∈ K〈t1, t2, . . . 〉 , we say that f = 0 is an identity on
an algebra (A, ◦) if f(a1, . . . , ak) = 0 for all a1, . . . , ak ∈ A.

Recall that there are exists 1
k

(

2(k−1)
k−1

)

types of bracketing for the

string t1 . . . tk. For example, there are 5 types of bracketing for 4 ele-
ments:

((t1t2)t3)t4, (t1t2)(t3t4), t1(t2(t3t4)), t1((t2t3)t4), (t1(t2t3))t4.

Order the types of bracketing somehow. If σ is a type of bracketing,
denote by σ(ti1 , . . . , tik) the string ti1 . . . tik with bracketing type σ.
For example, if k = 4 and σ is the bracketing type (t1(t2t3))t4 then
σ(t1, t2, t1, t3) = (t1(t2t1))t3.

Let α be some bracketing type of t1, . . . , tn. We say that a monomial
of the form α(ti1 , . . . , tin) has polydegree (r1, . . . , rk) if {i1, . . . , in} ⊆
{1, . . . , k} and rm = |{s : is = m, s = 1, . . . , n}| is the number of
indexes is equal to m for any m = 1, . . . , k. Call f = f(x1, . . . , xk)
homogeneous of degree (r1, . . . , rk) if f is a linear combination of
monomials of polydegree (r1, . . . , rk). Say that a homogeneous poly-
nomial f has degree l if r1 + · · · + rk = l.

A homogeneous polynomial f = f(t1, . . . , tk) of polydegree (1, . . . , 1)
is called polylinear. Notice that the degree of a polylinear polynomial
f ∈ K〈t1, . . . , tk〉 is equal to the number of variables, k . In other
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words a polynomial f is polylinear if f is a linear combination of

monomials of the form α(ti1 , · · · , tik), where
(

1 ··· k
i1... ik

)

∈ Symk is a

permutation of the set {1, . . . , k} and α is a bracketing.
Given polynomials f1, . . . , fs, g ∈ K〈t1, . . . , tk〉 , we say that the

identity g = 0 follows from the identities f1 = 0, . . . , fs = 0 , and
write {f1 = 0, . . . , fs = 0} ⇒ g = 0 , if g = 0 is an identity for any
algebra A ∈ L with the identities f1 = 0, . . . , fs = 0.

Suppose that polynomials f1, . . . , fs are homogeneous and have de-
grees n1 ≤ · · · ≤ ns. Suppose that (A, ◦q) ∈ L(q) has identities
f1 = 0, . . . , fs = 0. We say that these identities are L(q) -minimal
if

• for any r = 1, . . . , s the identity fr = 0 does not follow from
the identities f1 = 0, . . . , fr−1 = 0, fr+1 = 0, . . . , fs = 0

• if {f1 = 0, . . . , fr−1 = 0, g = 0, fr+1 = 0, . . . , fr = 0} ⇒ fr = 0
then {f1 = 0, . . . , fr−1 = 0, fr = 0, fr+1 = 0, . . . , fs = 0} ⇒
g = 0.

The space K〈t1, t2, . . . 〉 has the natural multiplication (f, g) 7→ f ·
g = fg . Let us endow it with the multiplication (f, g) 7→ f ·q g given
by f ·q g = f · g + q g · f. For example,

(t1 + 3t1t2) · ((t2t3)t1) = t1((t2t3)t1) + 3(t1t2)((t2t3)t1),

(t1 + 3t1t2) ·q ((t2t3)t1)

= t1((t2t3)t1) + 3(t1t2)((t2t3)t1) + q((t2t3)t1)t1 + 3q((t2t3)t1)(t1t2).

Let

τq : K〈t1, t2, . . . 〉 → K〈t1, t2, . . . 〉

be a linear map defined by

τq(ti) = ti,

τq(f · g) = τq(f) · τq(g) + q τ(g) · τq(f),

for any f, g ∈ K〈t1, t2, . . . 〉. Then

τq : (K〈t1, t2, . . . 〉, ·) → (K〈t1, t2, . . . 〉, ·q)

is the homomorphism

τq(f · g) = τq(f) ·q τq(g).

Given a bracketing type σ , we set

σq = τqσ.
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In other words, σq(t1, . . . , tk) is a polynomial obtained from σ(t1, . . . , tk)
by multiplication ◦q . For example, if σ is the bracketing type (t1t2)t3,
then

σq(t3, t1, t2) = (t3t1)t2 + q((t1t3)t2 + t2(t3t1)) + q2t2(t1t3).

Lemma 2.1. For any braketing type σ

σ−qσq(ti1 , . . . , tik) = (1 − q2)k−1σ0(ti1 , . . . , tik).

Proof. We use the induction on k. For k = 2 the statement is true:

σq(ti1 , ti2) = ti1ti2 + q ti2ti1 ,

and
σ−qσq(ti1 , ti2)

= ti1ti2 − q ti2ti1 + q ti2 · ti1 − q2ti1ti2
= (1 − q2)ti1ti2 = (1 − q2)σ0(ti1 , ti2).

Suppose that our statement is true for k − 1 . Let

σ(ti1 , . . . , tik) = σ′(ti1 , . . . , tik′ )σ
′′(tik′+1

, . . . , tik)

for some 1 ≤ k′ ≤ k and for some bracketings σ′ , σ′′ . Then

σq(ti1 , . . . , tik)

= σ′

q(ti1 , . . . , tik′ )σ
′′

q (tik′+1
, . . . , tik)

+q σ′′

q (tik′+1
, . . . , tik)σ

′

q(ti1 , . . . , tik′ )

and
σ−qσq(ti1 , . . . , tik)

= σ′

−qσ
′

q(ti1 , . . . , tik′ )σ
′′

−qσ
′′

q (tik′+1
, . . . , tik)

−q σ′′

−qσ
′′

q (tik′+1
, . . . , tik)σ

′

−qσ
′

q(ti1 , . . . , tik′ )

+q σ′′

−qσ
′′

q (tik′+1
, . . . , tik)σ

′

−qσ
′

q(ti1 , . . . , tik′ )

−q2σ′

−qσ
′

q(ti1 , . . . , tik′ )σ
′′

−qσ
′′

q (tik′+1
, . . . , tik)

= σ′

−qσ
′

q(ti1 , . . . , tik′ )σ
′′

−qσ
′′

q (tik′+1
, . . . , tik)

−q2σ′

−qσ
′

q(ti1 , . . . , tik′ )σ
′′

−qσ
′′

q (tik′+1
, . . . , tik).

By the induction hypothesis

σ′

−qσ
′

q(ti1 , . . . , tik′ )

= (1 − q2)k′
−1σ′

0(ti1 , . . . , tik′ ),

σ′′

−qσ
′′

q (tik′+1
, . . . , tik)
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= (1 − q2)k−k′
−1σ′′

0 (tik′+1
, . . . , tik).

Therefore,
σ′

−qσ
′

q(ti1 , . . . , tik′ )σ
′′

−qσ
′′

q (tik′+1
, . . . , tik)

= (1 − q2)k−2σ0(ti1 , . . . , tik),

−q2σ′

−qσ
′

q(ti1 , . . . , tik′ )σ
′′

−qσ
′′

q (tik′+1
, . . . , tik)

= −q2(1 − q2)k−2σ0(ti1 , . . . , tik)

and
σ−qσq(ti1 , . . . , tik)

= σ′

−qσ
′

q(ti1 , . . . , tik′ )σ
′′

−qσ
′′

q (tik′+1
, . . . , tik)

−q2σ′

−qσ
′

q(ti1 , . . . , tik′ )σ
′′

−qσ
′′

q (tik′+1
, . . . , tik)

= (1 − q2)k−1σ0(ti1 , . . . , tik).

¿From Lemma 2.1 we infer the following

Theorem 2.2. (q2 6= 1) Let f1, . . . , fs be homogeneous polynomials
of degree k. Then the class of q -agebras V ar(f1, . . . , fs)

(q) forms a
variety generated by the polynomial identities σ−qf1 = 0, . . . , σ−qfs =
0. This variety is equivalent to V ar(f1, . . . , fs) and the equivalence
can be given by A = (A, ?) 7→ A(−q) = (A, ?−q).

The equivalence of varieties means the following. There exist func-
tors

F : V ar(f1, . . . , fs) → V ar(σ−qf1, . . . , σ−qfs), (A, ◦) → (A, ◦q),

G : V ar(σ−qf1, . . . , σ−qfs) → V ar(f1, . . . , fs), (A, ?) → (A, ?′q)

such that

GF (A, ◦) = (A, ◦), GF (A, ?) = (A, ?).

Here

a ?′q b =
1

(1 − q2)k−1
a ?q b.

Recall that all polynomials f1, . . . , fs are supposed homogeneous. No-
tice that, for any (A, ◦), (B, ·) ∈ V ar(f1, . . . , fs) and a morphism be-
tween them, i.e., a homomorphism ψ : (A, ◦) → (B, ·) , there corre-
sponds a morphism of algebras ψ : F (A, ◦) → F (B, ·) in the category
V ar(σ−qf1, . . . , σ−qfs), i.e., a homomorphism ψ : (A, ◦q) → (B, ·q).
Indeed,

ψ(a1 ◦q a2)

= ψ(a1 ◦ a2 + q a2 ◦ a1)

= ψ(a1 ◦ a2) + q ψ(a2 ◦ a1)
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= ψ(a1) · ψ(a2) + q ψ(a2) · ψ(a1)

= ψ(a1) ·q ψ(a2).

If I is an ideal of (A, ◦) then I is an ideal of (A, ◦q). Therefore, sim-
plicity, nilpotency and solvability properties of algebras in the category
V ar(f1, . . . , fs) remain the same for the corresponding algebras in
V ar(σ−qf1, . . . , σ−qfs). If (A, ◦) is free in the variety V ar(f1, . . . , fs),
then (A, ◦q) is free in the variety V ar(σ−qf1, . . . , σ−qfs). We pay at-
tention to the fact that the categories V ar(f1, . . . , fs) and
V ar(σ−qf1, . . . , σ−qfs) are equivalent only in the case of q2 6= 1.

Let g1, . . . , gs, h be non-commutative non-associative polynomials.
Suppose that, for a class L of algebras, the corresponding class L

(q)

of q -algebras satisfies the identities g1 = 0, . . . , gs = 0 and h = 0. In
this case we say that h = 0 is a special identity or an s -identity for
V ar(g1, . . . , gs).

We give another application of Lemma 2.1.

Theorem 2.3. If q 6= ±1, then the map

τq : (K〈t1, t2, . . . 〉, ·) → (K〈t1, t2, . . . 〉, ·q)

is an isomorphism.

Let L be some class of algebras. For a polynomial f ∈ K〈t1, t2, . . . 〉 ,
we say that f = 0 is an identity for L if every algebra A ∈ L sat-
isfies the identity f = 0. Recall that each class of algebras satisfying
polynomial identities forms a variety.

Let Lei be the class of Leibniz algebras, i.e., the variety of algebras
generated by the (right)-Leibniz identity lei = 0. Denote by Lei

(q) the
class of q -Leibniz algebras, i.e., algebras of the form A(q) = (A, ◦q),
where A ∈ Lei.

Define non-commutative polynomials com (commutativity), acom
(anticommutativity), ljac (left-Jacobian), rjac (right-Jacobian), lalia
(left-anti-Lie-admissable), ralia (rigt-Anti-Lie-admissible), lia (Lie-
admissibile), sl

k (stanard left-skew-symmetric), sr
k (standard right-

skew-symmetric) and s
[r]
k ( sk -Lie-admissible) by

com(t1, t2) = t1t2 − t2t1,

acom(t1, t2) = t1t2 + t2t1,

ljac(t1, t2, t3) = (t1t2)t3 + (t2t3)t1 + (t3t1)t2,

rjac(t1, t2, t3) = t1(t2t3) + t2(t3t1) + t3(t1t2),

lalia(t1, t2, t3) = [t1, t2]t3 + [t2, t3]t1 + [t3, t1]t2,
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ralia(t1, t2, t3) = t1[t2, t3] + t2[t3, t1] + t3[t1, t2],

lia(t1, t2, t3) = [[t1, t2], t3] + [[t2, t3], t1] + [[t3, t1], t2],

alia(q) = lalia + q ralia, q ∈ K.

Recall that for a non-commutative non-associative polynomial f(t1, . . . , tk) ,
we denote by Alt(f) its skew-symmetrization

Alt f(t1, . . . , tk) =
∑

σ∈Symk

sign σ f(tσ(1), . . . , tσ(k)).

Let
sr

k(t1, . . . , tk) = Alt(t1(t2(· · · (tk−1tk)))),

sl
k(t1, . . . , tk) = Alt((· · · (t1t2) · · · tk−1)tk,

s
[r]
k (t1, . . . , tk) = Alt([t1, [t2, · · · , [tl−1, tk]]]).

Notice that
com = s2,

lalia = sl
3, ralia = sr

3, lia = sl
3 − sr

3 = lalia− ralia.

If polynomials are anti-commutative, i.e., satisfy the identity acom =
0, then

ljac = −rjac,

lia = 4 ljac.

3. Right-center and Lie elements

Let F = F (V ) be a free right-Leibniz algebra generated by a
space V. Let (F lie, [ , ]) be the subspace of F generated by V un-
der the commutator [ , ]. We say that a ∈ F is a Lie-element if
a ∈ (F lie, [ , ]). Homomorphic images of Lie elements of any Leibniz
algebras are called Lie elements as well.

Let (A, ◦) be a right-Leibniz algebra. An element z ∈ A is called
right-central if

a ◦ z = 0

for all a ∈ A. Let Arann be the set of right-central elements of A.
It was noticed in [3] that Arann is an ideal with trivial left action,
a ◦ z = 0, z ∈ Arann, a ∈ A, such that

{a, b} = a ◦ b + b ◦ a ∈ Arann

for all a, b ∈ A. We construct new right-central elements.
Observe that

sl
k+1(a1, . . . , ak+1) =

k+1
∑

i=1

(−1)isl
k(a1, . . . , âi, . . . , ak+1) ◦ ai. (1)
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Lemma 3.1. Let (A, ◦) be a right-Leibniz algebra. Then Arann is an
ideal such that

a ◦ z = 0.

For any q ∈ K,

(a ◦q b) ◦ c = (a ◦ c) ◦q b + a ◦q (b ◦ c). (2)

In particular,
{a, b} ◦ c = {a ◦ c, b} + {a, b ◦ c}.

For any k ≥ 3

sl
k(a1, . . . , ak), sr

k(a1, . . . , ak) ∈ Arann.

Moreover,

sl
k(a1, . . . , ak) = s

[r]
k (a1, . . . , ak)

are Lie elements,
sr

k(a1, . . . , ak) = 0, k ≥ 4,

and
sr
3(a, b, c) = 2sl

3(a, b, c).

In other words, any right-Leibniz algebra A is −1/2 -Alia,

alia(−1/2)(a, b, c) = 0

for all a, b, c ∈ A.

Proof. We have
(a ◦q b) ◦ c

= (a ◦ b+ qb ◦ a) ◦ c

= a ◦ (b ◦ c) + (a ◦ c) ◦ b + qb ◦ (a ◦ c) + q(b ◦ c) ◦ a

= (a ◦ c) ◦q b+ a ◦q (b ◦ c).

So, (2) is established. Thus, in the case q = 0 we obtain the right-
Leibniz identity

(a ◦ b) ◦ c = (a ◦ c) ◦ b+ a ◦ (b ◦ c).

Let k = 3. Notice that

sr
3(a, b, c) = ralia(a, b, c).

We have
ralia(a, b, c)

= a ◦ [b, c] + b ◦ [c, a] + c ◦ [a, b]

= 2(a ◦ (b ◦ c) + b ◦ (c ◦ a) + c ◦ (a ◦ b))− a ◦ {b, c}− b ◦ {c, a}− c ◦ {a, b}

= 2rjac(a, b, c).

By the right-Leibniz identity

ljac(a, b, c) = [a, b] ◦ c+ [b, c] ◦ a + [c, a] ◦ b = lalia(a, b, c),
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and

lia[a, b, c) = lalia(a, b, c)−ralia(a, b, c) = rjac(a, b, c)−2 rjac(a, b, c) = −rjac(a, b, c).

So, sr
3(a, b, c) = 2 rjac(a, b, c) = −2 lia(a, b, c) is a Lie-element.

By the right-Leibniz identity

u ◦ rjac(a, b, c)

= ((u ◦ a) ◦ (b ◦ c) − ((u ◦ (b ◦ c)) ◦ a + ((u ◦ b) ◦ (c ◦ a)

−((u ◦ (c ◦ a)) ◦ b + ((u ◦ c) ◦ (a ◦ b) − ((u ◦ (a ◦ b)) ◦ c

= ((u ◦ a) ◦ b) ◦ c− ((u ◦ a) ◦ c) ◦ b− ((u ◦ b) ◦ c)) ◦ a+ ((u ◦ c) ◦ b) ◦ a

+((u ◦ b) ◦ c) ◦ a− ((u ◦ b) ◦ a) ◦ c− ((u ◦ c) ◦ a) ◦ b + ((u ◦ a) ◦ c) ◦ b

+((u ◦ c) ◦ a) ◦ b− ((u ◦ c) ◦ b) ◦ a− ((u ◦ a) ◦ b) ◦ c+ ((u ◦ b) ◦ a) ◦ c

= 0.

So, the element sl
3(a, b, c) is right-central.

Suppose that sl
k(a1, . . . , ak) = s[r](a1, . . . , ak) is a Lie element and

is right-central. Prove that sl
k+1(a1, . . . , ak+1) is also a Lie element

which is right-central. Since sl
k(a1, . . . , âi, . . . , ak+1) ∈ Arann for every

i = 1, . . . , k + 1 and since Arann is an ideal, we have

sl
k+1(a1, . . . , ak+1) =

k+1
∑

i=1

(−1)i+k+1sl
k(a1, . . . , âi, . . . , ak+1) ◦ ai ∈ Arann.

Further,

s
[r]
k+1(a1, . . . , ak+1) =

k+1
∑

i=1

(−1)i+1[ai, s
[r]
k (a1, . . . , âi, . . . , ak+1)]

(by the induction hypothesis)

=
k+1
∑

i=1

(−1)i+1[ai, s
l
k(a1, . . . , âi, . . . , ak+1)]

(since sl
k(a1, . . . , âi, . . . , ak+1) ∈ Arann )

=
k+1
∑

i=1

(−1)isl
k(a1, . . . , âi, . . . , ak+1) ◦ ai = sl

k+1(a1, . . . , ak+1).
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4. q -commutators of Leibniz algebras in case q2 6= 1.

Lemma 4.1. For any Leibniz algebra A its q -algebra A(q) satisfies

the identities lei(q) = 0 and lei
(q)
1 = 0.

Proof. We have
lei(q)(a, b, c)

= (q2 − 1) a ◦q (b ◦q c)− a ◦q (c ◦q b)− (q2 − 1) b ◦q (a ◦q c)− q c ◦q (a ◦q b)

+(q2 + q − 1) (b ◦q a) ◦q c+ (b ◦q c) ◦q a

= (q2−1)(a◦(b◦c)+(1+q)a◦(c◦b)−b◦(a◦c)−qb◦(c◦a)+(q+q2)c◦(a◦b)

+qc ◦ (b ◦ a) + q(a ◦ b) ◦ c− q(a ◦ c) ◦ b+ (1 − q)(b ◦ a) ◦ c

+(q − 1)(b ◦ c) ◦ a− q2(c ◦ a) ◦ b + q2(c ◦ b) ◦ a)

= (q2 − 1)(a ◦ (b ◦ c) + (1 + q)a ◦ (c ◦ b) − b ◦ (a ◦ c) + qb ◦ (a ◦ c)

+q2c ◦ (a ◦ b) + q(a ◦ b) ◦ c− q(a ◦ c) ◦ b + (1 − q)(b ◦ a) ◦ c

+(q − 1)(b ◦ c) ◦ a− q2(c ◦ a) ◦ b + q2(c ◦ b) ◦ a)

= (q2−1)(qa◦(c◦b)+(q−1)b◦(a◦c)+q2c◦(a◦b)+q((a◦b)◦c−(a◦c)◦b)

+(1 − q)((b ◦ a) ◦ c− (b ◦ c) ◦ a) − q2((c ◦ a) ◦ b− (c ◦ b) ◦ a))

= (q2−1)(q(a◦(c◦b)+(a◦b)◦c−(a◦c)◦b)+(1−q)(−b◦(a◦c)+(b◦a)◦c−(b◦c)◦a)

−q2(−c ◦ (a ◦ b) + (c ◦ a) ◦ b− (c ◦ b) ◦ a))

(by the right-Leibniz identity)

= 0.

Similarly,

lei
(q)
1 (a, b, c) = −a ◦q (b ◦q c)− a ◦q (c ◦q b) + q(b ◦q c) ◦q a+ q(c ◦q b) ◦q a

= −a ◦ (b ◦ c) − qa ◦ (c ◦ b) − q(b ◦ c) ◦ a− q2(c ◦ b) ◦ a

−a ◦ (c ◦ b) − qa ◦ (b ◦ c) − q(c ◦ b) ◦ a− q2(b ◦ c) ◦ a

+q(b ◦ c) ◦ a+ q2(c ◦ b) ◦ a+ q2a ◦ (b ◦ c) + q3a ◦ (c ◦ b)

+q(c ◦ b) ◦ a+ q2(b ◦ c) ◦ a+ q2a ◦ (c ◦ b) + q3a ◦ (b ◦ c)

= −(a ◦ b) ◦ c+ (a ◦ c) ◦ b− q(a ◦ c) ◦ b+ q(a ◦ b) ◦ c
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−q(b ◦ c) ◦ a− q2(c ◦ b) ◦ a

−(a ◦ c) ◦ b+ (a ◦ b) ◦ c− q(a ◦ b) ◦ c+ q(a ◦ c) ◦ b

−q(c ◦ b) ◦ a− q2(b ◦ c) ◦ a

+q(b ◦ c) ◦ a+ q2(c ◦ b) ◦ a

+q2(a ◦ b) ◦ c− q2(a ◦ c) ◦ b + q3(a ◦ c) ◦ b− q3(a ◦ b) ◦ c

+q(c ◦ b) ◦ a+ q2(b ◦ c) ◦ a

+q2(a ◦ c) ◦ b− q2(a ◦ b) ◦ c+ q3(a ◦ b) ◦ c− q3(a ◦ c) ◦ b

= (−1 + q + 1 − q + q2 − q3 − q2 + q3)(a ◦ b) ◦ c

+(1 − q − 1 + q − q2 + q3 + q2 − q3)(a ◦ c) ◦ b

+(−q − q2 + q + q2)(b ◦ c) ◦ a

+(−q2 − q + q2 + q)(c ◦ b) ◦ a

= 0.

Lemma 4.2. If q 6= −2, then

Alt(lei(q)) = −(q + 2)(q − 1)alia(
−(2q+1)

q+2
).

If q = −2, then

Alt(lei(−2)) = 9 ralia.

Proof. Consider the case q 6= −2. We have

lei(q)(t1, t2, t3) + lei(q)(t2, t3, t1) + lei(q)(t3, t1, t2)

−lei(q)(t2, t1, t3) − lei(q)(t3, t2, t1) − lei(q)(t1, t3, t2)

= (q − 1){(2q + 1)(t1[t2, t3] + t2[t3, t1]] + t3[t1, t2]])

−(q + 2)([t1, t2]t3 + [t3, t1]t2 + [t2, t3]t1}

= (2 − q − q2)ralia(
−(2q+1)

q+2
).

The case q = −2 is considered in a similar manner.

Lemma 4.3. Let L be a free Leibniz algebra with 3 generators, q ∈
K, q 6= 0,±1. Then any polylinear identity of L(q) of degree 3 follows

from the identities lei(q) = 0 and lei
(q)
1 = 0. If q 6= −2 then lei

(q)
1 = 0

is a consequence of the identity lei(q) = 0. If q = −2, then lei(q) = 0

and lei
(q)
1 = 0 are independent identities.
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Proof. Let L = (L, ◦) be a free Leibniz algebra generated by three
elements a, b, c . Write the q -commutator in L(q) by uv = u◦v+qv◦u.

The polylinear part of the free magma algebra (the algebra of non-
commutative nonassociative polynomials) in degree 3 has dimension
12. It is generated by the following 12 monomials:

e1 = e1(t1, t2, t3) = t1(t2t3), e2 = e2(t1, t2, t3) = t2(t3t1),

e3 = e3(t1, t2, t3) = t3(t1t2), e4 = e4(t1, t2, t3) = t2(t1t3),

e5 = e5(t1, t2, t3) = t3(t2t1), e6 = e6(t1, t2, t3) = t1(t3t2),

e7 = e7(t1, t2, t3) = (t1t2)t3, e8 = e8(t1, t2, t3) = (t2t3)t1,

e9 = e9(t1, t2, t3) = (t3t1)t2, e10 = e10(t1, t2, t3) = (t2t1)t3,

e11 = e11(t1, t2, t3) = (t3t2)t1, e12 = e12(t1, t2, t3) = (t1t3)t2.

Let X = X(t1, t2, t3) =
∑12

i=1 λiei(t1, t2, t3) be a polynomial such
that X(a, b, c) = 0 is an identity on L(q) .

Substitute the generator elements a, b, c ∈ L for the parameters
t1, t2, t3 . Write ei instead of ei(a, b, c). We have

e1 = a ◦ (b ◦ c) + qa ◦ (c ◦ b) + q(b ◦ c) ◦ a + q2(c ◦ b) ◦ a

= (a ◦ b) ◦ c− (a ◦ c) ◦ b + q(a ◦ c) ◦ b− q(a ◦ b) ◦ c

+q(b ◦ c) ◦ a + q2(c ◦ b) ◦ a.

Similar calculations show that

e2 = (b ◦ c) ◦ a− (b ◦ a) ◦ c+ q(b ◦ a) ◦ c− q(b ◦ c) ◦ a

+q(c ◦ a) ◦ b + q2(a ◦ c) ◦ b,

e3 = (c ◦ a) ◦ b− (c ◦ b) ◦ a+ q(c ◦ b) ◦ a− q(c ◦ a) ◦ b

+q(a ◦ b) ◦ c+ q2(b ◦ a) ◦ c,

e4 = (b ◦ a) ◦ c− (b ◦ c) ◦ a+ q(b ◦ c) ◦ a− q(b ◦ a) ◦ c

+q(a ◦ c) ◦ b + q2(c ◦ a) ◦ b,

e5 = (c ◦ b) ◦ a− (c ◦ a) ◦ b+ q(c ◦ a) ◦ b− q(c ◦ b) ◦ a

+q(b ◦ a) ◦ c+ q2(a ◦ b) ◦ c,

e6 = (a ◦ c) ◦ b− (a ◦ b) ◦ c+ q(a ◦ b) ◦ c− q(a ◦ c) ◦ b

+q(c ◦ b) ◦ a + q2(b ◦ c) ◦ a,

e7 = (a ◦ b) ◦ c+ q(b ◦ a) ◦ c+ q(c ◦ a) ◦ b− q(c ◦ b) ◦ a

+q2(c ◦ b) ◦ a− q2(c ◦ a) ◦ b,
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e8 = (b ◦ c) ◦ a+ q(c ◦ b) ◦ a + q(a ◦ b) ◦ c− q(a ◦ c) ◦ b

+q2(a ◦ c) ◦ b− q2(a ◦ b) ◦ c,

e9 = (c ◦ a) ◦ b + q(a ◦ c) ◦ b + q(b ◦ c) ◦ a− q(b ◦ a) ◦ c

+q2(b ◦ a) ◦ c− q2(b ◦ c) ◦ a,

e10 = (b ◦ a) ◦ c+ q(a ◦ b) ◦ c+ q(c ◦ b) ◦ a− q(c ◦ a) ◦ b

+q2(c ◦ a) ◦ b− q2(c ◦ b) ◦ a,

e11 = (c ◦ b) ◦ a + q(b ◦ c) ◦ a+ q(a ◦ c) ◦ b− q(a ◦ b) ◦ c

+q2(a ◦ b) ◦ c− q2(a ◦ c) ◦ b,

e12 = (a ◦ c) ◦ b + q(c ◦ a) ◦ b+ q(b ◦ a) ◦ c− q(b ◦ c) ◦ a

+q2(b ◦ c) ◦ a− q2(b ◦ a) ◦ c.

So,
X =

λ1(a ◦ b) ◦ c− λ1(a ◦ c) ◦ b+ qλ1(a ◦ c) ◦ b− qλ1(a ◦ b) ◦ c

+qλ1(b ◦ c) ◦ a+ q2λ1(c ◦ b) ◦ a)

+λ2(b ◦ c) ◦ a− λ2(b ◦ a) ◦ c+ qλ2(b ◦ a) ◦ c− qλ2(b ◦ c) ◦ a

+qλ2(c ◦ a) ◦ b+ q2λ2(a ◦ c) ◦ b

+λ3(c ◦ a) ◦ b− λ3(c ◦ b) ◦ a+ qλ3(c ◦ b) ◦ a− qλ3(c ◦ a) ◦ b

+qλ3(a ◦ b) ◦ c+ q2λ3(b ◦ a) ◦ c

λ4(b ◦ a) ◦ c− λ4(b ◦ c) ◦ a+ qλ4(b ◦ c) ◦ a− qλ4(b ◦ a) ◦ c

+qλ4(a ◦ c) ◦ b+ q2λ4(c ◦ a) ◦ b

λ5(c ◦ b) ◦ a− λ5(c ◦ a) ◦ b+ qλ5(c ◦ a) ◦ b− qλ5(c ◦ b) ◦ a

+qλ5(b ◦ a) ◦ c+ q2λ5(a ◦ b) ◦ c

λ6(a ◦ c) ◦ b− λ6(a ◦ b) ◦ c+ qλ6(a ◦ b) ◦ c− qλ6(a ◦ c) ◦ b

+qλ6(c ◦ b) ◦ a+ q2λ6(b ◦ c) ◦ a

+λ7(a ◦ b) ◦ c+ qλ7(b ◦ a) ◦ c+ qλ7(c ◦ a) ◦ b− qλ7(c ◦ b) ◦ a

+q2λ7(c ◦ b) ◦ a− q2λ7(c ◦ a) ◦ b

+λ8(b ◦ c) ◦ a + qλ8(c ◦ b) ◦ a + qλ8(a ◦ b) ◦ c− qλ8(a ◦ c) ◦ b

+q2λ8(a ◦ c) ◦ b− q2λ8(a ◦ b) ◦ c

+λ9(c ◦ a) ◦ b + qλ9(a ◦ c) ◦ b + qλ9(b ◦ c) ◦ a− qλ9(b ◦ a) ◦ c

+q2λ9(b ◦ a) ◦ c− q2λ9(b ◦ c) ◦ a
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+λ10(b ◦ a) ◦ c+ qλ10(a ◦ b) ◦ c+ qλ10(c ◦ b) ◦ a− qλ10(c ◦ a) ◦ b

+q2λ10(c ◦ a) ◦ b− q2λ10(c ◦ b) ◦ a

+λ11(c ◦ b) ◦ a+ qλ11(b ◦ c) ◦ a + qλ11(a ◦ c) ◦ b− qλ11(a ◦ b) ◦ c

+q2λ11(a ◦ b) ◦ c− q2λ11(a ◦ c) ◦ b

+λ12(a ◦ c) ◦ b+ qλ12(c ◦ a) ◦ b + qλ12(b ◦ a) ◦ c− qλ12(b ◦ c) ◦ a

+q2λ12(b ◦ c) ◦ a− q2λ12(b ◦ a) ◦ c

= (λ1−qλ1+qλ3+q
2 λ5−λ6+qλ6+λ7+qλ8−q

2λ8+qλ10−qλ11+q
2λ11)(a◦b)◦c

+(−λ1+qλ1+q
2λ2+qλ4+λ6−qλ6−qλ8+q

2 λ8+qλ9+qλ11−q
2λ11+λ12)(a◦c)◦b

+(−λ2+qλ2+q
2λ3+λ4−qλ4+qλ5+qλ7−qλ9+q

2λ9+λ10+qλ12−q
2λ12)(b◦a)◦c

+(qλ1+λ2−qλ2−λ4+qλ4+q
2λ6+λ8+qλ9−q

2λ9+qλ11−qλ12+q
2λ12)(b◦c)◦a

+(qλ2+λ3−qλ3+q
2λ4−λ5+qλ5+qλ7−q

2λ7+λ9−qλ10+q
2 λ10+qλ12)(c◦a)◦b

+(q2λ1−λ3+qλ3+λ5−qλ5+qλ6−qλ7+q
2λ7+qλ8+qλ10−q

2λ10+λ11)(c◦b)◦a

.
We thus we obtain the following system of equations

(1−q)λ1+qλ3+q
2 λ5+(q−1)λ6+λ7+(q−q2)λ8+qλ10+(q2−q)λ11 = 0,

(q−1)λ1+q2λ2+qλ4+(1−q)λ6+(q2−q)λ8+qλ9+(q−q2)λ11+λ12 = 0,

(q−1)λ2+q2λ3+(1−q)λ4+qλ5+qλ7+(q2−q)λ9+λ10+(q−q2)λ12 = 0,

qλ1+(1−q)λ2+(q−1)λ4+q2λ6+λ8+(q−q2)λ9+qλ11+(q2−q)λ12 = 0,

qλ2+(1−q)λ3+q2λ4+(q−1)λ5+(q−q2)λ7+λ9+(q2−q)λ10+qλ12 = 0,

q2λ1+(q−1)λ3+(1−q)λ5+qλ6+(q2−q)λ7+qλ8+(q−q2)λ10+λ11 = 0.

The transposed matrix of this system is

1 − q q 0 0 q2 q − 1
0 1 − q q q − 1 0 q2

q 0 1 − q q2 q − 1 0
0 q − 1 q2 1 − q 0 q
q2 0 q − 1 q 1 − q 0
q − 1 q2 0 0 q 1 − q
1 0 q − q2 q q2 − q 0
q − q2 1 0 0 q q2 − q
0 q − q2 1 q2 − q 0 q
q 0 q2 − q 1 q − q2 0
q2 − q q 0 0 1 q − q2

0 q2 − q q q − q2 0 1

The determinant of the 6 × 6 -matrix composed of the first 6 rows is
(1−q)5q3(1+q)3(q+2). So, this system has rank 6 if q2 6= 1, q 6= 0,−2.
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One can choose λi, 7 ≤ i ≤ 12 as free parameters. Now, we consider
two cases.

Suppose that q 6= −2. In this case the system has the following
solution

λ1 = −
−1 + q + q2

(q + 2)q
(λ7 + λ8 + λ9 + (1 − q − q2)λ10 + (1 + q)λ11 − λ12),

λ2 = −
1

(q + 2)q
(λ7+(q2+q−1)λ8+λ9−λ10+(1−q−q2)λ11+(q+1)λ12),

λ3 = −
1

(q + 2)q
(λ7+λ8+(q2+q−1)λ9+(q+1)λ10−λ11−(q2+q−1)λ12),

λ4 = −
1

(q + 2)q
((1−q−q2)λ7−λ8+(q+1)λ9+(q2+q−1)λ10+λ11+λ12),

λ5 = −
1

(q + 2)q
((1+q)λ7−(q2+q−1)λ8−λ9+λ10+(q2+q−1)λ11+λ12),

λ6 = −
1

(q + 2)q
(−λ7+(q+1)λ8+(1−q−q2)λ9+λ10+λ11+(q2+q−1)λ12).

Substitute these expressions for λi , 1 ≤ i ≤ 6 , in X(t1, t2, t3) and
collect the coefficients of λj, 7 ≤ j ≤ 12. We obtain a presentation of
the polynomial X(t1, t2, t3) as a linear combination of the following 6
polynomials

f1 =

(q−1)t1(t2t3)− (q3− q+1)t1(t3t2)− (q−1)t2(t1t3)− (q2 + q−1)t2(t3t1)

+(q3 − q)t3(t1t2) + (q3 + q2 − q)(t1t3)t2 + q(t2t3)t1

f2 =

(−1+q2)t1(t2t3)−t1(t3t2)−(q2−1)t2(t1t3)−qt3(t1t2)+(q2+q−1)(t2t1)t3+(t2t3)t1

f3 =

(−q3 + q−1)t1(t2t3)− t1(t3t2)+(q3− q+1)t2(t1t3)− (q2 + q−1)t2(t3t1)

−qt3(t1t2) + (q3 + q2 − q)(t1t2)t3 + (q2 + q)(t2t3)t1

f4 =

−t1(t2t3) − (1 + q)t1(t3t2) + t2(t1t3) − (q2 + q − 1)t2(t3t1) − t3(t1t2)

+(q2 + q − 1)t3(t2t1) + (q2 + 2q)(t2t3)t1
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f5 =

(1 − q)t1(t2t3) + (q3 − q + 1)t1(t3t2) − q2t2(t1t3) − (q3 − q)t3(t1t2)

−q(t2t3)t1 + (q3 + q2 − q)(t3t1)t2

f6 = −t1(t2t3) − t1(t3t2) + q(t2t3)t1 + q((t3t2)t1).

We see that if q2 6= 1, q 6= −2, then

f1 =
1

(q − 1)(q + 1)(q + 2)
(−lei(q)(t1, t2, t3)−(−1+q+q2)lei(q)(t2, t1, t3)

+(−1 + q + q2)2lei(q)(t3, t1, t2) + (−1 + q + q2)lei(q)(t3, t2, t1)),

f2 = lei(q),

f3 =
1

(q − 1)(q + 1)(q + 2)
(−(1+q)lei(q)(t1, t2, t3)+(−1+q+q2)2lei(q)(t2, t1, t3)

−(−1 + q + q2)lei(q)(t3, t1, t2) + (1 + q)(−1 + q + q2)lei(q)(t3, t2, t1)),

f4 =
1

(q + 1)(q − 1)
(−lei(q)(t1, t2, t3) + (−1 + q + q2)lei(q)(t3, t2, t1)),

f5 =
1

(q − 1)(q + 1)(q + 2)
(lei(q)(t1, t2, t3)+(−1+q+q2)2 lei(q)(t1, t3, t2)

−(−1 + q + q2)lei(q)(t2, t3, t1) − (−1 + q + q2)lei(q)(t3, t2, t1)),

f6 =
1

(q − 1)(q + 1)(q + 2)
(−lei(q)(t1, t2, t3) − lei(q)(t1, t3, t2)

+(−1 + q + q2)lei(q)(t2, t3, t1) + (−1 + q + q2)lei(q)(t3, t2, t1)).

Now, we consider the case q = −2. In this case, similar arguments
show that X is a linear combination of the following polynomials

g1 = t3(t2t1) + 2/3(t1t2)t3 + 4/3(t1t3)t2 + 4/3(t2t1)t3 − 4/3(t2t3)t1

+5/3(t3t1)t2 − 5/3(t3t2)t1,

g2 = t2(t3t1) + 4/3(t1t2)t3 + 2/3(t1t3)t2 + 5/3(t2t1)t3 − 5/3(t2t3)t1

+4/3(t3t1)t2 − 4/3(t3t2)t1,

g3 = t1(t2t3) − 5/3(t1t2)t3 + 5/3(t1t3)t2 − 4/3(t2t1)t3 + 4/3(t2t3)t1
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+4/3(t3t1)t2 + 2/3(t3t2)t1,

g4 = t1(t3t2) + 5/3(t1t2)t3 − 5/3(t1t3)t2 + 4/3(t2t1)t3 + 2/3(t2t3)t1

−4/3(t3t1)t2 + 4/3(t3t2)t1,

g5 = t2(t1t3) − 4/3(t1t2)t3 + 4/3(t1t3)t2 − 5/3(t2t1)t3 + 5/3(t2t3)t1

+2/3(t3t1)t2 + 4/3(t3t2)t1,

g6 = t3(t1t2 + 4/3(t1t2)t3 − 4/3(t1t3)t2 + 2/3(t2t1)t3 + 4/3(t2t3)t1

−5/3(t3t1)t2 + 5/3(t3t2)t1.

We have

g1 − 1/3(4lei(−2)(t1, t2, t3) + 3lei(−2)(t1, t3, t2) + 2lei(−2)(t2, t1, t3)

+4lei
(−2)
1 (t1, t2, t3) − lei

(−2)
1 (t2, t1, t3)) = 1/3 ralia(t1, t2, t3),

g2 − 1/3(5lei(−2)(t1, t2, t3) + 6lei(−2)(t1, t3, t2) + 4lei(−2)(t2, t1, t3)

+5lei
(−2)
1 (t1, t2, t3) + lei

(−2)
1 (t2, t1, t3)) = 8/3 ralia(t1, t2, t3),

g3 − 1/3(−4lei(−2)(t1, t2, t3) − 6lei(−2)(t1, t3, t2) − 5lei(−2)(t2, t1, t3)

−4lei
(−2)
1 (t1, t2, t3) − 5lei

(−2)
1 (t2, t1, t3)) = −10/3 ralia(t1, t2, t3),

g4 − 1/3(4lei(−2)(t1, t2, t3) + 6lei(−2)(t1, t3, t2) + 5lei(−2)(t2, t1, t3)

+lei
(−2)
1 (t1, t2, t3) + 5lei

(−2)
1 (t2, t1, t3)) = 10/3 ralia(t1, t2, t3),

g5 − 1/3(−5lei(−2)(t1, t2, t3) − 6lei(−2)(t1, t3, t2) − 4lei(−2)(t2, t1, t3)

−5lei
(−2)
1 (t1, t2, t3) − 4lei

(−2)
1 (t2, t1, t3)) = −8/3 ralia(t1, t2, t3),

g6 − 1/3(2lei(−2)(t1, t2, t3) + 3lei(−2)(t1, t3, t2) + 4lei(−2)(t2, t1, t3)

−lei
(−2)
1 (t1, t2, t3) + 4lei

(−2)
1 (t2, t1, t3)) = 8/3 ralia(t1, t2, t3).

By Lemma 4.2 ralia = 0 is a consequence of the identity lei(q) = 0.
Therefore, all the identities gi = 0 are consequences of the identities

lei(q) = 0 and lei
(q)
1 = 0.
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We have proved that any identity of degree 3 of L(q) for q = −2

follows from the identities lei(q) = 0 and lei
(q)
1 = 0. Notice that the

equation

lei
(q)
1 (a, b, c) = µ1lei

(q)(a, b, c) + µ2lei
(q)(b, c, a) + µ3lei

(q)(c, a, b)

+µ4lei
(q)(b, a, c) + µ5lei

(q)(c, b, a) + µ6lei
(q)(a, c, b)

in L(q) with unknowns µ1, µ2, µ3, µ4, µ5, µ6 is not solvable. Therefore,

this system of identities lei(q) = 0, lei
(q)
1 = 0 is Lei

(q) -minimal if q =
−2.

Lemma 4.4. Suppose that q 6= 0,±1 and an algebra (A, ?) satisfies

the identities lei(q) = 0 and lei
(q)
1 = 0 . Then the algebra (A, ◦) , where

a ◦ b = (1 − q2)−1(a ? b− q b ? a) , is a (right)-Leibniz algebra, and the
algebras (A, ?) and (A, ◦q) are isomorphic.

Proof. One checks that

lei(t1, t2, t3) =

−2 lei(q)(t1, t2, t3)−2/3 lei(q)(t1, t3, t2)−lei
(q)(t2, t1, t3)+2/3 (lei(q)(t2, t3, t1)

−2 lei
(q)
1 (t1, t2, t3) − lei

(q)
1 (t2, t1, t3)

for q2 6= 1, q = −2 , and

lei(t1, t2, t3) =

1

(q2 − 1)(q + 2)
(q(q + 1)lei(q)(t1, t2, t3) − (−1 + 2q + q2)lei(q)(t1, t3, t2)

−(q + 1) lei(q)(t2, t1, t3) + (1 − q + q2 + q3)lei(q)(t2, t3, t1)

+(q + 1)lei(q)(t3, t1, t2) − (q + q2)lei(q)(t3, t2, t1))

for q2 6= 1, q 6= −2.
Therefore, for any algebra (A, ?) with identities lei(q) = 0 and

lei
(q)
1 = 0 the algebra (A, ◦) , where a ◦ b = (1 − q2)−1(a ? b− q b ? a) ,

satisfies the identity lei = 0. It is evident that

a ◦q b

= (1− q2)−1(a ◦ b+ q b ◦ a) = (1− q2)−1(a ? b− q b ? a+ q b ? a− q2 a ? b)

= a ? b

Proof of Theorems 1.1 and 1.2. By Lemmas 4.1, 4.3, 4.4 our theo-
rems are true.
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5. Leibniz-Lie algebras

In this section we study identities for Leibniz-Lie algebras, i.e., al-
gebras (A, [ , ]) under −1 -commutator for Leibniz algebras (A, ◦).
Recall that

leilie1(t1, t2, t3, t4, t5)

= −ljac(t1, t2, t3)(t4t5) + 2((ljac(t1, t2, t3))t4)t5 − 2((ljac(t1, t2, t3)t5)t4

= −rjac(t1, t2, t3)(t4t5) + 2((rjac(t1, t2, t3))t4)t5 − 2((rjac(t1, t2, t3)t5)t4

= ((t1t2)t3)(t4t5) − ((t1t3)t2)(t4t5) + ((t2t3)t1)(t4t5)

−2(((t1t2)t3)t4)t5 + 2(((t1t2)t3)t5)t4 + 2(((t1t3)t2)t4)t5

−2(((t1t3)t2)t5)t4 − 2(((t2t3)t1)t4)t5 + 2(((t2t3)t1)t5)t4),

leilie2(t1, t2, t3, t4, t5)

= −((t1t2)t3)(t4t5) + ((t1t2)t4)(t3t5) − ((t1t2)t5)(t3t4) − ((t1t2)(t3t4))t5

+((t1t2)(t3t5))t4 − ((t1t2)(t4t5))t3 + ((t1t3)t2)(t4t5) − ((t1t3)t4)(t2t5)

+((t1t3)t5)(t2t4) + ((t1t3)(t2t4))t5 − ((t1t3)(t2t5))t4 + ((t1t3)(t4t5))t2

−((t1t4)t2)(t3t5) + ((t1t4)t3)(t2t5) − ((t1t4)t5)(t2t3) − ((t1t4)(t2t3))t5

+((t1t4)(t2t5))t3 − ((t1t4)(t3t5))t2 + ((t1t5)t2)(t3t4) − ((t1t5)t3)(t2t4)

+((t1t5)t4)(t2t3) + ((t1t5)(t2t3))t4 − ((t1t5)(t2t4))t3 + ((t1t5)(t3t4))t2

−2(((t2t3)t1)t4)t5 +2(((t2t3)t1)t5)t4−2(((t2t3)t4)t1)t5 +4(((t2t3)t4)t5)t1

+2(((t2t3)t5)t1)t4−4(((t2t3)t5)t4)t1 +2(((t2t4)t1)t3)t5−2(((t2t4)t1)t5)t3

+2(((t2t4)t3)t1)t5−4(((t2t4)t3)t5)t1−2(((t2t4)t5)t1)t3 +4(((t2t4)t5)t3)t1

−2(((t2t5)t1)t3)t4 +2(((t2t5)t1)t4)t3−2(((t2t5)t3)t1)t4 +4(((t2t5)t3)t4)t1

+2(((t2t5)t4)t1)t3−4(((t2t5)t4)t3)t1−2(((t3t4)t1)t2)t5 +2(((t3t4)t1)t5)t2

−2(((t3t4)t2)t1)t5 +4(((t3t4)t2)t5)t1 +2(((t3t4)t5)t1)t2−4(((t3t4)t5)t2)t1

+2(((t3t5)t1)t2)t4−2(((t3t5)t1)t4)t2 +2(((t3t5)t2)t1)t4−4(((t3t5)t2)t4)t1

−2(((t3t5)t4)t1)t2 +4(((t3t5)t4)t2)t1−2(((t4t5)t1)t2)t3 +2(((t4t5)t1)t3)t2

−2(((t4t5)t2)t1)t3 +4(((t4t5)t2)t3)t1 +2(((t4t5)t3)t1)t2−4(((t4t5)t3)t2)t1.

We see that leilie1(t1, t2, t3, t4, t5) has type (3, 2), i.e., it is skew-
symmetric in t1, t2, t3 and in t4, t5 , and leilie2(t1, t2, t3, t4, t5) has type
(1, 4), is skew-symmetric in t2, t3, t4, t5.

Let
lei

(−1)
3 (t1, t2, t3, t4, t5) =

((t1t2)t3)(t4t5) + ((t1t2)t5)(t3t4) + ((t1t2)(t3t4))t5 − 2((t1t2)(t3t5))t4

+((t1t2)(t4t5))t3 − ((t1t3)t5)(t2t4) + ((t1t3)(t2t4))t5 − ((t1t4)t3)(t2t5)
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+((t1t4)t5)(t2t3) + ((t1t4)(t2t3))t5 − ((t1t4)(t2t5))t3 + 2((t1t4)(t3t5))t2
+((t1t5)t3)(t2t4) − ((t1t5)(t2t4))t3 + ((t2t3)t5)(t1t4) + ((t2t4)t3)(t1t5)

−((t2t4)t5)(t1t3) − 2((t2t4)(t3t5))t1 − ((t2t5)t3)(t1t4) + ((t3t5)t4)(t1t2)

+2(((t1t2)t3)t5)t4−6(((t1t2)t4)t3)t5 +6(((t1t2)t4)t5)t3−2(((t1t2)t5)t3)t4
−2(((t1t3)t2)t4)t5 +2(((t1t3)t4)t2)t5 +6(((t1t3)t5)t2)t4−6(((t1t3)t5)t4)t2
+6(((t1t4)t2)t3)t5−6(((t1t4)t2)t5)t3−2(((t1t4)t3)t5)t2 +2(((t1t4)t5)t3)t2
+2(((t1t5)t2)t4)t3−6(((t1t5)t3)t2)t4 +6(((t1t5)t3)t4)t2−2(((t1t5)t4)t2)t3
+2(((t2t3)t1)t4)t5−2(((t2t3)t4)t1)t5−6(((t2t3)t5)t1)t4 +6(((t2t3)t5)t4)t1
−6(((t2t4)t1)t3)t5 +6(((t2t4)t1)t5)t3 +2(((t2t4)t3)t5)t1−2(((t2t4)t5)t3)t1
−2(((t2t5)t1)t4)t3 +6(((t2t5)t3)t1)t4−6(((t2t5)t3)t4)t1 +2(((t2t5)t4)t1)t3
+2(((t3t4)t1)t2)t5−2(((t3t4)t2)t1)t5−4(((t3t4)t5)t1)t2 +4(((t3t4)t5)t2)t1
+4(((t3t5)t1)t2)t4−4(((t3t5)t1)t4)t2−4(((t3t5)t2)t1)t4 +4(((t3t5)t2)t4)t1
+2(((t3t5)t4)t1)t2−2(((t3t5)t4)t2)t1 +2(((t4t5)t1)t2)t3−2(((t4t5)t2)t1)t3

−4(((t4t5)t3)t1)t2 + 4(((t4t5)t3)t2)t1.

Lemma 5.1. The identity lei
(−1)
3 = 0 is a consequence of the identities

leilie1 = 0, leilie2 = 0 and the anti-commutativity identity.

Proof. Let
R =

lei
(−1)
3 (t1, t2, t3, t4, t5) + leilie1(t1, t2, t3, t4, t5) − 2leilie1(t1, t2, t4, t3, t5)

+leilie1(t1, t2, t5, t3, t4) + leilie1(t1, t3, t4, t2, t5) + leilie1(t1, t4, t5, t2, t3)

−leilie1(t2, t3, t4, t1, t5) − leilie1(t2, t4, t5, t1, t3) + leilie1(t3, t4, t5, t1, t2)

+leilie2(t1, t2, t3, t4, t5) − leilie2(t2, t1, t3, t4, t5)− leilie2(t4, t1, t2, t3, t5).

Direct calculations show that

R =

+2((t1t3)(t2t4))t5 + ((t2t4)(t1t3))t5 − ((t4t2)(t1t3))t5
+((t2t1)(t3t4))t5 + ((t4t3)(t1t2))t5
−((t2t3)(t1t4))t5 + ((t4t1)(t2t3))t5
−((t1t2)(t3t5))t4 − ((t2t1)(t3t5))t4
−((t2t5)(t1t3))t4 − ((t1t3)(t2t5))t4
+((t1t5)(t2t3))t4 + ((t2t3)(t1t5))t4

−2((t1t5)(t2t4))t3 − ((t2t4)(t1t5))t3 + ((t4t2)(t1t5))t3
+((t2t5)(t1t4))t3 − ((t4t1)(t2t5))t3
+((t2t1)(t4t5))t3 − ((t4t5)(t1t2))t3
+((t1t3)(t4t5))t2 + ((t4t5)(t1t3))t2
+((t1t4)(t3t5))t2 + (((t4t1)(t3t5))t2
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+((t1t5)(t3t4))t2 − ((t4t3)(t1t5))t2
−((t2t3)(t4t5))t1 − ((t4t5)(t2t3))t1
−((t2t4)(t3t5))t1 − ((t4t2)(t3t5))t1
+((t4t3)(t2t5))t1 − ((t2t5)(t3t4))t1
+((t1t2)t3)(t4t5) + ((t2t1)t3)(t4t5)

+((t1t4)t2)(t3t5) + ((t4t1)t2)(t3t5)

−((t2t4)t1)(t3t5) − ((t4t2)t1)(t3t5))

−((t1t2)t4)(t3t5) − ((t2t1)t4)(t3t5)

+((t1t2)t5)(t3t4) + ((t2t1)t5)(t3t4)

−((t1t4)t3)(t2t5) − ((t4t1)t3)(t2t5)

+((t3t4)t1)(t2t5) + ((t4t3)t1)(t2t5)

+((t1t4)t5)(t2t3) + ((t4t1)t5)(t2t3)

+((t2t4)t3)(t1t5) + ((t4t2)t3)(t1t5)

−(((t3t4)t2)(t1t5) − ((t4t3)t2)(t1t5)

−((t2t4)t5)(t1t3) − ((t4t2)t5)(t1t3)

+((t3t4)t5)(t1t2) + ((t4t3)t5)(t1t2)

= 0,

if t1t2 − t2t1 = 0 is identity.

Lemma 5.2. Let (A, ◦) be a Leibniz algebra. Then the Leibniz-Lie

algebra (A, [ , ]) satisfies the identities lei
(−1)
1 = 0, leilie2 = 0.

Proof. By Lemma 3.1 leilie1 = 0 is an identity on A(−1).
Let us check that leilie2 = 0. Present

h = h(a, b, c, d, e)

def
= −4[[[[b, c], d], e], a] + 2[[[[b, c], a], d], e] + 2[[[[b, c], d], a], e]

+[[[a, b], c], [d, e]] + [[[a, b], [d, e]], c]

in the form h1 + h2, where

h1 = h1(a, b, c, d, e) = −4[[[[b, c], d], e], a]+2[[[[b, c], a], d], e]+2[[[[b, c], d], a], e],

h2 = h2(a, b, c, d, e) = [[[a, b], c], [d, e]] + [[[a, b], [d, e]], c].

Notice that

−2[[[[[[u, b], c], a] + [[[[[[u, a], d], e] + [[[[[[u, d], a], e]

= −8(((a ◦ b) ◦ u) ◦ c) + 8(((a ◦ c) ◦ b) ◦ u) − 8(((a ◦ c) ◦ u) ◦ b)

+2(((a ◦ d) ◦ u) ◦ e) + 8(((a ◦ u) ◦ b) ◦ c) − 3(((a ◦ u) ◦ d) ◦ e)

+2(((b ◦ u) ◦ c) ◦ a) − 4(((c ◦ b) ◦ u) ◦ a) + 4(((c ◦ u) ◦ b) ◦ a)

+2(((d ◦ a) ◦ u) ◦ e) − 3(((d ◦ u) ◦ a) ◦ e) − 4(((e ◦ a) ◦ d) ◦ u)
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+8(((e ◦ a) ◦ u) ◦ d) − 4(((e ◦ d) ◦ a) ◦ u) + 8(((e ◦ d) ◦ u) ◦ a)

−4(((e ◦ u) ◦ a) ◦ d) − 4(((e ◦ u) ◦ d) ◦ a) + (((u ◦ a) ◦ d) ◦ e)

−2(((u ◦ b) ◦ c) ◦ a) + (((u ◦ d) ◦ a) ◦ e).

Therefore,

h1 = −4[[[[b, c], d], e], a] + 2[[[[b, c], a], d], e] + 2[[[[b, c], d], a], e]

= 20((((a◦b)◦c)◦d)◦e)−20((((a◦c)◦b)◦d)◦e)−24((((a◦d)◦b)◦c)◦e)

+24((((a◦d)◦c)◦b)◦e)−32((((a◦e)◦b)◦c)◦d)+32((((a◦e)◦c)◦b)◦d)

+32((((a◦e)◦d)◦b)◦c)−32((((a◦e)◦d)◦c)◦b)+2((((b◦c)◦a)◦d)◦e)

+2((((b ◦ c) ◦d) ◦a) ◦ e)− 4((((b ◦ c) ◦d) ◦ e) ◦a)− 2((((c ◦ b) ◦a) ◦d) ◦ e)

−2((((c ◦ b) ◦d) ◦a) ◦ e)+4((((c ◦ b) ◦d) ◦ e) ◦a)+8((((d◦a) ◦ b) ◦ c) ◦ e)

−8((((d◦a)◦ c)◦ b)◦e)−12((((d◦ b)◦ c)◦a)◦e)+8((((d◦ b)◦ c)◦e)◦a)

+12((((d◦c)◦b)◦a)◦e)−8((((d◦c)◦b)◦e)◦a)+32((((e◦a)◦b)◦c)◦d)

−32((((e◦a)◦c)◦b)◦d)−16((((e◦a)◦d)◦b)◦c)+16((((e◦a)◦d)◦c)◦b)

−16((((e◦b)◦c)◦a)◦d)+16((((e◦c)◦b)◦a)◦d)−16((((e◦d)◦a)◦b)◦c)

+16((((e◦d)◦a)◦c)◦b)+16((((e◦d)◦b)◦c)◦a)−16((((e◦d)◦c)◦b)◦a).

Further,
[[u, b], c] + [[u, c], b]

= 2((b◦c)◦u)−3((b◦u)◦c)+2((c◦b)◦u)−3((c◦u)◦b)+((u◦b)◦c)+((u◦c)◦b).

Thus,
h2 = [[[a, b], c], [d, e]] + [[[a, b], [d, e]], c]

= 2((((a◦ b)◦ c)◦d)◦ e)−2((((a◦ b)◦ c)◦ e)◦d)+2((((a◦ b)◦d)◦ e)◦ c)

−2((((a ◦ b) ◦ e) ◦d) ◦ c)− 2((((b ◦a) ◦ c) ◦d) ◦ e)+2((((b ◦a) ◦ c) ◦ e) ◦d)

−2((((b◦a)◦d)◦e)◦ c)+2((((b◦a)◦e)◦d)◦ c)−12((((c◦a)◦ b)◦d)◦e)

+12((((c◦a)◦b)◦e)◦d)+12((((c◦b)◦a)◦d)◦e)−12((((c◦b)◦a)◦e)◦d)

+8((((c ◦d) ◦ e) ◦a) ◦ b)− 8((((c ◦d) ◦ e)◦ b) ◦a)− 8((((c ◦ e) ◦d) ◦a)◦ b)

+8((((c ◦ e) ◦d) ◦ b) ◦a)− 6((((d ◦ e) ◦a) ◦ b) ◦ c)+6((((d◦ e) ◦ b) ◦a) ◦ c)

+4((((d ◦ e) ◦ c) ◦a) ◦ b)− 4((((d ◦ e) ◦ c) ◦ b) ◦a)+6((((e ◦d) ◦a) ◦ b) ◦ c)

−6((((e◦d)◦ b)◦a)◦ c)−4((((e◦d)◦ c)◦a)◦ b)+4((((e◦d)◦ c)◦ b)◦a).

Hence, h = h1 + h2 can be presented in the form

h = r1 + r2 + r3 + r4 + r5,

where ri = ri(a, b, c, d, e), i = 1, 2, 3, 4, 5, and

r1 = 22((((a◦b)◦c)◦d)◦e)−2((((a◦b)◦c)◦e)◦d)+2((((a◦b)◦d)◦e)◦c)

−2((((a◦b)◦e)◦d)◦c)−20((((a◦c)◦b)◦d)◦e)−24((((a◦d)◦b)◦c)◦e)

+24((((a◦d)◦c)◦b)◦e)−32((((a◦e)◦b)◦c)◦d)+32((((a◦e)◦c)◦b)◦d)

+32((((a ◦ e) ◦ d) ◦ b) ◦ c) − 32((((a ◦ e) ◦ d) ◦ c) ◦ b),
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r2 = −2((((b◦a)◦c)◦d)◦e)+2((((b◦a)◦c)◦e)◦d)−2((((b◦a)◦d)◦e)◦c)

+2((((b◦a)◦e)◦d)◦c)−12((((c◦a)◦b)◦d)◦e)+12((((c◦a)◦b)◦e)◦d)

+8((((d◦a)◦ b)◦ c)◦e)−8((((d◦a)◦ c)◦ b)◦e)+32((((e◦a)◦ b)◦ c)◦d)

−32((((e◦a)◦c)◦b)◦d)−16((((e◦a)◦d)◦b)◦c)+16((((e◦a)◦d)◦c)◦b),

r3 = 2((((b◦c)◦a)◦d)◦e)+10((((c◦b)◦a)◦d)◦e)−12((((c◦b)◦a)◦e)◦d)

−6((((d◦e)◦a)◦b)◦c)−10((((e◦d)◦a)◦b)◦c)+16((((e◦d)◦a)◦c)◦b),

r4 = 2((((b◦c)◦d)◦a)◦e)−2((((c◦b)◦d)◦a)◦e)+8((((c◦d)◦e)◦a)◦b)

−8((((c◦e)◦d)◦a)◦b)−12((((d◦b)◦c)◦a)◦e)+12((((d◦c)◦b)◦a)◦e)

+6((((d◦e)◦ b)◦a)◦ c)+4((((d◦e)◦ c)◦a)◦ b)−16((((e◦ b)◦ c)◦a)◦d)

+16((((e◦c)◦b)◦a)◦d)−6((((e◦d)◦b)◦a)◦c)−4((((e◦d)◦c)◦a)◦b),

r5 = −4((((b◦c)◦d)◦e)◦a)+4((((c◦b)◦d)◦e)◦a)−8((((c◦d)◦e)◦b)◦a)

+8((((c ◦ e) ◦d) ◦ b) ◦a)+8((((d ◦ b) ◦ c) ◦ e)◦a)− 8((((d◦ c)◦ b) ◦ e) ◦a)

−4((((d◦e)◦c)◦b)◦a)+16((((e◦d)◦b)◦c)◦a)−12((((e◦d)◦c)◦b)◦a).

Show that Alt(r1) = 0. Let us collect the coefficients of ((((a ◦ b) ◦
c) ◦ d) ◦ e) in r1. We see that this yields

22 sign

(

a b c d e
a b c d e

)

− 2 sign

(

a b c d e
a b c e d

)

+2 sign

(

a b c d e
a b d e c

)

− 2 sign

(

a b c d e
a b e d c

)

−20 sign

(

a b c d e
a c b d e

)

− 24 sign

(

a b c d e
a d b c e

)

+24 sign

(

a b c d e
a d c b e

)

− 32 sign

(

a b c d e
a e b c d

)

+32 sign

(

a b c d e
a e c b d

)

+ 32 sign

(

a b c d e
a e d b c

)

−32 sign

(

a b c d e
a e d c b

)

= 22 + 2 + 2 + 2 + 20 − 24 − 24 + 32 + 32 − 32 − 32 = 0.

So, by skew-symmetry, r1 = 0. Analogious calculations show that

Alt(ri) = 0
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for all i = 1, 2, 3, 4, 5. Thus,

leilie2 = Alt(r1) + · · · + Alt(r5) = 0.

Lemma 5.3. Any identity of degree 4 for Lei
(−1) follows from the

identity acom = 0.

Proof. Let
X4(t1, t2, t3, t4) =

λ1(t1t2)(t3t4)+λ2(t1t3)(t2t4)+λ3(t2t3)(t1t4)+λ4((t1t2)t3)t4+λ10((t1t2)t4)t3
+λ5((t1t3)t2)t4+λ11((t1t3)t4)t2+λ6((t1t4)t2)t3+λ12((t1t4)t3)t2+λ7((t2t3)t1)t4
+λ13((t2t3)t4)t1+λ8((t2t4)t1)t3+λ14((t2t4)t3)t1+λ9((t3t4)t1)t2+λ15((t3t4)t2)t1
be a generic skew-symmetric polynomial of degree 4. For t1, t2, t3, t4 ,
we substitute the elements a, b, c, d of the free Leibniz algebra, and
calculate X4(a, b, c, d) under the commutator [u, v] = u◦v−v ◦u. We
obtain

X4(a, b, c, d) =

(2λ1 + λ4 − 2λ7 − 4λ13 + 4λ15)(((a ◦ b) ◦ c) ◦ d)

+(−2λ1 − 2λ8 + λ10 − 4λ14 − 4λ15)(((a ◦ b) ◦ d) ◦ c)

+(2λ2 + λ5 + 2λ7 + 4λ13 + 4λ14)(((a ◦ c) ◦ b) ◦ d)

+(−2λ2 − 2λ9 + λ11 − 4λ14 − 4λ15)(((a ◦ c) ◦ d) ◦ b)

+(−2λ3 + λ6 + 2λ8 + 4λ13 + 4λ14)(((a ◦ d) ◦ b) ◦ c)

+(2λ3 + 2λ9 + λ12 − 4λ13 + 4λ15)(((a ◦ d) ◦ c) ◦ b)

+(−2λ1 − λ4 − 2λ5 + 4λ9 − 4λ11)(((b ◦ a) ◦ c) ◦ d)

+(2λ1 − 2λ6 − 4λ9 − λ10 − 4λ12)(((b ◦ a) ◦ d) ◦ c)

+(2λ3 + 2λ5 + λ7 + 4λ11 + 4λ12)(((b ◦ c) ◦ a) ◦ d)

+(−2λ3 − 4λ9 − 4λ12 + λ13 − 2λ15)(((b ◦ c) ◦ d) ◦ a)

+(−2λ2 + 2λ6 + λ8 + 4λ11 + 4λ12)(((b ◦ d) ◦ a) ◦ c)

+(2λ2 + 4λ9 − 4λ11 + λ14 + 2λ15)(((b ◦ d) ◦ c) ◦ a)

+(−2λ2 − 2λ4 − λ5 + 4λ8 − 4λ10)(((c ◦ a) ◦ b) ◦ d)

+(2λ2 − 4λ6 − 4λ8 − λ11 − 2λ12)(((c ◦ a) ◦ d) ◦ b)

+(−2λ3 + 2λ4 + 4λ6 − λ7 + 4λ10)(((c ◦ b) ◦ a) ◦ d)

+(2λ3 − 4λ6 − 4λ8 − λ13 − 2λ14)(((c ◦ b) ◦ d) ◦ a)

+(−2λ1 + 4λ6 + λ9 + 4λ10 + 2λ12)(((c ◦ d) ◦ a) ◦ b)

+(2λ1 + 4λ8 − 4λ10 + 2λ14 + λ15)(((c ◦ d) ◦ b) ◦ a)

+(2λ3 − 4λ4 − λ6 + 4λ7 − 2λ10)(((d ◦ a) ◦ b) ◦ c)

+(−2λ3 − 4λ5 − 4λ7 − 2λ11 − λ12)(((d ◦ a) ◦ c) ◦ b)

+(2λ2 + 4λ4 + 4λ5 − λ8 + 2λ10)(((d ◦ b) ◦ a) ◦ c)

+(−2λ2 − 4λ5 − 4λ7 − 2λ13 − λ14)(((d ◦ b) ◦ c) ◦ a)
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+(2λ1 + 4λ4 + 4λ5 − λ9 + 2λ11)(((d ◦ c) ◦ a) ◦ b)

+(−2λ1 − 4λ4 + 4λ7 + 2λ13 − λ15)(((d ◦ c) ◦ b) ◦ a).

Since all 24 left-bracketed elements like (((a ◦ b) ◦ c) ◦ d are basis
elements, the condition X4(a, b, c, d) = 0 gives us the system of 24
linear equations in 15 unknowns λi, i = 1, . . . , 15. We see that the
rank of this system is 15 and our system has the trivial solution only:
λi = 0 for all i = 1, 2, . . . , 15. In other words, any polylinear identity
of degree 4 for Lei

(−1) follows from the identity acom = 0.

Lemma 5.4. Any identity of a free Leibniz algebra of degree 5 follows

from the identities leilie1 = 0, leilie2 = 0, lei
(−1)
3 = 0.

Proof. Let f = f(t1, . . . , t5) be a non-commutative non-associative
polynomial such that f = 0 is an identity for any right-Leibniz algebra.
Notice that there exist 105 anti-commutative non-associative polyno-
mials. Present f as a linear combination of these 105 elements.

Insert in f the elements of the free Leibniz algebra generated by 5
elements u1, u2, u3, u4, u5 and calculate the polynomial f under the
commutator [u, v] = u ◦ v − v ◦ u, where (u, v) 7→ u ◦ v is the mul-
tiplication in a free (right)-Leibniz algebra. Expand this expression in
terms of the multiplication ◦ by using the Leibniz rule

u ◦ (v ◦ w) = (u ◦ v) ◦ w − (u ◦ w) ◦ v.

We obtain the element that is a linear combination of 120 elements
of the form (((uσ(1) ◦ uσ(2)) ◦ uσ(3)) ◦ uσ(4)) ◦ uσ(5), where σ ∈ Sym5.

The identity condition f = 0 on L(−1) gives us 120 linear equations in
105 unknowns λi. Solve this system of equations. We do this using the
computer system Matematica. We find out that the system has 14 free
parameters. It shows that f can be presented as a linear combination
of the following 14 polynomials

f1 = leilie1,

f2(t1, t2, t3, t4, t5) =

((t1t2)t4)(t3t5) − ((t1t4)t2)(t3t5) + ((t2t4)t1)(t3t5)

−2(((t1t2)t4)t3)t5 + 2(((t1t2)t4)t5)t3 + 2(((t1t4)t2)t3)t5

−2(((t1t4)t2)t5)t3 − 2(((t2t4)t1)t3)t5 + 2(((t2t4)t1)t5)t3,

f3(t1, t2, t3, t4, t5) =

((t1t2)t5)(t3t4) − ((t1t5)t2)(t3t4) + ((t2t5)t1)(t3t4)

−2(((t1t2)t5)t3)t4 + 2(((t1t2)t5)t4)t3 + 2(((t1t5)t2)t3)t4
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−2(((t1t5)t2)t4)t3 − 2(((t2t5)t1)t3)t4 + 2(((t2t5)t1)t4)t3,

f4(t1, t2, t3, t4, t5) =

((t1t3)t4)(t2t5) − ((t1t4)t3)(t2t5) + ((t3t4)t1)(t2t5)

−2(((t1t3)t4)t2)t5 + 2(((t1t3)t4)t5)t2 + 2(((t1t4)t3)t2)t5

−2(((t1t4)t3)t5)t2 − 2(((t3t4)t1)t2)t5 + 2(((t3t4)t1)t5)t2,

f5(t1, t2, t3, t4, t5) =

((t2t3)t4)(t1t5) − ((t2t4)t3)(t1t5) + ((t3t4)t2)(t1t5)

−2(((t2t3)t4)t1)t5 + 2(((t2t3)t4)t5)t1 + 2(((t2t4)t3)t1)t5

−2(((t2t4)t3)t5)t1 − 2(((t3t4)t2)t1)t5 + 2(((t3t4)t2)t5)t1,

f6(t1, t2, t3, t4, t5) =

((t1t3)t5)(t2t4) − ((t1t5)t3)(t2t4) + ((t3t5)t1)(t2t4)

−2(((t1t3)t5)t2)t4 + 2(((t1t3)t5)t4)t2 + 2(((t1t5)t3)t2)t4

−2(((t1t5)t3)t4)t2 − 2(((t3t5)t1)t2)t4 + 2(((t3t5)t1)t4)t2,

f7(t1, t2, t3, t4, t5) =

((t2t3)t5)(t1t4) − ((t2t5)t3)(t1t4) + ((t3t5)t2)(t1t4)

−2(((t2t3)t5)t1)t4 + 2(((t2t3)t5)t4)t1 + 2(((t2t5)t3)t1)t4

−2(((t2t5)t3)t4)t1 − 2(((t3t5)t2)t1)t4 + 2(((t3t5)t2)t4)t1,

f8 = leilie2,

f9(t1, t2, t3, t4, t5) =

−((t1t2)t3)(t4t5) + ((t1t2)t4)(t3t5) − ((t1t2)t5)(t3t4) − ((t1t2)(t3t4))t5

+((t1t2)(t3t5))t4 − ((t1t2)(t4t5))t3 + ((t1t3)t2)(t4t5) − ((t1t3)t4)(t2t5)

+((t1t3)t5)(t2t4) + ((t1t3)(t2t4))t5 − ((t1t3)(t2t5))t4 + ((t1t3)(t4t5))t2

−((t1t4)t2)(t3t5) + ((t1t4)t3)(t2t5) − ((t1t4)(t2t3))t5 + ((t1t4)(t2t5))t3

−((t1t4)(t3t5))t2 + ((t1t5)t2)(t3t4) − ((t1t5)t3)(t2t4) + ((t1t5)(t2t3))t4

−((t1t5)(t2t4))t3 + ((t1t5)(t3t4))t2 + ((t4t5)t1)(t2t3) − 2(((t1t4)t5)t2)t3

+2(((t1t4)t5)t3)t2 + 2(((t1t5)t4)t2)t3 − 2(((t1t5)t4)t3)t2

−2(((t2t3)t1)t4)t5 +2(((t2t3)t1)t5)t4−2(((t2t3)t4)t1)t5 +4(((t2t3)t4)t5)t1

+2(((t2t3)t5)t1)t4−4(((t2t3)t5)t4)t1 +2(((t2t4)t1)t3)t5−2(((t2t4)t1)t5)t3

+2(((t2t4)t3)t1)t5−4(((t2t4)t3)t5)t1−2(((t2t4)t5)t1)t3 +4(((t2t4)t5)t3)t1

−2(((t2t5)t1)t3)t4 +2(((t2t5)t1)t4)t3−2(((t2t5)t3)t1)t4 +4(((t2t5)t3)t4)t1
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+2(((t2t5)t4)t1)t3−4(((t2t5)t4)t3)t1−2(((t3t4)t1)t2)t5 +2(((t3t4)t1)t5)t2
−2(((t3t4)t2)t1)t5 +4(((t3t4)t2)t5)t1 +2(((t3t4)t5)t1)t2−4(((t3t4)t5)t2)t1
+2(((t3t5)t1)t2)t4−2(((t3t5)t1)t4)t2 +2(((t3t5)t2)t1)t4−4(((t3t5)t2)t4)t1
−2(((t3t5)t4)t1)t2 +4(((t3t5)t4)t2)t1−4(((t4t5)t1)t2)t3 +4(((t4t5)t1)t3)t2
−2(((t4t5)t2)t1)t3 +4(((t4t5)t2)t3)t1 +2(((t4t5)t3)t1)t2−4(((t4t5)t3)t2)t1,

f10(t1, t2, t3, t4, t5) =

((t1t2)(t3t4))t5 − ((t1t2)(t3t5))t4 + ((t1t2)(t4t5))t3 + ((t1t3)t2)(t4t5)

+((t1t3)(t2t4))t5 − ((t1t3)(t2t5))t4 − ((t1t4)t2)(t3t5) − ((t1t4)(t2t3))t5
+((t1t4)(t2t5))t3 + ((t1t5)t2)(t3t4) + ((t1t5)(t2t3))t4 − ((t1t5)(t2t4))t3
−((t2t3)t4)(t1t5) + ((t2t3)t5)(t1t4) + ((t2t3)(t4t5))t1 + ((t2t4)t3)(t1t5)

−((t2t4)t5)(t1t3) − ((t2t4)(t3t5))t1 − ((t2t5)t3)(t1t4) + ((t2t5)t4)(t1t3)

+((t2t5)(t3t4))t1 + 2(((t1t2)t3)t4)t5 − 2(((t1t2)t3)t5)t4
−2(((t1t2)t4)t3)t5 +2(((t1t2)t4)t5)t3 +2(((t1t2)t5)t3)t4−2(((t1t2)t5)t4)t3
−4(((t1t3)t2)t4)t5 +4(((t1t3)t2)t5)t4−2(((t1t3)t4)t2)t5 +4(((t1t3)t4)t5)t2
+2(((t1t3)t5)t2)t4−4(((t1t3)t5)t4)t2 +4(((t1t4)t2)t3)t5−4(((t1t4)t2)t5)t3
+2(((t1t4)t3)t2)t5−4(((t1t4)t3)t5)t2−2(((t1t4)t5)t2)t3 +4(((t1t4)t5)t3)t2
−4(((t1t5)t2)t3)t4 +4(((t1t5)t2)t4)t3−2(((t1t5)t3)t2)t4 +4(((t1t5)t3)t4)t2
+2(((t1t5)t4)t2)t3−4(((t1t5)t4)t3)t2 +2(((t2t3)t1)t4)t5−2(((t2t3)t1)t5)t4
−2(((t2t4)t1)t3)t5 +2(((t2t4)t1)t5)t3 +2(((t2t5)t1)t3)t4−2(((t2t5)t1)t4)t3
−2(((t3t4)t1)t2)t5 +4(((t3t4)t1)t5)t2−2(((t3t4)t2)t1)t5 +2(((t3t4)t2)t5)t1
−4(((t3t4)t5)t1)t2 +2(((t3t4)t5)t2)t1 +2(((t3t5)t1)t2)t4−4(((t3t5)t1)t4)t2
+2(((t3t5)t2)t1)t4−2(((t3t5)t2)t4)t1 +4(((t3t5)t4)t1)t2−2(((t3t5)t4)t2)t1
−2(((t4t5)t1)t2)t3 +4(((t4t5)t1)t3)t2−2(((t4t5)t2)t1)t3 +2(((t4t5)t2)t3)t1

−4(((t4t5)t3)t1)t2 + 2(((t4t5)t3)t2)t1,

f11(t1, t2, t3, t4, t5) =

((t1t2)(t3t4))t5 − ((t1t2)(t3t5))t4 + ((t1t2)(t4t5))t3 + ((t1t3)t2)(t4t5)

+((t1t3)(t2t4))t5 − ((t1t3)(t2t5))t4 − ((t1t4)t2)(t3t5) − ((t1t4)(t2t3))t5
+((t1t4)(t2t5))t3 + ((t1t5)t2)(t3t4) + ((t1t5)(t2t3))t4 − ((t1t5)(t2t4))t3
−((t2t3)t4)(t1t5) + ((t2t3)t5)(t1t4) + ((t2t3)(t4t5))t1 + ((t2t4)t3)(t1t5)

−((t2t4)(t3t5))t1 − ((t2t5)t3)(t1t4) + ((t2t5)(t3t4))t1 + ((t4t5)t2)(t1t3)

+2(((t1t2)t3)t4)t5−2(((t1t2)t3)t5)t4−2(((t1t2)t4)t3)t5 +2(((t1t2)t4)t5)t3
+2(((t1t2)t5)t3)t4−2(((t1t2)t5)t4)t3−4(((t1t3)t2)t4)t5 +4(((t1t3)t2)t5)t4
−2(((t1t3)t4)t2)t5 +4(((t1t3)t4)t5)t2 +2(((t1t3)t5)t2)t4−4(((t1t3)t5)t4)t2
+4(((t1t4)t2)t3)t5−4(((t1t4)t2)t5)t3 +2(((t1t4)t3)t2)t5−4(((t1t4)t3)t5)t2
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−2(((t1t4)t5)t2)t3 +4(((t1t4)t5)t3)t2−4(((t1t5)t2)t3)t4 +4(((t1t5)t2)t4)t3
−2(((t1t5)t3)t2)t4 +4(((t1t5)t3)t4)t2 +2(((t1t5)t4)t2)t3−4(((t1t5)t4)t3)t2
+2(((t2t3)t1)t4)t5−2(((t2t3)t1)t5)t4−2(((t2t4)t1)t3)t5 +2(((t2t4)t1)t5)t3
−2(((t2t4)t5)t1)t3 +2(((t2t4)t5)t3)t1 +2(((t2t5)t1)t3)t4−2(((t2t5)t1)t4)t3
+2(((t2t5)t4)t1)t3−2(((t2t5)t4)t3)t1−2(((t3t4)t1)t2)t5 +4(((t3t4)t1)t5)t2
−2(((t3t4)t2)t1)t5 +2(((t3t4)t2)t5)t1−4(((t3t4)t5)t1)t2 +2(((t3t4)t5)t2)t1
+2(((t3t5)t1)t2)t4−4(((t3t5)t1)t4)t2 +2(((t3t5)t2)t1)t4−2(((t3t5)t2)t4)t1
+4(((t3t5)t4)t1)t2−2(((t3t5)t4)t2)t1−2(((t4t5)t1)t2)t3 +4(((t4t5)t1)t3)t2
−4(((t4t5)t2)t1)t3 +4(((t4t5)t2)t3)t1−4(((t4t5)t3)t1)t2 +2(((t4t5)t3)t2)t1,

f12(t1, t2, t3, t4, t5) =

((t1t2)t5)(t3t4) − ((t1t2)(t3t5))t4 + ((t1t2)(t4t5))t3 − ((t1t3)t5)(t2t4)

+((t1t3)(t2t5))t4 − ((t1t3)(t4t5))t2 + ((t1t4)t5)(t2t3) − ((t1t4)(t2t5))t3
+((t1t4)(t3t5))t2 + ((t1t5)(t2t3))t4 − ((t1t5)(t2t4))t3 + ((t1t5)(t3t4))t2
+((t2t3)t5)(t1t4) + ((t2t3)(t4t5))t1 − ((t2t4)t5)(t1t3) − ((t2t4)(t3t5))t1
−((t2t5)(t3t4))t1 + ((t3t4)t5)(t1t2) + 4(((t1t2)t3)t4)t5 − 2(((t1t2)t3)t5)t4
−4(((t1t2)t4)t3)t5 +2(((t1t2)t4)t5)t3−4(((t1t2)t5)t3)t4 +4(((t1t2)t5)t4)t3
−4(((t1t3)t2)t4)t5 +2(((t1t3)t2)t5)t4 +4(((t1t3)t4)t2)t5−2(((t1t3)t4)t5)t2
+4(((t1t3)t5)t2)t4−4(((t1t3)t5)t4)t2 +4(((t1t4)t2)t3)t5−2(((t1t4)t2)t5)t3
−4(((t1t4)t3)t2)t5 +2(((t1t4)t3)t5)t2−4(((t1t4)t5)t2)t3 +4(((t1t4)t5)t3)t2
+2(((t1t5)t2)t3)t4−2(((t1t5)t2)t4)t3−2(((t1t5)t3)t2)t4 +2(((t1t5)t3)t4)t2
+2(((t1t5)t4)t2)t3−2(((t1t5)t4)t3)t2 +4(((t2t3)t1)t4)t5−2(((t2t3)t1)t5)t4
−4(((t2t3)t4)t1)t5 +2(((t2t3)t4)t5)t1−4(((t2t3)t5)t1)t4 +4(((t2t3)t5)t4)t1
−4(((t2t4)t1)t3)t5 +2(((t2t4)t1)t5)t3 +4(((t2t4)t3)t1)t5−2(((t2t4)t3)t5)t1
+4(((t2t4)t5)t1)t3−4(((t2t4)t5)t3)t1−2(((t2t5)t1)t3)t4 +2(((t2t5)t1)t4)t3
+2(((t2t5)t3)t1)t4−2(((t2t5)t3)t4)t1−2(((t2t5)t4)t1)t3 +2(((t2t5)t4)t3)t1
+4(((t3t4)t1)t2)t5−2(((t3t4)t1)t5)t2−4(((t3t4)t2)t1)t5 +2(((t3t4)t2)t5)t1
−4(((t3t4)t5)t1)t2 +4(((t3t4)t5)t2)t1 +2(((t3t5)t1)t2)t4−2(((t3t5)t1)t4)t2
−2(((t3t5)t2)t1)t4 +2(((t3t5)t2)t4)t1 +2(((t3t5)t4)t1)t2−2(((t3t5)t4)t2)t1
−2(((t4t5)t1)t2)t3 +2(((t4t5)t1)t3)t2 +2(((t4t5)t2)t1)t3−2(((t4t5)t2)t3)t1

−2(((t4t5)t3)t1)t2 + 2(((t4t5)t3)t2)t1,

f13 = lei
(−1)
3 ,

f14(t1, t2, t3, t4, t5) =

((t1t2)t3)(t4t5) + ((t1t2)(t3t4))t5 − ((t1t2)(t3t5))t4 + ((t1t3)(t2t4))t5
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−((t1t3)(t2t5))t4 + ((t1t3)(t4t5))t2 − ((t1t4)t3)(t2t5) + ((t1t4)(t2t3))t5
+((t1t4)(t3t5))t2 + ((t1t5)t3)(t2t4) − ((t1t5)(t2t3))t4 − ((t1t5)(t3t4))t2
−((t2t3)(t4t5))t1 + ((t2t4)t3)(t1t5) − ((t2t4)(t3t5))t1 − ((t2t5)t3)(t1t4)

+((t2t5)(t3t4))t1 + ((t4t5)t3)(t1t2) − 4(((t1t2)t3)t4)t5 + 4(((t1t2)t3)t5)t4
−2(((t1t2)t4)t3)t5 +4(((t1t2)t4)t5)t3 +2(((t1t2)t5)t3)t4−4(((t1t2)t5)t4)t3
+2(((t1t3)t2)t4)t5−2(((t1t3)t2)t5)t4−2(((t1t3)t4)t2)t5 +2(((t1t3)t4)t5)t2
+2(((t1t3)t5)t2)t4−2(((t1t3)t5)t4)t2 +2(((t1t4)t2)t3)t5−4(((t1t4)t2)t5)t3
+4(((t1t4)t3)t2)t5−4(((t1t4)t3)t5)t2 +4(((t1t4)t5)t2)t3−2(((t1t4)t5)t3)t2
−2(((t1t5)t2)t3)t4 +4(((t1t5)t2)t4)t3−4(((t1t5)t3)t2)t4 +4(((t1t5)t3)t4)t2
−4(((t1t5)t4)t2)t3 +2(((t1t5)t4)t3)t2−2(((t2t3)t1)t4)t5 +2(((t2t3)t1)t5)t4

+2(((t2t3)t4)t1)t5−2(((t2t3)t4)t5)t1−2(((t2t3)t5)t1)t4 +2(((t2t3)t5)t4)t1
−2(((t2t4)t1)t3)t5 +4(((t2t4)t1)t5)t3−4(((t2t4)t3)t1)t5 +4(((t2t4)t3)t5)t1
−4(((t2t4)t5)t1)t3 +2(((t2t4)t5)t3)t1 +2(((t2t5)t1)t3)t4−4(((t2t5)t1)t4)t3
+4(((t2t5)t3)t1)t4−4(((t2t5)t3)t4)t1 +4(((t2t5)t4)t1)t3−2(((t2t5)t4)t3)t1
−2(((t3t4)t1)t2)t5 +2(((t3t4)t1)t5)t2 +2(((t3t4)t2)t1)t5−2(((t3t4)t2)t5)t1
−2(((t3t4)t5)t1)t2 +2(((t3t4)t5)t2)t1 +2(((t3t5)t1)t2)t4−2(((t3t5)t1)t4)t2
−2(((t3t5)t2)t1)t4 +2(((t3t5)t2)t4)t1 +2(((t3t5)t4)t1)t2−2(((t3t5)t4)t2)t1

+4(((t4t5)t1)t2)t3−2(((t4t5)t1)t3)t2−4(((t4t5)t2)t1)t3 +2(((t4t5)t2)t3)t1
−4(((t4t5)t3)t1)t2 + 4(((t4t5)t3)t2)t1.

We see that
f2 = leilie1(t1, t2, t4, t3, t5),

f3 = leilie1(t1, t2, t5, t3, t4),

f4 = leilie1(t1, t3, t4, t2, t5),

f5 = leilie1(t2, t3, t4, t1, t5),

f6 = leilie1(t1, t3, t5, t2, t4),

f7 = leilie1(t2, t3, t5, t1, t4),

f9 = leilie1(t1, t4, t5, t2, t3) + leilie2(t1, t2, t3, t4, t5),

f10 = (leilie1(t3, t4, t5, t1, t2)+2 leilie2(t1, t2, t3, t4, t5)+lei
(−1)
3 (t1, t2, t3, t4, t5)

−lei
(−1)
3 (t1, t2, t3, t5, t4) − lei

(−1)
3 (t1, t2, t4, t3, t5))/2,
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f11 = (2 leilie1(t2, t4, t5, t1, t3)+leilie1(t3, t4, t5, t1, t2)+2 leilie2(t1, t2, t3, t4, t5)

+lei
(−1)
3 (t1, t2, t3, t4, t5)−lei

(−1)
3 (t1, t2, t3, t5, t4)−lei

(−1)
3 (t1, t2, t4, t3, t5))/2,

f12 = (leilie1(t3, t4, t5, t1, t2) + lei
(−1)
3 (t1, t2, t3, t4, t5)

+lei
(−1)
3 (t1, t2, t3, t5, t4) − lei

(−1)
3 (t1, t2, t4, t3, t5))/2,

f14 = (leilie1(t3, t4, t5, t1, t2) + lei
(−1)
3 (t1, t2, t3, t4, t5)

−lei
(−1)
3 (t1, t2, t3, t5, t4) + lei

(−1)
3 (t1, t2, t4, t3, t5))/2.

So, by Lemma 5.1 the 9 -term polynomial leilie1 and the 60 -term
polynomial leilie2 form a base of polylinear identities of degree 5.

Proof of Theorem 1.4. Follows from Lemmas 5.1, 5.2, 5.3 and 5.4.

6. Leibniz-Jordan algebras

Proof of Theorem 1.6. It is easy to check that leijor = 0 is identity
for any algebra of a form A(1), where A is a Leibniz algebra.

Let A be an associative algebra and M a right-module over A.
Then A(−1) is a Lie algebra and M can be made into an antisymmet-
ric A(−1) -module. Let L = A + M be the standard Lebniz algebra
corresponding to these Lie and antisymmetric module structures. If we
denote by ? the multiplication in the Leibniz algebra L, then

(a +m) ? (b + n) = [a, b] +mb,

and
{a+m, b + n} = [a, b] +mb + [b, a] + na = na +mb.

In particular,

{a,m} = ma, {a, b} = 0, {m,n} = 0 (3)

for all a, b ∈ A,m, n ∈M. Recall that

{t1, t2} = t1t2 + t2t1

is the Jordan commutator.
Suppose that f = 0 is a minimal identity on the Leibniz-Jodan

algebra (L, { , }) which does not follow from the identity leijor = 0.
We can assume that f is polylinear and f = f(t1, . . . , tk) is a linear
combination of left-bracketed monomials of the form ((ti1ti2) · · · )tik .
So,

f(t1, . . . , tk) =
∑

σ∈Symk

λσ((tσ(1)tσ(2)) · · · )tσ(k)
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for some λσ ∈ K. Write the condition f(a1, . . . , ak−1, m) = 0 by using
the multiplication rules (3) for Leibniz-Jordan algebras. We have

f(a1, . . . , ak−1, m) =
∑

σ∈Symk−1

λσ((maσ(1)) · · · )aσ(k−1) (4)

for any a1, . . . , ak−1 ∈ A,m ∈M.
Take A = Matn to be the matrix algebra and M = Kn the n -

dimensional natural module. Then conditions (4) imply that
∑

σ∈Symk−1

λσ((aσ(1)aσ(2)) · · · )aσ(k−1) = 0

is an identity on Matn. By the Amitsur-Levitsky theorem [1], matrix
algebras have no identity of degree k if k < 2n + 1. So, f = 0 is
not an identity for Leibniz-Jordan algebras of the form Matn + Kn

if n > (k − 1)/2. In other words, any s -identity for Leibniz-Jordan
algebras follows from the identities leijor = 0, com = 0.
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