CONSTRUCTION OF NEW SOLITON-LIKE SOLUTIONS FOR THE (2+1) DIMENSIONAL KADOMTSEV-PETVIASHVILI EQUATION

EMMANUEL YOMBA MAX–PLANCK INSTITUT FÜR MATHEMATIK VIVATSGASSE 7 BONN D-53111 GERMANY.

DEPARTMENT OF PHYSICS FACULTY OF SCIENCES UNIVERSITY OF NGAOUNDÉRÉ NGAOUNDÉRÉ CAMEROON.

Abstract. In this paper, we present another extended tanh method for obtaining explicit exact soliton-like solutions of nonlinear partial differential equations. By using this method via symbolic computation system, some families of new soliton-like solutions of the (2+1) dimensional Kadomtsev-Petviashvili equation are obtained.

1

2 E. YOMBA

1. Introduction

Seeking exact solutions for nonlinear partial differential equations (NLPDEs) has long been one of the central theme of perpetual interest in Mathematics and Physics. The effort in finding these solutions is important for the understanding of most nonlinear physical phenomena, thus they may give more insight into the physical aspects of the problems. The availability for these exact solutions for these nonlinear equations can greatly facilitate the verification of numerical solvers and the stability analysis of the solutions. In the past decades, there has been significant progression in the development of these methods. Such as inverse scattering method [1,2], Darboux transformation [3- 10], Hirota bilinear method [11-13], tanh method [14-16], sine-cosine method [17,18], homogeneous balance method [19-23] and extended tanh method [24-26]. Generally speaking, these methods can be classified into two classes, one is called the direct method that is applied to seek exact solutions by using some ansatz, for example

U(x, y, t) = n∑ i=0 a_if^i(ξ), ξ = lx + dy + ct, (1)

with f(ξ) = tanh(ξ) , sech(ξ), tan(ξ), sec(ξ), sn(ξ), cn(ξ), dn(ξ) etc.(l, d and c are constants). The other one is called the indirect method that is applied to seek exact solutions by using the following transformations:

U(x, y, t) = F (ϕ_1, ϕ_2, ...), G(ϕ_1, ϕ_2, ...) = 0., (2)

If one can determine the functions ϕ_i from G(ϕ_1, ϕ_2, ...) = 0, then he can obtain the solutions from the transformation U = F (ϕ_1, ϕ_2, ...). The key idea of these generalized indirect methods are to use the solutions of an auxiliary ordinary differential equation to replace tanh(ξ) in tanh-function method. In the present paper, we shall use this idea to solve the Kadomtsev-Petviashvili equation (KP equation) following the line in [27-30] and using the new auxiliary ordinary differential equation presented in [31-32].

2. The further extended tanh method

For a given NLPDE with three independent variables (x,y,t) and dependent variable U, we seek its solutions in the form

U(x, y, t) = n∑ i=0 a_i(y, t)ϕ^i(ξ(x, y, t)), (3)

CONSTRUCTION OF NEW SOLITON-LIKE SOLUTIONS FOR THE (2+1) DIMENSIONAL KP EQUATION3

with ( dϕ dξ )^2 = aϕ^2(ξ) + bϕ^3(ξ) + cϕ^4(ξ), (4)

Where a, b, c, are constants. To determine U explicitly, we take the following four steps. Step 1. Determine n by balancing the highest order derivative terms and the highest nonlinear terms in the given NLPDE.

Step 2. Substituting (3) and (4) into the given NLPDE and collecting coefficients of all powers of ϕ^k, x^iϕ^m, and x^j ϕ^s √ aϕ(ξ)^2 + bϕ^3(ξ) + cϕ^4(ξ) (k=0,1,...; i=1,2,...; m=1,2,...;

j=0,1,...; s=1,2,...) then setting each coefficient to zero, to derive a set of partial differential equations of a_i (i=0,1,...n) and ξ.

Step 3. Solving the system of partial differential equations obtained in step 2 for a_i and ξ. Step 4. As (4) possesses the general solution

ϕ(ξ) =

−ab sech^2( √ a 2 ξ) b^2−ac(1−tanh( √ a 2 ξ))^2 : a > 0 2a sech( √ aξ) √ b^2−4ac−b sech( √ aξ) , : b^2 − 4ac > 0, a > 0, (5)

substituting a_i, ξ and (5) into (3) to obtain the solutions of the NLPDE in concern.

3. The soliton-like solutions for KP equation

In this section, by the use of the auxiliary ordinary differential equation (4), we investigate a typical breaking equation

(U_t + 6UU_x + U_{xxx})_x + 3σ^2U_{yy} = 0, (6)

Called Kadomtsev-Petviashvili equation (KP equation), where σ^2 = ±, which is of considerable importance both in Physics and Mathematics. The KP equation arises in many physical applications including weakly two-dimensional long waves in shallow water [33]. Its mathematical significance is related to the fact that it is an integrable soliton equation which has been solved in [31,34]. By balancing the highest-order contributions from both the linear and nonlinear terms in Eq.(6), we obtain n=2 in step 2. There fore, we assume the solutions of Eq.(6) in the form:

U(x, y, t) = f + hϕ(ξ) + gϕ^2(ξ), (7)

Where f = f(y, t), g = g(y, t), h = h(y, t) and ξ = p(y, t)x + q(y, t) are all differential functions and ϕ(ξ) satisfies Eq.(4). Substituting Eq.(7) along with Eq.(4) into Eq.(6) and collecting coefficients of polynomials of ϕ^k, x^iϕ^m, ϕ^l √ aϕ(ξ)^2 + bϕ^3(ξ) + cϕ^4(ξ) and

4 E. YOMBA

xϕ^l √ aϕ(ξ)^2 + bϕ^3(ξ) + cϕ^4(ξ) (k=0,...,6; i=1,2; m=1,...,4; l=0,1) with the aid of Mathematica (Note: f, g, h, p,q are independent of x), then setting each coefficient to zero, we can deduce the following set of over-determined partial differential equations with respect to unknown derivative functions (f,g,h,p,q). (Note: in the rest of this paper, p_y denotes ∂p(y, t)/(∂y), and so on). 2ahp^2_y = 0, (8ag + 3bh)p^2_y = 0, 2(5bg + 2ch)p^2_y = 0, 12cgp^2_y = 0, 2ah(pp_t + 6σ^2p_yq_y) = 0, (8ag + 3bh)(pp_t + 6σ^2p_yq_y) = 0, 2(5bg + 2ch)(pp_t + 6σ^2p_yq_y) = 0, 12cg(pp_t + 6σ^2p_yq_y) = 0, 6σ^2f_{yy} = 0, ah(6fp^2 + ap^4 + pq_t + 3σ^2q^2_y ) + 3σ^2h_{yy} = 0, (8) 48afgp^2+18bfhp^2+24ap^2h^2+32a^2gp^4+15abhp^4+p(8agp+3bh)q_t+3σ^2(8ag+3bh)q^2_y+6σ^2g_{yy} = 0, 60bfgp^2+24cfhp^2+108ahgp^2+30bh^2p^2+130abgp^4+15b^2hp^4+40achp^4+2(pq_t+3σ^2q^2_y )(5bg+2ch) = 0, 72cfgp^2+96ag^2p^2+126bghp^2+36ch^2p^2+105b^2gp^4+240acgp^4+60bchp^4+12cgpq_t+36cσ^2gq^2_y = 0, 108bg^2p^2 + 144cghp^2 + 336bcgp^4 + 48c^2hp^4 = 0, 120cgp^2(g + 2cp^2) = 0, ph_t + hp_t + 3σ^2hq_{yy} + 6σ^2h_yq_y = 0, pg_t + gp_t + 6σ^2g_yq_y + 3σ^2gq_{yy} = 0, 2h_yp_y + hp_{yy} = 0, gp_{yy} + 2g_yp_y = 0.

Solving the set of partial equations we found three cases:

Case 1, p_y = 0, p_t = 0, g = −2cp^2, f_{yy} = 0 Then Eq.(8) can degenerate to h + bp^2 = 0,

q_{yy} = 0, b^2 − 4ac = 0, (9) ap^4 + 6p^2f + pq_t + 3σ^2q^2_y = 0,

CONSTRUCTION OF NEW SOLITON-LIKE SOLUTIONS FOR THE (2+1) DIMENSIONAL KP EQUATION5

which can be solved to get the solution b^2 = 4ac,

h = −bp^2, q = f_{11}(t)y + f_{21}(t), (10) f = f_{31}(t)y + f_{41}(t), with f_{11} = −6p ∫ f_{31}(t)dt + K_{11}, (11)

f_{21} = −ap^3t − 6p ∫ f_{41}(t)dt −

3σ^2 p ∫ [ K_{11} − 6p ∫ f_{31}(t)dt

]_2 dt + K_{21}.

Where f_{31}, f_{41} are arbitrary functions of time, p, K_{11}, K_{21}, a, c are arbitrary constants. Thus we obtain the following soliton like solutions

U(x, y, t) = [f_{31}(t)y + f_{41}(t)] + bp^2{^{ab sech2(} √ a 2 (px+f_{11}(t)y+f_{21} (t))) b^2−ac(1−tanh( √ a 2 (px+f_1(t)y+f_2 (t))))^2 } −

2cp^2{^{ab sech2(} √ a 2 (px+f_{11}(t)y+f_{21} (t))) b^2−ac(1−tanh( √ a 2 (px+f_{11}(t)y+f_{21} (t))))^2 }

2, a > 0. (12)

where f_{11} and f_{21} verify Eq.(11).

Case 2: p_y = 0, p_t = 0, h = 0, f_{yy} = 0. In this subcase, Eq.(8) is reduced to b = 0,

g + 2cp^2 = 0,

q_{yy} = 0, (13) 4ap^4 + 6p^2f + pq_t + 3σ^2q^2_y = 0, which can be solved to get the solution g = −2cp^2,

q = f_{12}(t)y + f_{22}(t), (14) f = f_{32}(t)y + f_{42}(t), with f_{12} = −6p ∫ f_{32}(t)dt + K_{12}, (15)

f_{22} = −4ap^3t − 6p ∫ f_{42}(t)dt −

3σ^2 p ∫ [ K_{12} − 6p ∫ f_{32}(t)dt

]_2 dt + K_{22}.

6 E. YOMBA

Where f_{32}, f_{42} are arbitrary functions of time, p, K_{12}, K_{22}, a, c are arbitrary constants. So, Eq.(6) possesses the soliton-like solutions U(x, y, t) = [f_{32}(t)y+f_{42}(t)]−2cp^2

{_{a sech(√a(px+f12(t)y+f22 (t)))} √ −ac } , a > 0, c < 0. (16) with f_{12}, f_{22} satisfying Eq.(15).

Case 3. p_y = 0, p_t = 0, g = 0, f_{yy} = 0. In this subcase, Eq.(8) is reduced to

c = 0,

2h + bp^2 = 0,

q_{yy} = 0, (17) ap^4 + 6p^2f + pq_t + 3σ^2q^2_y = 0.

These equations can be solved as h = − b 2 p^2, q = f_{13}(t)y + f_{23}(t), (18) f = f_{33}(t)y + f_{43}(t), with f_{13} = −6p ∫ f_{33}(t)dt + K_{13}, (19)

f_{23} = −ap^3t − 6p ∫ f_{43}(t)dt −

3σ^2 p ∫ [ K_{13} − 6p ∫ f_{33}(t)dt

]_2 dt + K_{23},

where f_{33}, f_{43} are arbitrary functions of time, p, K_{13}, K_{23}, a, and b are arbitrary constants. So Eq.(6) admits the following two forms of solitons like. U_1(x, y, t) = [f_{33}(t)y+f_{43}(t)]−^b_2 p^2

{_{−a}

b sech^2(^{√a}_2 (px + f_{13}(t)y + f_{23}(t))) } , a > 0, (20) U_2(x, y, t) = [f_{33}(t)y+f_{43}(t)]−^b_2 p^2

{_{sech(√a(px+f13(t)y+f23 (t)))}

|b|−b sech( √ a(px+f_{13}(t)y+f_{23} (t))) } , a > 0,

with f_{31}, f_{23} satisfying Eq.(19). It is easy to show that the solutions (48)-(51) obtained in [31] are special case of our solutions. It is obvious that we have obtained some new soliton like that are not obtained in the KP equation.

In summary, we have obtained some new soliton-like solutions for the integrable KP equations in (2+1) dimensional spaces by using the auxiliary equation proposed by Sirendaorezi and Jiong [31,32] and the improved extended tanh-method. From the solutions obtained by the restriction on ξ(x, y, t) as merely a linear function of x, y, t and the restriction on coefficients a_i as constants are removed. The method, proposed in this paper for single equation, may be extended to find explicit exact soliton-like solutions

CONSTRUCTION OF NEW SOLITON-LIKE SOLUTIONS FOR THE (2+1) DIMENSIONAL KP EQUATION7

of other NLPDE and coupled NLPDE.

Acknowledgement. This research was carried out during the author’s stay at the Max–Planck Institut für Mathematik in Bonn. I thank this institution for the generous hospitality and support. I thank Matilde Marcolli for useful discussions.

References

[1] Ablowitz M.J, Segur H. Soliton and the Inverse scattering transformation. Philadelphia, PA:

SIAM; 1981.

[2] Beals R, Coifman RR. Comm. Pure Appl Math 1984; 37: 39.

[3] Matveev VB, Salle MA. Darboux transformations and solitons. Berlin: Springer; 1991. [4] Gu CH, Hu HS, Zhou ZX. Darboux transformations in solitons theory and its geometric applications. Shanghai Sci Tech Publ; 1999.

[5] Leble SB, Utsinov NV. J Phys A 1993;26:5007. [6] Esteevez PG. J Math Phys 1999;40:1406.

[7] Dubrousky VG, Konopelchenko BG. J Phys A 1994;27:4719. [8] Neugebauer G, Kramerl D. J Phys A 1983;16:1927. [9] Fan EG. J Math Phys 2001;42:4327. [10] Fan EG. J Phys A 2000;33:6925.

[11] Hirota R, Satsuma J. Phys Lett A 1981;85:407. [12] Satsuma J, Hirota R. J Phys Soc Jpn 1982;51:3390. [13] Tam HW, Ma Wx, Hu XB, Wang Dl. J Phys Soc Jpn 2000;69:45. [14] Malfliet W. Am J Phys 1992;60:650. [15] Hereman W. Comp Phys Comm 1996;65:143. [16] Malfliet W, Hereman W. Phys Scripta 1996;56:563. [17] Yan CT. Phys Lett A 1996;224:77. [18] Yan ZY, Zhang HQ. Phys Lett A 1999;252:291 [19] Fan EG, Zhang HQ. Phys Lett A 1998;246:403. [20] Fan EG. Phys Lett A 2000;265:353.

[21] Yang L, Zhu Z, Wang Y. Phys Lett A. 1999;260:55. [22] Wang ML. Phys Leet A 1995;199:169.

[23] Wang ML, Zhou YB, Li ZB. Phys Lett A 1996;216:67. [24] Fan EG. Phys Lett A 2000; 277:212. [25] Fan EG. Z Naturforsch A 2001;56:312.

[26] Fan EG, Zhang J, Benny H. Phys Lett A 2001;291:376. [27] Lü ZH, Zhang HQ. Phys Lett A 2003;307:269.

[28] Li B, Chen Y, Xuan HN, Zhang HQ. Chaos Solitons and Fractals 2003;1 7:885. [29] Li DS, Zhang HQ. Chaos Solitons and Fractals 2003;18:193. [30] Lü ZH, Zhang HQ. Chaos Solitons and Fractals 2004;19:527.

8 E. YOMBA

[31] Sirendaoreji, Jiong S. Phys Lett A 2003;309:387. [32] Sirendaoreji Chaos Solitons and Fractals 2004;19:147. [33] Ablowitz MJ, Segur H. J Fluid Mech 1979;92:539. [34] Ablowitz MJ, Yaacov DB, Fokas AS. Stud Appl Math 1983;69:135.

E-mail address: eyomba@yahoo.com