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HIGHER GENUS CHARACTERS FOR VERTEX OPERATOR

SUPERALGEBRAS ON SEWN RIEMANN SURFACES

ALEXANDER ZUEVSKY

Abstract. We review our recent results on computation of the higher genus
characters for for vertex operator superalgebras modules. The vertex operator
formal parameters are associated to local parameters on Riemann surfaces formed

in one of two schemes of (self- or tori- ) sewing of lower genus Riemann surfaces.
For the free fermion vertex operator superalgebra we present a closed formula for
the genus two continuous orbifold partition functions (in either sewings) in terms

of an infinite dimensional determinant with entries arising from the original torus
Szegő kernel. This partition function is holomorphic in the sewing parameters on
a given suitable domain and possess natural modular properties. Several higher
genus generalizations of classical (including Fay’s and Jacobi triple product) iden-

tities show up in a natural way in the vertex operator algebra approach.

1. Vertex operator super algebras

In this paper (based on several conference talks of the author) we review our re-
cent results [TZ1]– [TZ5] on construction and computation of correlation functions
of vertex operator superalgebras with a formal parameter associated to local coordi-
nates on a self-sewn Riemann surface of genus g which forms a genus g + 1 surface.
In particular, we review result presented in the papers [TZ1]– [TZ5] accomplished in
collaboration with M. P. Tuite (National University of Ireland, Galway, Ireland).

A Vertex Operator Superalgebra (VOSA) [B, DL,Ka, FHL, FLM] is a quadruple
(V, Y,1, ω): V = V0̄ ⊕ V1̄ =

⊕
r∈ 1

2Z
Vr, dimVr < ∞, is a superspace, Y is a linear

map Y : V → (EndV )[[z, z−1]], so that for any vector (state) u ∈ V we have u(k)1 =
δk,−1u, k ≥ −1,

Y (u, z) =
∑
n∈Z

u(n)z−n−1,

u(n)Vα ⊂ Vα+p(u), p(u)-parity. The linear operators (modes) u(n) : V → V satisfy
creativity

Y (u, z)1 = u+O(z),

and lower truncation
u(n)v = 0,

conditions for u, v ∈ V and n≫ 0.

1991 Mathematics Subject Classification. 17B69, 30F10, 32A25, 11F03.
Key words and phrases. Vertex operator superalgebras, intertwining operators, Riemann surfaces,

Szegő kernel, modular forms, theta-functions, Frobenius–Fay and Jacobi product identities.
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These axioms identity impy locality, associativity, commutation and skew-symmetry:

(z1 − z2)
mY (u, z1)Y (v, z2) = (−1)p(u,v)(z1 − z2)

mY (v, z2)Y (u, z1),

(z0 + z2)
nY (u, z0 + z2)Y (v, z2)w = (z0 + z2)

nY (Y (u, z0)v, z2)w,

u(k)Y (v, z)− (−1)p(u,v)Y (v, z)u(k) =
∑
j≥0

(
k

j

)
Y (u(j)v, z)zk−j ,

Y (u, z)v = (−1)p(u,v)ezL(−1)Y (v,−z)u,
for u, v, w ∈ V and integers m, n≫ 0, p(u, v) = p(u)p(v).

The vacuum vector 1 ∈ V0̄,0 is such that, Y (1, z) = IdV , and ω ∈ V0̄,2 the conformal
vector satisfies

Y (ω, z) =
∑
n∈Z

L(n)z−n−2,

where L(n) form a Virasoro algebra for a central charge C

[L(m), L(n)] = (m− n)L(m+ n) +
C

12
(m3 −m)δm,−n.

L(−1) satisfies the translation property

Y (L(−1)u, z) = ∂zY (u, z).

L(0) describes a grading with L(0)u = wt(u)u, and Vr = {u ∈ V |wt(u) = r}.

1.1. VOSA modules.

Definition 1. A V -module for a VOSA V is a pair (W,YW ), W is a C-graded vector
space W =

⊕
r∈C

Wr, dimWr < ∞, Wr+n = 0 for all r and n ≪ 0. YW : V →

End(W )[[z, z−1]],

YW (u, z) =
∑
n∈Z

uW (n)z−n−1,

for each u ∈ V , uW :W →W . YW (1, z) = IdW , and for the conformal vector

YW (ω, z) =
∑
n∈Z

LW (n)z−n−2,

where LW (0)w = rw, w ∈ Wr. The module vertex operators satisfy the Jacobi
identity:

z−1
0 δ

(
z1 − z2
z0

)
YW (u, z1)YW (v, z2)

−(−1)p(u,v)δ

(
z2 − z1
−z0

)
YW (v, z2)YW (u, z1)

= z−1
2 δ

(
z1 − z0
z2

)
YW (Y (u, z0)v, z2) .

Recall that δ(z) =
∑

n∈Z z
n. The above axioms imply that LW (n) satisfies the

Virasoro algebra for the same central charge C and that the translation property

YW (L(−1)u, z) = ∂zYW (u, z).
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1.2. Twisted modules. We next define the notion of a twisted V -module [FHL,
DLM2]. Let g be a V -automorphism g, i.e., a linear map preserving 1 and ω such
that

gY (v, z)g−1 = Y (gv, z),

for all v ∈ V . We assume that V can be decomposed into g-eigenspaces

V = ⊕ρ∈CV
ρ,

where V ρ denotes the eigenspace of g with eigenvalue e2πiρ.

Definition 2. A g-twisted V -module for a VOSA V is a pair (W g, Yg),W
g =

⊕
r∈C

W g
r ,

dimW g
r < ∞, W g

r+n = 0, for all r, and n ≪ 0. Yg : V → End W g{z}, the vector
space of (End W g)-valued formal series in z with arbitrary complex powers of z. For
v ∈ V ρ

Yg(v, z) =
∑

n∈ρ+Z
vg(n)z

−n−1,

with vg(ρ+ l)w = 0, w ∈W g, l ∈ Z sufficiently large. Yg(1, z) = IdW g ,

Yg(ω, z) =
∑
n∈Z

Lg(n)z
−n−2,

where Lg(0)w = rw, w ∈ W g
r . The g-twisted vertex operators satisfy the twisted

Jacobi identity:

z−1
0 δ

(
z1 − z2
z0

)
Yg(u, z1)Yg(v, z2)

−(−1)p(u,v)z−1
0 δ

(
z2 − z1
−z0

)
Yg(v, z2)Yg(u, z1)

= z−1
2

(
z1 − z0
−z2

)−ρ

δ

(
z1 − z0
−z2

)
Yg(Y (u, z0)v, z2),

for u ∈ V ρ.

1.3. Creative intertwining operators. We define the notion of creative intertwin-
ing operators in [TZ3]. Suppose we have a VOA V with a V -module (W,YW ).

Definition 3. A Creative Intertwining Vertex Operator Y for a VOA V -module
(W,YW ) is defined by a linear map

Y(w, z) =
∑
n∈Z

w(n)z−n−1,

for w ∈W with modes w(n) : V →W ; satisfies creativity

Y(w, z)1 = w +O(z),

for w ∈W and lower truncation

w(n)v = 0,
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for v ∈ V , w ∈ W and n ≫ 0. The intertwining vertex operators satisfy the Jacobi
identity:

z−1
0 δ

(
z1 − z2
z0

)
YW (u, z1)Y(w, z2)

−z−1
0 δ

(
z2 − z1
−z0

)
Y(w, z2)Y (u, z1)

= z−1
2 δ

(
z1 − z0
z2

)
Y (YW (u, z0)w, z2) ,

for all u ∈ V and w ∈W .

These axioms imply that the intertwining vertex operators satisfy translation, lo-
cality, associativity, commutativity and skew-symmetry:

Y(LW (−1)w, z) = ∂zY(w, z),

(z1 − z2)
mYW (u, z1)Y(w, z2) = (z1 − z2)

mY(w, z2)Y (u, z1),

(z0 + z2)
nYW (u, z0 + z2)Y(w, z2)v = (z0 + z2)

nY(YW (u, z0)w, z2)v,

uW (k)Y(w, z)− Y(w, z)u(k) =
∑
j≥0

(
k

j

)
Y(uW (j)w, z)zk−j ,

Y(w, z)v = ezLW (−1)YW (v,−z)w,

for u, v ∈ V , w ∈W and integers m, n≫ 0.

1.4. Example: Heisenberg intertwiners. Consider the Heisenberg vertex opera-
tor algebra M , [Ka] generated by weight one normalized Heisenberg vector a with
modes obeying

[a(n), a(m)] = nδn,−m,

n, m ∈ Z. In [TZ3] we consider an extension M = ∪α∈CMα of M by its irreducible
modules Mα generated by a C-valued continuous parameter α automorphism g =
e2πiαa(0).

We introduce an extra operator q which is canonically conjugate to the zero mode
a(0), i.e.,

[a(n), q] = δn,0.

The state 1 ⊗ eα ∈ M is created by the action of eαq on the state 1 ⊗ e0. Using q-
conjugation and associativity properties, we explicitly construct in [TZ3] the creative
intertwining operators Y(u, z) :M →Mα. We then prove

Theorem 1 (Tuite–Z). The creative intertwining operators Y for M are generated
by q-conjugation of vertex operators of M . For a Heisenberg state u,

Y(u⊗ eα, z) = eαq Y−(e
α, z) Y (u⊗ e0) Y+(e

α, z) zα a(0),

Y±(e
α, z) ≡ exp

(
∓α

∑
n>0

a(±n) z
∓n

n

)
.
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The operators Y with some extra cocycle structure satisfy a natural extension from
rational to complex parameters of the notion of a Generalized VOA as described by
Dong and Lepowsky [DL,DLM3]. We then prove in [TZ3]:

Theorem 2 (Tuite–Z). Y(u⊗ eα, z) satisfy the generalized Jacobi identity

z−1
0

(
z1 − z2
z0

)−αβ

δ

(
z1 − z2
z0

)
Y(u⊗ eα, z1) Y(v ⊗ eβ , z2)

−C(α, β)z−1
0

(
z2 − z1
z0

)−αβ

δ

(
z2 − z1
−z0

)
Y(v ⊗ eβ , z2) Y(u⊗ eα, z1)

= z−1
2 δ

(
z1 − z0
z2

)
Y(Y(u⊗ eα, z0)(v ⊗ eβ), z2)

(
z1 − z0
z2

)αa(0)

,

for all u⊗ eα, v ⊗ eβ ∈ M.

1.5. Invariant form for the extended Heisenberg algebra. The definitions of
invariant forms [FHL,L] for a VOSA and its g-twisted modules were given by Schei-
thauer [S] and in [TZ2] correspondingly. A bilinear form ⟨·, ·⟩ on M is said to be
invariant if for all u⊗ eα, v ⊗ eβ , w ⊗ eγ ∈ M we have

⟨Y(u⊗ eα, z)v ⊗ eβ , w ⊗ eγ⟩ = eiπαβ⟨v ⊗ eβ ,Y†(u⊗ eα, z)w ⊗ eγ⟩,

Y† (u⊗ eα, z) = Y

(
e−zλ−2L(1)

(
−λ
z

)2L(0)

(u⊗ eα),−λ
2

z

)
.

We are interested in the Möbius map z 7→ w = ρ
z associated with the sewing condition

so that λ = −ξ ρ 1
2 , with ξ ∈ {±

√
−1}. We prove in [TZ3]

Theorem 3 (Tuite–Z). The invariant form ⟨., .⟩ on M is symmetric, unique and
invertible with

⟨v ⊗ eα, w ⊗ eβ⟩ = λ−α2

δα,−β⟨v ⊗ e0, w ⊗ e0⟩.

1.6. Rank two free fermionic vertex operator super algebra. Consider the
Vertex Operator Super Algebra (VOSA) generated by

Y (ψ±, z) =
∑
n∈Z

ψ±(n)z−n−1,

for two vectors ψ± with modes satisfying anti-commutation relations

[ψ+(m), ψ−(n)]+ = δm,−n−1, [ψ±(m), ψ±(n)]+ = 0.

The VOSA vector space V = ⊕k≥0Vk/2 is a Fock space with basis vectors

Ψ(k, l) ≡ ψ+(−k1) . . . ψ+(−ks)ψ−(−l1) . . . ψ−(−lt)1,

of weight wt[Ψ(k, l)] =
∑

i(ki +
1
2 ) +

∑
j(lj +

1
2 ), where 1 ≤ k1 < k2 < . . . < ks and

1 ≤ l1 < l2 < . . . < lt with ψ
±(k)1 = 0 for all k ≥ 0.
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1.7. Rank two fermionic vertex operator super algebra. The conformal vector
is

ω =
1

2
[ψ+(−2)ψ−(−1)+ψ−(−2)ψ+(−1)]1,

whose modes generate a Virasoro algebra of central charge 1. ψ± has L(0)-weight 1
2 .

The weight 1 subspace of V is V1 = Ca, for normalized Heisenberg bosonic vector
a = ψ+(−1)ψ−(−1)1, the conformal vector, and the Virasoro grading operator are

[a(m), a(n)] = mδm,−n,

ω =
1

2
a(−1)21, L(0) =

a(0)2

2
+
∑
n>0

a(−n)a(n).

2. Sewing of Riemann surfaces

2.1. Basic notions. For standard homology basis ai, bj with i = 1, . . . , g on a genus
g Riemann surface [G, FK] consider the normalized differential of the second kind
which is a symmetric meromorphic form with

∮
ai
ω(g)(z, ·) = 0, has the form

ω(g)(z1, z2) ∼
dz1 dz2

(z1 − z2)2
for local coordinates z1 ∼ z2.

A normalized basis of holomorphic 1-forms νi, the period matrix Ω
(g)
ij , and normalized

differential of the third kind are given by

ν
(g)
i (z) =

∮
bi

ω(g)(z, ·),
∮
ai

ν
(g)
j = 2πiδij ,

Ω
(g)
ij =

1

2πi

∮
bi

ν
(g)
j , ω

(g)
p2−p1

(z) =

∫ p2

p1

ω(g)(z, ·),

where
∮
ai
ω
(g)
p2−p1

= 0, ω
(g)
p2−p1

(z) ∼ (−1)a

z−pa
dz for z ∼ pa, a = 1, 2.

2.2. Period matrix. Ω(g) is symmetric with positive imaginary part i.e. Ω(g) ∈ Hg,
the Siegel upper half plane. The canonical intersection form on cycles is preserved
under the action of the symplectic group Sp(2g,Z) where(

b
a

)
→
(
b̃
ã

)
=

(
A B
C D

)(
b
a

)
,

(
A B
C D

)
∈ Sp(2g,Z).

This induces the modular action on Hg

Ω(g) → Ω̃(g) =
(
AΩ(g) +B

)(
CΩ(g) +D

)−1

.



HIGHER GENUS CHARACTERS FOR VERTEX OPERATOR SUPERALGEBRAS 7

2.3. Sewing two tori to form a genus two Riemann surface. Consider [Y,TZ1]

two oriented tori Σ
(1)
a = C/Λτa with a = 1, 2 for Λτa = 2πi(Z⊕ τaZ) for τa ∈ H1, the

complex upper half plane. For za ∈ Σ
(1)
a the closed disk |za| ≤ ra is contained in Σ

(1)
a

provided ra <
1
2D(τa) where

D(τa) = min
λ∈Λτa ,λ ̸=0

|λ| = minimal lattice distance.

Introduce a sewing parameter ϵ ∈ C and excise the disks |z1| ≤ |ϵ|/r2 and |z2| ≤ |ϵ|/r1
where

|ϵ| ≤ r1r2 <
1

4
D(τ1)D(τ2).

Identify the annular regions |ϵ|/r2 ≤ |z1| ≤ r1 and |ϵ|/r1 ≤ |z2| ≤ r2 via the sewing
relation

z1z2 = ϵ,

�
��
&%
'$

�

z1 = 0

@@r1
�

|ϵ|/r2

Σ
(1)
1 �
��

&%
'$

U

z2 = 0

��
r2 �

|ϵ|/r1

Σ
(1)
2

gives a genus two Riemann surface Σ(2) parameterized by the domain

Dϵ = {(τ1, τ2, ϵ) ∈ H1 ×H1 × C | |ϵ| < 1

4
D(τ1)D(τ2)}.

2.4. Torus self-sewing to form a genus two Riemann surface. In [TZ1] we
describe procedures of sewing Riemann surfaces [Y]. Consider a self-sewing of the
oriented torus Σ(1) = C/Λ, Λ = 2πi(Zτ ⊕ Z), τ ∈ H1.

�

z1 = 0

@@r1
�

|ρ|/r2

Σ(1) �
��
&%
'$

�
��
&%
'$

U

z2 = 0

��
r2 �

|ρ|/r1

Define the annuli Aa, a = 1, 2 centered at z = 0 and z = w of Σ(1) with local
coordinates z1 = z and z2 = z − w respectively. We use the convention 1 = 2, 2 = 1.
Take the outer radius of Aa to be ra <

1
2D(q) = minλ∈Λ,λ̸=0 |λ|. Introduce a complex

parameter ρ, |ρ| ≤ r1r2. Take inner radius to be |ρ|/ra, with |ρ| ≤ r1r2. r1, r2 must
be sufficiently small to ensure that the disks do not intersect. Excise the disks

{za, |za| < |ρ|r−1
a } ⊂ Σ(1),
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to form a twice-punctured surface

Σ̂(1) = Σ(1)\
∪

a=1,2

{za, |za| < |ρ|r−1
a }.

Identify the annular regions Aa ⊂ Σ̂(1), Aa = {za, |ρ|r−1
a ≤ |za| ≤ ra} as a single

region A = A1 ≃ A2 via the sewing relation

z1z2 = ρ,

to form a compact genus two Riemann surface Σ(2) = Σ̂(1)\{A1 ∪ A2} ∪ A, parame-
terized by

Dρ = {(τ, w, ρ) ∈ H1 × C× C , |w − λ| > 2|ρ| 12 > 0, λ ∈ Λ}.

3. Elliptic functions

3.1. Weierstrass function. The Weierstrass ℘-function periodic in z with periods
2πi and 2πiτ is

℘(z, τ) =
1

z2
+

∑
m,n∈Z

(m,n)̸=(0,0)

[
1

(z − ωm,n)2
− 1

ω2
m,n

]

=
1

z2
+

∑
n≥4,n even

(n− 1)En(τ)z
n−2,

for (z, τ) ∈ C×H, ωm,n = 2πi(mτ + n). We define for k ≥ 1,

Pk(z, τ) =
(−1)k−1

(k − 1)!

∂k−1

∂zk−1
P1(z, τ)

=
1

zk
+ (−1)k

∑
n≥k

(
n− 1

k − 1

)
En(τ)z

n−k.

Then P2(z, τ) = ℘(z, τ) + E2(τ). Pk has periodicities

Pk(z + 2πi, τ) = Pk(z, τ), Pk(z + 2πiτ, τ) = Pk(z, τ)− δk1.

3.2. Eisenstein series. The Eisenstein series En(τ) is equal to 0 for n odd, and for
n

En(τ) = −Bn(0)

n!
+

2

(n− 1)!

∑
r≥1

rn−1qr

1− qr
,

where Bn(0) is the nth Bernoulli number. If n ≥ 4 then En(τ) is a holomorphic
modular form of weight n on SL(2,Z)

En(γ.τ) = (cτ + d)nEn(τ),

for all γ =

(
a b
c d

)
∈ SL(2,Z), where γ.τ = aτ+b

cτ+d . E2(τ) is a quasimodular form

E2(γ.τ) = (cτ + d)2E2(τ)−
c(cτ + d)

2πi
,

having the exceptional transformation law.
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3.3. The theta function. We recall the definition of the theta function with real
characteristics [M]

ϑ(g)
[
α

β

](
z|Ω(g)

)
=
∑
m∈Zg

exp
(
iπ(m+ α).Ω(g).(m+ α) + (m+ α).(z + 2πiβ)

)
,

for α = (αj), β = (βj) ∈ Rg, z = (zj) ∈ Cg,

θj = −e−2πiβj , ϕj = −e2πiαj , j = 1, . . . , g,

ϑ(g)
[
α

β

](
z + 2πi

(
Ω(g).r + s

)
|Ω(g)

)
= e2πiα.se−2πiβ.re−iπr.Ω(g).r−r.zϑ(g)

[
α

β

](
z|Ω(g)

)
,

ϑ(g)
[
α+ r

β + s

](
z|Ω(g)

)
= e2πiα.sϑ(g)

[
α

β

](
z|Ω(g)

)
,

for r, s ∈ Zg.

3.4. Twisted elliptic functions. Let (θ, ϕ) ∈ U(1)×U(1) denote a pair of modulus
one complex parameters with ϕ = exp(2πiλ) for 0 ≤ λ < 1. For z ∈ C and τ ∈ H we
define ”twisted” Weierstrass functions for k ≥ 1, [DLM1,MTZ]

Pk

[
θ
ϕ

]
(z, τ) =

(−1)k

(k − 1)!

′∑
n∈Z+λ

nk−1qnz
1− θ−1qn

,

for q = q2πiτ where
′∑

means we omit n = 0 if (θ, ϕ) = (1, 1). Pk

[
θ
ϕ

]
converges

absolutely and uniformly on compact subsets of the domain |q| < |qz| < 1, [DLM1].

Lemma 1 (Mason–Tuite–Z). For (θ, ϕ) ̸= (1, 1), Pk

[
θ
ϕ

]
(z, τ) is periodic in z with

periods 2πiτ and 2πi with multipliers θ and ϕ respectively.

3.5. Modular properties of twisted Weierstrass functions. Define the standard

left action of the modular group for γ =

(
a b
c d

)
∈ Γ = SL(2,Z) on (z, τ) ∈ C×H

with

γ.(z, τ) = (γ.z, γ.τ) =

(
z

cτ + d
,
aτ + b

cτ + d

)
.

We also define a left action of Γ on (θ, ϕ)

γ.

[
θ
ϕ

]
=

[
θaϕb

θcϕd

]
.

Then we obtain:

Theorem 4 (Mason–Tuite–Z). For (θ, ϕ) ̸= (1, 1) we have

Pk

(
γ.

[
θ
ϕ

])
(γ.z, γ.τ) = (cτ + d)kPk

[
θ
ϕ

]
(z, τ).
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3.6. Twisted Eisenstein series. We introduce twisted Eisenstein series for n ≥ 1,

En

[
θ
ϕ

]
(τ) = −Bn(λ)

n!
+

1

(n− 1)!

′∑
r≥0

(r + λ)n−1θ−1qr+λ

1− θ−1qr+λ

+
(−1)n

(n− 1)!

∑
r≥1

(r − λ)n−1θqr−λ

1− θqr−λ
,

where
′∑

means we omit r = 0 if (θ, ϕ) = (1, 1) and where Bn(λ) is the Bernoulli
polynomial defined by

qλz
qz − 1

=
1

z
+
∑
n≥1

Bn(λ)

n!
zn−1.

In particularB1(λ) = λ− 1
2 . Note that En

[
1
1

]
(τ) = En(τ), the standard Eisenstein

series for even n ≥ 2, whereas En

[
1
1

]
(τ) = −B1(0)δn,1 = 1

2δn,1 for n odd.

Theorem 5 (Mason–Tuite–Z). We have

Pk

[
θ
ϕ

]
(z, τ) =

1

zk
+ (−1)k

∑
n≥k

(
n− 1

k − 1

)
En

[
θ
ϕ

]
(τ)zn−k.

Theorem 6 (Mason–Tuite–Z). For (θ, ϕ) ̸= (1, 1), Ek

[
θ
ϕ

]
is a modular form of

weight k where

Ek

(
γ.

[
θ
ϕ

])
(γ.τ) = (cτ + d)kEk

[
θ
ϕ

]
(τ).

3.7. Twisted elliptic functions. In particular,

P1

[
θ
ϕ

]
(z, τ) =

1

z
−
∑
k≥1

Ek

[
θ
ϕ

]
(τ)zk−1,

Ek

[
θ
ϕ

]
(τ) =

1

(2πi)k

∑
m

[ ′∑
n

θmϕn

(mτ + n)k

]
.

P1

[
θ
ϕ

]
(z − z′, τ) =

1

z − z′
+
∑
k,l≥1

C

[
θ
ϕ

]
(k, l)zk−1z′l−1,

where C

[
θ
ϕ

]
(k, l, τ) = (−1)l

(
k+l−2
k−1

)
Ek+l−1

[
θ
ϕ

]
(τ),

P1

[
θ
ϕ

]
(w + z − z′, τ) =

∑
k,l≥1

D

[
θ
ϕ

]
(k, l, w)zk−1z′l−1,

and D

[
θ
ϕ

]
(k, l, τ, z) = (−1)k+1

(
k+l−2
k−1

)
Pk+l−1

[
θ
ϕ

]
(τ, z).
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4. The prime form

There exists a (nonsingular and odd) character
[
γ
δ

]
such that [M,F1,F2]

ϑ
[γ
δ

]
(0|Ω(g)) = 0, ∂ziϑ

[γ
δ

]
(0|Ω(g)) ̸= 0.

Let ζ(z) =
∑g

i=1 ∂ziϑ
[
γ
δ

]
(0|Ω(g))ν

(g)
i (z), be a holomorphic 1-form, and let ζ(z)

1
2

denote the form of weight 1
2 on the double cover Σ̃(g) of Σ(g). We define the prime

form

E(g)(z, z′) =
ϑ
[
γ
δ

] (∫ z

z′ ν
(g)|Ω(g)

)
ζ(z)

1
2 ζ(z′)

1
2

∼ (z − z′) dz−
1
2 dz′−

1
2 for z ∼ z′.

The prime form is anti-symmetic, E(g)(z, z′) = −E(g)(z′, z), and a holomorphic dif-

ferential form of weight (−1
2 ,−

1
2 ) on Σ̃× Σ̃, and has multipliers 1 and e−iπΩ

(g)
jj −

∫ z
z′ ν

(g)
j

along the ai and bj cycles in z, [F1]. The normalized differentials of the second and
third kind can be expressed in terms of the prime form [M]

ω(g)(z, z′) = ∂z ∂z′ logE(g)(z, z′) dz dz′,

ω
(g)
p−q(z) = ∂z log

E(g)(z, p)

E(g)(z, q)
dz.

Conversely, we can also express the prime form in terms of ω
(g)
p−q by [F2]

E(g)(z, z′) = lim
p→z, q→y

[√
(z − p)(q − z′) exp

(
−1

2

∫ z

z′
ω
(g)
p−q

)]
dz−

1
2 dz′−

1
2 .

4.1. Torus prime form. The prime form on torus [M]

E(1)(z, z′) = K(1)(z − z′, τ) dz−
1
2 dz′−

1
2 ,

K(1)(z, τ) =
ϑ1(z, τ)

∂zϑ1(0, τ)
,

for z ∈ C and τ ∈ H1 and where ϑ1(z, τ) = ϑ
[

1
2
1
2

]
(z, τ). We have

K(1)(z, τ) = exp(−P0(z, τ)),

P0(z, τ) = − log(z) +
∑
k≥2

1

k
Ek(τ)z

k,

P1(z, τ) = − d

dz
P0(z, τ) =

1

z
−
∑
k≥2

Ek(τ)z
k−1.

K(1)(z, τ) has periodicities

K(1)(z + 2πi, τ) = −K(1)(z, τ),

K(1)(z + 2πiτ, τ) = −q−1
z q−1/2K(1)(z, τ).
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5. The Szegő kernel

The Szegő Kernel [M,F1,F2] is defined by

S(g)

[
θ

ϕ

]
(z, z′|Ω(g)) =

ϑ
[
α
β

] (∫ z

z′ ν
(g)
)

ϑ
[
α
β

]
(0) E(g)(z, z′)

∼ dz
1
2 dz′

1
2

z − z′
for z ∼ z′,

with ϑ
[
α
β

]
(0) ̸= 0, θj = −e−2πiβj , ϕj = −e2πiαj , j = 1, . . . , g, where E(g)(z1, z2) is

the genus g prime form. The Szegő kernel has multipliers along the ai and bj cycles in

z given by −ϕi and −θj respectively and is a meromorphic ( 12 ,
1
2 )-form on Σ̃(g)× Σ̃(g)

S(g)

[
θ

ϕ

]
(z, z′) = −S(g)

[
θ−1

ϕ−1

]
(z′, z),

where θ−1 = (θ−1
i ) and ϕ−1 = (ϕ−1

i ).
Finally, we describe the modular invariance of the Szegő kernel under the symplectic

group Sp(2g,Z) where we find [F1]

S(g)

[
θ̃

ϕ̃

]
(z, z′|Ω̃(g)) = S(g)

[
θ

ϕ

]
(z, z′|Ω(g)),

with θ̃j = −e−2πiβ̃j , ϕ̃j = −e2πiα̃j ,(
−β̃
α̃

)
=

(
A B
C D

)(
−β
α

)
+

1

2

(
−diag(ABT )
diag(CDT )

)
,

Ω̃(g) =
(
AΩ(g) +B

)(
CΩ(g) +D

)−1

,

where diag(M) denotes the diagonal elements of a matrix M .

5.1. Modular properties of the Szegő kernel. Finally, we describe the modular
invariance of the Szegő kernel under the symplectic group Sp(2g,Z) where we find [F1]

S(g)

[
θ̃

ϕ̃

]
(z, z′|Ω̃(g)) = S(g)

[
θ

ϕ

]
(z, z′|Ω(g)),

where θ̃j = −e−2πiβ̃j , ϕ̃j = −e2πiα̃j for(
−β̃
α̃

)
=

(
A B
C D

)(
−β
α

)
+

1

2

(
−diag(ABT )
diag(CDT )

)
,

where diag(M) denotes the diagonal elements of a matrix M .
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5.2. Torus Szegő kernel. On the torus Σ(1) the Szegö kernel for (θ, ϕ) ̸= (1, 1) is

S(1)

[
θ
ϕ

]
(z, z′|τ) = P1

[
θ
ϕ

]
(z − z′, τ) dz

1
2 dz′

1
2 ,

where

P1

[
θ
ϕ

]
(z, τ) =

ϑ

[
α
β

]
(z, τ)

ϑ

[
α
β

]
(0, τ)

∂zϑ1(0, τ)

ϑ1(z, τ)

= −
∑
k∈Z

qk+λ
z

1− θ−1qk+λ
,

for ϑ1(z, τ) = ϑ
[

1
2
1
2

]
(z, τ), qz = ez, and ϕ = exp(2πiλ) for 0 ≤ λ < 1.

6. Structures on Σ(2) constructed from genus one data

Yamada (1980) described how to compute the period matrix and other structures
on a genus g Riemann surface in terms of lower genus data.

6.1. ω(2) on the Sewn Surface Σ(2). ω(2) can be determined from ω(1) on each
torus in Yamada’s sewing scheme [Y,MT2]. For a torus Σ(1) = C/Λτ the differential
is

ω(1)(z1, z2) = P2(z1 − z2, τ) dz1 dz2,

P2(z, τ) = ℘(z, τ) + E2(τ),

for Weierstrass function

℘(z, τ) =
1

z2
+
∑
k≥4

(k − 1)Ek(τ)z
k−2,

and Eisenstein series for k ≥ 2

Ek(τ) =
1

(2πi)k

∑
m

[ ′∑
n

1

(mτ + n)k

]
.

Ek vanishes for odd k and is a weight k modular form for k ≥ 4. E2 is a quasi-modular
form. Expanding

P2(z1 − z2, τ) =
1

(z1 − z2)2
+
∑
k,l≥1

C(k, l) zk−1
1 zl−1

2 ,

C(k, l) = C(k, l, τ) = (−1)k+1 (k + l − 1)!

(k − 1)!(l − 1)!
Ek+l(τ),

we compute ω(2)(z1, z2) in the sewing scheme in terms of the following genus one data,
a = 1, 2

Aa(k, l, τa, ϵ) =
ϵ(k+l)/2

√
kl

C(k, l, τa).
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6.2. A Determinant and the period matrix. Consider the infinite matrix I −
A1A2 where I is the infinite identity matrix and define det(I −A1A2) by

log det(I −A1A2) = Tr log(I −A1A2) = −
∑
n≥1

1

n
Tr((A1A2)

n),

as a formal power series in ϵ, [MT2].

Theorem 7 (Mason–Tuite).
(a) The infinite matrix

(I −A1A2)
−1 =

∑
n≥0

(A1A2)
n,

is convergent for (τ1, τ2, ϵ) ∈ Dϵ.
(b) det(I −A1A2) is non-vanishing and holomorphic on Dϵ.

Furthermore we may obtain an explicit formula for the genus two period matrix
Ω = Ω(2) on Σ(2), [MT2]

Theorem 8 (Mason–Tuite). Ω = Ω(τ1, τ2, ϵ) is holomorphic on Dϵ and is given by

2πiΩ11 = 2πiτ1 + ϵ(A2(I −A1A2)
−1)(1, 1),

2πiΩ22 = 2πiτ2 + ϵ(A1(I −A2A1)
−1)(1, 1),

2πiΩ12 = −ϵ(I −A1A2)
−1(1, 1).

Here (1, 1) refers to the (1, 1)-entry of a matrix.

6.3. Genus two Szegő kernel on Σ(2) in the ϵ-formalism. We may compute

S(2)
[
θ
ϕ

]
(z, z′) for θ = (θ1, θ2) in the sewing scheme in terms of the genus one data

Fa(k, l) = Fa

[
θa
ϕa

]
(k, l, τa, ϵ) = ϵ

1
2 (k+l−1)C

[
θa
ϕa

]
(k, l, τa).

S(2) is described in terms of the infinite matrix I −Q for

Q =

 0 ξ F1

[
θ1
ϕ1

]
−ξ F2

[
θ2
ϕ2

]
0

 , ξ =
√
−1.

Theorem 9 (Tuite–Z).
(a) The infinite matrix (I −Q)−1 =

∑
n≥0Q

n is convergent for (τ1, τ2, ϵ) ∈ Dϵ,

(b) det(I −Q) is non-vanishing and holomorphic on Dϵ.

6.4. Genus two Szegő kernel in the ρ-formalism. It is convenient to define
κ ∈

[
−1

2 ,
1
2

)
by ϕ2 = −e2πiκ. Then we prove [TZ1] the following

Theorem 10 (Tuite–Z). S(2) is holomorphic in ρ for |ρ| < r1r2 with

S(2)(x, y) = S(1)
κ (x, y) +O(ρ),
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for x, y ∈ Σ̂(1) where S
(1)
κ (x, y) is defined for κ ̸= − 1

2 , by

S(1)
κ

[
θ1
ϕ1

]
(x, y|τ, w) =

(
ϑ1(x− w, τ)ϑ1(y, τ)

ϑ1(x, τ)ϑ1(y − w, τ)

)κ

·
ϑ(1)

[
α1

β1

]
(x− y + κw, τ)

ϑ(1)
[
α1

β1

]
(κw, τ)K(1)(x− y, τ)

dx
1
2 dy

1
2 ,

with similar expression for S
(1)

− 1
2

(x, y) for κ = − 1
2 .

Let ka = k + (−1)aκ, for a = 1, 2 and integer k ≥ 1. We introduce the moments

for S
(1)
κ (x, y) :

Gab(k, l) = Gab

[
θ(1)

ϕ(1)

]
(κ; k, l)

=
ρ

1
2 (ka+lb−1)

(2πi)2

∮
Ca(xa)

∮
Cb(yb)

(xa)
−ka(yb)

−lbS(1)
κ (xa, yb) dx

1
2

a dy
1
2

b ,

with associated infinite matrix G = (Gab(k, l)). We define also half-order differentials

ha(k, x) = ha

[
θ(1)

ϕ(1)

]
(κ; k, x) =

ρ
1
2 (ka− 1

2 )

2πi

∮
Ca(ya)

y−ka
a S(1)

κ (x, ya) dy
1
2
a ,

ha(k, y) = ha

[
θ(1)

ϕ(1)

]
(κ; k, y) =

ρ
1
2 (ka− 1

2 )

2πi

∮
Ca(xa)

x−ka

a S(1)
κ (xa, y) dx

1
2

a ,

and let h(x) = (ha(k, x)) and h(y) = (ha(k, y)), denote the infinite row vectors
indexed by a, k. From the sewing relation z1z2 = ρ we have

dz
1
2
a = (−1)a ξ ρ

1
2
dz

1
2

a

za
,

for ξ ∈ {±
√
−1}, depending on the branch of the double cover of Σ(1) chosen. It is

convenient to define
T = ξGDθ,

with an infinite diagonal matrix

Dθ(k, l) =

[
θ−1 0
0 −θ

]
δ(k, l).

Defining det (I − T ) by the formal power series in ρ

log det (I − T ) = Tr log (I − T ) = −
∑
n≥1

1

n
Tr(Tn),

we prove in [TZ1]

Theorem 11 (Tuite–Z).
a.) (I − T )−1 =

∑
n≥0 T

n is convergent for |ρ| < r1r2,

b.) det (I − T ) is non-vanishing and holomorphic in ρ on Dρ.



16 ALEXANDER ZUEVSKY

Theorem 12 (Tuite–Z). S(2)(x, y) is given by

S(2)(x, y) = S(1)
κ (x, y) + ξh(x)Dθ(I − T )−1h

T
(y).

7. Genus one partition and n-point functions

7.1. The torus partition function for a Heisenberg VOA. For a VOA V =
⊕n≥0Vn of central charge c define the genus one partition (trace or characteristic)
function by

Z
(1)
V (q) = TrV (q

L(0)−C/24) =
∑
n≥0

dimVnq
n−C/24,

for the Heisenberg VOA M commutation relations with modes

[a(m), a(n)] = mδm,−n,

Z
(1)
M (q) =

1

η(τ)
for η(τ) = q

1
24

∏
n≥1

(1− qn).

7.2. Genus one twisted graded dimension. We define the genus one partition
function for the VOSA by the supertrace

Z
(1)
V (τ) = STrV (q

L(0)− 1
24 ) = TrV (σq

L(0)− 1
24 ) = q−

1
24

∏
n≥0

(1− qn+
1
2 )2,

where σu = e2πiwt(u)u.
More generally, we can construct a σg-twisted module Mσg for any automorphism

g = e2πiβa(0) generated by the Heisenberg state a ∈ V1. We introduce the second
automorphism h = e2πiαa(0) and define the orbifold σg-twisted trace by

Z
(1)
V

[
h
g

]
(q) = STrMσg (hq

L(0)− 1
24 ),

to find for θ = e−2πiα,

Z
(1)
V

[
h
g

]
(q) = q(β+1/2)2/2−1/24

∏
l≥1

(1− θ−1ql−β−1)(1− θql+β).

7.3. Genus one fermionic one-point functions. Each orbifold 1-point function
can found from a generalized Zhu reduction formulas as a determinant.

Theorem 13 (Mason–Tuite–Z). For a Fock vector

Ψ[k, l] = ψ+[−k1] . . . ψ+[−kn]ψ−[−l1] . . . ψ−[−ln]1,

Z
(1)
V

[
h
g

]
(Ψ[k, l], q) = det

(
C

[
θ
ϕ

])
Z

(1)
V

[
h
g

]
(q),

where for i, j = 1, 2, . . . , n

C

[
θ
ϕ

]
(i, j) = C

[
θ
ϕ

]
(ki, lj , τ).
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7.4. Genus one n-point functions for VOA. In general, we can define the genus
one orbifold n-point function for v1, . . . , vn ∈ V by

Z
(1)
V

[
h
g

]
((v1, z1), . . . , (vn, zn); q)

≡ STrMσg

(
h Y (v1, z1) . . . Y (vn, zn) q

L(0)− 1
24

)
= Z

(1)
V

[
h
g

]
(Y [v1, z1].Y [v2, z2] . . . Y [vn, zn].1, q).

Every orbifold n-point function can be computed using generalized Zhu reduction
formulas in terms of a determinant with entries arising from the basic 2-point function
for ψ+, ψ− [MTZ].

7.5. Zhu reduction formula. To reduce an n+1-point function to a sum of n-point
functions we need:

the supertrace property

STr(AB) = p(A,B)STr(BA), p(A,B) = (−1)p(A)p(B),

Borcherds commutation formula:

[a(m), Y (b, z)] =
∑

j≥0

(
m

j

)
Y (a(j)b, z)zm−j ,

expansions for Pk-functions:

P1

[
θ
ϕ

]
(z1 − z2, τ) =

1

z1 − z2
+
∑
k,l≥1

C

[
θ
ϕ

]
(k, l)zk−1

1 zl−1
2 ,

Pk

[
θ
ϕ

]
(z, τ) =

(−1)k

(k − 1)!

′∑
n∈Z+λ

nk−1qnz
1− θ−1qn

.

Theorem 14 (Mason–Tuite–Z). For any v1, . . . , vn ∈ V we have

Z(1)(v, v1, . . . vn; τ)

=

n∑
r=1

∑
m≥0

p1,...,r−1Pm+1

[
θ
ϕ

]
(z − zr, τ) Z

(1)(v1, . . . , v[m]vr, . . . , vn; τ)

+δθ,1;ϕ,1STr
(
o(v)YM (q

L(0)
1 v1, q1) . . . YM (qL(0)

n vn, qn)q
L(0)− c

24

)
,

where pA,...,Br−1 is given by

p(A,B1 . . . Br−1) =

{
1 for r = 1

(−1)p(A)[p(B1)+...+p(Br−1)] for r > 1
.
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7.6. General genus one fermionic n-point functions. The generating two-point
function (for (θ, ϕ) ̸= (1, 1)) is given by

Z
(1)
V

[
h
g

]
((ψ+, z1), (ψ

−, z2); q) = P1

[
θ
ϕ

]
(z1 − z2, q) Z

(1)
V

[
h
g

]
(q).

Theorem 15 (Mason–Tuite–Z).

Z
(1)
V

[
h
g

]
((v1, z1), . . . , (vn, zn); q) = detM Z

(1)
V

[
h
g

]
(q).

Theorem 16 (Mason–Tuite–Z). For n Fock vectors Ψ(a) = Ψ(a)[−k(a);−l(a)] and

Ψ
(a)
h = Ψ(a)[−k(a);−l(a)]h for k(a) = k

(a)
1 , . . . , k

(a)
sa and l(a) = l

(a)
1 , . . . , l

(a)
ta with

a = 1, . . . , n. Then for (θ, ϕ) ̸= (1, 1) the corresponding n-point functions are non-

vanishing provided
n∑

a=1
(sa − ta) = 0, and

Z
(1)
V

[
f
g

]
((Ψ(1), z1), . . . , (Ψ

(n), zn); τ) = ε detM. Z
(1)
V

[
f
g

]
(τ),

where ε is certain parity factor. Here M is the block matrix

M =


C(11) D(12) . . . D(1n)

D(21) C(22) . . . D(2n)

...
. . .

...
D(n1) . . . C(nn)

 ,

with

C(aa)(i, j) = C

[
θ
ϕ

]
(k

(a)
i , l

(a)
j , τ), (1 ≤ i ≤ sa, 1 ≤ j ≤ ta),

for sa, ta ≥ 1 with 1 ≤ a ≤ n and

D(ab)(i, j) = D

[
θ
ϕ

]
(k

(a)
i , l

(b)
j , τ, zab), (1 ≤ i ≤ sa, 1 ≤ j ≤ tb),

for sa, tb ≥ 1 with 1 ≤ a, b ≤ n and a ̸= b. ϵ is the sign of the permutation associated
with the reordering of ψ± to the alternating ordering.

Furthermore, the n-point function (7.1) is an analytic function in za and converges
absolutely and uniformly on compact subsets of the domain |q| < |qzab

| < 1.

7.7. Torus intertwined n-point functions. As in ordinary (non-intertwined) case
[DLM1,H,MN,MT1,MT3,MT4,MTZ,TZ2, Z1] we construct in [TZ4] the partition
and n-point functions [DVFHLS,EO,FS,GKV,GV,KNTY,Pe,R,TUY,U] for vertex
operator algebra modules.

Let gi, fi, i = 1, 2 be VOSA V automorphisms commuting with σv = (−1)p(v)v.
For u ∈ Vσg2 and the states v1, . . . , vn ∈ V we define the intertwined n-point function
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[TZ4] on the torus by

Z(1)

[
f1
g1

]
(u, z2; v1, x1; . . . ; vn, xn;u, z1; τ)

≡ STrVσg1

(
f1 Y

(
q
Lσg2 (0)
z2 u, qz2

)
Y (q

L(0)
1 v1, q1)

. . . Y (qL(0)
n vn, qn) Y

(
q
L

σg
−1
2

(0)

z1 u, qz1

)
qLσg1

(0)−c/24

)
,

where q = exp(2πiτ), qk = exp(xk), qzj = exp(zj), j = 1, 2; 1 ≤ k ≤ n, for variables
x1, . . . , xn associated to the local coordinates on the torus, and u is dual for u with
respect to the invariant form on Vσg2 . The supertrace over a V -module N is defined
by

STrN (X) = TrN (σX).

For an element u ∈ Vσg2 of a VOSA g-twisted V -module we introduce also the
differential form

F (1)

[
f1
g1

]
(u, z2; v1, x1; . . . ; vn, xn; u, z1; τ)

≡ Z(1)

[
f1
g1

]
(u, z2; v1, x1; . . . ; vn, xn;u, z1; τ) dz

wt[u]
2 dz

wt[ū]
1

n∏
i=1

dx
wt [vi]
i ,

associated to the torus intertwined n-point function.

7.8. Torus intertwined two-point function. The rank two free fermionic VOSA
V (H,Z+ 1

2 )
⊗2, [Ka] is generated by ψ± with

[ψ+(m), ψ−(n)] = δm,−n−1, [ψ
+(m), ψ+(n)] = 0, [ψ−(m), ψ−(n)] = 0.

The rank two free fermion VOSA intertwined torus n-point function is parameterized
by θ1 = −e−2πiβ1 , ϕ1 = −e2πiα1 , and ϕ2 = −e−2πiκ, [TZ2,TZ4] where

σf1 = e2πiβ1a(0), σg1 = e−2πiα1a(0), σg2 = e2πiκa(0),

for real valued α1, β1, κ, (θ1, ϕ1) ̸= (1, 1).
For u = 1 ⊗ eκ ≡ eκ ∈ Vσg2 and vi = 1, i = 1, . . . , n we obtain [TZ4] the basic

intertwined two-point function on the torus

Z(1)

[
f1
g1

]
(eκ, z2; e

−κ, z1; τ) ≡ STrVσg1

(
f1Y

(
qL(0)
z2 eκ, qz2

)
Y
(
qL(0)
z1 e−κ, qz1

)
qLσg1 (0)−c/24

)
.

We then consider the differential form

G(1)
n

[
f1
g1

]
(x1, y1, . . . , xn, yn)

≡ F (1)

[
f1
g1

]
(eκ, w;ψ+, x1;ψ

−, y1; . . . ;ψ
+, xn;ψ

−, yn; e
−κ, 0; τ),

associated to the torus intertwined 2n-point function

Z(1)

[
f1
g1

]
( eκ, w; ψ+, x1;ψ

−, y1; . . . ;ψ
+, xn ;ψ−, yn; e

−κ, 0; τ),
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with alternatively inserted n states ψ+ and n states ψ− distributed on the resulting
genus two Riemann surface Σ(2) at points xi, yi ∈ Σ(2), i = 1, . . . , n. We then prove
in [TZ4]

Theorem 17 (Tuite–Z). For the rank two free fermion vertex operator superalgebra
V and for (θ, ϕ) ̸= (1, 1) the generating form is given by

G(1)
n

[
f1
g1

]
(x1, y1, . . . , xn, yn) = Z(1)

[
f1
g1

] (
eκ, w; e−κ, 0; τ

)
detS(1)

κ ,

Z(1)

[
f1
g1

] (
eκ, w; e−κ, 0; τ

)
=

1

η(τ)

ϑ(1)
[
α1

β1

]
(κw, τ)

K(1)(w, τ)κ2 ,

is the basic intertwined two-point function on the torus, and n × n-matrix S
(1)
κ =[

S
(1)
κ

[
θ1
ϕ1

]
(xi, yj | τ, w)

]
, i, j = 1 . . . , n, with elements given by parts of the Szegő

kernel.

8. Genus two partition and n-point functions

8.1. Genus two partition function in ϵ-formalism. We define the genus two
partition function in the earlier sewing scheme in terms of data coming from the two

tori, namely the set of 1-point functions Z
(1)
V (u, τa) for all u ∈ V . We assume that V

has a nondegenerate invariant bilinear form - the Li–Zamolodchikov metric. Define

Z
(2)
V (τ1, τ2, ϵ) =

∑
n≥0

ϵn
∑

u∈V[n]

Z
(1)
V (u, τ1)Z

(1)
V (ū, τ2).

The inner sum is taken over any basis and ū is dual to u wrt to the Li-Zamolodchikov
metric.

8.2. Genus two partition function for the Heisenberg VOA. We can compute

Z
(2)
M using a combinatorial-graphical technique based on the explicit Fock basis and

recalling the infinite matrices A1, A2:

Theorem 18 (Mason–Tuite). (a) The genus two partition function for the rank one
Heisenberg VOA is

Z
(2)
M (τ1, τ2, ϵ) =

1

η(τ1)η(τ2)
(det(I −A1A2))

−1/2,

(b) Z
(2)
M (τ1, τ2, ϵ) is holomorphic on the domain Dϵ,

(c) Z
(2)
M (τ1, τ2, ϵ)

2 is automorphic of weight −1.

(d) Z
(2)
M (τ1, τ2, ϵ) has an infinite product formula.
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8.3. Genus two fermionic partition function. Following the definition for the
bosonic VOA we define for ha, ga

Z(2)

[
h
g

]
(q1, q2, ϵ) =

∑
m∈ 1

2Z

ϵm
∑

u∈V[m]

Z(1)

[
h1
g1

]
(u, q1)Z

(1)

[
h2
g2

]
(ū, q2).

The inner sum is taken over any V[m] basis and ū is dual to u with respect to the

Li-Zamolodchikov square bracket metric. Z
(1)
V

[
ha
ga

]
(u, qa) is the genus one orbifold

1-point function. Recall that the non-zero 1-point functions arise for Fock vectors

Ψ[k, l] = ψ+[−k1] . . . ψ+[−kn]ψ−[−l1] . . . ψ−[−ln]1,

such that m = wt Ψ[k, l] =
∑

1≤i≤n(ki + li + 1),

Z
(1)
V

[
h
g

]
(Ψ[k, l], q) = det

(
C

[
θ
ϕ

])
Z

(1)
V

[
h
g

]
(q).

The Li-Zamolodchikov metric dual to the Fock vector is

Ψ[k, l] = (−1)nΨ[l,k].

Recalling the infinite matrix Q we find

Theorem 19 (Tuite–Z).
(a) The genus two orbifold partition function is

Z(2)

[
h
g

]
(q1, q2, ϵ) = Z(1)

[
h1
g1

]
(q1)Z

(1)

[
h2
g2

]
(q2) det(I −Q),

(b) Z(2)

[
h
g

]
(q1, q2, ϵ) is holomorphic on the domain Dϵ,

(c) Z(2)

[
h
g

]
(q1, q2, ϵ) has natural modular properties under the action of G.

8.4. Genus two partition and n-point functions in ρ-formalism. Let fi, i = 1,
2 be automorphisms, and Vσgj be twisted V -modules of a vertex operator superalgebra

V . For x1, . . . , xn ∈ Σ(1) with |xk| ≥ |ρ|/r2 and |xk − w| ≥ |ρ|/r1, k = 1, . . . , n, we
define the genus two n-point function [TZ4] in the ρ-formalism by

Z(2)

[
f

g

]
(v1, x1; . . . ; vn, xn; τ, w, ρ)

=
∑
k≥0

∑
u∈Vσg2 [k]

ρkZ(1)

[
f1
g1

]
(u,w + z2; v1, x1; . . . ; vn, xn; f2u, z1; τ),

where (f, g) = ((fi), (gi)), where f (respectively g) denotes the pair f1, f2 (respectively
g1, g2). The sum is taken over any Vσg2 -basis.

In particular, we introduce the genus two partition function

Z(2)

[
f

g

]
(τ, w, ρ) =

∑
u∈Vσg2

Z(1)

[
f1
g1

]
(u,w; f2 u, 0; τ) ,
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where Z(1)
[
f1
g1

]
(u,w; f2 u, 0; τ) is the genus one intertwined two point function.

Remark 1. We can generalize the genus two n-point function by introducing and
computing the differential form associated to the torus n-point function containing
several intertwining operators in the supertrace as well as corresponding genus two
n-point functions.

Similar to the ordinary genus two case [TZ2], we define the differential form [TZ4]
associated to the n-point function on a sewn genus two Riemann surface for vi ∈ V
and xi ∈ Σ(2), i = 1, . . . , n with |xi| ≥ |ρ|/r2, |xi − w| ≥ |ρ|/r1,

F (2)

[
f

g

]
(v1, . . . , vn; τ, w, ρ)

≡ Z(2)

[
f

g

]
(v1, x1; . . . ; vn, xn; τ, w, ρ)

n∏
i=1

dx
wt[vi]
i .

9. Generalizations of classical identities

9.1. Bosonization. The genus one orbifold partition function can be alternatively
computed by decomposing the VOSA into Heisenberg modules M ⊗ em indexed by
a(0) integer eigenvalues m, i.e., a Z lattice [MT1]. Let α1, . . . , αn ∈ L be lattice
elements of the rank one even lattice, α1 + . . .+αn = 0, and ϵ(α, α′) - cocycle. Then

Theorem 20 (Tuite–Mason).

Z
(1)
M (eα1 , z1; ...; e

αn , zn; q)

=
q(β,β)/2

η(τ)

∏
1≤r≤n

e((β,αr)zr)
∏

1≤i<j≤n

ϵ(αi, αj) K
(1)(zij , τ)

(αi,αj).

Then ther genus one twisted partition function is given by

Z

[
h
g

]
(τ) =

∑
m∈Z

(−1)me2πimαTrM⊗em

(
qL(0)+ 1

2 (β+
1
2 )

2−(β+ 1
2 )m− 1

24

)
=

e2πi(α+1/2)(β+1/2)

η(τ)
ϑ

[
−β + 1

2
α+ 1

2

]
(τ).

Comparing to the fermionic product formula we obtain the classical Jacobi triple
product formula:∏

n>0

(1− qn)(1 + zqn−1)(1 + z−1qn) =
∑
m∈Z

zmqm(m−1)/2.

9.2. Genus two Jacobi triple product formula. The genus two partition function
can similarly be computed in the bosonized formalism to obtain a genus two version
of the Jacobi triple product formula for the genus two Riemann theta function [MTZ]

Z(2)

[
h
g

]
(q1, q2, ϵ) = Θ(2)

[
a
b

](
Ω(2)

)
Z

(2)
M (q1, q2, ϵ),
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for an appropriate character valued genus two Riemann theta function

Θ(2)

[
a
b

](
Ω(2)

)
=
∑
m∈Z2

eiπ(m+a).Ω(2).(m+a)+2πi(m+a).b.

Comparing with the fermionic result we thus find that on Dϵ

Θ(2)

[
a
b

] (
Ω(2)

)
ϑ(1)

[
a1
b1

]
(τ1) ϑ(1)

[
a2
b2

]
(τ2)

= det(I −A1A2)
1/2 det(I −Q).

9.3. Fay’s trisecant identity. Recall Fay’s trisecant identity [F1]

θ(x− t)θ(y − z)

θ(x− z)θ(y − t)
θ(ξ)θ(ξ + y − x+ z − t)

+
θ(z − t)θ(y − x)

θ(z − x)θ(y − t)
θ(ξ + z − x)θ(ξ + y − t)

= θ(ξ + z − t)θ(ξ + y − x),

for x, y, z, t ∈ Σ, ξ ∈ J , where J is the Jacobian of the curve.

9.4. Bosonized generating function and trisecant identity. In a similar fashion

we can compute the general 2n-generating function G
(1)
2n,h in the bosonic setting to

obtain:

Theorem 21 (Mason–Tuite–Z).

G
(1)
2n,h(f ; z1, . . . , zn; z

′
1, . . . , z

′
n; τ)

=
e2πi(α+1/2)(β+1/2)

η(τ)
ϑ(1)

[
−β + 1

2
α+ 1

2

]( n∑
i=1

(zi − z′i), τ

)

·

∏
1≤i<j≤n

K(1)(zi − zj , τ)K
(1)(z′i − z′j , τ)∏

1≤i,j≤n

K(1)(zi − z′j , τ)
.

Comparing this to fermionic expressions for (θ, ϕ) ̸= (1, 1) we obtain the classical
Frobenius elliptic function version of generalized Fay’s trisecant identity [F1]:

Corollary 1 (Mason–Tuite–Z). For (θ, ϕ) ̸= (1, 1) we have

det(P) =

ϑ(1)
[

−β + 1
2

α+ 1
2

](
n∑

i=1

(zi − z′i), τ

)
ϑ(1)

[
−β + 1

2
α+ 1

2

]
(0, τ)

∏
1≤i<j≤n

K(1)(zi − zj , τ)K
(1)(z′i − z′j , τ)∏

1≤i,j≤n

K(1)(zi − z′j , τ)
.
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9.5. Generalized Fay’s trisecant identity. We may generalize these identities
using [MT1]. Consider the general lattice n-point function. We have, [MTZ] For

integers mi, nj ≥ 0 satisfying
r∑

i=1

mi =
s∑

j=1

nj , we have

Z
(1)
V (f ; (1⊗em1 , z1), . . . (1⊗emr , zr), (1⊗e−n1 , z′1), . . . (1⊗e−ns , z′s); τ)

=
e2πi(α+1/2)(β+1/2)

η(τ)
ϑ(1)

[
−β + 1

2
α+ 1

2

] r∑
i=1

mizi −
s∑

j=1

njz
′
j , τ



·

∏
1≤i<k≤r

K(1)(zi − zk, τ)
mimk

∏
1≤j<l≤s

K(1)(z′j − z′l, τ)
njnl∏

1≤i≤r,1≤j≤s

K(1)(zi − z′j , τ)
minj

.

Comparing this to the expression for n-point functions we obtain a new elliptic gen-
eralization of Fay’s trisecant identity:

Corollary 2 (Mason–Tuite–Z). For (θ, ϕ) ̸= (1, 1) we have

det(MD) =

ϑ(1)
[

−β + 1
2

α+ 1
2

](
r∑

i=1

mizi −
s∑

j=1

njz
′
j , τ

)

ϑ(1)
[

−β + 1
2

α+ 1
2

]
(0, τ)

·

∏
1≤i<k≤r

K(1)(zi − zk, τ)
mimk

∏
1≤j<l≤s

K(1)(z′j − z′l, τ)
njnl∏

1≤i≤r,1≤j≤s

K(1)(zi − z′j , τ)
minj

.

Here MD is the block matrix

MD =

 D(11) . . . D(1s)

...
. . .

...
D(r1) . . . D(rs)

 ,

with D(ab) the ma × nb matrix

D(ab)(i, j) = D

[
θ
ϕ

]
(i, j, τ, za − z′b), (1 ≤ i ≤ ma, 1 ≤ j ≤ nb),

for 1 ≤ a ≤ r and 1 ≤ b ≤ s, and D-functions are given by the expansion

P1

[
θ
ϕ

]
(z + z1 − z2, τ) =

∑
k,l≥1

D

[
θ
ϕ

]
(k, l, z)zk−1

1 zl−1
2 .

10. Genus two intertwined partition and n-point functions

In [TZ4] we then prove:
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Theorem 22 (Tuite–Z). Let Vσgi , i = 1, 2 be σgi-twisted V -modules for the rank two
free fermion vertex operator superalgebra V . Let (θ, ϕ) ̸= (1, 1). Then the partition
function on a genus two Riemann surface obtained in the ρ-self-sewing formalism of
the torus is a non-vanishing holomorphic function on Dρ given by

Z(2)

[
f

g

]
(τ, w, ρ) = Z(1)

[
f1
g1

] (
eκ, w; e−κ, 0; τ

)
det (1− T ) ,

where Z(1)
[
f1
g1

]
(eκ, w; e−κ, 0; τ) is the intertwined V -module Vσg1 torus basic two-

point function.

We may similarly compute the genus two partition function in the ρ-formalism for
the original rank one fermion VOSA V

(
H,Z+ 1

2

)
in which case we can only construct

a σ-twisted module. Then we have [TZ4] the following

Corollary 3 (Tuite–Z). Let V be the rank one free fermion vertex operator superal-
gebra and f1, g1 ∈ {σ, 1}, a = 1, 2 be automorphisms. Then the partition function
for V -module Vσg1 on a genus two Riemann surface obtained from ρ formalism of a

self-sewn torus Σ(1) is given by

Z
(2)
rank1

[
f

g

]
(τ, w, ρ) = Z

(1)
rank1

[
f1
g1

]
(eκ, w; e−κ, 0; τ) det (I − T )

1/2
,

where Z
(1)
rank 1

[
f1
g1

]
(eκ, w; e−κ, 0; τ) is the rank one fermion intertwined partition

function on the original torus.

10.1. Genus two generating form. In [TZ4] we define matrices

S(2) =
(
S(2)(xi, yj)

)
, S

(1)
κ =

(
S
(1)
κ (xi, yj)

)
,

H+ = ((h(xi)) (k, a)) , H− =
((
h(yi)

)
(l, b)

)T
.

S(2) and S
(1)
κ are finite matrices indexed by xi, yj for i, j = 1, . . . , n; H+ is semi-

infinite with n rows indexed by xi and columns indexed by k ≥ 1 and a = 1, 2 and
H− is semi-infinite with rows indexed by l ≥ 1 and b = 1, 2 and with n columns
indexed by yj . We then prove

Lemma 2 (Tuite–Z).

det

[
S
(1)
κ ξ H+ Dθ2

H− I − T

]
= detS(2) det(I − T ),

with T , Dθ2 .

Introduce the differential form

G(2)
n

[
f

g

]
(x1, y1, . . . , xn, yn) = F (2)

[
f

g

]
(ψ+, ψ−, . . . , ψ+, ψ−; τ, w, ρ),

associated to the rank two free fermion VOSA genus two 2n-point function

Z(2)

[
f

g

]
(ψ+, x1;ψ

−, y1; . . . ;ψ
+, xn ;ψ−, yn; τ, w, ρ),
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with alternatively inserted n states ψ+ and n states ψ−. The states are distributed
on the genus two Riemann surface Σ(2) at points xi, yi ∈ Σ(2), i = 1, . . . , n. Then we
have

Theorem 23 (Tuite–Z). All n-point functions for rank two free fermion VOSA
twisted modules Vσg on self-sewn torus are generated by the differential form

G(2)
n

[
f

g

]
(x1, y1, . . . , xn, yn) = Z(2)

[
f

g

]
(τ, w, ρ) detS(2),

where the elements of the matrix S(2) =
[
S(2)

[
θ
ϕ

]
(xi, yj | τ, w)

]
, i, j = 1, . . . , n and

Z(2)
[
f
g

]
(τ, w, ρ) is the genus two partition function.

10.2. Modular invariance properties of intertwined functions. Following the
ordinary case [DLM1,MT3,MT5] we would like to describe modular properties of
genus two ”intertwined” partition and n-point generating functions. As in [MT3],

consider Ĥ ⊂ Sp(4,Z) with elements

µ(a, b, c) =


1 0 0 b
a 1 b c
0 0 1 −a
0 0 0 1

 .

Ĥ is generated by A = µ(1, 0, 0), B = µ(0, 1, 0) and C = µ(0, 0, 1) with relations
[A,B]C−2 = [A,C] = [B,C] = 1. We also define Γ1 ⊂ Sp(4,Z) where Γ1

∼= SL(2,Z)
with elements

γ1 =


a1 0 b1 0
0 1 0 0
c1 0 d1 0
0 0 0 1

 , a1d1 − b1c1 = 1.

Together these groups generate L = Ĥ o Γ1 ⊂ Sp(4,Z). From [MT3] we find that L
acts on the domain Dρ of as follows:

µ(a, b, c).(τ, w, ρ) = (τ, w + 2πiaτ + 2πib, ρ),

γ1.(τ, w, ρ) =

(
a1τ + b1
c1τ + d1

,
w

c1τ + d1
,

ρ

(c1τ + d1)2

)
.

We then define [TZ4] a group action of γ1 ∈ SL(2,Z) on the torus intertwined two-

point function Z(1)
[
f1
g1

]
(u,w; v, 0; τ) for u, v ∈ Vσg:

Z(1)

[
f1
g1

]∣∣∣∣ γ1 (u,w; v, 0; τ) = Z(1)

(
γ1.

[
f1
g1

])
(u, γ1.w; v, 0; γ1.τ),

with the standard action γ1.τ and γ1.w, and γ1.
[
f1
g1

]
=

[
f
a1
1 g

b1
1

f
c1
1 g

d1
1

]
, and the torus

multiplier e
(1)
γ1

[
f1
g1

]
∈ U(1), [MTZ], [TZ1]. Then we have [TZ4]
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Theorem 24 (Tuite–Z). The torus intertwined two-point function for the rank two
free fermion VOSA is a modular form (up to multiplier) with respect to L

Z(1)

[
f1
g1

]∣∣∣∣ γ1 (u,w; v, 0; τ)

= e(1)γ1

[
f1
g1

]
(c1τ + d1)

wtu+wtv+κ2

Z(1)

[
f1
g1

]
(u,w; v, 0; τ),

where u, v ∈ Vσg.

The action of the generators A, B and C is given by [TZ1]

A

[
f1
f2
g1
g2

]
=

 f1
f1 f2 σ

g1 g−1
2 σ
g2

 , B

[
f1
f2
g1
g2

]
=

[
f1 g2 σ
f2 g1 σ

g1
g2

]
, C

[
f1
f2
g1
g2

]
=

[
f1

f2 g2 σ
g1
g2

]
.

In a similar way we may introduce the action of γ ∈ L on the genus two partition
function [TZ4]

Z(2)

[
f
g

]∣∣∣∣ γ (τ, w, ρ) = Z(2)

(
γ.

[
f
g

])
γ. (τ, w, ρ) ,

γ1.


f1
f2
g1
g2

 =


fa1
1 gb11
f2

f c11 gd1
1

g2

 .
Wemay now describe the modular invariance of the genus two partition function for

the rank two free fermion VOSA under the action of L. Define a genus two multiplier

e
(2)
γ

[
f
g

]
∈ U(1) for γ ∈ L in terms of the genus one multiplier as follows

e(2)γ

[
f

g

]
= e(1)γ1

[
f1
g1

]
,

for the generator γ1 ∈ Γ1. We then find [TZ4]

Theorem 25 (Tuite–Z). The genus two partition function for the rank two VOSA is
modular invariant with respect to L with the multiplier system, i.e.,

Z(2)

[
f

g

]∣∣∣∣ γ (τ, w, ρ) = e(2)γ

[
f

g

]
Z(2)

[
f

g

]
(τ, w, ρ) .

Finally, we can also obtain modular invariance for the generating form

G(2)
n

[
f

g

]
(x1, y1, . . . , xn, yn),

for all genus two n-point functions [TZ4].

Theorem 26 (Tuite–Z). G(2)
n

[
f
g

]
(x1, y1, . . . , xn, yn) is modular invariant with respect

to L with a multiplier.
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