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UNSTABLE POLARIZED DEL PEZZO SURFACES
IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA

ABSTRACT. We provide new examples of K-unstable polarized smooth del Pezzo surfaces
using a flopped version of the test configurations introduced by Ross and Thomas. As an
application, we provide new obstructions for the existence of constant scalar curvature
Kahler metrics on polarized smooth del Pezzo surfaces.

All varieties are assumed to be algebraic, projective and defined over C.

1. INTRODUCTION

K-stability is an algebraic notion of polarized varieties which has been of great im-
portance in the study of the existence of canonical metrics on complex varieties. This is
mainly because of the following

Conjecture (Yau-Tian—Donaldson). Let X be a smooth variety, and let L be an ample

line bundle on it. Then X admits a constant scalar curvature Kdahler (cscK) metric in
c1(L) if and only if the pair (X, L) is K-polystable.

In the case of toric surfaces, the conjecture follows from the classical results of Donald-
son [10] and recent results of Codogni and Stoppa [8]. It is known in different degrees of
generality that K-polystability is a necessary condition for the existence of a cscK metric,
with the most general result due to Berman, Darvas and Lu [4]. For smooth Fano vari-
eties polarized by anticanonical line bundles, Conjecture 1 was recently proved by Chen,
Donaldson and Sun in [7].

In spite of the above (conjectural) characterisations, deciding whether a given polarized
variety is K-stable is a problem of considerable difficulty. In this paper, we study this
problem for del Pezzo surfaces polarized by ample Q-divisors. Using Q-divisors does not
affect the original problem, since K-stability is preserved when we scale the polarization
positively.

Let S be a smooth del Pezzo surface, and let L be an ample QQ-divisor on it. Recall
that S is toric if and only if K% > 6. In this case, the problem we plan to consider is
completely solved. In the non-toric case, few results in this direction are known. For
instance, if S is not toric, then it admits a Kéhler—Einstein metric by Tian’s theorem [20],
so that (S, —Kg) is K-stable. Moreover, a result of LeBrun and Simanca [12] implies that
the same holds for every divisor L that is close enough to —Kg. On the other hand, many
K-unstable pairs (S, L) have been constructed by Ross and Thomas in [17, 18].

In the prequel to this article [5], we gave a simple condition on L that guarantees
that (S, L) is K-stable. The goal of this article is to obtain new simple conditions on L
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2 IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA

that guarantee that (S, L) is K-unstable. In addition our technique recovers all previous
obstructions to K-stability on polarized del Pezzo surfaces (S, L) found in the literature.

To present our results, it is convenient to split ample Q-divisors on .S into three major
types: P2-type, Fi-type, and P! x P'-type. To be precise, up to a positive scaling of L,
one always has

L~g—Kg+bB+Y aF,
i=1

where Fy, ... F, are disjoint (—1)-curves, B is a smooth rational curve such that B* = 0,
and b, aq, ..., a, are some non-negative rational numbers such that 1 > a, > --- > a; > 0.
Moreover, if b # 0, then the curve B is disjoint from the (—1)-curves Fy,..., F,. Since
the (—1)-curves are disjoint, their contraction gives a birational morphism ¢: S — S. We
say that L is of P2-type, F;i-type or P! x Pl-type in the case when S = P2, S = F, or
S =P x P!, respectively. In particular, if L is of P*-type, then r = 9 — KZ. Similarly, if
L is Fy-type or P! x P-type, then r = 8 — KZ. Tt is easy to see that every ample Q-divisor
on S is of one of these three types. To make the types mutually exclusive, we also require
b> 0 and a; > 0 in the Fy-case, and we ask that b > 0 or a; > 0 in the P! x P!'-case.

We believe that our newly introduced language may shed a new light on this problem.
The indication of this can be seen from the K-polystability criterion in the case K2 = 6.
Translating it into our language (see Example 4.5 for details), we obtain

Theorem 1.1 ([10, 23]). Suppose that K% = 6. Then (S, L) is K-polystable if and only
if either L is of P?-type and a1 = as = as, or L is of Pt x P-type and a; = as.

In particular, if K2 = 6 and L is of Fi-type, then (S, L) is always K-unstable. By the
aforementioned result of LeBrun—Simanca [12], this is no longer true in the non-toric case.
Nevertheless, in this case we prove a somewhat similar result:

Theorem 1.2. Suppose that K% < 5, the divisor L is of Fy-type or P' x P'-type, and

T
a%+6—K§<Za§.
i=2

Then (S, L) is K-unstable for b > 0.

In their seminal works [17, 18], Ross and Thomas introduced the notion of slope stability
as an obstruction to K-stability. In particular, their [17, Example 5.30] implies

Theorem 1.3. Suppose that K% < 6. If L is of P*>-type and ay > ay, then (S, L) is
K -unstable. Similarly, if L is of F1-type and a1 > 0, then (S, L) is K-unstable.

In [6], Cheltsov and Rubinstein considered a modification of Ross and Thomas con-
struction using flops. In this article, we adapt their method to obtain several criteria for
K-instability of the pair (S, L). In particular, we prove that (S, L) is K-unstable for every
ample Q-divisor L in the case when K2 = 7, and we give a short proof of the only if part
of Theorem 1.1. Moreover, we improve Ross—Thomas result by obtaining the following

Theorem 1.4. Suppose that K% < 5. If L is of P?-type and a4 > a3 > ay, then (S, L) is
K -unstable. Similarly, if L is of P* x P!-type and a3z > as > ay, then (S, L) is K -unstable.
Finally, if L is of Fi-type and az > ao, then (S, L) is K-unstable.
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We use the same approach to prove the following quantitative result.
Theorem 1.5. Suppose that K% < 5. If L is of P>-type and
(0.8717 if K2 =1,
0.8469 if K2 = 2,
(1.1) ag —ay > { 0.8099 if K2 =3,
0.7488 if K& = 4,
| 0.6248 if K§ =5,
then (S, L) is K-unstable. Similarly, if L is of P*-type and
(09347 if K2 =1,

0.9206 if K2 = 2,
(1.2) as —a; > { 0.8985 if K& = 3,
0.8595 if K2 = 4,
| 0.6798 if K§ =5,
then (S, L) is K-unstable. Likewise, if L is of P! x P'-type and
(09305 if K2 =1,
0.9150 if K2 = 2,
(1.3) as —ap >4 0.8911 if K2 = 3,
0.8480 if K& = 4,
| 0.7452 if K§ =5,
then (S, L) is K-unstable. Finally, (S, L) is K-unstable if L is of Fi-type and
(09347 if K2 =1,
0.9206 if K& = 2,
(1.4) ag —a; = { 0.8985 if K& = 3,
0.8595 if K2 = 4,
| 0.7701 if K§ = 5.

Observe that only the differences a3 — a; and ay — a; are considered in Theorem 1.5.
There is a good reason for this. For example, if L is of P2-type, K2 < 5 and a; = a3 = as,
then S admits a cscK metric in ¢; (L) for 1 > a4 > a3, so that (S, L) is K-stable. Similarly,
if L is of P! x P'-type, K% < 5 and a; = ay, then (S, L) is K-stable for 1 > a3 > ay. This
follows from the lifting results of Arezzo, Pacard, Rollin and Singer (see [1, 2, 3, 15]).

Let us outline the structure of the paper. In Sections 2 and 3, we recall the K-stability
setting, including the flopped version of slope stability. In Section 4, we study ample divi-
sors on del Pezzo surfaces, and prove Theorem 1.4. In Section 5, we prove technical results
on ample divisors on del Pezzo surfaces. In Section 6, we prove Theorems 1.2 and 1.5.
The proof of Theorem 1.5 relies on symbolic computations presented in Appendix A.
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2. WHAT 1S K-POLYSTABILITY?

Let X be an n-dimensional smooth projective variety, and let L be an ample line bundle
on it. In this section we will remind the reader of the notion of K-stability of the pair
(X, L), which was originally defined by Tian in [21]. A more refined, algebro-geometric
definition was introduced by Donaldson in [9], which eventually lead to Conjecture 1.

First we need to define the notion of test configuration. We will always assume that
the total space of the test configuration is normal (see [13] for an explanation).

Definition 2.1. A test configuration of (X, L) consists of

e a normal variety U with a G,,-action,

e a flat G,,-equivariant map py: U — A, where G,,, acts on A! naturally,

e a G,,-equivariant py~ample line bundle £;; — U such that there exists a positive
integer r, called exponent, and a G,,-equivariant isomorphism

(2.1) (w0l ) = (0 (A (0D), 912,

with the natural action of the group G,, on A'\ {0} and the trivial action on X,
where p;: X x (A!\ {0}) — X is the projection to the first factor.

We also say that (U, Ly, py) a product test configuration if U = X x A and Ly = p}(L®").
A product test configuration is trivial if G,, acts trivially on the left factor of X x Al.

Given an arbitrary test configuration (U, Ly, py) of the pair (X, L) with exponent r,
one can naturally compactify it by gluing (U, L) with (X x (P*\{0}), p;(L®")) as follows.
In the G,,-equivariant isomorphism (2.1), each ¢t € G,, acts on its right hand side by

to ({p} X {a}’s) = ({p} X {ta}vs)

for any p € X, a € Al and s € (Ly),. So, we can define the gluing map using the diagram
(U, Lu) (X > P\ {0}, pi(L®"))

J J

(U \ i (0). 24 T (20 (AT {0}).pE(L)).

U\p51(0)>
where the map ¢ is given by
¢: (p,a,s) — ({a op} x {a},a™ o),
where G,, only acts by multiplication on the factor P*\ {0} of (X x P*\ {0}, pi(L®")).
Using this gluing map, we obtain a triple (X, £, p) consisting of
e a normal projective variety X with a G,,-action,

e aflat G,,-equivariant map p: X — P! such that p;,'(t) = X for every t € P*\ {0},
e a G,,-equivariant p-ample line bundle £ — X', such that

L (Y] L®r
pH(t)
for every t € P!\ {0}, where we identify p;,'(¢) with X.
For further details and examples, see [13, Section 8.1].
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Remark 2.2. In [13], the triple (X, L, p) is called oco-trivial compactification of the test
configuration (U, Ly, py). Since we will always work with compactified test configurations
in this article, we will simply call the triple (X, £, p) a test configuration of the pair (X, L).
Moreover, if the original test configuration (U, Ly, pyy) is trivial, then we say that the test
configuration (X, L, p) is trivial. In this case, X = X x P! and £ = pi(L®"). Similarly,
if (U, Ly, py) is a product test configuration, then we say that (X, L, p) is a product test
configuration. In this case, we have p~1(0) = X, so that p is an isotrivial fibration.

Using the compactified test configuration (X, L,p), Li and Xu gave an intersection
formula for the Donaldson—Futaki invariant of the original test configuration. This formula
is given by [13, Proposition 6] and, implicitly, it first appeared in [14, 22]. We will use this
formula as a definition of the Donaldson—Futaki invariant. The slope of the pair (X, L) is

_KX_Ln—l

The (normalized) Donaldson-Futaki invariant of the (compactified) test configuration
(X, L, p) with exponent r is the number

0 e = (e e (g () )

rm\n+1r

where n is the dimension of the variety X. Observe that the number DF(X, £, p) does
not change if we replace £ by £ + p*(D) for any line bundle D on P'. Moreover, if the
test configuration (X, L, p) is trivial, then the formula (2.2) gives DF(X, L, p) = 0.

Definition 2.3. The pair (X, L) is said to be K-polystable if DF(X, L,p) > 0 for every
non-trivial test configuration (X, L, p), and DF(X, £, p) = 0 only if (X, L, p) is a product
test configuration . Similarly, the pair (X, L) is said to be K-stable if DF(X,E,p) > 0
for every non-trivial test configuration (X, £, p). Finally, if DF(X, £, p) > 0 for every test
configuration (X, L, p), then (X, L) is said to be K -semistable.

If the pair (X, L) is not K-semistable, then DF (X, £, p) < 0 for some test configuration
(X, L, p) of the pair (X, L). In this case, we say that (X, L) is K-unstable, and (X, L, p)
is a destabilizing test configuration.

Remark 2.4. The K-polystability of the pair (X, L) implies its K-semistability. Similarly,
the K-stability of the pair (X, L) implies its K-polystability. Moreover, if the group
Aut(X, L) is finite, then all product test configurations of the pair (X, L) are trivial, so
that (X, L) is K-stable if and only if it is K-polystable.

The pair (X, L) is K-polystable (respectively, K-stable or K-semistable) if and only
if the pair (X, L®*) is K-polystable (respectively, K-stable or K-semistable) for some
positive integer k. Thus, we can adapt both Definitions 2.1 and 2.3 to the case when L is
an ample Q-divisor on the variety X. This gives us notions of K-polystability, K-stability,
K-semistability and K-unstability for varieties polarized by ample Q-divisors. Similarly,
we can assume that £ in the test configuration (X, L,p) is a p-ample Q-divisor on X.
Because of this, we can assume that » = 1 in the formula (2.2) for the Donaldson-Futaki
invariant.
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3. SLOPE STABILITY AND ATIYAH FLOPS

Let S be a smooth projective surface, and let L be an ample Q-divisor on the surface
S. In this section, we will compute the Donaldson—Futaki invariant of some explicit test
configurations of the pair (5, L). One of them is a very special case of a much more general
construction studied by Ross and Thomas in [17, 18]. Namely, fix a smooth irreducible
curve Z in the surface S. By a slight abuse of notation, let us identify the curve Z with
the curve Z x {0} in the product S x P*. Let mz: X — S x P! be the blow-up of the
curve Z. Denote the exceptional divisor of 75 by E, let p = pp1 0 7z, and let

L= (psomz) (L) — \Ez,

where A is a positive rational number. Denote by o (S, L, Z) the Seshadri constant of the
pair (S, L) along Z. Recall that o(S, L, Z) is usually very easy to compute, since

o(S, L, Z) = sup{,u € Q<o ‘ the divisor L — uZ is nef}.

By [18, Proposition 4.1}, if A < o(S, L, Z), then L) is p-ample (see also [6, Lemma 2.2]),
so that (X, L,,p) is a (compactified) test configuration of the pair (S,L). This test
configuration is often called a slope test configuration centred at Z. If DF(X, Ly, p) < 0
for some A < o(S, L, Z), then (S, L) is said to be slope unstable. This implies, in particular,
that (S, L) is K-unstable.

One good thing about the test configuration (X', Ly, p) is that its Donaldson—Futaki
invariant is very easy to compute. Namely, let g(Z) be the genus of the curve Z, and let

2
(3.1) OF(\) = (L) <)\322 _ 3L Z> +02(2 - 29(2)) + 2\L - Z.
Recall from Section 2 that (L) = =5¢ is the slope of the pair (S, L).

Lemma 3.1 ([17, 18)). If A < o(S, L, Z), then DF(X, Ly, p) = DF(N).

Proof. Since —FE3 is the degree of the normal bundle of Z in S x P!, we get
£3 =3\ ((pﬂn o WZ)*(L)> B NE = —3\°L- Z + \3Z2

Moreover, we have

2
Ei . (KX —p*(Kp1)> = ((pﬂml e} WZ)*(KS) + EZ> . <(pX 9] WZ)*(L) - AEZ) =
= 2\(pxomz) (L) - E%+ X (pp o7z)" (Ks) - By + N’ Ej =
=2\L -7 — NKg-Z — N7
Now the result follows from substituting in (2.2) the above identities. U
If A\ <o(S,L,Z) and Z% > 0, then DF(X, Ly,p) = 0 by [16, Theorem 1.3]. Thus, if
we want (X, Ly, p) to be a destabilizing test configuration, then Z? must be negative. In

particular, if S is a del Pezzo surface, then Z must be a (—1)-curve. In this case, we have
finitely many choices for the curve Z.
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Example 3.2 ([17, Example 5.27]). Suppose that S = Fy, and Z is the (—1)-curve. Then
DF(X,Ly,p) < 0 for some A < o(S, L, Z). Indeed, denote by f the fiber of the natural
projection F; — P!. Up to positive scaling, either L ~g —Kg+ aZ for some non-negative
rational number a < 1, or L ~g —Kg + bf for some positive rational number b. In the
former case, we have v(L) = 8+822fa2 and o(S, L, Z) = 2 + a, so that Lemma 3.1 implies
that DF(X, Ly, p) < 0 for some A < 2 4 a, because

_ 2 8+a 9 3 9 B
AEE’&GQSWUE&?) 8+2a_a2( 3N (1—a) =A%) + 20 +2XA(1 — a) =
EESRGES Gt
3 4—a ’
for all @ € [0,1). Similarly, in the latter case, we have v(L) = f+—+2bb and o(S, L,e) = 2, so
that
. 2 4+ 2 3 9 ~ 81+0D
%QSW—%@M( BN (14b) — X)) + 202 + 2X\(1 4+ b) = 52—+b<0,

which implies that DF(X, £y, p) < 0 for some A < 2.

The leading term of the cubic polynomial ®F(A) defined in (3.1) is 2v/(L)Z%. Thus, if
Z? < 0 and S is del Pezzo surface, then DF(\) < 0 for A > 0. Unfortunately, in this
case DF(A) is usually positive for A < o(S, L, Z), simply because the Seshadri constant
o(S, L, Z) is often too small. In particular, this happens in the case when S is a blow-up of
P? in two distinct points and L = — Ky (see [16, Example 7.6]). On the other hand, if S is
a blow-up of P? in two distinct points, then the group Auty(S, L) is not reductive for every
ample divisor L, which implies that (S5, L) is K-unstable by Matsushima’s obstruction.

There is another famous threshold that one can relate to the triple (S, L, Z), which is
commonly known as the pseudo-effective threshold. It can be defined as

(3.2) (S, L, Z) = sup{,u € Q-9 ’ the divisor L — uZ is pseudo—effective}.

Since nef divisors are pseudo-effective, we always have o(S, L, Z) < 7(S, L, Z), and the
inequality is strict in many interesting cases. In [6], Cheltsov and Rubinstein introduced
a birational modification to the slope test configuration in order to increase the value of
A up to the pseudo-effective threshold. Let us briefly describe their construction.

Suppose that there exists a birational morphism 7: S — S such that the surface S is
smooth, and 7 is a blow-up of k > 0 distinct points Oy, . .., O}, in the surface S. Moreover,
we assume that the image of the curve Z in the surface S is a smooth curve that contains
all these points. Let Z = 7(Z), and denote by C1,...,C} the m-exceptional curves that
are mapped to the points Oy, ..., Oy, respectively. For every point O; € S, let T; be the
curve O; x P! in the product S x P'. Then there exists a commutative diagram

T

S x P!

| [

S S
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where ¢g is a natural projection, and 7p is the blow-up of the the curves I'y, ..., T';. Let
us expand this commutative diagram by adding the threefold X, the blow-up 7z, and
few other birational maps. Namely, recall that we identified Z with the curve Z x {0}
in the product S x P'. Similarly, let us identify the curve Z with the curve Z x {0} in
the product S x P!, so that Z is a proper transform of the curve Z via the blow-up 7.
Thus, the threefold X is obtained from S x P! by blowing up the curves I'y,..., I, with
a consecutive blow-up of the proper transform of the curve Z. If we change the order of
blow-ups here (first blow-up the curve Z, and then blow-up the proper transform of the
curves I'y, ..., I'x), we obtain another (smooth) threefold, which differs from X by exactly
r simple flops. To be precise, let 7: X — S x P! be the blow-up of S x P! along the
curve Z, and denote bi/ T4,..., T the proper transforms on X of the curves I'y,..., Tk,
respectively. Let mx: X — X be the blow-up of the curves I'y,..., ;. Then there exists
a commutative diagram:

(3.3)

T

]Pﬂ

Here p is a composition of flops, gp1 is the natural projection, and ¢ = gp: o 75 o 7p.

Let us describe the curves flopped by p. To do this, identify the surface S with the
fibre of pp1 over the point 0 € P!, and denote by S its proper transform on the threefold
X. Then Sy = S, and the union Sy U Ey is the fibre of p over the point 0 € P!. Denote
the proper transforms of the curves C4,...,Cy C S on the threefold X by Cy,...,Cg,
respectively. Then the curves Cy, ..., C, are contained in Sy. These are the curves flopped
by p. Observe that each C; is a smooth rational curve that is contained in Sy, and its
normal bundle in & is isomorphic to Opi(—1) @ Op1(—1) (see [6, Lemma 4.1]). Thus, the
map p is a composition of r simple flops, commonly known as Atiyah flops.

Remark 3.3. Let us identify the surface S with the fibre of [ gpr over the point 0 € P!,
and denote its proper transforms on the threefolds X and X by Sy an So, respectively.
Then Sy & S, = S and p maps Sy onto So, Moreover, the map p induces a birational
morphism Sy — SO that contracts the curves Ci,...,C,, which is just the morphism
7: S — S, since Sy = S and §0 ~ G, Let FE~ be the mz-exceptional surface. Then p~!

flops the proper transforms in X of the fibers of the projection E, — Z over the points
Oy x {0},...,0 x {0}.
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Let EA = p«(Ly). When is E,\ g-ample? To answer this question, let
L is an ample Q-divisor on the surface S. Observe that o (S, L, Z) < o

k

L~gnt (L) =) (L-Cy)C.

i=1

(L). Then

L= Tl
S,L,Z) and

Then o(S, L, Z) < L - C;, since (L — A7) - C; = L - C; — \. Furthermore, we have
k
L—)\Z~gm(L=XZ)+Y (A= L-C)C,
i=1
is pseudo-effective if L - C; < \ < g( L
-

S ) for every i. Thus, if L-C; < o(S, L, Z) for
every i, then o(S, L, Z) < o(S,L, Z) <

7
(5, L, Z).
Lemma 3.4 ([6, Lemma 4.7)). If L-C; < A < a(g, L.Z) for every i, then Ly is q-ample.

Hence, if L - C; < A < o(S, L, Z) for every i, then (./'?, EA,\, q) is a test configuration of
the pair (S, L). Its Donaldson—Futaki invariant is also easy to compute. Namely, let

(3.4)

DF(\) = DF(N) + gu(L) (Z (A\—L- @)3) _

=1

i=1

k
= gu(L) <A3Z2 —3NL-Z+) (A-L- Ci)?’) + X (2-29(2)) +2\L- Z,

where ©F()) is the rational function defined in (3.1).
Theorem 3.5. If L-C; < A < o(S, L, Z) for every i, then DF()/(\, Ly, q) = 5\3()\)

Proof. By [6, Lemma A.3], we have

p*(H1) 'P*(H2) 'P*(H:«;) =H,-Hy  H3— Z (Hl : Ci) (Hz : Ci) (Hs : Ci)

i=1
for any three Q-divisors Hy, Hs, Hs one the threefold X', Therefore, we have

) = (L)' -3 (e

=1

Similarly, as C; are floppable curves contained in a fibre of p, then Kx-C; = 0 = p*(Kp1)-C;
and we have
-~ 2 * 2 *
(E)\) : <K/{;—q (K]pl)) = (E)\) : (KX—p (K]pl)).
Since Ly - C; = L - C; — A, the assertion follows from (2.2) and Lemma 3.1. O

Corollary 3.6. Suppose that L - C; < o(S,L,Z) for every i, and @@@ L,7)) < 0.
Then there is a positive rational number A such that L -C; < A < o(S, L, Z) for every i,
and DF(X, Ly, q) < 0. In particular, the pair (S, L) is K-unstable.
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In this article we will apply this corollary to polarized smooth del Pezzo surfaces.
Which curve Z should we choose in this case? Should it be a (—1)-curve? If the answer
is positive, then which (—1)-curve should we choose? Once the curve Z is chosen, how
should we choose the contraction 7: S — S? Is it uniquely determined by the curve Z?
We will answer all these questions in the remaining part of this article. But first, let us
show how to apply Corollary 3.6 in the simplest case.

Example 3.7 (cf. [6, 6.1]). As in Example 3.2, suppose that S = F;. Let Z be a fiber
of the natural projection F; — P!, let C; be the (—1)-curve, and let 7: S — S be the
contraction of Cp, so that k = 1, S = P2, and Z is a line. Up to positive scaling, either
L ~g —Kg+aC| for some non-negative rational number a < 1, or L ~g —Kg+bZ for some

positive rational number b. In the former case, we have v(L) = & +82:fa2 ando(S,L,Z) = 3,

so that (3.4) gives 5‘5\3’(0(5, L, 7)) =% % < 0. Similarly, in the latter case, we

have v(L) = % and o(S, L, Z) = 3 + b, so that ’i/)\%'(a(g,f,?)) =-%- ;—fg < 0. Thus,
in both cases, the pair (S, L) is K-unstable by Corollary 3.6.

Let us conclude this section by one observation inspired by [17, Corollary 5.29]. To do
this, fix a point P € S that is not contained in the curves Z,C4,...,C). Let g: ' — S
be the blow-up of the point P, and let G be the exceptional curve of the blow-up g.
Denote by Z',C1, ..., C) the proper transforms of the curves Z, (1, ..., Cj on the surface
S’ respectively. Let P = 7(P). Then P ¢ Z, and there exists a commutative diagram

g —" 3
S - S
g
where 7’ is a contraction of the curves C,...,C}, and g is the blow-up of the point P.

Note that the g-exceptional curve is the proper transform of the curve G on the surface
_/ —

S'. Denote this curve by G. Merging this commutative diagram together with the large
commutative diagram (3.3), we obtain the even larger commutative diagram

Tz

S' x P! h S x P! i

& y
g

N

S

Xl
|

X
|
lp
s

X

Tr/ i L

N <~—W0

N

>
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Here h is the blow-up of the curve P x P!, h is the blow-up of the curve P x P!, and the
maps Tz, T, Tr, T, P qp1, Gg's Pst, P and ¢’ are defined similarly to the maps 7,
T, Tr, TF, P, ¢p1, 45, Ps, p and g, respectively. To get their detailed description, one just
have to add / to every geometrical object involved in the definition of the maps 7z, 7,
T, TF, P, qpt, ¢, p and ¢, We leave this to the reader.

To polarize the surface S’, choose a positive rational number ¢, and let L' = ¢*(L) —eG.
Then L’ is ample provided that the number ¢ is small enough. Let us assume that this is
the case. Let Ez be the exceptional divisor of 7z, and let £ = (psr o w2 )*(L') — AEy,
where A is a positive rational number. If A < o(S’, L, Z’), then the divisor £ is p’-ample
by [18, Proposition 4.1], so that (X”, £}, p’) is a slope test configuration of the pair (5", L').
In this case, its Donaldson—Futaki invariant is given by Lemma 3.1. Namely, we have

DF (X', L4, p) = gy(L’) ()\322 —3\°L - Z) + X (2-29(2)) +2\L- Z.

Here we used the fact that the point P is not contained in the curve Z. This assumption
also implies that

lim O’(S,,L/,Z/) =o(S,L, 7).

e—07t
— . —Ko L' — - N :
Moreover, we have v(L) = =£$£ and v(L') = 5~ = IL(QS_iz <. This gives

Corollary 3.8 ([17, Corollary 5.29]). Suppose that A\ < (S, L, Z) and DF(X, Ly, p) <0.
Then A < o(S', L', Z") and DF(X’, L\, p") < 0 for sufficiently small e > 0.

Note that this corollary together with Example 3.2 imply Theorem 1.3. A similar corol-
lary exists for the flopped version of the slope test configuration described in Section 3. To
present it here, let £ = p/ (L)) and L' = «/(L). Then L is ample. Since L-C; = L - C!
for every curve C;, we have

k
L' ~g g'(L) = G ~g () (L) = Y (L~ C)C;.
i=1
By Lemma 3.4, if L-C; < A < (S, L, Z) for every i, then L, is g-ample, so that (2/(\, EA, q)
is a test configuration of the pair (S, L). Similarly, if L-C; < A < a(gl, f,, 7’) for every i,
then £ is ¢’-ample, so that (X”, £}, ¢’) is a test configuration of the pair (S’, L). In this
case, its Donaldson-Futaki invariant DF(X”, £, ¢’) is given by the formula
2 ' 372 2 2 2 ' : 3
§V(L)</\ 7Z* — 3\ L.Z) + X (2 -29(2)) +2>\L-Z+§V(L) > (A-L-Cy)
i=1
by Theorem 3.5. As above, we have
lim 0(5.T.7) = o(35.L,2).
lim oS, L, Z) = o(S, L, 2)

This gives

Corollary 3.9. Suppose that L - C; < X\ < o(S, L, Z) for every i, and ]5?‘(2?, Ly, q) <0.
Then L-C; < X\ < 0(3’,5’,7’) for every i, and DF(X’, L, q") < 0 for sufficiently small €.

We will use this corollary to prove Theorem 1.4.
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4. AMPLE DIVISORS ON DEL PEZZO SURFACES

In this section we describe basic facts about smooth del Pezzo surfaces. The simplest
examples of such surfaces are P?, P! x P! and the first Hirzebruch surface F;. To work
with them, we fix notations that we will use throughout the remaining part of this article.
Namely, we denote by £ the class of a line in P2. For P! x P!, we denote by f; and f,
the fibres of the two distinct projections P* x P! — P!, Similarly, for the surface F;, we
denote by e the unique (—1)-curve in F;, and we denote by f the class of a fibre of the
natural morphism F; — P!.

Remark 4.1. Note that the divisor af; + bfs on P! x P! is nef (respectively, ample) if
and only if @ > 0 and b > 0 (respectively, @ > 0 and b > 0). The classes f; and f; also
generate the Mori cone NE(P' x P'). Similarly, a divisor ae+bf on [F; is nef (respectively,
ample) if and only if b > a > 0 (respectively, b > a > 0). The classes e and f generate
the Mori cone NE(F;).

Now let S be a smooth del Pezzo surface such that K2 < 7, so that S % P?, S %2 P! x P!
and S 2 F,. Then the Mori cone NE(S) is a polyhedral cone that is generated by all
(—1)-curves on the surface S, i.e. smooth rational curves with self-intersection —1. Recall
that there is a finite number of (—1)-curves on any del Pezzo surface. The description of
these curves is well-known. Nevertheless, we decided to partially present it here, because
we will need this description later.

First, we choose a birational morphism v: S — P? that contracts 9 — K% > 2 disjoint
(—1)-curves. Such morphism always exists, since we assume that K2 < 7. However, it
is never unique for K2 < 6. We let r = 9 — K2, and denote the v-exceptional curves
by Ei,...,E,.. Let L;; be the proper transform of the line in P? that contains the points
v(E;) an y(E;), where 1 < i < j <r. Then

Lij ~v*(1) - Ei = Ej,

and each L;; is a (—1)-curve. In fact, if r < 4, then these are all (—1)-curves on S aside
of the curves Ey, ..., E,. If r > 5, let Cj,i,i,i,i; be the proper transform of the conic in P?

O """ N’}/*<2l) _Ei1 _Ez _Ez

1112131415

. — B, — E;

If r =5 or r =6, then C;, L;;, E; describe all the (—1)-curves in S. If r = 7, then we
denote by Z; the proper transform of the cubic in P? that contains the points v(E}),
Y(E2), v(E3), v(Ey), v(Es), v(Fs), v(E7), and Z; is singular at the point v(E;). In this
case, each Z; is a (—1)-curve, and

5°

ZiNV*(SZ)_<E1_EQ_E3_E4_E5—E6—E6—E7>—Ei.

We have described all (—1)-curves on S in the case when K% > 2. If K% = 1, then S
contains many more (—1)-curves. For example, the class

’Y*<3l)—(El—E2—Es—E4—E5—E6—E6—E7—E8>—EZ-+E]-
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contains a unique (—1)-curve for every ¢ # j, which we denote by Z;;. This curve is the
proper transform of the cubic in P? that contains all points v(E;), v(Es), v(E3), v(Ey),
Y(E5), v(Es), 7(E7), 7(Es) except for v(E;), which is singular at the point v(E;). There
is also a unique (—1)-curve defined in each of the following classes:

8
V@)=Y B -E -E-E, 1<i<j<k<s,
=1
8 8
V(=Y E-Y B 1<i<j<3,
i =

8
V(6l)-E;—2) B 1<i<8,
=1

completing the description of all (—1)-curves when K2 = 1.

Let L be an ample Q-divisor on the surface S. Then L - C > 0 for every (—1)-curve C
on the surface S. In fact, the latter condition is equivalent to the ampleness of the divisor
L. Moreover, we have

T
(4.1) Loy (el) =) ek
i=1
for some positive rational numbers €, 1, . . ., .. Unfortunately, this Q-rational equivalence

is not canonical, since the contraction v is not unique for K% < 6. There is a better way
to work with ample divisors on S. To present it, we let

= inf{)\ € Qso ] Ks+ AL € W(S)}.

Then py, is a positive rational number, known as the Fujita invariant of (S, L). Let Ap
be the smallest face of the Mori cone NE(X) that contains Kg + prL. If Ay = 0, then
prl ~g —Kg. If dim(Ap) # 0, then Kx + prL is a non-zero effective divisor. Applying
the Minimal Model Program, we obtain a morphism ¢: S — Y where Y is smooth and
such that ¢ contracts all curves contained in Ay, i.e. ¢ is the contraction of the face Ay.
Then either

e ¢ is a birational morphism that contracts dim(Ay) < r disjoint (—1)-curves, or
o dim(Ar) =7, Y =2 P! and general fiber of ¢ is P!, i.e. ¢ is a conic bundle.

It seems quite natural to split ample divisors in Amp(S) according to the type of
contraction ¢. However, we prefer to use a slightly different splitting into types that is
based on the contraction of one of the largest faces of the Mori cone NE(S) that contains
Kx + pur L. Namely, observe that if ¢ is birational and Y = P! x P!, then

r—1

(4.2) prL ~g —Ks+ > a;F;,

=1



14 IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA

where Fy,..., F._; are disjoint (—1)-curves contracted by ¢, and each a; is a positive
rational number such that a; < 1. Similarly, if ¢ is birational and Y % P! x P!, then there
exists a (possibly non-unique) birational morphism v : Y — P? such that the composition
1o ¢ is a contraction of r disjoint (—1)-curves Fi, ..., F,, which generate a maximal face
of the Mori cone NE(X) that contains Kg 4 pz L. In this case, we have

,
(4.3) prl ~g —Ks+ Y a;F;,

i=1
where each a; is a non-negative rational number such that a; < 1. Observe that F; € Ap,
if and only if a; > 0, and, a priori, the contraction 1 o ¢ does not need to coincide with

7. Note that in both cases, we have a very simple formula for the slope v(L) of the pair
(S, L). Namely, we have

—KS . L d + Zz 1 @i

R d+221 D

If ¢ is a conic bundle, then Y = P! and A} is a maximal face of the Mori cone NE(X)
that contains Kx + pz, L. Note that the morphism ¢ has exactly r — 1 = 8 — K2 reducible

fibers, each of them consisting of two (—1)-curves, and the face Ay is generated by these
(—1)-curves. Then we have

v(L) =

r—1
(4.4) prL ~q —Ks+bB+ Y a;F,
i=1
where B is a general fiber of ¢, and Fi, ..., F,_; are disjoint (—1)-curves contained in the

singular fibers of ¢, each a; is a non-negative rational number such that a; < 1, and b is
a positive rational number. Then

—Kg-L d+2b+30" ) a
L? d+4b+2221a1—2211a2

In addition, there exists a commutative diagram

(4.5) S
% ¢
g v/ \Pl

where 1) is a birational morphlsm that contracts the curves I, ..., F,._q, and w is a natural
projection. Then either S 2 F; or § = P! x P!. Observe that the morphism v in (4.5) is
uniquely determined by L only if every a; in (4.4) is positive. Thus, if at least one of the

v(L) =

numbers a, . .., a,_1 in (4.4) is not positive, then we may assume that S = P! x P!.

Definition 4.2. We say that
e the divisor L is of P2-type if ¢ is birational and Y % P! x P!;
e the divisor L is of P! x P!-type if either ¢ is a conic bundle and S = P! x P!, or
¢ is birational and Y = P! x P!,
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e the divisor L is of Fi-type if ¢ is a conic bundle, = Fy, and every a; in (4.4) is
positive.

We will always assume that 0 < a; < --- < a, < 1if L is of P2 -type. Similarly, if L is
of P! x P'-type or of Fi-type, then we will assume that 0 < a; <--- < a,_1 < 1.

Remark 4.3. Suppose that L is of P! x P!-type. Then we can combine numerical equiv-
alences (4.2) and (4.4) together by allowing b to be zero in (4.4). Thus, if b = 0 in (4.4),
then f is birational and Y = P! x P!, so that every a; in (4.4) is positive.

If K2 =7, then r = 2, and 7 is uniquely determined. Thus, if L is of P*-type, then we
may assume that I} = E; and Fy = F5. Similarly, if L is F;-type, then we may assume
that Iy = ;. If L is of P! x Pl-type, then F} = Ly5. In this case, we may assume that
B~ L12 + El ~ ’}/*<l) - EQ.

If K2 < 6, we can choose the contraction v: S — P? according to the type of the divisor
L. Namely, if L is of P*-type, then we can assume that v = 1) o ¢ and E; = F; for every
i. Similarly, if L is of either F;-type or P! x Pl-type, then we can assume that

B~ Llr + El ~ ’}/*(€> - Er,

so that B is a proper transform of a general line in P? passing through the point v(E,).
Similarly, if L is of Fi-type, then we can assume that F; = F; for every i such that
r—1>1i > 1, so that v is a composition of ) with the birational morphism F; — P2,
which contracts the curve (FE,). If L is of P! x Pl-type and r = 3, then we can assume
that I} = E; and Fy = Lo,. Finally, if L is of P! x P!-type and r > 4, then we can assume
that Fy = Ey, F5y = Ls,., and F; = E; for every i such that r — 1 > i > 3.

Let us illustrate the introduced language by two examples that show how to apply
Corollary 3.6 to the pair (S, L) in the case when S is toric (cf. Examples 3.2 and 3.7).

Example 4.4. Suppose that K2 = 7. Let Z = L5, C; = E;, Cy = E, S = P2, and
let 7: S — S be the contraction of the curves C; and Cy and Z ~ [. Then we can use
the notations and assumptions of Section 3. We claim that there is a positive rational
number A such that L-C; < A\, L-Cy < A\, A < (S, L, Z) and DF(X, Ly, q) < 0, which
implies, in particular, that (S, L) is K-unstable. By Corollary 3.6, it is enough to show
that L-Cy < 0(S,L,Z), L-Cy < o(S,L,Z), and 55?5’(0(?,3,7)) < 0. To do this, we
may assume that p, = 1. Using (3.4), we see that

5\3()\):I/(L)<—3)\2L-Z—)\3+()\—L-Cl)3+()\—L-C2)3>+2)\2+2)\L-Z.
J =

L -
7.7)

If L is of P%-type, then
which implies that o(S,

1—|—CL1—|—CL2,L'ClIl—al,L'ngl—(lg,zNQ?)g,
3>L-Cy>L-(Cy, so that

95(c(5,L,2)) = 2 (1 + a1 +ap)(a} + 3a} — 6araz + 6a; + a3 + Gay + 3a3 — 14) -0
3 7+2(a; + a) — a3 — a3
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because

a3 + 3aj — 6aas + 6a; + ay + 6ay + 3a5 — 14 = —(ay — a;)*—
- 3(1 - CLQ)(CLQ - CL1)2 - 3(&2 - al)(l - a2)2 - 6(&2 - al)(l —as + al)—
—2(1 —ay)® — 3(ay — a1)as — 3(1 — az)(a; + ay +4) < —2(1 —ay)® < 0.

IfLisofIFl—type,theg[i-g:l%—al,L-Clzl—al,L-ngl—l—bandiQ(B—i-b)E,
which implies that o(S,L,Z) =3+b> L-Cy > L- (Y, so that
o~ o — 2 1+ a4 2 IT+a 2 2
2 S, L.7Z))=—- - 3a; — 3)b
SO L 2) = 3 o — @ T 3T bt om0 A
2 1—|—CL1

37+ 4b + 2a; — a2

Finally, if L is of P! x P'-type, then L-Z =1—ay, L-Ci =14a;, L-Co =1+ a1 +b
and L ~q (3 + b+ a;)l, which implies that o(S,L,Z) =3+4+a+b>L-Cy > L-Cy and
—~ 2 (a; — 1)(2a3 + 4a2b + 3a1b* 4+ 10a? + 16a1b + 3b* + 22a; + 16b + 14)

DF(0(S, L, 2)) = =
8(o(8,L,2)) = 3 7T+ 4b+ 24 — ’

((—16 — 6ay + 1202 + 2a3)b — 8a1 + a? + 942 + 4a® — 14) <.

so that 35\8(0(3 L,7)) <.

Example 4.5. Suppose that K% = 6. Then it follows from [23] (see also [12, Example 3.2])
that (S, L) is K-polystable if and only if £1 = €3 = 3 or € = €1 + &3 + &5 in (4.1). Thus,
if L is of P%-type, then (S, L) is K-polystable if and only if a; = ay = a3, because

g, =L -F; = L= a
228
and e = L-v*(1) = u% in this case. Similarly, if L is of Fy-type, then e; = 1;;“, €9 = 1;32
and g3 = L—*Lb and € = i—J;l’, which implies that (S, L) is not K-polystable, because a; > 0,
as > 0 and b > 0 in this case. Finally, if L is of P! x P!-type, then ¢, = 1;;“, €9 = %,

g3 = HZ—EH’ and € = SJ“S—EM, so that (S, L) is K-polystable if and only if a; = as. Thus,
we see that (S, L) is K-polystable if and only if either L is of P%-type and a; = ay = as,
or L is of P! x P-type and a; = as. In fact, if none of these conditions is satisfied, then
(S, L) can be destabilized by the flopped version of the slope test configuration described
in Section 3. To show this, let Z be one of the (—1)-curves on the surface S, let C; and
Cy be two disjoint (—1)-curves that intersect Z, and let m: S — S be the contraction
of the curves C; and Cy. Then S =2 F; and Z ~ f + e. Let us use the notations and
assumptions of Section 3. As in Example 4.4, it is enough to show that we can choose
Z such that L-Cy < o(S,L,Z), L-Cy < 0(S,L,Z) and ®F(c(S,L,Z)) < 0. To do
this, we may assume that pu; = 1. If L is of P?-type, then we let Z = Ly, C; = E; and
Cy=FEy sothat L-Z=14a;+as, L-Cy =1—ay, L-C’gzl—ag,7~f+eand
L ~q (2 + as)e + 3f, which implies that

0(?,5,7):2+a3>L-C’2>L-C’1,
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and it follows from (3.4) that
2(@1 + as + CL3>h1(CL1, as, a3)
3(6 +2(ay +as + az) —a} — a3 — a3)’

where hy (a1, ag, a3) = a3 +a3—2a3+3a?—6aias+3a1a3+3a3+3aza3 —6a3 +3a; +3a2 —6as.
If a; < as, then

53(0(3.1.2)) -

hi(a1,as,a3) = —3a2(ay — ay) — 6a3(as — az) — 3a1(ag — a1)* — 12a1(ay — a1)(as — az)—
—6a1(as — az)?® — (ay — ay)® — 6(ay — a1)*(as — az) — 6(ay — ay)(as — az)*—
—2(as — az)® — 3a1(ag — ay) — 6a1(az — az) — ay — a1)(az — az)—
—6(as — az)® — 3(ay — a1) — 6(as — as) < 3(ag — ay) — 6(asz — az) <0,
so that 2‘5\3'(0(5 L,Z)) < 0 in this case. Similarly, if L is of Fi-type, we let Z = L3,
Cy=F;and Cy = E3,sothat L-Z =1+a, L-Cy =1—ay, L-Cy =1+, 7 ~ e+ f and

L ~g (2+b+as)e+ (3+b)f, which implies that o(S, L, Z) =2+b+ay > L-Cy > L-CY,
so that

= m TS 2(a1 + az)ha(ay, as, b)
D S, L,
8 (o ) = 3(6 +4b+ 2(ay + az) — af — a3)’
where hs(ay, ag, b) is the polynomial
3(ay — ag)b® + (247 + ayay — 4a5+9(ay — ay) — 3)b+aj — 2a3 + 3a] + 3a,ay — 6a3 + 3a; — 6as.

Since a; < ag, it follows that h(aj, as,b) < 0 unless b = a; = a; = 0, and we conclude

that DF(c(S, L, Z)) < 0 in this case as well. Finally, if L is of P! x Pl-type, let Z = E,
01 = L13 and CQ = ng, so that L - Z—l—al, L - 01 = 1+CL1, L - 02 = 1+b+CL1,
~f+eand L ~qg (2+b+a; +ax)e+ (3+b+ap)f, so that

(SLZ)—2+b+a1+a2>L 02 L- Cl,
which implies that

—~ 2(ay — as)hs(a, as, b)
L 7)) =
D5 L. 2) = 365 b1 200 T ) — @ — )’

where hs(ay, as, b) is the polynomial

2a% + 4a? + 4a3b + 4afas + Tajash + 3a,b* + 2a3 + 4a3b + 3amb®+
+ 6a? + 4a3a; + 12a1a5 + 9a,b + 6a3 + Yagh + 6a, + 6ay + 3b.

This shows that 5&'(0(3, L, 7)) < 0 provided a; # as.

Proof of Theorem 1.4. The assertion follows from Example 4.5, Corollary 3.9 and the fact
that S is a del Pezzo surface. O

In the remaining part of this article we will apply Corollary 3.6 to the pair (S, L) in
the case when S is not toric. To do this in a concise way, we need to prove several very
explicit technical results about polarized del Pezzo surfaces. We will do this in the next
section.
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5. SESHADRI CONSTANTS AND PSEUDO-EFFECTIVE THRESHOLDS

Let us use all assumptions and notations of Section 4. Suppose, in addition, that
K2 < 5, so that S is not toric. In this case, the group Aut(S) is known to be finite, and
the pair (S, —Kg) is K-stable by Tian’s theorem [20].

Let Z be a (—1)-curve in the del Pezzo surface S, and let p be a positive rational
number. In this section, we study numerical properties of the divisor L — uZ. Since this
problem depend on the scaling of L in an obvious way, we will assume, for simplicity, that
that the Fujita invariant of the pair (S, L) equals 1, i.e. up = 1.

The first threshold that controls the numerical properties of the divisor L — pZ is the
Seshadri constant o (S, L, Z). In our case, it can be computed as follows:

L-C
Z-C

(5.1) o(S,L,7) = min{

C'is a (—1)-curve on S such that C'N Z # (Z)}.

Using this formula, one can easily compute o(S, L, 7). The second threshold one can
relate to the triple (S, L, Z) is the pseudo-effective threshold 7(S, L, Z) defined in (3.2).
Observe that o(S, L, Z) < 7(S, L, Z).

Remark 5.1. It S 2 P! x P! or S =2 P2, then 7(S, L, Z) = 0(S, L, Z). Similarly, if S = F,

and o(S,L,7Z) = é—:;, then o(S,L,Z) =7(S,L, 7).

For the simple reason of applying results of Section 3 to the pair (S, L), we are mostly
interested in the case when o(S,L,7) < p < 7(S, L, Z). Because of this, we will always
assume that

0(S,L,2) < p < 7(S, L, 2).

Then L — pZ is a pseudo-effective divisor. Moreover, it is not nef if p > o(S, L, 7).
Taking its Zariski decomposition (see [11, Theorem 1:2.3.19]), we see that there exists a

birational morphism 7: S — S that contracts k > 0 disjoint (—1)-curves C, ..., Cj such
that
k
(5.2) L—pZ ~gn*(L—pZ) + Z ¢;iCi,
i=1
where L = 7,(L) and Z = 7(Z), the divisor L — puZ is nef, and cy, . .., ¢; are some positive

rational numbers. Then S is a smooth del Pezzo surface, KZ= Kg+kand 7' =—1+k
Note that k = 0 if and only if the divisor L — 2 is nef. In this case, the morphism 7 is
an isomorphism. If & > 1, from (5.1), we see that

L-C;
>
7., >o0(S,L,7)

c(S.T.7) > >

L-Ci < L’Cj
7Z.C; X 7.0

for every ¢. Without loss of generality, we may assume that for i < j.

Remark 5.2. Let C4,...,C,, be disjoint (—1)-curves on S such that C;-Z =1 for every 1.
Let n: S — S be the contraction of the curves C,...,Cy,, let L = n.(L), and let Z =
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n(Z). Then Z is smooth and

m

(5.3) L—0(S,L,2)Z ~gn'(L—0(S,L,Z2)Z)+> (0(S,L,Z) - L-C;)C:.

=1

Suppose that o(S, L, Z) > L-C; for every 7, and suppose also that o(S, L, Z) = 7(S, L, Z).
Then 7(S,L,Z) = o(S, L, Z). Moreover, if we also have o(S,L,Z) > L - C; for every i,
then (5.3) is the Zariski decomposition of L — 7(S, L, Z)Z. In this case we may assume
that 7 = 7, because the Zariski decomposition is unique by [11, Theorem 1:2.3.19].

In Section 6, we will apply Corollary 3.6 to the pair (S, L) using the curve Z, the
contraction 7: S — S, and a positive rational number A such that 0 < A < p. To do
this we need the curve Z to be smooth. This is always the case when Kg > 3, because
then any two (—1)-curves intersect at most at one point. However, this is an additional
condition in the case K2 < 2. Recall that we assume that K2 < 5.

Lemma 5.3. Suppose that L is of P*-type, Z = Ey, = 7(S,L,Z) and

' ; if Ki =1,

g if K3 =2,

(5.4) ag = % if K2 =3,
Lo

3 if Kg =4,

|0 if K§=5.

Then k =1r — 1, we may assume that C; = Lqy, Cy = L13, C3 = Lyg,...,Cy = Ly, and

U(S,L,Z):L-L12:1+a1+a2<L-L13:1+a1+a3<~~
---<L-L1r:1+a1—|—aT<2+a1:0(§,f,7) =71(S,L, 7).

If K2 is even, then S = . If K2 is odd, then S = P* x P'. The curve Z is smooth.

Proof. Let n7: S — S be the contraction of Lis, . .., Ly, let L = n,(L), and let Z = 5(Z).
Then Z2 = r — 2, and the curve 7 is smooth. Moreover, either S = [Fy or S~ Pl x Pl
In the former case, we have n(E;) ~ f for every i > 2. Similarly, in the latter case, we
may assume that n(E;) ~ fy for every i > 2.

Suppose that K% is even. Then there is a (—1)-curve F C S disjoint from the curves
L12, ey Ll?"y which 1mphes that g = Fl and T](E) ~ €. Indeed, if Kg« = 4, then £ = 012345.

Similarly, if K% = 2, then F = Z;. Moreover Z - f = 1, from which we can deduce that
Z ~e+ % f, which in turn implies that

r—1 d
L ~q (2—|—a1)e—|—<3+ 5 a1+Z;ai>f.
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Using Remark 5.1 and inequality (5.4), we conclude that

_~ o~ ~ — e~ 3_|_ﬂa +ay+---+a,
i { 2“1 T712 ’2_‘_&1}:2_‘_&1.

2

Suppose now that K2 is odd. We claim that the surface S contains an irreducible curve
C such that n(C) - n(Ey) = 1 and n(C) - n(C) = 0. Indeed, if K2 = 1, then C' = Z; 5.
Similarly, if K2 = 3, then C' = Cla345. Finally, if K2 = 5, then C' = Ly3. Thus, we see
that S 22 P! x P!. Then Z ~ fi+ %fg, which implies

— 2CL1 + Z%)fz
i=2

Lrg@ta)fi+ (2+

Using Remark 5.1 and (5.4), we deduce that

r—2

T<§,z,2):a<§,z,z>=mm{“ Pt ”*,zm}:zm.
2

Hence, we see that T(g, Z, Z) = a(g, Z, Z) = 2+ a7 in all cases. On the other hand,
we have

(5.5) L—24a)Z~gn(L—2+a)Z +Zl—alL1,

Using Remark 5.2, we sece that = 7(S,L, Z) = 0(S,L,Z) = 2 4 ay, and (5.5) is the
Zariski decomposition of the divisor L —pZ. Since the Zariski decomposition is unique by
[11, Theorem I:2.3.19], we may assume that = 7 and S = S, so that k = r — 1. Hence,
we may also assume that Cy; = Lia, Cy = L3, C3 = Lyy4,...,Cy = Ly,.. Note that (5.5)

and (5.1) imply that o(S, L, Z) = 1+ a; + as. O
Lemma 5.4. Suppose that L is of Fi-type, Z = Ey, u=7(S, L, Z) and
5— K?
5.6 > =
(56) 26— K?2
Then

o(S,L,Z) = L-Li, = 14+a; < L-Ly; = 14+b+a1+a; < 24a1+b=0(S,L, Z) = 7(S,L, Z)

Jor every i such that 2 <i <r. One has k =r—1, Cy = Ly, and C; = Ly; forr >1i > 2.
If K% is even, then S = Fy. If K% is odd, then S =P' x P'. The curve Z is smooth.
Proof. Observe first that 2+ a; + b > L - Ly; for every ¢ > 2, because

r—1

L~g—Ks+ ) a;E;+b(Ly, + Ey).

=1

Let n: S — S be the contraction of the curves Ly, . .., Ly,, let L = n,(L) and Z = n(Z).
Then Z is smooth and Z2 = r — 2. Moreover, either S I or S = P! x P! Furthermore,



UNSTABLE POLARIZED DEL PEZZO SURFACES 21

if K2 =9 —r is even, then 72 is odd, so that S = . Arguing as in the proof of
Lemma 5.3, we see that § = P! x P! if K2 is odd. Let E; = n(E;). Then

Oifi>2and 5 >
Ei-Ej: 1lf]>Z:101"2>j:1,
r—2ifi=j5=1

Therefore, if S = IFl, then Z = Ey ~ e+ " f and E ~ f for every ¢« > 2. In this case,
we have 1,(B) ~ Z, so that

~ T
L~(2~|—b+a1)e+<3—|— 5 b+ 5 a1+ag+---~|—ar_1>f,

which implies

24520+ Fay +ag + -+ an_
T(S,L, Z) = O’(S, L, Z) = min{2+b+a1, 2 2 :72 2 1} = 2+b+ay,
2

because of (5.6) and Remark 5.1. Slmllarly, if § = P! x P!, then we may assume that
E ~ fy for every i > 2, so that Ey ~ fi+ = fg In this case, we have

~ r—1_ r
L~(2+b—|—a1)f1—|—<2+ 5 b+ 5 a1+a2+"'+@r—2>f27

which implies that 7(S, L, Z) = o(S, L, Z) = 2+ b+ ay, because of (5.6) and Remark 5.1,
On the other hand, we have

(57)  L—(@2+b+a)Z~gn (L—(2+b+a)Z)+ Y (2+b+a — L+ L)Ly

=1

Using Remark 5.2, we see that 7(5, L, Z) = 24+b+ay, and (5.7) is the Zariski decomposition
of the divisor L — puZ. Since the Zariski decomposition is unique, we may assume that
n=mand S =5, sothat k =r —1, C; = Ly, and C; = Ly; for for every i such
that 2 < ¢ < r. Thus, to complete the proof of the lemma, we have to show that
0(S,L,Z) =1+ a;. This follows easily from (5.7) and (5.1). O

Lemma 5.5. Suppose that K2 =5, L is of P' x P'-type, Z = Ey, u=17(S,L,Z). Then
o(S,L,Z)=L-Lyy=14a <L-Lis=1+b+a <
SL-Lis=1l+b+ta+a+a3<2+b+a+a=0(S,L,Z)=1(5L,2).
Moreover, one has k=3, S =P! x P!, C, = Ly, Cy = L1s, C5 = L.
Proof. Recall that
L ~g —Kgs+ a1 Ey + as Loy + a3 + b(Lyz + Ey),

and the only (—1)-curves on the surface S that intersect Z are the curves Lis, Li3 and
Ly4. Intersecting L with these curves, we see that o(S,L,Z) =L - L1y =1+ a; by (5.1).
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Let : S — S be the contraction of the curves Lia, L1z and Lyy. Then S =~ P! x P!
Let Z = n(Z), Ly = n(L24) and By = n(Es) . Then L24 Es =1 and L24 — E2 =0.
Thus, we may assume that L24 ~ fl and E3 ~ f5. Since Z 72 — 2, we have 7 ~ ~ f1+ fo.

Let L = n,(L). Since ,(B) ~ Z, we have

L ~Q —K§ —f- (b —I— (11)2 —f- CLQZQ4 —f- agﬁg ~Q (2 + b + aq —f- ag)fl + (2 —I— b + aq + ag)fg,
so that a(g, L, 2) = T(g, L, 2) =2+ b+ a; + ay. Moreover, we have

(5.8) L—(2+b+a+a)Z~gn (L—2+b+a+a)Z)+
+24+b+ar+ay—L-Liyy)Liya+ (2+b+a;+as— L-Lig)Lia+
+(2+b+ay+ay— L Li3)Lys.
Using Remark 5.2, we see that 7(S,L,Z) = 2 + b+ a; + ag, and (5.8) is the Zariski

decomposition of the divisor L — uZ, so that k£ = 3. Thus, we may assume that n = m,

g = g, and also Cl = L14, CQ = L12 and 03 = L13. O
Lemma 5.6. Suppose that K2 =4, L is of P' x P'-type, Z = Ey, u=17(S,L,Z). Then

U(S7L7Z):L'L15:].+CL1 L'L12:1+b+a1\
<L -Lis=14+4b+a1+as+tas<L-Liy=14+b+a1+as+tas <

3
<min{§+b+al+w

,2—|—b+a1+a2} :a(?,f,?) =7(S,L, 7).
Moreover, one has k > 4, Cy = L5, Cy = L1y, C3 = Li3, Cy = L1y and

(a) either k=4, S =TFy, a3 +ay > 1+ay and 7(S,L,Z) = 2+ b+ a, + ay,

(b) 07‘1{3—5, C5—Cl2345,S—IP>,a3+a4<1+a2, and

as + az + ag

3
L'C'12345=1+b+a1+a3+a4<T(S,L,Z):§+b+a1+ 5

Proof. Recall that

L ~Q _KS —+ a1E1 -+ a2L25 —+ Z CLiEi -+ b<L15 + El)
=3

Observe that the only (—1)-curves on S that intersect Z are the curves Fy, Lis, L13, L1,
Lys5 and C9345. Intersecting the divisor L with these curves, we get
L-Lis=14+a;<L-Lis=1+b+a1<L-Lis=1+b+a;+as+a3<
KL-Liyy=1+b+ar+ay+ays <L -Ciazas =1+b+ay +az+ aqg,
which implies that o(S, L, Z) = 1+ a; by (5.1).

Note that the curves Lia, Liz, Lia, L1 anfl Cl2345 are disjoint. Let n: S — P2 be the
contraction of these curves, L = n,(L), and Z = n(Z). Then Z is a conic and

L ~g (34 2b+ 2a;y + as + as + ay)l,
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so that (S, L,2) = 7(S,L, Z) = 34 b+ ar + 28t Moreover, az + 1 > az + ay, if
and only if 0(S, L, Z) > L - Cias45 = 1 + b+ ay + az + a4. Observe that

(5.9) —U(SLZZNQZ< (S.L,Z) - L-Lu)Lli—l—

+ (O’(g, Z, Z) —L- Cl2345> C12345.

Using Remark 5.2, we see that if as+1 > az+ay, then 7(S, L, Z) = T(§, L, Z) = 0(5, L, Z),
so that (5.9) is the Zariski decomposition of the divisor L — uZ. Hence, if ay+1 > ag+ay,
then we may assume that n = m, S = S, Cy =Lz, Cy = Ly, Cy = Ly3, C4y = Ly and
Cs = Cla345.

To complete the proof, we now assume that as + 1 < az + ay. Let v: S — Fy be the
contraction of the curves Lis, Li3, L4 and L5, let L= v,(L) and 7 = v(Z). Then

(510) L—(2+b+a;+as)Z ~gu*(L— (2+b+a;+a)Z)+
+(2+b+a1+a2—L-L15)L15~|—(2—|—b+a1+a2—L-ng)Lm—{—
+2+b+ar+ay—L-Lig)Liz+ (2+b+ a1 +ay — L - Li4) L,

where the coefficients on the right hand side of (5.10) are all positive. Furthermore,

o(E;) ~ fifi>2, 0(Es)- Z =1and Z2 = 3, so it follows that Z ~ e + 2f. Similarly
o(Las) ~e+ f. Hence, we have

ZNQ (2+b—|—a1+a2)e+(3+2b+2a1+a2+a3+a4)f.
Since 1 + ay < az + ay, it follows from Remark 5.1 that
J(S,L,Z) :T<S,L,Z) =2+b+a;+ as.

Using Remark 5.2, we see that 7(S, L, Z) = 2+ b+ a; + ag, and the Zariski decomposition

of the divisor L — uZ is given by (5.10). Hence, we may assume that v = 7 and S=75, so0
that £ = 4 in this case. Moreover, we may also assume that C; = L5, Cy = Lig, C3 = L3
and Cy = Ly4. This completes the proof of the lemma. O

Lemma 5.7. Suppose that K% =3, L is of P' x P'-type, Z = Ey, u=17(S,L,Z). Then
J(S,L,Z):L-L16:1+a1\L~L12:1—|—b—|—a1\
KL-Lis=14b+a14+as+a3s<L-Lyy=14+b+a;+as+ay <

as + a3z + ag + as
2

gmin{1+b+a1+ ,2+b+a1+a2}—0(§,z,7)—T(S,L,Z).

Moreover, one has k > 1, Cy = Lig, and one of the following cases holds:

(@) ifay =as=a3=a4=a5=0, thenk =1 and p =1+ b,

(b) ifas =az3=ay =a5 >0, thenk =2, Co = L1s and p =1+ b+ ay + 2ay;

(c) if ag = az < ay = a5, then k =3, Cy = Lyg, C3 = L1z and p =14+ b+ a3 + as + as;

( ) Zfa2+a5 = a3+ a4 and ay < G5, then k = 4, 02 = ng, 03 = L13, 04 = L14 and
p=1+b+a +as+as;
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()zfa2+a5<a3+a4 anda3+a4+a5<2+a2, thenk:—5 CQ—ng, Cg—ng,
Cy= L, Cs=Ly5, S = IF’lxIP’land,u—l—i—b—i—a—l—w'

(f) ifaz +as < az+aq and az + ay +as = 2+ as, then k =5, Cy = L1y, C3 = L3,
O4ZL14,C5:L15,§:P1X]P)1 andu=2+b+a1—|—a2;

(9) if ag + a5 > az + aq, then k =5, Cy = Ly, C3 = L3, Cy = L4, C5 = Clogag, S =4
and p1 =14 b+ ay + wFeatastes,

Proof. Recall that

5
L ~Q _KS -+ a1E1 + (IQLQG + Z CLiEi + b(Llﬁ —+ El)
i=3
Observe also that the only (—1)-curves on S that intersect Z are the curves L, L3, L1,
Lys, Lis, Ch23ss, Ch2as, Cl23s6, Cr2as6 and Cizase. Moreover, we have

L-Lig=1+a1<L-Liz=14+b+a1<L-Lizs=1+b+a;+as+az<
<L -Lyy=1+b+a+ay+as <L -Ciazu¢=1+b+a;+as+as <
SL-Cigss=1+b+ar+az+as < L-Cragse =1+b+a;+as+as <
< L-Cizgs6 = 1+b+aytaz+az+as+as < L-Crazas = 14+ 2b+ay +az + az + as + as,

and L - L14 L. L15 = 1—|—b+a1+a2+a5 NS L- 012356 Then O'(S L Z) = 1+CL1 by (5 1)

If ag +as < az+ aq, let n: S — S be the contraction of the curves Lig, Lio, L1, L1y
and Li5. Similarly, if as +as > a3+ a4, let n: S — S be the contraction of the curves Lqg,
Lia, Lz, L1y and C1a3s6. In both cases, let L = n«(L) and 7 = n(Z). Similarly, denote
by L%-, E'g7 E4, E5 and 012345 the images on S of the curves Log, B3, Ey, E5 and o35,
respectively. If ay 4 a5 < a3 + a4, then 72 =4 I% =2 E2=E? = E2 = 0122345 =0,
Z-F53 =1, the curves Es, E, and E5 are disjoint, and 612345 E, =1, so that S P! x P!,
In this case, we may assume that Ey~ Ey~ By ~ f2, which implies that Z ~ fi+2f

and ng ~ f1 + f2, so that
Lrg (24 b4ay+a)fi + (2+ 2b+ 2a1 + ag + a3 + ag + as) fa,

which in turns implies that

o(8.1.2) =7(5.1,2) = min {24 b+ a1+ ap, 14 b o 2T WL

2

Slmllarly, if as +as > ag + ag, then 72 = 4, E2 = —1, L%G Ez Ez = 1, and
E5 L26 = E5 E3 E5 E4 =7. E5 =0, which implies that S = [F; and E5 ~ e. In this
case, we have 7 ~ 2e + 2f and L26 ~ E3 ~ Ey ~ e+ f, so that

LNQ (24 2b+42a; + ag + a3 + ag + as)e + (3 4+ 20+ 2a1 + as + a3 + aq) f,

which also gives o(S, L, Z) = 7(S, L, Z) = 1 + b+ a; 4 2F%tatas by Remark 5.1,
If as + a5 < as + a4, then

610 L 0B LA ~o (I~ 0(B.L2Z) + 3 (6B L2) ~ L+ L)

1=2
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and the coefficients in front of each Ly; in (5.11) are all non-negative, so that Remark 5.2
gives 7(S, L, Z) = a(g, L, Z) Moreover, if ay + a5 < as + a4, then all coefficients in front
of each Ly; in (5.11) are positive, so that (5.11) is the Zariski decomposition of the divisor
L — pZ by Remark 5.2. In this case, we may assume that n = 7 and S = S, C1 = Ly,
Cy = Ly, C3 = L1z, Cy = L4 and C5 = Ly5, which gives us the cases (e) and (f).
Similarly, if as + a5 > a3 + aq, then 7(S, L, Z) = 0(5, L, Z) by Remark 5.2, since all the
coefficients in front of the right hand side of

(5.12) L-0(5,L,2)Z ~ou'(L-o(S.L2)Z) + (0(S,L,Z) = L Lug) Lo+
+ Z ( S L, Z —L- Lli)Lu + (a(g, L, Z) - L- 012346>0123467

are positive. Using Remark 5.2 again, we see that if as + a5 > ag + a4, then (5.12) is the
Zariski decomposition of the divisor L — uZ. In this case we may assume that n = ,
S = g, Cl = L16, 02 = L12, 03 = L13, 04 = L14 and 05 = 0123467 which giVGS us the

case (g).
To complete the proof, we may assume that as+as = az+as. Then yp = 1+b+a+as+as,

so that (L_/,LZ>L16 =—b—ay—az < 0, (L-/LZ)ng = —a9—as, (L—MZ)ng = as—as
and (L —puZ)- L1y = ay—as. Let v: S — S be the contraction of the curve Lig, and those
curves (if any) among Lo, L13 and Ly, that have negative intersection with L — 2. Let

L= v.(L) and Z = v(Z), so that

4
(5.13) L—pZ ~qu'(L—pZ) + (u—L-Lig)Lig+ Y _(n— L+ L)Ly,
=2

By Remark 5.2, the Zariski decomposition of the divisor L — uZ is (5.13), so that we may
assume that n = m, S =S and Cy= L. f p—L-Lis =0, then k£ = 1, which is case
(a). Moreover, if p — L - Ly > 0, then k£ = 4, and we may also assume that Cy = Ly,
C3 = L3 and Cy = Ly4, which is case (d). Similarly, if y— L- L1y =0and p— L-Ly3 > 0,
then k = 3, and we may assume that Cy = Lj5 and C3 = Li3, which is case (c). Finally,
if p—L- L13 =0, then k£ = 2, and we may assume that Cy = Lq5, which is case (b). This
completes the proof of the lemma. O

If K% =2, let us denote the (—1)-curve curve Z; also as Zi.

Lemma 5.8. Suppose that K2 < 2, L is of P! x P*-type, and Z = E,. Then

o(S,L,Z)y=L-Li,=1+a3 < L-Lis=1+b+a; <
KL -Lis=14b+a1+as+a3<L-Lyy=14+b+a;+as+ay4 <
KL-Lis=1+b+a1+ar+as<L-Lig=1+b+a;+ as+ a.
Moreover, one has L - L1y < L - Cio34r = 1+ b+ a1 + as + a4. Furthermore, one has

L-Z; B 14+2b+2a; +as + as + as + as + ag
7 Zin 2 ’
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and the curve Zy7 is disjoint from the (—1)-curves Ly, L1, L1s, L4, L1s, L1g and Clazy,.
Let C' be a (—1)-curve on the surface S such that the curve C' intersects the curve Z, C

- 2
is not one of By, L1y, Lz, L13, L4, L1s, L1, Cr234r, Z17 and az = 3- Then

L-C } L-Z
TC 211111’1{[,'[116,[/«012347",2.—21:}.

Proof. Recall that

r—1
L~g —Ks+ @By + aaLoe + Y ;B + b(Lay + EY),

i=3
and observe that all assertions of the lemma are obvious except for the last one. Let us
prove it. Note that C'-B > C-Z > 1, since B ~ Fy + Ly, and C # Ly,.. Moreover, by
looking at the classes of the list of (—1)-curves in S, we have C'-Z < 4— K%. Furthermore,
the surface S contains a unique (—1)-curve Z’ such that Z'- Z = 4 — KZ%. We also have
Z+ 7 ~ —(3— K2)Kgs. Indeed, if K2 = 2, then Z' = Z;7; and if K2 = 1, then y(Z')
is a sextic curve that has triple singular point at v(F;), and double points in the points

7(E2)7 7(E3)7 7(E4)a ’Y<E5)7 ’Y(Eﬁ)a 7(E7) and ’Y<E8)
Suppose first that C'- Z = 1. Then

LC r—1
Z—C_L021+b+a1+a2CL2r+;a20Ez

Thus, if C' - (Lo, + E3+ -+ + Er,l) > 3, then

L.-C
Z-C

Going through the list of (—1)-curves on S, we see that if C'- (Lo, + Es+ -+ E,_1) < 2,
then either C' = L7 and Kg =1, or C is one of the curves Cy;j, with 2 <i < j <r and
(7,7) # (3,4). In the former case, we have L - C > L - L. In the latter case, we have
L-C>=L-Cis.

Suppose now that C'-Z > 2. f KZ =2, then C-Z =2asC-Z <4— K% and C =
Z' = Zy7. Thus, to complete the proof, we may assume that Kz =1and 3 > C-Z > 2.
fC-Z =3, then C=2"~g—2Kg— Z, so that

21+b+a1—|—a2+a3+a4>2+b+a1+a221+b+a1+a2+a6:L-L16.

L-C _L(—ZKS—Z) . 1+4b+3a1+2a2+2a3+2a4+2a5—|—2a6+2a7 S L'Zl7
Z-C 3 B 3 ~Z-Z

because as > % Thus, we may assume that C'- Z = 2. If C' = Zy; with 2 <1 < 8, then

L-C'>1—|—2b—|—2a1+a2—|—a3+a4+a5—|—a6—|—a7—aiZL-ZN.

For the other three types of classes of possible (—1)-curves introduced in section 4 it is
straight forward to see that L -C' > L - Zy5. O

Now we are ready to complete this section by proving
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Lemma 5.9. Suppose that K% < 2, L is of P* x Pl-type, Z = E;, and a3 > % Then

o(S,L,Z) < u<7(S,L,Z), k>2, C1 = Ly, Co = Lig, p = 0(S, L, Z) and the curve Z
18 smooth, where

. {1+2b+2a1+a2+a3—|—a4+a5+a6
min 5

,1+b+a1+a2+a6}.

Moreover one of the following cases holds:

(a) if 1+ as+as = as + a5 + ag, then k =2 and p = H2bt20totastastastas

( ) if 1+ as+as < ag+ a5+ ag and az+ a5 + ag < 1+ as + ay, then k=3, 03 L3 and
U= 1+2b+2a1+a2+a3+a4+a5+a6 .

( ) zfa3+a5+a6 > 1—|—a2+a4, as+as+ag < 1+CL2—|—CL5 anda2+a5+a6 1—|—a3+a4,
then k =4, C3 = Li3, Cy = Lyy and p = 1+2b+2a1+“2;a3+“4+a5+“6 ;

(d) ifag+as+ag > 1+ as+as and 1 + ay + ag = a3 + a4 + as, then k =5, C3 = L3,
04 — L14, 05 L15 and = 1+2b+2a1+a2+a3+a4+a5+ae.

(e) if a3+ ay + ag > 1+ as + as and1+a2+a6 < a3+a4—|—a5, then k =5, Cy = L3,
C4—L14,C5 L15 andu—1+b+a1+a2+a6,

(f) Zf az + as + ag > 1+CL3 + aq, then k = 5, Cg = L13, C4 = L14, C5 = C1234,« and
o= 1+2b+2a1+a2-&2-a3+a4+a5+a6.

Proof. Using Lemma 5.8, we see that

L'Z17 . 1+2()+2a1+&2+a3+a4+a5+a6
Z-Zv 2

>1+b4a=L-Liy>0(S L, 2),

because a3 > % So that p is the smallest number among Z—Z” and L - Lyg, so that
p > o(S,L, 7). We will show later that u < 7(S5, L, 7). Observe that u > L - Ly, and
> L- L. However, we do not know whether p is larger than the remaining intersections
L-Li3, L-Lyy, L-Lis, L-Ligand L - Cia34, or not, because % can be small. This
explains the several cases we may have.

Suppose first that either p > L - Ly5 or > L - Claag, (or both). Note that g > L - L5
if and only if ag > a5 and a3 + as + ag > 1 + as + as. Similarly, yu > L - Clag4, if and
only if as + ag > az + a4 and ay + a5 + ag > 1 +az +ag. In particular, we must have
as + as # az + aq. If as +as < az+ aq, let n: S — S be the contraction of the curves Ly,
Lyo, Ly3, L4 and Ly5. Similarly, if as 4+ a5 > a3 + ay, let tn: S - S be the contraction ¢ of
the curves Llr; ng, L13, L14 and 01234r Denote by Fjg)7 E@, E7, L16, L17, Zl5, ZlG and Z17
the images on S of the curves Es, Eg, Er, Lig, Li7, Z15, Z1¢ and Zy7, respectively. Then

S is a smooth del Pezzo surface and K2 = KS +5. If KS =1 (KS =2, respectlvely) and
as + as < as + ay, then all (—1)-curves on S are EG, E7, L16, L17, Z16 and Zl7 (EG7 L16
and 217, respectively). Similarly, if d = 1 (d = 2, respectively) and as + a5 > ag + aq,
then all (—1)-curves on S are E5, Eﬁ, E7, 215, Z1s and Z7 (Eg,, Eﬁ, 217, respectively).
Let L = n(L) and Z = 5(Z). Then Z is smooth, and p = o(S, L, Z). The latter
follows from the intersection of the divisor L — Z with (—1)-curves on S. For “example, if
a4 as > az+ ay, then u = 1+2b+2a1+a2+a3+a4+“5+a6 , which implies that (L MZ) Zv7 = 0.
Similarly, if as + a5 < az + a4 and 1+a2—|—a6 < a3+a4+a5, then p =1+b+ay + as + ag,
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which implies that (Z — ,uZ) Lig=0. In particular L— ,uZ is nef. On the other hand, if
as + a5 < a3 + aq, then L - Lis < L - 012347», and

5
(5.14) L—pZ~gn'(L—pZ)+ (=L L)Ly, + Y (= L+ L)Ly,

=2

where p — L - Ly; > 0 for every i € {2,3,4,5,r}, as u > L+ Ly5. If ay + a5 < az + a4, then

(5.15) L —pZ ~qn (L —pZ) + (p—L- Liy)Lir+

4

+ Z(M — L Ly;) Ly + (p — L - Chogar) Crosar,

i=2
where p — L - Ly; > 0 for every i € {2,3,4,r} and p — L - Cia34r > 0. Therefore, the
divisor L — uZ is pseudo-effective in both cases. In particular, we see that u < 7(S, L, 7).
Moreover, (5.14) (respectively (5.15)) is the Zariski decomposition of the divisor L — uZ
in the case when ay + a5 < as+ a4 (respectively when as + a5 > az+ay). Since the Zariski
decomposition of L — uZ is unique, we may assume that n = 7 and S = S, so that k=5
in this case. Thus, we may assume that C) = Ly, Cy = Lig, C3 = Lq3, Cy = Lyy. If
as + as < az + a4, then Cs5 = Ly5, so that we are either in the case (d) or in the case (e).
If ay + a5 > as + a4, then C5 = Cla34,-, which is the case (f). This proves the required
assertion in the case when p > L - L5 or g > L - Clogy,.

Now we suppose that u < L - Lis and g < L - Claggr. The former inequality implies
that az + a4 + ag < 1+ as + as, so that, in particular, az + a4 + a5 < 14 as + ag. Thus,
we have

. 1+2b+2a1+a2+a3+a4+a5+a6 . L'ZN
B 2 72y
Then (L - /LZ) : Zl7 2 O7 (L - IUZ) 012347» = 0, (L /LZ) L15 2 O, (L - IUZ) : L16 > 0.

Let us use the same notations as in the previous case with one exception: now now
assume that n: S — S is the contraction of those curves among Ly,, Lo, L3, L14 that
have negative intersection with L — pZ. In particular, n contracts L;, and ng, since we
already know that (L — puZ) - Ly, < 0 and (L — pZ) - L1z < 0. We claim that L— MZ is
nef. Indeed, let C be a (—1)-curve on S , and let C' be its proper transform on the surface
S. Then (L —pZ)-C = (L—pZ)-C > 0 by Lemma 5.8. This implies that L — 17 is nef.
Now arguing as in the previous case, we see that we can assume that n = 7 and S=23.

If Ly, and L5 are the only curves among Ly,, L2, L3, L14 that have negative intersec-
tion with L — pZ, then we get k = 2, and we may assume that Cy = Ly, and C5 = Ly5. In
this case, we have (L —uZ)- L1z > 0, which can be rewritten as 14 as +ag > a4+ as + ag,
which gives us the case (a). Similarly, if (L — pZ) - L1z < 0 and (L — puZ) - L4 > 0, then
1+as+a3 < ag+as+ag and az+ a5+ ag < 1+ as + ay, respectively. In this case, we have
k = 3, and we may assume that C; = Ly, Cy = L5 and C3 = Ly3, which is the case (b).
Finally, if both (L — puZ)- L3 < 0 and (L — puZ) - L1y < 0, then ag+as+ag > 1+ as+ay
and k = 4. In this case n contracts all 4 curves Ly, Lis, L13, L14, so that we may assume
that Cy = Ly, Co = Lya, C3 = Ly3, Cy = Ly4, which is the case (c¢). This completes the
proof of the lemma. O
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6. COMPUTING DONALDSON—FUTAKI INVARIANTS

In this section, we will prove Theorems 1.2 and 1.5. Namely, let S be a smooth del
Pezzo surface such that K% < 5, and let L be an ample Q-divisor on it. We will apply the
results of Section 3 to the pair (S, L) using Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9. To do this,
let us use notations and assumptions of Sections 3, 4 and 5. As usual, we may assume
that p;, = 1, where uy, is the Fujita invariant of (S, L).

Observe that the inequality (5.4) (respectively (5.6)) follows from (1.1) or (1.2) (respec-
tively (1.4)). Similarly, the inequality az > 2 follows from (1.3). Thus, we assume that
(5.4) holds in the case when L is of P%-type, (5.6) holds if L if is of F;-type and a3 > % if
L is of Fi-type.

Let Z7 = F4, and let u be the number defined in Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9.
Then = 7(S, L, Z) except the case when K2 < 2 and L is a divisor of P! x P!-type. In
this case, we have

. {1+2b+2a1+a2+a3+a4+a5—|—a6
M= 1IN 5

,1+b+a1+a2—|—aﬁ},

so that p < 7(S,L,Z) by Lemma 5.9. Moreover, there exists a birational morphism
7: S — S that contracts a disjoint union of (—1)-curves Ci,...,C}, canonically deter-
mined by (5, L, Z) and which are described in Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9. In each
case, we have u = o(S,L,Z), where L = 7,(Z) and Z = 7(Z). Here o(S,L,Z) is the
Seshadri constant of the pair (S, L) with respect to the curve Z. Moreover, it follows
from Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9 that the curve Z is smooth, and L-C; < o(S, L, Z)
for every i. Thus, it follows from Corollary 3.6 that (S, L) is not K-stable if 35:13’(;1) <0,

where ©F is the rational function defined in (3.4). The goal is to show that DF(u) < 0
provided that the divisor L satisfies the hypotheses of Theorems 1.2 and 1.5.

To simplify computations, let ©® = %QS’(M)LQ, so that ® has the same sign as 5:”3’
Using (3.4) and L - Ey =1 — ay, we get

(6.1) ©® = —KS.L<—M3—3MQ(1—Q1))+3u2L2+3uL2(1—a1)—KS.L(Z (/L_L-Oi)?)),

=1

where k, each L-C;, and i = 0(S, L, Z) are given by Lemmas 5.3, 5.4 5.5, 5.6, 5.7, or 5.9.
If L is of F-type or P! x Pl-type, then ® = 2 - > + B - b + € for some functions A, B
and € that depend only on ay, ..., a,_;. For instance, if K% =5 and L is of P! x P!-type,
then (6.1) and Lemma 5.5 imply that ® is the polynomial

(6.2) (3a§ 13- 3a2 - 3a§>b2+
—l—<4a‘;’—l—3a%ag—l—3a%a3—3a1a§—3a1a§—4a§—6a2a§—2a§+6a%—9a§—9a§+6a1+3a2—|—3a3+8) b+
+ 5+ 4ay + day + das + 2a] — 2a5 — a3 + 4a’ — Tal — 2a3 + 3atasas — 3ayaqa3 + 3ai+

2 2 3 3 3 3, 3 3 2
+ 3a1ay — 6a; — 6a3 + 2ajas + 2aja3 — 2a1a5 — a1a; + asas — axa; + 3ajas+

2 2 2 2 2 2 2
+ 3ajas — 6aja; — 6ajas + 3asas — 12asa5 + 3a1a3 + 9asas — 3asas.
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If K2 =4 and L is of F-type, then Lemma 5.4 implies that 2 = 3a} +6 — 3a3 — 3a3 — 3a?,

B = 4da’ + 3alas + 3ajas + 3alay — 3a,a3 — 3a 03—

— 3aya] — 2a3 — 2a3 — 2a3 + 3a® — 9a5 — 9a3 — 9a; + 9a; + 3as + 3as + 3ay + 16,
and

¢ = 8+ 8ay + 8ay + 8as + 8ay + 2a] — ay — a3 — aj +2a° — a3 — aj — a} — 9a’—

— 9a§ — 9a§ + 2@?&2 + 2&?(13 + 2afa4 — alag’ — alag — alai — agag — a§a4 — aQag—
— agaj — ajay — aza; + 3ajay + 3aiaz + 3ajay — 6aia; — 6aja3 — 6aja; + 3asaz + 3asas+

+ 3a2a§ + 3a2ai + 3a§a4 + 3a3ai + 3aia9 + 3aias + 3ai1a4 — 6asaz — 6asas — 6asay.
Similarly, if S is a smooth cubic surface, L is of P! x Pl-type, as + a5 < a3 + a4 and
az + a4 +as > 2 + ap, then Lemma 5.7 gives k = 5, Ci1 = Lig, Cy = Ly, C3 = L3,
Cyp = Ly, Cs = Lis, S = P! xP'and g = 2+ b+ a; + ay. In this case, we have
L'Cl = 1+a1, LCQ = 1+b—i—a1, LCg = 1—|—b—|—a1—i—a2+a3, LC4 = 1+b+a1+a2+a4
and L-Cs5 =14b+ a; + ay + as, so that (6.1) gives A = 3a} + 9 — 3a3 — 3a2 — 3a3 — 3a?,

B = 4a} + 3alay + 3aiaz + 3alay + 3atas — 3a1a3 — 3aja3—
— 3a1a; — 3a1a3 — 4ai — 6aga; — 6asa; — 6aza; — 2a3 — 2a;—

— 2a3 — 9a5 — 9a; — 9a; — 9a2 + 12a; + 15ay + 3az + 3aq + 3az + 24,

and

€ =9+ 12a; + 12ay + 12a3 + 12a4 + 12a5 — 3a3 — 6a; — 12a; — 12a; — 1203 —
— ay — asg — 9a; + 3ajas + 3ajas + 3ajas — 6aja; — 6aja; — 6aya; — 6ajaz+
+ 3aja4 + 3azas — 12aza3 — 12aga) — 12aga? + 3a3ay + 3ajas + 3azaj + 3azai+
+ 3a4a§ + 3aiaz + 3aia4 + 3aias + 9asaz + 9asay + 9asas — 6aszay — 6asas — 6asas—
— 3a§a§ — ?)(L%oz?1 — 3a§a§ + 9aqas + Qai’ag + Qai’ag + 2ai’a4 + 2a?a5 — 2a1a§—
— alag — alai — alag + agag + a§a4 + a§a5 - agag — agai - agag — a§a4—

— alas + 3asaz — azai — aza; — ajas — agai — 3ajas + 3ajasaz — 3a;aza3—

2 2 2 2 2 4 4 4
— 3ajaza; — 3a1aza; + 3ajas + 3ajazas + 3ajazas + 2a; — 2a, — as.

We clearly see the pattern for the polynomial . Indeed, if L is of Fi-type or P! x P!-type,
then

A=3a5+3r—9—3a3 — - —3a>_,.
Thus, if L is of Fi-type or P! x P-type, and a? + 7 —3 < a3 +---+ a2 |, then
g(ala"'aarfbb) <0

for b > 0. This proves Theorem 1.2.
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Now let us denote by ®p2 the polynomial

(6.3) 5+ 2a3 + 2a3 + 2aj + 243 + 2a3 + 2a} — a5 — a3 — aj — a3 — ag+
— a‘% — ag + 3aia6 — 6a1a§ — agag + 3a2a§ + 3a3a§ + 3a6a% + 2a4a§’ + 3a3a$+
+ 20ag — 18a3 — 18a; — 18a2 — 18ai — 18a2 — 18a; + 3ajas + 3aiay + 3a a5+
20ay + 3ajay + 3aiag — a1a;y — a a3 — aa; — ayaz — a1ap — aya;s + 3agag—
— alag — 6a1a§ — 6a1a§ — 6(11@21 — 6a1a§ — 6a1a(23 - 6a1a$ — basas + 3a8ai+
+ 20ag — 6asas — 6asag — 6asay — 6asag + 2a2a:1)’ — agag — agai — agag + 3a8a§—|—
+ 2a§ — a2a§ — agag + 3a2a% + 3a2a§ + 3@2%21 + 3a2a52) + 3a2a$ + 3a2a§—
— b6asas — 6asag — 6asa; — 6asag + 2a3ai’ — agag’ — agai — agag — agag—l—
— 4a‘;’ + 3aia3 — &3a§ — agag + 3a3&% + 3a3a§ + 3a3ai =+ 3a3a§ + 3a3a§—
— 6asay — 6asag — 6asas — asas + 3aza; — agap + 2a7a> + 3agai + 3asaz+
+ 20ay — 6aqas — 6asa; — 6asag — a4a§’ — a4a§ — a4a§’ — a4a§ — a4a§—|—
+ 2ag — a4ag + 3a4af + 3a4a§ + 3a4a§ + 3a4a§ + 3a4a§ + 3a4a$ + 3a4a§+
+ 20a3 — 6asa; — 6asag + 2a5ai’ — a5ag — a5a§ — 0L5a§L — a5ag — a5a§ + 3a5a%—
— 18a§ + 3a5a§ + 3a5a§ + 3a5ai + 3a5a§ + 3a5a$ — baga; — 6agag + 2a6a?+
+ 20a; + —CZGQ% — agag — aﬁai — agag — aﬁag — agag + 3a6a% + 3a6a§ + 3a8&§+
+ 3a6ai + 3a6a§ + 3a6a§ + 3a6a§ — barag — a7a§ — am% — a7ai + 3a8a§—
— 9a§ + 20a4 — a7a§ — a7ag — a7ag + 3a7a% + 3a7a§ + 3a7ai + 3a7a§ + 3a7a§+

2 3 3 3 3 3 3 2
+ 20as — 6aqaq + 3ayag + 2aga; — aga, — agay — agay — Aga; — agay; + 3asaj.

If L is of P%-type, then ® equals Dp2, Dp2 (a1, as, as, as, as, ag, 1), Dp2(a1, as, az, as, as, 1,1),
Dp2(ay, az, az,aq,1,1,1) and Dp2(ay,as,as, 1,1,1,1) in the case when Kz = 1, K% = 2,
K% =3, K% =4 and K2 = 5, respectively. This follows from (6.1) and Lemma 5.3. Now,
by Lemmas A.1 and A.2, we get ® < 0 when L is of P*-type and (1.1) or (1.2) hold.

To deal with an ample Q-divisor L of F;-type, let us denote by ®p, the polynomial

(6.4) — (1 b+ i:a) ((2 a4 b+ 3(1—a)(2+ar + b)2>+

7 7 7 7

+3(2+a+0) (144042 ) 0= Y @?) +3(1—a) 2+ 0 +) (1446423 = a? )+

=1 =1 =1 =1

7
+ (1—1—2()4—2 ai> ((1—|—b)3+(1—a2)3_|_(1—a3)3_|_(1—a4)3_|_(1—@5)3+(1—a6)3+(1—a7)3>.

Then ©® = Dy, in the case when L is of Fi-type and K2 = 1. Indeed, if K% = 1, then
it follows from Lemma 5.4 that p = 2+ ay +b, k =7, C1 = L1g, Cy = L1y, C5 = L3,
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04 = L14, 05 = L15, C@ = L16 and 07 = L17, so that LCl = 1+CL1, LCQ = 1+a1+a2+b,
L-C3 =14a14az+b, L-Cy = 1+a1+as+b, L-Cs = 14a,+as+b, L-Cg = 1+a;+ag+b and
L-C; =1+a;+ar+0b. Thus, in this case, it follows from (6.1) that ® = Dp,. Similarly,
one can deduce from Lemma 5.4 and (6.1) that © equals D, (a4, as, as, ay, as, ag, 1,b),
Or, (a1, asz, ag, aq,a5,1,1,b), Op, (a1,a9,as3,a4,1,1,1,0), Dy, (ay,as,a3,1,1,1,1,b) in the
case when K% = 2, K2 = 3, K% = 4 and K2 = 5, respectively. Thus, it follows from
Lemma A.3 that ® < 0 in the case when L is of F;-type and (1.4) holds.

If K2 =5 and L is of P! x P'-type, then ® is the polynomial (6.2). In this case, we
have © < 0 by Lemma A.4 provided that (1.3) holds. Similarly, if K2 = 4, L is a divisor
of P! x Pl-type, and a3 + ay > 1+ ay, then it follows from Lemma 5.6 that D is given by

(6.5) (303 — 303 — 3a3 — 3a3 + 6)0° + dab + Badasb + Badah + 3adasd — 9aZh—

— 9a3b — 3a1a3b — 3a1a3b — 3ajaib — 4ajb — 6ayazb — 6azaib — 2a3b — 2aib + 3a3b—

— 9aib + 9a1b + 9asb + 3asb + 3asb + 16b + 8 + 8ay + 8as + 8as + 8as + 2a1 — 2a2—

— a3 — ay + 2a} — 8a3 — a3 — a} — 9a3 — 9a3 — 6a3 + 3atasay — 3a1a2a; — 3ajazaz+
— 12@2@?1 + 3a%a2a3 + 20};’@2 + 2&?&3 + 2afa4 — 2a1a§ — alag — alai + agag + ag’a4 — agag—
— aqa; — azay — azaj + 3ajas + 3ajas — 6aya; — 6a,a; — 6a,a; + 3asas + 3azas — 12a0a35—

+ 3a§a4 + 3a3ai + 3aias + 3aiaq + 9asa3 + 9asay — 6asas — 3a§a§ — 3a§ai + 6a;as.

IfKS—4anda3+a4 1+ as, then D is

(6.6) (3&% — 3a3 — 3a3 — 3a3 + 6) b? + 4a3b + 3atasb + 3atasb + 3aiash — 3a,a3b—
— 3a1a3b — 3aya3b — 2a3b — 2a3b — 2a3b + 3a3b — Ya3b — 9a§b 9a3b + 9a1b + 3agb—|-
+ 3asb + 3asb + 16b + 8 4+ 8ay + 8as +8a3+8a4+3a1a2 —|—2a1 —a, — a3 a4 —|—2a1 —

— ag — ai + 3a1ay — 9aZ — 9a§ — 9a§ — 6a1a§ + 3aiaz — 6asas — 6a3a2 + 2a1a2 + 3a3a4—|—

+ 2a3az + 2ajay — ayas + 3azal — ayas — ajal — adaz — asaq — axai — asa; — aza,—
— (I3CLZ + 3a§a3 + 3aiaq4 + Safa4 — 6a1a3 6a1a4 + 3a2a3 + 3a2a4 + 3a2a3 + 3a2a4 basay.

In both cases, (1.3) implies © < 0 by Lemmas A.6 and A.5.
If Kﬁ =3, L is of P! x Pl-type, and as + a4 + as > 2 + ay, then ® is the polynomial

(6.7) - (3+2b+iai> ((2+b+a1 +a)® +31—a)2+b+ay —|—a2)2>—|—

5 5
+ (3(2+b+a1+a2)2+3(1—al)(2+b+a1+a2 )(3—1—41)—1—22@2 Za§>+

=1 =1

+ (3+2b+iai>((1+b+a2)3+(1+a2)3+(1—a3)3+(1—a4)3+(1—a5)3).
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This follows from Lemma 5.7. Similarly, if az + a4 + a5 < 2 + ag, then 2 is

(68) _ (3+2b—|—a1+a2+a3—|—a4—|—a5)(2+2b+2a1+a2+a3+a4+a5)3

8
_3(1—@1)(3+2b—|—a1—|—a2—|—a3+a4+a5)(2+2b+2a1+a2+a3+a4+a5)2+
4
3(2+26+2a1+a2+a3+&4+a5)2 > ° 2
+ : <3—|—4b+2;ai—;ai>+

30— )24 2+ 201 + 4 + 4+ aa + a5) °

5 <3+4b+2§:ai—2a?>+

i=1 =1

5 5
(b+as+as+ as + as)? (as + az + a4 + as)?
+ : <3+2b+i§_1ai>+ g <3+2b+§ ai>+

i=1

5 5
(CL4 + as — az — (13)3 ((13 + as — az — CL4)3
+ < (3+20+ ;:1 @)+ < (3+20+ ;:1 @)+

4 — a3 >
n las + a4 8@2 as| (3+2b+zai>-
i=1

In both cases, (1.3) implies that ® < 0 by Lemmas A.7 and A.8.
If K2 <2and L is of P! x Pl-type, then we can derive the formulas for ® using (6.1)
and Lemma 5.9. To present them in a compact way, let us denote by § the polynomial

6.9) — é<1+26—|—2a1+gai>3<1+2b—l—gai>+
— 2(1 —a1)<1+26—|—2a1+gai>2<1+2b+izz7;ai>+

6 7 7
—I—Z(1+2b—|—2a1+;ai> <1+4b+2;ai—;ai>+
7

6 7
3 2
+§(1—a1)(1+26+2a1+ E_Q ai> (1+4b+2 E_l a; — § ai>+

i=1

1 7 6 5 1 7 6 5
+§<1+Qb+;ai><—1+26+;ai> +§<1+2b+;ai><—1+;ai> .

If K2 =1, Lisof P! x Pl-type, and 1+ ay + a3 > a4 + as + ag then ® = F by Lemma 5.9
Similarly, ing =1,14as+ a3 < ag+ as+ ag and ag + a5 + ag < 1 + as + a4, then © is
the polynomial

7
1
(6.10) S+§<1+2b+2ai>(a4+a5+a6—1—a2_a3)3.

i=1
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Likewise, if K2 = 1, a3 + a5 +ag = 1+ as + ay, a3 + ay +ag < 1+ as + as and
as + as + ag < 1+ az + ay, then ® is the polynomial

7

1 3

(611) 3+§<1+2b+ E CLZ‘> ((a4—{—a5—|—a6—1—a2—a3)3+(a3+a5+a6—1—a2—a4)3> .
=1

HKZ=1,a3+as+as>1+as+as, 1 +ay+asg > az+ as+ as and ag + a5 < az + ay,
then ® is the polynomial

7
1
(6.12) 3+§(1+26+Zai)(a4+a5+a6—1—a2_a3)3+
=1

1 ’ 1 d
—|—§ (1+2b+2 Cli> (a3+a5+a6—1—a2—a4)3+§ <1+2b+z ai) (a3+a4+a6—1—a2—a5)3.

i= i=1

If Kg =1,as+as+ag > 1+ az+ aq and as + a5 > az + a4, then © is the polynomial

7
1
(6.13) S+§<1+26+Zai)(a4+a5+a6—1—a2_a3)3+
1=1

1 ’ 1 ’
—|—§ (1—1—2()—1—; ai) (a3+a5+a6—1—a2—a4)3+§ (1—1—21)—1—; ai) (a3+a4+a6—1—a2—a5)3+

7
1 3
+—<1+2b+ E ai> a4+ as+ag—1—as —ay)".
3 - ( 2 T a5+ ag 3 4)
Finally, if K% = 1, ag+as+a¢ > 1+ay+as, 1+as+as < az+as+as and az+a5 < ag+ay,
then © is the polynomial

7
(6.14) — (1—1—21)—1—2@)(4—1—1)—2@1—|—a2—|—a6)(1+b+a1+a2+a6)2+
i=1

7 7
+3<(1+b—|—a1+a2+a6)2+(1—a1)(1—|—b+a1+a2+a6)> (1+4b+22ai—2a?>+

=1 i=1

+ (1 + 2b + Ziaz) ((ZH— as + a6)3 + (ag + a6)3 + (a6 — a3)3 + (a6 — a4)3 + (a6 — a5)3).

This gives the formulas for ® in the case when K2 = 1 and L is of P! x P'-type. In these
cases, if as — a; > 0.9347, then ® < 0 by Lemmas A.9, A.10, A.11, A.12, A.13 and A.14.

If K2 =2 and L is of P! x P!-type, then the formulas for © are obtained from (6.9),
(6.10), (6.11), (6.12), (6.13) and (6.14) by letting ar = 1. In this case, if as —a; > 0.9206,
then ® < 0 by Lemmas A.9, A.10, A.11, A.12, A.13 and A.14.

We see that © < 0 in the following cases: when L is of P2-type and either (1.1) or (1.2)
holds, when L is of Fi-type and (1.4) holds, when L is of P! x P!-type and (1.3) holds.
As we already explained above, this implies Theorem 1.5.
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APPENDIX A. SYMBOLIC COMPUTATIONS

The proof of Theorem 1.5 relies on computations which use symbolic algebra packages.
The length limitations of journals make it impractical to include such computations in
original articles. On the other hand, the code used to perform computations is hardly
ever maintained or preserved after several years, making it impossible to verify results
decades later, letting the reader to rely on the good faith and skills of the authors. In
reality this is hardly a new problem of the 21st century. Indeed, let us recall the following
quote of one of the articles of Sylvester [19] from 1871:

The manuscript sheets containing the original calculations [...] are de-
posited in the iron safe of the Johns Hopkins University, Baltimore, where
they can be seen and examined, or copied, by any one interested in the
subject.

Similarly, the online platform arXiv allows us to preserve our computations. The proofs
in this article ultimately require verifying that certain polynomials of degree 4 in up to
8 variables are negative under suitable conditions. The appendix in the online version of
this article contains all details of the proofs of the following lemmas, where such positivity
is claimed, while the version submitted for publication only contains the proofs of three
lemmas, each serving as an example of the three different approaches used in the proofs.

Let a1, as, as, ay, as, ag, a7, ag, b be real numbers such that 0 < ay <ay <... <aq, <1
and b > 0. Let s; = ay — a1, So = az — o, S3 = A4 — A3, Sy = A5 — Ay, S5 = Gg — s,
s¢ = a7 — ag and s; = ag — ay. For every polynomial f in Rlay, as,as, a4, as, ag, az, as, b),
let us denote by fthe polynomial in Rlay, s1, S, s3, S4, S5, Se, S7, b] obtained from f using
the corresponding change of variables.

Lemma A.1. Let f be the polynomial (6.3). Then the following assertions hold:

o f(ay,as,a3,a4,1,1,1,1) <0 when as — a; > 0.6248;

o flay, a2,a3,a4,a5,1 1 1) < 0 when as — ay > 0.7488;

° f(al,aQ, as, @y, as, dg, 1 1) < 0 when as — a; > 0.8099;

o f(ai,as, as,aq,as,aq,a7,1) <0 when as — a; = 0.8469;
o f(ay,as,as, aq,as,ag,ar,as) <0 when as —a; > 0.8717.

Proof. Let fs = f(ai1,as,as3,a4,1,1,1,1). Then ﬁ,(O,x,O, 0) = —92*+122°—362%+122+5.
This polynomial has one positive root. Denote it by 75. Then 5 ~ 0.6247798071 and

J?g,(al, T+ s, 59, 83) = —4at — 26a3sy — 13a3ss — 39a3ys — 39a3r — 36a2s2—
— 42a%s37 — 63aj2® — 20a;85 — 3018583 — 6615575 — 660,557 — 240, 5955 — 85553—
— 84a532x — 123?2)7? — 66a1595375 — 66a152530 — 78a182’y§ — T8ays9x% — 7als§—
— 36@%3233 — 27als§75 — 27als§a: — 39a,s32% — 39a17§’ — 1233%:;’ —39a,2% — 432 98283
— 15a153 273233$ — 303 x?— 53233 — 21323375 — 21323§:B — 30898322 — 7282’751‘—
— 42@15375 —2la;s3 — 63a1x — 185% — 185953 — 63% — 3§ — 65%75 — 245275’ — 25§ — 183‘33:—

— 24s5y1°% — 6six — 2485y50 — 125227 — 3653720 — 12532° — 92 — 6a152 — 3s955—
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— 48857 (1—5)—a3(24—Tay — 975 —3s3) —9za2 (1475 —1) —6a3 52 (1475 —1) —24532(1—5) —

— 63ai75 — ars9a (1375 — 2) — 255(975 + 1) — 4s3(675 — 1 —3793) — a1 (6375 — 16 — 1873) —
— 6a1537(1375 — 2) — 655375 (575 — 2) — 12852(575 — 1) — 35353(975 — 1) — 125302 (375 — 1) —
— 3a15375(1375 — 4) — 24a152(2 — 5) — 882(675 — 1 — 372) — 9a1v52 (1375 — 4)—

— 9a, 2% (1375 — 2) — 245927 (375 — 1) — 1289532(575 — 1) — 3525375(1075 — 4)—

—12(372 — 372 + 675 — 1)z — (54792 — 365 + 36)2* — 12(3y5 — 1)2®

All coefficients of this polynomial are negative. This shows that f5 < 0 when as —a; > 75
In particular, if as — a; > 0.6248, then f5 < 0.

Let f4 = f(al, asg, az, A4, s, ]_, 1, 1) Then

£1(0,2,0,0,0) = —8(22" — 42° 4+ 92° — 4z — 1).
Denote the unique positive root of this polynomial by 7. Then v, ~ 0.7487226925 and

Filar, © + Y, 82, 83, 84) = — (6873 — 7292 + 132y, — 40)a; — (3974 — 15)s3—
— (6475 — 967 + 1447, — 32)x — (1672 — 2473 + 3674 — 8)s4 — (967] — 964 + 72)z*—
— (3275 — 487F + 7274 — 16)s3 — (Tya + 1)s5 — (157 — 674 + 9)s] — (8474 — 36)sp547—
— 5838t — (724 — 24)s3540 — (20, — 4)s3 — (10874 — 30)atss — (1264 — 54)sax—
— (102794 — 36)ay sy — (6674 — 18) 895384 — (16874 — 72)s9s3x — (9074 — 24)a18284—
— (3064 — 108)aysex — (78v4 — 12)ay5354 — (204744 — 72)ays3x — (1807, — 48)a15283—
— 83 — (6373 — 547y + 45)s5 — (4873 — 727; + 108y, — 24)s9 — (4277 — 364 + 30)s254—
— (3673 — 244+ 24) 53 — (6874 — 22)a} — (1087F — 6074 +60)a? — (967; — 967, + 72)s30—
— (1447, — 72)s92” — (1447y; — 1447y, + 108) 592 — (3074 — 6)s354 — (367; — 247, +24)s354—
— (21674 — 60)a2x — (5474 — 15)atsy — (1357, — 36)aiss — (15377 — 1084 + 99)a; 50—
— T8ays57 — (162, — 45)a3sy — (7874 — 12)ay1s3 — 36s3540° — 42a%s3 —
— 21595357 — (10273 — 7274 + 66)a153 — 27595554 — 85554 —
— 30325354 —

42a,55—
95253 — 68a’r — 108a2x>—
(5179: — 367, + 33)arsy — (2047, — 72)ax® — (2047 — 144y, + 132)ayz—
(7874 — 30) 8583 — bdatsyr — 2789550 — 2483530 — 3055847 — 5lays4x” — 3955547 — 22,1 55
— (394 — 15)s354 — (6674 — 18)s955 — (8473

— 72794 4 60)s283 — (2774 — 3)8252—
— 33@13274 — 24838421’)/4

10a] — 16s,2° — 155307 — Tsiw — 12555, — 128557 — 65955 —

900, S954% — T8a1 83547 — 668253540 — 72128384 — 42898,°—
— (64ry4 — 32)2® — 42a, 5254 — 135,520 — (30v4 — 6)s2x — 68a12° — 84a,5555—
—102a; s32% — 108@%5333 —

—17a3s4 — 18a3s; — 8a; 55 —

162(1%323: — 84898312 — 162+ — 9331 — 4s§

— 3953z — 2085z —
— (7274 — 24)s3x — (964 — 48)s32” — (4873

— 487, + 36)s47 — (487, — 24)s42°—
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— 180a1s59830 — 33alsix — 42@%5334 — 27a133s?L — 30@1323?l — 33als§s4 — 48a%3234—
— 48897° — 32837° — 63s52° — 36552° — 245553 — 305553 — 185955 — T2a7s5—

— 96038983 — 720189535 — 7855831 — 15315007 — 669557 — 34a’sz — Hlajss.

Observe that all coefficients of this polynomial are negative. This implies that f; < 0
when ay — a; > 4. In particular, we also have f; < 0 when ay — a; > 0.7488.
Let f3 = f(al, as, az, a4, as, g, 1, 1) Then

£5(0,2,0,0,0,0) = —252* + 602 — 1202° + 60z + 9.

Let 3 be the unique positive root of this polynomial. Then 3 ~ 0.8098960196 and

~

f3(a1,w + 3, 52, 83, 84, 85) = — (10575 — 15093 + 22573 — 72)a; —
— (10573 — 45)a® — (683 — 36)s5 — (6075 — 10872 4 144~y5 — 36)s3—
— 205232 — 78523?@ — 84333354 — 24523432 — 30&184.9%—
— (12073 — 72)s42% — (3673 — 12)s2x — (12073 — 14473 + 96)s,2—
— (1803 — 2163 + 144)s32 — (3373 — 9)s385 — (8473 — 36)s30—
— 81a%3§ - 84S§S4$ — 108a15354 — 84(11525?1 — 90alsix—
— (303 — 6)s352 — (9675 — 9673 + 72)s354 — (4875 — 4873 + 36)s355—
— 781535485 — 6659535455 — 114a159s50 — 102a;1s3552 — 90aq 54550 —
— (7275 — 7273 + 54)s3 — (31573 — 30073 + 225)ayx — (10273 — 54)s55,—
— 48s5551% — 78a15332 — 45als§s5 — 36@132s§ — 423%5355—
— (423 — 18)s3 — (4275 — 3673 + 30)s455 — (7273 — 24)s35455 — (2773 — 3) 5452 —
— (843 — 36)s4550 — (9675 — 48) 53557 — 905953550 — (15373 — 81)s5355—
— 15383832 — 105a,2° — 165atw? — 198a3s32 — 189a; 5327 — (31573 — 150)a 2°—
— (10873 — 60) 89857 — (20473 — 72)a15354 — 10803 5354 — 30535455 —
— 264a3sox — 42545507 — (18073 — 108)s32” — 18520 — 165555 — Jarss—
— (24073 — 28873 + 192) 501 — (18073 — 84)s95354 — (10873 — 12073 + 84)s95,—
— 342a; 59531 — (10075 — 18073 — 40s,2° — (26473 — 108)alsy—
— 85385 — 2lajss — 27sus57 — 20852 — 8s3w — 95782 —
— (32473 — 180) 59537 — 785954550 — (51ys — 27)s255 — 30525355 —
— bsyss — 1200252 — (3973 — 6)a1sz — 3955555 — (4272 — 363 + 30)s5—

— 7283550 — 24835, — 54a2 8355 — 33a15355 — 365557 — 84a1525455—
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— (19273 — 96)s3547 — (22873 — 96)a15954 — 4s; — 132a%s47—
— 228a15984% — 126a1 8,402 — 1025%s4x — 108898422 — 9653542% —

— 66595357 — 90a15354 — (7273 — 24)s357 — 120025954 — 7859555, —
— 53— (10873 — 12073 + 84)s3 — (8075 — 14472 + 19273 — 48)sy—
— (1023 — 36)ay 5355 — (378y3 — 180)ayssx — (34273 — 144)a1$983—
— 39a15§:r — 54898512 — 63a1 5512 — 515%35:76 — 21ai’s5—

— (903 — 24)ays485 — (2523 — 120)ay 842 — (12673 — 60)ays5x—
— (16575 — 13573 + 108)a] — (7873 — 30)s955 — (3373 — 9)s052—

— 60a3s9s5 — (5473 — 6073 + 42) 5985 — (24073 — 144) 590> —

— (423 — 18)s3s5 — (8473 — 36)s3s, — (14473 — T2)s2w—

— (19873 — 81)atss — (13273 — 54)atsy — (663 — 27)asss—

— (22873 — 96)a155 — (9073 — 42)s25355 — (15075 — 18073 + 120)z*—
— (403 — 7275 + 9673 — 24)s4 — (1875 — 123 + 12)s2—

+ 2403 — 60)x — (33073 — 135)ajzr — 42552 — 2255w — 32855, —

— 305357 — 185357 — 8s2y3 — 42a%s4 — 48a3s; — 24a;s5—

— 204a, 535,47 — 1805953547 — 1920595354 — (6073 — 36)s52%—

— (602 — 7273 + 48)s52 — (25272 — 24073 + 180)ay sy — 96a,525355—
— 66a]s51 — 3359527 — 4283550 — 3053550 — 3357857 —

— 728354850 — (2273 — 6)s5 — (21673 — 120) 53547 — (7873 — 30)525455—
— 13589857 — (2075 — 3673 + 4873 — 12)s5 — (10073 — 60)2°—

— (21673 — 120)s52 — (903 — 24)a; 55 — (15373 — 54)a;s5—

— 84a%sy — 155552 — Tsyss — 125555 — 125552 — Gs3si—

— (18973 — 18073 + 135)a1s3 — (12672 — 12073 + 90)a; 54—

— 72a133 — 45als§ — 162@13353 — 180@%5233 — 144&13233—

— (6372 — 6075 + 45)ays5 — (11473 — 48)aysys5 — (50473 — 240)ay 59z —
— (13573 — 63)s9535 — (16273 — 18073 + 126)s953 — 153a1 550 — 228a; 550 —
— 162s9837° — 252" — 1653 — 953 — 6855w — 4255z — 105037~
— 80897° — 60537 — 108s532° — 72552 — 485553 — 6355535 — 395955 —
— 18&‘11 — 213334,9% — 27333435 — 27523335 — 36@13235—

— 252a; 5922 — 48&%8455 — 54a15§35 — 363%3455 — 63@?53.

Since all coefficients of this polynomial are negative, we have f3 < 0 when ay — a; > 3.
Hence, if as — a; > 0.8099, then f3 < 0 as well.
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Let fQ — f(a'h ag, as, a4, as, Gg, A7, 1) Then
£2(0,2,0,0,0,0,0) = —4(92" — 242 + 4522 — 24 — 2).

Let us denote by 75 the unique positive root of this polynomial. Then v, ~ 0.8468219906.
Then fo(ay, z + 72, S2, S3, S4, S5, S¢) 1S & polynomial in ay, x, So, S3, S4, S5 and s, which
can be expanded as

—12053s5x2—102als§x—156a%s5x—1265%s5x—1325235x2—15Oals5x2—90323§x—108s§s5x—
—1085,552° — 8453520 — 9057550 — 7854527 — 455 —48557° — 485207 — 24537 — 165555 — 155355 —
— Ts3sp — 125356 — 125355 — 65455 — 85556 — 95255 — Hssse — bdais: — 26a,s; — 40s555—
—50a}s5 — 425552 — 225955 — 325555 — 3653552 — 208355 — 245555 — 305752 — 185455 — 24aisi—
— 10a136 — 205236 — 185256 85236 96528485 — 72325455 90a1335§ — 132@18255 — 84325455—
—78838?185—1088%8385—102828385—114(118385—84838485—96a18385—120&%8485—96a1828§—
— 144025455 — 66838485 R4a, 8485 132a?s355 — (4275 — 18)861‘ 276a; 89852 — 25201 8355L—
— 2285953850 — 204595455 — 1925354550 — 240a1 595355 — 216a1 595455 — 20401535455 —
— (12675 — 60)a1s356 — (2527, — 120)a; 8385 — (17175 — 72)a1s; — (378, — 180)a;s354—
— (12073 — 24075 + 3007, — 80) 53 — (7272 — 40)s3 — (3307, — 210) 852 — (2287, — 132) 5955 —
— (907, —42) 5952 — (7507, —420) a1 50— (22575 — 25275 +171)ay 54— (12075 — 14475496 ) 5355 —
— (13875 —T2)a1 5256 — (27672 —144) a1 5955 — (4147, —216) a1 5254 — (37575 —42075+285) a1 55—
— (60773 — T2, +48) 5356 — (10275 — 36) a1 52 — (28872 — 192) 327 — (2885 — 38475 +240) s30—
— (25275 — 120)a;85 — (7272 — 48)s67” — (60075 — 336)a;1 537 — 7895352 — 18059535455 —
—(25275—156) 5553 — (1445 —288v54+3607,—96) 1 — (11475 —48) a1 5456 — (2287, —96) a1 5455 —
— (367, — 12)s35% — (216, — 120)s4557 — (7872 — 30)s48556 — (12077, — 72)s3567 — Sg—
— (15075 — 1687, + 114)a;s5 — 39sas5w — 5455567 — 3683557 — 4555867 — 3384557 —
— 363%861‘ — 30355235 — 75ay862°% — 45a132x — 66895612 — 60838612 — HAds,sex> — 48855612 —
— 635%363: — 78afsﬁa: — 4252342156 — 21543532 — 425%5436 — 39a13§56 — 33a135s§ — 423%3556—
— 48535456 — 27545256 — 66015556 — 3915355 — 42015255 — 36015458 — 66035356 — 24535558 —
— 548%8386 — 2753848% — 30825452 — 54(1%5556 — 48@15336 — 335233s§ — 39535256—
— 57als§sﬁ — 30828586 — 27823532 — 368%8586 — 72a%5236 — 33828§86 — 30838?86 — 51325356—
— 7259545556 — 60a7s456 — (1507, — 76)a’ — (457, — 12)arsi — (2345 — 2347, + 168)a—
— (10872 — 120y, +84) 5455 — (11475 —66) 595356 — (22875 — 132) 595355 — (34275 — 198) 525354 —
— (45075 —252) a1 2% —(1537,—81) 5957 — (36072 —216) 53542 — (150v5 —252v2+34275—112)a; —
— (15075 —84) a1 567 — (3007, — 168) a1 550 — (10272 — 36)a; 5556 — (21675 — 288, +180) 2 —
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— (26475 — 33672 +216) 5253 — (39072 — 195)a? sy — (1057, — 65)s5 — (4507, — 252)a; 54—
— (55275 — 288)a1S253 — (102795 — 54)s95456 — (20475 — 108) 595455 — (528v9 — 336)s9537—
— (907, — 42)s%s5 — (7875 — 30)s452 — (457, — 21)s3s6 — (30075 — 3367, + 228)a; 53—
— (1627, — 90)s7z — (96, — 48)s35456 — (3972 — 15)s05% — 120a152535¢ — 108a1525456—
— 96a152555¢ — 102a153545¢ — 90a1535556 — 841545556 — 9052535456 — 7852535556 —
— 6653545586 — 952a18283x — 138a1898¢x — 126015356 — 114a15456x — 102a1 85862 —
— 300a;837% — 1145583567 — (12075 — 144y, + 96)s3 — 153a, 5355 — 198a7s354 — 135595357 —
— 312@%3;@ — 198a13334 — 216@%3254 — 171@18384 — 162828384 — 75a134 90@134 48@154
— 603354 723254 423254 483334 635354 393354 — 162@13234 — 153323334—
— (4687, — 234) a3z — (907, — 42) 898556 — (45075 — 504, + 342)arx — (189, — 117)s584—
— 228084857 — (2347, — 117)asy — (1267, — 78)s5s5 — (14473 — 1927, + 120)s52—
— (9675 — 19273 + 2407y, — 64)s3 — T2s,2° — 81sia” — 45six — 153sy870 — 18955547 —
— 225018422 — 198595422 — 234als4x — 14433s4x — 16253s4x — 180835422 — 171als4x—
— (3967, — 252)s9547 — 28a] — (1567, — 78)a?ss — (3457, — 180)ays5 — (637, — 39)s2s56—
— 3425953540 — 414a,59540 — 378a, 535, — 360a1525354 — (19872 — 2527y, + 162)5954—
— (21673 — 2887, + 180) 54w — (13273 — 1687, + 108)sy55 — 24s62° — 215202 — 9siw—
— 264555317 — (14477, — 96)2° — (2475 — 4873 + 6072 — 16)s6 — (3605 — 4802 + 300)s92—
— (5473 — 607, + 42)s486 — (2173 — 187 + 15)s5 — (16275 — 90)s354 — (3672 — 12)s586—
— (14475 — 96)s52° — (19275 — 96)s35455 — (972 — 1)ss — 25a3ss — (307, — 6)s555—
— (16575 — 210, + 135)s5 — (2167, — 144)s,27 — (2647, — 168)s9557 — (8475 — 36)s352—
— (4872 — 48, + 36)s556 — (31275 — 156)a’ss — (4873 — 9672 + 120y, — 32)s5—

— (240, — 144) 53557 — (8475 — 36) 535556 — (6675 — 84y, +54) 5956 — (7572 — 8475 +57) a1 56—
— (1087, — 60)s2s5 — (78v2 — 39)alss — 9s; — (144, — 72)s357 — (4872 — 48, + 36)s2—
— 1025954567 — 908955567 — 965354567 — 845355567 — 785455567 — (3375 — 9) 5455 —

— 36z — 253‘21 — 1653L — 345als§x — 252als§x — 390@%52x — 375015022 — 2525%3;@—

— (1087, — 60) 84867 — (962 — 48) 556 — 2288253x — 240@18233 288025955 — 264a,5555—
— (3602 — 240) 592 — 150a;2° — 120592 — 96532° — 165s57% — 120s32% — 105552 — 72557 —
— 150a%z — 234at2® — 80s3s3 — 1085353 — 685955 — 180a7s5 — 132a%s2 — 110a,55—

— T6ays5 — (24, — 8)s3 — 100a3s3 — 125a3 sy — (7275 — 14475 + 1807, — 48)s4—
— (5472 — 30)s356 — (81795 — 9072 + 63)s3 — (2407, — 144)s32 — (1327, — 84) 89867 —
— (4575 — 21) 83 — (18073 — 2167, + 144)s354 — (967 — 48)s2w — (7275 — 962 + 60)s62.

Since all coefficients of this polynomial are negative, one has fo < 0 when as — a; > 7».
In particular, if as — a; > 0.8469, then f, < 0, because vy, < 0.8469.
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To complete the proof, we have to show that f < 0 in the case when ay —a; > 0.8717.
To do this, observe first that
£(0,2,0,0,0,0,0,0) = —492* + 1402% — 25222 + 140z + 5.
This polynomial has unique positive root. Denote it by 7. Then 1 ~ 0.871635634.
Moreover, the polynomial fi(ai,x + 71, S2, S3, 4, S5, S¢, S7) can be expanded as
— 3785984550 — 132a1595457 — 120a1 525557 — 108a1 525657 — 12601 535457—
— 7585871 — 4589557 — 6653577 — 42838570 — HTs5870 — 3954570 — 4852870 —
— 3952570 — 33sg52 — (457, — 21)8952 — 21653552° — 270a% 857 — 22555557 —
— 234898512 — 261ay sz — 17132,5’%:17 — 1983%35:1: — 19848512 — 162333§:1: — 17lsZs5zv—
— 15384522 — 955 — S4s50° — 90s22” — 48531 — 405355 — 425352 — 225355 — 325556 —
— (4507, — 255)alss — 245555 — 305255 — 185558 — 99ais: — Hlaysy — T28555—
— 365755 — 8183557 — 455953 — 605555 — 725357 — 425358 — 485355 — 635752 —
— 4145983850 — 60a186 28a186 488286 483236 248286 180828485 — 144828485
— 90a, 855657 — 171a15335 — 234@13235 — 162828485 — 153838435 — 198828335—
— 243% — 1Os7x — 207&18385 — 180&15435 — 216a134s5 — 18Oa15235 — 153828382
— (2647, — 168) 54567 — 252025955 — 135535452 — 162a1545% — (6077 — 727y, + 48)s557—
— (427, — 18)s352 — (1147, — 66)s95557 — 4860152557 — 4500153550 — 414a, 54557 —
— 3608354850 — 43201525355 — 396a1 595455 — 37801535455 — 34259535455 —
— 84af5237 — 78&%5337 63323337 — 30323637 42838687 51535357 — 33533433—
— 4253s§37 — 30333553 — 33335637 — 27535637 — 42543537 — 3634215657 — 39545237—
— 27548557 — 30845557 — 24545652 — 30528657 — 2Ts55557 — (2527, — 156) 525456
— 4s5 — (5047, — 360)s92” — (171, — 99)s952 — (7877 — 108, + 66)s257—
— 144a; 595357 — (396 — 252)s4550 — (1207 — 144, + 96)s556 — (1147, — 66)5356—
— 9659545557 — 8459545657 — 1852555657 — (23472 — 3247y, + 198)s955 — (767, — 44)s5—
— (1687, — 120)s6z* — (1537, — 81)s452 — (7273 — 9671 + 60)s357 — (8707, — 540)a; 32—
— (667, — 42)s3s7 — (174 — 108)ays7w — (7807, — 540)sys37 — (4147, — 270) 895355 —
— (15672 — 21671 + 1328956 — 5la;s2a — T8sys70” — T253570° — 66545707 — 60555727 —
— 87ays7x” — (1807, — 108)szx — (5407, — 306)aisy — (877 — 1087, + 69)ais7—
— (967, — 48)s355 — (2671 — 10)ss — (52277 — 648, + 414)a;sy — (2527 — 156) 5957 —
— 9Oa%s7x — 114ay1 838587 — 102a15835657 — 108a15485587 — 96a1545657 — 10289838557 —
— 203432 — 36s5s$x — 87a§’35 — 21358633 — 234@%3335 — 39s4s§ — 189als§x — 189523535—
— (1087, — 60)s2z — (300, — 204)s354 — (1107, — 70)s3 — (4147, — 216)a;5455—
— (1627, — 90)s352 — (276, — 144)a;s5 — (300, — 168)ays356 — 11485535457 —
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— 84535256 — 126525556 — 144aTsys5 — (312, — 216)sys67 — (5771 — 33)s357—
— 102&13536 — 90&15536 108828586 1203%3436 — 78345256 — 156(113%56—
— 90345695 — 96s5s6x — 8455363: — 174a; sz — 114als§x — 156595622 — 14453561° —
— 120855622 — 1505356:5 — 180@%3@ — 108525336 — 66543552 — 1085%3456—
— 102a153s§ — 108@15236 96a15456 156a15356 — 72835586 132535336—
— 336&%8284 — (102791 — 54)s48587 — 78828586 — 96838586 — 168@%8286—
— 138als§s6- — 78333432 — 8432843% — 132@%5536 — 120a13336 — 90323352—
— 162535455 — (8107, — 480)a1 5553 — (4867, — 288)ays; — (2527, — 180)s52%—

— (3367, — 240)s42% — (5227, — 324)ars57 — 10289550 — 13255867 — 9653557 — 11487 560—
— (55271 — 360) 895354 — (1967; — 42077 4 5047, — 140)z — (29477 — 420, + 252)2°—
— (21677 — 28871 + 180)s355 — (2707, — 153)a?ss — (19877 — 2527y, + 162)s485—

— (34877 — 4327, + 276)a154 — (13277 — 1687y, + 108)s] — (90, — 51)als; — s3—

— (5171 — 18)ays2 — (42077 — 6007 + 360)s32 — (907, — 42)s45657 — (6007, — 336)a15354—
— (25277 — 3607, + 216)s50 — (967, — 48)s256 — (150, — 102)s5 — (847, — 60)s72°—
— (23477 — 3247, 4 198)s3 — (6487, — 384)a; 5954 — (48671 — 288)a15255—

— (10447, — 648)a; 592 — (1087, — 60)sgs7x — (18077 — 2407, + 150)s3—
— (28871 — 192)s3567 — (48, — 24)s2x — (5477 — 607, + 42)s657 — (3371 — 9)s652—
— (1687} — 36077 + 432, — 120)s5 — (5767 — 384)s3542 — 312aT5354—
— (3757, — 210)a;s5 — (14497 — 192y, + 120)s356 — (60977 — 7567 + 483)a z—
— (1147, — 48)ays2 — (847, — 36)s55657 — (150, — 102)s556 — (2647, — 168)s35,—
— (1207, — 72)s5572 — (240, — 144)s5562 — (120, — 72)s35457 — (847, — 36)s552—
— (1747 — 2167y, + 138)aysg — (26177 — 324~ + 207)ays5 — (126 — 60)a; s557—

— (37571 — 255)s383 — 1148985570 — 1028986577 — 1208354577 — 1085385572 — 965356570 —
—1025485570—908456570—84855657x— 16201895706 —150a1 83570 —138a1 84870 —126a1S5570—
— 116a7sy — 1385983577 — 1268984570 — (43577 — 5407, + 345)ars3 — (102, — 54)s955—
— (2257, — 153)s385 — (156, — 108) 89572 — (3487, — 216)a;sex — (2527, — 120)a1 5556 —
— 24001828556 — 252a0153545¢ — 22801535556 — 21601545556 — 22859535456 — 20489538556 —
— 18083545556 — 810a1 59836 — 324015956 — 300015356 — 2760184562 — 252018556 —
— 2765953561 — (609, — 378)a12* — 252a1 5355 — 228525355 — 312a,5554 — 60555457 —
— 276015354 — 264555354 — (138y; — 90)s98357 — (14077 — 30077 + 3607, — 100)s3—

— 84525556 — H4ses7a® — 13284562° — 29a%s7 — (1627, — 96)a; 5957 — 102535256 —

— (367, — 12)s552 — 114a; 86570 — (10, — 2)s2 — (4687, — 324)s50 — 90895256 —

— 144a7s; — 80a1s; — 9655, — 1208557 — 728955 — 805354 — 1085357 — 68535, —

— 248587 — 218552 — 9sys5 — 205557 — 185557 — 85385 — 165357 — 155752 — Tsyso—
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— 264a, 5557 — 252895354 — (2767, — 180)895356 — (2407, — 144)s357 — (487, — 24)s5—
— (1147, — 48)ayses7 — (5477 — 607, + 42)s2 — (20377 — 37877 + 483y, — 160)a;—
— (3457, — 225)s253 — (13277 — 1687, + 108)s456 — (3247, — 192)a; 5256 — 27a3 52—

— (1967, —140) 2> — (2167, — 120) 535556 — (2873 — 6077 + 7271 —20) 57 — (1087, —60) 535557 —
— (9077 —1087,+72) 52— (4687, —324) 59550 — (240, —144) 535456 — (39077 — 5407, +330) 5953 —
— 125357 — 125252 — 6s5s2 — 8spsy — 9sas2 — bsgse — 112s,2° — 132s22% — 7655w —

— 252523?1x — 300525433 — 348ay542% — 312898422 — 360@1541’ — 240335495 — 264333433—

— 276a, 550 — 40aT — (171, — 99)s7s5 — (1327, — 84) 54577 — 5525283547 — 6480159547 —
— 600a;53547 — 57601525354 — (3971 — 15)8452 — (3607, — 216)s35485 — (1327, — 84)s356—
— (16872 — 2407, + 144)s¢z — (75y1 — 51)s357 — 28s70° — (1507, — 84)ays357 — 56567° —
— bdsiz? — 26spx — (1267, — 78)s95457 — (420, — 300)s32° — T2a7 5457 — 48555657—

— (4327, — 288) 53557 — 45595257 — 66555357 — 6015757 — Hlaysisy — 39a,5552—

— 60@15637 — 54533437 — 48@15237 39325337 78&18287 — 36a13657 — 36523657—

— 42@15637 — 54523537 — 42@15437 — 33525537 — 36523437 — 66@15537 — 69a15357—

— (48, — 24)s2s7 — (1807, — 102)a?ss — (2037, — 115)a; — (28877 — 3847y, + 240)s35,—
— 2880, 595356 — 264a, 595456 — (6677 — 84y, + 54)s457 — (5677 — 12077 + 1447, — 40)s6—
— (112 — 24077 + 288, — 80)s4 — (3127] — 432, + 264) 5254 — (967, — 48) 535657 —
— (6967, — 432)a1s47 — (397, — 15)sas7 — (1987, — 126)s3s5 — (6247, — 432)s9540—

— (4507, — 252)a1 5355 — (6307, — 357)atx — (102, — 54) 898657 — (31577 — 357, +240)a? —
— (2287, — 132) 535556 — 165; — 9053545557 — 7853545657 — 7283555657 — 6654555657 —

— 2285955567 — 2405354867 — 2165355567 — 2045485567 — (50477 — 7207, + 432)s92—

— 491 — 365‘21 — 255§ — 486als§x —375a; s%x — 540@%52x —522a; s912 — 375535313 —435a; 5352 —
— 19259545556 — 450(1183x — 390895322 — 3458283ZE — 360@18233 420@18233 — 390@15253—
— (33677 — 480, +288) 547 — (1387, — 72)a;15457 — 203a, 2> — 168552 — 140532° — 234550° —
— 180s32? — 150852 — 11053z — 203a3z — 315432 — 1208555 — 1655555 — 1055955 —

— 252a%s5 — 195a]s3 — 156a1s5 — 115a, 85 — (276, — 144)a;5456 — (1447, — 96)s3570—
— 5dsysisy — (8447 — 18077 + 2167, — 60)s5 — 145a7s3 — 174a’sy — (37871 — 234)s95455—
— (2647, — 168)s32 — (90, — 42)s4s5 — (2477 — 24y, + 18)s2 — (360; — 240)s30—

— 48333537 — 11(113? — 9089538657 — 58a§’86 — 45@1835‘? — 2525954567 — 288535,1° —

— (8477 — 1207, + 72) 572 — (1897, — 90)a1s2 — (204, — 108)s45556 — (36071 — 204)ais,.

Since coefficients of this polynomial are negative, one has f < 0 provided that as—a; > ;.
Hence, if as — a; > 0.8717, then we also have f < 0, since 0.8717 > ~;. ]
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Lemma A.2. Let f be the polynomial (6.3). Then the following assertions hold:

o f(ay,as,a3,a4,1,1,1,1) <0 when ag — a; > 0.7698;

e f(ay,as,a3,a4,as,1,1,1) <0 when az — a; > 0.8595;

o f(ay,as,as,aq,as,a6,1,1) <0 when ag — a; > 0.8985;
o f(ay,as, as, aq,as,aq,a7,1) <0 when az —a; = 0.9206;
° f(al,a2,a3,a4,a5,a6,a7,a8) < 0 when as — a; > 0.9347.

Proof. Let g1(ay, s1,t, S3, 54, S5, S, S7) = f(&l,sl,t — $1, 83, S4, S5, S, S7) for t = az — ay.
Then ¢1(0,0,2,0,0,0,0,0) = —36x? + 10223 — 1982% + 120z + 5 has one positive root.
Denote it by v1. Then v, & 0.9346473877, and ¢ (a1, $1, 2 + 71, S3, S4, S5, S6, S7) equals
— 378ay 535455 — (144, + 951 — 81)s452 — 78a®s3s7 — 42525657 — 51535357 —
— (1327, + 651 — 90)s3570 — (1927, + 125, — 108)545556 — 6355577 — 3983570 —
— 1448837 — 3654551 — 4552570 — 3385552 — 3655577 — 3056550 — 198535577 —
— 180als§x — 252afs5x — 234a, 552 — 1898§S5ZE — 18054552 — 15383s§x — 162sis5x—
— 952 — T2s50° — 81s2a? — 4555w — 40s3sg — 425558 — 225350 — 32s)s5 — 365350 —
— 3425354857 — 208455 — 245556 — 308257 — 18555 — 99aisz — Hlayss — 60s5s5 — 725552 —
— 423335 483435 638485 — 398485 60@136 28&136 — 171&13335 153335435—

— 207@13335 — 162535435 — 180alsis5 — 216a134s5 — 135533455 — 162@15455 — 234@15335—
— (457, + 351 — 24)s3 — (307 + 351 — 9)s652 — (1087, + 65, — 48)a;5657 — 3964154557 —
— 432a183585 — 4253(9?57 — 30838557 335356 7— 27533657 42848587 36825657—

— 3383848% — 39848%87 — 2784855‘? — 30848687 — 24848687 — 30858687 — 27353637 — 2135563$—
— (33714351 —12)8552 — (97 + 51— 2) 55 — (36, + 35, — 15) 5257 — (10271 + 651 — 60) 535557 —
— (96, 4651 — 54) 56572 — 87a3s5 — (3607, + 155, — 255) 530 — 1260, 535457 — 114a, 535557 —
— 102a; 838657 — 108a1548557 — 96a1 848657 — 90a;1 855657 — (528v; + 2451 — 360)s3840—
— 132a7s556 — (1857 + 3651y; + 46877 — 7251 — 5767, + 414)a;x — (1057, + 5s; — 70)s5—
— (1087, + 651 — 66)5?136 —48a, s%x — 66535702 — 60545722 — H5ds5 570> — 48s¢572% — 84a%s7m—
—78ay572% — (967, 465, —54) 545557 — (216, + 125 — 132) 55562 — (1147, 4+ 65, — 72) 535457 —
— 84525556 — 455 — (453 + 125172 + 9677 — 1257 — 24517y, — 20447 + 2451 + 2647, — 80) 54—
— (1447, +651,—102)2° — (36, +35, — 15) 5452 — (457, + 351 —24) 5257 — (48, +35, — 18)a; 52—
— (1183 + 18s77; + 185177 + 1567 — 1857 — 7281y, — 28877 + 69s; + 414, — 160)a; —

— (1537, + 951 — 90)s352 — 12683567 — 90s3s57 — 10857567 — 84545570 — 9052567 —
— (468~ + 18s1 — 288)a; sz — 72335536 - 78333432 — 120a, 5356 — 102535356 — 138@18386—
— 78s5s§$ — 156a,sg2% — 108als§x — 132838622 — 120548622 — 108s5562% — 168&%3693—
— 84335256 — 144aisysg — (2044, + 1251 — 120)s35556 — (1447, + 651 — 84)a;s357—

— 66543532 — 1085%5436 — 102@13336 — 9Oa1553§ — 78545§36 — 102a1335§ — 96@15432—
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—29a%s7 — (65° + 185177 + 144~} — 1857 — 365,71 — 30677 + 365, + 3967, — 120)z—
— 5452570 — 156435356 — (39671 + 1851 —216)a15455 — (65171 +607F — 651 — 78y1 +54) 5457 —
— (90, +651—48) 535657 — (125171 +1087; — 125, — 1327, +96) 5556 — (46871 +1851 —288) ay 2% —
— (65171 + 54y2 — 651 — 667y, +48)s557 — 57— (1251791 + 12072 — 1251 — 1567, + 108)5456—
— 69a; 5557 — (34271 + 1851 — 216)s35455 — (18519 + 19877 — 185, — 2707; + 180)s355—
— (2647, +125,—144) a1 5456 — (245171 +264~7 —245, —360, +240) 5354 — (54, +35,—33) 5757 —
—(90’71+681—48)8§86—(1881’}/1+216’y%—1881—306’}/1—|—198)S5$—(240’)/1—}-1281—120)@18586—
— (1087, + 651 — 48)ars2 — (1327; + 651 — 72)a15457 — (2167, + 951 — 153) 5522 —

— (283 + 65177 + 487} — 657 — 1251y, — 10277 + 1251 + 1327y, — 40)sg — 1025355577 —
— (245171 + 28877 — 2451 — 4087, + 264) 5,5 — (12517, + 14477 — 1251 — 2047, + 132)sgr—
— (847, + 651 — 42)s45657 — (264, + 125, — 180)s3567 — (1627, + 951 — 99)s2x—

— (65171 + 4877 — 651 — 5dy; +42)s657 — (2287, + 1251 — 144)s357 — (3971 + 351 — 18)s352—
— (185171 +18077 — 1851 —2347, +162) 5455 — (7271 +45, —44) 53 — (576, +245, —336) a1 5354 —
— 75455 — 125357 — (847, +651 —42) 5458 — (240, +1251 —156) 532 — (28871 + 125, —204) 5427 —
— (78714651 —36) 555657 — (4327, + 1851 —252) a1 5355 — 1148354570 — 908386570 — 96545570 —
— 144ay 83870 — 132a1 84872 — 1200185570 — 108a1 86570 — (396y1 + 1857 — 270)s3550—
— 252a18354S¢ — 22841535556 — 21601545556 — 18083545556 — 288a1535¢x — 264a1 54862 —
— 252&1533?1 — 312a%s3s4 — 276@13354 — 116@?34 144@134 80&184 803354—

— 685355 — (780, + 3051 — 480)ay 532 — (65171 + 667> — 651 — 90y, + 60)s357—

— 115a, 835 — 845486570 — (128171 + 13277 — 1251 — 1807y, + 120)s356 — 27ais7—

— 785586572 — (35171 + 2177 — 351 — 2191 + 18)s2 — (95171 + 8177 — 951 — 99y, + 72)s2—

— (240, + 1251 — 156) 5456z — 11185 — 208557 — 185355 — 8s355 — 165357 — 155357
— (9671 + 651 — 54)sgx — 125252 — 6s5s5 — 8spsy — 9sgs2 — Hsgsy — 96s,2° — 1208527 —
— 7232m — 312a;842% — 336als4$ — 2283;;3?@ — 2528§s4x — 264s38,2% — 264als4x — 40a1—
— (1627, + 951 — 99)s3s5 — 576a153547 — (305171 + 36077 — 305, — 5107, + 330)s32—
— (1207, + 65 — 78) 54570 — (6247, + 2451 — 384) a1 540 — 24572 — (1267, + 65, — 84)s256—
— (582 + 155197 + 1207} — 1557 — 3051y, — 25577 + 30s; + 3307y, — 100)s3—

— 48s¢1> — 4852 2 _ 2432:6 — 72a%54s7 — 60a%5657 — 60a15257 — 51a13§57 — 39a155s§—
— 240a; 85567 — 1085355 — (907; + 65, — 48) 5358 — 96535556 — (31271 + 1251 — 192)a 567 —
— 145a3s3 — (288v; + 1251 — 168)ays356 — (185191 + 21677 — 185, — 3067, + 198)z*—
— (42, + 35y — 21)s2w — (6371 + 35, — 42)s357 — (25271 + 1251 — 168)s35, — 58a’ss—
— (72714351 —51)s72° — (3307, + 155, —225) s320— (352 +-65, 71 + 7872 — 125, — 967, +69) ay 57—
— 7253555657 — (385 + 95172 + 7272 — 957 — 185171 — 15377 4 1851 + 1987, — 60)s5—

— 485%5557 — 54535437 — 36a15653 — 45a13353 — 42a15§57 — 42a184s$ — 66afs537—
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— (1087, + 651 — 66)s5577 — (787; + 651 — 36)s555 — 165; — 9053545557 — 7853545657 —
— 6654555657 — 2285354567 — 2045555567 — 1925455567 — 362t — 2583 — 360als3x—
— (247, + 251 — 10)s8 — (189, + 951 — 126)s355 — 390a; 530 — 420a}s3z — 105550~
— (957 + 185171 + 23477 — 3651 — 2887, +207)a1s5 — (360, + 185 — 234) 54852 — 1560, 2°—
— (2753 + 365171 + 25277 — 51s; — 306, + 240)a? — 174ajw — 252aTx* — 19543 55—
— (36071 + 1581 —210)a153 — (85 + 38177 + 2473 — 357 — 65171 — 5177 + 651 + 667, — 20)s7—
— (2647, + 125, — 144)a; 55 — (1552 + 305171 + 39077 — 605, — 4807, + 345)a153—
— (5047, + 3651 — 306)ajz — (847, + 651 — 51)atsy — (1687y; + 125, — 102)atss — 21s20% —
— (2527, + 1851 — 153)a?ss — (120, + 651 — 60)a1s557 — (144, + 651 — 102)s62°—
— (1807, + 951 — 90)a1s2 — (22871 + 1251 — 144) 535456 — (3367, + 245, — 204)aTs,9s20—
— (653412517, + 15677 — 245, — 1927, +138)ay 56 — (155171 + 16577 — 155, — 2257, +150) 52—
— (174, 4+29s, —115)a} — (125171 +12077 — 1251 — 1567, +108) 55 — (420, +-30s, —255)aiss—
— 120832° — (65171 + 487] — 651 — Hdy, + 42)5% — (65171 + 727} — 651 — 1027, + 66)s72—
— (1252 + 24517, + 31277 — 485, — 384~y + 276)a154 — (1567, + 651 — 96)ars70—
— 165532 — (367, — 20 — 1877 — 257 + 185 + 57 — 185171 + 65771 + 673)s:.

Since all summands here are non-positive, we see that f < 0 provided that a3 — a; > ;.
In particular, if a3 — a; > 0.9347, then f < 0 as well.
Let us denote the polynomial f(ay, as, as, as, as, ag, a7, 1) by fo. Asin the previous case,

we let go(ay, 51,1, 53, 54, 55, 6) = fa(ai, s1,t — 51,83, 54, 55, 5). Then

92(0,0,2,0,0,0,0) = —252" + 652" — 1352* + 80z + 8.
This polynomial has exactly one positive root. Denote it by v5. Then v, ~ 0.9205032589.
Let us consider gs(ay, s1, + 72, S3, S4, S5, S¢) as a polynomial in a1, x, S3, S4, S5 and sg.
Then all its coefficients are non-positive, since it can be expanded as
— 250" — (2457 + 305172 + 18075 — 39s; — 1957, + 168)a? — 108s3550” — 9601520 —
— 73332 — 144afs5w — 132a;s52°% — 1023%551’ — 96548522 — 7833s§x — 8432551’ — 7254s§x—
— (528, + 2451 — 288)a 53w — 4s5 — 40s52° — 42522% — 2255w — 165356 — 155555 —
— 42838486 — 328385 — 365352 — 208352 — 245785 — 305752 — 18,483 — 24aisg — 10a,s5—
— 66838485 84@13485 132&18385 (1207, + 651 — 60)a1s356 — 240a1 53850 —
— 39@15332 — 500355 — 2160, 54557 — 1805354550 — 204a1 535455 — (18075 + 95y — 117)s42% —
— (1281775 + 10873 — 125, — 1327, + 96)s2 — (18517 + 18073 — 185, — 23475 + 162)s40—
— (1587 + 308172 + 33073 — 6051 — 3607 + 285)a1x — (35172 + 1875 — 351 — 1579, + 15)s2—

2 3 2 2 3
— 21548558 — 125756 — 125755 — 65450 — 85556 — 9s2s58 — Hsssy — Hdasss — 26a,55—
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— 33a155s% — 90a1335§ — 78838285 — 114&18285 — 845%3435 — 96alsis5 — 120&%3435—

— (192, + 1251 — 108) 54557 — (957 + 185179 + 19875 — 3651 — 2167, + 171)a;s4 — s5—
— (353495172 +60vs —957 — 185,75 — 11772 +185, +1627, —48) 54— (18075 +125, —96) 535455 —
— 66@%8356 — 27553§x — 66a, 52> — 42als§a: — Bdsyser® — 488,562 — 4255562% — 726@561:—

— 16535 — (1257, + 2551 — 76)a; — 5185567 — 3383557 — 4255867 — 3084557 — 3352867 —

— 24838582 — 27333432 — 54a%s556 — 48@18386 — 39838286 — 57a13§s6 — 303?13536—
— (65172 + 5473 — 651 — 667, + 48) 5356 — (95172 + 7275 — 951 — 817, + 63)s5—
— 27343236 — 36@1345‘% — 363%5536 — 30333556 — 60a%5436 — (1007, + 581 — 65)%3—
— (1447, + 951 — 81)siw — (2407, + 1251 — 120)a; 55 — (1087, + 651 — 66)s3567—
— (1257 + 24817, + 26475 — 485; — 2887 + 228)a; 53 — (15372 + 9s; — 90)s354—
— 25a%sg — (847, + 651 — 42) 52w — (2407, + 1251 — 156) 832 — (1207, + 651 — 78)s52°—
— (687 + 128172 + 13275 — 245 — 144y, + 114)a;85 — (7872 + 651 — 36)535556—

— (2407, + 125, — 120)a; 8355 — (55 + 35173 + 2075 — 352 — 65179 — 3975 + 651 + 547y — 16) 56—
— (42, +3s1 — 12)ay 52 — (2772 + 351 — 6) 5552 — (9672 + 651 — 54) 54567 — (872 + 51 — 1)s5—
— (3607, + 1851 — 180)a1s354 — (24517 + 24073 — 245, — 31275 + 216)s320—

— (158179 + 15095 — 1551 — 1957, + 135)2* — (1447, + 125, — 78)ajss — 153s35,2—

— (21675 + 1851 — 117)alsy — (16272 +9s, — 72)a1 55 — (65172 +427; — 651 — 4272+ 36) 8556 —
— 39a; 5256 — (1357 + 951 — 72)s357 — (357 + 65170 + 6675 — 1281 — 7275 + 57)ay 56—
—(9672—1—631—36)@13536—(3372—1—381—12)3356—(33072+1581—18O)a1m —(6872—1—431—40)33—
— (264, 4125, — 144)a; 57 — (2272 +251 —8) s — (125172 + 10873 — 125, — 13275 +96) 5355 —
— 8spx — (55% + 158173 + 100s — 1557 — 30517y, — 195795 + 305, + 2707y, — 80)z—

— (3372 + 351 —12) 8256 — 10201 535456 — 9001 835556 — 841545556 — 6653545556 — 1200, 83560 —
— (68172 + 6073 — 651 — 787 + 54) 862 — 1080, 54567 — 96a1 55567 — 153015357 — 19807 5354 —
— (1881772 + 16275 — 18s; — 198, + 144)s35, — 171ays354 — 75as sy — 90a3s3—

— 48a, 57 — 485354 — 635355 — 395355 — (607, + 351 — 39)s62” — 21605547 — T6a, 55—

— (1281772 + 12073 — 125, — 1567y, + 108)s52 — (1027, + 651 — 60)s355 — 13553570 —

— 2400, 535 — (7275 + 651 — 30)s452 — (3607, + 30s; — 195)atz — (517, + 351 — 30)s356—
— (96, + 651 — 36)arsz — (7279 + 651 — 39)aiss — 60s42° — 72s70* — 42532 — 198a1547° —
— 162535402 — 1620, 522 — (8475 + 651 — 42) 55567 — 28a] — (4272 + 35, —21) 55 — 3600, 53542 —
— (483 4+ 125172 + 8075 — 1252 — 245175 — 15672 + 2451 + 2167, — 64)s3 — 20562° —

— (1053 + 1557795 + 155173 + 11095 — 1257 — 605172 — 18075 + 5751 + 2857, — 112)a;—
— (21675 + 1251 — 132) 852 — (65172 + 4875 — 651 — Hdyo +42) 5456 — (7272 + 651 — 30) 545556 —
— (3967, + 185, — 216)a; 54z — (3247, + 185, — 198) 53540 — (2887, + 245, — 156)a’s3—
— 18522% — (907, + 651 — 48) 535456 — (847, + 651 — 42)s%55 — (307 + 351 — 9) 5455 —
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—(108v,+651 —48)a15456 — (257 +65175 +4075 — 657 — 125175 —78v5+ 125, + 1087, —32) 55—
— (132795 +65, —72)ay 567 — 957 — (4275 +351 —21) 5255 — 905354567 — 78535556 — 72545556 —
— 264a;530% — 288a3s3z — 110a;,2° — 80s32° — 108s32? — 68s5x — 125a°x — 180ats?—
—132a%s5 — (787 + 651 — 36)s352 — 100a;s3 — (6517 + 4275 — 651 — 427, + 36)s3—

— (3672 +351—15) 552 — (125172 +9673 — 1251 — 1087, +84) 5455 — (216, + 125, — 132) 53557 —
— (21672 + 1251 —96)ay 5455 — (3075 — 16 — 155,y — 1572 — 5% 4 1551 + 55 + 5v5 4+ 55273 51.

This shows that fy < 0 provided that a3 —a; > 5. Thus, if a3 —a; > 0.9206, then f5 < 0.
Let f3 = f(ay,a9,as,a4,as,a6,1,1). As above, let g3(ay, s1,t, s3, S4, S5) be the polyno-
mial f3(ay,s1,t — $1, 83,84, 5). Then

93(0,0,7,0,0,0) = —162* + 362> — 842* + 48z + 9.

This polynomial has one positive root. Denote this root by 3. Then 3 ~ 0.8984970862.
Moreover, we can expand g3(a1, $1, % + 73, S3, S4, S5) as

— 162t — (1851795 + 14472 — 1851 — 16273 + 126)s32 — (3095 + 351 — 9) 5255 — 901 5254 —
3 4 3
— (10834651 —48)ay 557 — (21673 + 1251 —96)ay 547 — (65173 +4275 — 651 — 4273+ 36) 5355 —
—483—120a%s4x—6633six—783354x—108als4x2—8453s4x2—84alsix—108@%3354—78611338421—
— (144734981 — 81)33302 — sé — (95173 +637§ —9s1 — 6373+ 54)s§ — (8434651 —24)a;5455—
— (216341251 —96) a1 22— (96y3+651 —36) a1 5355 — (3073+351 —9) 52w — (144v3+9s1 —54 ) a, 52—
5 3
— (9634651 —54)542% — (657 +125173+ 10875 — 245, —96v3+90)a; 54— (3673 +351 —6)a, 52—
—(12574245,73+21672 —485; —19273+180) a1 2 —(78v3+65,—36) 5354 — (3973+35, —18) 5555 —
— (1265 + 951 — 63) 522 — (66y5 + 651 — 24) 535> — (125173 + 8472 — 1251 — 845 + 72) 5354 —
3 4 3
— (2773 + 381 — 6)s352 — (65173 + 4875 — 651 — Hdyz + 42)s5x — (4873 + 351 — 27)s57°—
—33a;535% — (955 + 128373 + 125175 + 7275 — 657 — 485173 — 963 + 455, + 1803 — 72)a; —
— 27535985 — (T3 + 51)58 — (85 4 35175 + 1675 — 352 — 651793 — 2773 + 651 + 4273 — 12) 55—
— (128173 + 9672 — 1251 — 10873 + 84)s42 — (65173 + 3675 — 651 — 3073 + 30)s7—
— (282 + 65175 + 3273 — 657 — 125193 — Hd~ys + 1251 + 8473 — 24)s4 — 96a, 53557 —
—36a,5%55— (355495172 +48v5 —952 — 185,73 — 8172+ 185, + 12673 —36) 53— 20550 — 2453 54—
4 3 3 1 3 4 3
—30s353— 185355 —42a3 s4—48a7 5] —24a155—192a, 53540 — (2473 +351—3) 5452 — 7801 535455 —
— (35193 + 15795 — 351 — 93 + 12)s2 — (1251793 + 9675 — 125, — 1083 + 84)2*—
—(66y3+651—24)535455— (168v3+1251—84) 53542 —(39v3+3s51—18 s3— 64y3+4s1—36 -
3
— 180a2s32 — (603 + 651 — 27)as5 — (12073 + 125, — 54)a’sy — (8473 + 65, — 42)s3550—
1 1
— 65352 —665354S5T— 72734651 —30 s2r— 1927341251 —T2)a15354— (72734651, —30) 4550 —
5 4
— 21535452 — (2152 + 245,73 + 12072 — 2751 — 10873+ 108)a? — 18a] — (2073 + 25, — 6)s5 —
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— (18075 + 1851 — 81)a§s3 — (2403 + 245, — 108)atz — 9s3 — 39six — 84a’r — 120a3 x> —
—T72a12° — 483513 —633 81(1153 45@153 755;15 16s52° — 1585513 —60a135x 393335:15—
— 9ays8 — 128385 — 125357 — 85355 — 95752 — Hsyss — 30555485 — 30a15455 — 361520 —
— 27538§$ — 305335x — 2434s§x — 4253550% — 36545502 — Hday sz — 21a‘z’35 21a155—
— 84a154557 — (485 + 125172 + 6475 — 1257 — 245173 — 10873 + 2451 + 16873 — 48)2—
—144a, 5535 — (843 + 2151 —45)a? — (65173 + 3675 — 651 — 303 +30) 5455 — 32542° — 36572° —
— 162a,532° — (8473 + 651 — 24)a157 — (957 + 1851y + 16272 — 365, — 14473 + 135)a, 53—
— 45a,5355 — (357 + 65173 + 54ya — 125; — 4873 + 45)ars5 — (3243 + 18s; — 144)a; s30—

—54@%5335—48a%s4s5—(243173—43‘;’73—1281+63ai’33+125%—1—43175’—1-5‘11—123173—1-125%73).

All summands in this sum are non-negative. This shows that f3 < 0 if a3 —a; > 3.
Therefore, if a3 — a; > 0.8985, then f3 < 0 as well, since 3 < 0.8985.

Let fy = f(a1,a9,a3,a4,as,1,1,1) and g4(aq, 1,1, $3,84) = fa(ay, s1,t—s1,3,54). Then
the polynomial g4(0,0, z,0,0) = —9z2* 41523 —452*+242+8 has one positive root. Denote
it by 4. Then 74 ~ 0.8594363 and g4(ai, s1,2 + 74, S3, S4) can be expanded as

— 92* — (847, + 651 — 24)a1547 — (6074 + 651 — 18) 83542 — (7274 + 651 — 12)a;5354—
— (1684 + 1251 —48)ays3z — (60y4 + 651 — 18)s§x — (1251794 + 7272 — 1251 — 6074 +60) 532 —

— (65174 + 3072 — 651 — 187y + 24)s354 — (724 + 651 — 30)s32%2 — (2474 + 35, — 3)s20—
— (65174 +367; — 651 —3074+30) 847 — (3674 +351 — 15) 542> — (2774 + 351 —6) 5554 — 1Ta} s, —
— (214 +351) 5355 — (957 + 185174 + 1267F — 3651 — 7274 +99)ayx — (12694 + 951 — 36)a; 2> —
— (383 4+ 65174 +427; — 1251 — 247, + 33)a184 — (3074 + 3s1)a18] — (7274 + 651 — 12)a1 55—
—(144,+18s,—45)ai v — (487, +65,—15)aTsy— (9674 +125,—30)aTs3— 72a, 830 — 720153540 —
— (657 + 125174 + 8473 — 245, — 48, +66)a153 — 96a3s37 — 4s3 — 30530 — 18557 — 5lasr—
—T72a37* —42a,2° — 420755 —22a, 55 — 34a} 53— (1852 + 185174+ 727: — 155, — 457, +60)a’ —

— (5194 + 1781 — 22)a® — (383 + 95172 4+ 36; — 952 — 185174 — 4577 + 1851 + 907, — 24)z—
— (98174 + 545 — 951 — 45y, +45)2” — (36794 +3s1 — 15)2° — (38174 + 1277 — 351 — 34 +9) 85—
— (87 4 35195 + 1273 — 357 — 65174 — 157; + 651 + 307, — 8)s4 — (674 + 51+ 1)s — 85—
— 2783841‘ — 30835422 — 30alsix — 48a%34x —42ay842°% — 27a1833?1 — 33@18384 — 42a§33s4—
—12s42° —12530% — 6551 — (255 + 65177 + 2475 — 657 — 125174 — 3077 + 1251 + 607, — 16) 53—
— 2183557 — (65174 + 307F — 651 — 1874+ 24)s3 — 18a%s] — 8ay 55 — 85554 — 95357 — 55355 —

— (855 + 953y + 95173 + 4275 — 365174 — 367; + 3351 + 9974 —40)a; — (1874 + 25, — 4)s5—
— 24532 — 84a1530% — 10a] — (353v4 + 373 — 972 — 95174 + 187y4 + 57 + 55 — 8+ 9s1)s1.

As above, we see that fy < 0 when a3 — a; > 4. So, if a3 — a; > 0.8595, then f; < 0.
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Finalle let f5 - f(ala A2, Az, A4, 17 17 ]-7 1) and g5(a17 51, ta 83) = .]?'\5(&17 51, t_sb 83)' Then
the polynomial g5(0,0,x,0) = —4z* + 223 — 182% + 8z +5 has unique positive root. Denote
it by 5. Then gs(aq, s1, + 75, s3) can be expanded as

— 42t — (6075 + 651)arssz — (1875 + 351 + 3)six — (2475 + 35, — 3)s30” — 13a3s3—

— (365 + 65, — 3)atss — (357 + 65175 + 3072 — 1251 + 21)ays3 — (7275 + 125, — 6)asr—
— (6817542472 —651—675+18) 837 — (2475 +351+6)ay 55— (655 +125175+6072 — 245, +42)a; 1 —
— 5552 — (60754651 )a12% — (755 4+ 65275 + 65172 + 2072 + 657 — 245,75 +215, +4275 — 16)a; —
— (15834125175 +3672 — 35, — 65 +24)a] — (2675 +13s, —7)a’} —26a5x—15a2 53— Ta, 55 —255 —

— (25% + 65172 + 1672 — 672 + 1251 + 365 — 8)x — (63175 + 2472 — 651 — 675 + 18)2*—
— (1675425, —2)2* —24a, 550 —30a, s30° —36a7 532 —4a] —s3—36a x> —20a, 7 —8s32° —9s32° —
— (85435172 + 872 — 357 — 65175 — 372 + 651 + 1875 —4)33 — (35175 + 975 — 351+ 375 +6)s3—
— (595 + 81+ 2)s3 — (1275 + 275 + 25775 — 672 — 65175 + 57 + 651 + 1275 + 651 — 4)s;.

Observe that every summand in this sum is non-positive, because 5 ~ 0.7697759834.
This shows that f; < 0 when a3 — a; > 5. Thus, if a3 — a; > 0.7698, then f5 < 0. O

Lemma A.3. Let f be the polynomial (6.4). Then the following assertions hold:
flay,a2,a3,1,1,1,1,b) < 0 when ay —ay = 0.7701;
° f(a as,as,aq, 1,1,1,b) <0 when as — a; > 0.8595;
o f(ay,as, a3, aq,as,1,1,b) <0 when ay —a; > 0.8985;
o f(ay,as, as, a4, as,a¢,1,b) <0 when ay — a; > 0.9206;
° f(al,aQ, as, ay, as, ag, a7,b) < 0 when as — a; > 0.9347.

Proof. Denote by fs5 the polynomial f(ay,as,as,1,1,1,1,b), and let gs(aq, s1, $2,b) = ]?5
Then g5(0,7,0,0) = (3 — 622)b* + (8 — 42® — 182 + 62)b — 4a* + 2% — 1822 + 8z + 5.
The discriminant of this polynomial is equal to —80z5 +1922° — 108z* — 11223 + 8422 4 4.
Denote by 65 its unique positive root. Then gs(aj, x + ds, s2,b) is a sum of

— (1285 + 18)bsox — (36 + 3635)arbx — (6 + 3085)aiss — (1865 + 12)atb — (9 + 21d5)a; 55—
— 1265b%x — 12a,b*05 — 27a1590% — 6bsya® — 18arba” — 4o — 4ba® — (1205 + 18)ba*—
— 18a12% — (862 — 302 + 1885 — 4)s5 — (1655 — 2)2° — (18 4 1865)a1bsy — (6 + 5455) a1 sz —
— 9s32% — 8s91° — (5402 + 1205 + 30)ayx — (6 + 5405 )a12* — 18a2br — 12a1b*x — 30aTsyz—
— 2la; 857 — 6bssx — 6b*sox — (505 + 2)ss — 18a3x — bsyx — (2762 + 665 + 15)ars50—

— 6022 — — (2402 — 605 + 18)s92 — (2465 — 3)s92” — (1865 + 3)s22 — (1262 + 3605 — 6)br—
— (602 + 1895 — 3)bsy — 9a153b — 9aissb — 6aysyb® — 12a%s5 — 6a1s5 — (695 + 9)bs;—
— 253b — (3002 + 1265 + 9)a? — 9adsy — s5 — (6005 + 12)a3z — (1862 + 3605 — 12)ab—
— 30a3x® — 3alb® — 3550 — (2492 — 655 + 18)x* — (1862 + 662 + 3005 — 12)a;—
— 18a305 — (1602 — 602 + 3665 — 8)x — (967 + 365 + 6)s3 — 18a1bsyx — 6b%5505
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and the polynomial
(3 —652)b* — (492 + 1802 — 655 — 8)b — 405 + 252 — 1852 + 865 + 5.

Observe that all coefficients of the former polynomial are negative, since d5 ~ 0.7700518.
On the other hand, the latter polynomial is not positive for all b > 0 by the choice of 5.
This shows that gs(ay, s1, 82,b) < 0 if 51 > 05, so that f5 < 0 when as —a; > 0.7701.

One can use the same arguments to prove that f5 < 0if ag—a; > 0.7698 and b > 0.2308.
Indeed, let as be the unique positive root of the polynomial —4z* + 22° — 1822 + 8z + 5,
let 35 be the unique positive root of of the polynomial 8 — 42® — 1822 4 6z, and let

8 —4a3 — 1803 + 6as

3 — 6a? '
Then a5 &~ 0.7697759834, (5 ~ 0.774202788, and 5 ~ 0.230720502. Moreover, one has
95(07 Z, 07 b) <0

V5 =

provided that z > a5 and b > 5. Then gs(ay, x + as, S2,y + 75) can be expanded as

— (18a5 + 65 + 12)aly — (5das + 1875 + 6)az® — 9as soy—
— 383y — 12asa1° — (5404?) + (3675 + 12)as + 1292 + 3675 + 30)@135 — bsyr—
— 6aisoy? — (27oz§ + (1875 + 6)as + 67? + 1875 + 15)@132—
— 255y — (2402 + (1295 — 6)as + 672 + 1875 + 18) sox — Gsjyz—
- (180@ + (245 + 36)as — 12)a1y — (24a5 + 6v5 — 3)s20% — a1 55y —
— (8a3 + (675 — 3)az + (675 + 1875 + 18)as — 375 — 4) 52—
— 55— (902 + (675 + 3)as + 3(75 + 2) (75 + 1)) s3 — 18arsoyz—
— (603 + (1275 + 18)as — 3)ys2 — (65 + 65 + 9)yss — Bassay’—
— (1603 + (1275 — 6)az + (1273 + 3675 + 36)as — 675 — 8) 2 — 6ass3—
— 4t — (1202 + (2475 + 36)as — 6)yz — (21as + 9y5 + 9)ars3—
—9a}sy — (605 + 1875 + 12)atr — (12as + 1275 + 18)ya® — 6syya®—
— 3ajy® — (2402 4 (1295 — 6)as + 67 + 1875 + 18)2® — 30aiz”—
— 12y%asx — (30a5 + 975 + 6)atsy — (5o + 275 + 2)s5 — 8s92° — 12a1y°2—
— 27a, 5912 — 21a15§x — (16a5 + 45 — 2):1;3 — 18a1yac2 — 30a%52x — 652y2x — 18a%yx—
— 6y*z® — dyx® — 18a3x — 18ajas — (365 + 2475 + 36)a1yr — (602 — 3)y*—
— (18a3 + (185 + 6)az + (1293 + 3675 + 30)a — 1275 — 12)ay — 9s32°—
— (bdas + 1875 + 6)aysex — (12a5 + 1275 + 18)soyx — (18as + 125 + 18)a yse—
— 12as3 — (3002 + (1875 4+ 12)as + 3(75 + 3) (75 + 1)) af — 18as2°—
— (18as + 675 + 3)s3z — (4o + (1275 + 18)az — 6z — 675 — 8)y.

All coefficients of this polynomial are negative, so that f5 < 0 if ay —a; > a5 and b > 7.
Therefore, if ay —a; > 0.7698 and b > 0.2308, then f5 < 0.
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Now we let fy = f(ay,a2,a3,a4,1,1,1,b) and gy(ay, s1, 52,53,b) = J?4~ Then
94(0,2,0,0,b) = (=92 + 6)b? + (—62° — 272 + 9z + 16)b — 92* + 152° — 4522 + 242 + 8

Denote by a4 the unique positive root of the polynomial —9z* + 1523 — 4522 4 24z + 8
Then a4 =~ 0.8594363, and the polynomial g4(ay, z + oy, S2, S3,b) can be expanded as

— da} — 4sy — s5 — (3603 — 30ay + 30)s37 — 12b%s9x — 12bs50—
— (3604 — 15)s30% — 36a7s253 — 300, 5553 — 24a159535 — 85553 — 95555 —
— 27a; 857 — Hsysy — 26a3sy — 13a3s3 — 36a7s; — 15a7s; — 20a,s5 — Ta;s5—
— 6b%s33 — (24ay — 3)s37 — (7204 — 30)s92” — (720 — 60ay + 60)sy0—
— 215953 — (300 — 18ay + 24)sy53 — (12604 — 18)ajzr — (664 — 6)a;s5—
— (420 — 6)atss — (84ay — 12)a2sy — (27ay + 24)a2b — 12b%soa,—
— (27ay — 6)s355 — (600y — 18)s52 — (1803 + 5day — 9)bx — (180 + 27)ba*—
— (124 + 360 — 6)bsy — (6cs + 9)bs3 — (607 + 18y — 3)bsz—
— (120 + 18)bs; — (633 — 18y + 36)ai — (39 — 8)aj — (9a] — 6)b*—
— (3903 — 2703 + 8lay — 32)ay — (360 — 4507 + 90y — 24)z—
— (5403 — 450y + 45)2% — (360 — 15)2® — (120 — 15073 + 300y — 8)s5—
— 60y + 1)s3 — (1203 — 3ay +9)s3 — (240’ — 30073 + 60ay — 16)sy—
— (3002 — 18y + 24)s2 — (18 — 4)s5 — (603 + 27a2 — 9y — 16)b—

— (11704 — 27T)a12* — (1204 + 18)bsyss — (24ay + 36)bsox — (1204 + 18)bszz—
— (60cy — 18) 59531 — (78q — 18)ays3x — (156cy — 36)aysex — (660 — 6)a;S283—
— 63a22? — 39a,2° — 9b*a? — 6ba® — 24s00° — 12s32° — 30s30% — 125527 — 9t~
— 30898322 — T8ay 89> — 2Ta1bx® — 6bszx® — 39ays3x> — 12bse? — 42&%83%—

— 18a,b%x — 2783831 — 27atbr — 39a3x — 18siw — 6s5x — (Hday + 54)abr—

— (18axy + 18)aybss — (36, + 36)a1bsy — 6bsiss — 18aibsy — 6aib®ss — 12a1b%sy—
— 6b%sy53 — 6bsys; — 9arbss — 18a1bsy — 9a3bss — 2ajb — 6a;b* — 6b%s5—

— 66alsgx — 3b2s§ — 4bs§ — stg — 18a,b%ay — 21325?2)044 — 18b%zay—

— 84a%s2x — 6b%s3004 — 36a1bsox — 18a1bs3x — 66a1 89537 — 12b89530 — 18a1b8983—
— (2703 + 5day — 18)asb — (27 + 3)ayss — (78a] — 360y + 54)a; 52—

— 6bsiz — (11703 — 5day + 81)arr — (3903 — 18ay + 27)ay s3.

Since all coefficients of this polynomial are negative, we see that f; < 0 when as—a; > ay
Since a4 < 0.8595, we also have f; < 0 in the case when as — a; > 0.8595.

Now we let f3 = f(ay,aq,as,aq,as,1,1,b) and gs(ay, s1, S, S3, S4,0) = f3. Then

g3(0,2,0,0,0,b) = —(122° —9)b* — (82° + 362 — 122 — 24)b— 162 + 362° — 842* + 487 +9
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Let a3 be the unique positive root of g3(0,,0,0,0,0). Then a3 ~ 0.8984970862 and

— (243 + 36)bsyss — (1203 + 18)bsysy — 10a]—
305555 — 185985 —

(90@3 - 30)@1 S9854—

gs(ar, x + as, so, S3, 54,b) =
— 955 — 4s5 — 8§ — 96a7sy53 — 8415383 — 72015255 — 248553 —
— 5latsy — 3datss — T2a3s5 — 42a7s; — 42a,s5 — 22a,55 —
— (14403 — 16203 + 126)sy7 — (483 — 27)s42° — (1083 — T2a3 + 75)as—
(160 — 2703 + 42a3 — 12)s4 — (1503 — 9az + 12)s7—

— (333 — 3)ays3 —
— (T2a3 — 30) 53540 — (843 — 42) 59540 — (16803 — 84) 59837 — (64ars — 36)2° —
3

— (6303 — 63a3 + 54)s5 — (48a; — 81a3 + 126a3 — 36)s — (20a3 — 6)s5—
— (3603 — 30as3 + 30)s3 — (32a3 — 54a; + 84az — 24)s3 — 6bsisy — 9a3bsy—
— 9albs4 30@18284 30828384 — 21323354 33(118384 — 6b%s5954 — 17a?s4 18@184
— 2bs3 — 125354 — 125557 — 65955 — 85554 — 95357
— (bdag + 54)a1bsy — (363 + 36)aibsz—

— 8ays3 — 3b*s3 — 55350 —

— (108ar3 — 36)a?ss — Tsaas — (68 — 24)a’
— (3603 + 7203 — 24)a1b — (18a3 + 18)a1bsy — (7203 + 72)arbxr — (180asz — 60)a;s955—
— (3603 — 30a3 + 30)s354 — 18a1bsys4 — 18a1bszsy — 72a,595354 — 12b5y5354—

(21603 — 72)ajz — (5das — 18)as sy — 16542 — 15552 — Tsiw — 36535407 — 4289542° —
—6bsyz? —5lag s,z —6b%s,x — 6bsix — 308%841’ — 54a%s4x — 2433six — 393§s4x — 2789850 —
— 68a;2” — 18a1bs,x — 33a1s7w — (144az — 81)sy2” — (3603 + 36)ath — (78as — 18)a 55—

— (4203 — 4203 + 36) 5254 — (68ai — 84a3 + 15603 — 60)a; — (39az — 18)s5—

— (803 + 3603 — 12a3 — 24)b — (1202 — 9)b? — (640’ — 1083 + 168a3 — 48)x—

— (9603 — 1083 + 84)2* — (16203 — 54)atsy — (T8 — 18)ay 8354 — (2403 — 3)s355—
— (204a3 — 84)ars3x — (10203 — 42)ar547 — (3003 — 9)s354 — (27a3 — 6)s955 — 108aiw”—

—120%22 —8ba® —48s91> — 325513 —635§x2 —365%3:2 —162*—8455530% —153a 592> —36a,bx> —

—12b83$2—102a183$2—18b821’2—108@%831‘—18[)2821‘—1868%1‘—135&1831’—6682831'—78(11831’—
— 12bsiz — 16202 59w — 24a,b*x — 120530 — 7885537 — 36a3bxr — 68a’x — 3955w — 20550 —
— 6a1b%s4 — (1203 + 18)bsyx — (6603 — 24)595354 — (2403 + 36)bssz — (363 + 54)bsox—
— 24bsys3x — (1203 + 18)bsssy — (723 — 30)s52 — (843 — 84arz + 72)sp53 — 12bs553—
— 27@%()32 — 12a,b%s5 — 18a1b%sy — 12b% 5953 — 12b525§ — 18a1b3§ — 27a1b3§ — 18@%[)83—
— 6b%s35, — 663354 — 27@15354 48a15254 6()528?1 — 42a%5354 — 42@13354 — 27325354—
— 6bs5sy — 4ajb — 9aib® — 9b*s5 — 6b%s3 — 6bsy — 4bsy — (153a; — 1263 + 117)a 50—
— (13503 — 45)a, 53 — (51043 4203 4+ 39)a1 4 — (102a§ — 84ag + 78)ays3—
— (6603 — 24) 5255 — (12603 — 63)s52 — (3903 — 18)s554 — (78ar3 — 36)s353—
— (2403 + 7203 — 12)bx — (24az + 36)bx® — (603 + 183 — 3)bsy — (6az + 9)bsi—

— (1203 + 36a3 — 6)bss — (12az + 18)bs3 — (1803 + Hdaz — 9)bsy — (18a3 + 27)bs5—

— (20403 — 168a3 + 156)a;x — (204az — 84)a; 2 — (96a; — 108z + 84)sz7—
— 90a;59547 — (9603 — 54) 530> — (3003 — 9)s5x — 12b*s3a3 — 18b%sp003 — 24a,b% 3 —
6254003 — (48oz§ — bdag + 42) sy — bdaibsexr — 36a1bssz — 180ay 9538 —

— 24z vy —
— 36a1bs283 — T8ay 8354w — 12059540 — 12bsgsyx — 665253540 — (306a3 — 126)aq so.
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Since all coefficients of this polynomial are negative, one has f3 < 0 when as — a; > as.
The same holds for as — a; > 0.8985, because 0.8985 > «s.
Now let us show that f(ay,as,as, a4, as,ae, 1,b) < 0 in the case when as —a; > 0.9206.

To to this, let fo = f(as, a2, a3, a4, a5, a6,1,b) and let ga(as, 1, 52, 83, 84, 85,0) = fa. Then
92(0,2,0,0,0,0,0) = — (152 —12)b*— (1023 +452° —152—32)b— 252" +-652° — 13522 +-80+8.

Let ay be the unique positive root of g2(0, z,0,0,0,0,0) = —25x%+ 6523 — 13522 +80x + 8.
Then s ~ 0.9205032589 and all coefficients of g3(aq, x + a9, S2, 83, S4, S5, b) are negative.
Indeed, the polynomial gs(ai,x + ag, So, $3, S4, S5,b) can be expanded as

— (300rg + 45)ba? — (18a3 + 5oy — 9)bss — (18a + 27)bs; — 84535354—
— (25203 — 264ay + 204)a; 59 — (2285 — 108)a;s5 — (1203 + 360y — 6)bsy — 2755355 —
— (18ay + 18)aybss — (30a3 + 90ay — 15)bx — (360 + 36)absy — (12as + 18)bsi—
— (192a5 — 108) 53542 — (7205 — 30) 535455 — (108ay — 66)s255x — (2160y — 132)$284x—
— (4803 — Bday + 42)s355 — (4505 + 90ay — 30)ba; — (12603 — 1320 + 102)a;s4—
— (7203 + T2)aybsy — (2402 + 720y — 12)bsy — (24 + 36)bs2 — (602 + 18y — 3)bss—
— (105ar; — 48)a? — (16503 — 150c, + 126)at — (105a5 — 16503 + 25505 — 96)a; —
— (1503 — 12)b* — (108a3 — 13203 + 96)s5 — (68ay — 40)s3 — (660ry — 30)atss — 78525554 —
— (198, —90)a?s5— (31502 —3300r24+255 ) a1 2 — (6002 — T8rg+54) 552 — 42525355 — 36535455 —
— (60cy —39) 5522 — (36012 — 15) 522 — (2640 — 120) a3 55 — (45010 +48)a2b — (78ary — 36) 5557 —
— (96012 —54) 53552 — (12003 — 156002+ 108) 847 — (120000 — 78) 542> — (9605 — 108019 +84) 5354 —
— (7205 — 30) 8357 — (1440ry — 81) 532 — (18903 — 198crs + 153 ) a1 53 — (4205 — 42013+ 36 ) 5455 —
— (42ay — 21)s3s5 — (84 — 42)s354 — (24003 — 3120 + 216) 590 — (153 — 63)a;s5—
— 6b?s5000 — 12b%s4000 — 18b% 53009 — 24b?s9005 — 30a1b?ary — (2400, — 156) 590 —
— (5403 — 660ry + 48) 5255 — (33 — 12)s952 — (10803 — 1320 + 96)s954 — 66525355 —
— (90ary — 30)a15455 — (378, — 198)ays3x — (135 — 72)s955 — (2160, — 132)s52—
— (2040 — 84)ays3sy — (504a — 264)aysox — (114ay — 54)ay 8955 — (228cy — 108)a S954—
— (324ay — 198) 59532 — (90ay — 48) 595355 — (180ay — 96)s25354 — (1209 + 18)bssz—
— (1209 + 18)bsyss — (51ay — 30)s355 — (102 — 60) 8554 — (1530 — 90)s353—
— 24898482 — 30838455 — 27835355 — 21835452 — 42a}s, — 1655 — 9s5 — 45y — 52—
— 7828:; — 84a1595455 — 7801535455 — 6682535455 — Hda1bsass — 36a1bsy84 — 18a1bs955—
— 18a1bsys5 — 24bsy S35, — 12bs95355 — 12bS9S54S5 — 12bS35485 — 21a:{’35 — 120@%33—
— 36a,bs3s4 — 8la?ss — (180 — 117)s32? — 30555755 — (6ay + 9)bs2 — 192a, 52535, —
— (30ay — 9)s352 — 30b*way — (1260 — 66)ars50 — (240 + 36)bsyr — (13200 — 60)a?s,—
—(900s — 30)ay57 — (78ay — 36) 895455 — (330a2 — 150)atw — (90a +90)ba; x — 39555355 —
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— 48a7s; — 21a3si — T2a185 — 45a155 — 24a,85 — 9a,55 — 485553 — 325554 — 165555—

— (5dag + b4)abss — 96a1 525355 — 18a1bszss — (252a — 132)ay sqx — (10200 — 42) a1 $355—
— 155352 — 65355 — 85555 — 95752 — Hsyss — (84 — 42)s4557 — 180a3 5955 — 12003 5954 —
— 1080@3334 — 54@%5335 — 48@%3455 — 162&13353 — 108&13334 — 54als§s5 — 144@13233—
— 36alsgs§ — 90@13334 — 45@15335 — 753(115;35?1 — 33@133,5? — 36&15235 — 9&%1)35—

— 305357 — 18ajbsy — 27ajbss — 36a3bss — (33ay — 12)s3s5 — 84ajsy — (36 + 54)bsys3—
— (18003 — 234y + 162)s3z — 18a] — 6a’b — 12a3b* — (63a5 — 660 + 51)a;s5—

— (39ay — 9)arsz — (7203 — 8lag + 63)s3 — (4200 — 21)s3 — (84ay — 42)s30—

— 395555 — (31509 — 165) a2 — (48cry + T2)bsyw — (24ars + 36)bszsy — (120 + 18)bszss—
— 125355 — (80 — 15603 + 2160, — 64)sy — (10003 — 19503 + 270, — 80)z—

— (100 — 65)2° — (200 — 3903 + Hday — 16)s5 — (185 — 1509 + 15)s5—

— (400 — T8a3 + 108ay — 32)s4 — (4203 — 42015 + 36)s5 — (220r; — 8)s) — 18bszr”—

— 205255’l — 162595322 — 108595422 — 54895512 — 96535402 — 48555512 — 42545512 — 2520, S92 —
— 126418422 — 63015522 — 24bsex® — 45a,bx? — 84s§s4x — 428§s5x — 7233six — 3Os3s§x—
— 27s4s§x — 153als§x — 90alsim — 39als§a: — 24b%sqx — 18b%s3x — 12b%s4x — 6b*s5x—
— 132a3s4w — 24bsix — 18bsix — 12bsiw — 6bszw — 153555370 — 102555, — 5185557 —

— T8sys5w — 338982z — (60 — 11703 + 1620 — 48)s3 — 165ai2® — 105a,2° —
—10ba® —80s92° — 60532° — 405,2° — 20852° — 108s52° — 72550 — 425720% — 18520 — 68550 —
— 2252:{; —8s§’x— 105ai’x— 228a1 89540 — 114a1 59550 —204a1 53540 — 1020153550 —90a1 5455 —
—24bsys4x—12bsyssx—24bsssyx—12bs3550—12bs4 850 — 1805953540 —908953858— 788954558 —
—T2a1bssx —54a1bssx — 36a1bsyx — 18a1bssxr —342a; S2831 — 66a§55x —30a,b%x— 264@%521’—
— 228(11831' — 663235 — 6()34s§ — 12b323?1 — 24a,b%sy — 181)5333 — 18a1b%s3 — 6a b ss—

— 18b325‘§ — 12bs§s4 — 36a1bs§ — 6bs§35 — 18a1bsi — 12a,b%s, — 6b% 5955 — 6b* 5485 —

— 18b%s983 — 6b33s§ — 6()3%35 — 12b%s98, — 6bszs§ — 9a1bs§ — 121)533?L — 12b%s38,—

— 365257 — (100 + 4505 — 15a — 32)b — 12b%s5 — 9b?s2 — 6b%s> — 3b?s2 — 8bss—

— 245354 — 189ay 5307 — 12bs3s, — 45a5bx — 42557 — 3353557 — (15005 — 1950 + 135) 2 —
— 27a1bs3 — (8aig — 1)s3 — 36bsys3x — 198a7s3x — 252 — 63a3s3 — 30a15452 — 635555 —
— 6b*s355 — (24cry + 36)bsysy — 725354857 — 12bs,2% — (360 + 54)bssx — 60a3 5955 —

— 6bs3 — 15b°2% — 13589557 — (12013 + 18)bsyss — Gbssz® — 84a,5y57 — 18357 — 125352 —

— 4bs3 — 2bs3 — (34200 — 162)a; 5953 — (2Tay — 6)s452 — (16203 — 1980y + 144)s553.

This implies that fo < 0 if as — a; > as. In particular, if ay — a; > 0.9206, then f < 0.
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Finalle let gl(ala 81, 82, 83, S4, S5, S6, b) - .]/C\ Then
g1(0,2,0,0,0,0,0,0) = —362* 4+ 1022* — 19827 4 120z + 5.

This polynomial has unique positive root. Let us denote it by ;. Then o ~ 0.934647387.
Moreover, the polynomial g3(aq,x + o, Sg, S3, S4, S5, S6, b) can be expanded as

— (480 — 10207 + 132a; — 40)s5 — (18 + 18)aibsg — (126, — 66)a;s356—
— (414 — 234)ay 5954 — (6000 — 360)a;ssx — (552aq — 312)ays9s3 — (108a + 108)baz—
— (481 +72)bszx— (12011 +18)bszs6— (5da; +54) a1 bsy— (7201 +72) a1 bsz — (241 +36) bs 45—
— (2520 — 132)ay 5355 — (378 — 198) a1 5354 — (1201 + 18)bsgz — (7207 — 102a,; + 66)sg7—
— (4807 — 5day + 42)s2 — (750; — 450)a; 897 — (138ay — 78)ays986 — (240 + 36)bssr—
—b52ay 89531 — (1201 4 18)bssse — (360 + 54)bsyx — (12a + 18)bsysg — (36cx; +36)a1bss—
— 125@“}’32 — 100@‘;’33 — 75a:{’34 — 50@“;’55 — 360a1525354 — 240a1595355 — 120a1S2535¢—
— 216a1595455 — 108a159545¢ — 96a1 595556 — 204a1535455 — 102a153545¢ — 90a1S3555¢—
—54a1bs954 —84a154555¢— 18059535455 — 9089535456 — 7852535556 — 1252545556 — 60653545556 —
— (4500, — 270)ay 547 — (2400 — 156)s3552 — (90 + 90)a;bsy — 2555 — 16535 — 9s{—

— 216&%8284 435 — 36 39&15536 — 33@13556 — 162828384 — 108323335 — 54323356—

— 288@%5233 — 96323455 — 48325456 — 42525536 — 153325334 — 102325355 — 51525336—
—T72a1bsy85 — 2154355?3 — 1353253SZ — 7852335§ — 33525352 — 84523?155 — 42325336 — 7252545?,—
— 12bsy 8556 — 27548?86 — 3032545(25 — 33525356 — 27525532 — 84553455 — 425%3456 — 36838556—

— 30828586 — 78838285 — 39838286 — 663334,9? — 2783848% — 30838%86 — 24838582—
— 144@%3255 — 72a%3236 — 198a333s4 — 132@%3355 — 66a%s336 — 120@%3455 — 60a%s436—
— 54&%5536 — 264&13333 — 198als§s4 — 132@15335 66a13236 — 240@13233 162&1323?1
— 96alsgsg — 42@15232 — 171a13§s4 — 114@13355 — 57a13336 — 153a13354 — 90@13335—
— 39a;5355 — 96a,5755 — 480,535 — 84a15452 — 36a15455 — 18aTbss — 9aibss — 36a3bss—
— 45a3bsy — 27a3bsy — (2405 — 51af + 66a; — 20)ss — (2105 — 21ay + 18)s5—
— (2167 — 3060 + 198)z* — (2160 — 132)s4857 — (9a; — 2)sg — (300; — 180)ays52—
— 3425953547 — (T80 — 36) 545556 — (12001, — 78) 53567 — 635557 — 365352 — 155352 — 395355 —
— 205355 — Tsgsp — 245355 — 125555 — 308352 — 125752 — 185453 — 65458 — 85256 — 9s255—
— 120535556 — bsssp — 180a3s3 — 132a3s3 — 90ats: — 54a?s? — 24a3si — 110a, 55 — 76a,55—
—12bs35456—48a, 55 —26a, 53 —10a, 53 — 805553 —6055 54— 408555 —2055 56— 10855535 — 725557 —
— 24bs35455 — 425552 — 185555 — 683953 — 423955 — 228955 — 85555 — 48555, — 325555 — 165556 —
— (960, —54) 55561 — 2503 56— (15001 —90) a1 562 — (2040, —120) 895455 — (10201 —60) 525456 —
— (3961 — 270)s9547 — (90a; — 48) 595556 — (1020 — 42)ay 8556 — (264a; — 180)sas50—
—12bsy5556— (1140, —54)ay s456— (14401 —102)2® — (108, —66) 54562 —28a] —8ab—15a2b* —
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— 6b%s456 — (481 + T2)bsyss — (360 + 54)bsys, — (24 + 36)bsyss — (12a + 18)bsgsg—
— (2761 — 156)a1 8285 — (60 + 90)bsox — (360 + 54)bszsy — (24 + 36)bszs5—
— (8401 —42) 535556 — (36001 —234) 53542 — (960r, —54) 535456 —24bszw* —18bs,x* —12bss2° —
—6bsgr? —26459530° —19859547% — 132595512 —6659562° —18053542% — 120535522 —6053562° —
— 108848522 — bdsysex® — 48555622 — Hdarbz? — 375a1 5922 — 300a1 8322 — 22501 S42°—
—T75a1562% —30bsy2” —362* —234a22? —150a, 2> — 18b% 2% —12b2> —120592° —96552° — 72542° —
— 485513 — 24s62° — 1658%1‘2 — 120333: — 815495 — 4835:U — 2136902 —12bsys¢x — 12bsgsgx—
—202a1 53555 —228a15455x—114a154562—102a1 55562 —48bS2530—36bs95,0—24bs 555 —12bsy s —
—138a1 59862 —36bs3540—24bs3s50—12bs3560—24bs4 550 —2285953550— 1145953560 —2045954S5T—
—905955561—1925354 556 —965354 562 —84535556T— 185455562 —90a1bs9x—T2a1bs3x—54a,bs,x—

— 36a1bssz — 18a,bser — 1055z — T2s5x — 45857 — 24six — 9sgr — 150ajz — Hdsiser—
— 8433s§x — 36533230 — 908385$ — 453?156x — 24b% 55 — 18b% sy — 12b% 550 — 6b%sg — 30bsgx—
—378@133341:—24b3§:v—1865?193—12bs§$—6bs§$—2523383x—1893334;5—126335533—633%36:5—

— 15389870 — 9059520 — 3989550 — 162835,0 — 10853851 — Hdatbr — 390a? sz — 312a3s30—
—234a2s,2 — 156a3ssx — 780 s — 36a,b° — 345a, 550 — 252a1 550 — 171a, 532 — 102a, 520 —

— 45a, 557 — 30671 — 7884527 — 3384557 — 3652567 — 3085580 — (1920 — 108) 535455

— (52801 — 360) 89537 — 12b%5485 — 6b*s556 — 30a;b*sy — 12b*s355 — 12bs952 — 18a1b*s4—

— 24a,b%s5 — 9a1bs§ — 6a1b?sg — 18b%s554 — 36a163§ — 6b33s§ — 12bs§55 — 18b53si—
— 12a,b%s5 — 24b% 5955 — 24b32.S§ - 6b3232 - 12bs§s5 - 66343(25 — 27&163?1 - 24bs§83—

— 378y 83547 — 18a;bsz — 6bszsg — (7205 — 153a7 + 198a; — 60)s4 — (228a; — 108)a; 5455 —
—414a, 89540 — 15b*s5 — 12055 — 9b?s3 — 6b%s2 — 3b* sz — 10bss — 8bss — 6bs; — 4bs: — 2bsg—
—12b%s985 — (1140 — 72) 525386 — (22801, — 144) 595355 — (34201 — 216) 595354 — 18a,1b5356—
— 18a1bs456 — 18a,1bs556 — 36bsy5354 — 24bsgs5355 — 12b52535¢ — 24bsa5455 — (150, — 80)a’ —
—36a1bsys5 — 18a1bsysg — 5da1bsss, — 36a,bssss — (180a7 — 234a + 162) 5354 — 120595456 —

— 36a,bsyss — 14453570 — (24, — 10)s2 — (13201 — 90) 52567 — 1025254567 — 150a;552° —
— 45a,bs3 — (840 — 42)s35% — (12002 — 15601, + 108)s355 — (36 — 15) 5352 — 22859550 —
— 276a,1 59557 — (6003 — T8y + 54) 5356 — (28801 — 204) 537 — (28807 — 40801, + 264)s370—

— (34501 — 195)ays5 — (37507 — 4500, + 315)a1sy — (2520 — 132)a;s3 — 24b*sza —

— 18bsys] — (300a7 — 360c; +252)a1s3 — (171a; — 81)ays; — (22507 — 270 + 189) a1 54—
—126a; 53567 — (1020; —42)a; 52 — (54, +60)ab— (390a; —210)a?ss — (3120 — 168)a? sz —
— 12b%s50; — 6b%sga — 36b*way — 36a,b*a; — (14408 — 30602 + 3960 — 120)x—

— 6b%sy56 — (12007 — 1560 + 108)s3 — (9607 — 20402 + 264, — 80)s3 — (450, — 24)s5 —
— 6bsisg — (81af — 99a; + 72)s7 — (120a; — 25507 + 33001 — 100) sy — (720, — 44)s5—
— 12bs3sz — (1207 + 5da? — 18a; — 40)b — (105a; — 70)s3 — (16505 — 2250 + 150)s5—
— 18bs3s4 — (10807 — 1320 + 96)s455 — (33 — 12)s455 — (54ad — 660 + 48)s456—

— 18b%s954 — (90a; — 48)s3s5 — (450 — 24)s356 — (16201 — 99)s57 — (78ay — 36)s452—
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— (2160 — 153)s42% — (21602 — 3060, + 198)s, — (360 — 15)s256 — (960 — 54)s2z—
— (30a; — 9)s552 — (4802 — Bday + 42)s556 — (1440 — 102)s50% — (720 — 51)se2°—
— 6bs3sg — (144a7 — 204ay + 132)s50 — (420 — 21)six — (367 + 108a; — 18)br—
— 6bs3s6 — (2520 — 168) 8583 — (189 — 126)s554 — (1260 — 84)s585 — (631 — 42)s556—
— (3300 — 225)s31 — (228a; — 144) 5952 — (26402 — 3600 + 240)s553 — 30b% sy, —
— (153; — 90)s557 — (198a7] — 270cr; + 180)s254 — (90 — 48)s952 — 18b*s40; —

— 18bs3s, — (13207 — 180a; + 120)s985 — (39ay — 18)sys2 — (6607 — 90ay + 60)s956—
—12bs452— (3600, —255) 590> — (36002 —5100;4+330) 520 — (1620 —99) 354 — (1080, —66) 5355 —
— (540 — 33)s386 — (2400 — 156)s50 — (144a; — 81)s3s] — (150a] — 180a; + 126)a1s5—
— (4501 —15)ay s — (7503 — 900, +63)a; 56 — (45001 —270)ay2* — (45007 — 5400, +378)a v —

— (300 + 45)bs3 — (30a7 + 90 — 15)bsy — (24ay + 36)bs3 — (24a] + T2a; — 12)bsz—

— 6bszsg — (6 + 9)bsz — (6a7 + 18ay — 3)bsg — (36 + 54)ba?® — (234 — 126)als,—
—12bs3s5— (1560, —84)atss — (T8 —42)a?ss — (468 —252)aiz — (5402 +108a; —36)ba; —
—6b?s356 — (18aF — 15)b? — (15002 — 27007 + 378ay; — 140)a; — (23407 — 2520 + 189)a? —

— (18ax; + 27)bs; — (1802 + 54y — 9)bsy — (12 + 18)bsz — (1202 + 36 — 6)bss.

All coefficients of this polynomial are negative, so that f < 0 in the case when as—a; > a;.
In particular, one has f < 0 in the case when ay — a; > 0.9347. O

Lemma A.4. Suppose that f is (6.2). If ag — a; > 0.7452, then f < 0.

Proof. To show that f(aj,as,a3,b) < 0 for ag — a3 > 0.7452, let g(al,sl,sg, b) = ]/“\
Let § the only positive root of the polynomial g(0,z,0,0) = —6x? — 1823 — 32% + 8x + 5.
Then ¢ ~ 0.7451024 and g(aq,x + 6, s2,b) can be expanded as

— 18a2s3 — 6aysy — 16a3sy — 55 — (186% 4 185 — 3)bsy — 30a1s52 — 12a,b*x — 5lalsor—
— (9062 + 1326)arz — (5152 + 726 — 6)a? — (900 4 66)ai2® — (4562 + 660)a; 50—
— (4267 4360 — 12)a;b— (1025 + 72)aix — (306 +24)a; 85 — (425 +12)aib — (515 + 36)a; so—
— (3682 + 545 + 3)s9x — (360 + 27) 5202 — (366% 4 366 — 6)bx — (245 + 18)s3zx — 3a]—
— (360 + 18)bx2 —45a1 8912 —42a1bx? — 18bsyx? — 621 — 125923 1232x — 51a1x — 21a§1)52—
—30a, 2% —6b%2° —12ba® —5syz—32a 1 —8a3b—3a3b* —3b* s5—2bss —42a3br—12bs50—6b* sy 10—
— (4204 18)a1bsy — (848 +36)arbx — (906 +66)a; 59 — (366 + 18)bsyx — 42a1 bsyx — 15a,bsa—
— (126 + 9)bs3 — 6b*s96 — (240° + 546% + 65 — 8)x — (360° + 545 + 3)z® — (246 + 18)2*—
— 12b%26 — 12a1b%6 — (120° + 276% + 36 — 4)s5 — (126% 4 185 + 6)s2 — (56 + 2)s5—
— (325 +20)a3 — (126° + 185 — 60 — 8)b — (65 — 3)b* — (305> + 666% — 12)a; — 6a,b%ss.

All coefficients of here are negative, so that g(ay, s1, s2,b) < 0 whenever s; > . U
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Lemma A.5. Suppose that f is (6.6). If ay —a; > 0.848 | then f < 0.

Proof. Let g(aq, s1, $2, 83,b) = fA Then
57 . 9, 45,
—a”.

g(O,x,O,O,O):7—1—2195—73:3—1352— 7

Denote by 0 the unique positive root of this polynomial. Then ¢ =~ 0.84790543 and

4g(ay, x + 8, 89, 53,b) = —168a;bsas3 — 2455 — 353 — T2bs553—
— 48a1b% sy — 24a1b*s; — 24b% 5955 — 96a%b33 — 192@?1)32 — 210@%8283—
— 120a, 8985 — 185953 — 48bss — 24b*s3 — 12bsy — 12b°s3 — 210a}s5—
— 30a, 53 — 485353 — 4253555 — T6a’ss — 152a%sy — (840° + 10867 — 725 — 56)b—
— (2226% + 4146% — 366 — 112)a; — (1808° + 34252 + 186 — 84)x—
— (2468 + 156)a?ss — (246 + 18)s3 — (1206° + 22867 + 125 — 56)s5—
— (27062 + 3425 + 9)z* — (1806 + 114)2® — (606° + 1146 4 66 — 28)s3—
— 28a7 — 68a3b — 24a3b* — (4926 + 312)aisy — (2885 + 96)aib—

— (1808 + 114)s32% — (965 + 72)s5 — (15082 + 2045 + 18)s35 — (2285 + 160)a’—
— (36962 + 4685 — 48)a? — (36062 + 4568 + 12)sox — (1500 + 2046 + 18)s355—
— (966 + 72)s95% — (3006 + 204)s52 — (1446 + 108)s3s3 — (25202 + 2160 — 72)bx—
— (840 + 725 — 24)bs3 — (600 + 36)bs; — (1440 + 72)bs; — 120a,s5—

— T2a1bs; — 48bsys3 — (3607 — 24)b* — (3608 + 228)s92° — 87ats5—

— 168a,bs3 — 180a;5353 — (28892 + 2166 — 108)arb — 144bsys32—

— 288a1bz? — (6062 + 900 + 15)s3 — (1208 + 90)s3z — (7386 + 468)atr—

— (1682 + 1440 — 48)bsy — 144bsix — (1926 + 72)a,bss — 369atw*—

— (18062 + 2285 + 6)s3z — 222a;532° — 48b%syx — (1508 + 114)a1553—

— (2526 + 108)ba* — 444a;s00° — 228a3x — 84bx® — 222a12° — (3368 + 144)bsox—
— (6660 4 8285 — 36)ayx — (6668 + 414)a;2* — (2220 + 2766 — 12)s3a,—

— (4448% + 5528 — 24)ay sy — (3726 + 252)ays5 — (1685 + 72)bszr—

— 120592% — (4445 4 276)s3a,2 — T2a,6*5 — 48b* 550 — 24b*s30 — 72b% 26—

— 1508522 — 60s32° — 60532 — 36b°2 — 168bsox? — 84bszz® — 1505y531% —

— 45z* — (8880 + 552)ai 5w — (5766 + 216)abr — (3725 + 252)a;5953—

— (3000 + 204)s3s9w — 372a15283x — 384a1bsax — 192a1bszx — (3848 + 144)a,bsy—
— 288a%bx — 492@?3295 — 246a%s3x — 144s§s3x — 60bs§x — 720, 0% — 24b%s50—

— 150a1 530 — 372a1850 — 96557 — 9659550 — 2455w — (1448 + 72)bsyss.

All coefficients of this polynomial are negative. Then g(ay, s, s9,$3,b) < 0 for s; > 0.
In particular, one has f(ay, as, as,as,b) < 0 for as — a; > 0.848, since 0.848 > §. O
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Lemma A.6. Suppose that f is (6.5), ag+ ay = 1+ as, ay —a; > 0.848. Then f < 0.
Proof. Let g(ay, s1, S2, S3,b) = f Then g(ay, x + %, S9, 83,b) is a sum of the polynomial

1558 186
1999 3 2

3b%s3 — 4bss — 2bsy — 15s52° — 5 ST~ 18s5x — 6siz—

1112178 1812 387, 5, 9087 2766 5, 92586
— T — §58 — —bx® — br — Sox” —
15625 25 5 125 25 625

378
—5b2x — 20b2® — 32s52°—

— 1224 —

Sol—

477
— 2—56$§ — 60a3r — 96a32? — 58ayx® — I a? —

— 84a1bs9x — 42a1bs31 — 84a1 89838 — 24bSo s — 6bS953 — 15a1b3§ — 6b5233—

172434 5754 1383 46293
~ e a1x — 30a1bsy83 — or ajx® — 5% s3x? — Ws;ﬂ — 21a%s§—

441 6432
— 36s32% — 16537 — Gbssss — ﬁstg — 21sy830 — Wa%x — 6ajb’—

7204 954 1923 2364 2364
— ———0— —b8283 — 114@18233'2 — 2—5a%33 — 2—56115% — ———QA15283—

3125 25 25

15513 1332 2664
605 : a1bsz — 42a%b52 — 21@%()83 BT a1bsy—

2412 1206
— SOalbsg — 69ba z? — bsox — 18bssz? — 5

954 6888 252 3444
- gbs% — 2—5a132x — 36b82$2 — ngSQ — 1262821' — o 153 —

378 92736 1812
—36als§x—24bs§x—§a1b2—18a1b2x— on a%—12bs§x—T5233x—363233x2—84a133x—
3708 126 73902
—57a,8370° —63a}s3x —69aTbr — ?583 —126a}syz — %b283 —6b%s37 — Wﬁ —6b%s5—

278 24687 37176 .
— 485 — 53 — 2—583 ~ ~ggp U158 T ~pop 5253 40a?sy — 20a’ss — 48a3s3 — 20a, 55—
. 3846

151 4 37176 ,

ng - 6a16233 - 12a1b252 —

4248

bayx — 2753837 —

bssx—

~ 5% T Tgap 2T Ta,sy — 8sas3 — 95555 — Hsyss — 5 WS~
1206 417 109374
— 48@%5253 — 24a1825’§ — Talsg — %5353 ~ 6o a189 — 30a15§53—
31026 2 2049 219 43779
- bsy — 8a} — ——ab — 16a°b — ——a?b — —b* — ba, .
625 2 M T Ty 1T MY T THgm P T hon 625

and the polynomial

265178 1120738 385426 770852
— a; — 83 — ———35
390625 15625 = 15625 ° 15625

All coefficients of the former polynomial are negative. But we have a; + s; +2s9 +s3 > 1.

This follows from as + a4 > 1+ ay. Thus, if s; > %, then a; + 2s5 + s3 > %, so that
265178 1120738 385426 770852

— alr — Sq — S

390625 15625 15625 ° 15625 °

Hence, if ap — a; > 3t = 0.84, then f(ay, as, as, as,b) < 0. O

2.

< 0.
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Lemma A.7. Suppose that f is (6.8), ag+as+as < 2+4az, ag—ay > 0.8911. Then f < 0.

Proof. Let § be the unique positive root of the polynomial —16x* — 482 4 1222 + 322 + 6.
Then 0.8911 > § ~ 0.8910180467. If as + a4 > as + as, then

4g(ay, o + 6, 59,53, 84,b) = —(1926 + 144) 542> — (19267 + 2885 — 24)s47—

— 60s32? — (6308 + 450)a1s3 — 35lais; — 204ais; — 195a,s5 — 78bs — 965553 —

— 485555 — 36b%s3 — 32bs3 — 24b%s3 — (3200 + 288)a; — 320a3x — 15655 — 64sir—
— 528aj2” — 320a,2° — 128bz” — 192s97° — 128s32° — 2525327 — 144s52” — 48b%*z* —
— 648a1bsyr — 432a1bs3x — 192a,bs954 — 168a1bs3s4 — 300a1595384 — 1206895354 —
— 384a,1bsys3 — (3206° 4 6726% — 1926 — 160)a; — 3653 — 853 — 390a;5553—

— 156b5333 — 1201)323% — T2a1b%s9 — 48a1b%s3 — 48b% 5983 — 468a33253 — 324a%b32—
— 168a1bs3 — (2566 + 192)2” — T2b%s56 — (640° + 14407 — 245 — 32)s4—

— 216a,bs4z — (600% 4 900 + 15)s7 — 87ajs; — 25a,s; — 48s5s, — 308557 —

— 108355 — 10bs — 12b%s7 — (5289% + 7680 — 144)a] — (192 + 2640)ats,—
— (10566 + 768)atx — (4808 + 336)s,4a17 — (3600 + 264)a;s5 — (9608 + 672)s3a,7—
— 80a; 53 — (1285° + 28807 — 485 — 64)s3 — 25 — 48b%s36 — (43267 + 2885 — 192)a;b—
— T2a,bs3 — (4807 — 36)b* — (3846% + 5765 — 48)2” — (2560° + 57607 — 965 — 128)x—
— 80adsy — (1280° + 1446% — 1446 — 64)b — (1566 + 117)s3 — 108a?bsy — 234a% 595, —
— 195@13354 — 78bs§s4 — 105@152&21 — 120@13334 — 90@1333?1 — 1023%5354—
— 48598357 — (4806% + 6720 — 96)s3a1 — (4320 + 144)a3b — (7926 + 576)aisy—
— 24b%s546 — 642" — (1500 + 114)a; 55 — 40a] — (5285 + 384)atss — 112a3b — 36a2b*—
— (3606 + 264)a; 5354 — (7206% + 10085 — 144)a155 — 168595407 — 33659532% — 192bs3z” —
— 288bsyx? — 480ay s32° — 72333337 — 432afbm — 360als§x — 96a,b%x — T2b% 59—
— 432a,bx? — 144538,42% — 240a 8422 — 7200, 8922 — 792&%3% — 84szsix — 252bs§$—
— 14465%1’ — 150@15333 — 528@%33;1: — 60b8?1$ — 48h?s3x — 3123%5333 — 24b?s4x — 264@%34:1:—
— 144bs3s41 — 42bsos] — 9653540 — 15685540 — 24089550 — (14407 + 2166 + 12)s5—
— (1925° + 4325 — 726 — 96)s9 — (2528% + 3785 — 9)s5 — (6485 + 216)a;bsy—
— (14406 + 1008)asex — (4200 + 300)a; 5954 — (8409 + 600)a; 253 — (8645 + 288)abr—
— (1680 + 72)bsasy — (3360 + 144)bsass — (2160 + 72)a,bsy — (4320 + 144)a,bs;—
— (2525 + 108)bsy — (1446 + 72)bs; — (2880° + 2166 — 108)bsy — (2889 + 216)s4537—
— (19267 + 1448 — 72)bsz — (608 + 36)bs; — (960° + 726 — 36)bss—
— (3840 + 144)bz* — (2406 + 180) 595354 — (1928 + 72)bsyx — (1440 + 72)bssss—
— 966b% — 96a,b%6 — (6720 + 504)s3507 — (3846% + 2880 — 144)bx—
— (2408% + 3368 — 48)s4a1 — (9606 + 672)a; x> — (9606% + 13446 — 192)a;2—
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- 48bs§s4 — (3846 + 144)bssx — 336bsyssr — 4200, 595,47 — 125955 — 163%34—
— (3368 + 252)s4500 — (5766 + 216)bsyx — 204a?s3s, — 160a’s3 — 185557 —
— (3125 + 234) 5353 — (1566 + 117)s554 — (5048 + 378)s52 — (2400 + 180) 5253 — 24a1b%s,—
— (3840 + 288)s32% — (208 + 15)s] — (645 + 48)s3 — 630a,550 — 1025355 —
— 64s42° — 2405953540 — 240@“;’52 — 24b?595, — 840a1S2537 — 300@15233—
— QOsix — 216@%()33 — 288a1bs§ — 360a, 5354 — 24b%s35, — 168bsgsqx — 96bssx’—
— (33682 + 5046 — 12) 5355 — (848 + 63) 5953 — (16867 + 2520 — 6) 5459 — (5760 + 432) 590> —
— 36bs357 — (57607 + 8640 — 72) 50w — (72 +960) 5354 — (2885 + 216) 530 — (54 + 728) 5357 —
— 72595354 — (1446% 4 2166 + 12)s453 — (1206 + 90)s30 — (38462 + 5765 — 48)s32.
If ag + a4 < as + as, then 4g(ay, x + 6, $9, s3,b) is a sum of the latter polynomial and
— baysy — 2bsy + (9 + 126)s554 — 25553 + 85554 — 65553 + Hayss + 25355+
+ 6bs554 — (9 + 120) 8957 + 2bss — (34 40)s5 — 3s5 + 55 + (3 +46)ss + 15a,5554+
— 15a, 8953 — 6bsys] + 6535354 — 65y8355 + 12855, — 1289857 + 4s5x — 4shx.

Therefore, in both cases g(ai,z + 9, s9, $3,b) is a polynomial with negative coefficients.
This implies that f(ay,as, as, aq,as,b) < 0 provided that as — aq > 0. d

Lemma A.8. Suppose that f is (6.7), as+as+as = 2+as, ag—ay > 0.8911. Then f < 0.

Proof. Let g(ay, $1, 82, S3, S4,b) = f Then g(a1,x + 25,52, s3,b) is a a sum of

21681 63564 58698 , 174888
— T5x2 — 24a3b — 9alb® — o5 arb — 72a3 sy — R 55 — o o201 T 234a]sy—
50211 39078 78264 116592
— 54a%s3 — 24a?s3 — WbSQ —48a3s5 — ng ~ g5 5352 —gop S301~ 156a%s3—
453 6hs3 33474b 94’ 19512 , 39078 39132 582963 "
— 5357 s s — 24ays 5483 — ————8489 — ——— -
25 T4 T G5 C 1517 o5 %1 a5 U1 T Tgap 1R T g5 o1

138102 , 183, 16737
_78q2g, — 15qt — 22014 2 299
78aysy = 1vay = —or=ai — e 625

4752 2376
—42a,bsyx — 5 18983 —216a1 8983 — 5%

————bsy — 12bsys3584 — 126a1bsex — 84a,bssz—

15984 — 108a1 52541 — 96015354 —48bs9S3—

3012
—2463234x—24633s4x—663233s4x—60a163233—30a168234—30a1b8334—72a1323334—?a%b—
3012 154 442
— 90ais; — 63a3bsy — 21atbsy — 42a3bss — 5% al — 5 — s — ?:cg — 20z* — 9s3—

408 58 3564
—42a, 85 — 22a, 55 — 453 — i—%sg—gsg—ya

444 978 2748
— §5234 15a1bs4 5% = bsysy—12a1b%s5— 3 a1bss — 120&%8283 — 60a33234 — 208,423 —

155 — 162&13393 — 96als§$ — 42alsi$—
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396 264 132 3726

- 2—56282 — 18()282.’17 - 2—5b283 — 12b S3T — §b284 - 6b S4T — 54b82$ — 25 bSQI‘—
2484 2 3624
—36bssx’— 5% bssr—18bs x’— 5% bs4x—36b3§x—24bs§a:—1Qbsix—968352x2— 5% S389L—

6972 3486
S3a1@ — 69s4a12% — 5 S4010 — 27325534 — 218283SZ — 45albs§ — 42(118384—

1 184
— 4858012 — 3 S48o0% —425,4830% — o5 5453T — 783353:(; — 39s§s4x — 66523§x — 273253x—
1374 852
— 303%549: — 2433six T a1bsq — %323334 — 96(116:17 225@13235 — 150&15393 75@13435—
528 6024 10458
— gaﬂ? — 24a,b%*x — 96a,bx? — a1bxr — 207sqa 2% — Soarx — 138s3a122—
1956 97
— S S983 — S$583 — §984 — —— 08354 — a10"S9 — a18983 — a1835,—
3b%si — 0 12bss3 — 6bsysy — 5= 18a,b°s5 — 84ay 5353 — 27015357
2412
— §989 — S§983 — 598354 — S9S4 — ——— Q15354 — 5384 — a1598, — 010 S4—
12bs,535 — 1267 3053 6bs3 o 60> 30 2 — 6a, b
4122
— 6b%5954 — 6bs?2)s4 — 30albsg — 6()33331 — 54a§53s4 o a1bsy — 33@13334 — 72a1328§—
942 9132
— 18s32% — §S4$ 39s5x — 20857 — Tsiw — 96ajw — 153a52* — 5 ajr — 9da 2’ —
408 852 279 9843 2718 1848
_§S%S4_2_5 98 —6b2 2—?34@2— 125 s4x—725§x2—g‘92x 425222 — oF s%x—
87 , 8154 252288 528 2748 65256
-5 3 Sq — o5 a x? — R arx — 12b%2% — ﬁb% — 28bz3 — fbxz ~ on bx—
837 29529 558 19686
— 60592 — ?521’2 ~ o So — 40832 — ?53352 ~ o S3x — 245353 — 2bsi—
28744 332548 1224 1467 978 489 816
— 156256_ 3105 x—8a134—96233— 5% alsi— 5 bs%——25 bsg——25 si 5% 3233 4b33—
2412,

3 2.2 2 2 2
— 125354 — 308553 — 125553 — 185555 — 65555 — 85554 — 95357 — 5S35, — a153.

25
and the polynomial of degree one
111281 1667212 86602 173204 259806

78125 15625 1 3125 07 3125 07 3125 %
The coefficients of the former polynomial are negative. But 2a; 4+ 2s1 4+ 359 + 283+ 54 > 2.

This follows from as + a4 + as > 2 + as. Since s; = 22, we have

6
2a1+352+253+54 25
This inequality implies that
111281 1667212 86602 173204 259806
78125 15625 3125 3125 3125

Thus, we see that f(a1, a9, as, a4, as,b) < 0 provided that as —a; > % = 0.88. d
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Lemma A.9. Suppose that f is the polynomial (6.9). If ay — a1 > 0.9305, then f < 0.
Similarly, if as —a; = 0.915, then f(ay, as, as, a4, as,ag,1,b) < 0.
Proof. Let ¢1(ay, s1, S2, S3, S4, S5, S¢,b) = f Then
g1(0,2,0,0,0,0,0,0) = —%w‘l — %xi’) + %12 + %x + g
Let us denote by d; the unique positive root of this polynomial. Then d; ~ 0.93040704.
Moreover, the polynomial 8¢ (ay, x + 01, S2, S3, S4, S5, S¢, b) can be expanded as
— (4118, + 219)s452 — (70857 + 4080, — 324)bs, — (10086, + 840)s3x — 288a,b°6; —
— (15060, 4 1518) 55507 — (15600, 4408)a, bsy — (4747 +2520; — 198)bss — (1808 +72) 5355 —
— (50467 + 8408, — 144)s2 — (15546, + 486)ba? — (7800, + 879)s52? — 192b* 530, —
— (14467 — 120)b* — (18840 +564)bssx — (3846, +96)bszss — 9607556, — (10800, +336)bss—
— (4328; + 96)bsyss — (34507 + 144367 — 7655, — 111)s, — (10801 + 53)s5—
— (33667 + 3999, — 33)sz — (26067 + 87967 — 4625, — 69)s5 — (15007 + 1208, + 18)s5—
— (17563 + 31587 — 1598, — 27)s¢ — (6008, + 1045)x> — (9006? + 31356, — 837)x*—
— (250562468528, —2097)ay x— (20766, +564)a; bss— (10440, +252) a1 bss — (5280, +96)a; bsg—
—(270001+2748) a1 8954 — (117601 +624)a; 5956 — (426681 +5622) a1 S92 — (26220142334 ) a1 S354—
—(184201+1440)a; 5355 — (106261 4546) a1 5356 — (352201 +4392)ay s32— (277801 +3162) s4a1x—
— (83461 +390)a; 8556 — (203407 + 1932) ssa1z — (129081 4 702) sgar x — (76801 +408) 525356 —
— (259867 +3450) 59537 — (205207 +2484) 54522 — (96001 +552) 56522 — (259281 + 720)a, bsy—
— (13298 + 1275)s955 — (7566, + 672)s555 — (10808, + 1104)s55, — (14045, + 1536)s353—
— (1208, +48) 5458 — (4326 +240) 8586 — (75307 + 15185; — 363) 5555 — (15728 + 2208)s50—
— (102607 + 24840, — 606)s452 — (9483; + 732)s95% — (19386, + 1686)a; 5255
— (129962 + 34500, — 849) 5953 — (58581 +339) 5952 — (15458, +2571) 500 — (2408, +96) 5955 —
— (48067 + 5528; — 120)s655 — (154567 + 51426, — 1371)s9x — (5250, + 315)s62°—
— (7896, + 1500)a? — (139567 4 38490, — 1278)at — (12845, + 900)s25455—
— (67201 +336) 525456 — (600; +24) 8555 — (78087 + 17585, — 462)s5x — (7805, + 228)bs3s5—
— (5766, + 264) 595556 — (31085, + 876)bajz — (4980, + 279)s352 — (12906, + 2007)s322—
— (6960, +216)bsys5— (2285, +108)s756— (17466, +1194)a; 5455 — (103507428860, —765) 547 —
— (10350, +1443) 542 — (78667 422085, —546) 55 — (5765, +656) 55 — (13985, +1122) 595355 —
— (6006% + 313567 — 16740, — 237)x — (43067 + 2007567 — 10680, — 153)s3—
—6725954567—2700a1595,7— (2760, +172) 55— (51557 +257167 — 13710, —195) 55— (4505, +369) 55—
— 48b?sgx — (65407 + 14435, — 315)s3 — (5280, + 312)s2s5 — (94801 + 252)bssz—

— 1044a1bssx — 11752567 — 58559557 — 528bsix — 24052557 — 67253552 — 82501520 —
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— (202867 + 1836) 525354 — (288071 4 96)bss s — (129607 + 384)bsa sy — (141661 4 408)bsyx—
— (8646, + 240)bsyss — 240b*s28; — (117667 + 7208, — 576)bsy — (7868, + 246)bs3—
— (101757 + 20820, — 447)s453 — (34620, + 3810)a; 5553 — 48b%s66; — 2885, b%x—
— 195643 s37 — 108053540 — 1011835,2 — 2373aTsw — 948sy550 — 1080bs52—

— 12084557 — 132989557 — 22857561 — 306bszw — 192b*s30 — 75655857 — 1122a7s57—

— 333s§s6x — 4323%8@ — 14048%83[)3 — 1272(11st — 240b% 591 — 360als§x—

— (39007 + 3960, — 42)s654 — (3008, + 120)s2w — 708bsyx® — 72653557 — 39054867 —
—1176bsox? —435535602 — 12998953202 —1017535,2° — 753898527 — 1761a, 530> —1017a; 5507 —
—102659540% — 1389a1 547 — 345s5562° — 480sy560° — 474bssx* — 645a, s62% — 153907 s47—
—T786bs3x —942bs3x” —240bsgx® — 1554a,b2® —2133a, 592° — 699545577 — (88801 +624) 5357 —

— (13086, + 1443)s32 — (101767 + 19326, — 585)s5a1 — (33601 + 96)bs,s6—

— (213367 + 56226, — 1719)a; 55 — 834a, 55567 — 13985253557 — 7685253567 — 12845954557 —
— 576898586 — 11708384850 — 34620182531 — 2592a1bsax — 2076a1bs3x — 1728bsys30—
— 1560a1bssx — 1296bsgs4x — 26220153841 — 1176bs3840 — 2028898354 — 1938a1 89558 —
— 864bsyssr — 1842a1 83851 — 780bs3ssx — 1176a; 5956 — 1062a1 5351 — 1746a1 54550 —

—948a1 84567 — 5645354561 — 4625355561 — 3485455561 —696bs, 552 —H28a1bsgxr —432bsysgx—

— 384bszser — 336bsss¢r — 288bssser — 705af36:v — 6035s§x — 170lals§x — 96b%s5x—

— 1554ba’x — 2112a, 530 — 88853530 — 49853522 — 288a,b*w — 120bsaw — 144b*s4w—
— 528s3s5w — 411s,557 — 180s3s5w — (1200, + 48)bsz — 150x* — (3608, + 156)a;s2—

— 260s50° — 175862 — 504s72% — 3365207 — 150522 — 144b%2? — 1395a32% — 835a,2° —
— 470bx® — 515852° — 430s32° — 345540° — 786550 — 6545370 — 789asx — 576557 — 450550 —
— 276557 — 10853z — (94267 + 5646, — 450)bss — 63a] — 438a5b — 120a3b*—

— (3338, + 171)s356 — (8250, + 474)a,5% — 219a’ss — 333a>s5 — 447a3s,—
—561a’s3 —675a%sy — (11708, +762) 535455 — (56481 +276) 535456 — (20345, +2082) 54530 —
— (46287 +210) 838556 — (145281 + 1278) s5530 — (87001 + 474)sgs3x — (34807 + 156)S48556—
— (139868 + 1038) 55547 — (78087 + 396) 56547 — (6900, + 318) 56552 — (170101 + 1614)a; 55—
— (14106? + 8766, — 702)bx — (176167 + 43925, — 1341)a,s3 — (127201 + 960)a,s3—

— (1178, +51) 8356 — (5286, + 168)bs; — (23528, + 720)bsgx — (47057 4 43857 — 7026, — 78)b—
— (30601 + 102)bs; — (17286, + 528)bsyss — (6726, + 483)s3s5 — (34567 + 3185, — 3)s655—
— (10118, + 795)s354 — (14108, + 438)ba? — (27906, + 3849)air — (11225, + 1089)aiss—
— (19560, + 2469)a?s3 — (155407 + 8766, — 846)ba; — (237301 + 3159)a?so—

— (83587 + 342667 — 20976, — 276)a; — (7050, + 399)aiss — (21120, + 2436)a; 55—

— (15396, +1779)a2sy — (138967 + 31620, — 963)s4a1 — 144b%s46, — (25050, + 3426)a, 2° —
— (24067 + 966, — 72)bsg — (9485, + 468)ays4ss — (43507 + 4746, — 81)s653—

— (52587 + 6308, — 159)sgx — (64507 + 7026, — 207)sa; — (4808, + 96)bsgz—
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— 957a7s3 — 752ay sy — 352bsy — 720a3s] — 471ais: — 210a7s; — 567a;s5—
— 340a,55 — 5125353 — 3845354 — 2565555 — 1285556 — 6905555 — 4565557 —
— 2585552 — 965352 — 4415955 — 2485955 — 315555, — 1985555 — 815556—
— 3845357 — 1865357 — Hdszse — 2208355 — 116s]s5 — 405556 — 1208752 —
— 24535z — 131aysi — 9lsyss — Tdszss — 5Tsyst — 11siss — 6szsz — 120b%s5—
— 96b%s3 — T2b%s5 — 48b*s2 — 24b%sE — 234bss — 128bs; — 46bsi — 1182a3s5—
— (129067 + 40146, — 1068)s3x — (69907 + 10385, — 165)s554 — 16055 —
— 10853L — 48311 — 103§ — 17581598355 — 936a152535¢ — 159601525455 — 816a1525456—
— 696a152555¢ — 1446a71535455 — 68401535456 — DD8a1535556 — 420a71545556—
— 106859535455 — 48059535456 — 38459535555 — 28859545556 — 22853545556 —

— 792a1bsys5 — 7200595385 — 624bsy5485 — 552bs35455 — 480a1bsysg — 432a1bs356—
— 384a1bsy56 — 336a1bs5s6 — 336bs2S35¢ — 288bs95456 — 240bso5556 — 240bS35456—
— 192bs3s5s6 — 144bs48586 — 1920a1bs985 — 1440a1bs954 — 1320a1bs354 — 258001595354 —
— 1104bsys3584 — 960a;bsess — 876a1bs3s5 — 144a1bs§ — 192bs§sﬁ — 9665232—

— 144bs§36 — 7263332 — 96b3?136 — 48bs4s§ — 48b8§86 — 24b55s§ — 10328%8384—

— 6843%5335 — 3363%3336 — 6005%3435 — 2883%5436 — 2403%5536 — 978525334—

— 633523335 — 288525336 — 82832535’?1 — 43532335§ — 144325352 — 468823255—

— 192523?136 — 35452543§ — 96523432 — 4835%5435 — 1985%5436 — 153335536—

— 408535355 — 156835756 — 297535457 — 72535458 — 84578586 — 141a,8586—

— 96325§86 — 75838?86 — 54848?86 — 72@18582 — 48323532 — 36333532—

— 24343532 — 240a,b%s9 — 192a1b%s3 — 144a,b*sy — 96a1b%s5 — 192b%s955 — 144b% 595, —
— 96b%s985 — 144b?s38, — 96b?s385 — 96b%s,55 — 48a1h?sg — 48b% 5955 — 48b%s386—
— 48b%s456 — 48b% 5556 — 600a,bs3 — 480bsys3 — 516bs3s, — 432bs3s3 — 354a1bs:—
— 408bs3s5 — 264bsys: — 330bs3s5 — 222bsssz — 240bstss — 180bsys: — 648aTs256—
— 591af5356 — 987@%5435 — 534@%5436 — 477a%5556 — 96Oa15355 — 528@15356—

— 1188@13254 717a13235 — 288@13256 — 1269@15334 — 837@13335 4O5a15356—

— 1104(118384 — 609@18385 — 216@13336 — 648&13435 — 276(118486 — 501@13432—

— 144a;1545% — 193502 5953 — 1200a,bs3 — 1506a3s954 — 1473a7 5354 — 882a,bss—

— 1824a, 5353 — 1392a,5554 — 1701a15955 — 840bs3s3 — 624bsasy — T44bsyss—

— 107703 5985 — 103203 s355 — 264ba’ss — 522bajss — 780baiss — 1038batss—

— 1296batsy — (11768, + 360)bszsy — (67201 + 399)s2x — (72667 + 12785, — 264)s553.

All coefficients of this polynomial are negative, so that f < 0 for ay — a; > 6.
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Now we let fo = f(a1,as,as,aq,as,a6,1,b), and we let go(ay, $1, S2, S3, S4, S5,0) = f;
Then the polynomial g3(0, x,0,0,0,0,0,0,0) expands as — 12224 — 2253 - 23552 4 205, 4 2
Let us denote by d, the unique positive root of this polynomial. Then d, ~ 0.9149603.
Moreover, the polynomial 8go(ay, = + 09, S2, S3, S4, S5, S¢, b) can be expanded as

— (9008, + 927)s37 — (4480, + 448) sy — (124855 + 1104)s55354 — (64505 + 1056)a;—
—1925,4522— (42065+156)bssz— (84005 +312)bsyx— (3120, +120)bss55— (12605, +468 ) bszx—
— (35083 + 39005 — 5100, — 102)b — (18725 + 624)aibsy — (3240, + 243)s355—

— (2340094 780)bay x — (18005 +2232) s9.532 — (75602 +576) a1 5455 — (154855 + 1416) a1 s354 —
— 240a,b*0y — (57605 + 432) 525455 — (120005 + 1488) 54500 — (6008, + 744) 55502 —
—26457 857 — (55205 +372) 835455 — (1200824 1236) 54537 — (324005 + 3888 ) a1 597 — 2405,b% 2 —
— 1872a1bsox — (62405 + 552)555355 — (60005 + 14885, — 264)s5 — (16805, + 624)bsyr—
— (162085 + 1944)s4a12 — (45085 + 549)a?s5 — (13506, + 1647)a’ss — (117055 + 414)ba®—
— (180065 +2196)a? sy — (90065 + 1098)a?s4 — (22500, + 2745)ata — (237605 + 2520)a; 5955 —
— (3246, + 243)s3 — (45085 + 9270, — 135)s3 — (46885 + 156)a1bss — (12005 — 96)b*—
— (300685 + 4925, — 48)s7 — (24300, + 2916)a; 532 — (9005 + 1305)s32% — 96b* 5450 —

— 96b%s540 — (158405 + 1680)a1 5954 — 144b%5305 — (40085 + 174003 — 69655 — 228) 55—

— 240a,b%x — (50005 + 217585 — 8700, — 285)x — (8108, + 972)ssa12 — (528 + 25)s5—
— 1404a,bssx — (90062 + 261085 — 522)s3x — (6008, + 492)s22 — (26455 + 156)s255—

— 216a,153 — (30065 4 87065 — 174)s50 — (19255 + 102)s452 — (30085 + 4925, — 48)s554—
— (60065 + 870)s42% — (60085 + 174085 — 348)s42 — (3008, + 183)s22 — (3008, + 435) s52° —
— (158405 + 1680)a; 53 — (117003 4 7808, — 630)ba; — (162003 4 38886, — 948)a; 50—
—22853522—(116102+1062)a; 55— (1215654291665 —711) a1 53— (81085 +19445, —474) 5,401 —

— (75685 +576)a; 55 — (120005 4 1740) 592 — (36955 +222)a; 53 — (40503 + 97255 — 237) s5a1 —
— 2376159532 — (202505 + 2430)a1m — (52269 + 198)bs3 — 264523520 — 312bs4a: - 32433s5m—
— 552838485 — 369als§x — 1350&%3333 — 672335493 — 6485§s4$ — 1800@%32x — 57632542@—
—T768bs5x — 93655550 — 138bszw — 144b% 535 — (26402 + 156 ) 5952 — (30005 + 74455 — 132) 5550 —
— 33653550 — 4500355z — 100855537 — TH6ays3w — 19207852 — 420bs,2° — 300535577 —
— 840bs9x? — 900595322 — 600535422 — 300895522 — 1215a; 322 — 405a1 5522 — 60059542% —
—5765254557—810a;542° —210bs5z* —900a] s,2—522bs50—630bs32° —1170a, bx® —1620a; syx* —
— 55253550 — 30054550 — (77405 + 708)ays355 — (17605 + 104)s3 — (5760, + 432) 5955 —
— 348bsss5x — (20085 + 87002 — 34855 — 114)s4 — 1252* — (120003 + 34806, — 696)s92—
— 100s52° — 300522 — 150522 — 1200%2* — 1125a22* — 675a,2° — 35002 — 400s52° —
— 12485253547 — (15085 +1830,—3) 52 — (30085 + 130585 — 5225, — 171) 53— (5008, +725) 2 —
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—6245858385x—1152bs9530— 15840159542 —936a1bs,x—T768bsys40—1548a; S3540—696bs3 842 —
—108s3s5 — 300s37° — 200s42° — 600550 — 450s35% — 645077 — 44885 — 324550 — 21307 52—
— 792a, 89850 — 17655 — 523530 — (76805 + 288)bsasy — (115205 + 432)bsyss — Hda]—
— 318a3b — 96a2b* — (84062 + 6240, — 408)bsy — (202503 4 48608, — 1185)a;z—
— 504bsgs3 — (76855 + 288)bs3 — (3848, 4 144)bsyss — 129a’ss — 258a%s, — 387ass3—
— 516a3sy — (6960, + 264)bs3ss — (64835 + 486)s354 — (60085 + 148855 — 264)s,50—

— 1288385 — 756a154557 — (55205 + 372)s357 — (90085 + 223265 — 396) 5253 — 48b* 5505 —
— 312bsyss5x — (60085 + 123685 — 180)s453 — (93605 + 312)aibsy — (9365, + 828)8283—
— 1605957 — 468a1bssx — (67555 + 243085 — 11850, — 336)a; — (12008, + 1488)s5x—

— 2163334 — 384bsyssx — (79202 + 840)ay sess — (60002 + 618)s553x — (60009 + 492)s5542—
— 384bs3sy — (67205 + 672)s554 — (33605 + 336)s585 — (105085 + 78085 — 510)bx—

— (105085 +390)bz* — (1008655 +1008) 8553 — (14045 +468) a1 bss — (21085 + 1560 — 102)bss—
— 50455535 — (13805 + 54)bsz — (42085 + 31265 — 204)bsy — (31265 + 120)bs;—

— 3245955 — 28853557 — (63005 + 4680, — 306)bsz — (30055 + 6185, — 90)s583 — 432a7s;—
— 3845353 — (75005 + 21758, — 435)x* — 657ais; — 576a,s5 — 256bsy — 405a; 55—
— 444a%s955 — 90352 — 64s)s5 — 6052 — 63a155 — 445955 — 365355 — 285455 — 96b%s5—

— 234batss — 2565554 — T2b%s3 — 48b%s5 — 24b%s2 — 162bss — 80bs’ — 22bs; — 888a%s5—

— TT4a153550 — (10085 + 43563 — 17405 — 57)s5 — 12855 — 8153 — 325 — 936batsy—
— 1584a, sgx — 55?‘) —792a1525355 — 72001825455 — 6841535485 — 52855535455 — 360a1bs455—

2525354 3360555355 — 288bS95485 —264b535455 — 12961 bs953 — 864a1bs954 — 792a1bs354—

— 1584a1898354 — 672bs95354 — 432a1bs955 — 396a1bs385 — 6725%3334 — 3363%3335—
— 2883%8435 — 648828384 — 324828385 — 52832333121 — 2043233s§ — 7026@%83—
— 438&?5335 — 240323is5 — 1685234s§ — 2528%8485 — 216335235 — 14453345§ — 192a,b%s9—
—1170ba%x — 144a,b% 55 — 96a,b* 54 — 48a, b s5 — 144b% 5955 — 96b 5954 — 48b% 5955 — 96b* 5354 —
— 144535; — 48b*s355 — 48b% 5455 — 360a1bs] — 288bsys: — 324bs3s, — 264bsss] — 162a,bsz—
— 192bs3s5 — 120bsgs2 — 162bs3s5 — 102bs3s2 — 120bs3s5 — 84bsysz — 432a75455—

— 48b%s5x — 432@18355 — 720@1325?1 — 324@1323§ — 810@18554 — 405@13355 — 684@13353—
— 1161als§x — 279@183s§ — 324@13335 — 234als4s§ — 1332&%8283 — 864@1683 — 888@%8284—
— 468ba%s4 — 876@%3334 — 594albs§ — 1296@13353 — 864@13384 — 1188alsgs§ — 576b3333—
— 1205352 — (112565 4274565 — 756 ) at — (348655 +132)bssss — (2285 +129) 5352 — 192b% 5565

All coefficients of this polynomial are negative, so that fo < 0 for as — a; > 0s. O
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Lemma A. 10 Suppose that f is the polynomial (6 10) and 1 4 as + a3 < a4 + as + ag.

Ifas—a, > 8 25, then f < 0. Similarly, if as—a; > 2 15 then f(ay, az, a3, as, as, ag, 1,0) < 0.

PT’OOf. Let gl<a1781752783754785756a ) f Then 91(a1>37+ 257527837$4a857867b) equals

697537 525238 2188576 1753178 1318269 176672

- ay — S2 — 83 — Sq4 —
390625 3125 15625 15625 15625 3125

85 + *7
where ¥ is the polynomial

25132 2623974
- 15625b T 15625 r — 231la;bsyss — 7(11828354 — 174a1bsys4—

109 , oy 2TT03 o 076637 5088, , 14T, 99624
B3 b—1 B Sttty W Siahdy ¥ S
5 (Wb — 15ab” — —oo= 5500 T 25 T 5” T Teos

225 171 135
- TGISQSBSG - 99@1828486 - TQISQSBSG - 810,1338486 - TGISSSSSG_

bal—

—54a1bs356—48a1b5456—4201b5556—42b5955356—36b595456— 300595556 —30b53545¢—24bS35556—

AT, 157 ., 153867 3429 62037 113001
g 58T T2 T T e 186 T T sm086 T T eoeT 9652 T o 963

828 , 109 155 4 201 , 90867
— 18bsys55¢ — gaﬂ? -1 136 1 —ajss — Ta134 —

193749 , 216831 239913 262029 321279 50967

5 S554 — S583 — S5S89 — S5a1 —
2500 1250 1250 1250 1250 625
82932 26319 a2s 197, 52761 s 66387 s 33984

625 47 100 5 MM g0 8T Tr00 12T Tes
135

- 105@1()8385 - 96(11b8485 - 120b828384 - 81b828385 - 72b828485 - 60b838485 - 732838485—

50823 67662 84507 6549 , 488691 14673
— ——bsy — bss — bSy — ——}86 — ———— Q154 — ————S354—

625 625 625 50 1250 50

S6S4—

b85—

8
— b5la;54855¢ — D1S9S3545¢ — 332333556 — 3359848556 — 2453545556 — 60a1bsy8¢ —

493737 , 537939 656103 199992 168492 , 822579

2500 %5~ 1250 *%%2 T 1330 BM T “ezp T Tgap T 13m0 WO

237 49503 93 39309 153 7383 171
— 8o — ——— o1 — —s37° — 2 sy’ — 2 sy’

A 100 2 100 %" T g 25 2

321 255
— 117a1bsys5 — 162a1 898385 — 704523435 - 7%335435 — 156a,bs3s4—

25

11208 , 31113 117 3951 207 10611
5 sax — 57s37° — 100 ST — ngx — 30s57° — 20 5577 — Tsiﬁ 0 SiT—
5424 4989 75 99 339 405 14289
o —bar* — 50 ser” — 25212 — 756x — 12837 — Ta%xz — Talx?’ ~ 50 ax*—
56829 80013 101352 433143 5821413 . 197811@ . 7301973 .
250 7 7100 T 625 1250 7T 1250 YT 250 T 1250
45 87 12501 828 381 135147
_?ng_ZSGx — 39522 — 0 ——sir—24sir—18b%2° 2—5b2x—7a?x—ﬁsﬁx—
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19899 291 261 18
~ 100 x®—18x% — 7a18236x — Talsgs(;x — 78283861' —117a1848¢x — 815984 S¢L—
207 141 111
— 7a15536x — 752555633 — 66538486 — 78385861’ — 42548586 — 66a,1bsgr—

— 48bsssgxr — 42bs,s¢x — 36bsssgr — 35759830 — 321a1bssxr — 255a1bssx — 207bsy sz —
117 573 513 303
- Tbm?’ - 7a18234x — 7a18384$ — 78283841‘ — 192a1bsyx — 156bsysyx—

387 243 387
— 129a1bssx — 105bsys5x — 216a1S2858 — Ta13355x — ——8$98385L — ——(1S4S5T—

195 237

24
— 138bs384% — 93bS3857 — 84bS4S5T — —— S984S5T — —— S384 S5 — —— SgSoX—

— b4bsysgr — 15bs§x — 15s4s§m — 32—38534x2 — %a%s;;x — % 2 52552
— 24b%s31 — %sgsﬁx — %53561‘ — 4853551: — %7@15?6 — %57@1541: — ?sg,sgx—
- ?(7484332 — 45&15(2533 - 1126576 a1x — 42—1546254 — 18b%s4x — %335293 — %alsgzﬁ—

— 5gg4a136x — 30323217 — 237als§x — %5@3;@2 — 4;&;8 SS9 — %sgsﬁx—
— 99a, 5555 — 36a,b*r — %61)36:10 — %a%@x — %sgsga’ — 9—55335:1: — %53821'—
138 276 387 351

- 2—5b236 — 6b%sgr — %6235 — 120%s50 — —bajz® — ——a?

156 — 30bsgr>—
705 , 23571 507 5 35211 417 o 13233
— ——ais4x — S5 X — —— 838" — 8389 — ——S9S4T° —
g s 5y S L 5352 5o 5352 4 525 95
375 195 363 5352 117
—73354:1:2—468335490—120335390—75354:6—7525§$—87b84x2— o bs4:c—7bs5x2—
3516 477 327 17721 147 15687
BT 6551:—].32&%353:—735&11:2_TSE,SQ.CEZ— 0 3552x—73533x2— 0

183 387 231 171 2979
— 7585857 — 13ba1 85w — Tbsgx —63bs3z — ——bajr — ——bs3r® — ——56557°

— o5 SgS5L —

7047 171 138 75 639 47097

T S5S4T — 754531' — ?6232 — 30b%sox — Ebs%x — Talsgx -0 S3a1T—
291 9018 789

— 132bs§x — 733s%x — 275336x — T bsox? — 5% bsox — Ts;»,alx? — 8432342@—

201 , 99271 3483 3987 7188 878253

— Talsﬂ i 1S90 — 485¢542° — o5 S6S4T — 2—556533@ — 2—5b53x ~ 3500 T

609 4161 3042 2049 99
— 6b%sz — 3b%s; — 1—Oals§ T bsy — o bss — 2—519:3?1 — 48bsz — Ebsg—
1632 1221 399 27099 4557
— TS%Sg — ng&l — 162s5s5 — ?8386 — :

S§954L—

S583L—

2

100 2% T 5 T
— 21bsys2 — 18a1bsg — 24bsyse — 12bsgss — 18bs3s6 — Obszsg — 12bsyse — Gbsysg—

4347 11691 , 2997 7617

———8354 — ———8355 — ——835¢ — ——35 32—@323 —%523 -
25 °71 100 P50 P 50 M 50 Y 25 M
5766 105 27 39
T aybsy — Tafsg — 125555 — ngsg — 85555 — 45356 — Zsisg—
14187 18951 8538 807

645
5% 18354 — 0 15355 — 5 15485 — Tafszs;), — 147albsg — Ta%3284—
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208, 198 ., 8529 , 207 , 1752

5 2% 00 P T 10 ¥ T o5
27 o, 261 , 99 L, 59 4 37 4 13 45 21

— TCL18284 — TCL183S5 — 38486 — ZCL185 — Z8285 — 58385 — Z8485 — 18586—
—18b%595,— 12b% 5955 — 6b% 5956 — 18b? 5354 — 120 5355 — 6% 5356 — 1202 5455 — 6b% 5456 — 6b? S5.56—

433 159 309 135 45 75
—Ta13235—111a13234 5 —a1s5— 1 —ajsi— 1 ——ay55—42bss — bsg—55383—303354—
585 3558 . 1539 1177 1829 ,

— TG%S?’&L — 12b%s3 — 9b%s3 — 1555 — o sy — 50 sy — 5% 3 — 3s] — 55 — 100 s
219 45 69 45 111
— T als3s5 — —sas5 — 5 — 5553 — 335553 — 1 — 8985 — 5 ——ajs: — 3la;s; — 15s5s6—

2

51 9 9 27

— 42595357 — 75333 — 175955 — 13254 25%35 1 ~sisg — 1
321 13476 37797 2577 15201

- —CL%SQS(; - 108382 - —ang - 1—00@18§ - 1—OGISZ — W

25

— 168a;5553 — 35355 —

5252 — 125352~
aysz — 15b%s5—

9
- — ngsg% — 654s§56 — 9a1555§ — 6525552 — 5535552—

129 2493 87 63
— Talsgsﬁ ~ o5 535456 — 334355% — ?albsg — —bszsg — —653s§ — 2768385—

261 993 3 99 11 267 183
2 _ =0 266 — = 5252 108586 14bs3 — bs5 — Ta%sg — Tafsg

_6601%8486_6bS§SG_3bS5S§_30a1b2SQ_24a1b s3—18a1b? 84—12a1b S5 —6a1b%s5—24b%s955—

0334 4764 4191 3618 9708 1548
a1525¢ — a1535¢ — 15486 — 18556 — a1bsy —
o5 (15256 15356 o5 415456 o5 415556 o5 41052

237 3792 1818 6636 4938 648 1542
_Ta13536_ o5 a1b85— o5 aleG— o5 b3253_ o5 b8284—7b8255— o

4524 2964 1404 2682 1266 1128
o5 S$384 — o b8385— o5 b3386— o5 b8485— o5 b8486— o5

333 129 75 63
— Ta15384 36828285 — 21825256 — —52545§ — —535435 — 18838486 — ZS§8586_

4 4
10197 13689 3492 6051 2988 1011

o5 $983S54 — 50 $9283S85 — o5 5953S¢ — o5 §9854S85 — o5 S5954S¢ — 5

2 9 2484
— 36@13236 27a13336 — 18a13486 — 18828386 12323436 9535455 — 9545556 —

25
1989 1491 69 159
o 538556 — o 548586 — Za15536 — 72b5254 — 48b5255 — Tb5283 L"')Zlbsgsfl — 51bs§s4—

441 69 117 99 129 123
——a?s4s5—?b$§s5—456333i— 7533334—48335335—73%3435— —325334——

4 4 4
159 189 249 21
— —alsgsg — —als§s6 — Talsgsg — 63@13385 — 33@13336 — TG1345§—

2 4
o7 117 147
—87@15353—Talbsg——malbsi—3535336—33533486—7535556—7325356—7
45 87 o 42447 15927 21261
— 3535435 — 15335436 ) — 535455 — 15983 — 18984 —

20 25 20

129 255 321
— 96bs3s3 — 33baiss — 7()@%35 — 96bais, — Tba%s;), — Tbcﬁ@ —

Cbleg—

b8256—

b8586—

535455 —

S§95556—

323§s5—

82835?)—

15285 —

448451
15625

S6-
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All coefficients of the this polynomial are negative. But 2s4 + 353+ 2s9 4+ 85+ 1 +a; > 1.
This follows from 14+as+as < as+as+ag. So, if s; > %, then 2s4+3s3+289+s5+a; = %

‘o e . 697537 _ 525238 2188576 1753178 . 1318269 . _ 176672
This inequality implies that 355252 — 222552 a1 — =202 80 — 2552583 — =222 84 — ~g02-55 < 0.

Thus, we see that f(aq,aq,as, a4, as, ag, az,b) < 0 provided that ay — a; > @ = 0.92.

As above, we let fo = f(ay, a9, a3, a4, as, ag, 1,b) and we let gg(a1,31,52,33,54,s5, b) = fo.

8153 528843 423107 9912 6608 3304
Then gg(al,x—l— S9, 83, S4, S5,0) = 2005 ™ Z3000- @1 G000~ 52— 755 53— “gr 54— g5 S5+ & for

10°

2513, 52903
’ = —108611825384—102611[)5284—m — 400 $—153a1b8253—51(11[?5285—54&1828355—
117 55 55 165
— 71)3317 — 30bS98485 — 24bS35455 — 2189835485 — 2Ta b* — Ia135 5 a:fs4 — Ta?s;z,—
5. 52 119 6t 891 , 16137 9009 39411 48477
— T5a182x — —=ads a 8§ — ———8584 — ——— 8583 — ———S559 — S51—
o 9 1T o5 R 00 Tt 100 0P 400 0P 400 T
B @a e 16137 B 1173@ . 1173@ 5 3519 18927a . 5211 .
4 200 4T 10 T T MMT T ¢ 40 Y7200 7
135 5211 15633 b 20847 48477 9009 27027
— —a18385C — ——bsy — ———bsg — ———bsy — 184 — ——8384 — ———Sa—
9 MTIET 000 UM T T200 0T 200 2T 200 MY 0 T 200 55
— 60a1595485 — 4ba1535455 — 90a1bs3sy — 45a1bs3ss — 42a1bs485 — 66bsy8354 — 33bS28355—
C97en 1182335 . 1454313 o 394115 . 39219 B 12096a . Eagb_
270 400 °7* 400 UM 200 P! 200 25 7 2t
8159 8211 3669 25491 183
— 171 — 19 212 o 2 Y2 oY 3
Tlaibssx aib” — 40 5% 50 ba? aj 20() 500 ba, 1 Sox
13941 63 2583 861 129 1563
— 36bsiz — 10 So1% — 783I3 ~ 0 s31” — 21s542° — ?34@2 -5 saw? — 5 S2T—
291 3951 21 861 57 1203 27
—Tbalx 365507 — 20 ST — 4532x—?s5x3—ﬁs5x2—?six2— 10 543;—?3337—
33 1089 311 21393 11889 26061
5 sir®— 50 ——six—14six— 156 0% —27b*r — 1 alr— 500 5%~ 9p alr— 500 br—
21393 64179 241641 170769 3339 11 273 4 5
S4T — S3% — a1xr — Sol — ——bx? — —35x — —ajr —
100 200 400 400 20 2 2
153
— —bs322—135a1 83548 — 758253540 — 114a1bs42—90bSyS42— 57010855 —45bS9 55— T8 S9S51—
1317 327 21189 87 585
~ 10 S5S3T — Talxg T ajx® — > s — Tx3 —15z% — 234a1 89831 — 231a 1 bsyxr—

— 156a18954 — 7325335x — 75a18485x — T8bs384x — 39bs3ssx — 36bs,S5 — 455954858 —

351 843 105 27
— Talszx — 30a,b%z — Talsgx 1 523§x — 21sis5m — 33335290 — 36235—
4173 177 3609 54
—335384852— 13DbsaS3— 10 a154$—7a134x2— 10 balx—gb s4—12b s4x—?33s§x—
—18@1[)283—12a1b284—6a1b285—18b28283—12b28284—6b 8285—126 8384—6b 8385—6b 8485 —
3039 o 1317

S9S4x — 485354 — S$3840 — 8183831‘ — 54s§s4x — 782831’ —51bs,? — ?bsw.
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! 1 11
- 5_75584372 - 5_b55$2 - @65535 - %G%SE)ZC - %35%%2 - TS5SQ$2 N 3839

2 2 10 2
1857 291 4173 333 9117 111
a13284—6b235x—Tba1x2—99a?s4x—2—035a1x—75332x2— 50 5332:76—75234902—

27 1203 1 33 405
— 7828482 — 24858302 — S5S4T — 18s4s§aj — ?bQSQ — 24b% 591 — 7()3?:10 — Talsgx—

207 2673 531 8427 2007
—9365%9&——[)521‘2— bsgx——33a1x2—4532$ix—189@1321'2— 10 Q182 — 10 bssx—

2 10 4
87 4 10659 1227 1683 252 447 1062 ,

— 5 018485 — 4—0:82 — 3b%s? — 10 bsy — 50 bss — ?bsi — %bsg — SaSsT
297 708 354 1341 201 459 459
— T —a?s3w — 42a,bs3 — ?3334 — ?3355 — TSQS% — 75252 — ?5334 - s

807 399 9 357 174 297
— 63[)8%83 — 1—0538?1 — ﬁSng, — 45285 — 58?18% — ?5282 — TSgS% — 1—0 2

9 57 27 17 5 5
— 555485 — 76@%35 — ayss — 13232 — 35355 — 53432 — 8bs} — §bs§ —99a7s
27

2 4
2 2 3 87 55 81 4 3 3 3 3 3
— 15595355 —57bajss —60a;s; — 5 @Sy 1S5~ 30bs; — —bsi; — 275553 — 185554 — 95555 —
171 45 27 1 9
— ——balsy — —s3s2 — 185357 — “-s955 — 24a?s2 — 18a, 55 — ?sgsg — 105,55 — Esgsi—
5 799 ., 1953 , 297 , B37T

2 2
231 9
187 = g 0183 — 1Sy — —om 15—
4 1

— 27838,7 — ——ba’sy — 5352 — 68355 — 50 19 S
201 4 459 5 133 4

2 2
CL1$253—12()25%—9628%—61728[21—1283—752—ﬁ53—784—284—55§—

SS9 —

_75@ 2 _5571
2 1727
81 41 39 27 21

——a13§s4—39a38335—gsg—?albsg—36323?)—7b33s§—12bsis5—9bs4sg—24a1b252—

2889 2169 723 723 369

—9838385—983848§—1—06L1b82— 0 a1b53—?alb&l—1—Oa1bs5—763233—123b8234—

177 561b 561b 252b 447 447 201
— ——a75255 — —bs354 — ——0S355 — ——05455 — —— 525354 — —— 525355 — ——525455—
g 15255 5 V9354 = 708385 5 V5455 5 929354 g 525395 o 925455

807
—75als§s4—45a13353——0533435—42193354—2165%35—?b323§—30b32$i—27bs§34—7bs§s5—
27 27

81 81
— €b283 — Zals§s5 — 24()3333 — 308%8384 — 15333335 — 188%8485 — 7323334 — 1325335—

27 99 45 57
——S§S5x—18b2$3x—81a1323§—21525353—33a1525§—Za1335§—27a13255—7%543?—252335?—

1857 651 651 297 12519 123
15985 — ——A15354 — ——A15355 — 7&18485 — 20 S3A1 X — TbSQSg,—

10 2 4
135 531 17
— —albsg — 60(11828?l — —CL%SQS?, — 105albs§ — 7@?8284 — 78af53s4 — Ta15283.

9 1 . .
If 51 > {5, then 2s4 + 353+ 252 + 55+ a1 > 5, which gives f(ay, as, a3, a4, as, ag, 1,0) <0,
8153 528843 423107 9912 6608 3304
because 4 < 0 and J555 — *505° 01 — 00 52 — a5 93 — 195 54 — o5 55 < 0. O




74 IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA

Lemma A.11. Suppose that f is the polynomial (6.11) and asz + a5 + ag = 1+ as + ay.
Ifag—ay > %, then f < 0. Similarly, if as—a; > 1%, then f(ay1,as, as, ay,as,ag, 1,0) < 0.

PTOOf. Let g1<a17817527837547857567b) = f/\ Then

( . 23 b) 697374 1 , 9 4
ay,x + —, S, S3, 84, S5, Sg, b) = —$ —8284—
gi\azy, 257 2993594y 95, 96 390625 9 3 S 3°4
1050381 2188092 28047 1317783 353247 %
—————a] — —— 89 — S3 — Sq — S
6250 | 15625 ° 250 ° 15625 6250
where ¥ is the following polynomial with negative coefficients:
189 507 255 411
— 76@%34 — Tba%s:), — 159basy — Tbaf,% — 33ba?se — 144a,bs; — Talbsg—
99 135
— 93bs2s3 — 66bs3s, — 45bs2s5 — T8bsas2 — 48bsas? — —bs2sy, — ——bs2ss — 42bs382—
2 2 2 3 17 5 0% 4 %8 4
39 1491 537
— 2463?155 — Talbsg - 30b32$§ - 153333 - 31)345% — Ta?szs;@ — —a%szs4—
855 1053 e
— ?afs%sg — Ta%s3s4 — ?afs4s5 — 144@13333 — 93als§s4 — 78als§s5—
939 147 567 471
- ?alsﬁ% - Talsgsi — ?alsgﬂ — ?045385 — 66@18352 — 45@1842185—
555 453 351 9714 7743
— 18bs§s(5 - ?alsgsg - ?alsgsg — ?alszlsg — 2—5a1b32 — 2—5a1b83—
5772 759 6642 3246 906
- o5 CL1bS4 - ?a1b85 - o5 b8283 - 198b8284 — o5 ngS5 - ?b8384—
2967 2688 42039 15504 20841
— 25 §3S85 — 25 S485 — 50 a15983 — 25 15284 — 50 a185985—
2796 37491 63
- 15354 — 100 18355 — 33315455 — 27838384 — 5858385 — 24333435—
57 171 27 231 27
— 102@%3355 — 1325354 — ?828385 — 7325333 — ?828383 — 7828385—
81 9 9 9 117 5 9756 13251
— 2528485 — §83S4S5 — 9838485 — ?538485 — TSQS;}S;; — 50 $953S5—
5598 4833 5337 9531 4194
— 598485 — $35485 — a1598¢ — 15386 — a15456—
o5 52545 o5 53545 o5 015256 15356 5 18456
159 579 261 471
— 7@%8256 — ?G%SgSG — 70%5486 — ?CL?S586 — 63a15356 — 36a182sé—
375

63
— ?alsgsg — 27@15352 — ?alsisﬁ — 18a154s§ — 18@1652 — 2465356 — 12bsgs§—

2 2 2 2 2 2 2
— 9bsgsg — 12bsysg — 6bsysg — 36555356 — 30555456 — 27555556 — 3323336—

— 384855‘% — 6bs§s(5 — 365532 — 30a,b%s9 — 24a1b%s3 — 18a1b*sy — 24b%s955 — 18b% 5954 —

69 123 27 15
— 69a1bs?1 — 18823256 — 1335436 — ?838586 — 7838386 — 78?18586—
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- 18[)28384 - 12a1b255 - 12b28385 - 12b284$5 - 6a16236 - 6[)28286 - 6b28386—

699 2994 2487 2496 3981
- — — S48¢ — S9S5Sg — 835486 —
5 525356 o5 595456 o5 25556 o5 35456 50

135, 21 , 63 , 21 , 7239
— —A1SSg — ——S25:S6 — ——S35:Sg — —S45:S¢ — ——A1S55¢6—
g 195°6 9 29596 ] 39596 4 49596 50 19596

1494 9
S4S5S¢ — 9a135s§ — 18325352 — 1252543(25 — 6323552 — 9533432 — 553553(25—

25
1818 1542 1404 1266
- 6b28486 - 6b28586 o5 a1b36 o b8286 — o5 68386 — o5

- 1128 25134, 52TATL 798 , 45432
arbsst — —-=bssss — Treasb — ioen T — 586 — —oe 565
- 50964 56499 62034 76932 448452
253 T Tgog P67 T Tgog %693 T o 5692 T Taopm 5601 T peos 56
200946 244809 247101 , 269439 656559

5482 —

Sq4Q1 — S3 — S§389 —
625 625 1250 625 1250
168966 32945 . 97113 , 108894 120192
201

625 2 5 ~ 13505 T e M T ea
96208 321741 12 , 36777 231

125 25%27 o0 PN T Tgon ST Tpgp S48 T To 1SSetT
411

— Ta13536m — 48bsssgr — 42bs,s¢x — 36bsssgr — 905953562 — 78595456 — 698955562 —

129 219 81 507

— 75334561‘ — 733555633 — 554553@ — 318a1bsyx — Talbsgx — 189a,bsyx—
18 1311

— 150bsgssx — 102bsassx — 135bszsat — 7b3385$ — 81bs4s51x —

471 759 915 717 675 -
- — - — — —— 18354 — ——QA183S5L — —— A1S4S5L—
5 15254 A a15255% 4 15354 1 15355 4 15485

219 399 177 309 019
- T825384£If — 752838537 — 7828485&3 — 78384551' — 144@18286.1' — TCL1$356.§C—

- 30b828586 - 30b838486 - 24b838586 - 18b848586 - 4882838486 - 4282838586—
45

535556

b8486—

5301 —

— b4bsosgr —

S583—

— 42[)525386 —

15283 —

- 3082848586 - ?83848586 - 228a1b8283 - 168(11()8284 - 153a1b33s4 - 114(11()8285-
207
— 7@1&9385 - 93@1[)5485 — 114b$25384 - 78b528355 66b828485 - 57b838455—
255 333 955 243 423a/s s
9 10852 B 1525354 4 1525355 5 1525455 4 41535455
75 159
- 782838485 - 111@1828386 — 96@1828486 - 84&1828586 - Ta133s4s6—
267 99
— Ta1835586 - ?CL1$4S586 — 60@1[)5286 — 54a1b53s6 — 48a1b8456 — 42a1bs556—
36h 9786 , 105141 , 65997 50817 67659b
— — ————— Q783 — — ———— 084 — S3—
2815 = 5p St g1~ Sagmis — bt = S mbey
— 12b%s985 — 84501 Sg — £7a 5 469a33 - @ags - 4—9a4 - 27a?’b—
295 625 2 ] 1°4 = 8 1°3 ] 1°2 8 1 4 1
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_ 15afb2 B 11081a§) B 269271 a% - 11979 a% B g s 996211)@1—
40 625 50 625 625
B 95 . 1053 4 6823 15251 10235 3 o 3507
8770 5 727 7900 3T 25 4T 4% 200 °
39671 69 273 2103
— Wﬁ — Zx4 — 111a134x — ?343?% — 30bsgx? — a1$2$—

9 , 771 o 423 891 , 12804 459
- 33456 - Tbalx — 7%3395 — ?s5a1x Y- S489L — Tbs?)x —
7191 363 771 903 513
5 bssx — Tbs%x ~ ba T — 42533533 — ?5382562 — ?55841’ —
177 60bs2 93807 1509 , 1215 699 ,
— —— 53520 — 60bs3x — 301X — §301X° — —— 1850 — —— QA SgT—
4 395 4 100 33Ul ] 31 3 1°3 S 1°6

555, 27, 3519, 231, 1143, 495 ,
— —— 8589 — ——S85S3T — SLU——SZL'— S4A1 X — — A, S5 —
g 592 4 593 25 5 4 5 g 441 4 1°5

369 321, 639 1875 ., 2355

i 53343: 1 ——54S9% —?566113; —45a136x— Soa1x” —

15 828 138 552
7858%&7 — 2—5alb — 36a.b’r — ?bQSQ — 3002891 — %b253—

138 336
— 24b% 55 — ﬁbQ 4 — 1825, — 2—5?)235 — 1262550 — —b%sg — 6b%sgr — —bsgr—

99 171 5358 9024
— ?sgsia: — Tbsw? o bssx — 129195295 — 210&1821‘ — 144bsqa® — 5%

17466 11679 435 117

~ o8 S401T — baix — 15b36x — 4533s4x — ?323§x — 78682372—

1989 , 4491 1281 , 11811 195 , 3459

100 5 Sg — o5 ——S552T 3 —5 1547 50 Sg1 L 9 S953% 10 —— 85592
3,, 627 ., 34797 147, , 723, 30957
48556 3 552530 — 50 S350 — TbSE).T — ?a1$5$ — 100 S583L —

423 o 1977 46743 6831 11

1
— ?3633@ 50 8683 — 100 S5a1T — oF 8584 — 338285$ — 783851‘—

645  , 2298 60 189, 3486 339,
— —— 85453 — 5483 — SSI-—SSSL’— S6S4L — —SgS5T —
] 493 5 493 294 4 6°4 25 6°4 8 695

303 51 , 111 175

— 513%3633 S 333630 5 — 5,867 — ?sgsﬁx 3032361’ — ngw?’—

3129 267 7281 55 7821 291
3 831’2 — ?841‘3 — o5 84172 — ?S5ZE3 — 10 851'2 — —8%1‘2—
439353 21993 213 61821 81 5088
1250 ¢ T 50 ST g S T gpp 0T gt~ gp i — 305t
24573 81 4 27 9981 173 21
500 six — 45851 — 1 — e~ 5 sir — 100 5% — ?sﬁx?’ — Esgx—
75 99 828 67572 217038 11652
— —sga? — —stw — 18b%2% — —— b’z — 86X — 540 — 53T —
4 2 25 625 625 25
49101 2 1317 5, 5, 78 4 28503 233 10851 433

I 7Y - 2__b3 b2__ 3
100 ° g Mt T gt Tyt Ty 50 0T g %t

So1 L —

— 15843(25:75 —

bsox—
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28461 197901 159657 101349 735
— amT — a,w T — ——ajr—
125 ° 250 200 625 g !
45 129 251 39 417 4167
— ?83831] 5 —“a3si — 65a,5) — 2 a8y — 7%32 — ——ajs: —
99 99 89
105536 — 3b*sg — Eb = — 40bsy — ZbSS 12bs5 — 0152~
10449 6087b 411
0T 5 T g
287 99
— T—ajsy — 26ss3 — 125354 — 138555 — 1 8553 — 9s55] — —

< 1
365562 s M, 3,5 39,5, 3 3177,
_ ~ Ssest— S
2
4

R
5307 ., 15039 ., 6228

bsi— g ms s e

SoX — 38985 — — 8585 — —S3S S

131, 7653 26673 , 4101
—S85S — 8989 — ——S
5 C2°47 5025 100 27 25 95
33981 22953 717 105 53 3
~ ean Sy — 200 3 S5 — 5 338?1 — Ta%sg — 148386 — gsgsﬁ — 58285—
9,, 105 , 57 ., 21 . 27

3 3
— 38456 — 55485 — ?alsg, — §5285 — 15385 — 5 S54855—

)
20979, 1998 , 2013, 5997 16617
S — — S985 — — ———835;—
200 M 2526 90 2P 10036 200 7P
2034 , 999 |, 1638
8
o5 4% T oF %6 — 25 4
21 2403 609
— —bs5 — 15b%s3 — 12b%s3 — 9b*s3 — 6b*s2 — 5 0%~ 2 - 0 ——aysa—

5961 198, 297 , 217 , 13101 , 3429,
SESEL — —S9S; — —— 893S, — ——A1S¢ — ———A1S¢g — ———0S¢.
50 07 5 726 0 P g 16 g T 195

Therefore, if s; > g?, then

———s4s: — 12s5sf — ——s3sg — 3s385—

697374 1, 9 3
gl(ala S1, 82, 83, 84, S5, S6, b) X m + 533 + 53334_

1050381 2188092 28047 1317783 353247
— a; — Sg — 83 — Sq — S5 <
6250 15625 250 15625 6250

_ 697374 N 1y R 9 1050381 ~ 2188092 = 28047 1317783 353247
S300625 ' 270873 6250 1 15625 2 250 0 15625 Y 6250 °

697374 110563 1050381 2188092 1317783 353247
T 300625 1000 2T T 6250 YT 15625 2T T1m625 YT 6250

Moreover, we have 254 + 259+ S5+ 53+ 51 +al > 1 because az + a5 +ag = 1+ as + ay.

Hence, if s1 > 25, then 2s4 + 259 + 55+ s3+al > = 25, which implies that
697374 110563 ~ 1050381 ~ 2188092 1317783 353247
300625 1000 ° 6250 ° 15625 2 15625 * 6250 °

Thus, we see that f(aq,as,as, a4, as, ag, az,b) < 0 provided that ay — a; > % =0.92.
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Let f2 - f(a17a27a37a47a5ua’67 17b) and gQ(abSlu S2, 83, 54, S5, b) = .]?2 Then

( +9 ) 32599_’_32 +34+
ay, T+ —, Sz, 83,84, S = ——— 4+ —555485 + =S
ga2(0a1, 107 2593y 94,5 95, 16000 9 39495 3 3
n 53 - 53 o4 3 242 1057497a B 2114578
9787 T T T 9T 000 T 72000
9909 105631 105631 ‘e
— S3 — S4 — s
125 °° 2000 ' 4000
where ¢ is the following polynomial with negative coefficients:
111 339 111 267
— Tba?&; ba1$3 114ba%52 — Tba%sg, — 102a1b3§ — Talbsg—
51 51
— 39a,bs — 60bs3s3 — 36bs5s4 — 18bs3ss — 48bsgs3 — 24bsys] — ?bs§s4 — st§35—

15
— 21bszs] — 9bs3ss — Zalbsg — 12bsys2 — stgsg — 565432 — 120a3s553—

— 66&%5254 — 33a%3255 — 66a%3334 — 33@%5355 — 33afs4s5 — 93a13333 — 42@15354—
141 123, 123, 57

— 21@18%85 — 7@1825% — 30&1828421 — Ta183$4 — ?a1$355 - 7(118382—
20, 51, 165 ., 63 ., 1446 ,

— —QA18,85 — — Q1528 — ——Q1535F — — Q1545 —— Q1089 —
2145 2125 8135 4145 5 1Uo2

4341 b 1449 b 1449 b 924b 618b
20 1083 10 ———a1054 20 =~ a10S85 5 5953 5 59254

22 22 1
— 3—(5)968285 2565334 - 5b5355 - %b&;&f} - 549&15283 - UL

1773 1269 1269 2799
a18985 — 158354 — 158385 —
10 19295 4 19324 ] 12395 20
9 , 1029 1029

—83848r — ———825354 —
277775 10

Q15254 —

2
15455 — 6555354—

— 3535335 — 932535§ — 652345§ — $95355—

411 717
898485 — ——838485 — 24a1b?sy — 18a1b%s3 — 12a1b%s, — 18b%S983 — 1202895, —

5 10
5027 105787 4974
— 6a1b%s5 — 6b%s955 — 625355 — 625,55 — 2000°~ 300 T — o5 S489—
o, 07323 5AIAT —-74133 L 11649 4926 ,

3547 Th00 1T Ta00 ° o5 3727 39 LT g5 2

96951 897 , 16329 1449 - 2487

Sol SsSq4 — S5Sq — Sq4Ssl —
200 2t 25 55— 200 7T 16 T°° 475 25

S589—

- 48a1b3235 - ?a1b8385 — 39@11?8485 — 60b828384 - 30b828385 — 24[)828485-

97323 16329 1449 339
800 a; — 200 g S$483 — 228a1bsar — Talbsg,:c — 111a1bsyx—
111

— 7(1111951} — 132bs9s3x — 84bsyssx — 42bsyssx — THbsgssx — —b33s5x—
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57 2307
— 21b538485 — 72a1525354 — 36a1828355 — 30@1525485 — ?a133s4s5 10 a134—
225 225 111
— 210ay 8953 — 114a, 59540 — 57a15955T — Ta18354$ — —a18385T — 7%34551’—
3369b 5 14001 , 9387 10419b 31263b 5211b
— ——bs; — —a7s asy — —bsy — S3 — So—
40 % 40 P 20 PP 200 400 % 50 7

— 218983852 — 18895485 — 185384852 — 150a1bs283 — 96a1bsys4 — 87a1bs3s4—
45 4 303 5 91 4 309 , 109 4 21 , 157

— §a185 — TS4CL1I’ — Za184 — ?a183 — TGISQ — Zal — Ta?’b — 12&%[)2—
3 16271 262929 7341 3 50979
—5538§—36S482£E2— 30 a?— 300 CL%— 40 ba 1—2—0b2—mb 1—84
473 226 102 3 297 1165
— 425953547 — 18838,7 — ?32 ?sg — Tsi - gsé — 4—()3% 3 3
171 115 111 393 579
— TCL%S&;(E — ?x‘l — Ta154x 128,852 7@?5256 — Tbalx — 141a3s32—
351 5 303 , 1434 303b 4017b 23lb
— — 891" — —S5a1T° — S489% — ——bsgr? — S3x — —bs2x—
5 S2 g S 5 5482 1 Uss 20 %3 1 V%
579 39 63 4977
— Tba1 933s5x — 7253507°% — 53584272 1 33s§x — 33bsix — S3a1L—
1005 759 75 1341 99
-3 ssa 2 — ?als:;x — 18855922 — 235331:2 ~ 50 bssx — stg,x —
108
— 30a,b%x — —6232 — 24b?sox — —b s3 — 18b%s32 — —b sq — 12b%s,0 — —b S5—
99 1341
— 6b%s5x — 183284x — 3634:): ~ 0 bssx — 90b52x — 153@132x — 102bsyx®—
1338 SoX 81873 a1x 7221ba r — 18s35°x 395 SFx 171a23 x
T s g s = by = I8sise = G sasir = Sasi
19371 717 93 2238 63 291
-0 als§ — 635%8336 — ?85821‘ — 3323355 — T3332x — st%x — ?alsgz—
255 8187 558
— 73533@ 0 S5a1T — ?85841’ — 9S4S5I 123%s5x — 38483.’[‘2 — 25584831 —
117 5127 3363 17 3363
— 2482841‘ — ngx?’ ~ 30 sy — 17842 — 0 sy’ — 7851‘3 10 ssx2—
3717 1521 7821 39 558 57
-0 “——ays; — b4sia’ — ngx — 33s32% — m — sk — ?sixQ ?3430 — ngxZ—
2091 9 10743
— 65357 — 10 six — 34syw — ngm — 6siz — 55?51: — 15b*2% — 27b%x — gy ST
8349 85569 10743 483639 11853 52119
T 200 %~ 100 T “so0 M7 a0 U Tqp O
507 599 1059 633 42231 173 6681
— ot g~ gt — e’ — =g — = mbe’ - b
83 6891 2667 53
—27a,b* — 752%'3 50 So1% — T — 28bsj — 1 —bs3 — 6bs; — 87ass5—
441 147 171
— 3s3s2 — ?al 2 —33als? — 48a,55 — S ——a, 55 — 9a,55 — S ——ajs: — 123bs;—



80 IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA

2799 2037 618 309 3267 411
— 432$§ 0 a134 1832 57 10 3% S3 — 5 3334 - 3355 2—0325§ — ?3253—
1749 9 3 5199 801 651
20 8384 48%84 - 3828% - 18382 - 5848% - Walsg - ESQS% - %Sgsg—
1749 001 9 897
10 —— 5255 — 28585 — 2—0545§ — stg — 12b%s5 — 9b*s3 — 6b%s] — 3b*sz — Eb 2—
YO 9 o 128541 153 , 2307 10419 91 4
- ﬁs?)sél 58283 - WS&CE — ?8485 20 (1,135 — m Sy — §a185.
Thus, if s > 10, then
32599 3 3 5) 3
g2<a1, S1, S92, 83, S84, S5, b) NS m -+ 58:2))8455 + ésg + 58%54 + 215385 + 58%82—

1057497 211457 9909 105631 105631

8000 Y7 2000 27 125 * T 2000 ' 4000
_ 32599 3 . 3 . 5 . 5,3
< ———+ =S5+ =83+ =54+ =55 + =54—
16000 270 T 87 T g T 7 T g
_ 1057497 211457 9909 105631 105631
8000 ' 2000 % 125 2000 ' 4000 °
32599 94631 78897 97631 1057497 211457
= — S5 — S3 — S4 — a; — S
16000 4000 1000 2000 8000 2000
If 51 > 3%, then 25, + 255 4 s5 + s3 + a1 > 15. This gives
32599 94631 78897 97631 1057497 211457
— Sy — Sq — Sq — al — S
16000 4000 ° 1000 °* 2000 * 8000 ' 2000 °

Thus, we see that f(a,as,as,ay, as, ag, 1,b) < 0 provided that as — a; > i. O

Lemma A. 12 Suppose that f is the polynomzal (6 12) and a3 + ag +ag > 1+ as + as.
Ifas—a; > 25, then f < 0. Similarly, if as—a; > = 15, then f(ay, as, as, ay, as, ag, 1,b) < 0.

Proof. Let g1(a1, s1, S, S3, S4, S5, S, b) = f Then

ot B y_ ST 3
a1, r —.,89,83,84,S85,S = S —SaS4—
gilay, 257 2993594y 95, 96, 390625 3 9 3°4

7063 525143 1317786 1752697 2187608
125 °°° 3125 1 15625 Y 15625 0 15625

where % is the following polynomial with negative coefficients:

25136 2623497
—126a,bssz — 15625b ~ 15eon T — 315a1bsex — 252a1bs3x — 201bsy 831 — 231 a1 S9S42—

82+*7

327
— 545385562 — 189a1bssx — 150b5234x—7a15334x 135bs3s4— 105523384x—7a13235x—
135 177 231 129
— 78285861‘ — 129a15356x — 732333693 — Ta13436x — 78895456 — 733543(5%—
285

—102a;58556x—165a1 5355 — 78828385ZE—76L184S51’ 845954850 — 75s3s4s5x—7a13286x—



UNSTABLE POLARIZED DEL PEZZO SURFACES 81

81

597
— ?s4s5s6x — 66a1bsgr — Hdbsyoser — 48bs3sgr — 42bs,sx — 36bS5S6x — —— A1 S9S3L—

231
— 225a1bsys3 — 168a1bsesy — 153a1bs3sy — 162a1595384 — 114bS9S384 — —— 1525355 —

207 219
— 99bsys5x — 11701595485 — 7%333435 — 3359535455 — —— 152535 — 96a152545¢—
159 165 81
— 90bssssxr — 7a1838486 4859535486 — Ta1828586 — 66a1535556 — 582838586—

99
—111a1bsyss — 102a1bs355 — 93a1bs485 — 7HbS28355 — 660595455 — HT7bS38485 — — 1545556 —

45
— 81bs4858 — 3059545556 — — S3548556 — 60a1bsys¢ — Hda1bs3sg — 48a1b545¢ — 42a1b5556—

) 2619 65607 |, 33978, 50817,
—Aas S CL S _ — —
100 M%7 T M T g 2T Teas VBT Taop M
67656, 16899, 798 , 90861 50964
625 ° 125 2 25 55~ 1250 %7 625
) 267 62031 153861 ; 177 111
— 45a1 8,55 — TCLISQ — WSGSQ ~ 90 S6a1 — 33a555 — 1 als4 5 —ajs3—
322203 - 489609 194703 , 217779 48171
— ai1S8s — S3S5Sg — a1S4 — S5Sq4 — —
1250 7° 37976 7 T80 Y 2500 55— 1250 °°% 50 0P
263931 - 83412 367761 200937 494667

_ _ 2O 6, — 30b 202001
1250 5527 Tgan %17 T1op0 A% T Tgan 42 528556 T o500 °

3262 39153
25 42b828386 —

27
— ?54x 555 — 36bsys,56 —

S654—

824421 131403 539817 33888
1250 189 — 30bs3S45¢ — 18bs4855¢ — 5 a

— — 52— 33bs2s5—
50 10T 1950 2T 125 ° 5398
12963 39 2496 1992 63
= a%s5 — 24b3?155 — ?b543§ — T53s486 ~ o8 §3855¢ — 7(113256 — 18325256—
1889 27 15 1494
T 33 5 sgsisﬁ — 18@1543(25 — 12523432 — 933545‘% — 5535536 BT
387 22599 33 393 2 153 2 213 e g s s
— —— 838485 — 8683 — —Q1S5:S¢ — — - — - — - —
5 535455 950 5653 T 5 18356 T 828586 — 835556 — 545556 15554
1023

9
% 6828586 2535552—
839 3

5607 2994
— % 9b3356 12bsis6 — 6b34s§ — 6()3%56 — 31)355(2i — TSQS;LSLF) BY:
_ B L4 B 498 B 2 2 2 2
4263334 535 ?323536 olaysss; — 2Ta1s355 — 21s9535: — 18525355
21 69 ,

— —8985,85 — S S48 —
27T g

548556 —

3848555 — 18a1bsy — 24bssse — 12bsysg — 18bs5s—

525456 —

— 9535455—
15535556 —30a1b%ss — 24a1b*s3 — 18a1b* sy — 12a,b%s5 — 6a,b*sg—
— 241?553 — 18b%S954 — 12b%S955 — 6b2S95¢ — 18625354 — 12b% 5555 — 65356 — 12b% 5,55 —

99 594 1404 2688 1266 1128
— 24b533§ — 7bs§s4 — Tb8335 T bsssg — o bssss — o5 bsys¢ — o bs5s6—
1944 7746 5772 3798
— 4817.925?1 — 6b%s485 — 6b%s556 — 3 a1bsy — 5% a1bss — 5% a1bsy — 5% a1bss—
1818 6648 3252 1542 906
— 69(1117531 5% ———a1bsg — o bsos3 — 198bsgsy — 55 bsosy — o bsysg — ?b33s4—
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171
— 9838?185 — Ta134s§ — 183234S§ — 5838482 — 42a1bs§ — 42bs§s5 - 363232—

45 39 27
— 5Ta,8585 — 3533334 — 158383585 — 5535435 — 125958384 — 12895355 — 7325353—

732051 315 123 261 93
~ T9r0 So — 96af34s5 — TCL%SQSG — 72a?5336 — 7%3%36 — Ta%s436 — ?alsgsf;—
583059 147 5 69 4 9 111, 117 41631
~ 1250 SgZL'—Ta18284—5828386—30828486—7828386—7a18586— 50 a158983—
_ @a 2o 15513a N 20421@ Goge 1068a s 27969a sy — 1854a g
4 (1535 o5 (15254 50 (19295 5 (1529 50 (19354 15355
105 4767 16659 4194 3621 237 9
— T(I183S5 — Talsgsg — 50 15485 — o5 a1548¢ — o5 a1558¢ — 7&18285—
51 1953 12813 3498
— 495923 — 36@13232 — ?838586 — T8283S4 B S98385 — % S95356 — 171@%3253—

177
— 66(1133553l — 141a1bs§ — 132&%8254 — 7@%5334 — 102a1bs§ — 120&13333 — 7@3%54—

48699

100

197991 189 315
— a1 — 33ba’ sg — 63batss — Tba%&; — 126ba?ss — Tba%SQ

417 153 189
So1? —36a b’z — Talsgsg —90b5353 —66bs%s4 — 763253 —93a%32$5 - TCL%SgSE,—

448453 21 ,

250 T 15625 0 4T
_ 4?;1(5)37841' _ 5da?b — 15a2b? — 1358021ai’ B 10275705031&% _ 5221[)&% B %bz B 922;81)&1_
—192ba;z? — zi;albz — ?sw%x — 36bs§x — %sisﬁx — 453§S4x — 1(2)—58683:E2 — %s%sﬁx—
— 368§s5x — Tsﬁsﬂz — 3953s§x — %6283 — 24b%s55 — 30bsgz? — ?bsﬁx — %b286_
— ?w”‘ — 6b%sgr — 1795634352 — 3354s§x — %(5)736(1195 — %sgséx — 5Thssx? — 35? bssxr—
— 15s4s§x — %b%@ — 30b%syx — gsgs@w — %b%ﬂ — 18b%s4x — 363§s5m — 78%861‘—
— 43—:31153 — 1221)54132 — 5228 bsqx — 144als§x — 90b3§x — 99555322 — 34383 S983% — T884891% —
— 15bs§:v — 1228513543230 — %84831‘2 — 753%33.7: — 7333433 — 6632$§x — TG%S5Z'—
—?sww—gal%ﬁ— 1125586 a135:p—192ba%x—60bsix—338335x—573532x2— 1658069 8580 —
—45als§x—Tb32x2—84als§x—7525313—605533:62— 527s5s3x—111a1six—425655x2—633554a:2—
— 11682ba1x — 455332.1: — %b%@ — 120%s52 — 87@%363: — %5433.@ — 4;12456323:—
— 183als§x — 4%@%33@ — %alsng — 58479a132x — 180a; 5322 — 18b%22 — %b%—
— 46571 a183T — %6071553@ — %868433 — %?)256851' — 45328§x — 3082$§x — 246&%5251}—
159 , 1806 byt 114bs,a°— 7194 567 , 34941

———Sga X" — b33$—126bs§$—159a%s4x——a154x - 184X —

2 5 25 4 20
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83
677 9729 29133 2157 , 99
Y s — 4ls32° — 5% 5377 — 33s547° — 100 5477 — 60507 — 3 S3T — 753:102—
63 o5 19911 101346b 135141 177 o 11403
— —shr — 25857° — ajr — x — ST — ——ajT — S5T—
2 2 ’ 25 ! 625 1250 2 ! 50
5427 43 387 879159 1203 99 717 39
gy T et s S — g b hsg — st — s
2496 3 2022 3 9
— 58bx® — 5% 5602 — 35955 — 28384 22bsy — 12bs3 — 5% T Csgst — 28335 — 5523%—
609 23 2034 , 6561
— 33s22” — ﬁalsg - ?alsg — Bsyss — 483838 — 35455 — o5 5385 — 100 — 5452 — Hbsi—
3018 297 999 99 498
— 95a127 — o5 s2w — 10 =355 — 3856 — o 5986 — 35758 — 33452 — 5556 — o5 ——5286—
81 3 99 333 101
— 605356 — ?sixQ -5 sist — 105556 105a3s5 — 1 “Zalss — Talsg — 38bsi—
75 411 129 7 4
— ngxz — 1853w — ?bs4 — Ta% 1 —29a;535 — 78%83 — 9shsy — 25235 155555 —
99 195 105 3276
— 7861' 95557 — 4sgss — 2Ta3ss — 138556 — Tafsg — Tafs% — 2—5a%56—
5631 2 3393 , 5088 13059  , 18699 ., 6228 , 7389
50 9% T g ST g5 ST g5 1% T g i~ e aish — g
7107 609 5664 3603 2001
~ 0 ayr® — 5 —bs3 — 3095553 — % 858, — o5 8585 — o5 T 8586 — 125552 — 128555 —
39 13 4173 26247 4101 1923 198
O S — pembsh = S sass — eSSt — —pgmsass — —mssg — S
3 15 27 3429
— Osix — 58384 3b%s; — 6b? sz 5 5352 — ngsg 195 ——bsg — 15b*s3 — 12b%s3 — 9b°s)

In particular, if s; > g?, then

697211 g 3,
—_— S —8qS4—
390625 @ 3 9737

_ 7063 525143 1317786 1752697 2187608

S5 ay — Sq4 — S3 — S9 <
125 3125 15625 15625 15625
< 697211 L 3 7063 525143 1317786 1752697 2187608

S 300625 2T 2% T 125 T 3125 YT 15625 04 15625 0 15625 2
607211 1737072 2588697 7063 525143 2187608
= — §3 — 54— S5 — a1 — —————52
300625 15625 31250 125 3125 15625

On the other hand we have az+a4+ag >
Thus, if 51 >

gl(ala S1, 82, 83, 84, S5, S6, b) <

1+CL2+CL5 This glVGS 252+S5+83+81+CL1 = 1.
25, then 289+ 85+ s3+a; = 25, which implies that

607211 1737072 ~ 2588697 ~ 7063 525143 2187608
300625 15625 ° 31250 ' 125 ° 3125 ' 15625 °

This show that f(ai, as, as, as, as, ag, a7,b) < 0 in the case when ay — ay > %
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Let f2 - f(ah G2, as, a4, as, 4g, 17 b) and 92(a1> 51, 52, 83, S4, S5, b) = f2' Then

9 16293 3
go(ay, z + 107 52058+ 54, 55, b) = 2000 + 359535455 + 38585T + Zs}f + 5syss+

9 3 27
+ 18384 + 23%53 + 55335 + 1533435 + 98%8385 + 35%3435 + 5323354 + 1325335—
52767 211263 9906 422721 264327 13221

2000 °° ~ 2000 4~ 125 %% 2000 > 2000 “ " 100 “ ¢

where ¢ is the following polynomial with negative coefficients:

264327 1257 282
— 111ay1 8384 — 5000 a, — 10001) — 225a1bsex — 168a1bssx — ?b$385 — 129bsy830—

9
— T5bs384x — 398983547 — 36a1 82857 — 4518385 — 58283851‘ — b4a18485¢ — 15895455 —

— 35384851‘ — bdabssx — 39bsqssx — 36bs3ssx — 33bsys50 — 186a1 59530 — 147a1bs953—
- 180,1828385 - 27(1,1828485 - 27@1838485 — 45a1b3235 - 42@1()8385 — 39@168485—

267 9231 6963 18621
- 276828385 - 24b828485 - 21b838485 — 2 2

54185 — A8 — oo —a’sy — 4—()@%52—
651 10419 1563 20841
— 55 0%~ 550 bsy — 20 bss — 0 bsy — 9asss — ?a:{’&l — 36a3s3 — 70,:1382—
887 89 102 1 133 24423 2433
— 69a1595384 — 433l T0 3 > g ?si — ng 20 g 500 ——ayS5 — 0 a1S4—
STarh 903 , 6531 18207 40173 16329 , 72447
— 87a1bs3sy — —8; — ———5S584 — S583 — ———S5S9 — — S483—
PSP 05 75 g0 Pt 200 TP 400 P 2004 400 *7°
111gs $osa — 397895 o 6785 48567 B 72897 B 1189833 o 39597
12 200 1727 75 BT 100 2T 200 YT Ta00 2T 7200 °
15 165 33 1
— 12b3§s5 — 96335‘% — 9bsis5 — —bs435 — 7325435 — 7%3352 — 13253:9% — 24a,b%s9—
1086 1449 363 1851 618 621 225
— 5 a1b33 — 10 CL1bS4 — ?a1b35 10 b8283 — 5 b8284 — 10 b8285 — Tb8384—
507 51 1437 27
- 1—Ob8485 39@1()8421 - 24b528?1 — ?b8?§84 — 21[)838421 — 7835485 — 3018255—
21 9
— 60bsy5384 — 15a1$4s§ — 552345’% 1 333455 18a1b35 1563355 - 765253 — 5(113355—
129 21 7 5409
— Ta13435 30a13234 30@13334 -3 als§s5 — 7a133si — 3333334 -0 18983 —
3549 1689 1587 309 1401 9
—96a;1bsys4— 0 15984 — 10 15955 — 3 a13354—7a13335— 0 15455 —18a15255—
2061 1881 429 129 261
BT S98384 — 6a b’ss — 50 598385 — Ta%8233 — 99a1bs2 5 a%3234 — Taf33s4—

579
— 12&1[)284 - 18b28283 - 12[)28284 - 6628285 - 12b28384 - 6b28385 — 6628485 - TaleQ—
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147 93

87
— 7%3353 — 39@13334 — 60@1823§ — 57b3333 — 36bs§s4 — _bsgsg — Za§3235—
111 225 52767 211263
— 27als3s5 — 27ba’ss — Tba%&l — 84bajss — Tbafsg ~ 20005~ 2000 4
9906 422721 9 1014 131553 918
~ 10553~ 000 2~ 5@‘11 —39a%b — 12a%0* — 3 ad — 100 a? — ?ba%—
3186 8 5
~ o ba, — 15bszx — Zs%sg — 1283857 — €b283 — 18b*s3z — ZS4S§$ — 24bssx*—
108 54 9 3
— %b%x — ?623 — 24b%sox — Eb sy — 120%s42 — —335536 5 alsgx — 1852$Zx—
27 , 1233 11, 75 , 6183 261
— 385831' — 10 S§5583L — Ta134:v — 1858427 — 10 a183xr — 7&1821‘—
1806 201 2679 339
- ba;xr — Tb X" — 10 bsox — Thbssz? — 201bssz — 87bs§x — Ta%s;;x — 75a,842% —
819 99 1341 177 243 8787
— 7(1154:6 — ?bsu -0 bsyxr — 76115%95 57653:5 — ngsgxz 50 $983L—
69 2871 147 147
— 5345212 ~ 10 S489L — 73433@ — 45523390 218%3490 — Tszsgx — 36a%s5m—
63 2007 33 2697
— 7CL185J}2 ~ 10 185 — 144bafx — 33bsix — 93235x — Zs552x2 ~ 0 S5S9x — 14523 —
55 27 5103 447 51
—Zx4—27a1b2—30a1b2x—1833six—€b235—66235x— 50 545395——4 s5s4x—2323§x—
267 8271 237 85941
— Talsgx — 162a; 5922 — 0 182 — Talsgm — 15b%2? — 27b%x — SaT—
120999 171507 32181 3 7 4 513 4 4 153 4
~ 500 a1x — 100 SoX — 100 s3x — 6syx — 2559(: ~ 1 ayx” — - a1x°—
1671 149 13623 1272 67
— 43bax® — 10 ——bz? — 752953 -0 Sox? — 27832 — z S31? — Z54x —
6729 87 1479 387 13 1641
-0 sy’ — 793:52 5 821‘ — 30 - s%x — 23s§x — ?s5x3 ~ 30 35:102—
39 558 501 11817 13029
> sjr® — = iz — 1083z — 12s22% — 0 — st — Talx — Wb — T2ajz—
21579 10677 45 717 303
~ 500 5T 1o r? — 1 52— 10 —— 5357 — 9a,57 — 13bs3 — 6bsS — 10 Y -
10521 3 9 7 3 5 153 201
— 20 CL1$2 — 5838? — §a13§ — 1828? — 5838% — 18482 — —5 Sng) — _8 848?-
207 33 15
— 2bss — Thais; — Ta% — 36a,55 — 26bs) — 33a3s] — 5 85 — 95583 — 2555, — 7535%—
5) 75 7269 4803 2799 1257
— 66&1683 — 4—13233 — Za%sg ~ 50 alsg ~ 30 alsg ~ 30 alsi ~ 30 alsg
1239 264 3 6363 411
— 144ba;2* — 1955353 — 10 838y — ?3335 23% 52— T@sg — ?3233—
3 1419 3501 831 3
— %62 40 § — 40 50 5355 3 335 — 12b2 9b23§ — 6b25’i—

729 1233 843 507
— Ta%syx — 18a1b%s3 — 111a1bsyx — 84bsas,z — 3b2 1—0633 - wbsg - 1—Obsi.
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Thus, if x > 0, then

9 16293 3
gg(al, x + 1_0, S9, 83, S4, S5, b) < m + 382838485 + 3S§S5$ + ZS% + 58%85‘1‘

11 3 5 9 3 2

+ ZS§S4 + 5335?1 + 58%85 + 1832)8485 + 9555355 + 3558485 + 5325334 + 1828385—

527673 _ 2112633 _ 99065 B 4227213 _ 264327a B 13221

2000 > 4000 ' 125 ° 4000 * 2000 - 100
16293

3
< m + 382838485 + 3x + ZSEL + 58%85‘1‘

11 3 5) 9 3 27
+ 18354 + 5838?1 + 58%85 + 1832)8485 + 9838385 + 3533485 + 5323354 + 1828385—
52767 211263 9906 422721 264327 13221 <

T

2000 257 4000 Y7 125 7 4000 27 2000 T 100 U

< @ + 359835485 + §34 + 58355+

= 8000 473 1T
+ %8384 + gsgsi + gsg&) + Zs§s455 + 9535385 + 3558455 + 2823354 + 227828385—
527675 B 2112633 _ 99063 - 4227218 _ 264327
2000 7 4000 ' 125 * 4000 2000
16293 3 11 3

5 9
<m+352+183+582+ZS3+§$3+553+183+982+382+

52767 211263 9906 422721 264327

S5 — Sq4 — S3 — S9 — a
2000 4000 125 4000 2000
~ 16293 309721 34749 22767 211263 264327

78000 4000 27 7500 *T 2000 T 4000 YT 2000 ¢

MO

N

a1

27

S+ —So—

N W

1

Hence, if s1 > %, then

: < 16293 00T BATA9 5767 211263 264327
921015 515 52, 53, 54 95:0) S 000" 4000 02 500 0 2000 0 4000 4 2000

Moreover, if s; > %, then 2s4 + 289 + S5+ s3 +a; > %, since as + a4 + ag = 1+ as + as.

. . : 16293 309721 . 34749 . _ 52767 . _ 211263 . _ 264327
The latter inequality gives 000 100052 =00 53 5000 S5 105054 2000 1 < 0.
This shows that f(ay,as, as, a4, as, ag, 1,b) < 0 provided that ay — a; > 5. O

Lemma A.13. Suppose that f is the polynomial (6.14) and 1+ as + ag < ag + a4 + as.
If ag—aq > %, then f < 0. Similarly, if as—a; > 1%, then f(ay,as, a3, a4, as, ag, 1,b) < 0.

Proof. Let ¢1(aq, s1, S2, S3, S4, S5, S¢,b) = f Then

ai,r~+ —, S2, S3, S4, S5, S¢, b | = 300625 +2$23§’+4333g’+33335+63§s§+634s§+2$§—

25
2662308 870744 1330266 1789788 449862
- ay — Sy — S4 — S3 — S
15625 15625 15625 15625 3125

23 735066
[ < )

2 + )
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where % is the following polynomial with negative coefficients:

2662308 24252 2660532 261216
—258 — - - — ?—40a3s5 —60a;3 s, —80a7s3—
M a5 1T 15625 15625 | 625 Lo 1oe T DRIsTENEs
258 3609 2832 411 1278 501
- Talsﬁ — 246a, 5955 — 5% ——"bs3 — 5% Y - —b - 5% bsz — oF sa—
— 90a1 5956 — 306a1 53546 — 216a7 53558 — 90a15356x — 186a15485¢ — 90a; 5456 —
6024 5022 804 1002 5523
— 186a,bx” — ?3253 o —— 5354 — 180bsy 831 — = —— 53585 — 5 —— 5255 — o ———S985—
— 9089577 — 5489520 — 1259557 — 84835,0 — 6055557 — 2453567 — 7253530 — 3653557 —
6774 , 9492 2442 14928
o5 0% T g5 W% T 5 W% T
804 2517 501 4032 , 606
— 60bssx” — ?3233 5% = 5952 — 36bsssr — ﬁs%sé o 5354 — 5 ——5355—
— 144bsysyx — 108bsyssx — 36bsasgr — 132bs3ssx — 96bssssx — 36bsssgr — 84bs,s5xr—
1002 3531 2028 501 408
BT o 5357 — 14a} — 36bsyser — o 5352 — o5 358 — 5 ——5385—

1002 1539 , 501 , 1002 , 501
S S —S84S — —— 854S 8 SES,—
Top 456 T TopT S5 T 5486 T e85 T Ty 955
6738 51111 68532

— —4 —4 —4 — bss — bsy —
90a1 5561 8535456 8538556 8545556 195 Ss o5 S4 o0

85953 17421 3 10389 , 114963 126036
— 60a1 835456 — o Sg — Gor bsg — 20ajs¢ — 195 S5 — Gor S5S4 — or

— 204595354 — 1565983850 — 485953S6T — 1328954550 — 4889545 — 48595556 —
137109 166554 20448 , 51969 51969 51969

625 7T 62 UM 62 0 625 U 6ap T oam
— 30659a,2° — 308554 — 258555 — Hsasg — 485555 — 365557 — 245552 — 35555 — 265955 —
1014

25
— 132545902 — 96555922 —3656522° — 120545302 — 84555307 — 36565322 — 7255542 —186alb$—

51969 14508 459522 870744 1330266 1789788

625 0%~ O0bsasass o6 T s %0 T 15625 15625 ' 15625 °
828

— 336a%32x — 270a%33x — 204&%841’ — 138a%s5x — 66a336m 2—5a1b2 — 36a,b*x—
138 552 414
— 138a1541: — 78a155;1: — 30@156:6 — ?62 o — 30b% 59w — 2—5b25 — 24b% 531 — 56254—

162 8366 5 35601 136 189078 239094 114987
3125 27 25 4T 125 4% AS254T T o g 8452 T e g S T T e 5

—2a;55 — 15b%s5 — 12b2 53— 9b%s — 6b?s2 — 3b st — 28bsy — 20bs3 — 12bs’} — 4bs3 — 35s5s53—
276 138
— 18b%s,7 — —5b235 — 1262551 — —5b236 — 6b% sz — 132bs92 — 108bssz? — 84bs,a>—

5778 . 100494 147 , 4708 L. 2342, 1678,
_ 2000 b— g2 _ 24zt — 1084 — 454 — _ _
95 1 625 77 625 o5 ¢ e %2 TR T o2 T o

— 6523452 — 246s3a12% — 186s4a12% — 126s5a,2% — 60sga 2> — 258(1153:(; — 198als§x—

— 162a1bsy84 — 100a:1)’52 a152 204a,bsys5—

— 965354550 — 14s; —

ng—

5553 —

- 24[)528586 -

S653—

s3 — 24bsgr® — 108bssx — 84bsjx — 60bsiw — 36bszx — 12bsgx — 168s3592° —
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— 15323356 — 1232548§ — 15328236 — 6323552 — 18535435 — 12533436 — 123%3536—

6768 5214 732 1554 15078 12072
— bssx — bsyx — —bsszr — bsgx — $389% — S489T—
25 25 5 25 25 25
2 2 2 2 2 2 2 11256
— 1253550 — 308y 55w — 2453 s6x — 1854550 — 1254550 — 2455560 — 1285550 — abx—
B 90665 aop — 30063 oop 22145 g — 80643 cop 30065 g — 70623 I
o5 9552 o5 5652 5 543 o5 9593 o5 7693 o5 9554
—3656542% — 5 SeS4T — 36565507 — 5 8685£L‘—1388%331‘—1148%841‘—908%851'—248%86$—
1188 4662 3384 1278 4386 3108
—126325§:L'— S9S3 — o bsysy — o5 bsoss — 5 bsysg — 5% bs3sy — 5 bs3s5—
B 127865 o 28321)3 . 127865 o 1278b8 o 90423 T 70383 s
o5 5356 o5 5455 o5 5456 o5 9556 T Top 525354 o5 529355
— 60bs§s4 — 4865%35 — 12b3356 — 666323§ — 481752331 — 3Ob523§ — 6bszs§ — 48653)84 - 36bs§s5—
2004 6036 2004 2004 5058 2004
o5 595356 o5 §9854S55 o5 S954S¢ o5 S$955S56 o5 5354855 o 535456
— 158%8586 — 63828§84 — 48828385 — 15828386 — 5432835?l — 303233s§ — 6828382 — 21828285—
2004 2004
By 538586 — 5 54858¢ — 818%8384 — 668%8385 — 158;8386 — 57838485 — 158%8486—
9012 1464 5628 3936 1692 18348
— 25 a1652—12b25255— 5 a1b33—fa1bs4—7albs5—2—5a1656— o5 a185983—
— 51@%5536 — 114@15335 — 120@%3355 — 30a1b%sy — 12b%s385 — 93afbs4 — 174a13353—
— 14628@ 5954 — 10908a 985 — 69a,bs] — Ea 5256 — 13488@ 5354 — 9768(1 5355—
o5 (15254 o5 (1525 105y 5 115256 o5 (15354 o5 15355

- 30(113%56 — 18b%s98, — 51a%3236 — 6b%s356 — 12b°s485 — 6b°Ss485 — 6b*S58¢ — 72b3353—
744 8628 744
— ?CLngSG T (158485 — ?als4s6 — 18b%s384 — ?a13536 - 66a%bs5 — 24b? 5985 —

— 12b8§86 — 4219335?l — 24b33s§ — 6b333% — 24bsis5 — 12bsisﬁ — 18bs4s§ — 6bs43% — 12bs§sG—

- 665532 —18a1b%s, — 6ab*sg — 27@%636 - 27als4s§ - 105&%3435 - 144@13334 - 135@%3235—

— 186@%3254 — 30a13i36 — 15&1353(25 — 15@1345(25 — 15a15332 — 12a,b%s5 — 30a13356—

B 70628 22 2111768 o — 39545 — 50583 2 1481345 o — 16525 — 20043 2
25 625 ¥ 25 625 0 25 °
— 120a%b33 — 147a%b32 — 42alsis5 — 15(11828% — 237&%5233 — 24a,b%s3 — 78als§s5—
16956  , 478188 5 o5 828 , 5 0214, 102222
— — — 18b“z* — —b"x — 56bx° — —bx” — bxr—
25 "7 Tgop T g VT T s T T
— 93@1533?1 — 6b%s986 — 123a1bs§ — 48@1835‘% — 51&%8486 — 108@13334 — 69alsgs§—
18984
— 30a; 5286 — Hdsaw — 36sir — 18six — 120a3x — 204a3x® — alr — 124a;2° -
63042 9042 7038 5034
~ oon 56T — 6535755 — 1025507 — o5 syr — T8s52° — o5 saw — Hdsir? — o sjT—
2214 67452 9066 274218
— 80892 — 3 Sqr? — 195 Sox — 64s32° — oF s3x? — on S31 — 48s,42° —

— 42@1682 — 15a1bs?3 — 171a353s4 — 51a%3336 — 1140L152.93L — 96a1bs§ — 159alsgs§—
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— 1233342136 6533436 12333536 683858(25 — 9333536 — 9543336 — 634553(2;—
- 198(11828385 - 60(11828386 - 168&1825485 - 60&1825486 - 60&1528586 - 1260,1838485—
2718 11034 8604 6174 3744
— 35?5% o a156 — 120a1bsys5 — o alsg — Yalsg — 2—5a15i T a13§
— 60@1538586 — 60@1848586 — 108b828384 — 846828385 — 24b8283$6 — 72b8284$5 — 24[)828486—
- 24b838586 - 24b848586 - 7882838485 - 3082838486 - 3082838586 - 24b838486—

1002 211176
: 2% — 3s9sg — 2s856—

— 3089848556 — 30s22” — 5 —six — 12532 — o5 ST 6on

— 144a7s; — 111ajs; — 78ajs] — 45ajs: — 18aisi — 68a1ss — 46a1s5 — 24a;s5—

26676 21816 16956 12096 972 8322b
S901% — $3a10 — 5401 — S5a1C — — ST — SoT—
o5 21 o5 o3 o5 J4M o5 M 5 S6d1 o5 V52

— 42a1bs986 — 150a1bs384 — 108a1bs3s5 — 42a1bs355 — 96a1b5455 — 4201065456 — 42a1b5556—
— 2483848556 — 294a1bssx — 240a,bssx — 186a;bs,x — 132a,bssx — 5da1bsex — 426a1 59530 —
241047 311634 146508 384174 1312
~ e S35y — Gor S3a1 — 6on Sg ~ ~em Soaq — Ta?’ — 52ai’b — 15a%b2—
— 128985 — 12354 — 85355 — 48386 — 15835 — 65352 — 38358 —

65355 — 35756

Thus, if as — a1 > 3::’), then

f(ay, as, as, aq, as, ag, a b)<735066+
1, w2, w3, 4, 5, Ug, 7, X 390625
_ 2662308 870744 1330266 1780788 449862
15625 ' 15625 ° 15625 ¢ 15625 ° 3125 2
735066
+ 285 + 485 + 385 + 685 + 685 + 285—

=~ 390625
2662308 870744 1330266 1789788 449862

15625 1 15625 0 15625 ' 15625 ° 3125 2
73066 511369 2662308 1330266 1789783 449862

T 300625 15625 0 15625 ' 15625 7 15625 3125 2

28255 + 45355 + 35455 + 65557 + 65488 + 255 —

as + a4 + as.

because 25y + S5+ a1 — 55 = 1 — 51 > = 55 since 1 + as + ag <
= f5. Then

Let fo = f(@17612>a3>a4,a5,616a Lb) and 92(611751, S2, 83, S4, S5, b)

9 923

go (al, T+ 10’ So, 83, S4, S5, b> 250 + 9535455 + 85536 + 9a155 + 21)35 + 73255+

31
+ 63332 + 33255 + Gsisg + 55455 + 35 + gsg + 984s§$ + 63234s§ + 3333335 + 9a184s§—

66639 ol 6667 12767 26479 40191 53903
82 + ’7

S5 — S4 — 53 —

a] — —b85 — r —
500 2 50 500 500 500 500
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90
where ¢ is the following polynomial with negative coefficients

— 66a1b3235 — 96@11)8384 — 54a1l753s5 - 42(11[)8485 - 174(1,1828384 — 114(11828385—
13 8082
— 36835485 — 500() — 108a,bsy84 — 5% a% — 20ai’s5 — 40@?54 — 60a§33 — SOai’sQ—
— 228a1bsoxr — 174a1bs3x — 120a1bs,x — 318a18283x — 2280189542 — 138a189850—
1341 483 3489 4563
10 a?sg, 66a1bssr — 7@%54 10 CL183 84a1595455 — 10 a152 150absy 53—
— 198a1 83847 — 108a1 83858 — 78a18485x — 132bsyssx — 96bsgs,x — 60bsyssx — 84bs3ssx—
5271

2607 3939
bss — 48bs3s5xr — 0 bso—

— 1385983548 — 908283550 — 66595455 — Wb 1~ 5,
3189  bsisea — @5 B 48815 o 57275 . 128435 w 8073
AT ST TR T T T %2 T Ty M T o0 -

100 °

- 48(11838485 - 72b828384 - 48b825385 - 36[)828485 - 24b838485 - 3652838485—

1278 17841 , 46503 1803
spa; — 12a] — 202a3 — 40a3b — 12a3b* — 0 alb—

bsgxr — —— 2 - —
5 100 100
12[)3?1: — 126835912 — 90545522 — Hds55902 — T8S4S31°—

— 60bs3z — 36bsiz —
972 666 2184 996 1392
— —bssx — —bsyx — 72bssx — S350k — 31884890 — 785821‘ - 5483T—
69a§s5x — 2Ta;b*—

201a3s3w — 135a7s4w —

— 42555302 — 30858422 — 147a1b$ 267&%821’ —
8919 1953 240635 0 — 2dan s — 12957 138035 . 352835 o
o s 100 %~ 50 0% 100 0

50 1T 710 12T o0

—30a,b*x—147a,bz* —243s9a1 2% —183s3a, 22 — 1235401 22 —63s5a1$2—204a132x 144a,s50—
727 232 201 4

— 35% — WS; — TS% — 10 4 30b$5$ —

12807 3
—1mam—%§ 1462% — 202" — 8s)

08 81
— 84ays,0 — —— sy — 24b%s9x — €b253 — 18b%s3x — Eb sy — 12b%s,0 — —b%s5—

—6b*ssx 102b82x2—78b33a:2—54bs4x2—57323§x—21328§x—543334x 30s5550 —4253550—
2157 1197

—63s2x—3523x—1773abx—40773am—31173ax— S4010 — S5A1T—
385 155 5 W 5 52 5 S 5 S 5 950
— 18b%5953 — 6b?S955 — 42a1bs?1 — 72a15355 — 60@%8385 — 24a1b*sy — 6b%s555 — GOafbs4—
798 864 612
— ?553;@ — 12085842 — 1055253x 8152541’ 575255:z; 938253x — ——bsgs3 — ?b5254—
— 3323455 — 132a152 3 — 120?535, — 12b%S954 — 6b*s455 — 541)5253 — 42bs5s4 — 30bs555—
558 306 252 1191 97
— 72b$255 — Tb8354 — Tb8385 — ?b8485 598384 — 159828355 — ?828455—
402
— —— 838485 — 57323354 — 42325335 335%3435 — 42323334 — 27828385 — 33325333—
1386 1053 387 2661
— 932333§ — 68%8485 — a1bsy — a1bss — 144a,bss — ?albs;) Q15983—
— 48bsys5 — 30bsys; — 12bsysz — 30bs3sy — 18bs3s5 — 24bsysy — 6bszsz — 6bs;ss—
1191 1701 966 741 9
15955 — 18384 — Ta15355 — ?a15455 — 33ajbss—

1926
15254 — 8465356 —
126@%3234 — 6ab’s; — 87a%b33—

— 12a,b%s4 — 45@%5435 — 102@13334 — 75&%5235 —
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— 114@%()52 — 6alsis5 — 177a%3253 — 18a,b%s3 — 39@15335 — 15a1b5§ — 111a§5334—

5 5 ERacE

— 22bsh — 12b*s3 — 14bs3 — 6bss — 27shs3 — 225554 — 175555 — 365555 — 245553 — 12s5s2.
Thus, if z > 0, then

2637 29673 819 3273 1689
3 a1x2—9b25§ 0 o ax—15022—27h? r—44ba — : —bx Q—be 645913 — Sor?—
— 3b23§ — 72@1523?1 — 69albs§ — 117alsgs§ — 54611333421 — 96&1652 — 9a1535§ — 69als§s4—
10188 1293 7746 897 5304
T Sot — 48551 — 3 sy — oF S3 — 328,2° — 7343:2 T S4T — 45335—
2952
—27ay 5952 — 4355w — 26550 — 955w — 1000’ w — 8555, — 168aiw* — 6b%s3 — 5 ety —102a,2°
501 2862 1389 993
— 16852° — ?551’2 — 9s3s; — o5 55T~ 81syz° — s3x — HTs3a® — ——sir—
258 958 252 99 357 1389
— ?a155 33a,55 — 195955 — 3 “—bs? — 81bs2 — ?bsi — gbsg — 73%33 ~ 0 825y~
993 1587 993 399 498 399
— 54als§ 0 s% S5 — 1—0323§ — 1—08232 — 1—0328§ 5 3334 603%35 — ?8382—
3 22 207 3 9
—12a;s; — 5 —~s35z — 15alsz — 10 i85 — 6sys) — 1—05435 114a3s5 — 8lajs; — 48a7js]—
201 1698 1218 738
—33s22% — ?34,% 9s22? — ?5533 35355 — 26122 — 185 — ———a, 535 — 2

223
250

31
+ 78955 + 65355 + 35385 + 65552 + 5syss + 55+ Esg + 954827 + 6525457 + 3535755 + 9a1 8452 —

60630 51, 6067 12767 26479 40191 53903
500 1 2777 50 500 500 Y 500 ° 500
523

31
< — 550 + 9535452 + 9a1 55 + Tsose + 65358 + 35555 + 65552 + Hsyss + sa + €3§+

Genns®  Ber et Ong.s2 00639 12767 26479 40191 53903 _
27475 32475 4% 500 1 500 0 500 Y 500 0 500 2
_ 523 31
ﬁ 4+ 984 4+ 9a1 + 7sy + 655 + 354 + 655 + Dsy + s5 + 355 + 689 4+ 354 4+ 9a1—
66639 12767 26479 40191 53903

9
92<a17w + T

10 52, 83, 54, S5, b)

+ 9835452 + 8531 + a1 55 + 2bsi+

a; — S5 — Sq — S3 — S9 =
500 500 500 500 500
523 16479 57639 47403 3167 40191
= — — Sq4 — a; — So — S5 — S3.
250 500 500 500 500 500

Hence, if s1 = a9 — a1 > 10, then

523 16479 57639 47403 3167 40191
250 500 Y 500 Y 500 % 500 ° B00
because 2s4 + 289 + S5 + s3 + a; = E' O

f(ah a2, as, a4, as, 4g, 17 b)
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Lemma A.14. Suppose that f is the polynomial (6.13) and as + as + ag = 1+ a3 + ay.

Ifag—ay > %, then f < 0. Similarly, if as—a; > 1%, then f(ay1,as, as, ay,as,ag, 1,0) < 0.

PTOOf. Let g1<a17817527837547857567b) = f/\ Then

93 697211
g1 (al,x + 25" 52, 83, S4, S5, S6, b) =%+ 390625+

9 27 3 9
+ 28955 + 58384 + ngsi + Ts3s5 + 5siss + Zsisg + 85+ 3s; + 5533255—
B 7063S _ 13172975 B 17526973 B 21880973 B 525143a
125 ° 15625 ¢ 15625 ° 15625 ° 3125
where ¥ is the following polynomial with negative coefficients:
369 261
— Ta%@sg — 144a1bs§ — 7(@5234 — 117@%5334 — 144a15333 — 93&15334—

1992 1497 9 9 , 9714
S3555¢ — 545556 — 6555556 — 5543536 — 3545555 — o7

25 25
21027
25

a1b32—

— 72@%3336 — 63&18386 —

231 189 15
— Ta1528§ — 105(1%8285 — Ta?$3s5 — 78@18%85 - TCL%SQSG—

15519 13773 9771
o5 15254 o5 (15354 o5

2 2 2
a15253 — 66a1525; — Ta13354 — 45a1535;—

— 27333334 — 5323234 — 6323352 — S95354—

63 39
— b78384850 — 7838385 — 24838485 — ?828385 — 2732335§ — 6323235—

135 105
— 84@%5435 — —alsgsg — —alsgsg) — 51a1333§ — 27&15335 — ?als4s§—

2 2

8112 6633 5613 4611
a — — J—
o5 154855 o5 5253855 o5 5254855 o5

129 117
— 66a1bsi — 42a1bs§ — 7038486 — Ta%s536 — 36@15232 — ?GlS%Sﬁ_

3621 699 2994 2487 2499
A1558¢ — ———S253S¢ — S$954S¢ — S$2558¢ —

25 5) 25 25 25
— 27@1838% — 30a13336 — 18als4s§ — ?@18%86 — 9@1858% — 18a1bs§—

33, 3, 15, 10428 1854
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Thus, if 51 > %, then

7063 1317297 1752697 2188097 525143

) 91y 92y 235 945 955 96, b) X B - B B

1 (011,52 50.50, 55,5 125 7% 15625 ' 15625 ° 15625 © 3125 '
9 27 3 697211

+ 289575 + 53%54 + ngsi + Tsgs + 5syss + 45455 + 55+ 35y + 2538485 390625

7063 1317297 1752697 2188097 525143

S T05 T 15625 4T 15625 0 15625 2 3125
9 697211

9 27 3
282 4 G 8a Tk Tss o T 585 o s s 350 585+ ganee =

| GO7211 2156847 2400219 6088013 23127 525143
T 390625 15625 2 31250 YT 62500 ° 500 ° 3125

On the other hand, we have as + a5 + ag > 1+ a3+ ay, so that 2s,+s5+s3+s1+a; > 1.
Thus, if s; > %, then 2s4 + s5 + s34+ 51 +a; > % The latter inequality implies that

697211 2156847 2400219 6088913 23127 525143

300625 15625 2 31250 °' T 62500 ¢ m00 0 3195 4 <V

Thus, we see that f(aq,as,as, a4, as, ag, az,b) < 0 provided that ay — a; > % =0.92.
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= ]?2 Then

96

Let f2 = f(al,ag,ag,a4,a5,a6, 1,b) and gg(al,sl, S9, S3, S4, S5, b)

16293

9
52,53, 84, 55,b> = 000 + ¢+

92<a1,x + 10’

) 15 4
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3 3 3
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264327 13221 52767 52767 9906 105729

2000 7 7100 © T 2000 T 1000 0t 125 * T 1000

where ¢ is the following polynomial with negative coefficients:
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— 12b%s35, — 6b%s355 — 6b* 485 — mb — 150a1bs983 — 66a1598384—
— 365953548 — D4a15985x — 4ba1S3S58 — 185953550 — 360154550 — 125954550 —
— 15521s§x — 308327 — %(j?xz — 87a3s5 — %7@%35—
— 48ay55 — %alsg — %alsg — 185383 — 158553 — 55253—
%a%sg — §als§ — 2s5s5 — 655528 — 23232 — gsgsg—

— 42a1bs3ss — 36a1bs455 — 60bs25354 — 30095355 — 24bs55485 — 18bs35455—
831 , 303 , 213, 102,

— —— 5385 — ——8355 — ———5455 — ——5455—

20 10 5

843 45
—2&m§—13m§—4mi—2m§—12mm§—-ﬂym§—5uwi—1m9£-Ebﬁ.

Thus, if z > 0, then go(ay, x + 1%, So, S3, 84, S5, b) does not exceed
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Thus, if s; > +F, then

16293 264327 49767 46767 20499 79229
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— S 2.
1000 200

Moreover, if s; > 1%, then 2s4 + 289 + S5 + 83+ a1 > %. The latter inequality gives

16293 264327 49767 46767 20499 79229

8000 2000 7 2000 1000 °* T 500 * T 1000 2
This shows that f(ai, as, as, as, as, ag, 1,b) < 0 provided that as — aq > 1%. d

< 0.



1]

[13]

[14]
[15]

[16]

UNSTABLE POLARIZED DEL PEZZO SURFACES 99

REFERENCES

C. Arezzo, F. Pacard, Blowing up and desingularizing constant scalar curvature Kdhler manifolds,
Acta Math. 196 (2006), no. 2, 179-228.

C. Arezzo, F. Pacard, Blowing up Kdhler manifolds with constant scalar curvature. II, Ann. of Math.
170 (2009), no. 2, 685-738.

C. Arezzo, F. Pacard, M. Singer, Extremal metrics on blowups, Duke Math. J. 157 (2011), no. 1,
1-51.

R. Berman, T. Darvas, C. Lu, Regularity of weak minimizers of the K-energy and applications to
properness and K -stability, preprint, arXiv:1602.03114 (2016).

I. Cheltsov, J. Martinez-Garcia, Stable polarized del Pezzo surfaces, preprint, arXiv:1606.04370
(2016).

I. Cheltsov, Y. Rubinstein, On flops and canonical metrics, to apper in Annali della Scuola Normale
Superiore di Pisa.

X.-X. Chen, S. Donaldson, S. Sun, Kdhler-Einstein metrics on Fano manifolds. I, II, III, J. Amer.
Math. Soc. 28 (2015), no. 1, 183-197, 199-234, 235-278.

G. Codogni, J. Stoppa, Torus equivariant K -stability, preprint, arXiv 1602.03451 (2016).

S. Donaldson, Scalar curvature and stability of toric varieties, J. Differential Geom. 62 (2002), 289—
349.

S. Donaldson, Constant scalar curvature metrics on toric surfaces, Geom. Funct. Anal. 19 (2009),
83-136.

R. Lazarsfeld, Positivity in algebraic geometry. I y II, Ergebnisse der Mathematik und ihrer Gren-
zgebiete, 3. Folge. A Series of Modern Surveys in Mathematics, 48 and 49. Springer-Verlag, (2004).
C. LeBrun, S.R. Simanca, Eztremal Kahler metrics and complex deformation theory, Geom. Funct.
Anal. 4, no. 3 (1994), 298-336.

C. Li, C. Xu, Special test configuration and K -stability of Fano varieties, Ann. of Math. 180 (2014),
197-232.

Y. Odaka, A generalization of Ross-Thomas’ slope theory, Osaka J. Math. 50 (2013), 171-185.

Y. Rollin, M. Singer, Construction of Kahler surfaces with constant scalar curvature, J. Eur. Math.
Soc. (JEMS) 11 (2009), no. 5, 979-997.

J. Ross, D. Panov, Slope stability and exceptional divisors of high genus, Math. Ann. 343 (2009),
79-101.

J. Ross, R. Thomas, An obstruction to the existence of constant scalar curvature Kdahler metrics, J.
Differential Geom. 72 (2006), 429-466.

J. Ross, R. Thomas, A study of the Hilbert—Mumford criterion for the stability of projective varieties,
J. Algebraic Geom. 16 (2007), 201-255.

J.J. Sylvester, Tables of the Generating Functions and Groundforms of the Binary Duodecimic, with
Some General Remarks, and Tables of the Irreducible Syzygies of Certain Quantics, Amer. J. Math.
4 (1881), no. 1-4, 41-61.

G. Tian, On Calabi’s conjecture for complex surfaces with positive first Chern class, Invent. Math.
101 (1990), no. 1, 101-172.

G. Tian, Kdhler—Einstein metrics with positive scalar curvature, Invent. Math. 137 (1997), 1-37.
X. Wang, Height and GIT weight, Math. Res. Lett. 19 (2012), 909-926.

X. Wang, B. Zhou, On the ezistence and nonexistence of extremal metrics on toric Kdahler surfaces,
Adv. Math. 226 (2011), no. 5, 4429-4455.



	51_Cheltsov_cover
	51_Cheltsov

