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ENERGY FUNCTIONALS OF KNOTS 11

JUN O'HARA

ABSTRACT. We study an energy functional of knots, e/P (jp > 2), that is finite
valued for embedded circles and takes +00 for eircles with double points. We show
that for any b E R there are finitely many solid tori Tl, ... ,Tm Buch that for any
knot with ejP :5 b ean be eontained in BOrne Ti in a good rnanner. Then we ean show
the existenee of a rninirnizer of ejP in each knot type.

O. INTRODUCTION

An energy Eunctional oE knots is a functional on the space of immersed circ1es
in R3 which is finite valued for embeddings, and which blows up to +00 for circ1es
with double points.

Let SI = K/Z. Put

I = {f : SI -+ R3 1Cl-immersion such that If'(t)1 = 1 for all t E SI}.

Let Ix - YISl (x, Y E SI) denote the minimum of the arc-Iengths on SI between
x and y;

Ix - Ylsl = min{lx - yl, 1 - Ix - yD·
Then it is equal to the minimum of the arc-Iength on f( SI) between f( x) and f(y)
for any f EI.

Define a functional ejP : I -+ R U {+oo} (0 < j l P < +00) by the following
integral.

(0.1) e ,P(f) _ ~ [r 1 r1

{ 1 _ 1 }P dXdY] t
) - j 10 10 If(x) - f(Y)lj Ix - ylSlj .

Since the integrand is non-negative ejP(f) ~ 0 or ejP(f) = 00 for any f E I.
We stumed ejP with 0 < j ~ 2 and 1 $ p < +00 in [02]. The arguments there

also hold for j > 2. The basic properties of ejP depend only on whether jp > 2,
j P = 2, or j P < 2.

For instance, ejP is an energy functional of knots if and only if

(0.2)
2

P ;::: "7 (0 < j ~ 2) or
J

1 2
j _ 2 > P '2. J (2 < j < 4)

(Theorem 1.1).

Typeset by A~'!EX

1
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In particular, e2 1 is a regularization of potential energy of charged knots when
we assurne that the repulsive force is inversely proportional to cubic of distance.
(Therefore it is different from the usual Newton potential energy.) This special case
was formerly deßned as the energy E in [01] with E = e2

1
- 2.

A knot type is an ambient isotopy classes of embedded circles in !R3
. In [02], we

showed that only finitely many knot types occur below any finite ejP threshold if
jp> 2.

In [Fr-H], Freedman and He studied the energy E on the space of rectifiable
curves, and showed that the finiteness of knot types also holds for any finite E
threshold.

As for the minimizers for the energy E, Freedman and He showed that there is
a Cl planar convex circle that realizes the infimum of E in the dass of all simple
dosed curves. They also defined E for embedded lines in !R3 and showed that for
each prime knot type K, there is a proper rectifiable line 'YK with "knot type" K
that realizes the infimum of E amoung all proper rectifiable lines with the same
"knot type" K. 1

In this paper we study ejP with (0.2) and jp > 2. The contribution of jp -I 2
is a.s follows. H ejP(/) with jp ;::: 2 is finite, then I is a bilipscrntz embedding with
uniform Lipschitz norm ([02]). If, furthennore, ejP(/) with jp > 2 is finite, then

I is Cl'~-embedding with uniform 2~~~r Hölder norm on I' (Theorem 1.11).
Thus, ejP with jp > 2 is more restrictive in the sense that if ejP with jp > 2 is
finite, then the "pull-tight" phenomena are exduded, which may occur below finite
value of ejP with jp = 2 (Theorem 3.1 of [02]).

We show that only finitely many "shapes" of knots occur below auy finite ejP
threshold. That is, for any j,p and b > 0, there is a set of finite solid tori
{Tl'·" ,Tm} such that any I(SI) with ejP(/) ~ b can be contained in some Ti
"in a good manner" after a congruent translation of R3 (Theorem 2.3). Then we
can use the argument in [Fr-H] to show the existence of the minimizers of ejP in
any knot type. That is, for any j, p and for any knot type K, there is an embedded
cirde Ij,p,K with knot type K that realizes the infimum of ejP amoung all embedded
cirdes of the same knot type K (Theorem 3.2).

We also show that the number of knot types which have representatives with

ejP ~ b is less than exp(Cb J :!!:2) for sorne C > 0 (Corollary 2.7), and that the
tbickness of a knot is greater than C'(ejP)- JP':.2 for some C' > 0 (Proposition 4.2).

Remark 0.1. Suppose I is a Cl-immersion whose 1/'1 is not necessarily 1. Let L f
be the totallength of I(SI)j

L f = [1J'(t)ldt,

and Df(/(x),f(y)) be the minimum ofthe arc-lengths on I(SI) between I(x) and

1 M.H.Freedman, Z-X.He, Z.Wang, and S.Bryson announced that they showed that Eis Möbius
invariant, snd using it they showed that E(/o) :5 E(/) for any 1 if and only if 10(51 ) is the round
planar circle, and that in every prime knot type there exist minimizers of E, which turn out to
be of class C 1,l.
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f(Y)j
fY fX+l

Df(f(x), f(y)) = rnin{1x If'(t)ldt, 1
y

If'(t)ldt}.

We can define ejP(f) by

3

1 ~ [f
1

fl{I I}P, , ]*yLf
p 10 10 If(x) - f(y)lj - Df(f(x), f(y))j If (x)llf (y)ldxdy .

Then, ejP(f) = ejP(f) if f E I, and ejP does not depend on the parametrizations
or affine similarities of }R3.

1. BASIC PROPERTIES OF ejP

Theorem 1.1. The functional ejP satisfies the following two conditions if and only
iE

2 1 2
(1.1) P 2:: Y (0 < j ~ 2) or j _ 2 > P 2:: J (2 < j < 4).

(1) H f(5 1 ) has a double point then ejP(f) = 00.

(2) H f is a Coo-embedding, tben ejP(f) < 00.

Proof. Since the proofs of Theorems 1.9 and 2.3 of [02] also hold for j > 2, the
condition (1) is satisfied if and only if j p 2:: 2.

Suppose f is a Coo-embedding. Since

If( x) - f(y)1 2 = Ix - YISl 2 - If";; )1
2

1x - yIS1 4 + o(lx - yIS' 4)

neax the diagonal, the integrand of (0.1) is O(lx - ylSl (2-j)p) near the diagonal.
Hence ejP(f) < 00 if and only if (2 - j)p > -1. D

Definition 1.2. When the condition of Theorem 1.1 is satisfied, we say that ejP
is an energy functional of knots.

RemarL 1.9. ([02]) Suppose f is a C 2-embedding. Then
(1)

lim e2
P(f) = sup -2\f( ) 1 f( )l2

p-oo x,yESl X - Y

2:: ~ max If"(x )1 2
,

24 xES l

where If"(x)1 is the curvature of f at x.
(2)

1 }
Ix - yls12

~m lim ejP(f) = log ( sup If~x )- Y~' )1)
)-0 p-oo x,SlES1x;t;SI X - Y

= log(Distor(f)),

where Distor(f) denotes Gromov's distortion of f ([Gr]).

We can weaken the condition (2) of Theorem 1.1 to the following form.
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Proposition 1.4. Suppose ejP is an energy functional oE knots. H f is a C1,o_

embedding, where a > j~;1 , then ejP(f) < 00.

Proof. If f is of dass C1,0, then for some G > 0,

lf( x) - f(y)1 ~ Ix - YISl - Glx - ylSI 20+1

for all x, y E SI. Hence the integrand of (0.1) is bounded above by C' Ix-Ylsl (20-j)p

for some C' > O. 0

In the following of this paper we work with fixed j and p with (1.1) and jp > 2,
l.e.

2
p >""7 (0 < j :::; 2) or

J

1 2
-=--2 > P >""7 (2 < j < 4).
J - J

Remark. In this paper we denote constants which can be given explicitly as COll

tinuous functions of j and p by Ci with capital C, and other constants by Cj'

We show that if ejP(f) < 00 then f is a Cll~-embedding.
We improve Theorem 2.4 of [02] to obtain

Lemma 1.5. There exists a constant Cl > 0 such tbat für any b > 0 jf ejP(f) :::; b
then

If(x) - f(y)1 ~ C1b-rPi (1 _If(x) - f(Y)I)~
Ix - ylSI

for all x, Y E SI,

Proof. Assume ejP(f) ::=; b, Fix X, Y E SI and put

d
8 = Ix - y1S1, d = If(x) - f(y)l, ß = 8 - d, and h = 1 - 6'

Suppose 0 :::; S, t ~ ~. Then

If(x+s)-f(y-t)1 ::=;d+s+t,
3

l(x+s)-(y-t)lsl ~d+4ß.

Therefore

1~ 1~{1 l}P"e'P P> - dsdt
{J J (f)} - a a (d + s + t)j (d + i ß)j

~ {{ j}P= [ [ 1- (d+S3+
t
) (d+s+t)-jPdsdt.

Ja Ja d+'4ß

Since
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Similarly

ri (d +s + t) - j P ds = . 1 {1 _( d + t p..) j P-1 } (d + t)1-i P

Ja lP-1 d+t+ 8

1 { ( h)iP-l};::: jp _ 1 1 - 1 - 8' (d +t)l-
jp

,

and therefore

r{ ri .Ja Ja (d + s + t)-JP dsdt

1 {( h)iP-l} { ( h)iP-2} 2 .> 1- 1-- 1- 1-- d-JP .
- (jP - 1)(jp - 2) 8 8

Hence

( 'b)P > 1
J - (jP _ 1)(jp - 2)

{ ( h)i}P { ( h)iP-l} { ( h)jP-2} 2 .1- 1- 2 1- 1-'8 1- 1- 8 d-JP •

As (1 - e)a ~ 1 - min{1, a }~ for 0 :::; ~ ~ 1 and a > 0,

djp-2 > (min{1,j})Pmin{1,jp-2}b-PhP+2. 0
- 2P+6jp(jp - l)(jp - 2)

Proposition 1.6. Let b > O. Put

).. (d) - d (0 _< d< C l b-)p':..2),
'f'b - u.=1. .....L- i.z.=.:!'

1 - Cl - ,+2 b,+2 d ,+2

where Cl is given in Lemma 1.5. Put

TI =(5, d)j " d " 5 ,,; swnhat 5 " H(d) jj" Cl bJP'"-'}.

(See Figure 1.1.) Tben i[ eiP(f) ~ b tben

5

In particular, i[ eiP(f) < 00 tben f is an embedding.

Proof. Suppose ejP(f) ~ b (b > 0). Put Do = Ixo - YOISl and do = lf(xo) - f(yo)l.
By Lemma 1.5, (Do, do) lies in the (8, d)-plane above the the curve 1 given by
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Put

(1.2)

JUN Q'HARA

'( = {f : hCI b- ,;C.. , h!;':." ,c 1n'i=1" hJ~!2, )10 ::; h < I}

= {8 = rPb(d)IO ~ d < Clb- ,/.. 2}. 0

d

I
2'

d - 1 c
~ - 2'0

- - II
- - ----t

I
I
I
I0...------------- 8
I
2'

FIGURE 1.1

(see Figure 1.1). Then if 0 ~ d ~ d1 then

(1.3)

Hence if (8, d) E Vb then either d ;::: ~ or d ;::: dl , which meanSj

Corollary 1.7. For any b > 0 jf ejP(f) ~ b tben either

or

for a11 x, y E 8 1
, wbere Cl is given in Lemma 1.5.
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Corollary 1.8. For any / EI,

where Cl is given in Lemma 1.5.

Proof. By the proof of Lemma 3.1 of [Fr-H] l for any / EI, either

1 1
1/(0)-/(-)1< 

2 - 2V2

or

7

ill . -2

Suppose ejP(/) = b < (1 - ~) p (2CI )lf#-. Then ~b(d) < V2d for 0 ~ d :s; t,
and hence C~, 2A) is not in Vb, which is a contradiction. 0

Let LVI . ~ denote the angle between two vectors VI and 112.
We improve Proposition 2.5 of [02] by replacing the angle 'i by B and using

Proposition 1.6 instead of Theorems 2.3 and 2.4 of [02] to obtain

Lemma 1.9. There exists a constant C2 > 0 such that for any b > 0, / with
ejP(/) ~ b, BIld B (0 ~ B< 7r), jf

tben L/'(x) . /'(y) ~ B,
. 2

Proof. Suppose ejP(/) ~ b. Put q = ':;2 (< 2).

Suppose I/(xo) - f(yo)1 ~ ~ (xo < Yo). Then for any x, y with Xo ~ x < y ~ Yo

d = I/(x) - /(Y)l ~ Ixo - Yolsl ~ d},

by (1.2), and hence by (1.3)

Ix - Ylsl :s; d + C3 dl +q
,

where C3 = c3(b) = 2C;i;i{ bm.
Therefore the curve segment f((x, yD is contained in the solid cylinder with axi[3

I I

f( X )f(y) and radius rb(d) given by

rb(d) = V2C
3 + C3

2d
l

Q
dt+i = V6CI-lb~dt+i.

2 2

Put C4 = c4(b) = ~Cl-tb~dt+t.
The proof of Lemma 2.6 of [02] goes parallel if we replace the angle f by B to

yield
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Sublemma 1.10. Suppose 0 < 9 < 1r. Tben there exists a constant CIS = clS(8) > 0
such that if a Cl-immersion h : (xo - €, Yo + €) --.. R3 (€ > 0, Xo < yo) with
Ih(xo) - h(Yo)1 = 1 satisBes the following condition (*), tben Lh'(xo)' h'(yo) ~ 8.

(*) For any x,y with Xo ~ x < y ~ Yo, the curve segment h([x,yD is contained

in the solid cylinder with axis h(x)h(y) and radius cslh(x) - h(y)ll+t.

Proof. Put CIS = 2-4 (2t - 1)8. 0

Define a constant C2 > 0 by

. {dl (C5)1} . {2-1-~ _.2 2-.l3-.l(2..i. l).l}C b------F....- 8
2
(P+2)I1lln -, - 4' = ffiln 4'1r Il', Il' , ., - , 1 ~""'j';=r

2 C4

= C2b-~82H!~) .

H Ixo - Yo ISl ~ C2 b- J/--2 82H!;) then the homothety

If(xo) - !(yo)l-l f : (xo - f, Yo + f) --.. IR3

for same small f > 0 satisfies the condition (*) of Sublemma 1.10, hence LI(xo) .
I(yo) ::; 8. D

Theorem 1.11. There exists a constant Co > 0 such that for any b > 0 if ejP(f) ~

b tben f is a Cl,~ - embedding such tbat

1/'(x) - f'(y)1 ::; L.f'(x) . j'(y) ~ Cobllim Ix - ylSl~

for an x, y E 51.

Proof. Follows from Proposition 1.6 and Lemma 1.9 with Co = C; 2~~+~) •

Remark l.lE. The author does not know whether ejP(f) is finite when j is a Cl,o_

b dd' .th ...1.2.=L < <.il.=!em e lUg W1 2(p+2} - Q' - 2p .

2. FINITENESS OF SHAPES OF KNOTS

Fix any b> O.

Definition 2.1. A homeomorphism F : D 2 X 51 --.. T C IR3 is a good (€-) torus for
b (f > 0) l or good (€-) torus for short, if the following three conditions are satisfiedj

(1) Let f(t) = F(O, t). Then f E I and ejP(f) ~ b.
(2) T:> N(f(SI)) = {P E R3 Idist(P,f(SI))::; f}.
(3) If ejP(g) ~ b (g E I) and 9(51) C T, then Pr2oF-l 0 9 : 51 --.. 51 is a

homeomorphism, where Pr2 : D 2 X 5] --.. 8] is a projection.

Definition 2.2. (1) An embedding f E I can be contained in a good torus F if
there is an orientation preserving congruent translation of IR3 ,U, such that

U 0/(5 1
) C F(D2 X 51).

(2) A set of finite good f-solid tori S = {Fb · .. ,Fm} (m E N) is a complete (f-)
system if any I EI with ejP(f) ~ b can be contained in some Fi E S.
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Theorem 2.3. There exists a complete f.·system for some f. > o.
In order to prove Theorem 2.3, it suffices to work in the following dass I o;

7; = {I E 71/(0) = 0,1'(0) = (1,0,0), and ejP(/) ~ b}.

9

RougWy speaking, we construct a complete system of "thickened PL-knots".
Definition 2.4. Let N E N and r > O.

(1) An embedding 1 E I ois r-captured by a sequence oE N points in R3
, L =

(0,P1 ,··· ,PN-l), if

I(~) E Br(Pj ) = {P E R3 11P - Pjl ~ r}

for a1l j (1 ~ j ~ N - 1).
(2) L = (O,Pl,··· ,PN-l) is an admissible (N,r)-polygon if there is an f E 70

which is r-captured by L.
(3) A set of finite admissible (N, r)-polygons

S = {Li = (0, pt,··· ,pAr-l)11 ~ i ~ m}

is a complete family of(N,r)-polygons if any f E 70 is r-captured by same Li.

Lemma 2.5. For any N E N and r > 0, there exists a complete Eamily of (N, r)
polygons.

Proof. Put jo = 10 = 1 and Pio = 0. Put

Since Wjo is bounded, there are finite points {Piol, Pjo2 , ... ,Pjo 'io} such thatj

(1) For any )1 (1 ~ )1 ~ Ijo) there is an fjoit E 70such that Ijoit (1v) E Br(Pjoit),

(2) Wjo C UZo
=l Br(Pjoit )·

Inductively, for a sequence of k points (Pjo, Pjoit , ... , Pjoit ...i/c-l) thus con
structed with 2 ~ k ~ N - 1 and 1 ~ ji ~ Ijoit ...ji-l (1 ~ i ~ k -1), put

WjoiI .. -j.-l = {f( ~) E IR3 13j E Z; such that

I( ~) E Br(Pioit ···ji) for a1l i (1 ~ i ~ k - 1)}.

Since Wjoit ... j,.:-l is bounded , there are finite points {Pjoit .. -j,t-ll,···,
Pjoit .. -j,t-tlioit"'i._l} such that

(1) For any jA: (1 ~ jk ~ Ijoit·.-j,t-t) there is an Ijojt ...j. E 70 such that
fioit ···i. ( -Iv) E Br(Pjoit ...jJ for all i (1 ~ i ~ k),

( ) lio···i._l ( )
2 Wjoit ··-jIJ-t C UjIJ =l B r Pioit ... j•.

The set {(Pjo, Pjojl'·· . Pioit "'iN-l)} thus constructed is a complete family of
(N, r)·polygons. 0

Proof of Theorem 2.3. The proof of Theorem 2.3 reduces to the following lemma;
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(2.1)

Lemma 2.6. Tbere exist No E N, ra > 0, and fa > 0 such that for any admissible
(No, ra)-polygon L, tbere exists a homeomorphism FL : D 2 x SI -+ T C }R3 such
that;

(1) H f E 70 is ra-captured by L, then NEO(f(st)) c T.
(2) Hg E I osatisfies g(SI) C T, tben Pr2 oFL -1 0 9 : SI -+ SI is a bilipscmtz

map.

Suppose L is an aclmissible (No, ra)-polygon, and f E I ois ro-captured by L.
We ean deform FL to obtain a good fa-solid torus FL such that

FL( {O} x SI) = f(S1),

F L (D2
X {tl) = FL(D 2 x {tl) for all tE SI.

Therefore for any complete family of (No, ra)-polygons {Ll," . L m }, we can eon
struet a complete fa-system {FLi ,··· ,FLm }. Then Lemma 2.5 implies Theorem
2.3. 0

Proof of Lemma ~.6. (1) Take Nt E N such that

~.2- < ( 1r ) JP- b- JP~2
Nt - 200Ca '

where Co is gjven in Theorem 1.12.
Then if 0 ~ Ya - Xa ~ k-, then for any f E I~ and for any x, Y E [xa, Ya],

(2.2)

(2.3)

Assume N 2:: Nt. Put

(2.4)

1r
Lf'(x). f'(y) ~ 100'

, • 1r
Lf (x) . f(xo )f(yo) ~ 100'

1r
r = r(N) = --.

400N

Suppose L = (Po" .. ,PN-1) is an (N, r )-polygon, and f E I ois r-captured by
L, i.e.

(2.5)

Since by (2.2)

for all i.

(2.5) implies

(2.6)
1 1 1r- +2r > IP· - P'+1 1 > - cos - - 2r for all i,N - 1 1 - N 100
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where suffixes are taken modulo N. Then by (2.4), (2.5), and (2.6)

11

(2.7)
i i + 1 ~ . 2r 1r

Lf(-)f(--),poP'+l < arCSln <-
N N •• - IPi - Pi+1 1 - 100

for all i.

Hence by (2.3) and (2.7)

(2.8)

and therefore,

1 I 21r
Lf (x) . popo+l < •• - 100 for all i,

(2.9)
----+~ ~ 41r

Lp· I P ,· p.po+1 < - for all i..- • •• - 100

Let V';' (V~) be a 'forward' ('backward' re3p,) cone with axis j\Pi+~ and angle
12o~ which is tangent to Br(Pi ) (Br(Pi+1 ) resp.), where Br(Pd is a 3-ball with
center Pi and radius r. Put an i = V~ n V~, where n i is a 2-disc. Let Ui be the
union of Br(Pd, B r(Pi+1 ), and the intersection of the two closed cones of V~ and
V~ sandwiched between Br(Pd and B r(Pi+l)' (See Figure 2.1.)

FIGURE 2.1

Then by (2.5) and (2.8) f([j,,~]) c Ui for all i.

Suppose 0 < P ::; j.,. Let IIi = IIi(p) denote asolid cylinder with axis PiPi+~
and radius p sandwiched between two Bat surfaces Ei = ~i(P) and ~i+l = ~i+l (p)
where IIi meets IIi- 1 and II i+1 • (See Figure 2.2.) Put TL(p) = U~~l IIi(p).
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Put
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FIGURE 2.2

(
.!.. +2r(N) 21r ) 21r

R = R(N) = r(N) + N 2 + r(N) sin 100 tan 100'

- ..

-

then R < 2gN' By (2.6) the radius of D i is not greater than R for all i. Hence

(2.10)

We look for N (N ;::: NI) and f (0 < f ~ 2~N) such that for any admissible
(N, r(N))-polygon L, TL(R(N) + e) is a solid torus.
(2.11) Let hi = hi(p) : n 2 x [0,1] -+ IIi(p) be a homeomorphism such that

(1) hi (D2 x {O}) = ~i(p), hi (D2 x {I}) = ~i+l(P),

(2) hi(O, t) = tPi+l + (1 - t}Pi,
(3) hi(D2 x {t}) is a Hat surface whose forward normal vector Vi(t) changes

affinelyast moves from 0 to 1.
Then by (2.9)

(2.12)
---+1 21r

LVi(t) . Pi Pi+1 ~ 100 for all t E [0,1].

Suppose R(N) ~ p ~ 1:J. For each i, we can define Ti : IIi(p) -+ (i"i/ ,W) C SI
by

Pr2 0 hi -1 (X) = Pr2 0 hi -1 0 f(Ti(X)) X E IIi(p).

Then for any X E IIi(p), by (2.12),(2.2), and (2.8)

(2.13)

(2.14)

R+p
IX - f( Ti(X))1 ::; 271" ,

cos 'i'OO

'( ()) 1 31rLf Ti X . PiPi+1 ::; 100'
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Suppose II.(p) n JIj(p) 3 X (i < j). Then there is k with i < k < j such that

13

Put ti = T.(X), tj = Tj(X), and tA; = Iv. Then t. < tA; < tj, and LI'(t.) . f'(tA;) ~

f - 150~ by (2.8) and (2.14). Then by Theorem 1.11

By (2.13) and Corollary 1.7,

2(R ~:) 2:: IX - l(tdl + IX - f(tj)1
cos 'iöö

~ If(t;) - f(tj)l

{

!lt·-t·12. J

> or

(~)'~!?2Clb-~
1 2(p+2) 1T 51T 2(p+2) 1.~ ---L..-> min{-Co-"'7P'=T(- - -)JP=T (-)~Cl}b-~

- 2 2 100 ' 2 .

Let the last term be denoted by C6 b- ,/--2. Take N2 E N such that

(2.15)

Put No = max{Nl ,N2 }, ro = r(No), €o = 2ho ' and Po = R(No) +€o. Then

Po < *and
2(R(No)2~Po) < C

6
b-,l--'J.

cos Iöö

Hence IIi(Po) n IIj(Po) = 0 if i 'I j. Therefore for any admissible (No, ro)-polygon
L = (Po,'" ,PNo - l ), T = TL(po) is a solid torus. By gluing h;'s constructed in
(2.11) together, we can obtain a homeomorphism FL : D 2 X SI --+ TL(po). Then
by (2.10) TL(po) :> NEo (f(Sl )) for any f E I; that is ro-captured by L.

Thus the condition (1) is verified.
(2) Suppose for some gEI; and to E SI, g(to) E ll.(po) and

If to - i :$ t :$ to + *0' then 9(t) is contained in a cone V with "axis" g' (to) and
angle 1~0' and

I(g(t) - g(to), g'(to))] 2:: cos 1~0 . It - toI,
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j = i -1 or i +1

where { } ) is the inner product.
I

1 . 1r
-Sln- > PoNo 4 - ,

1 1r 21r
No COS 4 ~ IPj - Pj+ll- po tau 100'

by (2.6). Therefore 9 must pass through 8IIi- l U 8IIi U 8IIi+l at some t E [ta 
Jh, to + Jh}. Hence for any 9 E I ö such that g(51

) C TL(PO)

, I 3 7 , ) Io~ Lg (t) . Pi Pi+l ~ 10 1r or 10 1r ~ Lg (t . Pi P i+l ~ 1r

if g(t) E IIi(po). This, together with (2.9), implies the condition (2). 0

By (2.1) and (2.15) we can take

[ {

2(P+2)}]200Co "'"jj;'=r 4
No = m ( 1f) 'c b,l-l + 1,

where [ ] is Gauss's symbol. By Corollary 1.8 No ::; C7 bJPP.- 2 for sorne C7 > O. By
Lemmas 2.5 and 2.6, every knot with ejP ::; b is ambient istotopic to a P L-knot
with No vertices. Since the number of knot types of P L-knots with No vertices is

No(No-3) •
less than 5 :r , we obtmn

Corollary 2.7. There exists a constant Ce > 0 such that for any b > 0 the nwnber

of knot types wlllch have representatives with ejP ::; b is less than exp(Ceb J ::").

3. EXISTENCE OF MINIMIZERS OF ejP

Definition 3.1. Let K be a knot type. Define ejP(K) by ejP(K) = inflEK ejP(f).

The argument given in Lemma 4.2 of [Fr-H] can be combined with Theorems
1.11 and 2.3 to show that ejP(K) is realized by a minimizer fj,p,K.

Theorem 3.2. For any knot type K·, there exists a Clll(:+~) -embedding fj,p,K
with knot type K such that ejP(fj,p,K) ::; ejP(f) for any I E I of tbe same knot
type K.

Proof. Let {li} eIbe a sequence of embeddings of knot type K with

By Theorem 2.3 there is a good solid torus for ejP(K) +1, F, and a subsequence
of {li}, still denoted by {fi}, such that li can be contained in F for all i. By
Theorem 1.11

lf/(x) - f/(y)1 ~ cob~lx - Ylsl ~~+:) for a1l x, Y E SI
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for al1 i. Hence al1 Ii"s are uniformly continuous. Since 1i'(Sl) C 52 for all i, by
Ascoli-Arze1a's theorem, there is a subsequence of {/i'}, again denoted by {I;'},
which converges uniform1y to a 2~:~~) -Hölder rnap 9 : SI --t- S2.

Since

[ g(t)dt = 0,

9= I~ for sorne C11~:+~)-immersion100 EI. As the integrand of (0.1) converges
pointwise as i --t- 00, by Fatou's lemma

Since 100 can clearly be contained in F and ejP(/oo) ~ ejP(K), 100 E K by
Definition 2.1. Therefore ejP(/oo) = ejP(K). D

Remark. Some studies and computer simulations on polygonal knots minimizing
some energy-like ftulctionals are given in [A],[B-O],[B-S],[Fu],[Gu], and (03].

4. THICKNESS OF A KNOT

We give a notion of the thickness of a knot in connection with the argument oof
solid tori containing knots in §2.

Definition 4.1. (1) The Tbickness of a C 1 -embedding 1 : SI --t- IR3 is defined by

Tk(f) = 2- sup{ fO INE(f(Sl)) is a solid torus for all € with 0 < € < €o},
LI

where LI is the totallength of f(Sl), and Nt.(/(Sl)) is an €-neighborhood of f($l).
Definition 2.1.

(2) The Thickness of a knot type K is defined by

Tk(K) = sup{Tk(/)}.
lEK

Proposition 4.2. There exists a constant Cg > 0 such that for any f E I with
ejP(f) < 00,

Proof. Let ejP(f) = b > O. Put to = (80
0

) 2g!~) b- J/--2. Suppose 0 < Yo - xo ~ to
1

and z E [xo, yo]. Since Lf'(x) . f(xo )f(yo) ~ "i for auy x E [xo, Yo], f(z) lies in
I •

the intersection of forward and backward solid cones with axis I( xo )f(yo), angle
"i, and vertices f( xo) and f(yo). Therefore for any point P in the straight lioe
segment with endpoints f( xo) and f(yo),

IP - f(z)l ~ max{IP - f(xo)l, IP - f(Yo)I}·

Put

{

2(p+2) ~}1 1 1r 7P'=T" 1 jp"=1'
Tl = - min - (-) (-) Cl b-rf=2.

2 2 SCo ' 2
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Then by Corollary 1.7, if Ix-Ylsl > to then If(x)- f(y)l > 2rl. Assurne Nr(f(SI))
is not a solid torus for some r (0 < r < rl)' Then there are Xl, YI, Zl (Xl< Zl < YI),
andPI E Nr(f(SI))suchthat IPI-f(XI)1 ~ r, IPI-f(YI)I:s; r, and IPI-f(ZI)! > r,
which is a contradiction. Hence Tk(f) ;::: rl' 0
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