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§1. Introduct1on

L~t.X be a path connected CW-space w1th basepo1nt and let

~ = X
1
(X). AK(A~n)~f1brat1on over X18 a f1brat1on

K(A,n) c Y ,X,

for wh1ch the fiber i8 an E1lenberg - M~cLane 8pace K(A,n). 1t

18 weIl known that such a f1bration yields for TI ) 2 the struc

ture ofax-module on A and 1t8 k- invariant k(Y) lies in coho

mology with twisted coeff1c1ents H~+1(X,A). Let n~2 and K~ be
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the full sUbcategory of the hornqtopy category of maps ovar X,

cons1sting of the K(A,n) - f1bration over X where A ranges over

all '1 .... modules ..

Baues [2 VIII §2J or [3, 3.4.] has obta1ned. the following

(weak) linear extension of categor1es

(1.1). ~n+ ~ K~ p , ~+1.

(A,k) where A 18 a ~ - module and k E Hn+1(X,A). Morphisms

g:(A' ,k') ,,(A,k)

are l-linear rnaps ~:A' • A w1th t Ik') = k. Moreover~ .... *\

Df:~+·l ,Ab

and

are functors def1ned by

~n(A,k) ~ Hn(X,A),

p(K(A,n) c Y " X) = (A, k(Y)).

The linear extension (1.1) represents an element of the abe11an

group

(1.2). On(X) E H2 ( k~+1, [}in), .

see [3]. In the present work we compute the cohomology groups

H*(~+1)~) and the element On(X) in terms of homolog1cal '1nva

riants of X (see theorem 4.20 below). We prove for X = K(t,1),



where ~ 13 finite group, that

i +1 _ { 0 , 1 ~ 2,
H (~ ,of) =

'. 7l/llj, i = 2
Here On(X) 1s a generator of the group H2(~+·',~n). We also con-

sider the category K~ 0 of orientable Eilenberg-MacLane fibrat1-,
ans over· X~d we shall construct.~ niee algebra1c model for the

category K~ 0(88e 4.26 below).,
Note that the cohomology H*(k~+1, ~) in quest10n 18 the eG-

. A

homology of a small category with coeff1c1ents given by a fünc-

tor but our method essent1ally uses the more general Baues &

W1rsching cohomolagy w1th coeff1c1ents g1ven by natural systerr~,

see [3].
- -

Note that the cohomolog1es and linear extensions above are

def1ned only for srrall categor1es. But the categor1es K~, k~+1,

~,o are not small. Here we mean that all objects cf these cate

gor1es belang to certain un1verse. Sinee the results da not de

pend on the cho1ce of universum, we da not ment10n 1t. S1rn11arly

the categories in 4.14-4.19 are cons1dered as small categor1es.

Main results of th1s paper were announced in [14J
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§2. Pre11m1nar1es

We recall the definition of the cohomology of small catego

ries w1th coeff1c1ents in a natural system (see [3J), and one

result from-··Ct2J.

Let 1 be a category. Anatural system of abeltan groups on

I i8 a functor D:El---+ Ab. Here EI 13 the category Of factorf-

zations in I : Obj8GtS in EI are morph1sffiS a:i~ j in 1 , and

morph1sms (g,~):~---. a' are corrmutative diagr&~

g
----...... j'

Tl
i ....-----11

1.8. ~1= sa~. Compos1tion 18 oef1ned by

(g' ,Tl' )(g, 11) ; (g' S, ~11')·

We clearly have (g,~) = (g,1) (1,~) =(1,~) (g,1).We wr1te D(f) =

Df and s*= D(g,1) , ~*=D(1,~) for the 1nduced maps of the func

tor D.

We have the functors

PI q1 _l°P I q2 >I
for W~1Ch q1(a:1 .. j) = (1,j) and q2(1,j)= j. Hence any func-

tor on 1 or any b1functor rap xl J Ab def1nes a natural sys

tem on 1 by compos1tion w1th q1 and q2-

Let D be a natural system on 1- The cohomoloBY of 1 with
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coe!!tcients in D18 def1ned by

* * *H (lJ D) = H (C (I, D) ) •

Here C*(I,D) 18 the standard cacha1n camplex def1ned in [3J. We

recall that

Cn( I, D) = nD(1'1 Ci<", • • • (j., ,
c:::. n

where product 18 taken over all composable n-t~ples
eJ..' CL

i n '.... 0 .. 1 .
. n 0

2.1.PROPOSITION. Let 1 oe a small cateBory und AbI the cat~gory .
. .

of Junctors Irom I to Ab. Let T,F: r ' Ab oe jwictors. Sup-

pose that T(1) is a free abeLt~1 group for every 1 E Ob(l). Tf~n

H*(r, X~m(T,F)) ~ Ext*r(T, F),
Ab .

where the bifunctor

X~m(TJ F): rap x I • Ab

is defined by

X(lm(T, F) (1, j) = Hom(T( 1), F( j)), 1, j E Ob( 1).

The propo~1t1on 2.1 follows fram [12J.

2.2. Deftnftton. ([ 3J). Let D be a natural system on I. A

linear extension 01 the category I oy D,
. p

is a Junctor p with the foIlowinB properties

t). a and I have the Saff~ objects and p is a JULI tw~ctor which
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ts the identtty on obJects.

ti). For ea~h ~:1 ~ j the abelian group D~ acts tr~18ittvely
. .

(LW e!!ect i vely on the subset p-'1 (a) 01 morphisms in 0.. We write

a + a tor the ac t i on 0 f a E DN on Ci. E D-1 ( CL) •o ~ v.. o·

fit). The action satisjies the Itnear dtst"ri'butivity law :
. *(a + a)(B + b) =a ß + a*b + ß 8.

'0 . I 0 0 0

Two linear extensions G and Q' are equivalent 1f there 18

an ,1somorph1sm of categor1es r: Q. == c.' w1th p' r = p and '

r( CLo + a) =. r( u.o) + Cl, f1~ f. Mor(.Q), a f. D
oCL

• The extension Q 18
• 0

spltt 1f there 18 a functor 3:1~ Q w1th p3 = 1.

2.3. Prbposition.([3J) Let D oe a natural svstem on the

category r ar~ M(I,D) oe tr~ set 0/ equivalence'classes 01. li

near extensions 0f I by D. Then ·there is a canonical .btjection

~: M(I,D) =H2(I,D)

whtc~ maps the split extension to the zeiO eleü~nt.

2. 4. Remark. Let 1 be a small category and T,F:I~ Ab be

functors ..SupPJse that T( i) 18 a free abe11an group for any

iEOb(l). Let
Jl t d

~ = C 0~ F )0 L
1

,. L
2

... T ,. 0)

be a two-fold extension in the category AbI and let u(i) be a

sect10n cf .O(t) iri the category Ab, 1 E Ob(l). Then by 2.3 the
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linear extension
p

J(C1n(·T,F)+~ E .. I'

represents an element in the group H2(1, Xrym(T,F)), which cor

resnonds to the 'class of ~ in Ext 2 r(T,F) v1a 2.1. Here E 18 the
~ Ab

category whose objects are the same 88 of l~ and morph1sms fram

1 to j are pg.ir.8 (ct, x), where a 18 a morph1sm in I and

x:T(1) ~ L1(j) 13 homomorphism of abelian group3 sat1sfy1ng

the following equation

t(j)x = L
2
(u)U(1) - u(j)T(a).

-Compos1tion in Eand the functor p are def1ned by

(ß,y)(tt,x) = (ßa,L
1
(ß)x + yT(a)),

p(ü,x) = Ci.

2.. 5. Deftnition .. Let D be a natural system on I .. A weak 2i,l.8

ar extension 01 the category I by D is a sequence

(~ ) D+ ,. C. --L. I

wheie p is a ~~ctor with fo2Iowins properttes:

1) p is surjecttve on objects;

2) Let Go be. any full sUbcategory 01 GI lor ID1tch the restrictt-

on functor

Po = P!a : Co ,1
o

ts btjective on objects, then the tn~luston Go ca is an equtva-
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lenc~ 01 categories wid the sequence
Po

(80 ) D+ ~ Go • 1

. ts a linear extension 0/ cateBortes. Moreover the corresponding

cohomology class ID(~ ) E H2(I,D) is independent 01 the chotce
,0 .. '

ofthe sUbcategory C . We call this cLass a characteristtc Cla$8
o

01 thE waak linear extension (~).

Für examples cf weak linear extesions see §4 below.

§3. Calculat10ns

The main theorem of this section i~ 3.7, we shall US8 1t to

calculate the cohomology of the categories in the introduct1oTI.

Let I be a small category and let

T:I )0 Sets

be a functor. Cons1der the category IST, whose objects are pairs

(1, x), wi th 1 E Ob( 1) and x E T( 1), while.a morphism fram the

pair (1,x) to (j,X) 18 represented by a morphisffi d:1---+ j in l'

such that T(d)(X) = y. The category 1fT 18 commonly called the

Grothendieck constl~ction of T. By definition we have the

follow1ng equa11ty

kn+1 . d SHn+1(X )-x = i,-mo ~ ,- ·
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.3.1.Proposttton. Let 1 be a smaLl categoryand let

T:I-----.. Set~

be ~, arbttrary functor. FOi any na.tu/al system Ddetir~d on tr~

category lJT, there exists an .tsomorphism

H*(Ijr; D') == H*(I; Di ) .

Here D' is the natuial system on 1 assigning to every arrom

(1:1~ j the group

n D(Ci),
xET( i) x

W1lere cL denotes trtE
x

a.:(1,x) ~ (j, T(a)(x))

in lJT Biven by tt.

Pro 0 f. By def1n1tio~ we have

C:;. (Ijr; D) = n Da.
1
... a.

n

where the product i3 taken over all composable n-tuples

~1 a
(10'xo)~ (1 1 ,X 1 ) ~ •••• ( n (in' xn)

in the category lJT. Here we have

~ E 1( 1
k

, 1
k

_.
1

) ,

Xk- 1 = T(~)(Xk)' 1~k~n.

Hence
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where the first product 18 taken over all composable n-tuples
. a· a

1.1 ....• n 1.
o n

and second one over all AnE .T( 1). But th1s double produ~t 18 the

same 88 cn(l; D'). 1t 18 eas11y seen that the Cobolli1dary opera

tor i8 compatible with the equa11 ty above,'. 1. e~

C*(IJT; D) =C*(l; D')

which proves the proposition.

3.2. Remark. Let D+ , E p ~lJ~ be a linear extension

of· categor1es. W~ deflne tr18. category X; objects are the same

as those cf' I, and a morphf~m fram i to j , i,j E Ob(l) i8 a

pair (Ci,f). Here ct:i~j 18 a morph1am in land f 18 a funct10n

ass1gn1ng to aach x E T(1) the morphism

f
x

: (1,x)---.,.(j, T(d)(X))

in E, SU~h that pfx= u. Let q:x---;r be the functor :d~flried by

q(d,f) = d. Then

D'+ ----. X ,1

18 the linear extension corre8pond1p~ to .

D + ~ E p ~ 1fT
via the 1somorph1sm 3.1.

In the follow1ng {l[ SJ will denote the free abe11an group

w1th base S.
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3.3. Lemma. Let I oe a small additive category und let Aal

oe the category Wt~10se objects are all functors. from I t6 the

cutegory 0/ abeltan group3. Let 1- mod be the julI suq~~tegory

01 AJ mase" objects are additive junctors. Then the" Junctor

~.: l-mod~ AbI defined ö!d'

(~T)(i) = ~[T(1)],

T E Ob(l-mod), 1 E Ob(l) , caritas projective objects to projec

tive objects.

" Pro 0 f. 1t 18 weIl known that any project1ve abject of ."

the catego~ I-rnod 18 a retract of a SUIIl of objects of typ9

HOffir(1,-) whlle every project1ve object of AbI 18 a retract of

obje~ts of type lHOffir(1,-). Hence 1t 18 suff1c1ent to sho~ that

ZP~iS a project1ve object cf AbI, where

P =ffi HOmI(1~,-).
AEA fl.

The same remark can be app11ed 1f A18 a singleton. Furtherrnore,

1f A 18 finite, then

p ~ Homr( @ 1A, -),
"AEA

and heTIce this reduces to the already considered ease. Now sup-

pose A18 an arb1trary set. 1t 13 easl1y seen that the follow1ng

holds



7lP=(3.4) @ . iEk(HOffil (1A
1
,-), ... • HOffir(i'1c'-) ·

{~1'··· '~k}cA "

Here ~, denotes the k-th cross-effect of the functor ~, in the
i{

sense of E11enberg & MacLane [8J, and the sum.is taken over all

finite subsets {Ä1,.~.,Ak} c A. Hence 1t.18 8ufflc1ent to show

that

~k(HOml(iA1'-)'···' HOffil (i'1c'-))

18 projecUve 1n AbI. To thi8 end put A = 0.
1

, ••• '1c} in 3.4.

S1nce in this ease A 1s. fini te, ~p will be projective, hence

1t ' 8 direct summand iEk(HOffil (1
Al

' ~) , · · · HOffil (1'1c' -)) will be pro

ject1ve tao.

3.5. ,Propositton. Let 1 be a sma22 addttive category and

T,F E Ob(l-mod). Then, the composttion

* * *Extr d(T,F) ~ Ext. r(T,F) ~Ext l(~,F)
-mo ,An- Ab

ia an ! somorphi sm, where' the first map ts induced oy the eXQct
I -

inclusion ]-mod~ Ab , ~-~ the second by the augmentation

E: ~T---+ T. In particular the jtrst map ts a split monomorphtsm.

Before g1v1ng the proof we need to just1fy 80IT12 .notations.

Let X* be a simplicial object 1n an abel1an category. Then

Ch(X*) will denote the chain complex, whose n-th component 18

equal to X
n

, while· the boundary operator 18 d = ~(_1)k 0k" The



Moore norma11zation of X* [13] 18 denoted by NX*. So

~*X* = H*NX* =H*Ch(X*).·

Pro 0 f cf 3.5. Let P be a compo~entwise projective simp-

11cial object of the category l-ü~d, such that

Then

and

Ho(P*(.1),~) = 7l(T(1)J, 1 ~ Ob(l).

Here on the 1eft had aide one ~as homology group8 of simp11c1al

sets P*(i) w1th integer" coeff1clenta [13]. By the definition of

these we get

Hn(Ch(lP*)) = 0, n>O,

. Ho(Ch(lP*)) ~ lT.

"By 3.3, lP* 18 a componentwise projectlve simplic1al abject in

Alf, hence Ch(a'P*) ~ lZT 18 a projecHve resolution and

Ext* r(lZT,F) = H*(Hom I(Ch(a'P*,F))) =
Ab Ab·

=H*(HOml_mod(Ch(P*),F).

Here the second equality holds, s1nce the 3.6 18 valid ~n di-

mension zero, by d1rect ·check1ng. Eu: H*(Ch P*) = tnP*, so that
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eh n~ T 13 a projective resolution of T in l-ü~d. Conse-
.L *

quently E*: {E~* ---.. P* 1nduc.es tl1e 1somorph1sm

(3.6) Ext:ol(~' F) =Exti_mod( T,F)

---.•. T be a project1ve resolution in the category AbI.

Then there. ex1sts morphisms ü:r.: eh lIT*
Buch that the diagrams

'-'

ChlF* ~* Q Q ß* ) ehP

1 s)* r 1 1*
~T ~T, T T ~ T

commute. In fact, the ,first and second vert1cal maps a.re pro-

jective resolutions in the categorYAbl . Therefore ß*~* and s*

are homotopic and fram th1s fact and 3.6 folloW3 the

proposition.

3.7. THEOREM. Let I be a smal I adiii t i ve category and let

T,F:I ----.. Ab be addt ttve junctors. Deftne the fUT1.ctor

D:lJT .. Ab

by

D(1,x) =F(1), i E Ob(l) , x E T(l).

Then there exists ~i isoü~Tpni8m

H*' I I rm. D) ~ ~{t * (T F)\ .jl., - ...... ~ l-mod ' •.
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Proo f. By 3.1,

H*(l,fr; D). == H*(l; Dt).'

Here D' 18 the natüral system on I, assigning to the arrow

0'.:1~j the group

n D(- Ci. ~ ). a_~ == (1: ( 1, x) ---1P (j, T(u) x) •
. xET( i ) ..{ .~

By definition of Done has D(a ) = F(j). Hence
x

D' (Ci: 1~ j) = n F( j ) = Hom (~[ T(1) J, F( j) ) .
. xET(i)

So.Dt turns out to be the .b1functor of type ~&m (~T,F). Thus by

2. 1•

and the theorem follow8 from 3.5.

3.8. Remark.. Let

~ = ( 0~ F ---~~ X
tt;'. p

,. Y ----.0- T -~> 0

be a twofold extension in the 8ategory I-ü~d and let u(1) be a

sect10n of p(i) in the category Sets. Let D:IJT---+ Ab be a fun-

ctor for which D(1,x) = F(1). Fram 2.4, 3.2, 3.5 folloW8 that

the "extension
q

D ,. E ,. lfT,
,

represents (by 2.3) an element in the group H-(l, D) wh1ch cor-
~

resnonds to the clas8 of S in Extl~ .('T,F) via 3.. 7. Here E 18
... - -moa '
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a category with the same objects as in 1fT. MorphismB in E fram

(l,x) to (j,y),x E T(i),y E T(j), are pairs (d,h) where

u:(i,x)~(j,y) 18 a morphlsm in 1fT and h E X(j) sat1sfles the

~quation

rr(j)h + u(j) (y) = Y(Ci)(u(i)(x)).

The functor q 15 defined by

q(et,h) =Cl.

3.9. Example. Let ~ be an abe11an category w1th enough pro

je"ctive objects. Let (C*;d) be a COmFDnentWlse projective ehain

complex in ~ and

K = Coker(d:C '1 ' C ).
TI n~ n

. Let 1 be a small additive full subcategory of ~ with

,.IJ A 0u. I •

Cn,KnEOb(I)~ n)O. Far any AE Ob(~), the cohomology of the cocha

in complex Hom!\(C .. ,A) 18 denoted by H*(C .. ,A). 1t 18 clear that
~ ~ ~

o ---+ HOm~(Kn'-) ~ Hom~(Cn'-)

n+',
-~,.HornÄl (Kn+'l ' -) loH (C*, -) ~ 0

18 exact. Hence 3. 10 i8 projectiVE resolution of the object

Hn+1(C*, -) 1n the category l-mod, becau3e Horn~(X, -) 13 projec

t1ve object in 1- mod, 1f X E Ob(l). T~erefore 3.7 1mp11es

{
O, if rn &: 3,

(3.11) Hm(IJHn+1(c*,-),D)~ .
, Hm( FK 1~FC ~FK ),O~m~2.

n+ n n'"

This holds for any additive functcr F:I ~ Ab where
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."..... ..-- .... -+ - ~ ... .... -

D: AJHn+1
(C*' -) • Ab

18 functor .for wh1ch D(A,x) = F(A), AEOb(lr;XEHn+"(C ,A).

_§4.Categories of extensions and E11enberg-MacLane

fibrations

In this sect10n we will be prove Theorem 4.20 which requ1res

the cons1derat1on of . various kind8 of

extensions.

categor1es of
'-

4.1.The category cf extensions in abellan categor1es. Let ~

be a small abellan category w1th enough project1ve objects. Let
-1A E Ob(~). We consider the category of extensions ~xt.~(A). Ob-

j~cts of thi8 category are exact sequences in ~

jl 0
)J = (0 .. B .. X ~ A ;. .0),

and rnorphlsms fram 8 to·S' an; pairs (f:B~--+..B',g:X---+,X')

w1th
u'f = ~u u'~ =u.
J ,-,,' w

Let (f, g) and (f', g') be two morphisIns fram ~ to 8' and f = f',

then there ex1sts a unique h E Hom~(A,B') wlth
g - g' = }l'hd.

Thls shows that the sequence
1 p 1

4•2• Horn I ,. ~ xi A\ (A) )I ~ fEx t A\ ( A, - )

18 weak linear extension cf categor1es. Here p and



are functors defined by

p(-~) = (B~cl(~) E Ext~(A,B)),

Hom(B,x) : HOm~(A,B).

By ·2.5 t?8 weak linear extension 4.2 d~term1nes an element

o(A) EH 2
( A\fExtl (A, -) ; Horn) ~ We shall compute this element. For·

this WB recall the following definition.

4.3. De!i ni ti qn. [10]. Let f, g : A---...B be morpht S7T'!.S in. (Ln

a~- lian cateBory ~. We qa21 f w1d·g hOH~topic in the sense 0/

EclJrt.D1lJl - Hf I ton and wri te. f ::; g t/i theTa exists a project t VB

object P and morphts~~ 8:A~P, t:p--~, B such that f - g :

ts. Let

(A, BJ~. = Hom~(A, B) /~.,

The natural ep1morph1sm Hom~(A,B)~ (A,B]~ 18 denote by cl.

4. 4. Proposition. Let O(A) be the eharaetertsttc e2ement 0/

the weak linear extension 4.2. Then there extsts an isomorphism

1 . { 0 ,m ~ 2,
Hm(~JExt~(A,-);Hom) = [A,A]~, m= 2,

and cl ( 1A) COirEsponds to 0(A) ui1dBr thLs isomoiphism.

Proo f. Let P*---+ A be a projective resolution in~. If

we put ::'n 3.9

C* = F*, I = ~, F = Horr~(A,-),

then 3.11 1rnplies the first part cf the proposition.
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a
Let

tl
"YJ ; 0~ K --.,. P ----..,. A -~, 0

(4.5)

be a shart exact sequence with P projective. We denote its class

in Ext~ (A,.K). by u. It follows fram the proof of 3. 11 that the

2-fold extension

o "",. Hom~ (A, - ) JaHOffiÄ\ ( P, - ) )0

---~- Hom~(K,-) • Ext~(A,-) • o.
corresponds to cl(1 A) E [A,AJ~ via the 1somorphlsm "

Ext~_mod(Extl(A,-); HOffiA\(A,-») :: EA,AJA\"

Far each x E Ext~(A,B) and

~ = ( 0---. B )'X , A ,0)

we choose mcrphisms f B, x: (K, u) ~ (B, x) in A\JExt~(A,':') and

(fB,Cl~,g~): Jl > X in Sxi~(A). Let h~(A) be a category with

the same objects as in ~JExt~(A, -). Morphisms fram (B, x) to

(B' ,x t
) are pairs (f,h), where f:(B,x)---+(B',x') 18 a rnorphi8rn

in ~fExt~(A,-) and h:P---~.B~ 18 a morphisrn w1t~

fE, ,- h~ = ffB ·,x ~x

Accordir~ to 3.8 the class of the linear extension

Horn + ~~x~(A)~ ~fExt1(A,-)

in the group H2(A\fExt~(A,-),HOm) corresponds to '4.5 via the
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thereThen( f , g) : ~ ----+~ ,Let

'1 '11somorph1sm 3.7. Here q~f,h) = f. Let T:~xt~(A)---+Sx~(A) be a

functor def1ned on objects by

T(3)" = (B,cl~ E Ext~(A,B)).

'1be a morphisffi in ~xf.~(A).

exists a un1que 11: F'-~ B' 3ur.h that

~ f h = gg~ _ g~,.

Now we def1ne the functor T on ~orph18ms by T(f,g) = (f,h). It

13 clear that the d1agram

Horn + ~ ~'xi ~(A) -""'+' ~JExt~(A, -)

~ T 1 ~
Horn + ) ~x~(A) ) ~SExt~(A,-)

cou@utes and hence the upper and lower extension determ1ne tJth

the same element in H2(~JExt~(A,-),HOm). Th1s complete the proof

of proPJs1t1on.

In ease when ~ = Ab we denote Sxt~(A) by gxi(A). If A 18 a

fin1tely generatect abelian group, then [A,AJ Ab= End(t(A)), where

t(A) 1a the torsion part of A.

4.6. The category cf relative extensions. Let

U Po
~ ) rn , ~

be functors between cate.gor18s, satLsfy1ng the follow1ng condi

tions:



a) ~ land ffi are small abe11an categor1~s with enough project1ves;

b) U18 exact, fulI and fa1thfuI;

Let F~:rn--~,~ be the collect1on of 1eft derived functors

of ~h8 flinctor F0' n{.:O. The cond:I,tlens b~ ~ c) 1mply, that !o CB.~

ries project1ve objects to pro~ect1ve objects. Hence c) and Gro

thend1ecks 8Dectral Beouence for der1ved functors of comm s1t1-.l." 1"".....

ens shows that for AEOb(~), BEOb(ffi) there exists 3 spectral se-

quence

E~ = ExtE(Fq(B),A) Q ExtP~ (B,UA).

In part1cular one gets an exact sequence
'~ ~

4.7. 0 ~Ext~(Fo(B),A) ~Ext~(B,UA) ~Hom~(F1(B),A) •

-----.~Ext~(Fo(B),A). ) Ext~(B,A).

Let B E Ob(ffi) and ~x~1,m(B) be the correspond1ng full sub-
, 1c31egory cf ~,~t m( B) whose objects ~~e exact sequences

4. 8. ~ = ( 0 .UA "X )B ,,0)

where A'E Ob(~). We def1ne fünctors
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bv...

tD( ~) = ~(cl (~ ) ) J

---.-,..> C) =

= (0 ~ UA ~ B, • B ) 0),

Here 8 18 the same 38 in 4.8, Cl(~)E Ext~(B,UA) 18 the characte

r1st1c element of ~, B'l 18 defined by the pullback d1agram

B. " B'1

I i
~. 1

UA ~ UF (B)'1 0 .,

and B --+~ UFo( B) ... 18 the coun1t of the adjunct10n c).

Let

~:Ext~(FOB'~)----"~At~(B,U(-)),

~:Extffi(B,U(-)) .Hom~(F1B,-)

be the natural transformations in 4.7. Then ~ and ~

natural transformations

1nduce the

1t 18 clear trl3.t tl1ere ex1ats a ::ommutat1ve d1agram of weak

linear extensions
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H ~ J. '1 (1? B) -" rE~ .. '1 (F 0 )om +-~) t;X1·~,.LO ' ---+>l-lIj Xl.~ ow,-,

d> I
'* 1

i·
------+~ ~JExt~(B,U(-)).

~.

I . t
'1Horn +---.)0 ~:tt ~ m( B),

The upper and lower extension determine 'the" "element

O~(FoB) E H2(~fExt~(FoB,~),HOm)

and
(

2 "1
O~,ffi(B) E H (~JExtffi(B,U(-)),Hom).

resF€ct1vely. Froffi.commutat1v1ty of 4.9 follows that

4.10. . ~**(O~,rn(B)) = O~(FüB),

Here ~**: H2
( Ä\fExt~( B, U( -) ) , Horn) .. HZ (ßJfExt~(FoB, U( -) )", Horn)

i8 1nduced by ~*. Ißt Pt be a proj~ctlve resolütion. Ii we take

in 3.9

then 3.11 yulds

Hm
( PlfExt'1 (B U( -) ) •Horn ) == 0 1f m ~2,[8, , , ." , ,

:: [FoB,FoB]A\" 1f m= 2.

Now we compare th1s e~jat1on w1th 4.4. Then we conclude that ~**

18 1somorph1sm and ther8fore we proved the fcllow1ng propJsition"
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4.11. Proposition. The charactertsttc eleme,nt O~,ffi in

H2(~fExt~(B,U(-));HOm) ~ [FoB,FoB]~

corresponds via thts iSOmOT'p1ism to cl( 1~ B).,
"'0

4. 12. Propos i ti on. Suppoae that tr;ß .project {VB homol OBi caI

dt man.s i on, p.. d. (FoB) '. '1. Then there exists the functor
'1 '10: ~ :l:.t ~ IB(B) ~.. ~ :t f. A\ (F0 ( B) ),

for illhtch ~ = 1. Moreauer the diaBrwü

'" F" (B) .l f.1

I p
1q

) ~

·4·

~xi ~(F0 (B) )

15 essent tal Iy a pull b:1Ck wt tri

p( F,., (B) ----;,.A) = A

4.13. Remark. We call a comrnutative square

1 --.., Q

of categories BrrÖ func.tors essent~aI ly a vuIloack 1ff the TIstu-
"

ral functor 1 ---+)0 Ilx"Q. 18 an equ1'Jale:188 of categor1es.
E



Proo f· cf 4.12. It follows from 4~7 that there exists a

natural transformation

W:Ext~(B~U(-)) ~EAt~(FGB,-)

for wh1ch u.xp = 1 s1nce Ext~(FoB,~)= 0 and 31nce HomA\(FoB,-) 18 a
. '.

projective.object in ~-mod. Then w1nduces the natural transfor-

mation

w*: ~JExtm(B,U(-))' ~ ~J~Ät~(FoB,-).

We showed above, that ~*~ 18 an 1somorphism. Therefore w** 18 an

1somorph1sm, .too s1nce w**q.** = 1. Hence 4.10 1rnp11es that

w*(O~(Fo(B)) = O~,ffi(B).

Therefore there ex1sts n:~:ti~,IB(B) • ~xi1(FoB) such that

the qiagram

,

comrnutes and hence t1'1e secoild square in t.his di8.8Tam·ts.essenti-

ally a pullbac}~. This completes the proof of the propos1 t10n

s1nr - ~~ ~~c· +h~' ~1~-r~1.' t:: .111 .L. a i" l. lr:: U a,t) :::UlI



~~~
---------~) ~fHom~(F1B,-)

I p
q t

---~, ~

AiJExt~(B,U(-))

w* I
'1

~f Ext~(FOB,-)

18 pullback and ~JHom~(F1B,-)

4. 14. RemarR... The conditiens of proü081 tion 4. 12 are sat1s-·,- ...

fied if

~.= Ab , rn = G-u~d, Fa ~ Ho(G,-),

where G 18 an arb1trary g~oup. In th1s case objects cf the cate- .

gory ~xi~,rn(B) are called G-central exter~tons [6].

Let G be a group and" ~~~{:t (G) be the c~tegorJ' of central ex-

tens10ns of G. The study of this category 18 analogoUB to 4.6.

The rol~ of 4.7 18 played by the weIl kn~wn' Q~1Ver8al coeff1c1

ent formula
. . ~ - ~ .

Q---.Ext(G
ab

,-) ---. H~(G,-) ~. Hom(H2G,-)~ o.
The arguments 1n the proof of 4. o1? are still true and hence

we obta1n the follow1ng propJ81t~on.

4. 15.Proposition. Let

ID:8exi(G) ) H
2
G~ Ab,

p: H
2
G~ Ab ) Ab,

q:~ ~tt (G&b ) • Ab,

~:~xt.(G ~) ~ ~exi(G),ao
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be functors de!tned as' tol1ows

:D( ~) = $( cl (~ ) ) ,

P(H
2
G ) A) = A,

q(O , A ~ X ) Gab ' 0) = A,

and ~ ts gtven by the pullbacR alonB the 'natural morphism

G-f. Gab.

Then there ext~t a tJrictOi 0: ~e.x-t (G) .---:" 8:i~i (Gab)' such trffl.t

~ 1 and such tr~t the fol10wtng dtagram ts essenttally a

pullback
iIJ

~exi(G) ) H2G~Ab

o 1
.q

1p

8Xt (Gab) )0 Ab.

For a different descr1pt1on of the category ~e~i(G) see [11J.

4.16.The category cf abelian extensions of grou~. Let G be

a group and Aexi(G) be the category of abe11an extensions of G.

Objects of this category are exact sequences of groups

~ = O-----+A----.. B --.~ G~ 1,

where A13 abelian. AB in 4.6 we have the weak linear extension

4. 17. Der I .. I~e.xf. (G) • G-modfH 2
( G, -) ,

where

Der: G-modJH 2(G,-) .. Ab
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18 defined by .

Der(A,x) ; Der(G,A).

4.18. Proposition. If G ts a ftnite group then

Hffi(G-modJH2(G,-);Der) =~/ !GI, lf m= 2,

== 0, if m? 2

. ~1d the characteristic ele~~nt Oa(G) of 4.17 i? a generator 01

this group.

Pro 0 f. Let I (G); Ker( 7l[ GJ---+,:,ZI..) bE: the augmentation

ideal. 1t 18 weIl known that

H2 (G,-) =Ext~(I(G),-), Der(G,-) =HomG(I(G),-),

~:~xt~(I(G)) ~ Aext(G),

where

----.,. -M ----Jr) N--~> I (G)

= (0 ---.,. M ---.,.)X --;. G

--)00) =

--1),

Here X= ~(x,g) E Xx G, GX = g - 1} 18 a' group w1th theopera

t10n (X,g) (Y,s) = (x + gy, gs), x~y f X, g,.s f G.· Hence the weak

linear extensions 4. 17 15 isomorphie' to 4. 2 in case B = I (G) ,

~ = G-ü~d. Therefore 4.4 implies that

Hm(G-iiuJdJH2 (G,-J,Der) := [I(G)~I(G)]G' if m= 2~

== 0, 1f itl ~ 2

and Oa(G) = Cl(1 I (G)). Let

o , Q ~ p ---~'. I(G)

28
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be an exact seqüence of G-rno~ules w1th project1ve P. Then
..

HomG(I(G),P)~ HomG(I(G),I(G))~~{t~(I(G),Q)~ Ext~(I(G)(P)

13 an exact sequel1ce. 21ince !G1 <00 we ,get.

. 0 = Hm(G,P) = Ext~(I(G),P),

m>O 15j. Therefore

(I(G),I(G)]G =Ext~(I(G),Q) =H2 (G,Q) ~

:: H'I ( G, I (G)) ~ Ext ~ (~ ~ I (G) ) .
..7

From the exact sequence

o~ I(G) ---.t- lE [ GJ --....., 71.. ---..)0 0

... ,

folloW8 that the sequences

HomG(~[G],I(G))~ HomG(I(G),I(G))~ Ext~(~,I(G))~

Fon (d J GJ) > HOmG(iZ,d)L Ext~(~,I(G))---+ 0
I1 !l 11

~ ~ ~/IGI

are exact. By [4, Cor.1 of prop.5 in §6.7J we have

6'(1 I (G)}"= - o(1 tz )·,

Hence 08(G) = cl(1 I (G) =B(1 I (G») 18 a generator of (I(G),I(G)]Go

4.19. The category of E11enberg-MacLane fibrations. Now we

cons1der the category K~ and the element On(X)EH2(K~+1,lHn) (see

§1). We a8su~e that X= BG*, where G* i3 a component wise free

simplicial group. Let i = 1o(G*) = X
1
(BG*). !or every G*-module

A* we denote Ch(A* ~ ~~) by r(A*). Let r(G*]E Ob(G*-mod) be the
*
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its claas in the

A

augmentation ideal of G* ~1d let c* ; r(I~G*J). We recall that
~ , A

Hm
( BG* ~ M) ; Hr.'l- I HOI\(C*, M)., MEOb( l-mod), m~2,

(see appendix). Hence früm 3. 1'1 follows

Hm( K~+"l ,[Hn) = 0, m~ 0,2,
...... 1'\ 1'\=nO'· ... Y'( nr'., E'G r )' __~Hn( BG" C / dl"l)' m 2v !\t::_ n l, J *,' u !)-1 ... J. *' n-1 / Un ' Il = ·

~, A /\

It i8 clear that the natural project1on C ---7' C IdC 18... n-1 n-'1 I n
/',.'\ A

cocycle in HOffit(C*,Cn_"1/dCn). We denote by in
. A A

cohomology HTI(BG*,C
n

_
1

/ den).

4.20. Theorem. TrtEre extsts arL eXQct seauen.ce
J,.

arul

/\ "A t 2
Hn (BG*,C

n
_

1
) ,. Hn(BG*,Cn_,,/ dCn)-~--'~ H (K.~+1,I}f)~,

in trt.e gr:Jup H2
( K;~+1 ,~n) holds ~(in) = On( BG

t
).

~,

4.21. Reü~rR. Let ~C* be the chain complex w1th

A A A ~ ~ n ~

( 2]C*)0 = ?l, (~C*)n+1 = Cn ' d~ = 0, dn+1 = (-1) i dLi ,

then there ex1sts a' 1-~quivar1ant homotopy equivalence ~etween
A 1". A

2:C* anq. c* (X). Here c* (X) 13 the cellular crra1n complex of

universal covering of x.
Pro 0 f of 4.20. The first Dart of the theorem 18 D~oved

~ J.

abov~. Für any abelian group t. we denct2 by K(A,n) the "standard

E11enberg-MacLane space", th1s 18 the 31mplicial abelian group

whose norma11zat1on satisf1ed
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(NK(A,n))1 :: 0, i i n,
== A, 1 :: n..

If A 18 ai-module then K(A,n) 1.s cons1dered a8 a G*-module via

the natüral &U;7mentation G.,,--~>r:rr. Then we 1"l8.ve the natl~ral fun-
~ +

ctor
T!'/ '11 ...... -.,4!\\ -, 1 ; • JL-,oU,!.(J, --..,.... G. -moc1...,.

Th1s flli1ctor haB a 1eft adjo1nt which carr1es A* €G*-mod to

9': (!. ) Ij~ (...)
\1 \. Mo, I t .:. +. JJ. '. • •
n·.'I; n'I-1<

If l;e ta1.<e in .t r:
-+.U

fiJ :: I-iitDcl, [B :: G*-mod, U :: K( -, n-1 ), B :: 1[G~: ] ,

B:v A1(see 3ppendtx be~Gw) '~~i;t. ~ G (I [G*]) i8 equ1valent to i he
. . , ;)'. .

category of shart exact ,sequences of 8~mplicial groups of type

o--,.. K( A n-'l'}., ,
, ·t

---.., I,

A ran,(r8S in the c.ateJZorv of 1-mcid111es and
o '-' '"

Horn • OT' ~t'"..:J ('T:l .... t '1 ( T( f*'\ ,
• )I.-I!U.)U, I tJJ. ... ~ \... U I J ,

~ 11 -m,:J 1]' :,

•
K(- n-1))

" . , . A""~ U'l

."- A

18 t'Ee functor öef1ned bv Hom( A, x ',l ;: Hom~.(C 1jdC . A) .
J Jt,' n-" n'"

By 4. i-I folloWB that t 1-·-· ~h"'~'" ....... -"'1 ,.... l' ....He Cl d.,L cl\..- '.-el.· iJ l. L. ~lement Or=- (... ( I[G",J
Jl" :r ... ~,

. ""

of the weak linear extension 4 ,....r, " .....
• ,.::.c::. ..L 11



H2(l-mOdwrExt~_mod(I[G*]~K(-,n-1)) ~
*A A A A

:: ~ Cn_ 1/dCn ,..Cn- 1/ .dCn]X

corresponds to cl(1c /dC'). By theorem A2 below we have a ca
n-1 n

. non1cal 1somorph1sm

. . -Ex'~t 1 ( -1· [G 1 'K( .n 1) ~. H'ri -+-1 ( BG' - \
. G -rr.tOd· *," , .. ,-, .- , - *' l·

. *

Let B:~xi~ G (I[G*]) ~. K~G be the functor 1nduced by
, * . *

the class1fy1ng 8pace.. func,tor. T~en the d1agram
. . .

·11Horn ~ ~ ~xtt G.(I[G*]), ~ ~-mod fExtG _mOd(IG*,K(-,n-1))
, * •lß . .1B

,,n+" .
)0. ~BG '

:.11

·18 ·commutatlve. Here ß 18 1nduced by B. In particular'O~(,~*) =

= ~*(Ot G(I[G*J)). From 3.11 follows that the 1011owing d1agram
.' * .
HOm~(C 1'/dC ',0 1/dC)'~ H2 (kn+" ,Horn)--+- 0

_.~ n- n n- n . ~
• I *

---')1 0

18 commutat1ve. Hence

On(B) = ß*(Of[ '"" (IG ... )) = ß~( cl( 1c..... /dC~) = g(1n )·
J ,l..1* .,. . -r- . n-1' n
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. 4.23. Coro2 2ary. 11 X = K( 11:, '1) wi th 1 tin i te, triEn

H2
( k:~+ ·1, [Hn) :: l/ Ii I

and On(X) ts generator Of thts giOUp.
A

In this case C* ~ rex] 18 a project1ve resolution and

H* (X~'-) = H* (t, -). It 1s weIl tnown that for f1ni te 'Jt one has
".. " A

H.f.(~,C*) =0,. wl1ere H*(1L,-)

Therefore

denotes the Tate cohomoloflJv [5J .... '"

4.25.

4.24. The categcry cf crientable Ellenberg-MacLane

fibrations. Let n~1. A fibrat10n K(A, n)--.) E--..,. X.".1s' cal-

led orlentable 1ff Ai8 abellan end If I = t
1
Xacts t~lvially

on A. Let K~ be tte full subcatelZorv of Kn
x whose

A,O ~ ~

objects are orientahle f1brations. The restrlction of 1.1

gives the follow1ng weak linear extension

~n" + -+) Kn " ~~ AbfHn+1(X,_).
. X,O

The study of th1s weak linear extensions 18 similar to 4.6

and the proof of the follow1ng propos1t10n 18 analcgous to

4. 12.



4.26.PrODosition. There extsts an tsomoiühtsm
'" . ~

mich carries the class 0/ 4.-27 to cl, -1 H x) Let
f n

S:.t (H X) @ Ext (H X -)
t n n-1 '

be the Jallowing categoiy. Objects' are the same crs in ~~:~ (HnX) .

~-~ morphtsms tram

s = 0 ---+, A ---.)0' X --~.. H X
n

to ;~' are trtples. (f,g, h) where (f,g) :S~~ t ts a morphism in

~xi(HnX) and 3EExt(H
n

_
1
X,A'); the compositton ,ta detined by

(f' ,g' ,at )(f,g,a) = (f'f,g'g,a'+f~(a)).

Then the category K~,o ts equtvalent to t.he p~L2back 01 tr~ 102 

lowinB diagram.

q
~xi(HnX)@~Ät(Hn_1X,-) .. Ab

m1ere P(H~+1X~ A) = A,q(~) =A,q(f,g,a) = f.

Appendix.

In th1s appendix we prave theorem below, wh1ch

plays a cruc1al Tale in the proof of 4.20.

Let G:I----~, GiOUpS be a functor fram a small category I
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to the c.ategory of group8 and let A be aG-module. A crossed

homomorph1sm fram G to A18 a natural transformation of set val-

ued functors f:G----J- A such that f( i) i~. a 113ual cr03SEd homo-

morph1sm for each 1EOb(I). Let IDer(G,A) be the set of all cros

sed homomorphtsm fram G ta A. ,The followin,g theorem 1sproved by

alaebra
.~

facts about2.n21o~o1].s
'-'

,Groups oe an arbttiQ.ry fun.eta! and

,. G be an auwiEnted simvItctaI ob-
1.1 !

thc.t p ~ :~ a D'Y"' 0 f - ,... J. J n::. ....... 'e'"'t Ln~'-' I evL t.vl_ ULJj .(..1
n l ...

= 0, m>O,

= G(1), m=O.
Then there exists a natural biJectton

Bßs1Btov [1] (see also [g] for

valued functors).

A1. Theorem. Let G: l----..c

A oe a G-~~dule Let p
• ;J:

ject in (Groups)l such

(Groups)l and

~ (P.(1))
m . *' ..

Ext~_mod (l[GJ, A) :: rl'IDer( P", A) ,

where lCG] denotes the augmentaatton idea2 0/ G. The le/t har~

side denates the cohaiTt.oloBY groups 0/ a cosimp2 tetal abel tan

group wtth
IDer( P*_, A',I m = IT'E:!'( DA)

i,;..I ... \ J. m' t·

MOieO~ier in dimension ane ri.J.3 a bijectton betwBeil these ~rCJHVS
t..' l

ai1.d th.~ set 01 equt valence c2CLsses 01

1. n (Groups) I:

all short exact seauences
J.
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aJlo---.,." A ------~ X ----... G

such that Jor each XEX(i), aEA(1) the foIlowinB equality holds;

U r' ,'-0' ( ~" ) ~ 'i - 'l' I i ( ,.. ) ... - 'i
! \ '.J A. i:1, - H j ..... Cl A •

The rrßln theorem uf this appendix 18

Ä2.Theorem. L€t G. be a comvonentwise tTee stmüLiciaI ~rouD,
:i( l " .. i..1 ...

~ :: nr G ,"r·~ A be ., ~ '....odu' e rrn.. ......... .J. ...........~... .... ..... 1 ~ + ~ a -,LaT'll-, u," 7 180-Ao Jl. __ (,U, }o\ I..... Jl,- H t.... L /LeI(. loHe 1 e t'J.. (, .:::il- b ...... v ...

o *
morvhLsms..

Extm
G

~(I[G.J, K(h,n)) :: Hrr.+·i+n(BG*,A), m>O,
-moa * ..

*
where K(A,n) t3 a "standard EtLenberB - Mac1Jne space" (see the

proo! 0/ 4.20).

Before we pruve the theorem we recall some basic facts about

*H (BG*,A). It follows from the class1cal E1lenberg-Z11ber-

Cartier theorem (7J that Rl:(BG*,A) 1s isomorphie to the homology

of the total complex of the b1complex C*(G*,A). Its (m,k) comfo-

'nent 18 Maps( G~, A) B...'r1d 1ts horizontal coboundaries are def1ned

fram the theory of cohorrDlogy of groups and 1t8 vert1cal cobo

undar1es are 1nduced fram G*. In eBse G* 18 component wise free

the spectral 3equence of th1s bicomplex 15 ctegenerat and WB ob

tain the 1somorphism

A3. .Hm+'j (BG *' A) == :n:mDer( G*, A), m>O.

We recall that the projective übjects in the
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s1mp11c1al groups are retracts cf sums of objects of the type

Frö[n], n~O, whose rn cornponent i8 a free ,group generated by m

simplexes of L\[ n]. Therefore for any projective' object .P* (in

the category cf s1mpllc1al groups) toP* 18 a free B,roup and

P~ )XoP* 18 a contract1ble a~-mented simp11clal graupe

Also recall that the simplicial maps fram G* to K(A,n) are

isomorphie to TI-dimensional cocycles [13J. Therefore one gets
d

A4. ~r(G*,K(A,n))- == Ker(Der(Gn,A)

where d =L(-1)ioio

, Der( Gn+1 ' A) ) ,

Pro 0 f of A2. Let P** ' G* be a simpliclal projective

resolution in the category of simpllclal group8. Thls means that
. .

P** 18 a b1s1mp11clal group such that

a) for everv m~O P* 18 a Drojective object in the catelOry of, ...'·m.. ..., '-' ...

slrnpllclal groups and

b) for each m)O one has x P * == G , tkP * = o.
o m m m

S1nce P*m 18 a project1ve object' ~OP*m 18 a free group and

ikP*m = 0,_ k>O. It follows fram Qü11lens spectral sequences for

bisimp11c1al group8 [15] that s1mplic1al group8 G* and

m~ tOP*m are weak horrDtopy equivalent.

S1nce P*m ~~OP*m 18 a weak homotopy equ1valence with free



toP*m we have (by A3)

IkDer(P A) ~ Hk+1 (BP A) ~ Hk+1 (BI P A) =0 k>O.*m' *m' , 0 *m' ,
Therefore A4 1mnlies. that there ex1sts an 1somorDh1sm• •

IDer(P*m,K(A,O)) =Der(~oP*m,A), rn>ü,

and an exact sequences

A5. O~r(P.t.m,K(A~n-1)) )0 Der(Pn _", m,A),
-------+'IDer(P*~,K(A,n))------~)oo.

~t follows from A3 and b) that

tkDer(P A) =Hk+1 (BP A) =Hk+1 (BG A) = 0 k>O
. m* ' m* ' · m' '-'

s1nce G 18 free. Therefore A5 shows that for k>O we have
m

natural 1somorph18rr~:

tkIDer((p*)*, K(A,n)) =t k+1IDer((P*)*, .K(A,n-1)) -

=... ~ik+nmer((P)' K(AO)) ::tk+nDer(mI---+XP' A) ~, * *' " 0 *m' ,
=Hk+n+'l (B( ml- • 11: P ) A) ~ Hk+n+1 (BG A) •o :tm" , *'

Hence theorem A2 18 an immediate consequence of Ai.
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