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Most of the previous work on "noncommutative geometry" eould more aeeurately
be labeled as noncommutative differential topology, in that H deals with the homology of
differential forms on noncommutatlve spaees (eyelic homoloQY) and veetor bundles on
nancam mutat1ve spaees (K - theory) [Co 1]. However, the essence of geometry has to do
with the matrle properties of spaces.

In this paper we shall begln to lnvestigate metric propertles of noneommutative
spaees. Fi rst, we shall show that the metric data of differential geometry ean be
reformulated in operator theoretie terms. This will be done using a familiar
differential operator, the Dirae operator D. We sha11 see how the metrie structure on a
Rlemannian manifold, namely the geodesle dlstance

( 1) d(p ,q) =Infl mum of the length of paths ~ from p to q,

can be recovered from the selfadjoint operator D, aeting in the Hilbert space h of L2

spinors, together with the representation in h of the algebra of funetlons on the
manifold.

Dur data of a noncom mutative metr 1e spaee wi 11 consist of a tr i ple (89., h, D) of
a Hilbert spaee h, an involutive algebra J1 of operators on hand a selfadjoint
unbounded operator D on h. This new notion of ametrie space includes as examples the
following list of spaces, besides Riemannian manifolds:
cx) Finitespaces.
6) Spaces of non integral Hausdorff dimension.
~) Group rings of discrete subgroups of Lie groups.
6) Configuration spaces 1n supersymmetric quantum field theory.
e) "Quantum" tor i.

Du r task will be to show that th is new cl ass of spaces st111 deserves the nam e of
geometry. For th1s, WB shall replace the tools of the differential and integral calculus by
operator theoretle tools. We sha11 develop a dlfferent1al ealculus on naneom mutative
spaees which, on a Riemannian manifold, reproduees the calculus of differential forms.
The mal n too1 of i ntegratlon will be a nonstandard trace on operators, the Dixm ier
trace. It will allow us to develop tha analogue of the Yang Mills action. (As an indieation
that WB have the correet mathemat1cal noUon of the noncommutativ8 Yang Mills action,
we shall giv8 a very general 10wer bound of the action in terms of a topological
quantHy.)
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The main example of aspace to whieh all these eonsiderat10ns will be appl1ed is
an extended Euelidean spaee time. We shall g1ve a geometrie interpretation cf the
exper1mentally eonfirmed (at least at present energ1es) model of partiele physies,
namely the standard model. Our geometrie interpretation of th1s model 1s as a pure
gauge theory, but on aspace time E' = E x F, the produet of ord1nary Eue11dean spaee
time by a finite spaee, The geometry of the finlte space 1s spee1f1ed by a pair (h, D)
as above, where h is finite dimensional and the self adjoint operator Dencodes the
ferm ion masses and the Kobayashi -Maskawa mix ing parameters of the standard model.

Our analysis lS limlted to the elassieal level, and daes not adress at the moment
the questions related to renormalization. Nevertheless our geometrie interpretation of
the standard model gives an 1ndieatlon that partiele phys1es 1s saying someth1ng about
the smal1-seale geometrie strueture of spaee time.

Most of the results of th1s paper appeared in [CL], and wlll appear as a ehapter
in [Co2]. -

1 . RIEMANNIAN MANIFOLDS AND THE DIRAC OPERATOR.

Let X be a eom paet R1emann1an spin manifold and D = ax the eorrespond1ng

Dirae operator (cf [LM]). Thus D is an unbounded self adjoint operator aeting on the

Hllbert space h of L2 spinors on the man1fold X,

To fix notation, we ean write D = :E ~ Vj , where the matr1ees {yi} are

skew-Hermitian. Then if f 15 a funetion on X, also regarded as a multiplleation operator

on h, we have [D, f] = :E~ Oj f, an operator of C11fford multiplieation whieh we.shall

denote by 1< df).

We shall g1ve 4 formulae below whlch show how to reeonstruet the metrfc
sptJce (X, d) with d be1ng the geodesie d1stanee, the va/urne metJsure dv on X,
the sp8ee of gauge pafentftJ]s and finally the Yang-Mf l1s aet10n funct10nal, from
the following purely operator theoret1c data :

where D is the D1rae operator on the Hllbert space h and ~ 1s the abe11an algebra of
eontinuou5 funetions on, X .

By Gelfand's theorem, ws can r'ecover the compact topological 5pace X from JS..
Namely, a point p of X gives a • hamamarphism Q: JS. --. (: by setting Q(a) = a(p)
far a11 a E 81.. And Gonver5ely, any such hamamarphism Q is given by evaluation at
some point p, 59 X Gan be ldentified wHh the space of a11 sueh homomorphisms.

This is somewhat qualitative information, and we now Game to the first
interesting formula, giving U5 a natural di5tance function.

Formula 1.
For any pair of points p , q e X, thsir geodssic distanee 1s given by:

(2) d(p,q)=Sup{!a(p)-a(q)·I;ae81.,!I[D,a]ll:s;; 1}

The proof 1s straightforward, but is worth going through. The operator [D ,aL
which is bounded iff a 1S L1psch1tz, 1s.givsn by the Clifford mult1plieation "6(da) by
the differentlal of a, This differential 1s a seetion of the eotangent bundle T*X of X ,and
one has :

11 [D ,af 11 = Essential Sup 11 da 11 =Li pseh1tz norm of a

So in (2), we are 1mposing that jgrad al 1s everywhere ~ 1land then upon expresslng
a(p) - a(q) as a llne integral, 11 follows that the right hand side of (2) 1S ~ the geodesle

. .



djstance d(p ,q). But fixing the point p and considering the function

a(q) = d(q,p),

one checks that e is L1pschitz wHh constant one, so that 11 [D ,al 11 '" land one gets the
desired equalHy. Note that (2) is in essence dual to the original formula (I) in that
instead of involving ares, namely copies of IR inside the manifold X, it involves
funcilons, 1.e. maps from X to IR (or !C).

This is an essential point for us, since ,in the case of discrete spaces or of
noncommutative spaces X there may be no interesting ares in X, but nevertheless
there are plenty of functfons, namely the elements a E dl. of the defining algebra. We
note rightaway that the right hand side of (2) makes sense in that general context, and
technically defines a distance on the space of stetes of the C' algebra A:

d(ljl, 1jI) = Sup (Iljl(a) -1jI(a) I; 11 [D,alll '" 1 }.

We have now recovered from our original data (dl., h, D) the metric space
(X,dl. with d being the geodesie distance. We still need tools of Riemannian geometry
which are not immediately implied by the metric structure, the first being the measure
given by the volume form:

f .... Ix fdv,

where in local coordinates, one hes:

dv = (det (g~v)) 112
1 dx 1

1\ ... 1\ dxn
1

This takes us to our second formula, which is nothing but arestatement of the H.
Weyl theorem ebout the esymptotic behaviour of eigenvalues of elliptic differential
operators. It does, however, involve a new tool, the Dlxmler trece Tr which,
unlike asymptotic expansions, will make sense in full generality, and will be the
correct operator theoretic replacement for integration.

( 3)

Formula 2.
For any fE dl. one has:

Ix fdv = const.(d) Tr w (fl D I-d ), d = dim X.

For the detal1ed definition end properties of the Dixmier trace Tr w we refer to
[Di, Co2]. For the ti me bei ng we can inter pret the r ight hand side as the 1i mit of the
sequence :

Log N

where the A. 's are the eigenvalues of the compact operator f 1DI-d ,or equivalently, as
the residue Öf the function

~(s)=Trace·(fIDI-·d) Res> 1

at the poi nt s = I.

For us, the crucial fact is that the Dixmier trace is defined for operators on eny
Hilbert space, and that properties of the integral' Ix f dv become corollariesof the·
general properties of the Dixmier trace: "

A) Positivity: TrjTl ~ 0 jf T is a posltfve operator.



N
B) FinHeness: Tr w (T) < co if the characteristic values of T satisfy 5 \}n(T) =

O(Log N).

C) Covariance: Trw (U TU·) = Trw(T) for any unltary U

D) Vanishing : Tr(,/T) vanishes if T has finHe trace in the usu,al sense.

Property D is the counterpart of locality in our framework. I t shows that the
Dixm ier trace of an operator 15 unaffected by a flnHe rank perturbation.

One can see more elearly the locallty of the Dixmier traee for a special class of
operators, namely the pseudodifferent1al operators of order -d, acti ng on a vector
bundle over X. If P is such an operator then, up to an overall constant which we shall
neglect. the Dixmier trace i5 the integral, over the c05phere bundle of X, cf the local
trace of the symbol of P. Equation (3) i5 EI special case of this last statement.

We shall now focus on def1ning the noncommutative Yang-M i lls action. Before
d01ng so, it may be worth making same general comments. First. the usual Yang-Mills
action involves zeroth order information about the metric, 1.e. no derivatives. We do not
address the quest10n of noncom mutative Rlem(Jnn lan geometry I in the sense of
Riemannian curvature, in this paper. Second, we shall shortly define a differential
algebra on a noncommutative spaee, and usa this to da gauge theory on the
noncommutative space. If one is only interested in the differential calculus of gauge
theory, it is enough to have a differential Lle algebra, such as, for example, the graded
Lie algebra of g-valued differential farms far some Lie algebra g. (One still needs an
inner product on the curvature forms, for wh1ch wa shall use the Dixmier trace.) This
fact was used to construct physical models in [CES]. However. ons then loses the nation
of an underlying space, which corresponds to an algebra. G1ven an algebra. one obta1ns a
Lie algebra by putting [x ,y] =xy - yx I but not every Lie algebra arises in this way. 1n
this paper we base everyth1ng on algebra5, wh1ch, as we shall see, carresponds to a
genera11zation of electrodynam ics. However, we cannot say for 8 priori reasons that
either approach is physlcel1y right or wrang.

Let us then cleer1y state aur a1 m; it i s to recover the Yang M1115 fu nct i ona1
making use only af the following data :

Definition 1.

A K cycle (h I D) over an fnvolutiv8 algebra 89. f5 gfven by a
representatfon of :4 on a Hilbert space hand a (possfbly unbounded)

selradjofnt operator D such that (1 + D2
) -1 fs compcct and [D ,al f s

bounded (ar 811 a E .il.. WB shall say th8t a K cycle Is even Ir, In addition,

there fs 8 self-8dJolnt operator r on h J the 71./2 grad/ng-operator, such

that r = 1, ro + Dr == 0 and ra = ar rar 811 a E 89..

If the elgenval ues An of I D I are of the order of n lId as n -.. co. we say that
the K cycle is (d, co) summable. On the algebra af smoath functions on a compact
R1emannian spin manlfold , the 0 irac operator determ ines a K cycle ·which is (d,co)
summable where d = dirn X. If X ls even-d1mensianal then the K cycle is even. with r
being the chiralHy operator. We shall call this the D1rac K cycle. (The te'rm K cycle
comes from K-homo.1ogy theory.) ,

The value of the following constructton is that H will also apply when the •
algebra.d. is not commutative , or when D 1s no langer the Dirac operator. The reader
can have in m1nd both t.he Riemannian case and the sl1ghtly more involved case-where
tre algebra ~ is the • algebra of matrix-valued funct10ns on a Riemannian manifald ,

1\
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j ust in order to have 1n m1nd that the usua1 not ion of ex ter 10r product dass not make
sense in the latter case.

We shell begin by the nation of a connection on the trivial bundle, 1.e. the case of
"electromegnetism", end def1ne the vector potentials and Yang M111s action. We shall
then treat the case of arbitrary hermitian bundles.

We want to def1ne k-forms over a9. as operators on h of the form

w = r e~ [D, a{ ] ... [D I at ]

where ths al are elements of s;l., represented es operators on h . This idea arlses
because although the'operator D fails to be invariant under the representation on h of
the unHary group CU of 3t :

CU = { U E ~ ; u'" u = uu'" = 1 }

the fo llow i ng equa1ity shows that the fail ure of invar iance 1s governed by a 1- for m 1n
the above sense:

uDu"'=D+wu ' wu=u[D,u*].

Note that Wu is self adjoint as an operator on hand 1t 1s thus natural to adopt
the following definHion :

Definition 2.

A vector potentfal V fs 8 sel( adjofnt element of the space o(

I-forms: r a~ [D , a{ ] I at E ~ .

One can immediately check that in the basic example of the Dirac operator on a
spin Riemann1an manifold X, a vector potential in the above sense 1S exactly glven by an
1maglnary l-form v on X, the corresponding operator on sp1nors being V = ~Cv).

The action of the unHary group CU on vector potentials is such that H replaces
the operator D + V by u(D + V) u"'. It is thus given by the algebraic form ula :

~U<V) = u[D. u"'] + u V u* U E 'U

Note that 1t is not tru8 in general that u V u* =VI as happens 1n the case of
R1emannian manifolds.

We now just need to deflne the curvature or field strength B for a vector
potential, and use the analogue of equation (3) above to integrate the.square of B. So

YM(V) = TrwCS2IDI-d)

should give us the Yang Mills act1on.

The formula for 8 should be of the form:

2
8 =dV + V

and the only diff1culty lS to define properly the "differential" dV of a vector potential,
.as an operator on h. The naive form ula is :

If V =r a~ [D, a~] then dV =L [D, a~'] [D. a{ ].

Before we point out what the difficulty is, let us check that if WB replace V by ~u (V),

~u( V) =u [D, u'" ] + L u a~ [D, a~ ] u'"



then the curvature transforms in a covariant way :

d( ~U<Y)) + ~u(y)2 =u(dY + y2 ) u'"

This computat10n 1s 1nstructive so we shall do H in detail. F1rsC to wrHe ~u(Y)

in the same form as VI we use :

[D I a~ ] u'" = [D, a~ u*] - a~ [D, u·]

Thus

and one has :

d~U<Y) = [D,u] [D,u"'] + L [D , u a~] [D, a~ u*] - L [D, ua~a{] [D , u*].

Now we cen see that the following operators on h are equal :

ex) d ~u (V) + ~u(y)2

~) u(dV + y2
) u·.

Indeed , the operator ex) lS equal to :

d~u(V) + (u[D .u"'] + u Y U*)2 =

d ~u(Y) + u[D, u*] u[D,u*] + u[O,u*] u Y u* + U Y u* u[D,u*] + u y2 u* =

d~u(Y) - [D,u] [D,u*] - [D,u] Yu· + u Y[D,u*] + u y2 u* =

L [D, ua~] [D, a~ u*] - L [D , u a~.a~] [D,u·] - [D,u] Vu* + uY [D,u*] +

u y2u· =

u (d Y) u* + U y2 U*,

where the last squallty follows from :

L [D,u] a~ [0, a{ u*] - L [0, u] a~a~ [D, u*] = [D,u] Vu·,

L U [D, a~] [D, a{ u·] - L u [D, a~ ] a~ [D, u*] = u d Y u*,

L u a~ [D, a~ ] [D, u*] = u Y [D, u*].

However, there is a big diff1culty that we over looked, namely that the same vector

potential Y m19ht be written in several ways as V = L a~ [D ,8j
1

] ,and so the def1nit10n

of dV as L [D ,a~] [D ,aj
1

] ls ambiguous.

Ta understand the nature of the prQb1sm, let us lntroduce same algebraic
notation. We let 0*($) be the universal differential graded algebra over 8S.. It lS a
formal object equal to JlS. in degr~e 0 and generated by symbols da, a E cSQ. I of degree
1 wHh the following relations: .

ex) d(ab) = (da) b + a db 'i a , b E ~

~) d1 = 0
. .

The involution • of ~ extends uniquely to an involution on O*(~) by the rule:

~) (da)· = - da*

I
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The differential d on O*(cSQ.) 15 defined unamblguously by

~+

o(0 1 d") 000 d 1 d"dada ,,,a = a, ,,a I for all ~ E 8S.

end it satisf1es :

6) d2w = 0 for a11 w E 0*(89,)

e) d(W1W2)=(dWl)w2+(-1)degW1 w 1 dw 2 forall WjEO*($l.).

We will abbreviate 0*(dQ.) by 0* ,and Ok ($l.) by Ok.

Proposition 3.
1) The followfng equalfty deflnes an fnvolutlve representatlon Tl

of the algebra O· on h:

n(ao da1 .. , da") = aO [D,a t
] ... [D,a"] for a11 ~ E ~.

2) Let Jo = Ker neO· bs ths two sfded fdeal of O· gfvsn bU

J~k) = ( W E Ok , n(w) = O}. Then J = Ja + dJa Is a two slded Ideal of 0·,

Invar fant under d.

The fi rst statement 15 easy to see. Using 1t, we can defi ne the Yang-M 111s action

unambiguously for any self-adjoint element of 0 1, Let us discuss 2), By construction,

Jo 1s a two sided ideal, but it 1S not in general a differential ideal -1.e, if W E Ok

and n(w) = 0 one dass not havs in general n(dw) =0 , This 15 exactly the reason why

the-ebove definition of r [D I ej] [D I aj
1

] es the differential of the l-form r aj [D, aj
1

]

was amb1guous,

Let us show, however, that J = Ja + clJo 1s still a two s1ded ideal. S1nce we

have d2 = 0, H 1s obvious that J is then a differential ideal, Let W E jk) be a

homogenaus element of J. Then w can be wrHten in the form w = w1 + dW 2 , where

w1 E Ja n Ok, w
2

E Ja n Ok-l. Choose w' E Ok' and let us show that ww' E J(k... k'),

One has

ww' = w 1W' + (dw 2) w' = w 1 w' + d(w 2 w') - (-1 )k-l w2 dw' =
(w 1w' + (_I)k w2 dw') + d(w 2 w').

But the first term belangs to Ja n Ok... k', and w
2

w' E Ja n Ok+k'-1. Sim llarly 1 one

shows that w' w is in J (k... k'). QED

Now using proposition 3, ws can introduce the following graded differential
algebra:

0 0= O·/J,

(Quotienting out by J has the effect of e11minating the spurfous f1elds of [CL], and makes
the com perison easier wHh other treatments, such es [CES].)

o 1 2
Let us look at 00 ' 00 and 00 .



Ws have J n 0 0 = JO n 0 0 = {a} 1f we assume, as we shal1, that JI9. 1s

em bedded in :e (h) , the bounded operators on h. Thus O~ =$il., Next,

J n 0 1 =Jo n 0 1
+ d(Jon 0 0

) =Jon () 1,

Thus O~ 1s the Quotient of () 1 by the kernel of Tl, and so it 1s exactly the space

Tl (0 ') of operators W of the form:

o [ 1] . kW = L aj D, aj ; aj E JI9. ,

Now J n 0 2 = Ja n 0 2
+ d(Jo n ( 1

) and the representation Tl g1ves us an
isomorphism;

(4) og == n(02) I Tl (d(Jo n0' )).

More precisely, thlS means that we cen v1ew an element W of og as a class of
elements Q of the form:

Q = L 8j
0 [D I a}] [D I a}] ; ar E JI9.

modulo the subspace of elements of the form:

bt E ~ , L bf [D I bj1] = a.

It 1s cl aar now that because we war k modu To the subspace Tl (d(Jo n 0 1 )), the

question of the ambiguity in the definition of dw for WEn (0 1
) no langer arises.

Note that equalHy (4) rnakes sense for a11 k:

(5) O~ ~ n(Ok )1 n(d(Jo nOk-' ))

and allows us to define an inner product on o~: for each k, let hk be the Hllbert

space carn plet ion of n (0 k) wHh respect to the 1nner praduct

Let P be the orthogonal projection from hk onto the orthogonal cf the subspace

Tl(d(Jo nOk-l )). By construction, for wj E n(Ok), the inner product < Pw, J PW 2 >

on 1y depends upon the classes of the Wj 1n Oa, We let A k be the Hll bart space

complet1on of O~ for this inner product; it 1s of course equal to Phk .

Proposltlon_ 4.

1) The 8Ct fons of .99. on ;\ k bt,l 1eft 8nd r fght muTt fp 1fC8t fon i:Jsffne

commutlng unftary repressnt8tfons of JS on ;\ k •

2) The functfontJ1 YM(Y) = < dY + y2
, dY + y2 > fs posftfvs, qU8rtfc

end fnvarfant undsr gauge 'tr8nsform8tfons,

~u(V) =udu· + uVu· \r:I u E 9.l.( JI9.)

3) The funet foneT I(cx) = Tr w (82 I D I- d
) I 8 = Tl (dcx + cx 2) fs posftlve,



quortfc and geugs fnvarfont on {cx E 0 1
: cx = cx'" }.

4) Ons has YM(V) = Inf {l(cx); n(cx) = V }

Let us say a few words about the easy proof. Sinee n (d(Jo n Ok-l » c n (Ok )

15 invar1ant under 1eft and right mult1p11eation by ~,and sinee the 1eft and right

actions of ~ on hk are unitary, it follows that P(a~b) = aP(~)b for all a, b E ~ and

~ E hk. So 1) follows, For 2), one j ust notas that by the above calculation, wHh dY

unamb1guous now, e= dV + y2 is covariant under gauge transformations. For 3), one

uses again the above' ea1eulation to show that dex + ex 2 transforms covar~antly under

gauge transformations. Finally, to see 4), note that if n(ex) = V then dY + y2, es an

element of /\ 2, lS equal to P(n(dex + ex 2 ». Thus I(ex) ~ YM(Y). To see that the

1nfimum is attei ned, fix Y and take any ex sueh that n (ex) = Y. Wa have that

n(dex + e(
2 ) - (dY + y2

) 1s an element of n(d(Jo n 0' », say da. Put ß= ex - a.

Then 7t(ß) = Yand n(dß + ß2 ) = dY + y2
, so I(ß) = YM(Y), QED

Stated in simpler terms the meaning of proposition 4 1s that the emblguity that
we met ebove in the definition of the Yeng-Mi1l5 action ean be reso1ved by taking the
infimum over all possibilities. The obtainsd aetion 1s nevertheless quartic by 4.2.

Example 1: Ws shal1 now check that in the ease of R1emannian manifolds, wHh the

D1rac K eyele I the graded differential algebra 0ö is the same as the de Rham algebra

of differential forms on X, with Hs usual prehilbert spaee structure. We now spee1a1ize

to the Riemannian ease, where ~ is the algebra of funetions (with some regularity)

on an even-dimensional eompact spin manifo1d X end D.= 0x ls the Dirac operator on

the Hi 1bert spaee L2(X ,S) of sp 1nors. We let C be the bundle ovar X whose fi ber at

each p E X lS the eomplex1f1ed C1ifford algebra C11ff[ (T;(X» of the eotangent spaee

at p EX, Any measureble bounded seetion g of C defines a bounded operator "6(g) on

h = L2(X ,5). For any f', , f E ~', fodf 1 ... dfn lS an element of O"'(A) and ons has

Tl(fodf, ". dfn) = fodf, dfn ' where on the right hand side , the usual differential df

is eonsidered as a sect10n [0, f] of C, and ' denotes the produet in C.

For each p EX, the Clifford algebra C
p

has a fi ltraUon by { C~k)}, where C~k) 1s

the subspaee spanned by produets of ~ k elements of T;(X). The assoe1ated graded

algebra { C~k) / C~k-1) } 1s isomorphie to the eomplexified exterior algebra

/\(T;(X» and we shall let 0k: C'kl -+ /\~(T"') be the quotient map.

Using the i n.ner produet on C given by the traee 1n the sp 1nor rep resentat ion,

one ean also 1dentify /\~ wHh the orthogonal eomp lement of C(k-l) in C(kl, or

equivalently, if ws let Ck be the subsp,aee of dkl of elements of the same parity es k

then

9



for v E h andV E O~.

Lemma 5.

Lst (h ,D) bs ths Dlrac K cycls on the algebra JI9, of functlons on x. For

kEIN, a pair T1 ,T2 of operators on h Is of ths form T1 =n(w) 1 T2 =n(dw)

for some w E Ok Iff fhsrs sxlst sectlons Q1 1 Q2 of ck and ck+', such thßt :

Tj =y(gj" j =1,2 1 dO'k(Ql) =O'k+l (Q2)·

Here O'k(Q1) 1s an ord1nary k-form on X and d is Hs ordinary d1fferential.

Note that for k > d = dim X. one has O'k(g) = O. We shall omH the proof of Lemma 5.

We can now easlly determine the graded d1fferent1al algebra 0 0. First, let us

identify n( Ok) wHh the space of secttons cf dk). Then lemma 5 shows that :

(lf Q is a section of C
k wHh O'k(Q) = 0 then the pair Ql =0, Q2 =Q in Ck

-
1

and Ck fu1f111s the cond1t1cn cf 1em ma 5. and so Q= n (dw) for same w wHh n (w) = 0,)

Thus O'k ls an 1somorph1sm : O~ ~ 5ect10ns of !\~ (r-), which again by Lem ma
5 com mutes with the differential. We can then state :

Formula 3.
The map aO da' ... dan ~ aO da! " ... "dan from 0- to !\ k (X) extends to

an Isomorph/sm of the differential graded algebra 0 0 w~th ihe de Rham
algebra of diff~rentf8T forms on X. Under this isomorphfsm, the inner
product on 00 fs the Rfemannian inner product of k-forms "

< w , ~' > = Ix w !\ • w',

The last 8Qual1ty fellows (rom the computat10n of the Dixm ler trace for the

operator on h = L2(X .5) associated to a sectlon g of the bund1e C of Cl1fford a1gebras:

Trw (g ID I-d
) =Ix trace (g(p)) dv(p)

As an immed1ate corollary of formula 3 we get :

YM(V) =Ix 11 dV 11
2 dv

for any vector potenUal V on X. End of Example 1.

Let us now eonsider the genera1;zed ferm;onle action, A ferm10n f1e1d will
simply' be an element of the Hilbert space h. The operator D + V is se1f-adjoint.

Definition 6.
The ferm fonic action is <v' (D + V) v>,

By construetion , the fermionlc aetton 1S gauge invariant in that for any U E 'U(st) , ft 1s
invariant under the transformations

v....,. u V. V....,. '6 u(V) .

. Example 2: Hassless ehireT elecirodynam fes.

We cen eell the followlng the act10n for e generalized "massless ehira1
electrcdynam ;es":

\0



L{V, v) =g-2 YM(V) + <V, (D + V) v> for V E hand V E O~.

The reason that the name is appropriate is that lf we use the Dirac K cycle on a
4-dimensional spin manifold, then we obtain exactly the usual Eucl1dean action of
massless electrodynamics with one fermion field I end with g being the physical coupl1ng
constent. We should note that one cannot really write a Euclidean action for ch1ral
ferm ions, and the 'V fleld above 1s a 4-com ponent spinor f1eld. The reason to call it
"chiral" electrodynam1cs 1s that one can Wick-rotate to Minkowsk1 space, end then
impose rV =v.

5imilarly, to obta1n the action of massless electrodynamics with N+

right-handed ferm 10ns and N_ left-handed fermions, we would take the Hllbert space to

be h = h + E9 h_, where h+ consists of N+ copies of L2{X ,5) and h_ consists of N_

copies. With the grading operator g1ven by r = ('Y5 @ IN+) e (- 15 @ IN_ ). we can then

write out L(V , 'V) , Wick-rotate and im pose r'V =W.
End 01 Example 2.

Let us now extend the definition of the Yang Mi11s action to connections on
arbitrary herm 11ien vector bundles.

First of a11 , we need to express in algebraie terms, 1.e. using only the
involut1ve algebra 8S. =C(X). the nation of a hermit1an vector bundle over X. A vector
bundle E is entirely characterized by the, vector space (: of Hs seetions.
Furthermore , this vector space has an e5Q.-action, which we sha11 take to be on the right.
In other words, f1 is a right 8S.-module. The loeal triviality of E end the finite
dimensionalHy of its fibers translate algebra1cally to saying that there is an &' such _
that f1 e f1' is ~N for same f1 nite N. or in more fancy term 5, that f1 is a fi n11e
projective module over "qg..

The Her mHian str ucture on E. Le. the inner product (t: , n) p on each fi bar
Ep ' allows us to construct a sesqullinear map :

(,) : f1x f1-+ 8S.

g1ven by (t: ,n) (p) =(t:(P), n(p))p

This map ( ,) satisfies the following conditions :

1) (t:a I nb) = a* (t: ,n) b for a11 t: , n E g , a , b E ~

2) (t: , t:) ~ 0 for a11 . t: E &

3) g 15 self dual for ( ,).

Thus the hermit1an vector bundlas ovar X correspond to the hermitian finite
projective modules over ~ in the following sense:

Definition 7.
Let 8S. be cn algebra wfth an involution • and a unit. Then a

herrn itian structure on 8 finite projsetlvs module & ovsr ~ I s
glven by 8 sssquiJins8r map (,): r: x f1 -+ ~ satlsfylng 1, 2 and 3.-

One can show that all herrn itian struetures on a given finite projectlve module

r: ovar $l. can be obtained 85 follows: ons writes r: as e~N for appropriate e and N,

where e, an ,NxN matrix with entr1es in ~, is selfadjoint and satisfies e2 = e. One than

restriets to (; the herm1tian structure on cS!tN given by :



«( , n) =r (t nj E ~ for a11 ( = «(j) , n = (ni)'

The algebra End$9, (g) of endomorphisms of g, that is, linear maps T from g to
g wh1eh eomm ute with the cSQ.-aet1on, has a natural1nvo1ut1on, g1ven by :

( T·(, n ) = ( ( , Tn ) for a11 ( , n E &.

WHh thls involution, End.qg. (&) 1s isomorphie to the algebra of matr1ees eMN(cSQ.)e.

As before, we let (h , D) be a K eycle over cSQ..

Definition 8.
The Hflbert space of "gauged spfnors" fs & 0 c1S h. /ts fnner product

fs glven by
« 1 0 n I, (2 0 n2 > =<n 1, «( 1, (2 ) n 2 >.

If h has a grad1ng operator r, it extends to a gradlng operator on & @ c1S 'h.

Definition 9.

Let g be a hermitfan finite projectfve module over aS. . Then 13

connect fon on g fs gfven by 8 lfnear map '\7: g -. g @ c1S () ci such th8t

'\7«(a) = ('iJ() a + ( 0 da for all (E & ,a E ~.

A connectfon '\7 fs compaffble (wffh fhe mairfc) Iff:

< ( I '\7n > - < \7( , n > =d < ( , n > for all ( , n E &.

80th sides of the last equation 118 in ()~. (In computat10ns, ans shoulp
remember that (da)· = - da· for a11 a E 89., and lf '\7 ( = r (j 0 W j with Wl E 0 0
then <'V(,n>= Lwt«j,n>.)

Such connections always exlst. for with fJ expressed as e J29.N, one may take 'V
to be :

'\7 o( = e dt

Twoconnect10ns \l and '\7' on e: d1 ffer by an element of Hor'!'l~ (g , I: @ a9. () ci ).
Any compat1ble connection can be wr1tten es '\7 ( = e d( +" p (, where pis a self-adjoint
NxN matrix of 1-forms sat1sfying ep = pe = p.

As in proposHion 4 we shall now give two equlvalent definHions of the action
functional YM (\l) on the affine space C( &) of com pat ib 1e connections..

The group C:U( g) of unitary automorphisms of g,

'U(g) = {u E EndJ29.(&); uu· = u·u = 1}

will be'the unitary gauge group, in that H acts by gauge-transformations (expllcHly I

"6 u( Y') =u '\l u·) on the space C( &). To defl ne the curvature B of a connectlon '\l, we
flrst need to def1ne the covar1ant derivative of a vector-valued form. Put

g'=g0~Oo,

. the space of vector-valued forms. Extend \l to a un1que linear map from &' to &' ,
which ws shall also denote by '\7 , by

II

\l «( 0 W) = ('\7 () W + ( 0 dw for all (E & I W E 0 Ö



One finds that th1s linear map "V sat1sfies:

"V (n w) = ("V n) w + (- 1)deg n n dw

far any homogeneous n E {1' and w E 00'
It follows that '\12 (nw) = ('\12 n) w, 1.e. "V 2 1s an endomorphism of the right

0 0 module &'. lt is determlned by Hs restrietion to &. whieh we shall denote by 8:

8 E Hom~ (& , & 0 ~ 0 ~ ).

If we use the representetlon g = ea9. N then 8 will be a sslf-adjoint NxN matrix of
2-forms such that e8 = 8e = e.

Next, usi ng the inner praduct on o~ and the herm 1tian strueture on &. ans gets
a natural inner praduct on

Hom~ (&,(;@~ O~).

Using this WB define

Definition 10. YM("V) = < e . e >.

By eonstruet10n. this action i5 gauge invariant. positive and quartic.

Formula 4.
Lst X bs a Rfemannf8n spin manlfold wfth fts Dlrac K cycle (h . D).

Then the notion of connsctfon (Def. 9) fs the usual ans, and ons has :

where 8 fs the usual curvature of "V.

Thls follows immed1ately from Formu1a 3.

Thus ws recaver in this ease the ususl Yang M111s action, For the ferm ionie
action, we define the gauged Dirae operator on & @JQ. h by

far a11 t E g and n Eh.

Definition 11.
The fermfonic action is <\V, D'V \V>, (ar 'V E {: 0.u hand 'V (J compatible
connect fon.

Example 3: U(N) gauge theory wfth chfral fermions.

Given an even (4,oo)-summable K cyele, take & to be 3tH
. Then g 03t h 1s

simply Neopies of h. Let 'V be a eompat1b1e eonneetion on g, Consider the action

for 'V E (; 09J. h.

Its group af gauge invarianees eonsists of the unHary NxN matriees ovar ~,

In the ease of the Dirae K eye1e on a 4-dimenslanal spin manifold, WB obtain the
usual Euelidean aeilon of a U(N)-gauge theory wHh ane N-tup1e of fermion fie1ds in the
fundamental representat10n of U(N). End of Example 3.

We sha11 now mention the easy adaptation of proposit1on 4.4 to the general ease.
First af a11. any eompatible connecilon in the sense of Definition 9 15 the composltion
with Tl cf a universal compatfble connectlon, 1.a. a linear map



'\J:&-+g@~Ol

fulfilling exactly the condHions of DefinHion 9.

Ta see the sur j ect1vity of the map :

TI : CC(g) -+ C(g)

(where CC(g) is the space of un1versal compatible connections), 1t 1s enough to note
that the special "Grassrpannian" connectlon '\J'o ls of this form, and that n lS a
surjection of 0 1 onto 0 0, Next, a universal compatible connection extends uniquely to
a linear map :

such that

'\l (nw) =( 'iJ n) w + (- 1)deg Tl n dw

for any homogeneous n E g 0 sl O· and w E 0·.

The curvature 8 ='\J2 is then an endamorph15m af the module g' =f: @ 8S. O·

over 0 *, end TI (8) makes sense as a bounded operator on the Hl1 bert space g (5) 8S. h.
Then the analague of the action I of proposition 4 is glven by :

I('\J) = Tr w (n (B) 21 Dv I-d )

One proves 1n the sam e way as before that for a given com pat ib 1e connec"tion \I E C( g) ,
ane has :

YM('V) = Inf{ 1(\11); n(9 1 ) = 'iJ}.

Let us br1efly stete the 1nequalHy between the Yang-Mills action and a
topological quantHy. For the background notions and notat10ns, we refer to [Co 1].
Suppose that we have an even (4.oo)-summable K cycle. Deflne a Hochschlld cocycle by

<P (a0 da 1
... da4

) =Tr w (r a0 [D ,a 1
] ... [D, a4

] D- 4
) f0 r a11 ~ E 8S..

Let B be the operator:

B : H4($1, $l*) -+ HC3(~).

Then one can show that Bet' =O. We shall, however, need :

Hypothesis 12 B<P =0 as a cochaln.

(ln the case of the D1rac operator on a 4-d1mensional manifold one has :

et' (f ,. , r4 ) = J fO df1
/\ df2 /\ ... /\ dt I

which satisfies the hypothesis.)

Since Boet' is already cyclic :

( 0 1 2 3 ) ( 0 1 2 3) [0] [ 3 -4Bo<P a ,a ,a I a =~ 1. a ,a • a I a =Tr w (r D,a ... D, a ] D )

the condit10n B<P =0 means that in fact, Botp =O. Th is I together with b<P =0 11m p1ies
that tp 1s a cycl1c cocycle.



Theorem 13.
For any herrn itfan finite projective module & over ~ one has :

YM('V) ~ < [&],~ > for a11 'V € C(f])

The right hand s1de is the pe1r1ng between K theory and cyclic cohomology. In
the case of the Dlrac operator on a compact 4-dimensional spin man1fold X, ans
recovers.the usual lower bound for the Yang-M111s action in terms of the topo10gical
charge of the vector bundle.

2 . PRODUCT OF CONTINUUM BV DISCRETE AND THE SVMMETRV
BREAKING MECHANISM.

We have show n how to extend the nations of gauge potent ia 1s and Yang M1115
action to flnitely summable K cycles (h, D) over an algebra ~, and we have also
defined the fermion action.

In this sect10n we shall glve two examples of computations of these actions:
a) The case of ad1screte 2 pt space.
b) The case of a product of a 4 dimensional manifold by case a).

We first need abrief discussion of product spaces. Suppose that we have two triples :

We assume that ans of them is 8ven 1 La. we are given a 71../2 grading, say r 1 , on
hl' We dsfine the praduct to be the tri ple (39" h, D) :

39, = $S., 0.s12 ' h = h1 @ h2 I

D=D1 @ 1 + r 1 @ D2 .

Ons can check that 1f aur two tr1ples are D1rac K cycles coming from two
Riemannian manifolds , then the product K-cycle corresponds to the Dirac K cycle of the
product manifold. If we have finite hermitlan projective modules &j ovar the ~j I then
&1 0 &2 1s a finite hermit1an projective mooule over a.S..

Next, the formula D2 =D~ 0 1 + 1 0 D;, which follows from the
anticommutation of D, with r 1 , shows that d1msnsions add up, that is, 1f the Oj
are (Pj ,(I)) summable then D is (P1 + P2 ,(I)) summable, Moreover, one can show
that

far a11 Tj E ;f,(hj ),

More prec1sely, this 1S true provlded that Pj ~ 1, but in the case of interest
(Exam ple 5) 1 we have p1 = 4 and P2 = O. The correspond1ng form u1a turns out to be :

Tr w «T, @ T2) 1Drp
) = Tr w (T 1 I 0 1 I-P

) Tr(T2)

Thus in the O-dimensional case, we should replace the Dixmier trace by the ardinary
trace, and the Yang-Mil1s action YM('V) 1s just given by Tr (82

),

Example 4.
The space we are dealing with has two points a and b. Thus the algebra

a.S. is j ust 4: $ (, the d1rect sum of two copies of (. An element f E .Ill. i5 given by
two complex numbers f(a) I f(b) E (. Let (h ,0 1 r) be a O-dimensional K cycle over
~. Then h 1s finite dimensional and the representation of JiS on h corresponds
to a decomposition of h as a direct sum h =ha <!> hb, wHh the action of ~ g1ven by :



(

fCa) 0)'fEs:t -.
o fCb)

If we wr1te 0 as a 2 x 2 matrix in thi5 decompo5ition :

D= Dei;) )

°bb
we can ignore the diagonal elements sincs.they commute with the action cf ~. We shall
thU5 take Dto be cf the form:

whers 0ba = 0 b* and 0ab 1s a l1nsar map from h to ha . We shall denote by M thi5
linear mep. A5 will become clear. a "standar~" geometry on our 2-po1nt 5pace
corresponds to M = O. Thu5. although our algebra in this example 15 commutativ8,
our more general nation of geometry allows us to consider nonstandard gaometries on
this "comm utative" spacs.

We 5hall take for r the 7l/2 grading given by the matrix

r = ( ~ _°1 )

So the geomstry of our 2-point 5pace is given by :

Let us first compute the matrie on the space F = {a , bL uSlng Formula 1.
G1ven f E .qg., one has :

(
0 M) ('(a) 0)

[0 . f] = ,
MI- 0 0 f(b)

(

0 M(f(b)-f(a))
= = (f(b)-f(a»

-M*Cf(b)-f(a» 0

Thu5 the norm of this commutator 15 1f(b) - f(a) I [I M 11. where 11 M 11 i5 the
largest characteri5tic va1ue of M. Hence :

d(a,b)=Sup {lf(a)-f(b)1 ,11[D,f]Il~ 1}= l/IiMll

Let us now determ ins the 5p8ce' of gauge potentials I the curvature and the
aet ion in two cases :

cx) f: = .qg. (Le. the triv1al bundle over F).

F1 rst I let e be the 1dem potent e E ~ glven by eC a) =1 and eC b) = O. For notat10na1

51mplleity I let U5 wr1te s' for the ldempotent 1 - e. Then,sg. 15 spenned by e end s'. and



da = - de'. Thus the space 0 1 of universal 1-forms over ~ is a 2 dlmensiona1 space,

wHh the basis {e de, e' de}. So every element of 0 1 can be written in the form Sil e de

+ Sb e'de for some complex numbers Sa and Sb' We shall denote th1s l-form by the

pair (Sill Sb)' Using the ident1t1es

e de = (de) e', e' de = de (e) ,

one finds that the action of JS on 0 1 1s given by

]7

*We see that although the algebra ~ is commutative, the algebra 0 1s not
graded-comm utative,

The differential d: 39. -Jto 0 1 1S essent1ally a finite dlfference operator:

df=(bf, bO , bf=f(a)-f(b).

One com putes:

(

0 - Sa M )

S M* 0b

E ;f,( h).

So provided M ~ 0, the representation Tl: 0* -Jto ~(h) is 1-1 on 0 1
t and 0 1 = o~,

Next, let us find what 05 15, Recall that og = 1t(02)/1t(d(JO nO 1). Now any

element of 0 2 can be written as h
ll

e de de + hb e' de de, which we shall denote by the

pair of complex numbers (h
ll

,hb), Ons com putes:

o

(

- hIlOMM*

h M*M- b

E ~(h).

So if M ~ 0 then the representation Tl : O· -+ ~(h) is 1-1 on 0 2, And since Tl is 1-1

on 0 1
, Ja nO 1 = O. Thus og = 0 2. The differential

d : 0
1

-Jto 0
2

is given by d(Sa' Sb) = (Sa - Sb) de de = (Se - Sb' 8" - 8b)·

And the multiplication

0 1
X 0 1 ~ 0 2 1s g1ven by (Sa' Sb) (Sll', Sb') = (Sll 8b' I 8b 6a').

We now have enough of the differential calculus on the 2-p01nt space to compute

the gauge theory. A vector potential 1s given by a self adj01nt element af O~ , or in our

case, by V = (- <P , <P *), with<P a cam plex num ber. Its curvature is ;

8 = dY + y2 = - ( 1<P + 1 1
2 - 1, I<P + 1 1

2 - 1 ),

Thi5 gives the followlng formula far the Yang Mi 115 action:

YM(Y) = 2( I<p + 1 12 - 1)2 Trace «M*M)2 )

The action of the gauge group 'U. = U( 1) x U( 1) on the space of vector potent1a1s, l.e,
on <P I 15 given by 'iU<Y) = u du· + u V u·, wh1ch, wi.th u = uae + ube' , gives:



'tu(V) = (1 - UeUb* (CP + 1 "-1 + ubue· (CP* + 1 »,

On the variable cP + 1, this just means multipl1cation by ua Ub·'

Thus in th1s very simple case, our act10n YM(V) reproduces the
symmetry-breaking Higgs potential. It has nonuniQue m1nima, given by IcP + 1 1= 1,
whlch are acted upon non trivially by the gauge group,

The ferm 10nic action is g1ven by < lV , (D + V) lV > I where the operator 0 + V
1s equal to :

(:. :1+(~'OM' ~OM) = ( 1+0~)'M"(1 +:)M)
WrHing lV as (lV+1 lV_)T I we see that the fermion1c action 1S

< lV 1(0 + V)lV > = lV+* (1 + CP) M lV- + (complex conjugate"

which is a sort of a primitive Yukawa coupling. Let us note that for the "standard"
geometry with M = 0, the two points are infinitely far apart, and the Yang-Ml1ls action
vanlshes,

~) Let us take for f: the non trivial bundle over F = {a I b} with fibers of
dimension na and n on a and b respectively. (This does not affeet the differential
calculus that we wor\ed out before,) The bundle is nontrivlal if( na ~ nb and we shall
consider the simple case of na =1 and nb :: 2, The finite projective modUle f: 1s of the
form:

f: = f cSS2

where the idem potent f E M2( s:l.) 1S given in terms of the notat10n of C( by the form ula

f= (1~1) (0~1») = (~ :')

To the idempotent f corresponds a particular compatible connection on &,
given by 'V ot =fdt with obvious notations. An arbitrary compatible connsction on f:
has the form:

'Vt =\7 ot + Qt

where Q1s a self adjoint element of M2(O~) such that fG =Gf =G. If we write Q es a
matrix,

thess condit10ns are:

(6) S'Q21 =G21 I e'Q22 =Q22 =Q22 s' I Q12 S' =Q12'

Thus we get :

Q11 =- <P 1 ede + <P 1· e'de I Q21 =cp 2• e'de

where cp 1 and <P 2 are arbitrary complex numbers,

Q12 = - <P 2 ede , Q22 =0,



The curvature 8 is glven by 8 =fdfdf + f(dO)f + 02

= (0 0 ) + (d011 (d0 12 ) e) +

o e'dede e' d021 0

Exp l1cit ly, the com ponents of e are:

B11 = (1 - I~ 1 + 1 1
2

- I~ 2 1
2

) edede + (1 - 1~ 1 + 1 1
2

) e'dede ,

e'2 = - ~ 2(~1 + 1)· e' deda ,

82 1 = - ~ 2• (~1 + 1) e' dede ,

822 = (1 - I q> 2 1
2

) e'dede.

An easy calcu1at10n then gives the action YM(\7) in terms cf the variables q> 1 and q>2

YM(\7) = (1 + 2 (1 - ( I <fl, + 1 1
2

+ I q> 2 1.
2 ») 2

) Tr « M·M) 2
),

It is by constructlon invariant under the gauge group U( 1) x U(2). We see that the
minimum cf YM(\7) 1S strictly pos1t1ve, and so the bundle (1 does not admit any
compat1ble connect10n wHh vanishing curvature. We also see, after the fac~ that there
15 noth1ng special about \l Q ; any connection with I <fl 1 + 1 I + 1 'P 2 1 = 1 also
mi nim 12es the Yang-M 1115 actlOn.

To write the fermionic action, note that r; 0 ~ h is f ~2 (;):4 h =f h 2, Let us

write a typ1'cal element of (1 @:4 h as \Jf = « eR • eLL (0, VL»T. Then the fermionic

action is

< \Jf , Dv \Jf > =< \Jf , (0 @ I2 + Q) 4J > = eR· ( 1+ <P ,) M eL + eR· q> 2 M VL

+ (complex conjugate),

which is like the leptonic Yukawa coupllng. End of Example 4.

Example 5. 4 dim. Riemannian man1fold x (2-point space)

To fix notations, we let X be a compact Riemannian Spin 4 manifo1d. ~1 the
algebra of functions on X and (h,. 0" r 1) the Dirac K-cycle on 89-" We shalllet the
tripla (812 , h2 , O2 ) to be as in example 4 abov8, i,e.

(:. :)
Weput st=Bt1 ° JS.2 ' h= h1 0 h2 ,0=0,01 +r1 0D2 ,

The algebra st is commutative. It is the algebra of complex valued functions on
the space Y =X x. F. which is the union of t,wo copies of the manifo1d X: Y = Xe U Xb.

Let us first compute the metricon Y associatedtotheK-cyc1e (h, 0):

d(p,q)= Sup {lf(p)-f(q)I;II[O,f]ll~l}
fE ~ .

Every f E ~ is a pair (fe' fb) of functions on X. Also, to the decomposit10n of



h2 = h2.a <9 h2.b

corresponds a decomposition h = h. $ hb, on wh1ch the action of f =(fa I fb) E ~ is
diagonal:

f~ (f. 0) E ~(h)
o fb

In th1s decom posHion I the operator D becom es :

20

where 0x

D = / ax 0 I

\ 1r5 0 M"

is the D1rac operator on

ls @ M)

"x @ I

X and ls the 71./2 grading of Hs spinor bundle.

Th1s gives us the following formula for the "differential" [D,f] of a function f :

.(l(dfe ) @ I (fb - fe ) ls @ M)
[D,f] =

( fa - fb ) ls @ M- l' (dfb ) /&) I

Thus the differential [D,f] conta1ns three parts:

cx) The usual differential df. of the restriction cf f to the copy Xe of X .

6) The usual differential dfb of the restrietion of f to the copy Xb af X .

l) The finHe d1fference ß f =f( Pa ) - f( Pb) where Pe and Pb are the points cf Xe
and Xb abOVB a g1ven poi nt p of X.

One can then show:

Proposition 14.

1) The restrietion of the metrle d on Xe U Xb to s8ch copy (Xe or Xb )

of X fs the Rfem8nn fan geodesfc dfst8nce of X.

2) For each point P = P~ of Xe' the dlstance d( Pa ' Xb )equals IIMII- 1 end
Is attalned at the unique pOInt Pb'

Let us now pass to the com putat10n of the spaCB 06 cf 1- forms on Y. As a
I-form 15 a sum of terms of the form Tl (fo cf(1) I the above cam putat1cn cf' [D ,f] = n(df)
shows that an element <X of O~ 15 glven by :

cx) A complex l-form W e on Xe

ß) A camplex l-form Wb on Xb

l) A pair of com plex val ued functions Se I Sb on X.

The corresponding operator on h 15 given by

(

l(W a ) 0 I - 6e ls IS> M)

6b l s @M- l(wb)el



The action of ~ on O~ 1s glven I w1th obv10us notations, by :

(fe' fb ) (w e I Wb ' 6e ' 6b ) = (fe We ' fb Wb ' f" 6" . fb 6b )

(W" ,Wb' 6" I 6b ) (f" , fb ) = (fe We ,fb Wb ,fb 615 ,f" 6b )

The involut1on on o~ 1sg1ven by (w a I Wb ,6
15

,6b )* = - (w,,*, Wb·' 6b·, 6/).

The differential f: ~ -+ O~ 1s g1ven by:

f = (fe' fb ) -+ (dfe ' dfb I fe - fb ' f ll - fb ) E O~.

When ws writs th1 ngs in terms only of X, ws can view O~ as a 10
d1mensional bundle over XI given by two cop1es of the com plex1f1ed cotangent bundle
and a triv1al 2 dimensional bundle, so that over a point p 1n XI the fiber consists of

T;(X)[ e T;(X)[ $ ( $ (

But we have to keep 1n m1nd the nontr1vla1 multiplication structure 1n the last two
terms.

As 1n the case of the D1rac operator on R1emannian manifolds (Lem me 6~ I let us
compute the pairs of operators of the form Tl(Q) =Tl' Tl(dQ) = T2 for Q E 0 (~).

G1ven Q=! fj dgj E 0 1(~). with fj , gj E 89. I one has:

(

'6(WIi ) @ I - 615 '65 @ M )
Tl(g) =

6b'65 @ M* '6(W b) @ I

with we=! fje dgje I Wb = ~ fjb dgjb end :

615 = r fje(gje-gjb) , 6b =r fjb(gje-gjb)'

One has Tl(dQ) = r Tl (dfj ) Tl (dgj ). which gives the 2)( 2 matr1x:

(

~ (~8 )@I+(6b-6e)@M,M·-'6(ne) ~5 0 M )
Tl(dQ) =

'6(nb) ~5 @ M* '6(~b ) (8) I + (Sb - 6
11

) @ M*M

. where ~e =L dfje . dgje and ~b =L dfjb . dgjb are sections of the Clifford algebra

bundle C2 ovar X ,while

ne =! «fjb - fjll ) dgjb - (gjb - gjll ) dfje ) end

nb=L «gj" - gjb) dfjb - (fje - fjb ) dgje )·

Us1 ng the equa1111es :

d6e= L fje (dgj" - dgjb ) + (gje - gjb ) dfje

d6b= L fjb (dgja - dgjb ) + (gje - gjb ) dfjb

2\

we can rewr1te ne end nb es follows :



Thus knowlng Tl fixes 6
21

, 6b, na and nb. As in the R1emannlan ease (Lemma 5) I the

sections ~a ' t b of C2 are arbitrary exeept for 02(ta ) =dW a and 02(tb ) =dw b·

This shows that the subspace Tl (d(Jo n 0 1
)) of rt(02) is the space of 2 x 2

matriees of operators of the form:

T = ( ~(~ )@ 1 ~(t:) @ 1 )

where t e and t b are sections of CO I 1.e. are j ust arbHrary scalar valued functions
on X.

A general element of n( ( 2
) 15 a 2 x 2 matrix of operators of the form:

(

"6(IX a ) @ I-he @ MM* - "6(~a) "6 5 0 M )
T=

"6(~b) "65 0 M* "6(IX b ) 0 I - hb 0 M*M

where IX a and IXb are arbHrary sections of C2
I ha end hb are arb1trary functions on

X end ße and ßb are arb1trary sections of Cl (Le. l-forms). We thus get :

Lemma 15.
Assume that M*M is not a sC8/ar multiple of the fdentity matrix.

Thon an element of o~ fs given by
1) a pair of eomplex 2-forms 0

21
I ab on X

2) apairofeomplex 1-forms ßa .ßb on X
3) a pal r of eorn plex funet lons ha • hb on X

The hypothesis M*M ~ eonst. Id enters beeause otherwise the funetions ha and
hb are eliminated when we quotient out by n(d(Jo n0 1

)),

Using the above computation of n(dQ) we ean compute the differential dw of an
element W =(w a ' Wb ' 615 • Sb) of Oci. We get :

1) 0a=dw a I 0b::dwb

2) ße = wb - wa + dS a • ßb = Wb - wa + dSb

) ./--

3)

So we see that the differential d W E o~ involves both the differential terms

dw a' dw b' d6e and d6bland the fi nHe difference term s w a - Wb and 5
21

- Sb I but in

eombinations imposed by d(df) =0 .

Next, let us compute the produet W w' E o~ of elements W =(w a ' Wb I Se ' Sb)

and w':: (W~ • Wb I S~, 6b) of oci. Weget:

1)

2)

3)

0a =We /\ W~

ße = - Se Wb + 6~ Wa
ha :: 6a 6b

ab =Wb /\ Wb
ßb :: - Sb W~ + 6bWb

hb =Sb 6~.

Comparing these formulae wHh those cf Exam ple 4, one can" sum marize the results by
saYlng that the differential algebra on Y is simply the gr(Jded. tensor product of the
differential algebras on X and F.



The next step 1s to determ 1ne the inner product on the space ()~ of 2- form s g1ven in

sect10n 1 . By def1n1t1on we take the orthogonal of n(d(Jo n 0 1
)) in "(02), g1fted

with the inner product < Tl I T2 > =Tr w (T~ T21 D 1-
4

)

An easy calculation then gives :

Lemma 16.

Let P(M*M) bs the orthogonal projsetfon of ths matrix M*M on ths

seeler metrfcss const. Id. Then the squars norm of an element

(a a • ab I 6a • 6b • ha • hb ) of 0 ~ fs gfven blJ

Ix (Na 11 aall2 + Nb 11 ab 11
2

) dv + tr (M*M) Ix ( 11 6a l1
2

+ 11 6b 11
2

) dv +

tr «M*M - P(M*M))2) Ix (11 h
ll

l1
2

+ [I hb 11
2 ) dv

where Nil =dirn hll • Nb =dirn hb ·

We are now ready to compute the action YM(9), For (] I WB shall take the

space of sect10ns of the herm1t1an vector bundle Eon Y = Xli U Xb which ha5 fiber ( on

the copy Xli of XI and fiber (2 on the copy Xb of X. In other words we consider the

product of Example 2 and Example 4 ß. We can say immed1ately that the gauge group

'lL =End~ (cZ) of our gauge theor y 15 the unHary gauge group of the ~ector bundle E

over Y = Xli UXb I or equ1valently the group :

'U = Map (X , U( 1) x U(2)).

As 1n Example 4 6I ws can wrHe g es f8S.2I where f E M2(J1.) 1s the idempotent

f = /1 0) end e' = (0, 1) E J!9. ,
\ 0 e'

Then a compatible connection \J has the form

\J~=fd~+Q~ E g0~O~ ' forall ~E(].

where Q is a self adjoint element of M2(O~) which satisf1es the condHions (6). Us1ng

the descript10n of an element W of oci as a quadruple (W
Il

• Wb' 6a• Sb)' we find that the

entr1es of the 2 x 2 matr1x Qhave the form:

Q'1 = (W~l' W~l • -cI>t. cI> 1* )

Q12 = ( 0 • ·W ~2 ' - ep 2 I 0)

Q21 = ( 0 . W~l I 0 I cI> 2· )

Q22 = ( 0 I W~2' 0 0) I

where wll is a u( 1)-valued I-form on X, Wb is a u(2)-valued l-form on Xand where
(CP 1 I c±l~) is a pair of complex-valued funct10ns on X. In other words , a compat1ble
connectlOn on (] consists of

cx.) A u( 1) - connection \J
1l

on the restr lction of E to Xli



ß) A u(2)- connect1on \} b on the restriction of E to Xb
~) A linear map (et» 1 ,et»2 ) from E over Xbl to Eover Xl!f

The action of the gauge group on \}a and 'V b 1s the obv10U5 one, end the action on
(et»1 ,et»2) 15 given by composHion.

Next, the curvature 8 1s the fo110w ing elern ent of f M2 (0~ ) f :

6 = f df df + f dg f + 02
I

which is easl1y computed using the ebove formula"e for

1 2 1 1 2
d : 00 ...,. 00 and /\ ; 00 x 00 ...,. 00'

Let us write an element of O~ as a sextuple (Oa I ab ' ßa ' ßb ' ha ,hb). Then one finds
that the components of 8 are

8 11 = (F~1' F~l ,- 0(1 +et»lL 0(1 +tfl 1)*,1 - Itfl 1 + 112 - I tfl 2 1
2

, 1 - Itfl 1 + 1[2)

812 = (0 I F~2 I - D<P 2 0 0 I - <P 2(et» 1 + 1)* )

821 = (0 ,F~l I 0 [)t>2 0 ,- -<P 2*(q>1 + 1))

622 = (0 I F~2 I 0 0 0 1 - I cI> 2 1
2

).

Here Fa and Fbare the curvatures of wll and Wb respectively, and

2~.

(Note that the calculat10n of the (h
ll

' hb) 's 1s exact ly the same as in Exam ple 4 ß,)

Applylng Lemma 16 g1ves that the Yang-Mills action 1s the integral of a
Lagrang1an densHy~ over XI wHh

~a =c 1 IlF
8

11
2

+c2 11 Fb 11
2

+c3 Tr(M*M)IIO(l +<t'1 1 cI>2 )11
2 +

c4 Tr « M*M - P(M *M))2) (1 + 2 (1 -( Iet» 1 + 1 1
2 + 1<t' 2 1

2)) 2 ).

The Ci 's are verious positive constants; we shall come back to their meaning 1n the next
section.

The ferm 10nic action is even easier to compute. Note that ~ @ Jl1. h is f h 2. Let
us wrHe a typical element of {: @:4 h as $ = « eR I el ), (0, Vl )) . Then the fermionic
act10n 1S

< 4J I Ov 4J > = < $ , (0 0 12 + 0 ) 4J >,

which is the integral of a Lagrangian density ;f,F over XI with

;f,F =eR * a
ll

eR + (el , Vl )"· ab (el , Vl ) +

[eR* (1 + et» 1) M ~s el + eR* et»2 M ~s vl + (complex conj ugate)].

Here a" 1S the 01rec operator on XI when coupled to the u( 1) -gauge field Wil, and
s1milarly ab 1S the 01rac operator on X. when coupled to the u(2)-gauge fjeld wb.

It should now be clear that the total Lagrang1an dens1ty;f,a +;f,F of our
noncommutative gauge theory 15 almost the same es that of the



Glashow-Weinberg-Salam (GWS) model of leptons [GWS]. In fact, there are only two
differences. First, the global gauge group of the GWS model is not U( 1) x U( 2), but
U( 1) x SU( 2). Inorder to redue8 our gauge group, we im pose the

Ad Hoc Condition: tr(w 8
) = wb.

We sha11 glve a lass ad hoe formu1at10n of this eond1tlon in Seetlon 4. The
seeond d1fferenee is that we need for the fermions to ba ehlral. Ta aeh1eve th;s, we
s1mply WieK-rotate to M1nkowski sP8c8 and ;mpose the cond1tion rlJl = 'P. '
End 01 Example 5.

3 . BIMODULES

In the d1seussion so far, we have had a single algebra Jlt aeting on the Hl1bert
spaee h. In fact, H turns out to ba natural to axtend this to having two algebras JiQ. end ffi
aet1ng on h, whose actions commute. We ean express th1s by seying that ~ aets on h on
the 1eft. end maets on h on the r 19ht. Alternat1vely, we can sey thet ~ C8l mac:ts on h on
the 1eft. Given the first deser1ption, ws get the seeond description by putting

(8 @ b) n =8 n b for all a E JS , b E ffi end n E h.

This situation of having two e1gebras aetlng arises when one want to extend
Poineare dualHy to an algebraie setting. We shall not nead the details of this, for which
we refer to [CS,Ka,C02L and will only broadly state the ideas . Recall that 1f X is a
e10sed orlented manifold then Poineare dual ity gives an isomorph1sm between the
cohomology and homology of X. Similar1y, if X is a spinc man1fo1d then X is K-or1ented
end there is an isomorph1sm between the K-theory K·(X) end K-homology K. (X) of X.

Let us eonsider what the analogous statement wou1d be for gener:al algebras. On
the level of K-groups, 1t would be an isomorphlsm between K (~) and K·(ffi). (ln the
special case thet X is a spi nC manifold I we ean take both $9. and ffi to be C(X).) Of course I

one needs add1tional strueture to have such an isomorphlsm. The essential piece of
information nesded 1s a K eycle (~@ m. h, D) for the algebra .sQ. @ ffi.

On the level of homology, we want a map from the homology of the complex
0o( s:l.) to the periodie eycllc eohomology of ffi. It turns out that such a map can defined
provided that one has certa1n relations, one of whieh is .

(7) [[D. aL b] =0 for a11 a E ~and bE $.

We note that this relation 1s aetually symmetrie in a end b, es they commute.

The point of th1s general diseussion is that H is natural to lOOK at a K eyele for
the tensor produet ~ @ mof two algebras, which sat1sfies (7). We can apply the
constructlons of sect10n 1 to such a K cycle, and in particular the notions of a vector
potential Vand Hs Yang Mills action YM(Y). The gauge group of such a gauge theory
wau 1d be t he group tJ..( Jlt 0 ~) of unHar ies of ~ @ ffi. However, we can use the fact that
we have two algebras to slngle out a class of veetor potentials wh1ch 1s invariant under
the action of the subroup tJ..JiQ. x tJ..ffi.

Proposition 17.

Let 'l.r = 'lf~ + 'lfm bs the subsp~ce of the vector potentials 'lf~ & ffi whlch

consfsts of sums of vector potentl~ls relatfve to Jd and m. Then 'lf I s

Invariant under the Bctton of'U89. x tJ..ze , Bnd (or every V E 'lf, the

operetor D + Y st f 11 satfffes squat fon (7).

To see this, recall that the action of the unitary group of JS. @ ffi on vector
potentials is determ lned by

g(D + V) g* =D + "'to(V).



Let us spec1al1z8 th1s equat10n to elements g = U v E 'U~ x 'Ug,. Take V =Va + Vb e
'V'~ + 'V'g, . Then

UV( D + Va + Vb ) v· ulII = U V 0 VIII U· + U Va u· + V Vb V· ,

s1nce by (7), every element Va of q.ra (resp. Vb of qrb) commutes wHh m (resp. .qg.).
Next,

u V 0 V· u· = u(D + V [0, V*]) U· = 0 + U [0, u*] + V[O, v·L

agaln uSlng (7). So ~e get :

lw (Va + Vb) = lu (Va) + lv (Vb),

wh1ch shows that the space 'lf i5 invarlant under the action of 'LLcS/9. x 'LLffi. Finally, we
compute:

[[D + Va + Vb , a ] , b ] = [[ Va I a] , b] = [[ Va, b] , a] = O.

4. Tbe standard U(l) x SU(2) x SU(3) model

In this section we shall build on the computation of the action functional in

Example 5 i.e. in the case ofthe product of a continuum by a discretc 2-point spacc. We

saw that almost by accident, we recovered the GWS model for leptons from a simple

modification of the 4-D continuum. The question which we a.d.dress in this scetion is:

can one by a similar proced.ure incorporate the quarks as well as strong interactions?

Let us malee some preliminary remarks. FlI'St, there is presently (1991) no doubt

that the standard model of electroweak and strong interactions gives a rcmarkably accurate

dcscription of the known elementar}' particles. We refer to other works, such as [EI], for

a survey of the standard model, and will only give a skeleton description in order to fix

notation.

The goal is to find a modification of the continuum spaeetime geometry such that

the bosonie part of the standard model becomes a pure gauge theory on this modified

spacetime. (The fermionic pan will be straightforward.) That is, we wish to find a new

geometry such that the gauge fields and the Riggs fields of the continuum geometry

become unified into a gauge field on the new geometry. In itself this is not a new idea,

and most previous attempts to do such a unification used a new geometry consisting of

]R
4 x F, where F is a compact homogeneous space [CJ]. However, none of these

attempts were able to succesfully reproduce realistic particle models, partly because of

problems in pnxiucing khiml fennions on IR 4 from fennions on ]R4 x,F [Wi]. What is

new in our approach is to take F to be a finite set, albeit with a nonstandard geometty.

Then.the problems with producing chiral fennions immediately go away.

We wish. then, to fmd a finite space F such that when one computes thc analog of

the c~sica1 Lagrangian of electrodynamics. but instead on ]R4 x F, one fin~the classical

2(0



Lagrangian of the standard model Onee the strueture cf this finite space F is given, we

just apply our general method cf eomputing the Yang-Mills action to ]R4 x F, and will

find the bosonie terms of the st:andard model action. Tbe Riggs bosen will be pan of a

gauge field, but eoming from a finite difference, rather than a differentiaL The fermionic

action will be straightforward to derive, and will give the fennionie tenns cf the standard

model action.

a) The standard model

The Lagrangian density ofthe standard mcxleI contains five different tenns:

~ =J::G + ~'P + ~~ + ~y + ~v

which we now describe in a Euclidean version of the model

1) The pure gauge bosonpart ~G

~ = 1 g -2 (F pIlV) + 1 g,.2 (0 OIlV) + 1 g" -2 (H H.J!V)
G 4' Ilv 4' IJ.va a 4" Ilvb ~""b

where FJ.1V is the field strength tensor of a V(I)-gauge field AJ.1' 0J,lV is the field

strength tensor of an SV(2)-gauge field WIJ.' and HJ,lV is the field strength tensor of an

SV(3)-gauge field VJ,l' the gluon field.

2) The Fermion kinetic tenn ~'P

where 'P is a 'spinorial field consisting of Neopies, or generations, of a eertain CI 15

representation of V(l) x SV(2) x SV(3). Here D).J. is the eovariant derivative of the

spinor field:

and 7(,7(' and 1t" are the respeetive representations of the Lie algebras of U(l), SU(~) and

SV(3) on 'P", The deeornposition of the ([ 15-representation inta' its irredueible

eomponents, listed by the particles of the flTSt generation, is as folIows:

Particle 1t ($> 7t' @ 7[" y

~
([®([ ®[ -2

(~, vL) a: ® CI 2 ($> a: -1

dR
Ct f8) CI ® ([3 .2f3



4/3

1/3

Tbe hypercharge Y, when multiplied by 3, labels the U(1) representation 1t.

Hereafter we will write the fermion fields as N-vectors, labelled by their first-generation

particle. For example, with the three known generations, using the standard panicle

names we have

-~ = (e, Jl, t), V = (ve, v
Jl

' vt ), li = (u, c, t), Ci = (cl, s, b).

3) The Idnetic terms/or the Higgsjields

where q> =(::) is an SU(2) doublet of comple~ scalar fields with hypercharge Y =- 1.

4) The Yukawa coupling 0/Higgsfields with Fermions

+ U R~ (- $2 ) dL + uR Mu $ 1UL + complex conjugate.

Here Me' Md and M u are N x N matrices whose singular values are, up to a

constant, the masses of the fermions. Let us note that while $=($1) is involved in the
, $2

Yukawa couplings to the electron~ and down quark dR, its conjugate

(8)

is in the Yukawa coupling to the up quark uR'

5) The Higgs selfinteraction

2. (.')2
~v=-Jl $ $+I""$ <P

has exaclly the same fann as in the GWS model.

Thus we see that there are essentially three new features af the campIere standard

model as compared to the GWS model:



A. The new SV(3) gauge symmetry, whose gauge fields are responsible fOT the strong

interaetion.

B. Tbe new fermions, the quarks, with their new hypercharges.

c. Tbe new Yukawa coupling tenns involving the quarks.

We shall now briefly explain how these new features motivate a modification of

Example 5, which lead us above to the GWS model for leptons. First, our model will still

be a product of an ordinary Euclidean continuum by a finite space.

In example 4 ß, our algebm Cl of functions on the finite space,was ([ e lI. But

since we then considered a bundle on (a,b ) with fiber CL on a and CL 2 on b, we
could have equally weIl used Cl = ([ e ~(CL), and taken the module e to be the same

as Cl. Let us see how point C.leads us to replace CL e ~(lI) by Cl =([ e lH where lH

is the Hamilton algebra of quatemions. Tbe point is simply that the equation (8) which

relates <p and $ is the same as the unitary equivalence 2 - 2 between the

fundamental representation 2 of SU(2) and its complex conjugate or contragredient

representation, i.e. ODe has :

g E U(2) , J g J.l = g <=> gE SV(2),

(
0 -I}where J = 1 0

We remark that :

( x e ~«([), J x J.l = i )

defmes an algebra, the quaternion algebra !H.

Next let us see how point A. leads us to the formalism of bimodules of Scction 3.

(
U L) .

Indee~, look at any isodoublet of the fonn d
L

of left handed quarks. It appe~ in 3

calors:

which makes it clear that the corresponding representation of SV(2) x SV(3) is the

tensor product ([2 ~ ([3 of their fundamental representations. It is easy to canvince

oneself that even if one neglects th~ difference between U(o) and SV(n), there is 00

way to obtain such groups aod representatioos from a single algebra and its unitary



group. The solution that we found is to take (Cl, ~) bimodules, with Ci = er • lH and

1'3 = er: • ~(er:).

We are now ready to describe the geometrie strueture of a finite space F which,

when crossed by :R4, gives the standard model.

b) Geometrie strueture of the finite space F

The structure is given by an Cl - ß bimcxlule (1), D, r) where Cl is the

involutive algebra er: e IH while ß is the involutive algebra ([ e M3«([). Unlike

1'3, the algebra Cl is only an algebra over :R . Tbc involutive representations 1t of Ci

in a finite dimensional Hilbert space are characterlzed (up to unitary equivalence) by three
multiplicities: n+, n. ,m , where

n n
1)1t =a: + e ([ . e ([2m ,

and if a = (A., q) E ([ e IR, 1t(a) is the block diagonal matrix:

;Here we are writing the quaternion q as q = Cl ~ ßj, with Cl, ßE ([ C lH.

The representation of the complex involutive algebra 1'3 in '0 gives a

decoIllJX>sition:

in which b = (bo' b t ) E a: e M3(CI) acts by 1t(b) =bo e (1. 8 bl ). It follows that the

representation of Ci (which commutes with the representation of n3) is given by a pair
1tO' 1t1 of representations of Cl in Hilben spaces l)°and Ql' Tbe Cl - 13 bimodule l)

is thus completely described by the six multiplicities, namely (n~ , n? ,mo) for 1tO and

(n~ , n~ ,ml ) for 1tI , We shall take them to be .of the form:

(n~ , nÖ' tno) = N(l,O,I)

(nr ' ni ' mt ) = N(I,I,l),

where N will eventually be the number of generators. That is,

)u



We shall take the Z/2 grading r in '0 to be given by the element r =(1, .. I) of the

center of Cl. Finally, for 0 we shall take the most general selfadjoint operator in '0
which anticommutes with r and commutcs with a: (i) 13, where a: C Cl is the diagonal

subalgebra: {(A, 1...), A. E ([). (As we shall see, 0 encodes both the fermion masses and

the Kobayaski-Maskawa mixing parameters.) It follows that the action of Cl and the

operator 0 in 00 (resp. 0.) have the following general form: (with q = a + ßj E IH )

31

f 0 0

1to{f,q) = 0 Cl ß
o -ßa

o Me 0

*0 0 = Me 0 0

000

f 000 0 o Md 0

o f 0 0 0 0 o Mo
1t df,q) = 0 1 = •o 0 Cl ß MdO 0 0

-- •o 0 -ß Cl o Mo 0 0

where Me' Mu' Md are arbitrary complex N x N matrices.

c) Gauge Theory on thefinite space F

We shall take the modules far Cl and ~ to be e = Cl and n: = ~ respectively.

Then the Hilben space e • Cl "b • ß n: of gauged fennions is the same as "b. The

unitary gauge groups are fij 0 =U(I) x SU(2) and cu 13 = U(I) x U(3). Tbe gauge

fields are simply given by vector potentials, Le. self-adjoint elements of nb(et) and

nb(~). As ß commutes with 0, nb(ß) vanishes, and so n will play no role in the

finite geomerry.

Let us look at o~ (Cl). Write an element p of n\Cl) as p = L a· da'., with a., a'. E Cl;
--0 J J J J

a. = (A., q.), a'. = (AI., ql.); q. = (l. + 'ß· j, q'. = (l'. + ßI. j. (One can simplify the
J J J J J J J J J J J J

calculations by noring thal (1to,D~ is essentially the degenerate case Mu = O'of (1t1' D 1»).
. .

Onefmds

0 <Pi Me ~2Me

•
1to(p) = cpt 1 Me 0 0

- •
- <P' 2 M~ 0 0



0 0 $I Md $2 Md

0 0 -$2 Mu $I Mu
7t 1(p) = • •lP'l Md <P'2 Mu 0 0

- • - •
- 4>'2 Md 4>'1 Mu 0 0

where

lP2 = L A. ß'.
J J

ep' 1 = L U j (A'j - a 'J + ßj ~j

by

d(A, a, 13) =(a - A, 13, A. - a, - 13)·

If P is a vector potential then ep' 1 = 4> 1 and 4>'2 =- <1>2' Similarly, one computes that

o
p )

with

and

with

and

7t 1 (dp) = (~~ )

Q=( (~l+~'llMdM~ (~+~>l MdM:.)
(-<I>2-ep'2)MuMd (<1>1+<1>'1) MuMu

(
$1 + <1>' 1 $2 + <1>' 2)

R ~ 1/2 _ $2 - $'2 $1 + $'1 ® (Md* Md. + Mu*Mu)

Here Y and Z are new fields giyen by



We see that (1t(c!p): PE Jo n nb<c,,)} = (1t(dp): (<PI' $2' <PI" 'P2') = O} consists

of the Y and Z fields. Then the quotienting used to define ni,(c,,) amounts to quotienting

out the Y and Z fields. Considering the products 7t(p1) 7t(P2)' we see that n~(c,,) == II 4 ,

with the product nb(c,,) x nb<~) ~ ni,(c,,) given by

(4)1''1' - <P2"2', $1"2' + cf>2" I ',$'1"1 - 4>'2"2' <P'11'1 2 + q.'2"1)

and the differential d: nb(Cl) ~ n;,(Cl) given by

It follows that the curvature e = dY + y2 of Y =:= (<PI' $2' $1' -<P2) has image in

n;,(c,,) given by

Then the Yang-Mills action is

Up to a shift of the $1 variable, this is the symmetr)r-breaking potential for the Higgs

field, with ('PI' 4>2) = 0 being aminimum.

Writing a fennion field \fI E ~ as

the femrionic action

X;'I' = 'I' (D + Y) 'P

gives exactly the Yukawa couplings of the standard model, after a shift of the epl field.

When (4)1' <P2) is frozen,at its minimum (0, 0), X;'I' becomes

eR Me~ + d R Md~ + UR ~ uL + complex conjugate

r -. ;-'l
---.., ..... ~

i '
...11'....".,...



The Ilnonna! modes" of'P are given by the eigenstates ofthe matrices

and the eorresponding fermion masses are the square roots of the eigenvalues. In this
finite geometry, the fermion masses are the only physical information in the matrices Me'

Md and M u' but in the full standard model, to be described next, there is also a physically

relevant N x N unitary matrix, the mixing matrix U. This matrix comes from the

discrepancy between,the eigenstates of the mass matrices and the weak eurent interaction
[EI]. Explicitly, suppose that Mu• Mu and Md· Md are diagonalized by unitary matrices

Vu and Vd:

Then U =V u·1 Vd' We can easily descrihe U in tenns of our finite-geometry. There a.re

orthononnal bases for the vector spaces of dL's and uL
1s given by the eigenstates of the

matriees Md· Md and M u• M u' As dL '+ uL j lies in lH, multiplication by the unit

quaternion j maps the vector space of dL's to the veetor space of uL's. Tben U is simply'

the writing of this multiplication operator in tenns of the preferred bases. As the

eigenstates are only defined up to a phase, U is only defined up to right and left

multiplication by U(l)N. .

Before leaving the finite-point geometry, we remark that there is a compact way to

write its differential algebra. First, ~(Cl) = Cl =CI: E9 IH c nI e JEI. Next,

With the identification q1 =4>1 + <P2 j aod q2 =<P'I + 4>'2 j, the bimodule structure on

nb(Cl) is given by

· ,I

~)l

AE CI:,.qE IH

and the differential d heing again thejinite difference:

d(A., q) = (q - A, A. - q) E lH e lH.

The involution on nb(C!) is given by:



The space CU" of vector potentials is thus naturally isomorphie to lH.

Fmally, ni,(Cl) == lH e lH with an Ct-bimodule strueture given by:

(A., q) (ql' q2) (A.', q') = (MI1 A.', qq2 q') V'J..., A' E a: , q's E lH.

The product~ x~ -+ ni, is given by:

and the differential d:~ -+ ni, is given by

The curvature a of a vecter potential V = ( q, q.) is then

'2 •• •• 2a= dV + V = (q + q + qq ,q + q + q q) =(11 + ql - 1) (1,1).

d) Geometrie struetw"e 0/ the standard modeI

For the full standard model, we take the product geometry of the finite space (b)

and the Riemannian geometty of a spin 4-manifold X, where the produet is in the sense of
Section 2. So we have an Cl - ~ bimodule (0, D, I) with

Cl =c;(M, lR) 181 (a: e lH), ~ = Coo(M, lR) • (CI e ~«([».

The corresponding unitary gauge groups are

cu Cl = Map(X, U(l) x SU(2», CU~ = Map(X, U(l) x U(3»

The Hilbert space is 9 = 00 e (9 1 8 ([3), with.

The representations 1tOand 1t1 of Cl are the same as in (b). Letting z denote ~he element

(1, -1) of the center of Cl, the grading operator on '9 is r = Ys • 1t(z). The self-adjoint

operator D =DOe 01 is given by

aX • IN Ys • Me 0
•

Do= Y5 181 Me ax 181 IN 0

o 0 aX • IN



dX • IN 0 'YS • Md 0

0 dX • IN 0 YS
• M

u
D 1 = •

Ys • Md 0 dX • IN 0

0 •
° dXYS • Mu • IN

Here Me' Md and Muare complex N x ~matrices.

The computation of the gauge theory on this space is similar to that done in

Example 5, so we shall only state the results. First, consider the Cl algebra. One finds

that a universall-fonn p is represented by

•
1t 0 (p) = <p' 1 1s • Me ~ 1) • IN y(W1) • IN

•
- $' 21s • Me - y(W1) • IN y(W 1) 8 IN

y(A) • IN 0 $1 Ys. Md $21s. Md

0 y(A). IN - <P2YS. Mu 4>1 YS • Mu
1t 1 (p) =

'" '"<P'I YS @ Md <P'2 Ys «I Mu y(W 1) • IN y(W '}) • IN
- '" - '"- 4>'2 YS @ Md <P'I YS • Mu y(-WV8IN y(W 1). IN

Here (A, Wl' w2) are complex-valued I-forms on X, and (~1' '2' ep' l' ep'2) are complex­

valued functions on X. So ni><Cl) == (A1(X, [}}3 ED (A0(X, ([»4. The differential map

d: Cl --+ ni>(o.) is given by

d(A, Cl + ßj) = (dA, da, dß) • (a - A, ß, A~ (l, - ß) E n~(Cl).



If P is a vector potential then A is u(l)-valued, W is su(2)-valued and 4>' 1 =ep 1 ,

ep'2 = - 4>2· Thus a vector potential consists of a u(l) gauge field A, an su(2) gauge field

W and a Riggs doublet 4>.

In order to compute ~(Cl), it is enough to just consider 7t1(dp), as 7to(dp) is then

obtained by taking Mu = O. Separating the various .tenns with respect to their differential­

form grading on M, one fmds

7t 1 (dp) =

o 0

o 0

')'(dW 1) I» IN y(dWiJ I» IN

')'(- dWiJ e IN y(dW 1) I» IN

with

and

0 0 DcP115 I» Md DcP215 I» Md
- -

0 0 - DcP215 8 Mu DcP1 15 8 Mu
+ ... ...

Oep' t 15 I» Md Oep'21s I» Mu 0 0
- ... - •

- 04>'215 I» Md Oep't 1s e Mu 0 0

ÄI» IN 0 0 0

0 ÄI» IN 0 0
+

W t I» IN W2 1»IN0 0

0 0 -W2 1» IN Wtl»IN



(
W 1 W 2 ) ...... ..-

Here D(4)1' 4-2) = d(4)p 4>2) + A (4)1' 4>2) - (4)1' 4-2) _W 2 W 1 ,and A, W, Y and Z are

new scalar fields. We see that

consists of the A, VI, Y and Z fields. Then the quotienting used to define n~(Cl)

amounts to quotienting out the new scalar fields. Let us assume, for example, that the
matrix Md• Md +~*~ is not a multiple of the N x N identity matrix; then we find that

~(Cl) comes from the tensor product of the differential ~gebra of the finite-point space

by the .exterior algebra ofX. Namely, an element of ~(Cl) consists of

a. A CI-valued 2-fonn on X and an H-valued 2-form on X.

b. Two H -valued I-forms on X.

c. Two lH-valued Q-forms on X.

IfVCl is a vector potential then its curvature Set = dVCl + VCi2 e- ~(Ct), a self-

adjoint element, consists of the following components:

a. The curvatureFA of the u(l)-gauge field A arid the curvature Fw of the su(2) gauge

field W.

b. The covariant derivative DcP of the Riggs field 4-, and its conjugate.

c. The function ~ 11 +<p/ +1 <pi - 1) times (1,1).

The story with the 'a3 algebra is much simpler. As n3 commutes with the off- _

diagonal tenns of 0: it is easy to see that n;,('G3) is just 'ß l8 A*(X, ([), with the obvious

rnultiplication and differentiation. Theo a v~tor potential VB is the surn ~f a.o(l) gauge

field K and a u(3) gauge field V, and its curvature SB E n~(B) is same as the usual

field strength (dK, dV + V2) E (u(l) e u(3)) l8 A2(X).

The gauge group of our theory is .Map(X, U(l)Ct x SU(2)Ct x U(l)B x U(3)U3)'

In order to correctly reduce the gauge fields to take values in u(l) e su(2) e su(3), we

must impose following condition on -the gauge fields : _

(9) A = K = - Tr V.



Then the contributioos to the oet hypercharges of the fennions are as shown:

A K Y. X

~ -1 -1 0 -2

\ (~, vL) 0 -1 0 -1

dR -1 0 1/3 -2{3

uR 1 0 113 413

(dL , uL) 0 0- 113 1/3.

We show in the Appendix that (9) has a natural interpretation as a unimodularity

condition on the gauge fields, of the same general type as the reduction from a U(N)

gauge theory to an SU(N) gauge theory. In particular, equation (9) is an infinitesimal

version of equation (12) of the Appendix.

We shall now compute the action. Let us start with the fermionic part. If we write

a fermion field 'I' E 0 as

then 'I' (D + VCl + V13) 'I' becomes the terms ~'P and ~y of the standard model, after a

shift of the ep1fielcL

We now must compute the Yang-Mills action. If we were to follow the previous

discussion, we would simply take

(10) YM = <Sc,., Sc,.> + <e~, e~>.

However. this would be physically wrong, as our Hilbert spaces of fennions are not

irreducible under the action of the gauge group. Consequently, using (10) would have

the effect of artificially imposing relations among coupling constants. A more general

gauge invariant bosonie action is given by

w~,?re zl and ~.~ arbitrary positive oper:ators on 0 which commute with the aetions of

Cl and B, and with the operator D. Wi~ this freedom, the Lagrangian (11) reproduces

tbe.terms ~G + ~4l + ~v. of the standard model, with arbitrary constants in ~G and ~v

(after a rescaling of the Riggs field). Thus we recover the standard model on the nase,

with the same number of arbitrary coupling constants. On the ather han~ one could



require in addition that the operators zl and ~ lie in the center of Cl • ß. In this case

we find one relationship among the coupling constants of the standard model. We will not

write out this relationship here, but will simply note that it gives the Riggs mass in terms

of the W mass and the fermion masses. In particular, if the top quark mass is of the same

order of magnitude as the W mass, then the relationship implies that the Riggs mass

would be, also. However, this relationship is not preserved by the usual renormalization

flow, and we do not know if it is physically meaningfuI.

Let us summarize some of the improvements of the present paper over our

previouspaPer. In [CL] we bad the foIIowing:

I. Tbe complex conjugate of the up quark in the Hilben space, and acharge

conjugation in the opemtor D.

2. An (Cl, ~) bimcxlule sttueture.

3. Equation (9) relating the D(l) faetors.

In the present paper, we simplified the fmt point by ehanging the action of the Cl algebra.

(This simplification was notieed independently by D. Kastler.) We again have the

bimodule strncture, but Seetion 3 of the present paper puts this intoa more general

eontext. And equation (9) is now interpreted in the Appendix as a special case of a

unimodulanty condition whieh makes sense in noncommutative geometry.

s. Appendix

We diseuss a notion of unimodularity whieh makes sense in a general algebraic

setting. First, suppose that one has a C·-algebra C and a self-adjoint trace ~ on C. That

is, 't(x*) ='tex) for all x E C. Then one ean define the phase of a unitary element of C by

Phaset(u) = _1_,f 11:(U'(t) u(t) -1) dt,
21t1 0

where u(t) is a smooth path of unitaries joining 1 to u. So this phase is only defmed in

, the eonnected eomponent of the identity in the group \l(C) of unitaries, and is ambiguous

up to a countable subgroup of lR, namely the image <,t, Ko(C» of Ko(C) by the traee

[CK].

The c'ondition Phase't(u) = 0 defines anormal subgroup of the eonneeted

component of the identity, whieh we will denote by Si(C).

Now let Cl and ß be involutive algebras, and Cf,J, D) a (d, 00 )-summable

bimodule over Cl and '03. We shall apply the above eonsiderations tc? the C·-algebra C



generated by 0. and 13 in 0, with a family oftraees t p on C constructed from self-adjoint

elements p =p*of the center of CI. :

-<I

'tp(x) = Trro (p x 101 ) for all XE C.

We thus get anormal subgroup SCl (C) of the unitary group of C by intersecting

a11 of the S't (C)'s. Since CU (Cl) x CU (ß) is a subgroup of CU (C), its intersectiori with
P

So.(C) gives a nonna! subgroup S(Cl, ß) of cu (Cl) x CU(ß).

Example 6: Let X be a Riemannian spin manifold. Take Cl = MN(COO(X», 13 = ([,

o= (L~(X,S»Nand 0 to be the Dirac operator. Then the space of self-adjoint elements

of the center of Cl is (f IN : f E ~(X) real}, and one finds S(Cl, ß) =Map(X, SU(N».

TIris is why in general, one can think of S(Cl, 13) as a sott of unimodular unitary group.

Example 7: Take Cl, ß, l) and Das in Section 4b above. A self-adjoint element of the

center of e can be written as A.le + A:2(1 - e) for some real numbers A.1 and~, with

e = (I, 0) E a: e lH and 1 - e = (0, I) E ([ • lH. It follows that

s(e, ß) = eu (0.) x CU(ß» () (SU(eo) x SU«I - e)O). '

Let then U be an element of CU (Cl) x CU(13). It is given by a quadruple:

U = (A, q), (n, v»; A. E U(I), q E SU(2), u E U(I), v E U(3).

We have 0= 00 e (0 1 • ([3). with the action ofU'given by

(Xo(Ä., q) • u). (Xl (A., q) • v).

This operator restricts 10 both e0and (I' - e)0, and we must compute the detenninants of

these restrictions. We get

So the unimodularity condition is

(12) Ä. =u =(det(v)rl ,

and'S(e, ß) = U(I) x SU(2) x SU(3).
".

Examp'le 8: Take Cl, ß, 9 and D as in Seetion 4d above. Then it is easy to'see that

S(Cl, 13) consists of maps from X to the unimodular uriitary group of Example 7, that is

Map(X, U(I) x SU(2) x SU(3».
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