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A Moonshine Module for the Baby Monster

In this talk we describe a construction of a vertex operator superalgebra (short SVOA)
the Baby monster is acting on in a natural way.

VOA’s were introduced in mathematics in connection with the “Moonshine of the
Monster” — the strange connection between the Monster, the largest finite simple
e+ o= GTOUP..(| M| . ~.8.: 10%3), .and.modular_functions (especially.with.j — 744.=.¢7! 4. ..
=yt 196884 g + 214937604¢% + ---). In physics VOA’s appeared as the so called chiral

algebra of a CFT. VOA’s are in some sense a “complexification” of the notation of
Auiot Lie algebras, but they are related to many other structures in mathematics. ="+

A:iiesi® My original interest on VOA’s comes from topology in connection with elliptic genera.
The aim was to find a more geometrical description of elliptic cohomology theory. Let
X" be a Spin manifold. Then the “classical” Atyah-Singer index theorem states

i e e o[ (D @ EY = A (X Ey € KO (pl) =M /iT Mg e

Here D ® E is the Dirac operator twisted by a vector bundle E which is associated
to some G-principal bundle over X and m/i.ﬂﬂ.].[ denotes the abelian group of
isomorphism classes of graded Modules of the real Clifford algebra Ci,, in dimension
n modulo the ones which come from Cl,,;,. For the loop space £X one has the
following string theoretical wish

Ind(£D @ E) = 3w (X, E) € B (pt.).
e sa meiem==Here L. D @ E-should be the hypothietical Dirac operator 6R"LX ‘twisted by a bundle- -~

7. 4:  assozilated to a positive energy representation of a loop group and @w is a refined
P version of the Witten genus with values in suitable defined elliptic cohomology group.
TR S . . S
‘ For one fibre one has the following picture of pairs:
R
(Cls, A} (8 Va)
Spinor Representation of Cl, a highest weight representation
of a reductive Lie algebra
e T
(CUfT™(Z + §), Vidrmi : (&, Vi,2)
infinite Spinor representation of a highest weight representation

infinite n-dim. komplex Clifford algebra of a affine Kac-Moody Lie algebra of Level k

The main remark is, that Vi . and V , carries the much larger structure of a
(S)VOA.

In this talk VOA'’s are studied more from number theoretic and combinatorial point
visuemmms O view: In fact there is a-deep analogy between Codes &-Laitices &-VOAs.- It was this .

o A A e
iy
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analogy which motivated myself to compute x}7, — 47 Y;/ = q~47/48(1 4 4731¢%/2 +
962564¢° + - - ), where X1/2 = \/—qz It is a modular function for I'g 24 := Ker(pas :
={S,T?) — C*), p2a(S) = 1, p(T?) = e¥¢ and it turns out, that the coefficients
are simple sums of dimensions of irreducible representations of the Baby monster
. _.I_want to start_by_recalling.the basic_definitions for codes +_ lattices...._ ... ._ _____._ . ._
Aunare Codes: A code is a linear subspace ¢ C F3. Yor u,v € F} let (u,v)ei=

s e abm—e

‘doubly ‘even or selfdual. Selfdual codes & Tattices are classified for n < 24. Import.ant T

Z u;v; (mod 2) and w(u) := 3 ; u; E Z the welght. Deﬁnltlons
—Ceéven: 2 | w(u) Vu € C“ oo
— C selfdual: if C = C* = C even

— C doubly even: 4 | w(u) Yue C

— weight enumerator: We(z) =3, o2~

w(u),

Lattices: A lattice L is an abelian discrete subgroups of maximal rank in R"”. Defi-
nition:

— L integral: (z,yy € ZVe,y€ L

— L selfdual: LY = {z|(z,y) € Z,Vye L} =L

— L even: (z,z)€2ZVz €L

= ExGL qk(x'x)

There is a construction from codes to lattices: Lg := 7151)‘1(0), where p : Z" — F?

~— Theta series: OL(q)

is the reduction modulo 2. The lattice L¢ is integral even, resp. selfdual if C is even,

examples are in the following table.

o il hrts ot flradk
¥ f
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Theorem: The weight enumerator or theta series of an (doubly} even resp. odd (i.e.
even or integral) code C or lattice L is an homogenous polynomial of weight n =
dimension of C or L as shown in the following table

(doubly) even | odd
We C[WHQ’ WGQ‘] C[WCQS WH;]
Oy C[eEueAM] C[®Z1 OEO}

There is a third step after code + lattices: VOA's.

RIR e,
Remark on definition of SVOA’s:

ek Ditai e VECEST space vV :'”@"6%1(3"0 V' = Vo) ® V(5); Vi filiite dim’ " Cvector™ ™ 7

space.

o Vertex operator Y (., 2) : V — End(V)[[z,27']] V(v,2) = 3, .7 tn - 27" linear

¢ Elements 1 € ¥y = C-1 (vacuum) and w € V3 (Virasoro element) with 2wsw = ¢-1,

rank V :=c.

— Arzioms: e Jacobi identity <= (v/,Y (a1, 21)Y (a2, 22)v) = (Y (az, z22)Y (a1, 21)v)

as rational functions {“2-point correllation functions on the sphere”) , where v’ € V*,

ay, az, v € V (<= causality in quantum field theory.)
¢ {wy,idy} form a Virasoro algebra,

... .
— Modul M of a SVOA V: Yy (.,z): V — End(M)[[z, z7!]].
— V selfdual: V has only one irreducible module: V itself.

- TV VOA Y =V (e integral grading). - .
T T Character: xv =g 2T ,dimV, - ¢", holomorphi¢ function in 7 € H, where
AT q= g2miT N R

e - 8 ) [ LR L L R il ——

— V,, “String on Torus R®/L” for a integral lattice L, rank V, = dim L, yv, = s

ne’
[}
— Vrermi = L172(0) @ L1/2(3)s XVeerm = \/ —,,Z = X1/2.
" — V! Monster VOA (“Zg-orbifold of Vi,,”), xvi = j — 744

Theorem: V selfdual, “nice”, rational VOA = xv € Clxvy,, Xxv1] homogenous of
rank V = rank V € 82.

Theorem: (H.) V selfdual, unitary, “very nice”, rational SVOA — xv €
ClXVrurmis XVi,] homogenous of rank V' = rank V € %Z.

— e wwvwmers

b e e he
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We denote the even part of V8 . = v, GB Viy with Vgoxy. One has
Fermi (0) (1) (k)

Lyjp(0) ifk=1;

where Vp, 1 and Vp_ 1 denote the VOA’s associated to the level 1 highest welght

“representation of the corresponding afline Kac-Moody algebra.:” ="~ - o

In analogy to the situation for codes and lattices it is expected:

- ~Let-d-€ %Z.,:—,- d €-8Z; d > -c—Then-there- is-a -1--:-1-correspondence between- the—-—-— -—

set of unitary, “very nice”, selfdual SVOA’s of rank ¢ and isomorphy classes of pairs
(V, Vso(d-¢)), where V selfdual unitary “very nice” VOA of rank d, Vao(da-c) sub-VOA
of V (and choice of isomorphy class of Vgo(s)-module for d—c = 8 because of triality).

In the most interesting case of V = V¥ the largest Vso(x) inside V! is Vgo(1) because
of Vll =0.

Main Theorem (H.): There exists a SVOA VB of rank 234 on which the Baby
monster B — the second largest sporadic simple groups — acts by automorphisms.
The SVOA VB is in this sense the natural object_which defines B.

Idea of proof: From a result of Meyer/Neutsch and indepentendly Dong/Mason/Zhu
it follows that there is a sub-VOA L/,(0)®%8 C V1. Let Vigy 1= Comys (L1;2(0)) the

‘commutante of one of this 48 Virasoro VOA’s. Then there ist the decomposition

1 1
VI=V(€)®L1/2(0)®V(113)®L1/2(:2') ( )®L1/2(16)

7T We' défine VP as the sum 'V(g)“e V(’f). "One’can” defie”on it"a"SVOA-structiféina =~ ™

natural way. The sub-VOA L,/5(0) is fixed by an 2A-involution in M. So 2.B =
Centpar (24) acts on VB The central extension acts trivial and we have an action on
VB which respects in fact the full SVOA-structure. L]

A selfdual unitary rational SVOA of ranke is called eztremal if
XV = XL.(0)+ O (Q"E‘”[ﬂ”) ,

Le. the first [£] coeﬁ'cxents are as small as possible.

Théorem (H.): List of extremal, selfdual, unitary, rational SVOA’s: =~~~

Vb, if k=2n
T T "Vs"c;(';‘)"z"{'VB_',l‘ ik =2n¥1 and >0 T T 0 T o T

g ——
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