THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS

RALPH M. KAUFMANN MAX–PLANCK–INSTITUT FÜR MATHEMATIK, BONN

Abstract. We introduce the operation of forming the tensor product in the theory of analytic Frobenius manifolds. Building on the results for formal Frobenius manifolds which we extend to the additional structures of Euler fields and flat identities, we prove that the tensor product of pointed germs of Frobenius manifolds exists. Furthermore, we define the notion of a tensor product diagram of Frobenius manifolds with factorizable flat identity and prove the existence such a diagram and hence a tensor product Frobenius manifold. These diagrams and manifolds are unique up to equivalence. Finally, we derive the special initial conditions for a tensor product of semi–simple Frobenius manifolds in terms of the special initial conditions of the factors.

Introduction

This paper is devoted to the study of Frobenius manifolds and their tensor products. The foundations of the theory of Frobenius manifolds were laid down by Dubrovin [D1].

Such manifolds play a central role in the study of quantum cohomology and mirror symmetry (cf. [Gi, KM, M3]). In the realm of mathematical physics they appear for instance as the canonical moduli spaces of Topological Field Theories (TFTs). Recently they have also emerged in the study of differential Gerstenhaber–Batalin–Vilkovisky algebras [BK]. Frobenius manifolds first arose in Saito’s study of unfolding singularities (cf. [D2, M3]) where they were called flat structures [S]. Further examples of Frobenius manifolds built on extended affine Weyl groups were constructed in [DZh]. For an introduction to the subject the reader can consult [D2, H, M1].

In a way one can regard Frobenius manifolds as a non–linear structure on cohomology spaces. This non–linear structure is rigid and has weak functorial properties. However, it admits a remarkable tensor product operation.

In the formal setting this operation has been introduced in [KM]. In quantum cohomology it corresponds to the Künneth formula [B, K].

The main goal of this paper is to introduce and to study the tensor product of analytic Frobenius manifolds in the non–formal setting. This is done in two steps. First, we show that the formal tensor product of two convergent potentials is convergent, so that we can define the tensor product of two pointed germs of analytic Frobenius manifolds. The convergence proof is based upon the study of one–dimensional Frobenius manifolds, carried out in [KMZ]. Secondly, in the presence of flat identities, we show that inside the convergence domain the so defined tensor products corresponding to different base–points are canonically isomorphic. This observation is translated into the existence of a natural affine tensor product connection on the exterior product of the tangent bundles over the Cartesian product of two Frobenius manifolds. Using this connection we define the notion of tensor product diagrams for Frobenius manifolds with factorizable flat identities. To patch together the local pointed tensor products we need the technical assumption that the flat identities of the factors are factorizable which means that they can be split off as a 1

2 RALPH M. KAUFMANN

Cartesian factor C . This is the case in all important examples. In this situation, we prove the existence of such diagrams and uniqueness up to equivalence. One of the pieces of data for these diagrams is a tensor product Frobenius manifold for two Frobenius manifolds, which contains a submanifold parameterizing all possible tensor products. The size of the manifold itself depends on the convergence domain of the tensor product potentials and cannot be controlled a priori. Therefore, we regard two tensor product manifolds as equivalent if they agree in an open neighborhood of this submanifold. We also extend the situation to a slighly more general setting and prove the analogous results.

In the examples stemming from the unfolding of singularities the tensor product corresponds to the direct sum of singularities [M3]. For TFTs it provides the canonical moduli space for the tensor product of two such theories. The theorem of the existence of a tensor product then implies that the moduli space obtained by tensoring all possible natural perturbations of two given TFTs is included as a subspace in the natural moduli space of the tensor theory.

Frobenius manifolds often carry the additional structures of an Euler field and a flat identity which are sometimes included in the definition [D2]. Our tensor product can also be extended into this category.

In the special case of semi–simplicity the structure of Frobenius manifolds becomes particularly transparent. Roughly speaking, the Frobenius structure is determined by the Schlesinger special initial conditions [D2, M1, MM] at a given tame base–point. In this setting we calculate the special initial conditions of the tensor product.

Since we need to review the formalism of formal Frobenius manifolds and their tensor product, this paper gives a complete analysis of the tensor product in the theory of Frobenius manifolds in all of its presently known facets.

The paper is organized as follows: We begin by recalling the necessary definitions and facts of the theory of formal Frobenius manifolds and Frobenius manifolds, including the tensor product in the formal setting in section 1. We also introduce the notion of pointed germs of analytic Frobenius manifolds and give a one–to–one correspondence with convergent formal Frobenius manifolds. In section 2 we define the tensor product in the category of formal Frobenius manifolds with flat identity and Euler field and prove that the tensor product of two convergent potentials is again convergent yielding a tensor product for pointed germs of Frobenius manifolds. Section 3 contains the definition of a global version of the tensor product in terms of an affine tensor product connection on the exterior product of the tangent bundles over the Cartesian product of two Frobenius manifolds. In the framework of tensor product diagrams for Frobenius manifolds with factorizable flat identities, we prove the existence of such a diagram and show uniqueness up to equivalence. By generalizing the setting to general tensor product diagrams and introducing new natural restrictions, we are again able to show existence and uniqueness up to equivalence. The last section is an application of the previous results to semi– simple Frobenius manifolds. In particular, we calculate the special initial conditions at a tame semi–simple point of the tensor product Frobenius manifold in terms of those of the pre–images.

Acknowledgments. I gratefully thank Yu. Manin for many invaluable discussions. I would also like to thank B. Dubrovin for stimulating conversations on the subject and W. Kramer for his helpful remarks. Finally, I thank the Max–Planck–Gesellschaft for financial support.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 3

1. Frobenius manifolds

We begin by reviewing the necessary material from the theory of Frobenius manifolds:

1.1. Formal Frobenius manifolds. We will follow the definition from [M1]. Let k be a supercommutative Q –algebra, H = ⊕_{a∈A}k∂_a a free (Z_2–graded) k–module of finite rank, g : H ⊗ H → k an even symmetric pairing which is non–degenerate in the sense that it induces an isomorphism g^′ : H → H^t where H^t is the dual module.

Denote by K = k[[H^t]] the completed symmetric algebra of H^t. This means that if ∑ a x^a∂_a is a generic element of H, then K is the algebra of formal series k[[x^a]]. We will also regard elements of K as derivations on H_K := K ⊗_k H with H acting via contractions. We will call the elements of H flat.

1.1.1. Definition. The structure of a formal Frobenius manifold on (H, g) is given by a potential Φ ∈ K defined up to quadratic terms which satisfies the associativity of WDVV–equations: ∀a, b, c, d : ∑ ef Φ_{abe}g^{ef} Φ_{fcd} = (−1)^{ã(b̃+c̃)} ∑ ef Φ_{bce}g^{ef} Φ_{fad} (1.1)

where Φ_{abc} = ∂_a∂_b∂_cΦ, g^{ij} is the inverse metric and ã := ~x^a = ~∂_a is the Z_2–degree.

From the equations (1.1) it follows that the multiplication law given by ∂_a ∘ ∂_b = ∑ c Φ^c_{ab}∂_c turns H_K = K ⊗_k H into a supercommutative K–algebra.

There are two other equivalent descriptions of formal Frobenius manifolds using abstract correlation functions and Comm_∞–algebras (cf. [M1]).

1.1.2. Definition. An abstract tree level system of correlation functions (ACFs) on (H, g) is a family of S_n–symmetric even polynomials Y_n : H^{⊗n} → k, n ≥ 3 (1.2)

satisfying the Coherence axiom (1.3) below.

Set Δ = ∑ ∂_ag^{ab}∂_b. Choose any pairwise distinct 1 ≤ i, j, k, l ≥ n and denote by ijSkl any partition S = {S_1, S_2} of {1, . . . , n} which separates i, j and k, l, i.e. i, j ∈ S_1 and k, l ∈ S_2. The axiom now reads:

Coherence: For any choice of i, j, k, l ∑ ijSkl ∑ a,b Y_{|S1|+1}( ⨂ r∈S_1 γ_r ⊗ ∂_a)g^{ab}Y_{|S2|+1}(∂_b ⊗ ⨂ r∈S_2 γ_r) = ∑ ikT jl ∑ a,b Y_{|T1|+1}( ⨂ r∈T_1 γ_r ⊗ ∂_a)g^{ab}Y_{|T2|+1}(∂_b ⊗ ⨂ r∈T_2 γ_r). (1.3)

1.1.3. Correspondence between formal series and families of polynomials. Given a formal series Φ ∈ K, we can expand it up to terms of order two as Φ = ∞∑ n≥3 1 n! Y_n (1.4)

where the Y_n ∈ (H^t)^{⊗n}. We will consider the Y_n as even symmetric maps H^{⊗n} → k. One can check that the WDVV–equations (1.1) and the Coherence axiom (1.3) are equivalent under this identification, see e.g. [M1].

4 RALPH M. KAUFMANN

1.1.4. Remark. Using Y_n one can define multiplications ∘_n by dualizing with g g(∘_n(γ_1, . . . , γ_n), γ_{n+1}) := Y_{n+1} : H^{⊗(n+1)} → k, Y_{n+1}(γ_1 ⊗ · · · ⊗ γ_n) (1.5) which define a so–called Comm_∞–algebras.

1.1.5. Theorem (III.1.5 of [M1]). The correspondence of 1.1.3 establishes a bijection between the following structures on (H, g).

(i) Formal Frobenius manifolds. (ii) Cyclic Comm_∞–algebras. (iii) Abstract correlation functions.

1.1.6. Definition. An even element e in H_K is called an identity, if it is an identity for the multiplication ∘. It is called flat, if e ∈ H. In this case, we will denote e by ∂_0 and include it as a basis element.

1.1.7. Euler Operator. An even element E ∈ K is called conformal, if Lie_E(g) = Dg for some D ∈ k. Here, we take the Lie derivative of the tensor g bilinearly extended to K w.r.t. the derivation E. In other words: ∀X, Y ∈ K : Lie_E(g) := Eg(X, Y ) − g([E, X], Y ) − g(X, [E, Y ]) = D g(X, Y ). (1.6) It follows that E is the sum of infinitesimal rotation, dilation and constant shift, hence, we can write E as: E = ∑ a,b∈A d_{ab}x^a∂_b + ∑ a∈A r^a∂_a := E_1 + E_0, (1.7)

for some d_{ab} ∈ k. Specializing X = ∂_a, Y = ∂_b we can rewrite (1.6) ∀a, b : ∑ c d_{ac}g_{cb} + ∑ c d_{bc}g_{ac} = Dg_{ab}. (1.8) In particular, we see that [E, H] ⊂ H and that the operator V : H → H : V(X) := [X, E] − D 2 X (1.9)

is skew–symmetric.

A conformal operator E is called Euler, if it additionally satisfies Lie_E(∘) = d_0∘ for some constant d_0.

1.1.8. Quasi–homogeneity. The last condition is equivalent to the quasi–homogeneity condition (Proposition 2.2.2. of [M1]) EΦ = (d_0 + D)Φ + a quadratic polynomial in flat coordinates. (1.10)

1.2. The tensor product of formal Frobenius manifolds. The tensor product of formal Frobenius manifolds is naturally defined via the respective Cohomological Field Theories (Cf. [KM, KMK, K]) which in terms of correlation functions manifests itself in the appearance of operadic correlation functions and the diagonal class Δ_{M 0n} ∈ A^{n−3}(M_{0n} × M_{0n}).

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 5

1.2.1. Trees and the cohomology of the spaces M_{0S}. We will consider a tree τ as quadruple (F_τ , V_τ , ∂_τ , j_τ ) of a (finite) set of (of flags) F_τ , a (finite) set (of vertices) V_τ , the boundary map ∂_τ : F_τ → V_τ , and an involution j_τ F_τ → F_τ , j^2_τ = j_τ .

We call a a tree S–labeled or an S–tree if there is a fixed isomorphism of the tails (one element orbits of j) and S. We will only consider trees at least three tails. A tree is called stable if the set of flags at each vertex is at least of cardinality 3: ∀v ∈ V (τ)|F_τ (v)| ≥ 3.

If a tree τ is unstable we define the stabilization of τ to be the tree obtained from τ by contracting one edge at each unstable vertex. There are just three possible configurations at a given unstable vertex and it is easily seen that the result of the stabilization is indeed stable and that the stabilization does not depend on the chosen edge.

1.2.2. Keel’s presentation. As was shown in [Ke], the cohomology ring of M_{0S} can be presented in terms of classes of boundary divisors as generators and quadratic relations as introduced by [Ke]. Thus we have a map [ ] : {stable S–trees} → H^∗(M_{0S} ) (1.11) The additive structure of this ring and the respective relations can then be naturally described in terms of stable trees (see [KM] and [KMK]).

1.2.3. Operadic Correlation Functions. By identifying the index set n = {1, . . . , n} of ACFs or more generally any finite set S with a set of markings of a S–tree, one can extend the notion of ACFs to operadic correlation functions. These are maps from H^{⊗S} which also depend on a choice of a stable S–tree τ (cf. [KM]).

Y (τ) : H^{⊗Tτ} → k (1.12)

In fact under certain natural restrictions there exists a unique extension to trees for any system of ACFs {Y_n} (cf. Lemma 8.4.1 of [KM]).

1.2.4. Remark. Given a set of ACFs {Y_n} the correlation function of the above cited Lemma for a stable n–tree τ is given by the formula

Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an} ) = ( ⨂ v∈Vτ Y_{Fv} )(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ Δ^{⊗|Eτ |}). (1.13) If fact due to the Coherence axiom (1.3) the operadic correlation functions only depend on the class of the tree [τ] ∈ H^∗(M_{0n}): Y (τ) = Y ([τ]).

1.2.5. Remark. To shorten the formulas, by abuse of notation, we will also denote the following function from H^{⊗Fτ} to k by Y (τ): ⨂ v∈Vτ Y_{Fv} =: Y (τ). (1.14)

Which function is meant will be clear from the index set of the arguments.

6 RALPH M. KAUFMANN

1.2.6. The diagonal of M_{0n} × M_{0n}. Denote the class of the diagonal in H^{n−3}(M_{0n} × M_{0n}) by Δ_{M 0n} and write it in terms of a tree basis:

Δ_{M 0n} = ∑ [σ],[τ]∈Bn [σ]g^{[σ][τ]} ⊗ [τ] (1.15)

where g_{[σ][τ]} = ∫ M_{0n} [σ] ∪ [τ] and Bn is some basis of H

∗(M_{0n}). Notice that

g^{[σ][τ]} = 0 unless |E_σ| + |E_τ | = n − 3. (1.16) For explicit computations one can use the basis B_n presented in [K].

1.2.7. Tensor product for ACFs. The tensor product of two systems of ACFs (H^{(1)}, Δ^{(1)}, {Y^{(1)}n }) and (H^{(2)}, Δ^{(2)}, {Y^{(2)}n }) is the system of ACFs (H^{(1)} ⊗H^{(2)}, Δ^{(1)} ⊗Δ^{(2)}, {Y_n}) defined by

Y_n((γ^{(1)}_1 ⊗ γ^{(2)}_1 ) ⊗ · · · ⊗ (γ^{(1)}_n ⊗ γ^{(2)}_n )) := ϵ(γ^{(1)}, γ^{(2)})(Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )((γ^{(1)}_1 ⊗ γ^{(2)}_1 ) ⊗ · · · ⊗ (γ^{(1)}_n ⊗ γ^{(2)}_n )). (1.17) where for each summand

(Y^{(1)} ⊗ Y^{(2)})([τ] ⊗ [σ])((γ^{(1)}_1 ⊗ γ^{(2)}_1 ) ⊗ · · · ⊗ (γ^{(1)}_n ⊗ γ^{(2)}_n )) = ϵ(γ^{(1)}, γ^{(2)})Y^{(1)}(τ)(γ^{(1)}_1 ⊗ · · · ⊗ γ^{(1)}_n )Y^{(2)}(σ)(γ^{(2)}_1 ⊗ · · · ⊗ γ^{(2)}_n ). (1.18)

1.2.8. Definition. Given two formal Frobenius manifolds (H^{(1)}, g^{(1)}, Φ^{(1)}) and (H^{(2)}, g^{(2)}, Φ^{(2)}), let {Y^{(1)}n } and {Y^{(2)}n } be the corresponding ACFs. The tensor product (H, g, Φ) of (H^{(1)}, g^{(1)}, Φ^{(1)}) and (H^{(2)}, g^{(2)}, Φ^{(2)}) is defined to be (H^{(1)} ⊗ H^{(2)}, g^{(1)} ⊗ g^{(2)}, Φ) where the potential Φ is given by:

Φ(γ) = ∑ n≥3 1 n! (Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )(γ^{⊗n}). (1.19)

As in 1.1.3, to make sense of (1.19) one should expand γ = ∑ x^{a′,a′′} ∂_a′_a′′ in terms of the tensor product basis (∂_a′_a′′ := ∂^{(1)}_a′ ⊗ ∂^{(2)}_a′′ ) of the two basis {∂^{(1)}_a′ } and {∂^{(2)}_a′′ } and the dual coordinates x^{a′a′′} for this basis.

Inserting the explicit basis B_n with its intersection form given in [K] allows to make (1.19) explicit (cf. [K]). W In the case of quantum cohomology this provides the explicit Künneth formula. Here the tensor product of the potentials Φ^V and Φ^W belonging to some smooth projective varieties V and W is the Gromov–Witten potential of Φ^{V ×W} (cf. [KM, KMK, K, B]).

1.3. Frobenius manifolds.

1.3.1. Definition. A Frobenius manifold M is a quadruple (M, T^f_M , g, Φ) of a (super)- manifold M, an affine flat structure T^f_M , a compatible metric g and a potential function whose tensor of third derivatives defines an associative commutative multiplication ∘ on each fiber of T_M .

For the notion of supermanifolds and supergeometry in general we refer to the book [M2]. Below we will consider only manifolds in the analytic category.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 7

1.3.2. Definition. A pointed Frobenius manifold is a pair (M, m_0) of a Frobenius manifold M and a point m_0 ∈ M called the base–point.

When considering flat coordinates in a neighborhood of the base–point m_0 of a pointed Frobenius manifold, we require that the coordinates of m_0 are all zero. In other words, the base–point corresponds to a choice of a zero in flat coordinates.

1.3.3. Euler field and Identity. Just as in the formal case, a Frobenius manifold may carry two additional structures; an Euler field and an identity. They are defined analogously.

1.3.4. Definition. An even vector field E on a Frobenius manifold with a flat metric g is called conformal of conformal weight D, for some constant D, if it satisfies Lie_E(g) = Dg. A conformal field E is called Euler, if it additionally satisfies Lie_E(∘) = d_0∘ for some constant d_0.

1.3.5. From germs of pointed Frobenius manifolds to convergent formal Frobenius manifolds. Regarding a germ of a pointed Frobenius manifold (M, m_0) over a field k of characteristic zero, choose a flat basis of vector fields (∂_a) and set H = ⊕_ak∂_a and keep the metric g. Choose corresponding unique local flat coordinates x^a s.t. ∀a : x^a(m_0) = 0 as we demanded in 1.3.2. A structure of a formal Frobenius manifold on (H, g) is then given by the expansion of the potential into a power series in local flat coordinates (x^a) at m_0. Up to quadratic terms we obtain:

Φ_{m0} (x) = ∑ n≥3 1 n! ∑ a_1,...,an∈{1,... ,n} x^{an} · · · x^{a1} Y^{m0}_n (∂_{a1} ⊗ · · · ⊗ ∂_{an} ) (1.20)

where the functions Y_n are defined via

Y^{m0}_n (∂_{a1} ⊗ · · · ⊗ ∂_{an} ) := ∂_{a1} · · · ∂_{an} Φ|_{m0} = (∂_{a1} ⊗ · · · ⊗ ∂_{an} )Φ_{m0} (x)|_0 (1.21)

Φ_{m0} obviously obeys the WDVV–equations.

Furthermore, in the presence of an Euler field or a flat identity writing E and e = ∂_0 in flat coordinates defines the same structures in the formal situation.

We stress again that we are dealing with pointed Frobenius manifolds. Due to this a zero in flat coordinates has been fixed and {Y^{m0}_n }, E and e are uniquely defined.

On the other hand, the functions in (1.21) and E are dependent on the choice of the base–point. Choosing a different base–point ^m_0 with x–coordinates x^a( ^m_0) = x^a_0 in the domain of convergence of Φ_{m0} yields the new standard flat coordinates ^x^a = x^a − x^a_0. The corresponding functions Y transform via:

^Y^{bm}0_n (∂_{a1} ⊗ · · · ⊗ ∂_{an} ) := ∂_{a1} . . . ∂_{an} Φ|_{bm0} = ∂_{a1} . . . ∂_{an} Φ_{m0} |_{xa0} = ∑ N≥0 1 N! ∑ (b_1,...,b_N ):b_i∈A x^{bN}_0 · · · x^{b1}_0 Y^{m0}_{n+N} (∂_{b1} ⊗ · · · ⊗ ∂_{bN} ⊗ ∂_{a1} ⊗ · · · ⊗ ∂_{an} )

= ∑ N≥0 1 N! ∑ (b_1,...,b_N ):b_i∈A ϵ(b|a) x^{bN}_0 · · · x^{b1}_0 Y^{m0}_{n+N} (∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_{b1} ⊗ · · · ⊗ ∂_{bN} ) (1.22)

where ϵ(b|a) is a shorthand notation for ϵ(∂_{b1} · · · ∂_{bN} |∂_{a1} . . . ∂_{an} ) which we define as the superalgebra sign acquired by permuting ∂_{b1} , . . . , ∂_{bN} past the ∂_{a1} , . . . , ∂_{an} : ∂_{b1} · · · ∂_{bN} ∂_{a1} · · · ∂_{an} = ϵ(b|a) ∂_{a1} · · · ∂_{an} ∂_{b1} · · · ∂_{bN} . (1.23)

8 RALPH M. KAUFMANN

1.3.6. Notation. We denote the convergent formal Frobenius structure obtained from a pointed Frobenius manifold ((M, T^f_M , g_M , Φ^M ), p) with a choice of a basis (∂_a) of T^f_M by ( ⨁ k ∂_a, g_M , Φ^M_p ) (1.24)

1.3.7. From convergent formal Frobenius manifolds to germs of pointed Frobenius manifolds. Starting with any formal Frobenius manifold (H, g) with a potential Φ, we can produce a germ of a manifold with a flat structure by identifying the x^a as coordinate functions around some point m_0, choosing H as the space of flat fields and considering g as the metric. To get a Frobenius manifold, however, we need that the formal potential Φ has some nonempty domain of convergence. If

Φ(γ) = ∑ n≥3 1 n! Y_n(γ^{⊗n}) (1.25)

with γ = ∑ x^aΔ_a is convergent, we can pass to a germ of a pointed Frobenius manifold.

If necessary, we can, in this situation, even move the base–point as indicated above.

2. The Tensor product for Euler fields, flat identities and germs of Frobenius manifolds

2.1. The tensor product for Euler fields and flat identities. In this section, we extend the operation of forming the tensor product to the additional structures of an Euler field and an identity. In order to achieve this, we first rewrite the quasi–homogeneity condition and the defining relation for an identity in terms of operadic correlation functions. To this end we introduce the morphisms π^∗, π_∗ on trees.

2.1.1. Forgetful morphisms and trees. The flat and proper morphisms π_s : M_{0S} → M_{0,S\{s}} which forget the point marked by s and stabilize if necessary induce the maps π_∗ and π^∗ on the Chow rings where we omitted the subscript s which we will always do, if there is no risk of confusion.

We will now define the maps π_∗, π^∗ on trees corresponding under [ ] to the respective maps in the Chow rings of M_{0S}.

Define π_∗ via π_{s∗}(τ) = { forget the tail number s and stabilize, if the stabilization is necessary 0 otherwise (2.1)

For any S–tree τ and any s /∈ S set

τ^s_v = the (S ∪ {s})–tree obtained from τ by adding an additional tail marked by s at the vertex v. (2.2)

For the notion of stabilization of a tree cf. 1.2.1. Now we define: π^{s∗}(τ) = ∑ v∈Vτ τ^s_v . (2.3)

Taking the definition of [ ] from [KM] it is a straightforward calculation using e.g. [Ke] to check that indeed [π^∗(τ)] = π^∗([τ]) and [π_∗(τ)] = π_∗([τ]).

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 9

2.1.2. Quasi–homogeneity condition in terms of correlation functions. 2.1.3. Lemma. In terms of the abstract correlation functions Y_n the quasi–homogeneity condition (1.10) is given by ∑ a∈A ( n∑ i=1 d_{aia}Y_n(∂_{a1} ⊗ · · · ⊗ ^∂_{ai} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_a) + r^aY_{n+1}(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_a)) = (d_0 + D)Y_n(∂_{a1} ⊗ · · · ⊗ ∂_{an} ). (2.4)

Proof. Applying the vector field E in the form (1.7) to (1.4) and making a coefficient check yields (2.4).

2.1.4. Lemma. The correlation functions (1.14) obey the following relation. For a given n–tree τ: ∑ a∈A ( ∑ f∈Fτ d_{fa}Y (τ)(( ⨂ f^′∈Fτ \{f} ∂_f ′ ) ⊗ ∂_a) + r^aY (π^∗(τ))(( ⨂ f∈Fτ ∂_f ) ⊗ ∂_a))

= |V_τ |(D + d_0)Y (τ)( ⨂ f∈Fτ ∂_f ). (2.5)

Proof. Recall that by definition Y (π^∗(τ)) = ∑ v∈Vτ Y (τ n+1 v ). By applying (2.4) at every vertex v of τ, we obtain ∑ f∈Fτ ∑ a d_{fa} Y (τ)(( ⨂ f^′∈Fτ \{f} ∂_f ) ⊗ ∂_a) = ∑ v∈Vτ [ ∑ f∈Fτ (v) d_{fa} ⨂ v^′∈Vτ (Y_{|Fτ (v}′_{)|})(( ⨂ f^′∈Fτ \{f} ∂_f ′ ) ⊗ ∂_a)] = ∑ v∈Vτ [(D + d_0)Y (τ)( ⨂ f∈Fτ ∂_f ) − ∑ a∈A r^aY (τ^{n+1}_v )(( ⨂ f∈Fτ ∂_f ) ⊗ ∂_a)]

= |V_τ |(D + d_0)Y (τ)( ⨂ f∈Fτ ∂_f ) − ∑ a∈A r^aY (π^∗(τ))(( ⨂ f∈Fτ ∂_f ) ⊗ ∂_a).

(2.6)

2.1.5. Proposition. For the operadic correlation functions {Y (τ)} the quasi–homogeneity condition is equivalent to n∑ i=1 ∑ a∈A d_{aia}Y (τ)(∂_{a1} ⊗ · · · ⊗ ^∂_{ai} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_a) − |E_τ | d_0Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an} ) + ∑ a∈A r^aY (π^∗(τ))(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_a) = (d_0 + D)Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an} ). (2.7)

10 RALPH M. KAUFMANN

Proof. Writing out the Casimir elements Δ = ∑ ∂_pg^{pq}∂_q and applying Lemma 2.1.4 yields: n∑ i=1 ∑ a∈A d_{aia}Y (τ)(∂_{a1} ⊗ · · · ⊗ ^∂_{ai} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_a) + |E_τ | D Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an} )

= n∑ i=1 ∑ a∈A d_{aia}Y (τ)(∂_{a1} ⊗ · · · ⊗ ^∂_{ai} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_a)

+ |E_τ | D ∑ (p1,...p|Eτ |)pi∈A (q1,...q|Eτ |)qi∈A ( ⨂ v∈Vτ Y_{Fv} )(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ |Eτ |⨂

j=1 (∂_{pj} g^{pjqj} ⊗ ∂_{qi} ))

(∗) = ∑ (p1,...p|Eτ |)pi∈A (q1,...q|Eτ |)qi∈A [ n∑ i=1 ∑ a∈A d_{aia}Y (τ)(∂_{a1} ⊗ · · · ⊗ ^∂_{ai} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_a ⊗ |Eτ |⨂

j=1 (∂_{pj} g^{pj qj} ⊗ ∂_{qi} ))

+ |Eτ |∑

i=1 ∑ a∈A d_{pia}( ⨂ v∈Vτ Y_{Fv} )(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ |Eτ |⨂

j=1,j≠i (∂_{pj} g^{pj qj} ⊗ ∂_{qi} ) ⊗ ^∂_{pi} g^{pia}∂_{qi} ⊗ ∂_a)

+ |Eτ |∑

i=1 ∑ a∈A d_{pj a}( ⨂ v∈Vτ Y_{Fv} )(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ |Eτ |⨂

i=1,i≠j (∂_{pi} g^{piqi} ⊗ ∂_{qi} ) ⊗ ∂_{pi} g^{pia} ^∂_{qi} ⊗ ∂_a)] = (|E|_τ + 1)(D + d_0)Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an} ) − ∑ a∈A r^aY (π^∗(τ))(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_a). (2.8)

The equality (∗) holds due to (1.8). Rewriting (2.8), we obtain (2.7). Vice versa postulating (2.7), we see that it reduces to (2.4) for the one–vertex tree (ρ_n).

2.1.6. The identity in terms of correlation functions. As previously remarked, we will assume that the identity is a flat vector field e = ∂_0. As the semi–simplicity of E this restriction is satisfied in the case of quantum cohomology.

2.1.7. Remark. From Corollary 2.1.1 of [M1], we have that

Y_3(∂_a, ∂_b, ∂_0) = g_{ab} and Y_n(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ ∂_0) = 0 ∀n > 3 (2.9) are equivalent to the fact that ∂_0 is a flat identity. In terms of operadic ACFs one obtains:

2.1.8. Proposition. For a flat identity e = ∂_0 and for any stable n–tree τ with n > 3 Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ ∂_0) = Y (π_∗(τ))(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ). (2.10) Proof. From (2.9) we know that Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ ∂_0) = 0, if the valence of the vertex v_0 with the tail marked with n is greater than three or, in other words, if the vertex remains stable after forgetting the tail n. Assume now that the vertex has valence three. Noticing that for a flat identity Y_3(∂_a, ∂_b, ∂_0) = g_{ab} the result follows by direct calculation. There are two cases: either v_0 has two tails marked n and i for some i and is joined to

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 11

one other vertex v^′ by the edge e or v_0 just has one tail and is joined to two other vertices by the edges e_1 and e_2. In the first case we get Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ ∂_0 ⊗ Δ^{⊗|Eτ |}) = ( ⨂ v∈Vτ \{v_0} ( ⨂ f∈Fτ (v) Y_{Fτ (v)}) ⊗ Y_{Fτ (v0)}) (∂_{a1} ⊗ · · · ⊗ ^∂_{ai} ⊗ · · · ⊗ ∂_{an−1} ⊗ Δ^{⊗|Eτ |−1} ⊗ Δ_e ⊗ ∂_{ai} ⊗ ∂_0) = ∑ pq ( ⨂ v∈Vτ \{v_0} ( ⨂ f∈Fτ (v) Y_{Fτ (v)})) (∂_{a1} ⊗ · · · ⊗ ^∂_{ai} ⊗ · · · ⊗ ∂_{an−1} ⊗ Δ^{⊗|Eτ |−1} ⊗ ∂_pg^{pq}g_{qai} ) = ( ⨂ v∈Vτ \{v_0} ( ⨂ f∈Fτ (v) Y_{Fτ (v)}))(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ Δ^{⊗|Eτ |−1}) = Y (π_∗(τ))(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ) likewise in the second case Y (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ ∂_0 ⊗ Δ^{⊗|Eτ |}) = ( ⨂ v∈Vτ \{v_0} ( ⨂ f∈Fτ (v) Y_{Fτ (v)}) ⊗ Y_{Fτ (v0)})

(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ Δ^{⊗|Eτ |−2} ⊗ Δ_{e1} ⊗ Δ_{e2} ⊗ ∂_0) = ∑ pq,rs ( ⨂ v∈Vτ \{v_0} ( ⨂ f∈Fτ (v) Y_{Fτ (v)})) (∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ Δ^{⊗|Eτ |−2} ⊗ ∂_pg^{pq}g_{qr}g^{rs} ⊗ ∂_s) = ( ⨂ v∈Vτ \{v_0} ( ⨂ f∈Fτ (v) Y_{Fτ (v)}))(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ⊗ Δ^{⊗|Eτ |−1}) = Y (π_∗(τ))(∂_{a1} ⊗ · · · ⊗ ∂_{an−1} ). 2.1.9. Remark. In the setting of operads and higher order multiplications ([G, GK]), the formulas (2.9) for a flat identity e = ∂_0 correspond to the statements that e is an identity for ∘_2 and acts as a zero for all higher multiplications ∘_n, n ≥ 3. The contents of Proposition 2.1.8 is the extension of these properties to any concatenation of these multiplications.

After these preparations, we come to the main result of this section: 2.1.10. Theorem. Given two formal Frobenius manifolds (H^{(1)}, g^{(1)}, Φ^{(1)}) and (H^{(2)}, g^{(2)}, Φ^{(2)}) with Euler fields

E^{(1)} = ∑ a^′b^′∈A^{(1)}

d^{(1)}_a′_b′ x^{(1)a′} ∂^{(1)}_b′ + ∑ a^′∈A^{(1)}

r^{(1)a′} ∂^{(1)}_a′ of weight D^{(1)} and (2.11) E^{(2)} = ∑ a^{′′}b^{′′}∈A^{(2)} d^{(2)}_a′′_b′′ x^{(2)a′′} ∂^{(2)}_b′′ + ∑ a^{′′}∈A^{(2)} r^{(2)a′′} ∂^{(2)}_a′′ of weight D^{(2)} (2.12)

and with flat identities e^{(1)}, e^{(2)} of the same weight d^{(1)}_0 = d^{(2)}_0 = d, then e = e^{(1)} ⊗ e^{(2)} = ∂^{(1)}_0 ⊗ ∂^{(2)}_0 = ∂_{00} (2.13)

12 RALPH M. KAUFMANN and E = ∑ (b^′,b^{′′})∈A^{(1)}×A^{(2)} [ ∑ a^′∈A^{(1)}

(d^{(1)}_a′_b′ x^{a′b′′} ) + ∑ a^{′′}∈A^{(2)} (d^{(2)}_a′′_b′′ x^{b′a′′} ) − dx^{b′b′′} ] ∂_b′_b′′ + ∑ a^′∈A^{(1)}

r^{(1)a′} ∂_a′_0 + ∑ a^{′′}∈A^{(2)} r^{(2)a′′} ∂_{0a}′′ (2.14)

define a flat identity of weight d and an Euler field of weight D^{(1)} + D^{(2)} − 2d on the tensor product (H, g, Φ) of (H^{(1)}, g^{(1)}, Φ^{(1)}) and (H^{(2)}, g^{(2)}, Φ^{(2)}).

Before we can prove the above theorem, we need one more Lemma about the properties of the diagonal class Δ_{M 0n} .

2.1.11. Lemma.

(id, π_∗)(Δ_{M 0n} ) = (π^∗, id)(Δ_{M0n−1} ) (2.15) and (π_∗, π_∗)(Δ_{M 0n} ) = 0. (2.16)

Proof. Consider two any strata classes D_τ ∈ A^∗(M_{0n}), D_σ ∈ A^∗(M_{0n−1}). Using the projection formula twice, we obtain ∫ M_{0n} D_τ ∪ π^∗(D_σ) = ∫ M_{0n−1} π_∗(D_τ ) ∪ D_σ ⇔ ∫ M_{0n}×M_{0n} (D_τ � π^∗(D_σ)) ∪ Δ_{M 0n} = ∫ M_{0n−1}×M_{0n−1} (π_∗(D_τ ) � D_σ) ∪ Δ_{M 0n−1} ⇔ ∫ M_{0n}×M_{0n−1} (D_τ � D_σ) ∪ (id, π_∗)Δ_{M 0n} = ∫ M_{0n}×M_{0n−1} (D_τ � D_σ) ∪ (π^∗, id)Δ_{M 0n−1} .

Since the intersection pairing is non–degenerate and the classes D_τ �D_σ generate A^∗(M_{0n−1}× M_{0n}), the formula (2.15) follows. Using the same type of argument for ∫ M_{0n−1}×M_{0n−1} (D_τ � D_σ) ∪ (π_∗, π_∗)Δ_{M 0n} = ∫ M_{0n−1}×M_{0n−1} (π^∗, π^∗)(D_τ � D_σ) ∪ Δ_{M 0n} = ∫ M_{0n} π^∗(D_τ ) ∪ π^∗(D_σ) = ∫ M_{0n} π^∗(D_τ ∪ D_σ) = 0

where the last zero is due to dimensional reasons, we obtain the second claim (2.16).

Proof of the Theorem.

As in 1.2.8, we choose the coordinates x^{a′a′′} corresponding to the basis ∂_a′ ⊗ ∂_a′′ . The metric for the tensor product is given by g_a′_b′_{,a}′′_b′′ := g(∂_a′ ⊗ ∂_a′′ , ∂_b′ ⊗ ∂_b′′ ) = g^{(1)}(∂_a′ , ∂_b′ )g^{(2)}(∂_a′′ , ∂_b′′ ) = g^{(1)}_a′_{,b}′ g^{(2)}_a′′_{,b}′′ . (2.17)

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 13

Euler field.

First we check that E is conformal of weight D^{(1)} + D^{(2)} − 2d. On the basis of flat vector fields we calculate: g([∂_a′_a′′ , E], ∂_b′_b′′ ) + g(∂_a′_a′′ , [∂_b′_b′′ , E]) = ∑ c^′ d^{(1)}_a′_c′ g^{(1)}_c′_b′ g^{(2)}_a′′_b′′ + ∑ c^{′′} d^{(2)}_a′′_c′′ g^{(1)}_c′_b′ g^{(2)}_c′′_b′′ + ∑ c^′ d^{(1)}_b′_c′ g^{(1)}_a′_c′ g^{(2)}_a′′_b′′ + ∑ c^{′′} d^{(2)}_b′′_c′′ g^{(1)}_a′_b′ g^{(2)}_a′′_c′′

− 2dg^{(1)}_a′_b′ g^{(2)}_a′′_b′′ = (D^{(1)} + D^{(2)} − 2d)g_a′_a′′_{,b}′_b′′ . (2.18) We will prove the fact that E is indeed an Euler field by verifying the quasi–homogeneity condition (1.10).

Set D = D^{(1)} + D^{(2)} − 2d and γ = ∑ x^{a′a′′} ∂^{(1)}_a′ ⊗ ∂^{(2)}_a′′ : E_1Φ(γ) = E_1 ∑ n≥3 1 n! Y_n(γ^{⊗n}) = E_1 ∑ n≥3 1 n! (Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )(γ^{⊗n})

= ∑ n≥3 1 n! x^{a′na′′n} · · · x^{a′1a′′1} ( ∑ a^′∈A^{(1)} n∑ i=1 d^{(1)}_a′_{ia′} (Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )

((∂^{(1)}_a′_1 ⊗ ∂^{(2)}_a′′_1 ) ⊗ · · · ⊗ “

(∂^{(1)}_a′_i ⊗ ∂^{(2)}_a′′_i ) ⊗ · · · ⊗ (∂^{(1)}_a′_n ⊗ ∂^{(2)}_a′′_n ) ⊗ (∂^{(1)}_a′ ⊗ ∂^{(2)}_a′′_i )) + ∑ a^{′′}∈A^{(2)} n∑ i=1 d^{(2)}_a′′_{i a′′} (Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )

((∂^{(1)}_a′_1 ⊗ ∂^{(2)}_a′′_1 ) ⊗ · · · ⊗ “

(∂^{(1)}_a′_i ⊗ ∂^{(2)}_a′′_i ) ⊗ · · · ⊗ (∂^{(1)}_a′_n ⊗ ∂^{(2)}_a′′_n ) ⊗ (∂^{(1)}_a′_i ⊗ ∂^{(2)}_a′′ ))

− n d (Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )((∂^{(1)}_a′_1 ⊗ ∂^{(2)}_a′′_1 ) ⊗ · · · ⊗ (∂^{(1)}_a′_n ⊗ ∂^{(2)}_a′′_n )) ) (∗) = ∑ n≥3 1 n! x^{a′na′′n} · · · x^{a′1a′′1} ( (D^{(1)} + D^{(2)} − d)(Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )

((∂^{(1)}_a′_1 ⊗ ∂^{(2)}_a′′_1 ) ⊗ · · · ⊗ (∂^{(1)}_a′_n ⊗ ∂^{(2)}_a′′_n )) − ∑ a^′∈A^{(1)}

r^{(1)a′} (Y^{(1)} ⊗ Y^{(2)})((π^∗, id)(Δ_{M 0n} ))((∂^{(1)}_a′_1 ⊗ ∂^{(2)}_a′′_1 ) ⊗ · · · ⊗ (∂^{(1)}_a′_n ⊗ ∂^{(2)}_a′′_n ) ⊗ ∂^{(1)}_a′ ) − ∑ a^{′′}∈A^{(2)} r^{(2)a′′} (Y^{(1)} ⊗ Y^{(2)})((id, π^∗)(Δ_{M 0n} ))((∂^{(1)}_a′_1 ⊗ ∂^{(2)}_a′′_1 ) ⊗ · · · ⊗ (∂^{(1)}_a′_n ⊗ ∂^{(2)}_a′′_n ) ⊗ ∂^{(2)}_a′′ ) )

= ∑ n≥3 1 n! ( (D + d)(Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )(γ^{⊗n}) − ∑ a^′∈A^{(1)}

r^{(1)a′} (Y^{(1)} ⊗ Y^{(2)})((π^∗, id)(Δ_{M 0n} ))(γ^{⊗n} ⊗ ∂^{(1)}_a′ ) − ∑ a^{′′}∈A^{(2)} r^{(2)a′′} (Y^{(1)} ⊗ Y^{(2)})((id, π^∗)(Δ_{M 0n} ))(γ^{⊗n} ⊗ ∂^{(2)}_a′′ ) ) . (2.19)

To obtain (∗) write Δ_{M 0n} = ∑ [τ]g^{[τ][σ]} ⊗[σ] as in 1.2.6 and apply Proposition 2.1.5 to both tensor factors of each summand. Furthermore, notice that the [τ], [σ] are homogeneous and g^{[σ][τ]} = 0 unless |E_σ| + |E_τ | = n − 3 (1.16).

14 RALPH M. KAUFMANN

On the other hand, applying Proposition 2.1.8, we obtain up to quadratic terms

E_0Φ(γ) = ∑ n≥3 1 (n − 1)! ( ∑ a^′∈A^{(1)}

r^{(1)a′} (Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )(γ^{⊗n−1} ⊗ ∂^{(1)}_a′ ⊗ ∂^{(2)}_0 ) + ∑ a^{′′}∈A^{(2)} r^{(2)a′′} (Y^{(1)} ⊗ Y^{(2)})(Δ_{M 0n} )(γ^{⊗n−1} ⊗ ∂^{(1)}_0 ⊗ ∂^{(2)}_a′′ ) )

= ∑ n≥3 1 n! ( ∑ a^′∈A^{(1)}

r^{(1)a′} (Y^{(1)} ⊗ Y^{(2)})(id, π_∗)(Δ_{M n+1} )(γ^{⊗n} ⊗ ∂^{(1)}_a′ ) + ∑ a^{′′}∈A^{(2)} (Y^{(1)} ⊗ Y^{(2)})(π_∗, id)(Δ_{0M n+1} )(γ^{⊗n} ⊗ ∂^{(2)}_a′′ ) ) (2.20)

Applying the formula (2.15), we see that the sum of (2.19) and (2.20) is just the the quasi–homogeneity condition for E and therefore E is an Euler field.

Identity.

The proposed identity ∂^{(1)}_0 ⊗ ∂^{(2)}_0 is a flat field by definition. Furthermore, Y_3(∂^{(1)}_a′ ⊗ ∂^{(2)}_a′′ ⊗ ∂^{(1)}_b′ ⊗ ∂^{(2)}_b′′ ⊗ ∂^{(1)}_0 ⊗ ∂^{(2)}_0 ) = Y^{(1)}_3 (∂^{(1)}_a′ ⊗ ∂^{(1)}_b′ ⊗ ∂^{(1)}_0 )Y^{(2)}_3 (∂^{(2)}_a′′ ⊗ ∂^{(2)}_b′′ ⊗ ∂^{(2)}_0 ) = g_a′_b′_{,a}′′_b′′ (2.21) and for n ≥ 3 by Proposition 2.1.8 and (2.16)

Y_n((∂^{(1)}_a′_1 ⊗ ∂^{(2)}_a′′_1 ) ⊗ · · · ⊗ (∂^{(1)}_a′_{n−1} ⊗ ∂^{(2)}_a′′_{n−1} ) ⊗ (∂^{(1)}_0 ⊗ ∂^{(2)}_0 ))

= (Y^{(1)} ⊗ Y^{(2)})((π_∗, π_∗)Δ_{M 0n} )((∂^{(1)}_a′_1 ⊗ ∂^{(2)}_a′′_1 ) ⊗ · · · ⊗ (∂^{(1)}_a′_{n−1} ⊗ ∂^{(2)}_a′′_{n−1} )) = 0 (2.22)

which proves that ∂^{(1)}_0 ⊗ ∂^{(2)}_0 is indeed an identity by Remark 2.1.7. The weight of this identity can be read off the Euler field as d + d − d = d, proving the theorem.

2.1.12. Remarks. The condition that the weights of the identities are equal can be met by a rescaling of the Euler fields as long as not only one of the weights is 0. In the following, we will always assume this when considering the tensor product.

Since, given a metric and the multiplication on the fibers of a Frobenius manifold, the identity is uniquely determined —cf .[M1]—, the above identity is the only identity compatible with the choice of the tensor metric (2.17).

The theorem, however, contains no such uniqueness property for the Euler field, but there are several reasons for the choice of this particular type of Euler field. If the E_1–part is regarded as providing the operator V of (1.9), then our choice of E_1 for the tensor product is equivalent up to the shift by d which is necessary to accommodate the dependence of the tensor product on the diagonal in H^∗(M_{0n} × M_{0n}) to the natural definition:

V := V^{(1)} ⊗ id + id ⊗ V^{(2)}. (2.23) As remarked in [M1], if the action of ad(E) is semi–simple on H, there is a natural grading of H induced by the action of ad(E), shifted by d_0. This grading basically fixes the E_1 component. In the setting of quantum cohomology, this grading is just (half) the usual grading for the cohomology groups. The additivity is just the fact that under the Künneth formula the total degree of a class is the sum of the degrees of the two components. The natural grading on the space of H^{(1)} ⊗ H^{(2)} is consequently given by

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 15

the grading operator ad(E^{(1)} ⊗ id + id ⊗ E^{(2)}) shifted by d, so that the tensor product of ∂^{(1)}a and ∂^{(2)}_b of degrees δ^{(1)}_a′ and δ^{(2)}_a′′ is of degree δ^{(1)}_a′ + d + δ^{(2)}_a′′ + d − d. Recalling that d_a was the eigenvalue of −ad(E), we obtain d_a′_a′′ = d^{(1)}_a′ + d^{(2)}_a′′ − d.

In the physical realm of topological field theories [DVV], the above argument for the choice of E_1 just reflects the additivity of a U(1) charge.

The choice for E_0 is motivated by quantum cohomology where the E_0–part corresponds to the canonical class. Thus, the definition of E_0 = E^{(1)}_0 ⊗ ∂^{(2)}_0 + ∂^{(1)}_0 ⊗ E^{(2)}_0 corresponds to the formula K_{X×Y} = K_X ⊗ 1 + 1 ⊗ K_Y . More generally, it corresponds to the map H^∗(V ) × H^∗(W ) → H^∗(V × W ) : (v, w) → pr^∗_1(v) + pr^∗_2(w) which generally reflects the structure of the tensor product of Frobenius manifolds in the presence of flat identities, see Section 3.4 below.

Furthermore, in view of (2.19) and Lemma 2.1.11, E_0 seems to be the only possible choice, if one postulates (2.23).

2.2. The tensor product for two germs of pointed Frobenius manifolds. Due to the following main Theorem of this section, we can define the tensor product in the category of pointed germs of Frobenius manifolds.

2.2.1. Theorem. The tensor product potential of two convergent potentials is convergent.

2.2.2. Definition. Given two germs of pointed Frobenius manifolds (M^{(1)}, m^{(1)}_0 ) and (M^{(2)}, m^{(2)}_0 ), let (H^{(1)}, g^{(1)}, Φ^{(1)}) and (H^{(2)}, g^{(2)}, Φ^{(2)}) be the associated formal Frobenius manifolds. We define the tensor product (M, m_0) of (M^{(1)}, m^{(1)}_0 ) and (M^{(2)}, m^{(2)}_0 ) to be the associated germ of a pointed Frobenius manifold.

We will now prove the main Theorem of this section in several steps starting with invertible 1-dimensional CohFTs and proceeding to full generality. In the course of the proof, we will utilize a Theorem on complex series cited below for convenience (cf. e.g. Grauert, Einführung in die Funktionentheorie mehrerer Veränderlicher, Satz 1.1).

2.2.3. Theorem. Let z_1 ∈^oC^n := {z = (z_1, . . . , z_n) ∈ C^n | | z_k ≠ 0; 1 ≤ k ≤ n}. If the power series ∑_∞ ˚=0 a˚ z˚ converges at z1, then the series is uniformly convergent inside the polycylinder Pz_1 := {z ∈ C^n | | |z_k| < |z^{(1)}_k |}. 2.2.4. Invertible rank one CohFTs. For invertible rank one CohFTs (i.e. C_3 ≠ 0) we have the following property:

2.2.5. Theorem (3.4.2 of [KMZ]). Define the bijections

CohFT1(k) ←→ x^3 6 + x^4 k[[x]] ←→ 1 + η k[[η]] , (2.24)

where the first map assigns to a theory A its potential Φ_A(x) and the second map is defined by Φ(x) ↔ U(η) = ∫_∞ 0 e^{−Φ′′(ηx)/η} dx (2.25) or alternatively by assigning to Φ(x) =^1_6 x^3 + . . . the power series U(η) = ∑_∞ n=0 B_nη^n where x = ∑ B_n^{yn+1}_{(n+1)!} = y + · · · is the inverse power series of y = Φ^{(2)}(x) = x + · · · .

16 RALPH M. KAUFMANN

Then the tensor product of 1–dimensional CohFTs corresponds to multiplication in 1 + ηk[[η]] : U_A(1)_{⊗A}(2) (η) = U_A(1) (η) U_A(2) (η). The coefficients of − log U_A(η) are the canonical coordinates of A .

2.2.6. Explicit formulas. The above theorem can be used to give explicit formulas for the coefficients of U(η) in terms of the coefficients of Φ(x); see [KMZ] section 3.5. The explicit law for the tensor product of two normalized invertible CohFTs in terms of the coefficients of their potential functions can be derived by combining these formulas with the identity U_A(1)_{⊗A}(2) (η) = U_A(1) (η) U_A(2) (η):

C_4 = C^{(1)}_4 + C^{(2)}_4 , C_5 = C^{(1)}_5 + 5C^{(1)}_4 C^{(2)}_4 + C^{(2)}_5 ,

C_6 = C^{(1)}_6 + (8 C^{(1)}_4^2 + C^{(1)}_5 ) C^{(2)}_4 + C^{(1)}_4 (8 C^{(2)}_4^2 + C^{(2)}_5 ) + C^{(2)}_6 ,

C_7 = C^{(1)}_7 + (35 C^{(1)}_4 C^{(1)}_5 + 14 C^{(1)}_6 ) C^{(2)}_4 + (61 C^{(1)}_4^2 C^{(2)}_4^2 + 33 C^{(1)}_4^2C^{(2)}_5 +

33 C^{(1)}_5 C^{(2)}_4^2 + 19 C^{(1)}_5 C^{(2)}_5 ) + C^{(1)}_4 (35 C^{(2)}_4 C^{(2)}_5 + 14 C^{(2)}_6 ) + C^{(2)}_7 , . . .

2.2.7. Proposition. The tensor product potential of two convergent invertible rank one CohFTs is a convergent invertible rank one CohFT.

Proof. First assume that C^{(1)}_3 = C^{(2)}_3 = 1.

As in Theorem 2.2.5 write the inverse power series of the second derivatives of the potentials

Ψ^{(1)} :=

∑ B^{(1)}_n (n + 1)!

y^{n+1} Ψ^{(2)} :=

∑ B^{(2)}_n

(n + 1)! y^{n+1}. These series are convergent, if the respective potentials are and so is the product of their positive counterparts |Ψ^{(1)}| :=

∑_{|B}(1)_{n |}

(n+1)! y

n+1 and |Ψ^{(2)}| :=

∑_{|B}(2)_{n |}

(n+1)! y

n+1 as well as its derivative:

^Ψ := ∂ ∂y (|Ψ^{(1)}| |Ψ^{(2)}|) = ∑ n≥0 n∑ i=0 n + 1 i + 1

|B^{(1)}_i B^{(2)}_{n−i}| i!(n + 1 − i)! y^{n+1}. By [KMZ] (see Theorem 2.2.5 above) we have the following expansion for the inverse of the second derivative of the tensor potential Ψ: Ψ = ∑ n≥0 n∑ i=0 B^{(1)}_i B^{(2)}_{n−i} (n + 1)!

y^{n+1}. (2.26)

This series is dominated by ^Ψ at any point inside the domain of convergence of ^Ψ, since n + 2 i + 1 ( n + 1 i ) > 1, for 0 ≤ i ≤ n, and thus | n∑ i=0 B^{(1)}_i B^{(2)}_{n−i} (n + 1)! | ≤ n∑ i=0 |B^{(1)}_i B^{(2)}_{n−i}| (n + 1)! < n∑ i=0 n + 1 i + 1

|B^{(1)}_i B^{(2)}_{n−i}| i!(n + 1 − i)!

proving the convergence of the tensor product potential if C^{(1)}_3 = C^{(2)}_3 = 1.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 17

In case that C^{(1)}_3 and/or C^{(2)}_3 are not equal to one, but not equal to zero, we can scale ∂^{(1)} and ∂^{(2)} in such a way that they are one. Notice the following scaling behavior for potentials of one–dimensional theories Φ_{λ∂} (x) = Φ_∂ (λx) = Φ^λ_∂ (x), where the subscript ∂ refers to the chosen basis vector of the theory and Φ^λ_∂ (x) is the potential for the scaled theory C^λ_i = λ^iC_i, i ≥ 3 which is convergent, if Φ is.

Furthermore, for the tensor product potential of two such theories: Φ^{(1)}_{∂(1)} ⊗ Φ^{(2)}_{∂(2)} (λμx) = Φ_∂(1)_{⊗∂}(2) (λμx) = Φ_{λ∂}(1)_{⊗μ∂}(2) (x) = Φ^{(1)}_{λ∂(1)} ⊗ Φ^{(2)}_{μ∂(2)} (x) = Φ^{(1)λ}_{∂(1)} ⊗ Φ^{(2)μ}_{∂(2)} (x).

Choosing the appropriate scalings the right hand side is the tensor product of two convergent potentials with C^{(1)}_3 =C^{(2)}_3 =1 which converges by the first argument. It follows that Φ^{(1)}_{∂(1)} ⊗ Φ^{(2)}_{∂(2)} also converges, proving the proposition.

2.2.8. The case of general rank one CohFTs. In the previous section, we used the fact that we have a good handle on the tensor product potential in the case that the two rank one theories are invertible. We will show below that one can basically use the same formula even if the theories in question are not–necessarily invertible.

Denote by C_n the coefficients of the tensor product potential of two rank one CohFTs. For a monomial p = const. × C_{i1} . . . C_{in} define the degree deg(p) := i_1 + · · · + i_n and the length length(p) := n

2.2.9. Lemma. In the notation of the previous section

C_n = Y^{(1)} ⊗ Y^{(2)}(Δ_{0n})(∂^{⊗n}) = P_n(C^{(1)}_3 , . . . , C^{(1)}_n , C^{(2)}_3 , . . . , C^{(2)}_n ) (2.27)

where P_n(C^{(1)}_3 , . . . , C^{(1)}n , C^{(2)}_3 , . . . , C^{(2)}n ) is a universal polynomial. Furthermore, P_n = ∑ monomials p^{(i)}_{n,(k(1),k(2)),(l(1),l(2))} in the C^{(1)}_i , C^{(2)}_j (2.28)

with bideg(p^{(i)}_{n,(k(1),k(2)),(l(1),l(2))}) = (k^{(1)}, k^{(2)}) , bilength(p^{(i)}_{n,(k(1),k(2)),(l(1),l(2))}) = (l^{(1)}, l^{(2)}) and the bi–degrees and bi–lengths satisfy:

k^{(1)} − 2l^{(1)} = k^{(2)} − 2l^{(2)} = n − 2 and l^{(1)} + l^{(2)} = n − 1. (2.29)

Proof. Just express Y^{(1)} ⊗ Y^{(2)}(Δ_{0n})(∂^{⊗n}) as a sum over trees (τ^{(1)}, τ^{(2)}). The restriction then follows from the observation that bideg(p) is (|F_τ (1) |, |F_τ (2) |) and bilength(p) is (|V_τ (1) |, |V_τ (2) |). Finally, notice that |E_τ (1) | + |E_τ (2) | = n − 3.

2.2.10. Lemma. For a fixed n there is a unique way of extending a monomial p^n_{red} in C^{(1)}_i , C^{(2)}_j ; 4 ≤ i, j ≤ n of given bi–degree (k^{(1)}, k^{(2)}) and bi–length (l^{(1)}, l^{(2)}) into a monomial p^n in the C^{(1)}_i , C^{(2)}_j ; 3 ≤ i, j ≤ n, s.t. the bi–degree and bi–length of p^n satisfy the equations (2.29) and p^n coincides with p^n_{red} for C^{(1)}_3 = C^{(2)}_3 = 1.

Proof. The monomials must be of the form p^n = p^n_{red}C^{(1)i}_3 C^{(2)j}_3 and using the restrictions (2.29) we find:

i = n − 2 − k^{(1)} + 2l^{(1)} and j = n − 2 − k^{(2)} + 2l^{(2)}. (2.30)

18 RALPH M. KAUFMANN

2.2.11. Corollary. The universal polynomials P_n are given by the unique polynomials extending the C_n =: p^n_{red} given in [KMZ].

2.2.12. Proposition. The tensor product of two convergent rank one CohFTs is again convergent.

Proof. Given the potentials Φ^{(1)} and Φ^{(2)}, we assume after scaling that C^{(1)}_3 , C^{(2)}_3 ∈ {0, 1}. Denote by ^Φ^{(1)/(2)} the potential with ^C_3^{(1)/(2)} = 1 and ^C_i^{(1)/(2)} = C^{(1)/(2)}_i , i ≥ 4. These potentials are both convergent and invertible. Using the proposition for convergent and invertible potentials, we obtain that their tensor potential ^Φ is convergent. Now, due to the Corollary 2.2.11 there is a unique power series ~Φ ∈ C [[C^{(1)}_3 , C^{(2)}_3 , x]] extending ^Φ, s.t. ~Φ|_C(1)_{3 =C}(2)_{3 =1} = ^Φ and the conditions (2.29) are satisfied.

First, assume that only one of the potentials is not invertible say C^{(1)}_3 = 1, C^{(2)}_3 = 0. Regarding the power series ~Φ|_C(1)_{3 =1} =: ~Φ_1 ∈ C [[C^{(2)}_3 , x]], notice that ~Φ_1 converges at all points (1, x_0) with x_0 inside the domain of convergence of ^Φ and is therefore —again by Theorem 2.2.3— convergent at points (0, x_0). However, ~Φ_1|_C(2)_{3 =0} = Φ and thus Φ is also convergent.

In case that both C^{(1)}_3 = 0 and C^{(2)}_3 = 0, we see that ~Φ|_C(1)_{3 =1,C}(2)_{3 =1} = ^Φ and ~Φ converges at all points (1, 1, x_0) with x_0 inside the domain of convergence of ^Φ. Therefore —again by Theorem 2.2.3— it is also convergent at points (0, 0, x_0). Now, ~Φ|_C(1)_{3 =C}(2)_{3 =0} = Φ and we again obtain that Φ is convergent.

2.2.13. Proposition. In case that both potentials are non-invertible, i.e. C^{(1)}_3 = C^{(2)}_3 = 0, we even have that ~Φ|_C(1)_{3 =C}(2)_{3 =0} = Φ ≡ 0.

Proof. By Lemma 2.2.10, all summands of Φ are of the form p^n = p^n_{red}C^{(1)i}_3 C^{(2)j}_3 with p_{red} of given bi–length (l^{(1)}, l^{(2)}) and bi–degree (k^{(1)}, k^{(2)}) and i, j given by (2.30). Furthermore from the last equation in (2.29) we obtain l^{(1)} + l^{(2)} = n − 1 − (i + j). Thus, using the inequalities k^{(1)} ≥ 4l^{(1)} k^{(2)} ≥ 4l^{(2)} we find:

0 = 2n − 4 − (k^{(1)} + k^{(2)}) + 2(l^{(1)} + l^{(2)}) − (i + j) ≤ −2 + (i + j). So that (i + j) ≥ 2 and all p^n vanish for C^{(1)}_3 = C^{(2)}_3 = 0.

2.2.14. The higher dimensional case. Given two formal Frobenius manifolds (V^{(1)}, g^{(1)}, Φ^{(1)}) and (V^{(2)}, g^{(2)}, Φ^{(2)}) with convergent potentials Φ^{(1)} and Φ^{(2)}, denote the corresponding ACFs by Y^{(1)} and Y^{(2)}.

Let (V, g, Φ) be the tensor product formal Frobenius manifold. Choosing a basis (∂^{(1)}a ), a ∈ A resp. (∂^{(2)}_b ), b ∈ B for V^{(1)} resp. V^{(2)}, the tensor potential in the tensor basis ∂_{ab} := ∂^{(1)}a ⊗ ∂^{(2)}_b takes the form Φ = ∞∑ n=3 1 n! ∑ (a1,...,an) (b1,...,bn) x_{anbn} . . . x_{a1b1} Y^{(1)} ⊗ Y^{(2)}(Δ_{0n})(∂_{a1b1} ⊗ · · · ⊗ ∂_{anbn} ) (2.31)

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 19

2.2.15. Pure even case. In the pure even case, we can consider the points y_{diag} whose coordinates are given by x_{ab} ≡ y, y ∈ C constant ∀a ∈ A and b ∈ B. The potential at these points reads Φ = ∞∑ n=3 1 n! y^nY^{(1)} ⊗ Y^{(2)}(Δ_{0n})((∂^{(1)} ⊗ ∂^{(2)})^{⊗n}) (2.32)

with ∂^{(1)} := ∑ a∈A ∂^{(1)}_a and ∂^{(2)} := ∑ b∈B ∂^{(2)}_b . (2.33)

2.2.16. Proposition. The potential of two convergent pure even CohFTs is convergent. Proof. First scale the chosen basis in such a way that |g^{ab}| ≤ 1. Now, consider the series_∞ ∑ n=3 1 n! y^n|Y^{(1)} ⊗ Y^{(2)}(Δ_{0n})((∂^{(1)} ⊗ ∂^{(2)})^{⊗n})|.

Due to the condition |g^{ab}| ≤ 1, this series is dominated by the tensor potential for two rank one CohFTs given by the coordinates:

C^{(1)}_n := |Y^{(1)}_n (∂^{(1)⊗n})|, C^{(2)}_n := |Y^{(2)}_n (∂^{(2)⊗n})|. (2.34)

Since the two given potentials Φ^{(1)} and Φ^{(2)} are convergent, so are their restrictions to the line x^{(1)}a ≡ y resp. x^{(2)}_b ≡ y as power series in C [[y]]. Thus they are also absolutely convergent and the positive counterparts of these restrictions are just the rank one CohFT given by the coordinates (2.34). The potential of the tensor product of two convergent CohFTs of rank one is convergent by Proposition 2.2.12. Therefore, we have convergence of the tensor potential Φ of Φ^{(1)} and Φ^{(2)} at some points y_{diag}, by the remarks above. Using the theorem on complex series 2.2.3, we find that the potential Φ is indeed convergent.

2.2.17. The general case. Consider the underlying Z_2 graded space of the theory V = V_0 ⊕ V_1 with a basis (∂_{ai} | | i ∈ I_0) of V_0 and (∂_{ai} | | i ∈ I_1) for some subsets I_0, I_1 of a set I = I_0 ∐ I_1 with an order <. Again chose the basis in such a way that |g^{ab}| ≤ 1. Denote the dual coordinates of V_0 by (x_i | | i ∈ I_0) and those of V_1 by (y_i | | i ∈ I_1).

The potential can now be written as Φ = ∑ n ∑ an>···>a_1|a_i∈I_1 y_{an} . . . y_{a1} Φ_{a1,...,an} (2.35)

Φ_{a1,...,an} := ∑ m 1 m! ∑ (bm,···b_1)∈I^{×n}_0 x_{bm} · · · x_{b1} Y_{n+m}(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_{b1} ⊗ · · · ⊗ ∂_{bm} ) (2.36)

The potential Φ is by definition convergent, if all the Φ_{a1,...,an} are.

20 RALPH M. KAUFMANN

2.2.18. Proposition. If Φ is the tensor product of two convergent series Φ and Φ^{(2)}, then all the Φ_{a1b1,...,anbn} with (a_i, b_i) ∈ I_1 are convergent with the usual notation for the variables and index sets for tensor products.

Proof. Consider the following auxiliary pure even series in the even variables x_{ij} | | i ∈ I^{(1)}, j ∈ I^{(2)} Ψ = ∑ n ∑ (a1,...,an)∈I(1)×n (b1,...,bn)∈I(2)×n 1 n! x_{anbn} . . . x_{a1b1} |Y_n(∂_{a1b1} ⊗ · · · ⊗ ∂_{anbn} )| (2.37)

To prove convergence we again look at points x_i ≡ y with y ≠ 0. In the tensor case, i.e. Y_n = Y^{(1)} ⊗ Y^{(2)}(Δ_{0n}) this series is dominated by the tensor product potential of the following two one-dimensional series:

Ψ^{(1)} = ∑ n 1 n! y^nC^{(1)}_n C^{(1)}n = |Y_n( ∑ i∈I^{(1)} ∂ (1)⊗n a^′_i )| (2.38)

Ψ^{(2)} = ∑ n 1 n! y^nC^{(2)}_n C^{(2)}n = |Y_n( ∑ i∈I^{(2)} ∂ (2)⊗n a^{′′}_i )| (2.39)

where I^{(1)} and I^{(2)} are the index sets of the two original theories Φ^{(1)} and Φ^{(2)}. Notice that the Z_2–grading and the order of the ∂_{ai} is irrelevant, since we take the absolute values of the correlators. Because the series Ψ^{(1)} and Ψ^{(2)} are convergent, by the assumption of convergence of Φ^{(1)} and Φ^{(2)}, their tensor product potential converges by Proposition 2.2.12. Therefore, Ψ converges as well.

Finally notice that ∂ ∂x_{a1b1} · · · ∂ ∂x_{anbn} Ψ | |_{xaibi =0:(ai,bi)∈I1} = ∑ m 1 m! ∑ ((c_1,d_1),··· ,(cm,dm))∈I^{×n}_0 x_{cmdm} · · · x_{c1d1} |Y_{n+m}(∂_{a1b1} ⊗ · · · ⊗ ∂_{anbn} ⊗ ∂_{c1d1} ⊗ · · · ⊗ ∂_{cmdm} )| (2.40) and these functions again converge for some points y_{diag} with x_{ij}(y_{diag}) ≡ y | | (i, j) ∈ I_0. This shows that Φ_{a1b1,...,anbn} is absolutely convergent at some points on y_{diag} of the above type and thus the proposition follows by Theorem 2.2.3.

Collecting all results, we arrive at the general Theorem 2.2.1.

3. The tensor product for Frobenius manifolds

In this section we will only deal with analytic Frobenius manifolds.

3.1. The exterior product of two Frobenius manifolds. Given two Frobenius manifolds M^{(1)}, M^{(2)} we can consider the vector bundle T_M (1) � T_M (2) on M^{(1)} × M^{(2)} which we call the exterior product bundle. Since we have an affine flat structure on both M and N, we also have such a structure on M^{(1)} × M^{(2)} given by T^f_{M (1)} � T^f_{M (2)} on T_M (1)_{×M} (2) . In addition we have an affine flat structure on T_M � T_N in the sense that T^f_{M (1)} ⊗ T^f_{M (2)} ⊗ O_M (1)_{×M} (2) ∼= T_M (1) � T_M (2) (3.1)

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 21

3.2. The tensor product relative to a pair of base–points.

3.2.1. Reminder. As explained in section 1.3.5 given any pointed Frobenius manifold (M, p) there is an associated convergent formal Frobenius manifold (T_p, g, Φ_p) given by the expansion of the potential Φ of M at p in terms of the coordinates (x_i) of a chosen basis of flat vector fields (X_i).

3.2.2. The tensor product of Frobenius manifolds relative to a pair of base– points. Using the notion tensor product for formal Frobenius manifolds in the context of pointed Frobenius manifolds, we arrive at the following construction:

Given a pair of points (p, q) in the product M^{(1)} ×M^{(2)} there is an associated convergent series Φ_{pq} := Φ^{M (1)}_p ⊗ Φ^{M (2)}_q in the dual coordinates of T_{p,M} (1) ⊗ T_{q,M} (2) , which defines a Frobenius manifold structure on the domain of convergence of Φ_{pq} (cf. section 1.3.7). We will denote the resulting pointed Frobenius manifold by:

(T_{p,M} (1) ⊗ T_{q,M} (2) , 0). (3.2)

Its germ corresponds to the convergent formal Frobenius structure ( ⨁ C ∂_a ⊗ ∂_b, g_M (1) ⊗ g_M (2) , Φ^{M (1)}_p ⊗ Φ^{M (2)}_q ). (3.3)

3.3. Frobenius structures on the affine exterior bundle. In the construction of the previous section we have defined over each point (p, q) ∈ M^{(1)} × M^{(2)} a pointed Frobenius manifold on a neighborhood V_{pq} the zero section s of the fiber of the exterior product bundle. Let V be the union of all the V_{pq}. V Ø ¨ //

T_M (1) � T_M (2) fflffl M^{(1)} × M^{(2)} s eeLLL

LLL
  LLL
    LL

3.3.1. Definition. A bundle will be called a bundle of pointed Frobenius manifolds if there exists a neighborhood V of the zero section s.t. the intersection of each fiber with this neighborhood is a Frobenius manifold. Let V_p is the intersection of V with the fiber at p then it is naturally a pointed Frobenius manifold with base–point zero.

3.3.2. Examples.

1) By the previous remarks, the exterior product bundle is actually a bundle of pointed Frobenius manifolds.

2) Every tangent bundle of a Frobenius manifold is naturally a bundle of pointed Frobenius manifolds. This can be shown in two equivalent ways. Either one uses the pointed Frobenius manifold (Φ, p) to define a potential near zero on the fiber over p or one uses the affine connection associated to the flat structure connection of the Frobenius manifold to define on each fiber T_{p,N} the potential Ψ_p(ξ) := Φ(p^′) where p is the development of a path joining p^′ and ξ ∈ T_{p,N} is the point of the development into the fiber at p of the point p^′. The latter construction is defined locally since the local holonomy groups vanish, due to the flatness of the connection.

22 RALPH M. KAUFMANN

3.3.3. Definition. A flat affine connection on an exterior product bundle over the Cartesian product of two Frobenius manifolds M^{(1)} and M^{(2)} which is an extension of the linear connection defined by the canonical flat structure is called tensor product connection if it respects the flat and the Frobenius structures, i.e. it satisfies the following two conditions:

i) Let θ_τ : T_M (1) � T_M (2) → T_M (1) � T_M (2) be the map corresponding to the tensorial (GL_n ⊗ GL_m, C^{nm} ) 1–form defined by the affine connection (cf. e.g. [KN]) then θ_τ induces a linear map θ^f_τ : T^f_{M (1)} � T^f_{M (2)} → T^f_{M (1)} � T^f_{M (2)} (3.4) ii) The parallel displacement w.r.t. the affine tensor projection preserves the germs of Frobenius manifolds. I.e. for all local horizontal lifts x̃_t a of curve x_t in M^{(1)} × M^{(2)} with x_0 = (p, q) and x̃_0 = 0 ∈ T_M (1) � T_M (2) |_{(p,q)} into V ⊂ T_M (1) � T_M (2) , where 0 is the zero section of the corresponding vector bundle:

(T_M (1) � T_M (2) |_{(p,q)}, x̃_0)^{θτ}∼= (T_M (1) � T_M (2) |_{xt} , x̃_t) ∀x̃_t ∈ V. (3.5)

3.3.4. Remark. Since the linear connection is flat and torsion free, such a tensor product connection locally identifies the germs of Frobenius manifolds in different fibers of the bundle of pointed Frobenius manifolds via affine parallel displacement along arbitrary path connecting the base–points.

3.3.5. Proposition. If the Frobenius manifolds M^{(1)} and M^{(2)} both carry flat identities then the affine connection defined by the 1–forms: θ^U_τ : T_M (1) � T_M (2) |_U → T_M (1) � T_M (2) |_U

θ_τ (∂^{(1)}_a ) = δ_{a0}∂_{a0}, θ_τ (∂^{(2)}_b ) = δ_{0b}∂_{0b}

is a tensor product connection. Here again (∂^{(1)}a , ∂^{(2)}_b ) is the restriction of a chosen basis of T^f_{M (1)} � T^f_{M (2)} and (∂_{ab} = ∂^{(1)}a , ⊗∂^{(2)}_b ) the tensor basis of T^f_{M (1)} � T^f_{M (2)} Proof. It is clear that the locally defined forms glue together and that the condition i) is met. The proof of the condition ii) is given below by calculating the respective ACFs. We give the proof including odd coordinates.

3.3.6. Lemma. Let {Y^p_n } be the ACFs corresponding to Φ_p and {Y^{p′}_n } be the ACFs corresponding to Φ^′_p where p^′ is some point which lies inside the domain of convergence of the potential Φ_p. Let x^a(p^′) =: x^a_0 be the x–coordinates of this point. The new operadic ACFs are then given by, see (1.22):

For any stable n–tree τ: Y^{p′} (τ)(∂_{a1} ⊗ · · · ⊗ ∂_{an} ) = ∑ N≥0 1 N! ∑ (b_1,...,b_N ):b_i∈A ϵ(b|a) x^{bN}_0 · · · x^{b1}_0 Y^p(π^∗_{{n+1,...,n+N}}(τ))(∂_{a1} ⊗ · · · ⊗ ∂_{an} ⊗ ∂_{b1} ⊗ · · · ⊗ ∂_{bN} ). (3.6) Proof. Inserting (1.22) into the definition of Y (τ) (1.13), we see that the correlation functions having a pre–factor x^{bN}_0 · · · x^{b1}_0 are those belonging to trees with N − n tails added in an arbitrary fashion to τ. The sum over all of these trees is just π^∗_{{n+1,...,n+N}}(τ), whence the Lemma follows.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 23

In order to prove the Proposition, we also need a Lemma about the diagonal Δ_{M 0S} which extends Lemma 2.1.11.

3.3.7. Lemma. For any two disjoint subsets S, T ⊂ {1, . . . , n} (π^∗_S , π^∗_T )(Δ_{M 0{1,... ,n}\(S∪T )} ) = (π_{T ∗}, π_{S∗})(Δ_{M 0n} ). (3.7)

Proof. Writing (π^∗_S, π^∗_T ) as (π^∗_S, id) ∘ (id, π^∗_T ), we obtain, after repeated application of Lemma 2.1.11 in an appropriate version, that (π^∗_S, π^∗_T )(Δ_{M 0{1,... ,n}\(S∪T )} ) = (π^∗_S ∘ π_{T ∗}, id)(Δ_{M 0{1,... ,n}\S} ). Since π_S and π_T commute if T ∩ S = ∅, we can prove the equality (3.7) again by Lemma 2.1.11.

Proof of the Proposition 3.3.5.

For any point (p, q) ∈ M^{(1)} × M^{(2)} denote the domain of convergence of Φ^{(1)}p by U_p and the domain of convergence of Φ^{(2)}q by U_q and set U_{(p,q)} = U_p × U_q.

Choose a point (p^′, q^′) ∈ U_{(p,q)}. Let p^′ have the coordinates x^{(1)}_a′ (p^′) = x^{(1)a′}_0 and q^′ the coordinates x^{(2)}_b′′ (q^′) = x^{(2)b′′}_0 .

Denote the ACFs corresponding to Φ^{M (1)}_p by {Y^p_n } and denote the ACFs corresponding to Φ^{M (1)}_p′ by {Y^{p′}_n }. Likewise denote the ACFs corresponding to Φ^{M (2)}_q by {Y^q_n } and denote the ACFs for the expansion Φ^{M (2)}_q′ by {Y^{q′}_n }.

The correlation functions of the formal tensor product potential Φ_{pq} are be given by {Y^{pq}_n = Y^p ⊗ Y^q(Δ_{M 0n} )}. The ACFs of the potential Φ_p′_q′ will be denoted {Y^{p′q′}_n }. Finally let θ_τ ((p^′, q^′)) be the image of the affine development w.r.t. θ_τ of 0 ∈ T_{(p}′_{,q}′_) into T_M (1)_{,p} ⊗ T_M (2)_{,q} and suppose that θ_τ ((p^′, q^′)) ∈ V_{pq}.

Denote the ACFs corresponding to the expansion of the holomorphic function given by Φ_{pq} at θ_τ ((p^′, q^′)) by {Y^{θτ ((p′,q′))}n }.

Since θ_τ is linear, the point θ_τ ((p^′, q^′)) ∈ T_M (1)_{,p} ⊗ T_M (2)_{,q} has the coordinates x_a′_b′′ (θ_τ ((p^′, q^′))) = δ_a′_0x^{(1)a′}_0 + δ_{0b}′′ x^{(2)b′′}_0 .

The equation (3.5) in terms of these correlation functions reads: Y^{θτ ((p′,q′))} n = Y^{p′q′}_n ∀n ≥ 3. (3.8) Now: Y^{θτ ((p′,q′))} n (∂_a′_{1a}′′_1 ⊗ · · · ⊗ ∂_a′_{na}′′_n ) = ∑ N≥0 1 N! N∑ l=0 ∑ (b^′_1,...,b^′_l)|b^′∈A^′ (b^{′′}_1 ,...,b^{′′}_{N−l})|b^{′′}∈A^{′′}

( N l ) ϵ(b^′0|a^′a^{′′})ϵ(0b^{′′}|a^′a^{′′}) x^{(2)b′′N−l}_0 · · · x^{(2)b′′1}_0 x^{(1)b′l}_0 · · · x^{(1)b′1}_0

(Y^p ⊗ Y^q)(Δ_{M 0,N+n} )(∂_a′_{1a}′′_1 ⊗ · · · ⊗ ∂_a′_{na}′′_n ⊗ ∂_b′_{10} ⊗ . . . ∂_b′_{l0} ⊗ ∂_{0b}′′_1 ⊗ · · · ⊗ ∂_{0b}′′_{N−l} )

24 RALPH M. KAUFMANN = ∑ N≥0 1 N! N∑ l=0 ∑ (b^′_1,...,b^′_l)|b^′∈A^′ (b^{′′}_1 ,...,b^{′′}_{N−l})|b^{′′}∈A^{′′}

( N l ) ϵ(b^′|a^′)ϵ(b^{′′}|a^{′′})ϵ(b^′|a^{′′})ϵ(b^{′′}|a^′)

x^{(2)b′′N−l} 0 · · · x^{(2)b′′1}_0 x^{(1)b′l}_0 · · · x^{(1)b′1}_0 (Y^p ⊗ Y^q)((π_{{n+l+1,...,n+N}∗}, π_{{n+1,...,n+l}∗})(Δ_{M 0,N+n} )) (∂_a′_{1a}′′_1 ⊗ · · · ⊗ ∂_a′_{na}′′_n ⊗ ∂_b′_1 ⊗ . . . ∂_b′_l ⊗ ∂_b′′_1 ⊗ · · · ⊗ ∂_b′′_{N−l} ) (3.10) due to Proposition 2.1.8.

On the other hand, tensoring the ACFs {Y^{p′}_n } and {Y^{q′}_n } and then utilizing Lemma 3.3.6 yields:

Y^{p′q′}_n (∂_a′_{1a}′′_1 ⊗ · · · ⊗ ∂_a′_{na}′′_n ) := (Y^{p′} ⊗ Y^{q′} )(Δ_{M 0n} )(∂_a′_{1a}′′_1 ⊗ · · · ⊗ ∂_a′_{na}′′_n ) = ∑ N≥0 N∑ l=0 ∑ (b^′_1,...,b^′_l)|b^′∈A^′ (b^{′′}_1 ,...,b^{′′}_{N−l})|b^{′′}∈A^{′′} 1 N!(N − l)! ϵ(b^′|a^′)ϵ(b^{′′}|a^{′′})ϵ(b^′|a^{′′})ϵ(b^{′′}|a^′)

× x^{(2)b′′N−l} 0 · · · x^{(2)b′′1}_0 x^{(1)b′l}_0 · · · x^{(1)b′1}_0 (Y^p ⊗ Y^q)((π^∗_{{n+1,...,n+l}}, π^∗_{{n+l+1,...,n+N}})(Δ_{M 0,N+n} )) (∂_a′_{1a}′′_1 ⊗ · · · ⊗ ∂_a′_{na}′′_n ⊗ ∂_b′_1 ⊗ . . . ∂_b′_l ⊗ ∂_b′′_1 ⊗ · · · ⊗ ∂_b′′_{N−l} ). (3.11) Applying Lemma 3.3.7 with S = {n = 1, . . . , n + l}, T = {n + l + 1, . . . , n + N}, we see that (3.10) and (3.11) and thus the multiplications, respectively the potentials modulo quadratic terms, coincide.

3.3.8. Remark. One should view the existence of a tensor product connection as an expression of the independence of the choice of base–points for the operation of forming the tensor product of pointed germs of Frobenius manifolds. More precisely, consider two germs of pointed Frobenius manifolds realized as two small neighborhoods of zero on C^{ni} where n_i are the appropriate dimensions. In this case, the pointed tensor product is just the germ on the fiber of the exterior product bundle over zero which we can again realize as some small open neighborhood of zero. This neighborhood then contains all nearby germs (e.g. the germs of tensor product with base–points near zero) via the affine connection. Hence all continuations of the initial germ over zero will likewise be continuations of these germs.

3.4. The tensor product for Frobenius manifolds. In this section we will give a way to patch together all germs on the exterior product bundle. More precisely, we will construct a Frobenius manifold which contains a submanifold parameterizing all these germs. In order to give a general construction we will need the following technical assumption.

3.4.1. Definition. A flat identity on Frobenius manifold M is called factorizable if M = M̄ × C , where the factor C is coordinatized by the identity.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 25

3.4.2. Definition. Consider a commutative diagram of the type

T_M (1) � T_M (2) fflffl

Θ // τ ∗(TN )

vvnnnn nnn

  nnn

    nn τ̂ // TN

fflffl M^{(1)} × M^{(2)}_τ // p fflffl N

M̄ (1) × M̄ (2) × C & � i 44hhhh

            hhhhh
        hhhhh
    hhhhh
hhhh

(3.12)

where (M^{(1)}, T^f_{M (1)} , g_M (1) , Φ^{M (1)} ), (M^{(2)}, T^f_{M (2)} , g_M (2) , Φ^{M (2)} ) and (N, T^f_N , g_N , Φ^N ) are Frobenius manifolds with factorizable flat identities, τ is an affine map, which factors through p : M^{(1)} × M^{(2)} = M̄^{(1)} × C × M̄^{(2)} × C → M̄^{(1)} × M̄^{(2)} × C which is given in some fixed choice of coordinates on the factors C by p(m_1, x, m_2, y) = (m_1, m_2, x + y), i is an embedding of affine flat manifolds and Θ is an isomorphism of metric bundles with affine flat structure between the pulled back tangent bundle of N and the exterior product bundle over M^{(1)} × M^{(2)}. Where the statement that Θ is an isomorphism of metric bundles with affine flat structure means that it is an isomorphism of metric bundles and τ^∗T^f_N = Θ(T^f_{M (1)} ⊗ T^f_{M (2)} ).

We will call such a diagram a tensor product diagram and N a tensor product manifold for M^{(1)} and M^{(2)} if it additionally preserves the structure of bundles of Frobenius manifolds i.e. it satisfies the following conditions:

i) for all points (p, q) ∈ M^{(1)} × M^{(2)}: ( ⨁ C ∂_a ⊗ ∂_b, g_M (1) ⊗ g_M (2) , Φ^{M (1)}_p ⊗ Φ^{M (2)}_q )^{τ̂∘Θ∼}= ( ⨁ C (τ̂ ∘ Θ(∂_a ⊗ ∂_b)), g_N , Φ^N_{τ((p,q))}), (3.13) where τ̂ ∘ Θ(∂_a ⊗ ∂_b) ∈ T_{τ((p,q)),N} In other words, at all points in the image of τ, τ̂ ∘ Θ gives an isomorphism of pointed germs of Frobenius manifolds defined in Example 3.3.2:

(T_{p,M} (1) ⊗ T_{q,M} (2) , 0)^{τ̂∘Θ}∼= (T_{τ((p,q)),N} , 0) = (N, τ((p, q))) (3.14)

ii) The affine connection defined on T_M (1) � T_M (2) by the pullback of the canonical affine connection on T_N — defined by the flat structure on T_N and the canonical 1–form θ_{can}— is the tensor product connection θ_τ of the Proposition 3.3.5:

τ^∗(θ_{can}) = Θ ∘ θ_τ . (3.15)

as maps.

3.4.3. Remark. Due to the condition i) for a tensor product diagram the condition ii) for a tensor product connection is already satisfied by the pulled back affine connection cf. Example 3.3.2. The condition i) for a tensor product connection then forces that τ is affine in the affine coordinates of the source and target spaces.

26 RALPH M. KAUFMANN

3.4.4. Definition. Two tensor product diagrams

T_M (1) � T_M (2) fflffl

Θ // τ ∗(TN )

vvnnnn nnn

  nnn

    nn τ̂ // TN

fflffl M^{(1)} × M^{(2)}_τ // p fflffl N

M̄ (1) × M̄ (2) × C & � i 44hhhh

            hhhhh
        hhhhh
    hhhhh
hhhh

(3.16)

T_M (1) � T_M (2) fflffl

Θ^′ // τ ′∗(T N ) vvnnn nnn

  nnn

    nnn τ̂^′ // T N^′ fflffl M^{(1)} × M^{(2)}_{τ ′} // p^′ fflffl N^′

M̄ (1) × M̄ (2) × C & � i^′ 33hhhh

            hhhhh
        hhhhh
    hhhhh
hhhh

(3.17)

are called equivalent if there exist open neighborhoods U_N , U_N ′ of the images of τ, τ^′ and an isomorphism ϕ of of Frobenius manifolds U_N → U_N ′ s.t. the induced diagram satisfying the conditions of a tensor product diagram is commutative.

T_N |_{UN} ϕ∗ ++

fflffl

τ^∗T_N τ̂oo

’’OO

       OOO

    OOO

  OOO

O T_M (1) � T_M (2)

fflffl

Θ oo Θ^′ // τ ′∗TN_′

wwnnn nnn

  nnn

    nnn τ̂^′ // T N^′ |U_N′

fflffl M^{(1)} × M^{(2)} τ tthhhhh hhhhh

    hhhhh

        hhhhh

            hh τ_′

++VVVV

            VVVVV

        VVVVV

    VVVVV

VVVV

p fflffl p^′ fflffl U_N ϕ 44 M̄ (1) × M̄ (2) × C Ø ¨^{i′} // ?˙ i oo U_N ′

(3.18)

Note that we take the notion of isomorphism of Frobenius manifold in the strict sense that all data should be compatible and we do not allow for instance a conformal change in the metric as in [D2].

3.4.5. Theorem. For any two Frobenius manifolds with factorizable flat identities there exists a tensor product diagram and hence a tensor product manifold of these two manifolds. Furthermore, any two tensor product diagrams for two given Frobenius manifolds M^{(1)} and M^{(2)} are equivalent.

Proof.

Construction. We construct a tensor product manifold and the structure isomorphism for Frobenius manifolds with factorizable flat identities (for a generalization see below). We start from a pointed cover which is a refinement of the cover given by the domains of convergence of the various Φ^{(1)}p and Φ^{(2)}q . Another choice of refinement would lead to an equivalent diagram. We define W = {U_{(p,q)}|(p, q) ∈ M^{(1)} × M^{(2)}} where the U_{(p,q)} are defined as above. The affine structure provides the affine transition functions for the

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 27

respective coordinate maps φ_U : φ^V_U = φ_V φ^{−1}_U : φ_U (U ∩ V ) → φ_V (V ∩ U) ∀ U, V ∈ W, U ∩ V ≠ ∅ which can be written in matrix form relative to the chosen basis

φ^V_U = ( A^V_U ξ^V_U 0 1 )

They satisfy the conditions ( A^V_U ξ^V_U 0 1 ) = ( A^U_V −A^U_V ξ^U_V 0 1 ) , ( A^W_U ξ^W_U 0 1 ) = ( A^V_U A^W_V A^W_V ξ^V_U + ξ^W_V 0 1 ) (3.19)

where φ^V_U are product transition functions, i.e. A^V_U = (A^{(1)} ⊕ A^{(2)})^V_U and ξ^V_U = x^V_U + y^V_U .

Notice that the U_{p,q} can be decomposed as U_{(p,q)} = Ǔ_{(p,q)} × C where we choose the direction C to be the “anti–diagonal” in C^2 given by e^{(1)} − e^{(2)}. Furthermore, the map p has a section s defined by s(m_1, m_2, x) := (m_1,^1_2 x, m_2,^1_2 x).

Using the tensor product connection we can map each U into the fiber of the exterior product bundle over its base–point, say (p, q). This yields an embedding of Ǔ into V_{pq}, where V_{piqi} is, as defined above, the domain of convergence of Φ^{(1)}p_i ⊗ Φ^{(2)}q_i . Let θ_τ be the tensor connection of 3.3.5. Denote the affine parallel displacement w.r.t. θ_τ of T_M (1) � T_M (2) |_{(p,q)} into T_M (1) � T_M (2) |_{(p0,q0)} by (θ_τ )^{(p0,q0)}_{(p,q)} . We define a pointed coordinate neighborhood, to be a pair (U, (p_0, q_0)) s.t. U is a connected simply–connected coordinate neighborhood of a fixed point (p_0, q_0) ∈ U. For such a pointed coordinate neighborhood (U, (p_0, q_0)) with U ⊂ U_{(p0,q0)} we define τ^U : U → T_M (1) � T_M (2) |_{(p0,q0)} by

τ^U (p, q) = (θ_τ )^{(p0,q0)}_{(p,q)} (0). (3.20) From now on we will always use pointed neighborhoods and sometimes drop the explicit mention of the base–point.

Denote the matrix in the chosen basis defined by θ^f_τ on an open pointed coordinate neighborhood U ∈ W by θ^U_τ . These matrices satisfy (A^{(1)} ⊗ A^{(2)})^V_U θ^U_τ = θ^V_τ (A^{(1)} ⊕ A^{(2)})^U_V . (3.21) In this notation:

τ^U (p, q) = θ^U_τ (p, q) (3.22) where we identified the point (p, q) with its coordinate vector in T_{(p0,q0)} Now choose an open pointed cover of U the image of s inside M^{(1)} × M^{(2)} subordinate to W along which is small enough for our purposes. I.e. all open sets of the cover are connected simply–connected coordinate neighborhoods, their union is a tubular neighborhood of s(M̄) and all intersections of these opens are connected simply–connected as well. Furthermore, ∀(U, (p, q)) ∈ U : (p, q) ∈ Im(s), U ⊂ U_{(p,q)}, and τ^U (U) ∈ V_{piqi} .

For each U ∈ U we choose Ū to be a tubular neighborhood of the image of U inside V_{pq}. Again, different choices lead to equivalent diagrams.

We obtain the desired tensor product manifold by gluing the open sets Ū together using the tensor product of the transition functions. More precisely: For a given pair U, V ∈ U, U ∩ V ≠ ∅ we define the affine transformation

φ̄^{V̄}_Ū := ( Ā^¯V_Ū ξ̄^¯V_Ū 0 1 ) = ( A^{(1)V}_U ⊗ A^{(2)V}_U θ^V_τ (ξ^V_U ) 0 1 ) (3.23)

28 RALPH M. KAUFMANN where A^V_U = A^{(V,(p′,q′))} (U,(p,q)) . It is straightforward to check using (3.19) and (3.21) that

φ̄^{V̄}_Ū = φ̄^{Ū−1}_{V̄} , φ̄^{W̄}_{V̄} φ̄^{V̄}_Ū = φ̄^{W̄}_Ū (3.24) and therefore we get a manifold N := (∐_{U∈U} Ū)/R (3.25) where R is the equivalence relation induced by the φ̄.

The cover Ū := {Ū|U ∈ U} together with the inclusion maps i^Ū : Ū → C^{n1 n2} and the transition functions φ^{V̄}_Ū (3.23) define an affine atlas of N. The canonical flat structure ⨁ a,b C (∂_a ⊗ ∂_b) on each^¯U together with the tensor metric g^Ū = g_p ⊗ g_q glue together

under the affine transformations to form an affine flat structure on N.

Due to the condition (3.21) the maps τ^U : U → Ū ⊂ V_{pq} of (3.22) satisfy: φ̄^{V̄}_Ū τ^U (u) = τ^V (u) (3.26) for u ∈ U ∩ V and thus glue together to a map t : ⋃ U∈U U → N. We can now define the map τ as τ := t ∘ s ∘ p (3.27) Note that since T_M (1) and T_M (2) are trivial along the factors C of the decomposition M^{(i)} = M̄^{(i)} × C , s ∘ p induces the following identity between bundles (s ∘ p)^∗(T_M (1) � T_M (2) ) ∼= T_M (1) � T_M (2) (3.28) Due to the fact that all higher (i.e. higher than the third) derivatives of the potentials Φ^{(i)} are independent of the coordinates of the identities, the above identity of bundles induces an isomorphism of germs of pointed Frobenius manifolds (T_M (1) � T_M (2) |_m, 0) ∼= (T_M (1) � T_M (2) |_{s∘p(m)}, 0). (3.29)

So far we have constructed an affine flat manifold N a map τ : M^{(1)} × M^{(2)} → N and it is easy to confirm that τ^∗(θ_{can}) = Θ ∘ θ_τ and that τ^∗(T_N ) and T_M (1) � T_M (2) are naturally isomorphic under the composition Θ of the identification of the tangent space of a vector space at a point with the vector space itself and the isomorphism of (3.28).

Furthermore, the by construction the map τ factors through p and since t is an injection on Im(s), i := t ∘ s is an embedding.

To endow N with the desired Frobenius manifold structure, we have to check that the Ū glue together as Frobenius manifolds.

This follows from the properties of the tensor product connection. Let u ∈ U ∩ V , U have the base–point (p, q) and (p^′, q^′) be the base–point of V . The Frobenius structure of Ū is given by the potential Φ_{pq} and the Frobenius structure of V̄ by the potential Φ_{p′q′} . Using the tensor connection we see that the germ of Φ_{pq} at τ^U (u) and the germ of Φ_u at 0 in V_u can be given by the same power series. This equality between the germs holds as well for the germ of Φ_u at 0 in V_u and the germ of Φ_p′_q′ at τ^V (u) and since the whole germs coincide so do the functions:

Φ_{pq}(x) = Φ_p′_q′ (y) ∀y = φ̄^{V̄}_Ū (x). (3.30) Since θ_τ is a tensor connection the definition of t and the isomorphism (3.28) show that the condition i) for a tensor product diagram also holds.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 29

Uniqueness Let two diagrams as in 3.4.4 be given. To construct the open subsets U_N , U_N ′ and the isomorphism of Frobenius manifolds ϕ we choose a pointed cover U_N of a tubular neighborhood of the image of τ which additionally has the following properties:

i) ∀(U, n) ∈ U_N : n ∈ Im(τ), U ⊂ U_n where U_n is again the notation for the domain of convergence of Φ^N_n .

ii) The opens and their intersections should be connected and simply–connected and all open sets should be coordinate neighborhoods.

iii) Using the isomorphisms Θ and Θ^′ we can identify a small neighborhood of 0 on the fiber of T_M (1) � T_M (2) at (p, q) with a neighborhood of τ((p, q)) on N and a neighborhood of τ^′((p, q)) on N^′. The condition for our cover is that all open neighborhoods of the cover are so small that the above identifications exist.

We define the map ϕ as the concatenation of these identifications, i.e.

ϕ^{(U,n)} = exp |_τ ′_{(s∘i}−1_{(n))} ∘ τ̂^′ ∘ Θ^′ ∘ Θ^{−1} ∘ τ̂|^{−1}_{s∘i−1(n)} ∘ exp^{−1} |_n (3.31)

where τ̂|^{−1}_{s∘i−1(n)} is the inverse of τ̂ restricted to the fiber of T_M (1)_{×M} (2) at s ∘ i^{−1}(n). We set U_N = ⋃ (U,n)∈U_N U and UN^′ = ⋃ (U,n)∈U_N ϕ (U,n)(U). Since τ ∗θ can = Θ ∘ θ_τ and Θ^′ ∘ θ_τ = τ^{′∗}θ^′_{can} and all maps preserve the relevant germs of Frobenius manifolds, it is clear that the maps ϕ^{(U,n)} patch together as a morphism of Frobenius manifolds. On the image of i we have ϕ|_{Im(i)} = τ^′ ∘ s ∘ i^{−1}. A short calculation shows that this map yields a bijection between Im(i) and Im(i^′) with inverse τ ∘ s^′ ∘ i^{′−1}. After making the original cover smaller if necessary, we can assume that the induced cover U_N ′ := {(ϕ(U), ϕ(n))|(U, n) ∈ U_N } also satisfies the conditions i)–iii) and the union of the opens of this cover is again a tubular neighborhood of Im(τ^′). Hence, we can perform the analogous construction starting from U_N ′ yielding an inverse morphism. Thus ϕ is an isomorphism of Frobenius manifolds which satisfies the condition ϕ ∘ τ = τ^′ and the commutativity of the upper part of the diagram (3.18) follows directly from the construction.

3.4.6. Proposition. Given two Frobenius manifolds with factorizable flat identities and Euler fields (with d = 1) then any tensor product manifold carries the natural tensor product identity and can be endowed with an Euler field locally defined by 2.1.10.

Proof.

We will define the identity and the Euler field on a tensor on the product manifold N constructed above. The results can be pushed to any equivalent manifold. Let

e^Ū_N := ∂^{(1)}_0 ⊗ ∂^{(2)}_0 E^Ū := E_{pq} (3.32) where E_{pq} is the Euler field constructed for the formal tensor product in 2.1.10. The gluing condition for the identities is clear from the compatibility of the flat structures. What still remains to be shown is that the locally defined Euler fields glue together J_{φ̄}V̄_Ū E^Ū (x) = E^{V̄} (φ̄^{V̄}_Ū (x)), where J is the Jacobian.

Let φ̄^{V̄}_Ū (x) = A^{(1)} ⊗A^{(2)}x+θ^V_τ (ξ^V_U ). Furthermore, we will write all Euler fields in matrix form; for U = U^{(1)} × U^{(2)}, V = V^{(1)} × V^{(2)}

E^{U (i)} (x) = D^{U (i)} x + r^{U (i)} , i = 1, 2

The gluing conditions for E^{(1)} and E^{(2)} read

A^{(i)}D^{U (i)} = D^{V (i)} A^{(i)}, A^{(i)}r^{U (i)} = D^{V (i)} ξ^{V (i)}_{U (i)} + r^{V (i)} , i = 1, 2.

30 RALPH M. KAUFMANN

In this notation for all (p, q):

E_{pq} = (D^{U (1)} ⊗ Id + Id ⊗ D^{U (2)} − Id ⊗ Id)(x) + θ^U_τ (r^{U (1)} + r^{U (2)} ) And hence A^{(1)} ⊗ A^{(2)}E_{pq}(x) =(D^{V (1)} ⊗ Id + Id ⊗ D^{V (2)} − Id ⊗ Id)(φ̄^{V̄}_Ū (x)) + θ^V_τ ( − (D^{U (1)} ⊕ Id + Id ⊕ D^{U (2)} − Id ⊕ Id)(ξ^U_V ) + A^{(1)}r^{U (1)} + A^{(2)}r^{U (2)} ) =E_p′_q′ (φ̄^{V̄}_Ū (x))

3.4.7. Remarks.

i) The restriction of factorizable identity is not too severe. In all presently known examples this is the case. This includes all semi–simple Frobenius manifolds considered

on C^n without the diagonals, as well as the split semi–simple Frobenius manifolds

on the universal cover of the previous space given by special initial conditions. ii) Locally one can always complete the direction of the identity by using an appropriate embedding into C^n (see below).

3.5. Embedded Frobenius manifolds. Notice that the universal cover of every affine manifold of dimension n has an immersion into C^n (cf. e.g. [KW]). This immersion can be quite non–trivial however, see e.g. [ST]. We will call a Frobenius manifold an embedded Frobenius manifold if the manifold itself has an embedding into C^n . In this case we will identify the Frobenius manifold with its image under the embedding. It then has global coordinates given by a choice of basis for the affine flat tangent bundle.

Actually, most constructions of Frobenius manifolds use global coordinates e.g. the ones coming from quantum cohomology, unfolding of singularities or Landau–Ginzburg models.

3.5.1. Lemma. An embedded Frobenius manifold M, M ⊂ C^n , with flat identity can be completed in the direction of the identity. I.e. there exists a Frobenius manifold M̃ with factorizable flat identity which contains M as a Frobenius manifolds M̃ = M̄ × C ⊃ M and the other structures are given by restriction.

Proof. Since the potential a polynomial of order less or equal three in the coordinate of the identity for a Frobenius manifold with flat identity, the respective three–tensor defining the Frobenius structure is independent of the coordinate of the flat identity. Hence, since the tangent bundle is trivial, we can enlarge the domain of definition of this three–tensor so that it contains all lines in the direction of the identity. Likewise, we can extend the metric to these points too.

The structure of a tensor product manifold for two embedded Frobenius manifolds with factorizable flat identity allows a more explicit description.

Let M^{(1)} and M^{(2)} be realized in C^{n1} respectively C^{n2} and consider the map τ :

C^{n1 +n2} → C^{n1 n2} = C^{n1} ⊗ C^{n2} given by the matrix τ_{ab} = ∂_{0a} + ∂_{b0}. Looking at the

construction we arrive immediately at the following:

3.5.2. Proposition. The tensor product manifold for embedded Frobenius manifolds is equivalent to an embedded Frobenius manifold given by a neighborhood of the image τ(M^{(1)} × M^{(2)}) ⊂ C^{n1} ⊗ C^{n2} and the image is isomorphic to M̄^{(1)} × M̄^{(2)} × C in the notation of Lemma 3.5.1.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 31

3.5.3. Remark. The tensor product in the particular cases considered in this subsection thus contains a subset isomorphic to the image of p parameterized by the coordinates x_{a0}, x_{0b} (x_{ab} = 0 for ab ≠ 0) The third derivatives of the potential Φ of the tensor product satisfies:

Φ_{aa}′_{bb}′_{cc}′ |_{Im(τ)}(x_{i0}, x_{0j}) = Φ^{(1)}_{abc}(x^{(1)}_i ≡ x_{i0})Φ^{(2)}_a′_b′_c′ (x^{(2)}_j ≡ x_{0j}), i, j ≠ 0 (3.33) but moreover along the image of τ the whole germs of Φ are given by the tensor product of the associated pointed germs. Vice versa, the condition (3.33) does not suffice to identify a tensor product manifold, since it does not determine the higher derivatives in the ∂_{ab} directions for ab ≠ 0.

3.6. General tensor products. The construction and the universality statement easily generalize to the following setting.

3.6.1. Definition. Let θ_τ be a tensor product connection on the exterior product bundle over a Cartesian product of two Frobenius manifolds M^{(1)} and M^{(2)}. We call the Cartesian product M^{(1)} × M^{(2)} θ_τ –reducible if there exists a flat affine manifold M̄, an affine projection p : M^{(1)} × M^{(2)} → M̄ together with an affine section s of this projection which is an embedding of affine flat manifolds satisfying the following conditions i) The projection condition of (3.28) (s ∘ p)^∗(T_M (1) � T_M (2) ) ∼= T_M (1) � T_M (2) (3.34) ii) The condition on the respective germs of Frobenius manifolds (3.29)

(T_M (1) � T_M (2) |_{s∘p(m)}, 0)^{(s∘p)} ∗ ∼= (T_{M (1)} � T_{M (2)} |_m, 0) (3.35)

iii) The compatibility with the tensor product connection; under the identification of i): (s ∘ p)^∗θ_τ = θ_τ (3.36) vi) And the embedding condition T_M (1) � T_M (2) |_{Im(s)} = T_{Im(s)} ⊕ ker(θ^f_τ )|_{Im(s)} (3.37) The triple (M̄, p, s) is then called a θ_τ –reduction

3.6.2. Lemma. If in a Cartesian product M^{(1)} × M^{(2)} each of the factors M^{(i)} can be decomposed as M̄^{(i)} × C^{ni} as flat affine manifolds and the whole Cartesian product can be decomposed as M̄ × C^n where the third derivatives of the potential are constant in the

C –directions and the kernel of θ_τ gives the coordinates the C –directions and furthermore

the factor C^n is an affine flat factor of C^{n1} × C^{n2} , then M^{(1)} × M^{(2)} is θ_τ –reducible.

Proof. We can decompose M^{(1)} ×M^{(2)} as M̄^{(1)} ×M̄^{(2)} ×C^{n1 +n2−n}×C^n where C^{n1 +n2−n}×

C^n is the postulated decomposition of C^{n1 +n2} . Now consider the projection p : M^{(1)} ×

M^{(2)} → M̄ = M̄^{(1)} ×M̄^{(2)}×C^{n1 +n2−n} and the zero section s. They satisfy all the conditions of a θ_τ –reduction.

32 RALPH M. KAUFMANN

3.6.3. Lemma. For two Frobenius manifolds with not necessarily factorizable flat identities a general tensor product diagram for the canonical tensor product connection θ_τ (3.3.5) exists.

Proof. Locally we can achieve the following situation: let U in M^{(1)} × M^{(2)} be an open set which satisfies: U = U^{(1)} × U^{(2)} = Ū^{(1)} × D_r × Ū^{(2)} × D_r where D_r is a disc of radius r in C centered at 0 —D_r = {z | |z| < r}— which is coordinatized by the identity. Now take M̄ := Ū^{(1)} × Ū^{(2)} × D_{2r} where D_{2r} = {z | |z| < 2r} and define p and s as in the construction of 3.4.5. Since again the potential is constant on the factors D all necessary properties directly follow.

3.6.4. Definition. For three Frobenius manifolds M^{(1)}, M^{(2)} and N consider a diagram of the type

T_M (1) � T_M (2)^Θ // fflffl τ^∗T_N ””E

   EEE

 EE

EEE τ̂ // TN

fflffl M^{(1)} × M^{(2)} p fflffl τ // N

M̄ s EE ’ � i 44iiii

             iiii
          iiii
      iiii
   iiii
iiii

(3.38)

together with a tensor product connection θ_τ , such that M^{(1)} × M^{(2)} is θ_τ –reducible, (M̄, p, s) is a θ_τ –reduction, τ is an affine map and Θ is an isomorphism of metric bundles with affine flat structure.

We will call such a diagram a θ_τ –tensor product diagram if it satisfies the condition i) and ii) of a tensor product diagram where now θ_τ is given in the data.

3.6.5. Definition. Two general tensor product diagrams are called equivalent if there exist open neighborhoods U_N , U_N ′ of the images of τ, τ^′ and an isomorphism ϕ of of Frobenius manifolds U_N → U_N ′ s.t. the induced diagram of the form (3.18) satisfying the conditions of a general tensor product diagram is commutative.

3.6.6. Theorem. Given a tensor product connection θ_τ on an exterior product bundle over the Cartesian product of two Frobenius manifolds M^{(1)} and M^{(2)} with θ_τ –reducible Cartesian product, there exists a θ_τ –tensor product diagram and thus a tensor product manifold. Furthermore, fixing a θ_τ –reduction all diagrams involving this reduction are equivalent.

Proof. In the case that and θ_τ is not identically zero we can retrace the proof of 3.4.5, since we only used that θ_τ is a non–zero tensor product connection and the existence of a θ_τ –reduction. In case θ_τ ≡ 0 the image of p is just a point and the tensor product already exists by the construction for convergent germs of Frobenius manifolds. The uniqueness then follows directly from the condition i) for a general tensor product diagram.

3.6.7. Remark. The local situation for Frobenius manifolds with flat identities can be described in three different ways:

i) Via the tensor product connection.

Given any point (p, q) ∈ M^{(1)} × M^{(2)} we have the corresponding pointed germ of the tensor product relative to the pair of base–points (p, q) on the fiber of T_M (1) � T_M (2) over (p, q). This germ can be seen as the germ describing the situation locally since

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 33

by virtue of the existence of the tensor product connection of 3.3.5 all continuations of this germ will contain all neighboring germs.

ii) Via an embedding and completion.

Locally we can embed any complex affine manifold of dimension n into C^n . Using the analysis of embedded Frobenius manifolds with flat identity we can complete our embedded manifold and use the Theorem for tensor product diagrams to find a local tensor product manifold.

iii) Via the local general tensor product.

See Lemma 3.6.3.

Of course all these descriptions are compatible. The compatibility of i) with ii) and iii) is manifest in the condition i) of the definition of (general) tensor product diagrams. For a suitable neighborhood, we can pass from the ii) to iii) by restricting everything to the image of this neighborhood in the completion of its embedding and its image under τ.

3.6.8. Remark. One necessary condition for the existence of a general tensor product diagram is the existence of a tensor product connection. In some cases there are many such connections in others there may be none. If there is none one this shows that the tensor product can only defined w.r.t. a fixed base–point and there is no way of naturally parameterizing the tensor products by a submanifold in a Frobenius manifold.

3.6.9. Examples.

i) Choose two vector spaces V, V^′ with a constant product and consider the constant tensor product multiplication in the sense of algebras on V ⊗ V^′. Now any linear map θ_τ : V × V^′ → V ⊗ V^′ will provide a tensor product connection.

ii) Consider two one–dimensional Frobenius manifolds whose potentials both have a zero; say at the points p and q, but are not constantly zero near these points. Using the Proposition 2.2.13 we see that the Frobenius structure on the tangent space at (p, q) would be given by a vanishing potential. On the other hand, near the point (p, q) the potentials are non–vanishing by assumption and so is their product which is the value of Ψ on the zero section of the exterior product bundle. Thus there is no tensor product connection on a neighborhood of the point (p, q). (For a general statement about the one–dimensional situation see below.)

iii) A tensor product connection always exists for the product of any Frobenius manifold M with C carrying a constant multiplication, i.e. the third derivative potential Φ is constant Φ_{zzz} ≡ α — where z is a fixed coordinate on C . Notice that after scaling^∂_{∂z} we can assume that the multiplication is either constantly zero or^∂_{∂z} is a flat identity

for C . In this case, θ_τ (∂_a) = ∂_{a0}, θ_τ (∂^′_0) = 0 provides a tensor product connection.

The tensor product manifold is M itself and the map τ = π_1 the first projection of

M × C . Here p = τ and s is the zero section.

3.6.10. The tensor product of one–dimensional Frobenius manifolds. In this subsection we give a complete answer to the existence question of a tensor product connection in the case of two one–dimensional Frobenius manifolds.

3.6.11. Proposition. A tensor product connection for two one–dimensional Frobenius manifolds exists if and only if one of the factors has a locally constant multiplication i.e. locally Φ_{zzz} = α where z is the coordinate function of the flat vector field^d_{dz} or equivalently it carries a flat identity or a zero multiplication.

34 RALPH M. KAUFMANN

In other words, the tensor product of one–dimensional theories is essentially pointed and does not contain perturbations of the base–points.

Proof. Using the notation of the previous subsection, suppose a tensor product connection exists. Choose any point (p, q) ∈ M^{(1)} × M^{(2)} and a coordinate neighborhood U of (p, q) with the local normalized product coordinate (z_1, z_2), i.e. (z_1, z_2)(p, q) = (0, 0). Write φ_1 := Φ^{(1)}z_1z_1z_1 and φ_2 := Φ^{(2)}z_2z_2z_2 and φ_{z1,z2} :=^{∂3}_{∂3z} Φ_{z1} ⊗ Φ_{z2} Set ψ(z_1, z_2, z) := φ_{z1,z2} (z − τ(z_1, z_2)).

The function ψ is independent of z_1, z_2 since by definition of a tensor product connection ψ(z_1, z_2, z) = φ_{0,0}(z) Therefore: ∂ ∂z_i ψ ≡ 0 and thus ∂ ∂z_i ψ(z_1, z_2, τ(z_1, z_2)) = ∂φ_{z1,z2} ∂z_i (0) − ∂τ ∂z_i |_{(z1,z2)}φ^′_{z1,z2}(0) = 0 ⇔ ∂ ∂z_i (φ_1φ_2) − ∂τ ∂z_i |_{(z1,z2)}(φ^′_1φ^2 + φ^2_1φ^′_2) = 0

where^′ denotes the derivative and we used the short–hand notation φ_1, φ_2 for φ_1(z_1), φ_2(z_2). Furthermore, ∂ ∂z_i ψ^′(z_1, z_2, τ(z_1, z_2)) = ∂φ^′_{z1,z2} ∂z_i (0) − ∂τ ∂z_i |_{(z1,z2)}φ^{′′}_{z1,z2}(0) = 0 ⇔ ∂ ∂z_i (φ^′_1φ^2 + φ^2_1φ^′_2) − ∂τ ∂z_i |_{(z1,z2)}(φ^{′′}_1φ^3_2 + 5φ_1φ_2φ^′_1φ^′_2 + φ^3_1φ^{′′}_2) = 0. (3.39)

Therefore we have

((φ_2 ∂ ∂z_1 + φ_1 ∂ ∂z_2 )ψ^′(z_1, z_2, τ(z_1, z_2)))ψ^′(τ(z_1, z_2)) = φ_1φ_2φ^′_1φ^′_2(φ^′_1φ^2 + φ^2_1φ^′_2) = 0.

Therefore either φ_1 or φ_2 constantly vanish, or we may assume that on some open set φ_1(z_1) ≠ 0 and φ_2(z_2) ≠ 0 and therefore if also neither φ^′_1 nor φ^′_2 constantly vanish we must have φ^′_1(z_1) φ_1(z_1) = − φ^′_2(z_2) φ_2(z_2)

= c (3.40)

where c is a constant.

The solution to these simple differential equations is φ_1(z_1) =^1_{cx+d1} and φ_2(z_2) =^2_{cx+d2} . Inserting (3.40) into the equation (3.39) we find c^3φ^5_1φ^4_2 ≡ 0 which yields that c = 0 a contradiction to the last assumption.

Therefore either φ^′_1 ≡ 0 or φ^′_2 ≡ 0 and the proposition follows.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 35

4. Semi–simple Frobenius manifolds

4.1. Semi–simple Frobenius manifolds. We will briefly recall the main notions of semi–simple Frobenius manifolds as explained in [M1]. For other versions see [D2] or [H]. A Frobenius manifold of dimension n is called semi–simple (respectively split semi– simple), if an isomorphism of the sheaves of O_M –algebras (T_M , ∘) ≃ (O^n_M , componentwise multiplication) (4.1)

exists everywhere locally (respectively globally).

If a Frobenius manifold M is semi–simple, one can find so–called canonical coordinates u_i —unique up to constant shifts and renumbering— s. t. the metric and the three–tensor A defining the multiplication become particularly simple. Let e_i =^∂_{∂ui} , ν_i = du_i, then g = ∑ i η_i(ν^2_i ), A = ∑ i η_i(ν^3_i ). (4.2)

If in addition an Euler field exists, then it has the form E = ∑ (u^i + c^i)e_i. In this situation, we will normalize the coordinates in such a way that E = ∑ u^ie_i. (4.3)

This normalization fixes the ambiguity in the coordinates u^i and renders them unique up to the S_n–action.

4.1.1. Definition. In the above situation, we will call a point m ∈ M tame, if it satisfies u_i(m) ≠ u_j(m) for all i ≠ j. In other words, the point m is tame, if the spectrum of the operator E∘ on T_M is simple.

In the theory of semi–simple Frobenius manifolds one then defines certain natural structure connections which give rise to isomonodromic deformations. These deformations are governed by the Schlesinger differential equations [Sch, Mal], thus providing a link between Frobenius manifolds and solutions of the Schlesinger equations; the details can be found in [D2, M1, MM].

4.1.2. Theorem (2.6.1 of [MM]). Let (M, (u^i), T, (A_i)) be a strictly special solution and e an identity of weight D, then these data come from a unique structure of semi– simple split Frobenius manifold M with an identity (d_0 = 1) and an Euler field via

T = Γ(M, T^f_M ), (u^i): the canonical coordinates

A_j(e_i) = 0 for i ≠ j, A_i(e_i) = − 1 2 e_i + ∑ j:j≠i (u^j − u^i) η_{ij} η_i e_j

The operator V is given by: V(X) = ∇_{0,X} (E) − D 2 X. (4.4)

Here, the manifold M only has tame points which means that by definition u^i(m) ≠ u^j(m), ∀i ≠ j, m ∈ M. M should be regarded as a splitting cover of the subspace of tame points of a given Frobenius manifold.

For the notion of strictly special solutions consult [MM].

36 RALPH M. KAUFMANN

4.1.3. Special initial conditions. Fixing a base–point in a solution to Schlesinger’s equations and taking the coordinates e_i for T call a family of matrices A^0_1, . . . A^0_m ∈ End(T ) special initial conditions, if there exists a diagonal metric g and a skew–symmetric operator V s. t. A^0_j = −(V +^1_2 Id)P_j, where P_j is the projector onto C e_j .

In the case of semi–simple Frobenius manifolds with an Euler field and a flat identity, the special initial conditions are given by the value of the structures listed in 4.1.2 at a fixed tame point m_0 ∈ M with coordinates (u^i_0); more precisely, the metric is given by the η_i(m_0) and the operator V by the matrix (v_{ij})_{ij} defined by (∇_{0,ei} (E) −^D_2 (e_i))(m_0) = ( ∑ j v_{ij}e_j)(m_0). The matrix coefficients v_{ij} can be calculated as follows:

v_{ij} = (u^i − u^j) η_{ij} η_i (m_0). (4.5)

4.2. The tensor product for split semi–simple Frobenius manifolds with Euler field and flat identity. In the previous section we constructed a tensor product of Frobenius manifolds with factorizable flat identity. Moreover any split semi–simple Frobenius manifold is already determined by the special initial conditions at a tame semi–simple point.

If there is a pair of tame semi–simple points (p, q) ∈ M^′ × M^{′′}, then the image τ((p, q)) is again a semi–simple point, since the algebra in the tangent space over the base–point of the tensor product is just the tensor product of two semi–simple algebras and thus it is itself semi–simple.

Thus, the tensor product manifold is given locally near τ((p, q)) by the special initial conditions at τ((p, q)) if this new base–point is again tame. The tensor product is globally given by these conditions for the tensor product of two split semi–simple Frobenius manifolds.

This condition, however, is not very restrictive and if there is a pair of tame semi–simple points in some open U one can always find a pair of tame semi–simple points (p^′, q^′) ∈ U whose image is also tame semi–simple as we will show later.

4.2.1. Canonical coordinates. Since the proof of existence of the tensor product makes extensive use of the flat coordinates, a natural question to ask in the setting of semi–simple Frobenius manifolds is: Is there also a nice formulation in terms of canonical coordinates? Generally, one can not expect simple formulas, since the algebra in the tangent space over a given point in the tensor product manifold is generally not a tensor product of algebras —this locus is described by the image of the Cartesian product— and the “coupling” of algebras results in a destruction of the pure tensor form of the idempotents.

Using the definitions of the tensor product for formal Frobenius manifolds, we can, however, calculate the idempotents of the tensor product in terms of flat coordinates in the formal situation. They are given by the following Proposition up to terms of order two in flat coordinates which is the precision needed to calculate the special initial conditions.

4.2.2. Proposition. Given two semi–simple Frobenius manifolds M^′, M^{′′} let the idempotents near the base–points m^′_0, m^{′′}_0 have the expansions e^′_i = e^{′0}_i + ∑ x^{′a′} e^{′a′}_i + O(x^{′2}), and e^{′′}_i = e^{′′0}_i + ∑ x^{′′a′′} e^{′′a′′}_i +O(x^{′′2}) in the flat coordinates x^′ and x^{′′}, then the idempotents e_{ij} of

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 37

the tensor product (M^′ ⊗_{(m}′_{0,m}′′_{0 )} M^{′′}, 0) have the following expansion in the flat coordinates x around 0:

e_{ij}(x) = e^{′0}_i ⊗ e^{′′0}_j + ∑ a^′,a^{′′} x^{a′a′′} (λ^{a′′}_j e^{′a′}_i ⊗ e^{′′0}_j + λ^{a′}_i e^{′0}_i ⊗ e^{′′a′′}_j ) + O(x^2) (4.6) where ∂^′_a′ = ∑ λ^{a′}_i e^{′0}_i and ∂^{′′}_a′′ = ∑ λ^{a′′}_j e^{′′0}_j . Furthermore, the respective coordinate functions for the tensor metric η_{ij} := η(e_{ij}, e_{ij}) have the expansions:

η_{ij}(x) = η^′_i(m^′_0)η^{′′}_j (m^{′′}_0) + ∑ a^′,a^{′′} x^{a′a′′} (λ^{a′′}_j (∂^′_a′ η^′_i)(m^′_0)η^{′′}_j (m^{′′}_0) + λ^{a′}_i η^′_i(m^′_0)(∂^{′′}_a′′ η^{′′}_j (m^{′′}_0))) (4.7) and their derivatives η_{ij,kl} := e_{kl}η_{ij} have the following values at the base–point m_0: η_{ij,kl}(0) = δ_{j,l}η^′_{ik}(m^′_0)η^{′′}_j (m^{′′}_0) + δ_{i,k}η^′_i(m^′_0)∂^{′′}_a′′ η^{′′}_{jl}(m^{′′}_0) (4.8) where δ_{i,k} is the Kronecker delta symbol.

If the factors carry flat identities and Euler fields, then the normalized canonical coordinates of m_0 are:

u^{ij}(0) = u^{′i}(m^′_0) + u^{′′j}(m^{′′}_0). (4.9)

Proof. To check the formula (4.6), expand the potential Φ up to order four in the flat coordinates and verify the idempotency by direct calculation.

The equations for the idempotents e_i = e^0_i + ∑ x^ae^a_i + O(x^2) in flat coordinates are in zeroth order:

e^0_i = (e^0_i , e^0_i ) (4.10) and in first order e^a_i = (e^0_i , e^0_i , ∂_a) + 2(e^a_i , e^0_i ). (4.11) Here we used the notation (∂_i, . . . , ∂_j) for the higher order multiplications.

We can now check both conditions for (4.6). For the zeroth order we obtain: (e^0_{ij}, e^0_{ij}) = (e^{′0}_i , e^{′0}_i ) ⊗ (e^{′′0}_j , e^{′′0}_j ) = e^{′0}_i ⊗ e^{′′0}_j = e^0_{ij} And for the first order terms: (e^0_{ij},e^0_{ij}, ∂_a′_a′′ ) + 2(e^{a′a′′}_{ij} e^0_{ij}) =(e^{′0}_i , e^{′0}_i , ∂_a′ ) ⊗ ((e^{′′0}_j , e^{′′0}_j )∂_a′′ ) + ((e^{′0}_i , e^{′0}_i )∂_a′ ) ⊗ (e^{′′0}_j , e^{′′0}_j , ∂_a′′ ) + 2λ^{a′′}_j (e^{′a′}_i , e^{′0}_i ) ⊗ (e^{′′0}_j , e^{′′0}_j ) + 2λ^{a′}_i (e^{′0}_i , e^{′0}_i ) ⊗ (e^{′′a′′}_j , e^{′′0}_j ) =λ^{a′′}_j [(e^{′0}_i , e^{′0}_i , ∂_a′ ) + 2(e^{′a′}_i , e^{′0}_i )] ⊗ e^{′′0}_j + λ^{a′}_i e^{′0}_i ⊗ [(e^{′′0}_j , e^{′′0}_j , ∂_a′′ ) + 2(e^{′′a′′}_j , e^{′′0}_j )] =λ^{a′′}_j e^{′a′}_i ⊗ e^{′′0}_j + λ^{a′}_i e^{′0}_i ⊗ e^{′′a′′}_j =e^0_{ij} since ((e^{′′0}_j , e^{′′0}_j )∂_a′′ ) = (e^{′′0}_j , ∂_a′′ ) = λ^{a′′}_j e^{′′0}_j and ((e^{′0}_i , e^{′0}_i )∂_a′ ) = (e^{′0}_i , ∂_a′ ) = λ^{a′}_i e^{′0}_i .

The expansion for the metrics of the factors reads: η^′_i(x^′) = η^′_i(m^′_0) + ∑ x^{′a′} 2g(e^{′a′}_i , e^{′0}) + O(x^{′2}) η^{′′}_j (x^{′′}) = η^{′′}_j (m^{′′}_0) + ∑ x^{′′a′′} 2g(e^{′′a′′}_i , e^{′′0}) + O(x^{′′2})

38 RALPH M. KAUFMANN

Inserting (4.6) into the tensor metric we obtain (4.7): η_{ij}(x) = g(e_{ij}, e_{ij}) = g(e^{′0}_i ⊗ e^{′′0}_j , e^{′0}_i ⊗ e^{′′0}_j ) + 2 ∑ a^′,a^{′′} x^{a′a′′} g(λ^{a′′}_j e^{′a′}_i ⊗ e^{′′0}_j + λ^{a′}_i e^{′0}_i ⊗ e^{′′a′′}_j , e^{′0}_i ⊗ e^{′′0}_j ) + O(x^2) = g^′(e^{′0}_i ⊗ e^{′0}_i )g^{′′}(e^{′′0}_j , e^{′′0}_j ) + 2 ∑ a^′,a^{′′} x^{a′a′′} [λ^{a′′}_j g^′(e^{′a′}_i , e^{′0}_i )g^{′′}(e^{′′0}_j , e^{′′0}_j ) + λ^{a′}_i g^′(e^{′0}_i , e^{′0}_i )g^{′′}(e^{′′a′′}_j , e^{′′0}_j )] + O(x^2) = η^′_i(m^′_0)η^{′′}_j (m^{′′}_0) + ∑ a^′,a^{′′} x^{a′a′′} (λ^{a′′}_j (∂^′_a′ η^′_i)(m^′_0)η^{′′}_j (m^{′′}_0) + λ^{a′}_i η^′_i(m^′_0)(∂^{′′}_a′′ η^{′′}_j )(m^{′′}_0))

The formula (4.8) then follows by derivating (4.7) w.r.t. e_{kl} = ∑ a^′a^{′′} λ i a^′ λ j a^{′′} where (λ i a^′ )

and (λ^j_a′′ ) are the inverse matrices of (λ^{a′}_i ) and (λ^{a′′}_j ) defined above.

(e_{kl}η_{ij})(0) = ( ∑ a^′a^{′′} λ^k_a′ λ^l_a′′ ∂_a′_a′′ η_{ij})(0) = ∑ a^′a^{′′} λ^k_a′ λ^l_a′′ (λ^{a′′}_j (∂^′_a′ η^′_i)(m^′_0)η^{′′}_j (m^{′′}_0) + λ^{a′}_i η^′_i(m^′_0)(∂^{′′}_a′′ η^{′′}_j )(m^{′′}_0))

= δ_{jl}( ∑ a^′ λ^k_a′ ∂^′_a′ η^′_i)(m^′_0)η^{′′}_j (m^{′′}_0) + δ_{ik}η^′_i(m^′_0)( ∑ a^{′′} λ^l_a′′ ∂^{′′}_a′′ η^{′′}_j )(m^{′′}_0) = δ_{j,l}η^′_{ik}(m^′_0)η^{′′}_j (m^{′′}_0) + δ_{i,k}η^′_i(m^′_0)∂^{′′}_a′′ η^{′′}_{jl}(m^{′′}_0) Finally, (4.9) can be derived from the expansion of the equation E = ∑ u^{ij}e_{ij} with the Euler field E given by Theorem 2.2.2. ∑ ij u^{ij}(0)e^0_{ij} = E(0) = E^′(m^′_0) ⊗ ∂^{′′}_0 + ∂^{′′}_0 ⊗ E^{′′}(m^{′′}_0) = ( ∑ i u^{′i}(m^′_0)e^{′0}_i ) ⊗ ( ∑ j e^{′′0}_j ) + ( ∑ i e^{′0}_i ) ⊗ ( ∑ j u^{′′j}(m^{′′}_0)e^{′′0}_j ) = ∑ ij (u^{′i}(m^′_0) + u^{′′j}(m^{′′}_0))e^0_{ij}

4.2.3. Remark. Notice that since ∂_0 = ∑ i e_i we always have that λ^0_i = λ^0_j = 1, so that we retrieve the previous result for the tensor product constructed in the last section e_{ij}|_{Imτ} = e_i ⊗ e_j up to order two as it should be.

4.3. Tensor product of special initial conditions. In the Lemma 4.2.2, we have calculated all of the structures (4.4) necessary to determine the special initial conditions. We find:

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 39 v_{ij,kl} = (u^{ij} − u^{kl}) η_{ij,kl} η_{kl} = (u^i + u^j − u^k − u^l) δ_{jl}η^′_{ik}η^{′′}_j + δ_{ik}η^′_iη^{′′}_{jl} η^′_kη^′_l = δ_{jl}(u^i − u^k) η^′_{ik} η^′_k + δ_{ik}(u^j − u^l) η^{′′}_{jl} η^′_l = δ_{jl}v_{ik} + δ_{ik}v_{jl}

(4.12)

Another approach using the Euler field is given by the following observation:

4.3.1. Remark. To give the special initial conditions for a tensor product with the choice of tensor metric and the Euler field (2.14), it suffices to determine the operator

V : V(X) = ∇_{0,X} (E) − D 2 X (4.13)

in the tangent space to the base–point T_{M,m0} . Since V is an O_M –linear tensor, its value on a vector field X is already determined by X | m_0 ∈ TM,m^0 , so that, if we are only interested

in the operator V restricted to T_{M,m0} , we can use any extension of the vector X | |_{m0} to a vector field in a neighborhood of m_0. Choosing a flat extension X^f , the formula (4.13) simplifies to V(X) | m_0 = ([X f , E] − D 2 X^f ) | m_0 . (4.14)

In particular, in the situation of Theorem 2.1.10, we can extend the idempotents e_{ij} | |_{m0} to flat vector fields e^f_{i,j} and use the formula (4.14) to calculate the special initial conditions via the operator V for the semi–simple tensor Euler field. Now it is clear that (e_{ij}) | |_{m0} = e^′_i | m^′_0 ⊗ e ′′ j | m^{′′}_0 , since the algebra over m0 is just the tensor of the algebras at the chosen

zeros m^′_0 and m^{′′}_0. Recalling the form of E given by (2.14), we find for flat X, Y [X ⊗ Y, E] = [X, E^′] ⊗ Y + X ⊗ [Y, E^{′′}] − dX ⊗ Y. (4.15) Thus, V(e^f_{ij}) = [e^f_{i,j}, E] − D 2 e^f_{i,j} = ([e^{′f}_i , E^′] − D^′ 2 e^{′f}_i ) ⊗ e^{′′f}_j + e^{′f}_i ⊗ ([e^{′′f}_j , E^{′′}] − D^{′′} 2 e^{′′f}_j ). (4.16)

Using the explicit formulas of Lemma 4.2.2 or the Remark 4.3.1, we obtain:

4.3.2. Theorem. Let (N^′, p) and (N^{′′}, q) be two germs of semi–simple Frobenius manifolds with tame base–points, Euler fields and flat identities which satisfy u^{′i}(p) + u^{′′j}(q) ≠ u^{′k}(p) + u^{′′l}(q) for i ≠ k and j ≠ l and let the corresponding special initial conditions be given by (V^′, η^′) and (V^{′′}, η^{′′}), then the special initial conditions for the Schlesinger equations corresponding to the tensor product with the flat identity and the Euler field of the product chosen as in Theorem 2.1.10 are given by: η_{ij} = η^′_iη^{′′}_j v_{ij,kl} = δ_{jl}v^′_{ik} + δ_{ik}v^{′′}_{jl}. (4.17)

40 RALPH M. KAUFMANN

4.3.3. Corollary. In the neighborhood of a pair of tame semi–simple base points the tensor product can be locally given in terms of special initial conditions.

Proof. Since the condition u^{′i}(p) + u^{′′j}(q) ≠ u^{′k}(p) + u^{′′l}(q) for i ≠ k and j ≠ l is an open condition we can always find a pair of tame semi–simple points satisfying the equation. Since the tensor product is locally unique up to isomorphism the Corollary follows.

4.3.4. Remark. The virtue of the Corollary above (together with the existence theorem of the last section and the Theorem on the existence of an Euler field) is that it is thus possible to consider special initial conditions to identify a tensor product which was originally defined by the tensor product of two germs with nilpotent base–point.

In many examples this is exactly the case. For instance in quantum cohomology as well as in Saito’s unfolding spaces [S, M3] and the constructions in [D2, DZh].

4.4. Example: Special initial conditions for P^n × P^m. Using the Theorem we can calculate the special initial conditions for P^n × P^m using the results of [MM]. Set ζ_n = exp(^{2πi}_{n+1} ).

4.4.1. Proposition. The point (x^{00}, x^{10}, x^{01}, 0, . . . ) has canonical coordinates u_{ij} = x^{00} + ζ^i_n(n + 1)e^{x10n+1} + ζ^i_m(m + 1)e^{x01m+1}

The special initial conditions at this point corresponding to H_{quant}(P^n × P^m) are given by v_{ij,kl} = −( ζ^{i−k}_n 1 − ζ^{i−k}_n δ_{jl} + ζ^{j−l}_m 1 − ζ^{j−l}m δ_{ik}) (4.18) and η_{ij} = ζ^i_nζ^j_m (n + 1)(m + 1) e^{−x10 nn+1 −x01 mm+1} (4.19)

References

[AC] E. Arbarello and M. Cornalba. Combinatorial and algebro–geometric cohomology classes on the moduli spaces of curves. J. of Alg. Geom. 5 (1996), 705–749.

[B] K. Behrend. The product formula for Gromov-Witten invariants. Preprint 1997, alg–geom 9710014. [BK] S. Barannikov and M. Kontsevich. Frobenius Manifolds and Formality of Lie Algebras of Polyvector Fields. Int. Math. Res. Notices 4 (1998), 201–216.

[D1] Integrable systems and classification of 2-dimensional topological field theories. In: Integrable systems (Luminy, 1991), Progr. Math., 115. Birkhäuser Boston, 1993.

Geometry and integrability of topological-antitopological fusion. Comm. Math. Phys. 152 (1993), 539– 564.

[D2] B. Dubrovin. Geometry of 2D topological field theories. In: Springer LNM 1620 (1996), 120–348. [DVV] R. Dijkgraaf, E. Verlinde and V. Verlinde. Topological strings in d < 1. Nucl. Phys. B 352 (1991), 59–86.

[DZh] B. Dubrovin and Y. Zhang. Extended affine Weyl groups and Frobenius manifolds. Preprint 1996, hep–th/9611200.

[GK] E. Getzler and M. M. Kapranov. Modular operads. Preprint 1994, dg–ga/9408003. [G] E. Getzler. Operads and moduli spaces of genus zero Riemann surfaces. In: The Moduli Space of Curves, ed. by R. Dijkgraaf, C. Faber, G. van der Geer, Progress in Math. vol. 129, Birkhäuser, 1995, 199–230.

[Gi] A. Givental. Equivariant Gromov-Witten invariants. Int. Math. Res. Notices 13 (1996), 613–663.

THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 41

[H] N. Hitchin. Frobenius manifolds (notes by D. Calderbank). Preprint 1996. [K] R. Kaufmann. The intersection form in H^�(M_0n) and the explicit Künneth formula in quantum cohomology. Int. Math. Res. Notices 19 (1996), 929–952.

[Ke] S. Keel. Intersection theory of moduli spaces of stable n–pointed curves of genus zero. Trans. AMS, 330 (1992), 545–574.

[KN] S. Kobayashi and K. Nomizu. Foundations of Differential Geometry. Vol. 1. Wiley–Interscience, New York, 1963.

[KM] M. Kontsevich and Yu. Manin. Gromov–Witten classes, quantum cohomology, and enumerative geometry. Comm. Math. Phys., 164 (1994), 525–562.

[KMK] M. Kontsevich and Yu. Manin (with Appendix by R. Kaufmann). Quantum cohomology of a product. Invent. Math. 124 (1996), 313–339.

[KMZ] R. Kaufmann, Yu. Manin and D. Zagier. Higher Weil–Petersson volumes of moduli spaces of stable n–pointed curves. Commun. Math. Phys. 181 (1996), 763–787.

[KW] S. Kobayashi and H. Wu.Complex Differential Geometry. Birkhäuser, Basel 1983. [M1] Yu. Manin. Frobenius manifolds, quantum cohomology, and moduli spaces (Chapters I,II,III).

Preprint 1996, MPI–96–113.

[M2] Yu. Manin. Gauge Field Theory and Complex Geometry. Springer, Berlin–Heidelberg–New York, 1988.

[M3] Yu. Manin. Three constructions of Frobenius manifolds: a comparative study. Preprint 1998, MPI– 98–10, math.QA 9801006.

[MM] Yu. Manin and S. Merkulov. Semisimple Frobenius (Super–)manifolds and quantum cohomology of

P^r. Topological Methods in Nonlinear Analysis 9 (1997), 107–161.

[Mal] B. Malgrange. Sur les déformation isomonodromiques I+II. In: Séminaire de l’ENS 1979–1982, Progress in Math. 37, Birkhäuser, Boston (1983), 401–438.

[S] K. Saito. Primitive forms for a universal unfolding of a function with isolated critical points. in:

Adv. in Pure Math., 10 (1997), Algebraic Geometry, Sendai, 1985, 591–648. Period mapping associated to a primitive form. Publ. RIMS, Kyoto Univ. 19 (1983), 1231–1264.

[Sch] L. Schlesinger. Über eine Klasse von Differentialsystemen beliebiger Ordnung mit festen kritischen Punkten. J. für die reine und angew. Math. 141 (1912), 96–145.

[ST] D. Sullivan and W. Thurston. Manifolds with canonical coordinate charts: Some examples. L’ Ens.

Math. 29 (1983), 15–25.

[W] E. Witten. Two–dimensional gravity and intersection theory on moduli space. Surv. in Diff. Geo. 1 (1991), 243–310.

Max–Planck–Institut für Mathematik, Bonn