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Abstract

The g analog of Modified Bessel functions and Bessel-Macdonald functions, were de-
fined in our previous work (g-alg/950913) as general solutions of a second order difference
equations. Here we present a collection of their representations using the noncommnutative
Jackson integral.

1 Introduction

In this work we continue our investigations of Modified ¢-Bessel Functions {(¢qMBF) and ¢-
Bessel-Macdonald Functions (¢qBMF) introduced in [1). Though these functions can be easily
expressed through the g-Bessel functions (¢BF) of Jackson [2] , as their classical counterparts,
they are important in their own turn. The classical Bessel functions and the qBF arises as
matrix elements in irreducible representations of the group of motion of Euclidean spaces [3]
or its quantum deformations [4, 5, 6]. Similarly, the classical MBF and BMF are related to
the Whittaker model of irreducible unitary representations of real simple split Lie group G,
when G = SL(2,R) {7, 8, 9, 10, 11]. Modified Bessel Functions generate a basis in common
eigenspace of Laplace operators in the coordinate systems, related to the Iwaswa decomposition
of SL(2,R), while the Bessel-Macdonald Functions are bounded eigenvectors. They are special
matrix elements in the irreducible principle series representations. This fact means that BMF
have integral representations coming from the invariant Hermitian measure on sections of line
bundles over the flag variety, where the irreducible unitary representations are realized (Borel-
Weyl theorem).

The main object of present work is the analogous integral representations for gMBF and
some other integral representations for both kind of functions, which have well-known classical
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forms. Though there is a clear group theoretical interpretation of these representations our
derivation is pure analytic, beyond the group methods. In fact gBMF, we consider here, plays
the role of the Whittaker function for U,(SL(2, C)) [12]. The ¢-integral we use very similar to
the Fourier transforn on the quantum line and plane [13]. Such ingredients as the horospheric
projection, Whittaker vectors, Harish-Chandra function which occur in the harmonic analysis
on quantum Lobachevsky space can be extracted from our integrals. They correspond to the
analogous elements in the spherical model of unitary representation of U,(SU(1,1)) [14], where
the Jackson integral was used to describe the zonal spherical functions.

Another applications of integral representations of qMBF is Poisson kernels for quantum
Lobachevsky space , or more generally, quantum hyperboloids. The details of both types of
interpretations will be published elsewhere.

2 Some preliminary relations

Jackson ¢-integral is determined as the map from an algebra of the functions of one variable
into a set of the number scries

f_ f(z)dgz = (1~ 9q) ZQ’"[f(q’")+f( g™,

m=0

/ P i) =(-q) 3 I,

m=—0od

[ r@da= =0 L ¢l + f(=a™)

Define the difference operator

azf(m) =

(#) — f(g)). (2.1)

The following formulas of the g-integration by parts are valid

1
[ oy = 6000 = 6-00(-1) - [ Gpleplandyr,  (22)
|7 #@0p(@den = lim (a0 - Sl - [ Oudlalbam)des. (23

m—o0

/_O:o $(x)Optp(z)dgr = lim [P(g™™) ¢(q_m)-+-¢(—q_m)7,b(—q“'")]—/;o:o Oxdp(2)(g)dyz. (2.4)

The last two cxpressions imply the regularization of the improper integrals.
‘Let z and s be noncommuting elements and

zs = qsz. {(2.5)



Consider the function

flz) = Z arz’.

The rule of g-integration in the noncommutative case is

ff(zs)(lqs = /Za,.(zs)"dqs = [Za,ﬁq‘r_(r;_llzrs’"dqs,
T T
f{lqu(zs) = /dquur(zs)r z/dquarq"ﬂ:z;l)zrsr.

(2.6)

Define the following transformation 11 for functions f depending on the noncommutative vari-
ables s and z (2.5). If we have the function which has the form (2.6} and all monoms are ordered

we will write

flzs) = Zar(zs)r — 1f(zs)f = Z ap2’'s".

Definition 2.1 The function f(z) is ab.eoﬁ:tely g-integrable if the series

> ¢™flg™)

converges absolutely.

It means, in particular, that
lim q™[f(¢™) =0
o0

m-—+
Let [15]
)1 for n=
(2, 2)n = { (1-a)(1=aq)...(1 —ag®™ ') for n>1,
(“‘vQ)OO = nli_l'lc}o(a7Q)ﬂ: ((L[,. = )ak:Q)OO = (ﬂl,(I)oo e (ﬂkafl)oo-
and

- -

is the g-gamma function. Consider the g-exponentials

1= ‘12, o0 (1 _ q2)n$n

eq 5 "E)ZZ

e S O PVAC

lz| <

1—¢%’

1— (12 1{"2—_1)-(1 _ q2)nmn

o0
— 4
EQ( 2 3:) - ng (q, (1) 712”_ bl

Note that

= E )= (— : .
PQ( 2 .’L') (1_;!23:’(})00) (J( 2 J') ( 2 T!Q)OO

(2.7)



and

1 00 k k+l!
- q 2
cq(@)Bqlg™") =
R (4,@)oo kz:% (4, 9)k
Cousider also the basic hypergeometric series

1— (]2 3 0 qn(n—l)(l - q2)n$n

1=

®1(—;0;q, 5

n=0 (g, 9)n2"
It follows imnmediately

Proposition 2.1

1—¢° 1—¢°
0®1(=: 054, 2q 25) = 1By(— - 23)1,
1-¢° 1-¢°
Ey(m5 % 25) = ey (-5 T ()t
Now consider the g-Bessel function [2]
i 1 —q ) u+2n

IV - ¢Pa ) =

q2 v + 1 1;) qz q q2u+2 2 )n2u+2n’

7:(12n(u+n)(1 _ (12)211 M2

V+1),,Z; (6%, ¢®)nlg® 2, g*)p2vten °

JI((1 - Pz q?) =

and the basic hypergeometric series [15]

o®3(—; 0,0, g% "2, ¢ _(1 — g +23)?) = i (=1)rginlvtn) (1 — 2)2ny2n
| , 2 n=0 (qz’ q2)“(q2u+27 q2)n22n

As a generalization of (2.5) we assuine for any v and p

2Vst = gk,

Proposition 2.2

1 _1/028\"  — y
(‘1 1/2?) 0D3(—; 0,0, %2 ¢, —(—- Pt 1/2,5)2) =

Cp2(v+1) 2

v2
= ¢~ THIP((1 - ¢%)zs; D)1,

. L2
I = q*)gPasiq®) = ¢~ T 1A = ¢z )t

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



Proof. These formulas follow from (2.17) and (2.14)-(2.16) .=

In the noncommutative case we define the difference operator similarly to (2.1)
-1

0,1 (25) = T/ (25) = flazs)]

Then .
ﬁ[f(zs) — flgzs)ls™! = 8,/ (g™ " zs).

As it follows from (2.1) and (2.8), (2.9) for arbitrary a

ff’qieq(l L )t = ateg (5 Lz,
B teo( 5T a0t = agsteq( 5 Laatzs))
ff‘qiEq(l ;qzazs)i = B, (AL ag(es)ts,
B tm (5 a0t = agety (S et
Similarly from (2.1) and (2.14), (2.15)
ff‘q (=20 1IN = Jazs; )] = —a(2/2) 1T (1 = a*)azs: ),
PRI - Pazsias/D) ) = ~antI (1 = Pagzsias/D)
25 (a2 80 = Phazsi )] = o/ (0 - oz s,
ff" (/2 I = Pazs; ] = —oa* (/2132 (0 = Phagzss )ts,
- 221~ Pazs; )H/2)™] = a2 (1 - PaPasi )5/
ff‘q EIP (1 = ¢azs; )] = ag™H (/2112 (1 - ¢P)agzs; o)1,

Consider the complete elliptic integrals:

j‘ K’(fc) _ f der ,
1- .‘.,2 sin o 0 Veos?a+ k2sin? o

with

7K' (k)
K(k}

Ing=—

=4

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.26)
(2.27)
(2.28)

(2.29)

(2.30)



Then [16](5.3.6.1)

s 1 1—g¢q
Qu = (1 - Q) Z m—v+1/2 T q—m+u—1/2 = - K(k) (lll[

m=—oco q

2lngvtl/2

K'(k)],  (2.31)

where dnu = /1 — kZsin®¢, fo W_z— (dnw is the Jacobi elliptic function). 1If
5mn“ «

uw=0then ¢ =0, and dnze = 1.

Proposition 2.3 For an arbitrary v

im Q, = g (2.32)

g—1-0

Proof. Since K'(k) > 0 for any k it follows from (2.30) that for ¢ = 1 — 0 K(k) — oo, and
hence limg,1—gk =1 — 0. In this case K'(1) = 7/2 and dnu = 1. Now from (2.31) we have

21n q—u+1/2

lim Q, =~ Ilim

K' k) di
g—=1-0 q—1-0 lnq (k) du

K'(k)] = .

3 Some properties of the ¢g-binomial formula

There is a g-analog of the classical binomial formula [15]

o0
( I'(a+ k)
(1-— —= = —
(Q‘ Q) - i (qa1Q)kzk !Z| <1
(2,000 =5 (@@
We need in two generalizations of the g-binom
(az, @)oo ‘
b, — 3.1
A G
2 .2
R b 2y ((1.2 4 )00 T 9

Proposition 3.1 The function r(a,b,z,q) (3.1) satisfies the difference equation
b7 (a,b, 2,4) — (e, b, 42,9)] = 7(a,b, %,) — (@, b,7, ). (3.9
Proof. It follows from (3.3) that

r(a,b,z,q) 1—az
rla,b,qz,q)  1—bz’

Now the statement of the Proposition follows from (2.7).m



Proposition 3.2 The function R(a,b,7,z, q*) (3.9) satisfies the difference equation
2[bg R(a, b7, 2,4°) — aR{a,b,7,42,¢%)] = ¢ Rla, 0,7, 2,¢°) — R(a,b,7,92,4°).  (34)
Proof. Take 277 R{a,b,7, z,q) = r(a,b, 22,4?), and substitute it in (3.3). Then the equation
22[bz"TR(a,b,v, 2,4*) — ag” "2~ R{a, b,v, gz, ¢*)] = 27" R(a,b,v,2,q) — ¢ "z T R(a, b, v, qz,¢°).
leads directly to (3.4).m

Lemma 3.1 If |a| < [b] the function r(a,b,z,q) can be represented as the sum of the partial

functions
klk+1

((LZ, Q)OO — 1 > (_1)kq 2 ((l/bq !Q)oo (3 5)
(bza Q)OO (Q} Q)OO k=0 (q=Q) (1 - zbq )
The series (3.5) converges absolutely for any z # b '¢7%, k=0,1,...
Proof. Let (a2
s Qn
wla,b,z,q) = = (a/b)
7 (a4 z Q) (bz q) a/) + Z qu
Then e
ckn = lim (1 —zbg)rp(a,b,z,q) = (=) = (a/bs7*.q),
M g R (0, )0 Dn—k
and

e = ey 4 S CUC T 1
Ta(a,b:7,0) = (a/0)" + ,;J @R @D

Since lim,,40{a/b)"* = 0 and C q)ln—l: <1 l__ we obtain

oo

k{k+1)

1 & (=D*¢ 7 (a/bi™, g)oo
(q,q)oo,;) (0, 9)(1 — zbgk)

T([L, b': Z, Q‘) = nlilylc}o 7'"(0, b: Z, q) =

Applying the d*Alembert criterion we obtain

k41 !k+2
bg=*~ bg* ,
klim | T (/b e [L(ql’ 2)x(1 = 2bq )| = lim J¢**" — a/b) = Ja/b] < 1.
7 (g ket (1= )T (afbgF gl FT

Hence (3.5) converges absolutely for any |a| < 15|, and (e, b, 2, ¢) is the meromorphic function
with the ordinary poles at the points z =b"'¢™%, £=0,1,... =

It is easy to get



Remark 3.1 If0 < |a| < |b] then
(a2, @)oo _ (a/b,9)o0 o b/aq, k(a/b)*

_ 3.6
(bz,9)0 (000 = (05 @)k(1 — 2bgk)” (36)
Ifa =0 then
k(A+1
L _ L P (bt (3.7)
bz, @)oo (9, Do [ (4, @)k (1 — 2bgF) '
Assumne that @ = €¢?®,b = e¢®? ¢ = %1 in (3.2). Then we have from (3.6)
Corollary 3.1
A2 oo o (070F, 0o (PP, gl (3.8)
(e4?72%,¢%)oo (600 2 (6% aPk(l — e22q2(5+R))
Remark 3.2 As it follows from [15](1.3.2)
(€q2a22 (1 Z k Qﬁk (o- ’B)afiz)k 2k (3.9)
(eg?Pz?%, ¢ 21(12);; o '

which converges in the domain |z| < q_ﬁ/Q.

It follows from Lemma 3.1 that if ¥ = 0 (3.8) is the meromorphic function with the ordinary
poles z = £/eq~#~%, k=0,1,..., and hence it is the analitic continuation of (3.9).

Corollary 3.2 For an arlitrary real s # 0

1 — g2
lim |eg(d d g ™s)| = 0.

m—$00 2

Proof. Due to (2.10), Lemma 3.1 fora =0, b = il;z‘ﬁq"", and the evident inequality for
k>0

-2k
-7 = ? 7 : (3.10)
14 s2(ASL)2g-2mt2ke = 1 4 g2(124T)2g-2m
we have -
11— q2 —m 1 s q 2
ley(i—5—a ") < T S
(9, @)oo = (¢, 9)e(1 — i-5Tsgm+k)
: k(k=1)
l—q®, _ 1 g T q*F
< 1+32(___)2q 2"1)"1/2 ,,(1+92( )2 -—Zm) 1/2E ) (q).
( D ORI S rin €
[

There are two types of ¢-trigonomnetric functions

€08y 2 = %[eq(iz) + eq(—12)),

Cos, z = %[Eq(iz) + Ey(—iz)], Singz= %[Eq(z’z) _ B,(—iz)].



Corollary 3.3 For real s # 0 and integer m

Bolaeq(q)
1+ (I_—Eqi)zq—zmsz'

1 — 2
| cosg(—5¢"s)| <

Proof. If a =0, b= :i:il——,z'ﬁq'm then from (3.7)

(k1)
1-¢* _ 1 &2 (—1)*q >
—q s} = Z

cosy( .
AN (0 Doo (25 (q,0)(1 + (1__29_)2q—2m+2k32)

Using (3.10) we can put

1—¢* 1 o0 *—(ﬂl g2k
leos ol s (0, 9)oo(1 + (F51)2q~2m 52 k; (7,9)
Then the statcment follows from (2.11) m
Corollary 3.4 For an arbitrary real s > 0
nlgléo eqf— 1-¢ g Ms) =0.
Proof. Again, dueto (2.10), (2.11), Lemma 3.1 fora =0, b = —1—_293q”", and the inequality
1 < qg*
1+ sl—_;;‘ﬁq—”"‘”c T 14 .91—‘293(;*"‘!
we have - o
ol ==L g7ms) S| 4

q,q ® =0 (q, ) ( +__qu—rn+k)

k(k
1 1 & 1

T+ s (e (o (@ Ds |14 515847

E,(1)eq(q)m

Corollary 3.5 For an arbitrary reel s

1—q? 1 — ¢

. 1 .
| Cosgl( q ™s)i <1, |[Sing( g "s)| < Eq_’”(l + q)s|. (3.11)
Proof. These functions are represented by the absolutely convergent alternating series
Cos 1— (12 Cny 00 (_1)nqn(2n—1—2m)(1 _ q2)21132u
OE’Q( 2 q ‘S) - Z 21 3
n=0 2 (Q: Q)Zn
5 1— (]2 S o0 (_l)qu(n—rr:)(2n+1)(1 _ q2)2u+ls2n+l
ing a8 =) I )
2 n=0 2 ((11 Q)Qn-i-l

and hence we have (3.11).m

9



e

Corollary 3.6 Ifa > 41 and real z # 0, then

( 20 2)(] ) < Ca.ﬁ
(—qmzz, oo — 1+ 22¢%F

-2k

Proof. Since for any £ > 0 T b < H‘_Iz, sz we have from (3.8)

(=4*2%, ¢*) oo (P o & ‘(qz‘ﬂ'“’“”, I |
(=422, ¢%)0 = (g%, 0% oo(1 + 22¢?P) = (4% ¢k
The series in the right hand side converges due to the d’Alembert criterion and therehby produce
& g

the finite contribution in the constant Cf 4. m

Corollary 3.7 Ifa>f+1/2

!

( q2(a—1n) (]2)

"!glgo =TI =0. (3.12)
Proof. For z = ¢7%" v = 0,e = —1 we have from (3.8)
(_qZ(ct—qn)’qZ)00 ( 2{a— ,6 0 2(5 —a+1 q’)kq‘Z(a—ﬂ}k
(—2F-m) %) (%47 g (42, %)k (1 + g2l0—m+k))”
Obviously
m—k—p8 m—k—f
1 _ q <4
14 q2(,8—m+k) qm—k—ﬂ + qﬂ+k-—m - 2
Thus
(_qQ(Q—Jn)’q?)OOI < qm—ﬁ o0 (q2(ﬂ—a+l),q2)kq2(a—ﬂ—l/2)k
(=™, N0 = 2 o (4%, 4%)k

The series in the right hand side converges. Due to the multiplier ¢™ we come to (3.12).m

Remark 3.3 Leta = g%, b = ¢¢* in (3.2) and (3.4). Then if ¢ = 1—0 the difference equation
(3.4) takes the form of the differential equation

z(1 - €2®)R'(2) — [y + €(2a — 28 — ¥)2%]R(2) = 0 (3.13)

with solution
R(2) = C27(1 — e2?)P~2,

10



4 The Jackson integral representation of the Modified ¢-Bessel
Functions

We remind that modified g-Bessel function of the first kind {1]

(1) 9 9 o0 (1 _ q2)2n v2n 1
I 1—¢g%)s; \ , 4.1
(1~ )si¢?) = u+1 P e e A g (4.1)
satisfies the difference equation
1- q2 . _ —
1= (ST 23 ula ) = (a7 + ) Juls) + Julas) =0, 42)
and modified ¢-Bessel Munction of the second kind
1(2)((1 ~ q2)s_ q2) _ 1 00 q2n(u+u)(1 _ q2)2nsu+211 (4 3)
g , Lp(v+1) n=0 (4%, q*)nlg?+2, %) 2720 .
satisfies the difference equation
. g 1—q* 5, N
Jla™'s) = (@™ + 4 fls) + (1 = (5505 fulas) = 0. (4.4)

q-Bessel-Macdonald function (¢-BMF) has been determined for noninteger v as [1]

q—u2+1/2

K9 (1 - ¢})s;4%) = (e, 191 = ¢®)s;¢%) — e IP(( = ¢)s;4%))  (4.5)

d(aya_,)3?sinvn

where (2)
L7(2;4%)
v =/ 2/(1 — 2 -1 ‘U , ’ 0
a /(= %)ey(=1) 2@ (¢ /2, g7 112 —g5q,q) 0
and +1/2
o = q (4.7)

2l 2 (V)2 (1 — v) sinvm’
If v is an integer n functions K,(Ij) are well defined in the limit for v — n in (4.5).
Functions (4.5) satisfy (4.2) and (4.4) for = 1 and 7 = 2 respectively.

Proposition 4.1 Modified q-Bessel function (q-MBF) I for v > 0 can be represented as the
g-integral

1+gq v 227 ¢
IN((1 - ¢%): /1 27, 9 ) s/2). (4
v (( q )S‘ q ) 21-\ V+1/2)Fq2(1/2) _quz(qzu-‘r]zi’,qQ) E({( 2 ZS)(‘J/?) (4 8)
Proof. Consider the ¢-integral
(1) 1- q
d 72 [y Eq(———2zs), (4.9)

11



where f,El)(z) is a such function that it is absolutely convergent. Require that S](])(s)(s/Z)“
satisfics (4.2). Then Sil)(s) satisfies the equation

-z ‘*’ 12725277 SV (g7 s) — (7 + ¢*) 8 (s) + ¢* SV (gs) = 0.

or

. 1 _ 2 _ _
M (g71s) — 8 (s) — g[SV (s) — S (gs)] = (—=1)2q7250) (471 s) 52, (4.10)
2

Substituting (4.9) in (4.10), multiplying it on f—“’;%lg from the right, and drawing it through £,
we obtain

1— 2 1 — g2
/_ d zf,sl)(z) 2[ (g 228) — B (L 2s))

l—q2 - l-q2
—¢* / dyzfy (1) Q[Eq( 5 1 lZ-‘?)—Eq( ) zs)] =

- o,
1 q _2/ dqz (z)E( q”lzs)s.

Due to {2.13), (2.20) and (2.21) it can be rewritten as

2 2
i [ i@t g )t = [ dg O E)ete (5 )t =
— a2 1 42
=250 [ i@t~ ),
2 -1 2
or
l 1 w1 2270 gt 1-¢ 2w+1,2u+1 1-¢*
[ dozf0@ 0 gl e~ = 2 e (s =
-1
! 20 1—¢?
= (1) z -1
[ daat ) Tt )

Using the ¢-integration by parts (2.2) we obtain

() () =201y, 2041 20414, (L= @ ! m 1-¢°
- d z0:(f;(2)2 a2 e (——(2s))f = = | dgz0: £, (2)1ey( (2))1.
- "2 o f "2
Thus we come to the difference equation for fl(,l)(z)
P20z - 7 D (g2)] = FE9(2) - M (g2). (4.11)

It coincides with (3.4) for a = ¢%,b = ¢**!,v = 0, and hence from the Proposition 3.2

2.2 2
1 _ (fl 27,4 )
J(z) = ————-—(qzy+.z2,q;;oo. (4.12)

12



551)(3)(3/2)” is a solution to (4.2) and therefore it can be represented as [1]
$10(s)(s/2)" = AL = ?)s;¢%) + BED((1 = ¢%)s;.07).

Muitiplying the both sides on (s/2)" and putting s = 0 from (4.1) and (4.5) we obtain B = 0.
Multiplying again on (s/2)™" and assuming s = 0 we come to

()(z) =
f daf qz(y+1)

To calculate the ¢-integral in the left hand side we use the obvious property

! 2 - m 2m 2(1 — (12) = 2m 2my _—m
f f(@)dgz =2(1—q) Y 7" f(q ) =1 Y P =
-1 m=0 +q m=0
-1/2
“1tgq +4q / [(@)= o2
Then from [15] (1.11.7}
b (@*2 ) N
—— = d,z = : —1/2y ——B 1/2,1/2
[ i = T by i et = g el £ V212
where By(v; i) = I“Fq"ul;#“ is the ¢-beta function. Hence
2 .
A= WB 2(v +1/2,1/2)T 2 (v + 1) = Ty (v +1/2)0 2 (1/2). (4.13)

and we come to (4.8).m

Proposition 4.2 The g- MBFI ((1 — q%)s;¢%) has the following g-integral representation

1
202 (v + 1) ‘I?l(q‘z”“,q;q“;qz,l)x

I - ¢)s; %) =

1 (q 2v+1 2,(]) 1_q2 ,
x/_ldqz T 0 (=300, 5 2)(s/2) (4.14)

Proof. Consider as above the absolutely couvergent g-integral

1 1— 2
s = [ dafP(@) odi(=300, 5L

5 z8). (4.15)

and assume that .S' ( )(s/2) satisfies (4.4). Then sz)(s) satisfies the cquation
—v - _u vy el 1 —q? y
TSP (a7 ~ (@7 +a)S () + 11 = ()% S (gs) = 0,

13



or :
_ _ . . . 1—q%. ., )
215 (7"9) = S )] - (8174s) - 51 (9] = ()51 (as)s”,

The further arguments are the same as in the proof of Preposition 4.1. Here we use
(2.12),(2.22) and (2.23) and arrive to the difference equation for f,(,z)(z):

2P (z) — ¢ 2 [P (g2)] = f12(2) — (P (g2). (4.16)

—2v41

It coincides with (3.4) for a = ¢ ,b=1,v =0, and hence from Proposition 3.2

—2v+1,2 2
2%,4%) 0

@ _ (g
17(z) = (32,(12)00

Since ng) (s}(s/2)% is a solution of (4.4) it can be represented as
$Ps)(s/2) = AIP((L - )sia?) + BED((1 = )sia?).

As in the proof of Preposition 4.1 from (4.3) and (4.5) we obtain B =0 and

1 (g=2041,2 2 O 2(v+1) ! (=2v+! 5 42
A=Tp(v+ l)f (q 218 )eo lyz = Las) f ((1 s )Ooz_l/quzz.
wl 0

e " 1+4q (2 oo
It follows from [15] (1.11.9) that
A= +1) 2 21(a 2 g:6% 6%, 1),
and we come to (4.14).m

Remark 4.1 If ¢ — 1 — 0 the equations (4.11) and (4.16) take the form of the differential
equation (see Remark 3.3)

(1= 2°)f)(2) + (2v — 1)zful(z) =0,
The solution to this equation is
fulz) = C(1 = 2212,

which leads to the classical integral representation of Modified Bessel function {17] (7.12.10)

_ (s/2)” : y=1/2 zs
I”("‘)‘r(u+1/2)r(1/2)[_1(1_z2) Verrds.

As it follows from
IO = ¢*)s¢P) = e IOV (1 = *)e™2s34F), =12

Then (4.8) and (4.14) give the g-integral representations

14



Corollary 4.1

2
(W1 (1+4q) / 7%, ¢%) oo =g v
Jy (1 —q )9 (1) 2F 2 (v +1/2)T e (1/2) 9% (q2u+122 )00 q( 'l 5 zs)(s/2)Y,

2 (1 — Ve o 2) — (1+4q)

P =) d) = o (v +1) 2@y (72, q;6% 6%, 1) *

g2 2
q ) A 1 - q v
f 42" z2,q2§m o1 (=305, —i——-25) (5/2)". (4.17)

5 The ¢-Fourier integral representation of ¢-Bessel-Macdonald
Functions

Here we consider ¢-BMF (4.5) . We will use the following formulas fromn [1]:

1—¢°

I((1 - ¢*)si0%) [E L= )0, () + i By (- >—9)(=9)),  (51)
—v241/2 R
@ ((1 — 2V g2) = 1 1—q )
K1 = 4%)s10%) = 5 == By = =5 9) 0 s), (52)
wherc X
Du(s) = 2®a(a" g g, ).

Proposition 5.1 ¢-BMF K,(,l)((l —q2)s;q%) for v > 1/2 can be represented by the q-integral

—v2+1/2 1/2
I(;‘:l)((l _ (]2)3.',(]2) — q FQQ(U + 1/2)1-‘,,2( / ) i}—x
\ @y

4Qu
-¢*2%, )0 1—¢? .
<[ dge - q_zmzz o Balimg e zs)(s/2)7, (5.3)
where Q,, is defined by (2.31).
Proof. Consider the ¢-integral
00 1 — g2
S50 (s) = f dozh!) () g i——" 2), (5.4)
—00

and assume that it absolutely converges together with its g-derivative. According to Definition
2.1 and (2.13) it means that

20, .l—q2 _
) () e ) =0,



It follows from (2.21)
2

T sy =0. (5.5)

1
lim  ¢?™hD (™)e, (i

m=»oo

Substitute Sém(s)(s/Z)"’ in (4.2). Then Sél)(s) satisfies the equation

-l ,
e S ) L )

- ~2u 1
$80(a71s) ~ 85() = 155" (s) = 817 (s)] = (=5

Substituting (5.4) in (5.6), multiplying it on %i;q; from the right and drawing the multiplier
through E,; we obtain

f dg zh{) (2 2[E (2 q‘zzs) — E4(3 5 gV 2s)]—
o0 - _ 42 1 - 2
—/ dqzhl(,l)(z) 28 2[E,l,(il g g 2s) — By 4 zs)] =
oo 1—g¢ 2
1—4° 2
= —qq_zf dq zh (z)E' (2 —qq_lzs)s.
2 —o0 2

Using (2.13), (2.20), and (2.21) we come to

oo —g¢? . 1—q?
f dqzhﬂ”(z)z[icq(il 2q 07 29)f — g~ e (i 2s)f] =
-0

- 2
L q *1/ dgzh(D (2)te,(i 2(1 q ' zs)1s,

or
®© Wyoyavrt 2270 oy, 1—4% St 2ty 1= G
dgzhy, ' (z)z W[Z feq(i q zs)i—gq z Teqld zs)i] =
—o0
¢
/ d zh(l)(z) ieq( q ' 28)i.

g-Integration by parts (2.4) gives

1 - 1-4

(] q_m ! ) + h(l)( _"1)(9—2"1 + 1)011(_?; 2(] q_m_ls)] =
—

5 zs)i. (5.7)

According to (5.5) the left hand side of (5.7) vanishes. Thus we comne to the difference equation
for hY )(z)

lim [A) (7™ (g7 + e, (i———

m—00 2

_ /-oo dqz[az(hg)( ) 2u+1) —2v+1 —2u+l +(9 h 1)( )]ie (

2=~ 0D (2) + 1) (g2)] = b (2) = K (g2). (5.8)
Obviously (5.8) coincides with (3.4) for a = —¢?,b = —q~ %! v = 0, and hence
2.2 2 '
h’t(,l)(Z) — ( q-z=,q )oo . (59)

e

16



It follows from Corollaris 3.2 , 3.6 that A% )( ) satisfies (5.5). Then

_qz’q‘) .1_(]2
[ dgz = q“z"“z?q)qu(z 5 z8).

Since Sé (s)(s/2)7" is a solution of (4.2) it can be represented in the form

o0 222’ 2 1- 2 _
f_oodq (q T Ey(i—2-25)(s/2)™ = AID((1 = ¢¥)s; ¢%) + BK((1 = ¢*)s;.6%),

“2wHT52 g3y )
oo
et (_q27n+21q )OO 11— q2 711
(t—q) mzZ_:wfl l(_q—2u+2m+l,q2)oo cosg( 2 s)(s/2)"
= AI((1 - ¢%)s;¢%) + BKID((1 - ¢P)s; ¢?). (5.10)

As it follows from Corollary 3.3, the function in the left hand side is holomorphic in the domain
Res > 0, but Iis )(( — ¢%)s;¢°) has ordinary poles in the points s = :i:lzﬂ;q;, r=0,1,... 1]
Hence A = 0. Multiplying (5.10) on (s/2)” and assuming s = 0 we find that

(—(12’"-"2,(12)90
= 8a_,ayiyq” " ?sinvxl v+ 1} (1 —-gq) Z q" (T T )
- ) [o.v]

m=—0c

Let calculate the last suin. It follows from the Corollary 3.1 for a« =m + 1,8 = —v +m + 1/2,
e=-1,vy=0
(=" M0 _ (@ )0 o= dPR T 00
(a2 e (650000 o (07 07k (1 + g2 EmARERLY

and this series converges uniforinly on real axis.

So

Z o G N o0 PN U Z i g2k (g2t g2y,
(—q-tvFamTt_g2) (e = & qzq Ve(l 4 g~ 2vF2mT2RTT)

m=—00

qu—]/‘Z(q2u+l’q2)oo o0 q2uk(q—2u+1 o0 1

)
(@ i (@50 m;m g E gl

Then using (2.7), (2.31) and (4.6), (4.7) we obtain

B = 4qun+1/2QV fO—v
- Fq'"a (v + 1/2)Fq2(1/2) ay’

and (5.3).m

17



Proposition 5.2 g-BMF .Kﬁz)((l — ¢%)s;¢%) for v > 3/2 can be represented by the q-integral

D (v + 12T (1/2)
(1 — P ) = 2 g q? by
K (1 - ¢)si ) — —

oo ( q2u+1 2 q') 1 _q2 _
) O1(—;0; s)(s v 5.11
X[quz (—ZZ,Q )00 0 1( ,qu,l 9 zq)("/2) 1 (‘) )

where Q,/y 15 determined by (2.31).

Proof. Consider the g-integral

1 — 2
f dgzh{P (z) o (-~ o;q,i—zq—zs). (5.12)

Let it converges absolutely together with its g-derivative. According to Definition 2.1 and {2.12)
it means that

20 1—¢°
: my1(2) ¢ s : m—1 -
L (o )1+qEq(7' 54" 8l =0
It follows from (2.23)
. 1-g° .
W gD (g By (i—5—q™s)| = 0. (5.13)

Require that S:gz)(.c)(.s/Z)_” satisfics (4.4). Then Séz)(s) satisfies
1-¢°
2

Using (2.12), (2.22) and (2.23) and arguing as in the proof of Proposition 5.1 we come to the
equality

(S (q7"s) = S (s)) — (S () — 8P (gs)] = (—L)255 (¢s)” (5.14)

2 ® : ! w1 1-¢* ® — ¢
q u—l/ dqzh‘(f)(z)z%"' O, (z T By (i——=—28)1) = —[ dy zh )(2)0, 1E, ( zs)1.
—00 2 — 00 2
g-Integration by parts (2.4) gives
: 2v— —my,—2m 1= q2 —-m —my,—2m 1= q2 -m
Jim R (7T By li— ™) + AP (=g P By (i )] -
o0 2 2v+1 2u+1 1 - g
——j; dg28, (R (2) 2% )2~ E, (3 qzs)i
2 1 — q2
= - 11111 [h TME, (z 4 ™s) + h{D (- g M) Ey(—1 5 ¢ "))+
1-— 2
+/ dqzazhl(,z}(z)iEq(i gzs)i,
—00
or
: 2v—1-2m (2)¢,,~m -1_‘72 —m (2) —m 1 q2 —-m
lim (¢ + DAy (7™ Ey (i g7 s) + b (—q7 ) E(—1 g ™s)] =

n—=00 2

18



—q¢?

=/ dqz[0:( (Wi (2) 220 1)~ +Bzfz£2)(z)]iEq(z qzs)t. (5.15)

(5.13) means that the left hand side of (5.15) vanishes. Thus we come to the difference equation
for hf,z)(z)
RPN z) - ¢ P (g2)]) = —hP (2) + KD (g2). (5.16)
It coincides with (3.4) for e = —¢?¥t! b= —1,~ =0, and hence
2v+1,2
h‘g)(z) — ( q 22 4 )
(—Z 1 q )OO

It follows from Corollaris 3.2 and 3.6 that fagz)(z) satisfics (5.13). But 5'%2)(3)(3/2)‘“ satisfies
(4.4) and thereby it is represented in the form

(5.17)

2V+1 22 1 — g2
/ dg ! 2 Yl 0®1(—;0;q,i—z5)(s/2) ™" =
3% )00 2

= AIEF)((l — ¢%)s;¢%) + BKS((1 - ¢H)s; 47,

or " Z 2u+1+zm q2)00 o (1 _ g2
— 0Ss
q 7!2——00(1 _qzm qz) q
= AIP((1 - ¢®)s;¢%) + BKS((1 — ¢%)s; ¢%). (5.18)

It follows from (5.1} and (5.2) that lim,— e L(/z)((l —q%)s;4%) = 00 and
limsoyoo KS (1 = ¢%)s;¢%) = 0.

Because the left hand side of (5.18) vanishes if s — oo, A = 0. Multiplying (5.18) on
(s/2)¥ and assuming s = 0 we have

B = 8a_,Jayapq” "2 sinvnl (=v+1)(1 - Z _q2u+1+2m @)eo
= Ol-u/l-vluq q* f] q" 2m q2)oo

m=—od

Calculate the last sum. It follows from Corollary 3.1 fora =v+m+1/2,8=m,e = -1,y =0
that

(“‘12U+1+2ma‘12)oo _ (s 2y+la‘12)oo = (g

(_qzmv q2)00 B (q »q )00 k=0 (q'Z, qz)k(l + q2m+2k)

and this series converges uniformly on real axis. So

—2v+41 ; q2)kq(2u+1)k

Z q 2u+1+2m q2)00 3 (12u+1 2 oo i q . i q —2w+1 .q )k(I(2U+])k 3
e 2m ,q ) ( L k=0 2 "{ 1+ (12m+2k)
_ (qzu+1!(2)m io: 2u+1 Z)kq2uk i 1
(%% q2 ) e €T A
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Using (3.9), (2.31) and (4.6), (4.7) we obtain

_ 4q 2_MQI/Z a;u
- Tpe(v+1/2)Tp:(1/2)

and (5.11).m

Remark 5.1 If ¢ = 1 — 0 equations (5.8) and (5.16) take the form of the differential equation
(2% + Dhy,(2) = = (20 + 1)zh,(2).

with solution
hy(z) = C(22 + 1)~ 1/2,

Using Proposition 2.8 we obtain the classical integral representation of Bessel-Macdonald func-
tion (the Fourier integral) [17] (7.12.27)

1.'(V + 1/2)(3/2)—1/ o —v— 128
3T(1/2) /‘_m(z2 +1)7v 28 g,

6 Bessel g-integral representation of ¢-Bessel-Macdonald Func-
tions

K, (s) =

Proposition 6.1 The g-BMF K;(,l)((l —¢%)s;¢%) for v > 1/2 can be represented as the q-integral

Kﬁ"((l—q'*’)s;q"‘):éq-”’-"(uq) 1), [ 2 x

/ d,,z( q—zuzzqq)).) zJéz)((l“92)‘1_1/2233(12)(3/2)_”- (6.1)

Proof. Consider the absolutely convergent ¢-integral

$§0(s) = [ dgzg @91 - g i) (62

together with its ¢-derivative. Accordlng to Definition 2.1 and (2.2) it means

lim  q™[g{)( q’") - = g1 =A™ s, B = 0

m—+too
It follows from (2.25)
lim (g8 (¢™) TN (1 = ¢2)q™s)] = 0. (6.3)

m—too

Assumne that Sq s 9/2) satisfies (4.2). Then S:(,I)(.s) satisfies (5.6). Substituting (6.2) in
(5.6), multiplying it on = l_q from the right and drawing the multiplier through Jéz) on left we
obtain

/ dyzgiV(z) 2[To ~ )" 2s;0%) — IP((1 = ¢*)g™ 255 4%)) -
0

20



[Jég)((l = ¢*)g™ 228, 4%) - (1 = g~ s q)) =

/ quJu

1—qg° _, [ . _
= —21 q qu dg2g$) (I (1 = ")~ 28 ¢)s.

Using (2.2), (2.24) and (2.25) we transform it as
7 [ dz @I = D s a7 [ g @280 - s =

_ 1~

2 ‘I_zfo dgzgD (2)1 957 (1 = ¢*)g™ 21 P,

2z~ oy _ _ 9y .
/ dyzgi)(2) 2u+11 q2{ 2414 1) (1 _ ) Vs Pt — g2+ 2 +1I.]l(1)((1_q2)zs;qzm ~

-1 [ (1) (1) 2y,—1 2
=—q /0 dezg, ' (2)1Jy ' (1 — q°)g™ " 25;q%)%s.

It follows from (2.26) that

o0
/ dgzgtD (2)22 % 0, (22 1IN (1 = g 2s;40)E) =
0

o /00O dgzg{)(2)(2/2) 7 (/287" (1 = g™ 25,47)1).

Using the g-integration by parts (2.3) we obtain

Jim 68772 = ) 67 - gD (gM)e I - P)gm s )=

(v o] 1 .
—/ dgz0, (gf,l)(z)zz"'H)q_2“+1z_2"+11.]1( )((1 — q2)zs;q2)i =
0

= — lim (6™ — )™ 5102) — o (@™ I - 6™ s 0P+

+ [ g0 @) (/2 e 2101 - )z )t

or

lim [98)(¢7™)(¢™*™ + DI = g 5567 — o (™ @™ + DI (1 - ¢H) g™ Hs; 7)) =

m-—

= /0 dg2[0: (g5) (2)(2/2) 7 )gz/2 + 8 (gD (2) 22T~ 2 H 2T (1 - ¢P)zs; ¢P)1. (6.4)

It follows from (6.3) that the left hand side of (6.4) vanishes. Thus we come to the difference
equation for g,(,l)(z)

2 gD (2) — P9 (q2)]) = —qgtV(2) + glP (g2). (6.5)
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But (6.5) coincides with (3.4) for « = —¢?,b = —¢~%,v = 1 and hence

2,2 2
() = (297270 )0 o
92 = e ) (6:6)

Since Sgl)(s)(s/Z)‘” satisfies (4.2) it can be represented in the form

® (=P P @Dy v —1j2 . 2 R YT ()1 2y 2
doz ————5v—2Jdy (1-¢7)g™ "“28;0°)(s/2)7" = AL ((1-¢%)s;¢°)+BK, ((1-¢) 51 ¢%).
0 (—¢7222,¢%)co 6
6.7
The function I,(,]}((l ~ ¢%)s; 4%) is meromorphic with ordinary poles s = :i:%'i;q;, r=0,1,.... On

the other hand the function Kl(,l)((l —q?)s;¢%) and the left hand side of (6.7) are the holomorphic
functions in the domain Res > 0. Therchy A = 0. Multiplying (6.7) on (s/2)” and taking s =0
we obtain

fm P Gl it ) g2
0 (=22, ¢%) o day /aya_y sinvrlp(—v + 1)

Rewriting the g-integral by means of (2.10) as

©  {—¢*2% %) 1 [ (—4*2,¢%)0
dyz dpz
0 ( 0 (

z = —_— =
-2 1+¢ —q7%2,4%) oo

o 8]
2 —2u
= 1+qfo dpzEp(¢°2)ep(—q % 2)
and defining
f(z) - f(¢*2)
D.f(z) = U@

1 —2v

- _ q 3
GQE‘ﬁ(q?z)’ Dieg(—q7%2) = ————ep(—¢ z).

Dquz(Z) =7 ¢

we obtain by means of (2.3)
o 2 2 n [ 2
fo dazBp(giz)ep(—*2) = (1 - ¢) /0 dp 2D, B (2)ep(—q~%z) =

=(1- q2) lim [Eq2 ((1_2m)c 2(_(1-2»721:1) — Ep (qzr;;)eqz(_q—2u+2m)]_

m=—ro0 q

o0
—(1-¢?) /0 d22Ep(¢22) Dyege(—q~2z) =

—q—2m 2
= (1= ) tim_ T 4 e
Mmoo (—‘Q 14 )OO

m . .
-1+ q_zufo dp 2By (¢*2)ep(—q % 2).

Due to Corollary 3.7 for & = 0,8 = —v the limit vanishes and we obtain
oo 1— 2
2 2 -20_y _ q
./0 d:q°zEp(q"2)ep(—q~ " 2) = 1% =g
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Hence

o0 — 222 2 1—
/ dqz(( 1°25 0% _1-4q
0

- %22, %) 1—g=2

and

i—g¢ 2_1 2q”2+" a
——4q¢¥ "ia_,Ja,a_, si L o{—v 4 1) = -
1-—(]‘2” q v vy, SINVT qz( v ) (1+Q)Pq‘2(1’+1) a_,

B=—
Then from (6.7) we obtain (6.1) =

Proposition 6.2 ¢-BMF K(z)(( —q%)s;¢%) for v > 3/2 can be represented as the ¢-integral

: 1 2y, Uy
Kl(f)((l — (]2)3;(}2) — Eq + (1 + Q)qu(l/ + 1) p
® (=" Yo 2. 2 _1—=4q* 4
l (I) - . _ /2 2 I —ll- .-
7 e s (0,0, - ()52 (65)
Proof. Consider as before the absolutely convergent ¢-integral

oo ' 1—g2

S5 (s) :f dyzgi? (z) 0®a(=;0,0,¢% ¢, —( gq ¢"?25)?). (6.9)
0

It means according to Definition 2.1 and (2.18) that

20;
lim qm|gu (qm)_é‘](z)

a2y, m—=1, 2 =
m—+oo 1+q' 0 ((1 q )(] 8, q )l 0

It follows from (2.28) that

lim g8 (¢™) 1 (1 = ¢)q™s)| = 0. (6.10)

m—rtoo

Substitute Ség}(s)(s/Q)‘” in {4.4). Then S:gz) (s) satisfics (5.14). Acting as in in the proof of
Proposition 6.1 and using (2.18), (2.27), (2.28), (2.29) we come to the cquality

2z~

(1) 2 =g O (s =

__q?v ./(; dngu (z)z2u+l

3:

— [ dy2g (2)(2/2)"! (/‘zif(2 (1= %)z, D)),

Then by mecans of (2.3) we obtain

Jim [ (a7 @2 + 0I7(1- ¢)a7™s10%) = o2 (@) @ + 1) (1 - ) s 7)) =
o0
[D dy2[0:(95P(2)(2/2) " Ngz/2 — 8.(gP 22 gz NI - P)gzs; g2)i. (6.11)
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It follows from (6.10) that the left hand side of (6.11) is equal to zero. Then we have

2*lags? (z) — 4?9 (a2)] = —q9i) (2) + 9 (q2) (6.12)
Note that (6.12) is the equation (3.4) with a = —¢®*?,b = 1,7 = 1 and hence

2042 22

(2)(2) — (_(] ,(]2)00

9, o 2. (6.13)

Again Sgg)(s)(s/2)“’ as a solution of (4.4} can be represented in the form

00 (_q2v+222 (}'2) 5 3 1_q2 5
ir ! el (I) —_, N - /2 5 2 i v =
J o e 03 0,0,0% a2, = (5 ) /2
= AIP((1 = ¢*)s;0%) + BES((1 - ¢°)s;.0). (6.14)
It can be derived from (5.1) and (5.2), that limg_, 152)((1 — ¢%*)5;4%) = 0o and

limg_y00 ‘(,2)((1 —¢%)s;¢%) = 0. Becanse the left hand side of (6.14) vanishes if s = co0, A4 =0.

Multiplying (6.14) on (s/2)” and assuming s = 0 we get

e . 2
/00 y Z(_q2u+£z2’q2)mz _ B q viy1/2
o 7 (=22, ¢%) oo da_y\fa,a_, sinvnl 2 (—v + 1) '

Using the same recipe as in Proposition 6.1 we calculate this g-integral:

ood (_q2v+2z2: (1’2)00 B 1— q
9T ,2 2 2=
0 ( 2% q )00 q

Thus

Uz—V

2q a_,
(1+g)Cpv+1)V a,

1 —
B = : (211/ 4qu2_1/2a_,,./aya_,, sinuwf‘qz(—u +1) =
-4q

and we obtain (6.8) from (6.14).m

Remark 6.1 If ¢ — 1 — 0 the equations (6.5) and (6.12) take the form of the differential
equation

2(1+2%)g),(2) = [1 ~ (2v + 1)z°]g.(2) = 0.

The solution to this equation is
gv(2) = Cz(1 + 25771,

and therefore we come to the classical integral representation of Bessel-Macdonald function [17]

K,(8) =T(v+1)(s/2)7" /:0(1 +22)7 2y (zs)dz
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7 The representation of ¢-BMF by the double g-integral

Herc we combine results from Sections 4 and 6.
Introduce new variable ¢ with the commutations

Cz=2(,  (s=qs( (7.1)

Proposition 7.1 The g-BMF KV ((1 = ¢)s; ) for v > 1/2 can be represented as the double
g-tntegral
(L4 (v +1) [a,
X
4291(q,4;0% 6% 1) -y

_q < #1(2)‘12
f dz/ dC o) );;zgtl)l(—;[);q,—-z

Proof. This result follows from (6.1) and (4.17). In view of of (7.1) the result of ¢-
integrations is independent on their order

K1 = ¢%)s5¢%) =

—q* _
Czs)(s/2)7" (7.2)

1+ e +1) [q

(1) — a2V q2) =
KA =a)sa) = L@ a ) Yoo

(= _ 2
/ d z/ dq(,’ "_;’zzqccz’q Joo qu(—il 2(1 (: (Cz)s ))(s/2)7" =

oo

_ T O q2)2Fq2(u +1) {a, y
22%1(9,9; 4% 4%, 1) a_y
o0 G2 U 2 9
 4°) 1—q% , —
Z e Z 2m 2u q2l (]2) = CO'iq( 9 q n+ls)(s/2)

m=-—00 =0

Inner series converges uniformly with respect to 1, and we can change the order of summation.m

Remark 7.1 If ¢ = 1 — 0 representation (7.2) takes the form
1 oo

K,(s) = ;r-[‘(u+l)(s/2)_”/ (1 +z2)_”"lzdz/ (1 - (Y22, (7.3)

0 -1

Assume ¢ = cos ¢ in (7.3). Then
1 00 T
K, (s) = —T(v+ 1)(3/2)""/ (1 +z2)“"_]zdz/ e ISP g (7.4)
0 0

It is known that BMF is the two-dimensional Fourier transform of f(z,y) = (1 + 22 + %)=~

. 2=V . ; .
[ et gt te et iy = T K8 )€ )



The change of variables x = 2zcosa,y = zsiney, £ =scosf,n = ssinf, and a — 8 = ¢ leads
to (7.4).
Thus (7.2) can be considered as the g-analog of the Fourier transform of
(=4*7%,4¢* ¢*)oo
(_(1_2U22: C23 q2)oo

on the quantum plane in the polar coordinate representation (7.1).

f(z,¢) =

8 The special case of commuting variables
In this section we assume that
zZ8 = $2, (s = s(, 2 =<z (8.1)

Then we have the g-integral representations which we will give without proof.

' 1+ q)(s/2)" @ e 14
(1= ¢¥)s; g?) = —— / .
v (( q )S: q ) 2Fq? (V + 1/2)1—‘(}2(1/2) - (QQU-HZQ,QQ)OQ eq( P zs)dqz, (8 2)

I~ gHs; %) =

_ (5/2)" /" (7222, %o
(v +1) 2@ (=2, q5¢%50%,1) /o1 (2240

KM = ¢*)s;q%) =

1 — 2
E,( 2(1 zs)d,z, (8.3)

—u2+1/2F 1/27T.2(1/2 0 2,2 2 — 2
_ 1 (v + 1/2)0'2(1/2) _a"’_(s/g)—"f (=42, ¢%)eo eq(il g zs)dgz, (8.4)
10, - oo (g 122 7)o 2
KP((1 - ¢*)siq%) =
_y2+uI‘\ + 1 2 F 1 2 00 {__2v+1,2 2 1— 2
_ q qg(V / ) q2( / ) y (8/2)—1}/ ( q - zzaq )OO EQ(Z q ZS)qu, (85)
4Q1 /2 a_y —o  (—2%,4%) 00 2

K1 - ¢%)s4%) =

ay

oo _ 2,2 2 s .
=g (1 + ¢)Tp(v +1) (3/2)_1//0 (—( e 2J§(1 = ¢*)2s:4*)dgz, (8.6)

(}_2V+1z2, (]2)00

b —
[w]
]
S

KO((1 - ¢*)s;q°) =
00 [ L2v42,2 2
@y (3/2)—11/ ( q z7, )00
0

1
= —2-{1_”2"'“{1 + q)f'qz(l/ + 1) zJ(gz)((l - q2)zs; qz)dqz, (8.7)

v (_22,(]2)00
—v2i_y 9
W1 — 2ye g2y — T (1+¢)*Tpev+1) [a, _,
Ko=) 4r%,(1/2) a5/
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o] 1 (_q222 q?g2 {12) 1— q‘Z
X zd z/ 122> 110 (—i z(s)d,C, 8.8

(4 ) Tplv 1) [a

(2) Y 42y — N —v
Ko = a)sid) = — 281 (q,q;¢% ¢*,1) a-u(b/m 8
e U (—¢?22 q(?%, ¢%)eo 1-q°
x/o zcl,,z/_l (—22,C2,q2;oo Ey(—1 5 2(s)d,(, (8.9)
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