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Abstract

The q analog of l\'lodified Bessel functions anel ßessel-l"Iacelonald functioIls, were de­
fined in our previous work (q-alg/950913) a'i general solutions of a second order difference
equatiolls. Here we present a collcction of their representations llsing the nOllCoIIllllutative
Jackson integral.

1 Introduction

In this work wo contillUe our invcstigations of Modified q-Bcsscl Functions (qMBF) and q­

Bcsscl-Macdonald Functions (qBMF) illtroduced in [1]. Though these fUllctions can be ea."üly
cxpressed thl'ough t.he q-Bessel fUllctioIlS (qBF) of Jackson [2] , a.s their classical counterparts,
they are important in their own turn. The classical Bessel functions anel tbe qBF ariscs as
matrix elements in il'1'educible reprm~enta.tions of the group of motion of Ellclidean spaces [3]
or its quantlllll deformations [4, 5, G]. Sinülarly, the classical MBF anel BMF are relateel Lo
the Whittakcr model of irreduciblc lluitary representations of real siInple split Lie group G,
when G = SL(2, R) [7, 8, 9, 10, 11]. Modified Bessel Functions generat.e a ba.sis in COll1mOll
eigenspace of Laplace operators in thc coordinate systems, related to the Iwaswa ciecornposition
of SL(2, R), while the Bessel-Macdonald Functions are bounded eigenvectors. They are special
matrix elenwnts in the irreducible prilH~iple series representatiolls. This fact mcans that BMF
have integral represclltat.ions comillg from the invariant Hermitian measurc 011 scctions of liue
bundles OV8r the Hag variety, whcre thc incducible ullitary representations are reali~ed (Borel­
Weyl theorem).

Thc main object of present work is t.he analogons integral representatiow; for qMBF aud
some other integral representations for both kind of fUllctions j which have well-kllown classical
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fonns. Thollgh t.here is a clear grollp theoret.ical interpretat.ion of these reprcHentatiow; our
derivation is pure analytic, beyond the grollp methocls. In fact qBMF 1 WB eonsidcr here 1 plays
the role of the Whittaker fllnction for Uq (SL(2, C)) [12]. The q-integral we use very similar to
the Fourier tranHfonn on the quautlllil liuc aud planc [13]. Such ingredicllts as the horosphcrie
projeetion, Whittaker vcetors 1 Harish-Chandra fuuction which occur in the harmonie analysis
on quantUlll Lobaehevsky space cau be extracted from our integrals. They eorrespond to the
analogons eleulCntR in thc spherical nlodcl of llnitary represel1tatioll of Uq (SU(1, 1)) [14], whcre
the Jackson integral was uscd to describe t.he zonal spherical flluCtiol1s.

Another applicat.ions of integral represelltations of qMBF is POiSSOIl kerneis for quantUIn
Lobachevsky space , or more generally, qua.ntum hyperboloids. Thc details of both types of
interpretations will be published elsewhere.

2 Same preliminary relations

Jackson q-integral is determined as the map from an algebra of the fllllctions of oue variable
illto a set of the Ilumber scries

t f(x)dqx = (1 - q) f= qm[J(rr) + f(-qm)J,
-1 m=Q

Define the difference operator

-Ix
ßxf(x) = -[j(x) - f(qx)].

1-q

The following formulas of thc q-integl'atioll by parts are valid

(2.1 )

EI cf>(X)Öx,p(x)d'lx = cf>(I),p(I) - cf> ( -1)1/;( -1) -lI öxcf>(x),p(qx)dq"" (2.2)

(OO <j>(x)ßxVJ(x)dqx = lim [<j>(q-m)'ljJ(q-m) _ 4J(qm)'ljJ(qm)] _ (OO ßx 4J(x)'ljJ(ql;)dqx. (2.3)Ja m-too Jai: cf> (x )öx1/;(x )dqx = ,,!!!,I.!.o[cf> (q-m ),p(q-m) +cf>(-q-m ),p(-q-m)J-i: öxcf>(x ),p(qx )dqx. (2.4)

The last two expressions imply the regularizatioll cf the improper integrals.
-Let z and s be noncommutillg elements aud

ZS = q.9Z.

2
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Consider thc function

r

The nde 01 q-integration in the nOlH.:omnmtativc easc is

(2.6)

Dcfine thc following transformation :1:1:1: for fllnctions 1 depending Oll the Ilollconunlltativc vari­
ables s alld z (2.5). Ir we havc the fu nction whieh has t he fonn (2.6) and all 1l1onOlIlS are ordcrcd
wc will write

l(zs) = L ar(zsf --+ :l:l(zs)+ = L arzr Sr.
r r

Definition 2.1 The function l(z) is absolutely q-integ7"able if the sC7'ies,

nl=-OO

COnVe7"ges absolutely.

I t lllcans, in particular, that

Let [15]

{
1 fOT n = 0

(a,q)n= (1-a)(1-aq) ... (1- aqu-l) f07" n~l,

(a,q)oo = linl (a,q)71'n-too (2.7)

and
r () (q, q)oo (1 )l-v

q 1.1 = (qV, q) 00 - q

is the q-ganuna fuuctioll. Consider the q-exponentials

2
!xl<-12'-q

(2.8)

Note that
1 - q2 1 1 - q2 1 - (p

cq(-2- x ) = (~ )' Eq(-2- x ) = (--2- x ,Q)00.
2 x, q 00

3
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and
00 k(k+l)

-1 1 '"' q 2cq(q)Eq(q ) = -- L
(fJ, q)oo k=O (q, fJh

Considcr also the basic hyporgoomctric sOl'ies

It follows imulCdiately

Proposition 2.1
1 - q2 1 _ q2

O<Pl(-;Ü;q, -2-zs ) = :j:Eq(-2- zs ):j:,

1 - q2 1 _ q2
Eq(--zs) = :j:cq(--(zs)):j:.

2 2

Now cousider tho q-Bossel fllnction [2]

(2.11)

(2.12)

(2.13)

(2.16)

1 00 ( 1)H{j2n(v+11) (1 {j2)21l x v+2n
/(2)((1 _ 2) . 2) - '"' - - (2 15)
'v q x,q - rq2(1/+1),~ (q2, q2)n(q2v+2, {P)n2v+2n .

anel the ba..-üc hypergcometric sories [15]

, 1 - (p. 00 (_1)n q41l(v+n) (1 _ (p)2n x 2n
0<I>3(-;Ü,ü,q2V+2;q2'_(-2-q2V+2x)2) = L (2 2) (2v+2 2) 22n

n=O q, q n q , q 11

As a. gencntli~ation of (2.5) we asslllno for any v anel J1.

Proposition 2.2

(2.17)

= q- "22 :j:.J~2) (( 1 _ (2)z/;; q2):j:,

.J~2) ((1 - (/)q-l/2 zs; (p) = q- "2

2

:j:J~I) ((1 - q2)zs; {p):j:.
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Proof. These formulas follow from (2.17) and (2.14)-(2.16) .•

In the IlOIlCOI11mutativc case WB defille the difference operat.or silnilarly to (2.1)

S-1
o$!(zs) = -[j(zs) - f(qzs)].

1- q

Then
_l_[j(zs) - f(qzs)]s-l = os!(q-l zs).
1-q

As it, follows from (2.1) and (2.8), (2.9) for arbitl'ary a

2ßz 1 - q2 1 _ q2
--teq(--azsH = ateq(-2-azsHs, (2.20)
l+q 2

20 1 - q2 1 _ q2
_S-teq(--azsH = aqzteq(--aq(zs)H, (2.21)
1 + q 2 2

28 1 - q2 1 _ q2
1 +ZqtEq(-2-azsH = (4Eq(-2- aq(zs)Hs, (2.22)

2fJ 1 - q2 1 _ q2
-S-tEq(-2-azsH = aqztEq(--aq2(zs)H. (2.23)
l+q 2

Similarly frOlll (2.1) and (2.14), (2.15)

12~zq [(z/2)-vtJS1)((1 - q2)nzs; '12):1:] = -n(z/2)-vtJ~~1 ((1 - q2)azs; '12):1:8, (2.24)

28s [tJ~l)((l _ q2)azs; q2):1:(s/2)-V] = -aqztJ~~l ((1 - (i)aqzs; q2):1:(s/2)-V, (2.25)
l+q

12~zq[(Z/2ttJSl)((1-l)az,,; ,l):l:J = a(z/2t:j:J~~1 ((1 - q2)fLZS; </):I:s, (2.26)

20z [(z/2)-vt.J~2) ((1 - '12)az8; '12):1:] = -a;t+ 1(z/2)-VtJ~~1 ((1 - (/)a'1zs; (/)+8, (2.27)
l+q

12~sq[:j:JS2)((1-l)azs; q2):1:(s/2)-vJ = -fLqV+2z:j:J~~l ((1 - q2)aq2zs;,l):l:(s/2)-V, (2.28)

20z [(z/2t+.J~2) ((1 - q2)az.s; q2H] = aq-v+l (z/2)VtJ~~1((1 - q2)afjZS; '12 )+"" (2.29)
l+q

Consider the complete elliptic integrals:

10
71: /2 1

K(k) = (0'

o VI - k 2 sin2
0" 10

71:/2 1
K'(k) = ((Y ,

o vcos2 a + k 2 sin2
0'

wit.h
7rK'(k)

lnq=-K(k)'

5
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Then [16J(5.3.6.1)

Qv = (1 _ q) ~ 1 = 1 - q K(k) dn[21n q-V+lj2 K'(k)]m:::oo qm-v+lj2 + q-m+v-lj2 1r 1r ,(2.31)

whcre dn u = J1 - k 2 sin2 4J, u = ft 7
1

kd~':2 ' (dn u is thc Jacobi elliptic fUliction). lf
v - sm Ct

'lL = °then 4J = 0, anel ein u = 1.

Proposition 2.3 Fm' an arbitrary v

. 7r
hm Qv =-

q-Iol-O 2

Proof. Since K'(k) > 0 for allY k it follows from (2.30) t.hat for q ---7 1 - 0 K(k) ---7 00, aud
hCllce linlq-;l-o k = 1 - O. In this case K'(1) = 7r/2 and dnu = 1. Now from (2.31) wc have

1 - q 21n q-v+lj2 7r
lilll Qv = - lim --K'(k) du[ K'(k)] = -.

q-;l-Q q-;1-0 Inq 7r 2

3 Some properties of the q-binomial formula

Therc is a q-analog of t.he classical binomial formula [15]

(1 _ )-a = ~ (a)k k ( ) = r(a + k))
z ~ ,~' z, a k r () ,

k;::O r". a
Izi < 1,

(qCt z, q)oo _ f (qa, qh zk

(z, q)oo - k;;;O (q, q)k '

Wc need in t.wo genel'alizatiolls of the q-billom

(az, q)oo
r(a,b,z,q) = ( )

bz,q 00

Izi < 1.

(3.1 )

(
2) _ (az 2

, q2)00 I
R a,b'{lz,q - (b 2 2) z

Z ,q 00

Proposition 3.1 The junction 1'(a, b, z, q) (3.1) so.tisfies the difJerence equation

z[b7'{a, b, z, q) - ar(a, b, qz, q)] = r{a, b, z, q) - r(a, b, qz, q).

Proof. It followH from (3.3) timt

r{a,b,z,q) l-az
=

r(a, b, fjZ, q) 1 - bz

Now thc statement of t.hc Proposition follows frOln (2.7) .•

6
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Proposition 3.2 The function R{a, b, Tl Z, r/) (3.2) satisfies the difference equation

2, 2 2 _"( :2 2z [bq R{a,b,T,Z,fJ ) -aR{a,b'T,qz,q )]- q R(a,b,')',z,q ) -R{a,b,T,qz,q ). (3.4)

Proof. Take z-"(R{a, b, Tl Z, q) = 7'{a, b, z2, q2), allel subHtitutc it in (3.3). Thon thc cqllatioll

leads direct.ly to (3.4) .•

Lemma 3.1 /f lai < lbl the /unction 1'{o., b, z, q) can be l'c]J7'esented as the SHm 0/ tILe partial
funetions

00 k /«/;:+1) k
{(tz, q)oo 1 L (-I) q 2 (a/bq-, q)oo
{bz, q)oo {q, q)oo k:;;;O (q, qh(1 - zbqk)

The series (3.5) converges absolutely f07' any z =I- b-1q-k, k = 0,1, ...

Proof. Let
, _ (az, q)'l _ n ~ Ck,n

1 n (a,b,z,q) - (b ) - (a/b) + L..J b k'
z, q H k:;;:O 1 - z q

Then
k l.:(k+1) -k

. (k ) (-I) q 2 (a/bq ,q)l1
Ck,1t = 111{1 1 - zbq )rn(a, b, z, q = () ( )

z-+b- q-k q, q k q, q n-k

allel
n k k(k+1) -k

n ~ (-I) q 2 ( a/ bq , q) 11 1
7'1I(a , b,z,q)=(a/b) +L..J ( )( bk) ( ) .

k:;;:O q, q k 1 - z q q, q n-k

Since linl1l-t00{a/b)1l =°anel () <~ we obtainq,q n-k \q,qjOO

00 k(k+1)
. 1 ~ (-I)k q 2 (a/bq-k, q)oo

r(a, b, z, q) = 11ln 7'n(o., b, z, q) = ( ) L..J () ( b k) ,
n-+ 00 q, q 00 k:;;:O q1 q k 1 - z q

Applying t.he d'Alcmbert criterion wc obtain

(k+1)(k+2) -k-l k

I· Iq 2 (a/bq 1 q)oo{fJ, q)k(1 - zbq ) I -}' I k+l - /bl - I/bi 1
. Illl k(k+1) - 1111 q a - a <.
k-too (q,Qh+l(l-zbqk+l)q 2 (a/bq-k,q)oo k-too

(3.5)

Hencc (3.5) converges absolutcly for any laI< !bl, <Lud 7'{a, b, z, q) is the Ulcrmnorphic fllnctioll
wit.h the ordinary poles at thc pointH Z = b- 1q-k, k = 0, I, ' , , •

I t is ca_.,;y to gct
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Remark 3.1 TIO < 10.1 < jbl theu

(az, q)oo _ (alb, q)oo f (blag, qh(alb)k
(bz, q)oo - ('1, '1)00 k=ü (fJ, q)k(l - zbqk)'

/f a = 0 then
1 1 00 (_l)kqk(ki l

)

(bz, q)oo = (q, q)oo ~ (q, qh(1 - zbqk)'

(3.6)

(3.7)

(3.9)

(3.8)

Assumc t.hat a = f. q20, b = f. q2ß, f. = ±1 in (3.2). Then we have from (:3.6)

Corollary 3.1

'Y (f.q20 z2, f/)oo _ 'Y (q2(o-ß), q2)00 00 (q2(ß-o+l), q2hf/(o-ß)k

Z (f.q2ßz2,q2)00 - z (q2,fP)oo ~ (q2,fP)k(1 _ EZ'2 q'2(ß+k))'

Remark 3.2 As it follows fro17~ f15J(1.3.2}

(f.q2o z2,q2)oo I:oo
k 2ßk(q2(a-ß),q2h 2k

- f. q z
(f.q2ßZ2,q2)oo - k=ü (q2,{Ph'

which converges in the dm/win Izi < q-ß/2.

It follows from Lemma 3.1 that if f = °(3.8) is thc meromorphic fllnction with the ordinary
poles z = ±jf.q-ß-k, k = 0,1, .. " and henec it. is the analitic continuation of (3.9).

Corollary 3.2 Fm' an arbitrary real s f= 0

1 q2
lim Icq(i--_q-m s )] = 0.

111400 2

Proof. Duc to (2.10), Lemma 3.1 for a = 0, b = i 1-./2

q-m, and t.hc evident ineqllality for

k~O

(3.10)

wc havc

•
Thcre are two types of q-trigollometric functions

1
cosq z = 2'[cq (iz) + cq ( -iz)],

Cosq Z = ~{Eq(iZ) + Eq(-iz)], Sinq Z = ;i [Eq(iz) - Eq(-iz)].
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Corollary 3.3 For real s =I- °and ilLteger 1n

I (1 - q2 -7T1 )1 < Eq(q-I )eq(q)
cosq q s 2 •

2 - 1 + (l~q )2q-2m.,,2

Proof. If a = 0, b = ±i 1~q2 q-m thcn from (3.7)

2 00 k k(l.:+l)

. (1 - fj -m.) _ 1 '" (-1) q 2
CORq --q .'; - L 2 •

2 (q, q)oo k==O (q, q)k(l + (l~q )2 q-2m+2k s2)

Using (3.10) we eall pnt

2 00 k(I.:+1) -2k
l-q 1 fj 2 qIeos __q-ms)1 < L ----

(2 - (q, q)oo(1 + e~q2 )2q-2m s2) k==O (q, qh

Thcn thc RtatCIuent follows from (2.11) •

Corollary 3.4 For an a7'bitrary real s > °
r (1 - q2 -m) °
m~60 eq --2-q s = ,

Proof. Again, dne to (2.10), (2.11), Lemma 3.1 for a = 0, b = - 1-:/2
q-m, allel thc illequality

1 q-k
-----::-2---< 2
1 + s 1~q q-m+k - 1 + ." 1~4 q-m

we have

Corollary 3.5 For (Ln a1'bitra1y real."

1- (p
j COSq(-2-q-ms)! :::; 1, (3.11 )

Proof. These fnllct.iollS are repre8ented by the absolutcly convergent alternating series

l- q2 -tn 00 (_1)71 q71(2n-I-2m)(1_q2)2H s2/t
Cosq(-2- Q s) = L 22n() ,

n==O q, q 2n

and heHee wc have (3,11) .•



Corollary 3.6 Tl 0' > ß+ 1 and real z f:. 0, thcTt

( _(j20 z2 '12 ) C
_-----:,....---'__00_ < a ,ß .
( _q2ß z2, '12)00 - 1 + z2 q2ß

Proof. Sillcc fol' allY k ~ 0

Thc scries in thc right hand side convcrges duc to thc d'Alembert critcrion a.nel thcrcby producc
the finite contributioll in the canst.ant Co,ß' •

Corollary 3.7 Tl 0' > ß+ 1/2

Proof. Far z = q-2T11, 'Y = 0, € = -1 we have frmn (3.8)

(_'12(a-m), '12)00 ('12(o.-ß) 1 q2)00 00 (q2(ß-O+l, q2h(/(o.-ß)k

(_q2(ß-m),q2)00 = (q2 ,q2)00 E(rp,q2)k(1 + q2(1-J-m+k»)'

Obviausly
1 qm-k-ß '1m-k-ß

--.....,.....,...-----:- - < ---
1 + q2(ß-m+k) - qm-k-ß + qß+k-m - 2

Thus

(3.12)

(_q2(o-m), (12)00 < qm-ß 00 (q2(ß-o+l), q2}tq2(o-ß-l /2)k

1(_q2(ß-m),(;2)001- -2-EI (q2,q2)k ).

The series in the right hand side convcrges. Duc to t.hc multiplier qm we come to (3.12) .•

Remark 3.3 Let a = €q20, b = fJj2ß in (3.2) and (3.4). Then if q --+ 1-0 thc dijJcrcncc cquation
(3.4) takcs the form 01 the differential equatio71

z(l - f.z2 )R'(z) - b + €(2a - 2ß - ')')z2]R(z) = 0

with solution

10



4 The Jackson integral representation of the Modified q-Bessel
Functions

We remincl timt lllodified q-Bessel function of thc first kind [1]

1 00 (1 q2)2n s v+2n
(1) _ 2 . 2 _ "'"" -

Iv ((1 q )s,q)- fq2(v+l)rf:o(lP,q2)n(q2v+2,(P)n2v+21l'

sat.isfics thc diffcrellce equat.ion

1
1s1 < -1-2 '-q

(4.1 )

1 - q2
[1 - (-2-)2 q-2s2]fv(Q-l.,» - (q~V + qV)fv(s) + fv(qs) = 0,

and modified 'I-Bessel function of the second kind

satisfies thc difference equation

(4.2)

(4.3)

(4.4)

'I-Besscl-Macdonald function ('I-BMF) ha.., been dctcnnined for noninteger 1/ as [IJ

q_/./2+1/ 2 .

Ky)((1 _q2)s; 'I2) = 4( )3/2' [a/./I~2((1 - (/)s; (/) - lL_/./I~j)((l - (/)8; (/)] (4.5)
a/./lL_/./ SlI1lnr

where

and

-J 2 I[21(2;q2)
a/./ - 2/(1 - q )eq(-I) <I> (/./+1/2 -/./+1/2. . )'

2 I q , q , -q, 'I, q
(4.6)

q-/./+l/2
a/./lL_/./ = () ( ) . (4.7)2fq2 I/ f q2 1 - 1/ sin V7f

If v is an integer 11 functions K~ij) are well defined in thc limi t for v ---7 TL in (4.5).
FunctiollS (4.5) satisfy (4.2) and (4.4) for j = 1 and j = 2 respectively.

Proposition 4.1 Modijied 'I-Bessel funetion (q-MBF) I~l) for 1/ > 0 ClLn be represented Wj the
q-integral

(4.8)

Proof. Considcr thc q-inteb'Tal

(4.9)

11



where /Sl)(z) is a slIch functioll t.Imt it. is absolutcly convergent. Rcql1irc tImt S~1)('<;)(8/2t

satisfics (4.2). Then SP) (,,) satisfics thc cqnat ion

or

Sl1bstituting (4.9) in (4.10), multiplying it on ~~~~ from thc right, a.nd drawing it through Eq

we obtain

212
_l-q -2J (1) 1-q-1- --q dqz/v (z):l:cq(--q z.,):I:,s,

2 -1 2
01'

Thus we COIlle to the difference eqllatioll for /S 1) (z)

It coineicles wi t. h (3.4) for CL = q2 J b = q2v+ l , 'Y = 0, anel hcncc frolll the Proposition 3.2

12
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SP){s)(s/2)V is a solution to (4.2) anel thercfore it can be represcntcd as [1]

Multiplying the both sieles on {s/2)V anel putting s = 0 frOlIl (4.1) anel (4.5) we obtain B = O.
Multiplying again Oll (s/2)-V allel assluning s = 0 we come to

To calculate the q-illtcgral in the left hand siele we tlse thc obviolls property

2 In l
-1/2= ----- f{x)x dq2X.

1 + q 0

where Bq{v; JL) = r~~(~~lr) is the q-beta function. Hence

anel we corne to (4.8) .•

Proposition 4.2 The q-MBF I~2) ({1 - (2)s; (/) ha8 the Jollowing q-integral rcpresentatio1l

Proof. Consider a.,-; above tho absolutcly cotlvergont q-illtegral

/

1 1 2
(2) _ (2) .. - q ,SI (s)- dqz/v (Z)O<I>I{-,Ü,q,--zs).

-1 2

anel aSSlIlllC that S~2) (.'l)(S /2) v satisfies (4.4). Then S~2) (s) satisfies the oquation

13

(4.14)

(4.15)



or
2

(2) (2) (2) (2) 1 - q '(2) ,
q-2v[SI (q-1 8) - SI (8)J - [SI (8) - SI (qS)] = (-2_)2 SI (qS)S2.

The further argumcnts are the same a.s in the proof of Preposition 4.1. Hore we use

(2.12),(2.22) alld (2.23) and arrive to thc elifferencc equation for 1[2) (z):

It eoincides with (3.4) for a = q-2v+l, b = 1, 'Y = 0, allel henee from PropoHition 3.2

( -2v+l 2 2)

/
(2)( ) = q Z 1 q 00

v Z (2 2) .Z,'1 00

Sincc si2
) {s)(s/2)V is CL solution of (4.4) it cau be rcpresented a.~

As in thc proof of Proposition 4.1 frmn (4.3) and (4.5) wo obtain B = 0 allel

/

1 (q~2v+1Z2,q2)00 _ 2rq2{l.l + 1) 11 (q-2v+l Z,(P)oo -1/2
A = r qdv + 1) (2 2) dqz - ( 2) Z dq2 Z.

-I Z , q 00 1 + q 0 Z, q 00

It follows [rom [15] (1.11.9) that

alld we comc to (4.14) .•

Rernark 4.1 // q --+ 1 - ° the cquatiol1s (4.11) and (4.16) take thc fonn 01 the differential
equation (sec Re1nark 3.3)

(I - z2)/~{z) + (21.1 - l)zfv{z) = o.

The solution to this equation is

which leads to the classical intcg1'fLl rC[Jresentotion of Modijied Bessel Junction [17J (7.12.10)

I ( ) - {s/2)V fl (I _ 2)v-1/2 zSd
v s - r(1.I + 1/2)r{1/2) -I z e z.

As it follows from

Then (4.8) and (4.14) give the q- illtegral rcpresentat ions

14



Corollary 4.1

(4.17)

5 The q-Fourier integral representation of q-Bessel-Macdonald
Functions

Here we consider q-BMF (4.5) . We will usc the followillg formulas from [1]:

wherc

(2)(( 2). 2) _ av [ (1 - q2) () . iv1T' ( 1 - (2) ( )]Iv 1 - q 8, q - -Vi E q -2- 8 <I>v s + l.C E q --2- 8 <I>v -s ,

<I> ( ) - <I> (1I+1/2 -1I+1f2. _ . 2q )
v s - 2 1 q 1 q 1 q, q, (1 2)'- q S

(5.1 )

(5.2)

Proposition 5.1 q-BA1F K~l) ((1 - (/)8; (P) for lJ > 1/2 can bc rC]J1'esenterl by the q-integnLl

/

00 (_q2 z2, (2)oo .1 - q2 -v
x dqz ( -211+1 2 2) Eq{l--ZS)(s/2) 1

-00 -q Z ,q 00 2,

where QlI is defincd by (2.31).

Proof. Consider thc q-integral

(5.3)

(5.4)

allel a.sSlllne that it absolutely convergcs t.ogether with its q-elcrivative. According to Definition
2.1 and (2.13) it lIwans tImt

lim qtnlhV)(qm) 20s Cr(i 1 - q2 qm-ls)1 = O.
m-+±oo 1 + q I 2

15



It. follows from (2.21)
1 _ q2

lim q2m lhV)(qm)c (i--qms)1 = O. (5.5)
tn-+±oo q 2

Subst.itute S~2) (s)(.5 /2) -v in (4.2). Thcn S~ I) (.5) Hati:;fies t.he cquation

or

[00 1 (12

= i-
oo

dqz(az(h~1)(z)z2v+l)q-2V+lz-2v+l + azh~l)(z)Heq(iTzsH. (5.7)

According to (5.5) thc left hand side of (5.7) vanishcs. ThllH wc comc to the difference eqllatioll

for hV)(z)
Z2[_q-2v+lh~1)(Z)+ q2 hLl) (fJz)] = hV)(z) - hL1) (qz).

Obviollsly (5.8) coincides with (3.4) for a = _q2, b = _q-2v+l, f = 0, alld hCllCC

( 2 2 2)
I (1) ( ) = -q Z ,q 00

Lv Z ( -2v+1 2 2) .-q Z ,q 00

IG

(5.8)

(5.9)



It follows from Corollaris 3.2 , 3.6 that hV) (z) satisfics (5.5). Then

(1) /00 (-(/z2, q2)00 .1 _ q2
52 (z) = dqz ( -2v+l 2 2) Eq(~--zs).

-00 -q Z 1 q 00 2

Sincc 5~1)(s)(s/2)-V is a solution of (4.2) it can be represcnted in the form

00 (2 2 2) 1 2

/
d -q z,q 00 E ('-=-!L )( /2)-V _ AI(1)(( _ 2) . 2) B (1)(( _ 2) . 2)

qZ ( _2v+ 1 2 2) q 1 ZS S - v 1 q'" 1 q + !(v 1 q.9 1 q 1
-00 -q Z 1 q 00 2

01'
00 ( q2m+2 (/2) 1 q2

(1 ) '"'" m - 1 00 (- 71l)( /2)-V
- q m~oo q (_q-2v+2m+1, (P)oo COS q -2-q s S =

(5.10)

As it follows frolll Corollary 3.3 , thc functioll in thc left hand siele is holoIllorphic in thc elomain

Re.9 > 0, but I~l) ((1 - (2)s; q2) has ordinary poles in the points", = ± ~~~l; 1 r = 0, 1, ... [I J.
Hellce A = O. Mult.iplyillg (5.10) on (s/2)V allel assllIlling ,<; = 0 we find tImt

00 (2m+2 2)
B -8 r;;-;;-v2

-1/2· r (- 1)(1-) '"'" m -q ,q 00- a_vvav(L-vq SInlnr q2 1/+ q ~ q (_ -2v+2m+l (2) .
m=-oo q 1 / 00

Let. ca1<.:ulate thc la...,t sum. It. follows from t he Corollary 3.1 for 0' = rn + 1, ß = -1/ + rn + 1/2,
€=-I , ,=O

(_q2m+2,q2)00 (q2v+1 ,q2)co 00 q(2v+l)k(q-2v+1 ,q'2h
(_q-2v+2m+l ,q2)00 = (q2,q2)00 E(q2 ,q2h(1 + q-2v+2m+2k+l) 1

allel this scrics cOllverges uniformlyon real axis.

So

Then USillg (2.7), (2.31) anel (4.6), (4.7) wc obt.ain

and (5.3) .•

17



(5.12)

(5.11)

Proof. Consider t.he q-integral

(2) /00 (2)' .1 - q282 (s) = dqzhv (z) o<PJ (-; 0; q,z--zs).
-00 2

Let it converges absolutely togct.her with its q-derivative. Accordillg to Definition 2.1 alld (2.12)
it meaIlS that

• n. (2) ( 2Bs 1 - q2 m 1hm ql Ihv qm) __E (i--q - 8)1 = 0
m-;±oo 1 + q q 2

It follows from (2.23)

lim q2m lhS2)(qm)E (i 1 - q2 qm.s)1 = O.
m-;±oo q 2

ReqlIire that S~2)(8)(.s/2)-V satisfies (4.4). Thcll S~2)(s) Hatisfies

l"[ S~2) ('1- 18 ) - S~2) (8)] - [Sf\,) - s~2) ('1 8 )1= ( 1 ~ '1
2

)2 S~2) (qs )82

(5.13)

(5.14)

Using (2.12), (2.22) allel (2.23) and arguing as in the proof of Proposition 5.1 we come to thc
equalit.y

/

00 , 1 _ q2 (OO 1 _ q2
q2v-l -00 dqzhS2)(z)z2V+1Öz(z-2V+J:tEq('i-2-zsH) = - 1-

00

dqzhS2
) (z) iJz:tE q(i-

2
-z,<;H.

q-Illtegratioll by parts (2.4) givcs

2 2
lim q2v~1 [h(2) (q-m)q-2m E (i~q-ms) + h(2) (_q-m)q- 2m E (-i 1 - q q-m",)]_

m-too v q 2 v q 2

or

18



(5.15)

(5.13) meallS that thc left hand siele of (5.15) vanishes. Thus wo come to the differcllce cql1a.tion
for hL2)(z)

z2[hS2 )(z) - q2v+lhL2) (qz)] = -hL2)(z) + hL2)(qz).

It coincides with (3.4) for a = _q2v+l, b = -1, 1 = 0, anel hencc

( 2v+1 2 2)
I (2) ( ) _ -q z, q 00
/'v Z - ( 2 2) .-z 1 q 00

(5.16)

(5.17)

It follows from Corolla1'is 3.2 anel 3.6 that hL2)(z) satisfics (5.13). But S~2)(8)(S/2)-V satisfies
(4.4) anel thcreby it is rep1'escnteel in the form

01'

= AI52) ((1 - q2)s; rl) + BK52)((1 - q2)s; r/). (5.18)

It follows froUl (5.1) allel (5.2) timt lim8-tooIP)((1- (2)s;q2) = 00 allel

lims-too K[2) (( 1 - q2) s; q2) = 0.

Bccause the left hanel siele of (5.18) vanishes if s ---t 00, A = O. Multiplying (5.18) on
(s /2)V anel assllming .5 = 0 wo have

Calculate t.he last sumo It follows from Corollary 3.1 for a = LI + 7n + 1/2, ß = rn, € = -1" = 0
tImt

(_q2v+l+2m,q2)00 (q2v+I,q2)oo 00 (q-2v+I,q2hQ(2v+l)k

(_q2m 1 q2)00 = (q2, q2)00 E(q2, q2h(1 + q2m+2k)

anel this series convorges llnifonnly on real axis. So
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Using (3.9), (2.31) and (4.6L (4.7) wc obtain

4 v2 vQ
B - 'J - 1/2 Ja_y

- r q2(V + 1/2)rq2(1/2) (J,v

anel (5.11) .•

Remark 5.1 /1 q -t 1 - 0 equfI.tions (5.8) and (5.16) takc thc forrTt 01 thc dijJc7'entia[ equatio1l

(z2 + l)h~(z) = -(21/ + l)zh v (z).

with solution
hv(z) = 0(z2 + 1)-V~I/2,

Using P7'oposition 2.3 we obtain thc classica[ integral relJl'Csentation 01 Bcssel-A1acdonald lu7lc­
tion (ihe Fourier integral) [17] (7.12.27)

K ( ) = r(v + 1/2)(.s/2)-V /00 (2 + 1)-V-l/2 izsd
v s 2r(1/2) -00 z e z.

6 Bessel q-integral representation of q-Bessel-Macdonald Func­
tions

Proposition 6.1

Proof. COllsidcr thc absolutcly convergent. q-integral

S~l)(s) = 1000

dqzg~1}(z).J~2)((1_ q'2)q-I/2 zs ; (/)

together with its q-elerivat.ive. According to Definition 2.1 and (2.2) it IllCans

lim qmlgY)(qm) 20s .1(1)((1- q2)qm-l s ,q2)1 = 0
m---t±oo 1 + q 0

It follows from (2.25)

(6.2)

lim q2m lgLl)(qTH)j(1)((1 - q2)qms)1 = O. ((;.3)
m---t±oo 1

ASSUlIlC that. S~1)(L<j)(s/2)-V satisfies (4.2). Thcn s11)(..,) satisfies (5.6). Substituting ((;.2) in

(5.6), nnIltiplyillg it on i~~~ from thc right and drawing the nmltiplicr through .Jd2
) on Icft we

obtaill
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01'

!n
oo 2 -1

dqzg~1) (Z )Z21)+1~ [Z-21)+1 :j:Ji1)((1_q2)q-l Z.'I; q2):j:_q-21)+1 Z-21)+1 :j:.l[I) ((1-q2)zs; r/):j:] =
o l-q

= _q-l 1000

rlqzg11)(z):j:Jci1)((1- (2)q-1zs;q2):j:S.

It. follows [rom (2.26) tImt

fa'X> dqzgi1)(z)z2v+l 8z (z-2V +LpP) ((1 -l),r' zs; q2)j:) =

= - 1000

rlq zg11)(z)(z/2)-l oz (z/2:j:JP)((1- rl)q-Izs;q2):j:).

USillg the q-integration by parts (2.3) wc obtain

- 1000

rlqzoz(gP)(z)z2v+l)q-2V+lz-2V+lt.lP)((1- (2)zsjr/):I: =

= _ lim [gp)(q-m)Jf!)((l- q2)q-m-l s ;q2) - g11)(qm).l}I)((1- (/)qm-l s;q2)]+
7H----t00

+1000

dqzoz(pV)(z)(zj2)-1 )qzj2:j:Ji l
) ((1 - (2)z,';; (2):j:,

01'

= fO dqz[8z (gil ) (z)(z/2)-1 )qz/2 + 8z (gi1) (z)z2v+1 )q-2V+1 z-2v+LJ:j:Ji1
) ((1 - ,l)zs; q2)1:. (6.4)

It follows from (6.3) that thc Ieft hand side of (6.4) vanishes. ThllS we COIlle to thc diffcrencc

cquat.iotl for gP) (z)

(6.5)

t,
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ßut. (6.5) eoincidcs with (3.4) for (l = _q2 , b = _q-2v, T = 1 auel henee

( 2 2 2)(1)()_ -q Z ,q 00

9v z - ( _2v 2 2) Z.-q Z l q 00

Since S~1)(sH."/2)-V satisfies (4.2) it. ean be represented in the fonn

(6.6)

{OO (2 2 2)
J
o

dqz (_~~2~z~(:(P)00 zJd2)((I-q2)q-l/2zs; (lHsj2)-V = AI[1) ((I-(/)s; (l)+BJ(~1)((I-q2)~;(2).

(6.7)

Thc fllnctioll I~1
) ( (1 - (2) s; (2) is meromorphie wi t.h ordi nary poles ,<; = ± ~~~; : 7' = 0, 1, . . .. 0 n

the other hand thc fuuction 1(~I) ((1- q2 )s; q2) aud the left hand siele of (6.7) are t.hc holomorphic
fuuctions iu the dOlnaiu Re s > O. T hereby A = O. Multiplying (6.7) on (s / 2) v allel tak iug s = 0
we obtain

fn
oo (_q2z2,q2)00 q-vZ+I/2

dz z=B .
o q (_q-2v z2, qz)oo 4avJava_li sin I/7Tfq:l (-1.1 + 1)

Rewriting the q-iutegral by IIlcans of (2.10) as

and dcfiniug

Dz f (z) = f (z) - f (q2 z)
(1 - (P)z '

I 2
DzEqz(z) = -12Eq:l(q z),

-q

we obtain by mcans of (2.3)

-2v
D ( -211) q (-2V )zCq2 -q Z = --.--2 Cq2 -q z.

l-q

10
00

dq, zEq, ('12 z )eq, ( _'1-2
" z) = (1 - '12

) 1000

dq, zDzEq2 (z )eq, ( _'1-2
" z) =

= (1- q2) 7T!~!n)Eq2(q-2m)Cq2(-q-2V-2m) _ Eq2(q2TH)eq2(_q-2v+2m)]_

-(1 - q2) 1000

dq2ZEqz ((/z)Dzeq2 (_q-2I1Z) =

2· (_q-2m 1 q2)00 -2v foOO ':1:.l ~2v
= (1- q )[ hm ( 2 2 2) -1] + q dq2ZEq2(q z)eq2(-q z).

m-JoOO -q- v- m 1 q 00 0

Duc t.o Corollary 3.7 for a = 0, ß = -1/ thc limit v<:1uishes aud we obtaiu
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Henec
l-q

1 - q-2v'

anel

Then [ro111 (G.7) we obt.ain (G.l) .•

Proposition 6.2 q-BMF K~2) (( 1 - q2)s; q2) Jo1' l/ > 3/2 can be represenlcd as the q-integral

1
00 ( 2v+2 2 2) 1 2-q z, q 00 2 2 - q 3/2 2 -v

x dqZ ( 2 2) Z 0 <I> 3 ( - ; 0,0, q ; q ,- (-2-q z s) )(.9/2) .
o ~Z ,q 00

Proof. ConRieler as before thc absolutely convergent q-integral

10
00 1 2

(2) . _ (2) . 2. '2 - q .1/2 2S:i (.<;) - 0 dqZf}v (z) OtP3( -,0,0, Cf 1 q '-(-2-Q zs)).

1t means acc;ordillg to Definition 2.1 and (2.18) t.hat

It follows [rom (2.28) that

(G.8)

(G.n)

(6.10)

Substitute S~2)(s)(s/2)-V in (4.4). Then S~2)(S) satisfies (5.14). Acting as in in the proof o[
Proposition 6.1 and using (2.18), (2.27), (2.28), (2.29) wo come to the cquality

fo
oo 2 -1

_q2v dqzg~2)(z)z2v+ 1-1z '2 [z-2v+l .t.J}2) ((I- q2)zs; q2).t_q-2V+l z-2v+l .t.J}2) ((I-q2)qzs; (2).tl =
o - q

= {oo dqzg~2)(z)(z/2)-1 2uz (z/2.t.Ji 2)((I- (l)z.9;q'2).t).
Jo 1 + q

Then by nlCallS of (2.3) we obt.ain
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It follows from (6.10) t.ha.t thc lcft. ha.nd siele of (6.11) is equal to 7.81'0. Then we have

Not.e that (6.12) is tlle eqllation (3.4) with a = _q2v+'2, b = 1, ')' = 1 anel hellee

( '21.1+2 2 2)
(2) ( ) _ -q Z 1 q 00

91.1 Z - ( 2 2) z.-z ,q 00

Again sf) (8)(S 12) -v as a. solution of (4.4) can be reprcsented in tlle form

10
00 ( 21.1+'2 2 2) 1 2

i -q z, q 00 if.. (_. 0 2. 2 _(~ 3/2 »2)( 'I )-1.1 _
( qZ ( 2 2) Z O'J!3 ,,0, q ,q , q Z.., ~.., 2 -

o -z 1 q 00 2

(6.12)

(6.13)

= AI~2) ((1 - q2)s; (2) + BK~2)((1 - q2)8; q2). (6.14)

It can be derived from (5.1) anel (5.2), that liIn...~oo I~2) ((1 - q2)s; q2) = 00 and

lims-foo K ~2) ( (1 - q2),<;; q2) = O. BeCa.llSe thc left hand side of (6.14) vall ishes if s ---7 00 1 A = O.
Mllitiplying (6.14) Oll (s/2)V and MSlllning .e;; = 0 we get

Using thc same recipc as in Proposition 6.1 we ealculate this q-illtegral:

10
00 ( _q2v+2 z2 , (/)00 _ 1 - q

dqZ ( 2 2 ) Z - 2 .o -z ,q 00 1 - q v

Thus

aud we obtain (6.8) from (6.14) .•

Remark 6.1 IJ q ---7 1 - 0 the equations (6.5) and (6.12) take the Jorm oJ the differential
equation

The solution to this equation is

and tlt ereJore we come to ihe classical integ7nl reln'es enta tion 0J nessel-lvIacdonald funetion [17}
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7 The representation of q-BMF by the double q-integral

Here we cOInbine results [rom Scct.ions 4 and 6.
Introduce new variable ( wit.h the commut.at.ions

(z = z(, (s=qfl( (7.1 )

Proposition 7.1 The q-ßMF K~l) ((1 - ri)s; (2) for 1J > 1/2 cun bc rcpresented as the donhle
q-integral

(7.2)

Proof. This result follows [rom (6.1) allel (4.17). In view of of (7.1) t.he result of q­
integrations is independent on their order

Inner scrics convergcs tlnifol'Inly with respcct. t.o 1Tl, and wc can change t.he order of sUIlllllatioll .•

Renlark 7.1 1f q -+ 1 - 0 1'epresentation (7.B) takes the fonn

(7.:3)

AssllIlle ( = eos rjJ in (7.3). Then

(7.4)

It is knowll that BMF is t. he two-d irnemüonal Fourier t.l'<:Lllsfol'lIl of f CD, y) = (1 + ;1;2 + 1?)- v- 1:
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Thc changc of variables x = Z cos 0', 11 = zsiun, ~ = SCOSß,1! = SSiIlß, anel a ~ ß = 4J leads
to (7.4).

Tlms (7.2) can bc considcI'cd as thc q-analog of the Fourier trallsforIn of

on tbc quantulll plane in the polar coordinate represcntation (7.1).

8 The special case of commuting variables

In tltis sectioll we assllme timt

ZS = .9Z, (.9 = sC z( = (z. (8.1 )

Then we havc the q-integral rcprescntations which wo will givc without proof.
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