Functional difference analogues of Darboux-Pöshl-Teller potentials

Vladimir B. Matveev^{+∗ ∗} + Université de Bourgogne Laboratoire Gevrey de Mathématique Physique e-mail: Vladimir.Matveev@u-bourgogne.fr ∗ 01.10.01-30.10.02:Max-Planck-Institut für Mathematik, Vivatsgasse 7 , 53111 , Bonn, Germany e-mail: matveev@mpim-bonn.mpg.de

Abstract

We consider the functional-difference deformation of the Schrödinger equation. The main goal of this article is to construct some integrable potentials representing a natural difference deformation of the so called two parametric Darboux-Pöshl-Teller model and to describe explicitly the solutions of the related difference Schrödinger equation. In the limit when the difference step tends to zero the related formulas reproduce well known results concerning the Schrödinger operator with DPT potential. We also describe the solutions of the difference KdV (DKdV) equation with the nonsingular ”difference DPT” initial data.

∗The author wishes to thank Max-Planck-Institut where this work was written for hospitality and financical support

1 Introduction

In 1882 Darboux [1] proved the integrability of the following Stourm-Liouville equation^1 −y^{′′} + ( n(n + 1)q^2

cos^2 qx + m(m + 1)q^2 sin^2 qx ) y = λy (1)

Later in 1933 in a frame of study of the quantum theory of the two atomic molecules Pöshl and Teller, (the creator of the US hydrogenous bombe), rediscovered [9] the hyperbolic version of (1) and proved independently from Darboux the integrabilty of the equation obtained from (1) by transformation q → iq. Darboux proposed two independent methods for solving (1). First, taking sin^2 qx as a new independent variable he reduced (1) to Gauss hypergeometric equation and explicitely expressed the solutions in terms of the hypergeometric functions. Next, exploring the fact that the functions y(m, n) := cos^{n+1} qx sin^{m+1} qx represent the particular solutions of (1) with λ = q^2(m + n + 2)^2, namely taking them as generating functions of some sequence of Darboux transformations he obtained the global solution of the same equation in terms of the elementary functions. Comparison of these two solutions provides the notrivial case of the reduction of the Gauss hypergeometrical function to the elementary functions. The third representation for the solutions of the same equation in terms of Wronskian determinants was recently obtained in [6].

In this article we consider the following functional-difference deformation of the Schrödinger equation f(x + h) v(x, h) + f(x − h) = 2 cosh ikhf(x), (2) where h is a non negative parameter. We can obviously rewrite (10) in a following form.

h^{−2}[v(x, h)f(x + h) + f(x − h) − 2f(x)] = h^{−2}2(cosh ikh − 1)f(x). (3)

Assume now that, when h → 0 the related potential v has the following asymptotics:

v(x, h) = 1 + h^2g(x) + O(h^3). (4)

1Darboux also considered and solved the equation which is an elliptic function generalization of (1):see [2] and the concluding remarks.

Under this assumption, when h → 0, the limit of (3) is exactly the Schrödinger equation with h-independent potential g(x): f^{′′} + g(x)f(x) = −k^2f(x) (5) In a sequel we use the following abreviations

c(x) := cosh qx s(x) := sinh qx Below we consider special class v_{nm}(x, h, q) of the potentials satisfying (4): v_{nm}(x) = c(x + (n + 1)h)c(x − nh)s(x + (m + 1)h)s(x − mh) c(x)c(x + h)s(x)s(x + h) (6) = v_{n0}(x)v_{0m}(x) (7) We see that in (6) the additive structure of the original DPT potentials is replaced by the multiplicative structure. For any C^3 function l(x) the short calculation proves the following asymptotic estimate : l(x + (n + 1)h)l(x − nh) l(x)l(x + h) = 1 + h^2n(n + 1) d^2 dx^2 log l(x) + 0(h^3).

This makes obvious that the potential v_{nm}(x), defined above, when h → 0, has the following asymtotics:

v_{nm}(x) = 1 + h^2 ( n(n + 1)q^2 cosh^2 qx − m(m + 1)q^2 sinh^2 qx ) + 0(h^3) (8)

Therefore the limit of (3) with v = v_{nm}(x) is just a Schrödinger equation with a hyperbolic Darboux-Pöshl-Teller potential: −y^{′′} + ( − n(n + 1)q^2 cosh^2 qx + m(m + 1)q^2 sinh^2 qx ) y = k^2y. (9)

It is enough to replace c(x) and s(x) by cos qx and sin qx in order to recover from (6) the original trigonometric Darboux potentials (1) in the limit h → 0. Below we show that f(x + h) v_{nm}(x, h) + f(x − h) = 2 cosh ikhf(x), (10) is an integrable equation and its global solution can be expressed by means of the elementary functions. In the limit h → 0 all known results, concerning the Schrödinger equation, are easily recovered. The cases n = 0, or m = 0 were studied in the recent papers [10, 3, 11, 12] using the different tools and leading to the formulas different from ours having more complicated combinatorial structure. The Lattice specialisation of the case m=0, corresponding to the choice h = 1, x = j ∈ Z was studied in [11, 12]. In these articles various interesting connections with q- ultraspherical polynomials , Askey-Vilson polynomials and q-spherical functions of the m = 0 case were discovered. Similar connections exist also for general v_{nm}(x) potentials. We expect to discuss them elsewhere.

The article is organized as follows. In the second section we collected a few results concerning the functional-difference version of the Darboux dressing applicable to any equation of the form (10) as well as for the closely related functional difference KdV equation and the related hierarchie. The related results represent a very special case of much more general statements proved in [8]. They can also be considered as a natural functional difference extrapolation of the results of [7], p.84 concerning the lattice KdV equation. Therefore, in this part we omited all the proofs. The third section contains the construction of the solutions of (10) with potential v_{nm}(x) defined in (6), based on a proper generalization of the Darboux approach for the Schrödinger equation, combined with the results of the second section. The special solutions corresponding to the products c^{m+1}(x)s^{n+1}(x), used in original Darboux construction [1], are replaced by the appropriate products of the shifts of the same functions c and s, playing the same role in our case. In particular, this leads to especially simple formulas for the discrete eigenvalues and bound states eigenfunctions in the case of v_{n0} potentials. In the last section we explain how to get the same potentials and their eigenfunctions from Casorati determinants by appropriate reduction of the general determinant Darboux dressing formulae. This leads immediatly to the solution of the difference KdV equation corresponding to v_{n0}(x) taken as initial data.

In the concluding remarks we mention some possible developments and extensions of the results of this article.

2 Functional difference Schrödinger and KdV equations and Darboux dressing

The functional-difference KdV equation reads v̇(x, t) = v(x)[v(x − h) − v(x + h)]. (11) Its Lax representation can be written as a compatibility condition of the difference Schrödinger equation: v(x)f(x + h) + f(x − h) = λf(x), (12) and of the following evolution equation: ḟ = −v(x, t)v(x + h, t)f(x + 2h) (13) This Lax pair is a natural functional interpolation of the lattice Lax pair used in [7], p. 84. For the trivial solution (potential) v = 1, two important real solutions of (12) with λ = 2 cosh βh are

f = cosh(βx + η), f = sinh(βx + η), where η and β are two real parameters. They can be easily extended to the solutions of the system (12)-(13):

f = e^{t cosh(βh)} cosh(βx + t sinh(βh) + η), f = e^{t cosh(βh)} sinh(βx + t sinh(βh)η) The space of the solutions of (12) is infinite dimensional since for any h-periodic function g (i.e g(x + h) = g(h)), g(x)f(x) is again the solution of (12). The same is true for (13) under the assumption that g(x) is a tindependent h periodic function of x.

Multiplying f(x) by any h-antiperiodic function p(x), (i.e p(x ± h) = −p(x)), for instance taking p(x) = e^{± iπ}h , we see that the product function f̂(x) := f(x)p(x) is the solution of the equation which differs from (12) only by the different sign of λ: v(x)f̂(x + h) + f̂(x − h) = −λf̂(x), f̂(x) = p(x)f(x). (14) Therefore, the spectrum of the difference Schrödinger equation is symmetric for any given v(x).

The difference KdV equation (11) admits an infinit dimensional space of the stationary solutions which are t-independent 2h-periodic functions of x, which makes again certain difference with its lattice reduction, x = j ∈ Z, h = 1, considered for instance in [7], p. 84.

2.1 Darboux dressing

Darboux transform of an arbitrary solution f(x) of (12) generated by the fixed solution f_1(x) of the same system with λ = λ_1 , is defined by the formula

ψ_1(x) = f(x − 2h) − σ(x)f(x) (15)

= | | | | f(x − 2h) f_1(x − 2h) f(x) f_1(x) | | | | f_1(x)

, (16)

σ_1(x) = f_1(x − 2h)

f_1(x)

, (17)

where f_1(x) is a fixed solution of (12) with λ = λ_1. Proposition 1(Darboux covariance property).

Darboux transform of f(x) represents a general solution of the following equation

v_1(x)ψ_1(x + h) + ψ_1(x − h) = λψ_1(x), (18)

v_1(x) = v(x) σ_1(x) σ_1(x + h) = f_1(x − 2h)f_1(x + h) f_1(x)f_1(x − h)

. (19)

Providing that f_1(x) is also a solution of (13) and v(x) is a solution of (11), (hence both depend also on t), v_1(x, t) described by the formula (19) is a new solution of DKdV equation

In other words, Darboux transform maps (12) into equation of the same form, with the same value of spectral parameter λ but with a new potential constructed in terms of the initial potential v(x) and a fixed solution f_1(x) of (12). The same transformation maps the given solution of the DKdV equation into a new solution which differs from the old one by the factor explicitely constructed in terms of the fixed solution of the Lax system (??). One step Darboux dressing of the trivial solution v = 1 with the generating function f = e^{t cosh(βh)} cosh(βx + t sinh(βh) + η) obviously produces the smooth 1-soliton of the DKdV equation: v = cosh(β(x − 2h) + t sinh(βh) + η) · cosh(β(x + h) + t sinh(βh) + η) cosh(βx + t sinh(βh) + η) · cosh(β(x − h) + t sinh(βh) + η) , representing a wave propagating with constant negative velocity −^{sinh βh}_β .

2.2 Iterated Darboux transform

In a sequel the notation Δ_n(x) = Δ_n[f_1(x), )f_2(x), . . . , f_n(x)] will be used for the following Casorati determinant:

Δ_n(x) = | | | | | | | | |

f_1(x − 2(n − 1)h) f_2(x − 2(n − 1)h) . . . f_n(x − 2(n − 1)h) f_1(x − 2(n − 2)h) f_2(x − 2(n − 2)h) . . . f_n(x − 2(n − 2)h) . . . . . . . . f_1(x) f_2(x) . . . f_n(x)

| | | | | | | | | We also use below the following notations

ψ_n(x) =

Δ_{n+1}[f(x), f_1(x), )f_2(x), . . . , f_n(x)] Δ_n(x)

, (20) F_j (x) = ψ_{j−1}(x)|_{f(x)=fj (x)}, j = 1, 2, . . . , n. (21) σ_j (x) = F_j (x − 2h) F_j (x)

, (22)

v(x)f_j(x + h) + f_j (x − h) = λ_j f_j(x), (23) v(x)f(x + h) + f(x − h) = λf(x). (24) Prposition 2.

The function ψ_n represents the general solution of the functional difference equation

v_n(x)ψ_n(x + h) + ψ_n(x − h) = ψ_n(x), (25)

v_n(x) = v(x)

Δ_n(x − 2h)Δ_n(x + h) Δ_n(x)Δ_n(x − h)

(26)

Providing that v(x, t) is a solution of (11), and f_j (x) are also the solutions of (13) the RHS of (39) is again the solution of DKdV equation. In particular, setting v(x, t) = 1 and

f_{2j+1}(x, t) = e^{t cosh(β2j+1h)} cosh(β_{2j+1}x + t sinh(β_{2j+1}h) + η_{2j+1}), f_{2j} = e^{t cosh(β2j h)} sinh(β_{2j} x + t sinh(β_{2j} h) + η_{2j} ), η_j ∈ R, 0 < β_1 < . . . < β_n,(27) we obtain from (39) the real nonsingular multi solitons solutions of the DKdV equation. While substitunig (27) into (26) the exponential factors in the RHS of (27) can be omitted .

The function ψ_n(x) can be also represented in a following factorized form

ψ_n(x) = (T^{−2} + σ_n(x)) . . . (T^{−2} + σ_1(x))f(x, λ) (28)

, where T is the shift operator : T^{±k}f(x) = f(x ± kh).

3 Difference DPT potentials and the related solutions of the difference Schrödinger equation

3.1 Shifted Darboux dressing

The above version of the Darboux dressing exposed in section 2 is convinient in a sense that it shows how to construct the new integrable potential (or the new solution of DKdV equation) from the given one, keeping the later as a stable factor entering into the new potential, (or a new solution of DKdV equation). Somehow in a sequel it will be more convinient to use the same formulas corresponding to the result of the n-fold Darboux transform considered at the reference point x + nh rather then at the point x. It is clear from above that the function ϕ_1(x) defined by the formula

ϕ_1(x) = f(x − h) − κ_1(x)f(x + h) = | | | | f(x − h) f_1(x − h) f(x + h) f_1(x + h) | | | | f_1(x + h)

(29)

κ_1(x) = f_1(x − h) f_1(x + h)

, (30)

satisfies the equation of the DS type with potential

u_1(x) = v_1(x+h) = v(x+h) κ_1(x) κ_1(x + h) = v(x+h) f_1(x − h)f_1(x + 2h) f_1(x + h)f_1(x)

. (31)

As before we will call the mapping

D_{f1} : f(x) → ϕ_1(x) (32)

Darboux transform of the solution f(x, λ) generated by f_1(x, λ_1). It transforms the solution of the DS equation with potential v(x) to the solutions of the DS equation with potential u_1(x) with the same value of the spectral papameter λ.

In a sequel the notation δ_n(x) = δ_n[f_1, )f_2, . . . , f_n](x) will be used for the following Casorati determinant:

δ_n(x) = Δ_n(x+(n−1)h) = | | | | | | | |

f_1(x − (n − 1)h) f_2(x − (n − 1)h) . . . f_n(x − (n − 1)h) f_1(x − (n − 3)h) f_2(x − (n − 3)h) . . . f_n(x − (n − 3)h) . . . . . . . . f_1(x + (n − 1)h) f_2(x + (n − 1)h) . . . f_n(x + (n − 1)h)

| | | | | | | | .

We also use below the following notations

ϕ_n(x) = δ_{n+1}[f, f_1, f_2, . . . , f_n](x) δ_n(x + h)

, (33)

Φ_j (x) = ϕ_{j−1}(x)|_{f(x)=fj (x)}, j = 1, 2, . . . , n. (34)

κ_j (x) =

Φ_j(x − h) Φ_j(x + h)

, (35)

v(x)f_j (x + h) + f_j (x − h) = λ_j f_j(x), (36) v(x)f(x + h) + f(x − h) = λf(x). (37) Proposition 2a The function ϕ_n represents the general solution of the functional difference equation

v_n(x)ϕ_n(x + h) + ϕ_n(x − h) = ϕ_n(x), (38) v_n(x) = v(x + nh) δ_n(x − h)δ_n(x + 2h) δ_n(x)δ_n(x + h)

(39)

Providing that v(x, t) is a solution of (11), that f_j (x) are also the solutions of (13) the RHS of (39) is again the solution of DKdV equation.

The function ϕ_n(x) can be also represented in a following factorized form

ϕ_n(x) = (T^{−1} + κ_n(x)) . . . (T^{−1} + κ_1(x))f(x, λ) (40)

, where T is the shift operator : T^{±k}f(x) = f(x ± kh).

3.2 Potentials v_{nm}(x) as the result of the multiple Darboux transform

Here we obtain the main result of this article - global solution of the difference Schrödinger equation v_{mn}(x)ψ(x + h) + ψ(x − h) = λ(x). (41) , where v_{mn}(x), is defined by (6) and n, m are two nonegative integers. We suppose also that n ≥ m . The case n < m can be treated in a same way without any difficulties and we less this case as an easy exercise for the reader.

First we prove the following statement. Proposition 3. The following 2 functions

F_1(x, n) := n∏ k=0 c(x − kh), n ≥ 0 (42) F_2(x, n) := (_n ∏ k=1 c(x + kh) )_{−1} , n ≥ 1 (43)

are the solutions of (41) with m = 0 λ = λ_j, j = 1, 2

λ_1 := 2 cosh qh(n + 1), λ_2 := 2 cosh qhn,

respectively. Proof.

Substituting ψ(x) = F_j(x, n) in (41) and removing the commun factors in the LHS and HS of the obtained relation, we reduce the proof to checking the following 2 identities:

c(x + (n + 1)h) + c(x − (n + 1)h)) = 2 cosh qh(n + 1) c(x), c(x − nh) + c(x + nh) = 2 cosh qhn c(x) Replacing n by n − 1 we transform the first identity to the second one, which can be trivialy checked. This completes the proof.□ Remark. Replacing c(x) by s(x) in the proposition proved above we obtaine the similar statement concerning the potential v_{0n}.

Proposition 4. The following 4 functions F_1(x, n, m) = ∏_n k=0 c(x − kh) ∏_m j=0 s(x − jh), F_2(x, n, m) = (∏_n k=1 c(x + kh) ∏_m j=1 s(x + jh) )_{−1} , m, n ≥ 1, F_3(x, n, m) = ∏_m k=0 s(x − kh) (∏_n j=1 c(x + jh) )_{−1} , n ≥ 1, F_4(x, n, m) = ∏_n k=0 c(x − kh) (∏_m j=1 s(x + jh) )_{−1} , m ≥ 1, are the solutions of (41) with λ = λ_j , j = 1, 2, 3, 4

λ_1 := 2 cosh qh(n + m + 2), λ_2 := 2 cosh qh(n + m), λ_3 := 2 cosh qh(n − m − 1), λ_4 := 2 cosh qh(m − n − 1), respectively. Proof.

Substituting ψ(x) = F_j(x, n, m) in (41) and removing the commun factors in the LHS and HS of the obtained relation, we reduce the proof to checking the following 4 identities:

c(x + (n + 1)h)s(x + (m + 1)h) + c(x − (n + 1)h))s(x − (m + 1)h) = λ_1c(x)s(x), c(x − nh)s(x − mh) + c(x + nh)s(x + mh) = λ_2c(x)s(x) c(x − nh)s(x + (m + 1)h) + c(x + nh)(s(x − (m + 1)h) = λ_3c(x)s(x), s(x − mh)c(x + (n + 1)h) + s(x + mh)(c(x − (n + 1)h) = λ_4c(x)s(x), Replacing n by n − 1 and m by m − 1 we transform the first identity to the second one, which can be checked by the direct calculation. The proof of the third and of the fourth identities is also straightforward and complets the proof of Proposition 3.□

The special solutions listed above become particularly simple in the cases m = 0 or n = 0, corresponding to the potentials v_{n0}(x) or v_{0m}: for these cases they are different from the solutions given by Proposition 2 and they correspond to the different values of spectral parameter λ.

Remark. Formulas similar to those of Propositions 3,4 can be obtained for the trigonometric version of the potentials v_{nm} replacing cosh by cos in the expressions for λ_j and replacing c(x), s(x) by cos qx and sin qx respectively, which corresponds to replace q by iq in the formulas listed above.

Now we are in a position to show that the potentials v_{nm}(x) can be obtained from the trivial starting potential v(x) = 1 by the action of the n-fold Darboux dressing assuming that m ≤ n , (otherwise we should use an appropriately choosen m-fold Darboux dressing). This can be done in two steps. First we perform the (n-m)-fold consequtive Darboux dressing using the functins F_1(x, k, 0), k = 0, . . . , n − m − 1, as the generating functions of the consequtive single Darboux transforms , thus generating the potential v_{(n−m)0}(x) together with the general solution of the related DS equation. Next, using F_1(x, n − m + j), j), j = 1, . . . , m, as a generating functions of the consequtive Darboux transforms we obtaine the potential v_{nm}(x) together with the general solution of the related Schrödinger equation. Due to the Darboux-covariance statement formulated above we only have to check that the following proposition holds. Proposition 5.

The potential v_{j0}(x) is mapped to v_{j+1,0}(x) by the Darboux transform (32) with the generating function F_1(x, j) and v_{jk}(x) is mapped to v_{j+1,k+1}(x) by the DT with generating function F_1(x, j, k). Proof.

The proof obviously reduces to check two identities:

v_{j+1,0}(x) = v_{j,0}(x + h) F_1(x − h, j)F_1(x + 2h, j) F_1(x + h, j)F_1(x, j) ,

v_{j+1,k+1}(x) = v_{j,k}(x + h) F_1(x − h, j, k)F_1(x + 2h, j, k) F_1(x + h, j, k)F_1(x, j, k) , (44)

following immediatly from the definition of the potentials v_{jk}(x) and the functions F_1(x, j), F_1(x, j, k) after removing the commun factors in nominators and denominators of the RHS of (44).□

Now the general solution of (41)in the case n ≥ m is given by the formula

ϕ_n(x) = (T^{−1} + κ_n(x)) . . . (T^{−1} + κ_1(x))f(x, λ) (45)

, where κ_j (x) is defined by the formula

κ_j(x) = F_1(x − h, k, 0) F_1(x + h, k, 0) , k = 1, . . . , n − m, (46)

κ_j (x) = F_1(x − h, n − m + j, j) F_1(x + h, n − m + j, j) , j = 1, . . . , m. (47) The special solutions of the form F_2(x, j), F_3(x, j, k) represent smooth bound state eigenfunctions exponentially decreasing at infinity. They can be used to construct the new bound states for the same potentials.

3.3 Bound state eigenfunctions for difference Schrödinger equation with potential v_{n0}(x).

From the results derived above we can immediatly deduce the following statement:

Proposition 6.

Operator v_{n0}(x)T + T^{−1} has 2n discrete eigenvalues: ±λ_j , λ_j = 2 cosh qhj, j = 1, . . . n. The eigenfunctions ψ_{n,j} corresponding to the eigenvalues λ_{n−j} are given by the formulas ψ_{n,j} = D_{F1(x,n−1)} · D_{F1(x,n−2)} · · · D_{F1(x,n−j+1)}F_3(x, n − j, 0), j = 2, . . . , n − 1, where the operations D_{F1(x,j)} are defined as in subsection 3.1.

ψ_{n,0} = F_2(x, n), ψ_{n,1} = F_3(x, n, 0).

The infinitedimensional subspace of eigenfunctions corresponding to the same eigenvalue is obtained by multiplying ψ_{n,j} by any h periodic function of x. The eigenfunctions corresponding to the eigenvalues −λ_j are obviously obtained from the eigenfunctions, corresponding to the eigenvalues λ_j, multiplying ψ_{n,j} by exp(iπx/h).

Different formulas for the bound states eigenfunctions follows also from the determinant representation of the general solution of (12) with potential v_{n0}(x) given in the last section.

One more form for the bound states eigenfunctions quite different from given here can be found in [3].

4 Getting v_{n0} potentials from Casorati determinants

In this section we use the following solutions of (12) with

v = 1, λ = 2, 2 cosh qh, 2 cosh 2qh, . . . , 2 cosh qnh :

f_1(x) = 1, f_2(x) = sinh q(x+h), f_3 = cosh 2q(x+h), . . . , f_{n+1} = cosh nq(x+h). (48) f(x, λ) as before denotes any solution of (12) with v = 1.

The statement formulated below provides the Casorati determinant representation for the potentials v_{n0}(x) and the general solution of the related DSE equation :

Proposition 7. Potential v_{m0}(x) can be represented in a following determinant form

v_{n0}(x) =

Δ_{n+1}(x − 2h)Δ_{n+1}(x + h) Δ_{n+1}(x)Δ_{n+1}(x − h)

, Δ_{n+1}(x) = Δ_{n+1}[f_1, . . . , f_{n+1}](x) (49)

The general solution of the DSE equation with the potential v_{n0}(x) is given by the formula Δ_{n+2}[f(x, λ, f_1, . . . , f_{n+1}](x) Δ_{n+2}[f_1, . . . , f_{n+1}](x) , The solution of DKdV equation with the initial condition v(x, 0) = v_{n0}(x) is given by the formula (49) where the functions f_j (x, t) are defined as follows

f_1(x) = 1, f_2(x) = sinh[q(x + h) + t sinh qh],

f_3 = cosh[2q(x + h) + t sinh 2qh], . . . , f_{n+1} = cosh[nq(x + h) + t sinh nqh],

if n is even number and ending by f_{n+1} = sinh[nq(x + h) + t sinh nqh] if n is an odd number. Proof.

It is clear that the formulas (6) represent the special reductions of (26) with v(x, t) = 1 corresponding to the special choice of λ_j described above and to the particular selection of the solutions f_j (x) of (12), (with v(x, t) = 1) for which F_k defined in (42) coincide with F_1(x, k) up to the x independent factor. Assume for instance that

f_1(x) = 1, f_2(x) = cosh qx, f_3 = cosh 2qx, . . . , f_{n+1} = cosh nqx.

In this case the determinant Δ_{n+1}(x) can be easily computed:

Δ_{n+1}(x) = 2^{n(n−1)2} ∏ n+1≥j>k≥1 (cosh q(x − 2(n − j)) − cosh q(x − 2(n − k))

Therefore for the function F_n we get the formula

F_n(x) = 2^{n−1} n∏ k=1 (cosh qx − cosh q(x − 2kh)) (50)

= 2^{2n−1} n∏ k=1 sinh q(x − kh) sinh qkh. (51)

Taking into account, that sinh q(x−iπ/2q−kh) = i cosh q(x−kh), we realize, that the x-dependent factor in F_n(x + iπ/2q) is given by the formula: n∏ k=1 cosh q(x − kh) = n∏ k=1 s(x − kh) = F_1(x − h, n − 1). In other words taking the functions f_j (x) in the form

f_1(x) = 1, f_2(x) = sinh q(x+h), f_3 = cosh 2q(x+h), . . . , f_{n+1} = cosh nq(x+h), (52) if n is even number, and ending by f_{n+1} = sinh nq(x + h), if n is an odd number, we obtain the relation

F_n(x) = cF_1(x, n − 1), (53)

where the LHS of (53) is defined by (42) and the RHS of the same formula was defined in the Proposition 2. Since the LHS and RHS of (53) are the solutions of (12) with the same value of λ = 2 cosh qnh the related potentials are the same. Therefore, it is clear that the related global solution of the discrete Shrödinger equation with potential v_{n0}(x) can be written as in the Prposition 7. above. The structure of the global solution and the formula for the solution of the difference KdV equation with the initial condition v(x, 0) = v_{n0}(x), given above, now follows immediately from the Proposition 2.□ Of course it is also possible to get by the reduction of Casorati determinants the whole family of the potentials v_{nm}(x) as it was done for the DPT potentials in [6]. We postpone the corresponding details to a more detailed publication.

5 Conclusion , The difference Schrödinger equation with potential v_{nm}(x), considered above, merits some further investigations along the lines developped for its one parametric reductions [3, 10] and further lattice reductions [11, 12], considered before and corresponding to the potentials v_{n0}(x) and their trigonometric versions or to their lattice restrictions.

Let us emphazise that even in this reduced case our formulas for the solutions of the related DSE equation are different from given in the aforementioned works and have more simple combinatorial structure.

Recently an elliptic analog of the potentials v_{n0}(x) , representing also the functional difference generalization of the Lamé equation was considered by Ruijenaars,Krichever,Zabrodin, Felder and Varchenko (see for instance [4, 15]).

The related potential is obtained from v_{n0}(x) simply by setting c(x) = θ_1(qx), where θ_1(x) is one of Jacobi elliptic theta functions:

θ_1(x|τ) := − ∑ k∈Z exp ( iπτ(k + 1/2)^2 + 2iπ(x + 1/2)(k + 1/2) ) . Their exists the beautyfull 4 parametric generalization of the Lamé finite gap elliptic potential, discovered first by Darboux, [2].^2 It was rediscovered later by Trebich and Verdier [13, 14] in a context of study of elliptic reductions of the Its-Matveev formula [5] for the general finite gap potentials. Its difference analogue until now was not discussed in the literature. The degenerate case, considered above, suggests the conjecture that the difference integrable elliptic analog of the DVT potential has the form

v(x, n_1, n_2, n_3, n_4) = 4∏ j=1 c_j(x − n_j h)+) c_j(x + (n_j + 1)h)j c_j(x) c_j (x + h) , where c_j(x) are the 4 Jacobi theta functions c_j(x) = θ_j (qx). When n_2 = n_3 = n_4 = 0 , v(x, n_1, n_2, n_3, n_4 reduces to the Krichever- Zabrodin-Ruijenaars-Felder-Varchenko difference Lamé potential. In the limit

2Darboux proved its integrability via explicit construction of the related solutions of the Sturm-Liouville equation.

h → 0, v(x, n_1, n_2, n_3, n_4) obviously has the following asymptotics

v = 1 + h^2 4∑ j=1 n_j(n_j + 1) d^2 dx^2 log θ_j(qx) + 0(h^3),

where the coefficient of h^2 is exactly the famous Darboux-Verdier-Trebich potential. It is clear, from the remarks made in the introduction, that the related difference Schrödinger equation in a same limit transforms to the Schrödinger equation with the DVT potential. It is obvious that the potential v(x, n_1, n_2, n_3, n_4) represent a double periodic elliptic function with the periods q^{−1} and q^{−1}τ. When Im τ → +∞ and q is a real parameter v(x, n_1, n_2, n_3, n_4) tends to the trigonometric version of the potential v_{nm}(x) with c(x) = cos qx, s(x) = sin qx. Replacing q by iq, in a same limit, we obtain the hyperbolic potentials v_{nm}(x) defined by (6). The investigation of the solutions corresponding to the DSE with potential v(x, n_1, n_2, n_3, n_4) is actually in progress.

References

[1] G. Darboux Leçons sur la théorie des surfaces, vol 2, 2nd ed., p 210-215, Gauthier-Villars, Paris, 1915

[2] G. Darboux Sur une équation linéaire, p 1645-1648, T. XCIV , C. R.

Acad. Sci.,Serie I, Math., Paris, 1882

[3] J.F. van Diejen, A.N. Kirillov Formulas for q-Spherical Functions Using Inverse Scattering Theory of Reflectionless Jacobi Operators Commun.Math.Phys. 210, 335-369, (2000)

[4] J. Felder, A. Varchenko Algebraic Integrability of the two-body Ruijenaars operator , preprint q-alg/9610024, (1996)

[5] A.R. Its, V.B. Matveev Hill’s operator with finitely many gaps Funct.

Anal. i Prilozhen, V. 9., p 69-70, 1975

[6] P. Gaillard, V.B. Matveev Wronskian addition formula and its applications ,Max-Planck-Institut für Mathematik, Preprint MPI 02-31 ,p.1-17 (2002)

[7] V.B. Matveev and M.A. Salle Darboux Transformations and solitons, Series in Nonlinear Dynamics, Springer Verlag, Berlin, 1991

[8] V.B. Matveev Darboux Transformations, Covariance Theorems and Integrable systems In the vol. L.D. Faddeev’s Seminar on Mathematical Physics, Amer. Math. Soc. Transl. (2), vol. 201 , 2000

[9] G. Pöschl and E. Teller Bemerkungen zur Quantenmechanik des anharmonischen Oszillators Z. Phys. ,v.83, p.143-151, 1933

[10] S.N.M. Ruijenaars Generalized Lamé functions 2 Hyperbolic and trigonometric specialisations J. Math. Phys. 40, 1627-1663 (1999)

[11] V. Spiridonov, A. Zhedanov Discrete Reflectionless Potentials, Quantum Algebras, and q-Orthogonal Polynomials Annals of Physics 237 n.1, 126-146 (1995)

[12] V. Spiridonov, A. Zhedanov Discrete Darboux transformations,The Discrete time Toda Lattice and the Askey-Wilson Polynomials Annals of Physics 2 n.4 , 370-398 (1995)

[13] A. Trebich Revêtements exceptionnels et somme de quatre nombres triangulaires, Duke Math. J., vol. 68, p 217-236, 1992

[14] J.L. Verdier and A. Trebich Revêtements tangentiels et somme de 4 nombres triangulaires, C. R. Acad. Sci., Serie I, Math.,V. 311, p 51-54 , 1990

[15] A. Zabrodin Finite-Gap Difference Operators with Elliptic Coefficients and Their Spectral Curves in ”Physical Combinatorics” ed. by M. Kashiwara and T. Miwa, p.301-317 ,Birkhauser ser. Progress in Mathematics, v. 191 , ISBN 0-816-4175-0,Birkhauser-Boston (2000)