CUT-AND-STACK SIMPLE WEAKLY MIXING MAP
WITH COUNTABLY MANY PRIME FACTORS

ALEXANDRE I. DANILENKO AND ANDRES DEL JUNCO

ABSTRACT. Via the cut-and-stack construction we produce a 2-fold simple weakly
mixing transformation which has countably many proper factors and all of them are
2-to-1 and prime.

0. INTRODUCTION

Let T be an (invertible) transformation of a probability space (X,9B,u). A
measure A on X x X is called a 2-fold self-joining of T if it is T' x T-invariant
and it projects onto p on both coordinates. Denote by J$(T') the set of all ergodic
2-fold self-joinings of T'. Let C(T) stand for the centralizer of T, i.e. the group
of all p-preserving transformations commuting with 7. Given S € C(T'), we let
us(A x B) := u(ANSB) for all A,B € %B. Of course, ug € J5(T). If J5(T) C
{ps | S € C(T)}U{u x p} then T is called 2-fold simple [Ve|, [dJR]. By a factor of
T we mean a T-invariant sub-o-algebra of 8. If T" has no non-trivial proper factors
then T is called prime. In [Ve] it was shown that if 7" is 2-fold simple then for each
non-trivial factor § of T" there exists a compact (in the strong operator topology)
subgroup Kz C C(T) such that

F={Ae®B|ukAAA) =0 for all k € K3}

Hence § (or, more precisely, the restriction of T" to §) is prime if and only if Ky is
a maximal compact subgroup of C(T).

The purpose of our paper is to produce via cutting-and-stacking a 2-fold simple
weakly mixing transformation which has countably many factors and all of them
are prime. We also specify which of these factors are conjugate.

Note that the only known example of a 2-fold simple 7" with non-unique prime
factors was constructed by Glasner and Weiss [GIW] as an inverse limit of certain
horocycle flows, i.e. in a quite different way. The subtle results of M. Ratner on
joinings of horocycle flows [Ra], as well as the existence of a lattice in SLy(R) with
rather special properties play a crucial role in [GIW]. We notice also that 7" has
many non-prime factors as well. Note that for some time it was not obvious at all
whether it is possible to construct such an example by means of the more elementary
cutting-and-stacking technique (see [Th]). To achieve this purpose we use the idea
suggested first in [dJ] (see also [Ma], [Da3], [Da4]): we construct a rank-one action
of an auxiliary non-Abelian group G = Z X (Z x 7Z/27) such that the Z-subaction
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is 2-fold simple and has centralizer coinciding with the full G-action. It remains to
list all non-trivial finite subgroups of G:

{{(0,b,1),(0,0,0)} | b€ Z,b # 0}

and note that all of them are maximal. While constructing this action we follow
the (C, F')-formalism developed in [Da4, Section 6].

1.(C, F')-CONSTRUCTION

We remind here the (C, F')-construction of funny rank-one actions (see [Dal]-
[Dad], [DaS] and [dJ] for details). Let G be a countable group. Given a finite subset
F C G, we denote by Ap the probability equidistributed on F. Now let (F),),>0
and (Cp)n>1 be two sequences of finite subsets in G such that the following are
satisfied:

(1-1) Fy ={0}, #C,, > 1,

(1-2) FnCn+1 C Fn-i—la

(1-3) F,cnE,d =0forallc#c € Cpyi,
. #E,

1-4 lim ———— < .

(1-4) n—oo #Cy - - #Cp

We put X,, := F,, xCp41 X Chpyo X--- and define a map i, : X,, — X, 1 by setting
Zn(frn dn+17 dn+27 .. ) = (fndn+17 dn+27 v )

In view of (1-1), X, endowed with the infinite product topology is a compact
Cantor space. It follows from (1-2) and (1-3) that i, is well defined and it is a
topological embedding of X,, into X, ;1. Denote by X the topological inductive
limit of the sequence (X,,i,)5% ;. In the sequel we will suppress the canonical
embedding maps and just write X = (J,~, X» with Xo C X; C ---. Clearly, X
is a locally compact Polish totally disconnected space without isolated points. We
define a finite measure u,, on X, by setting

Hn = an()\Fn X )\Cn+l X )\Cn+2 X )7
where «,, is a positive coefficient such that

o #F n+1
" #F n #Cn—l-l .

The latter ‘matching’ condition yields that 41 | X,, = p,. Hence there exists a
unique o-finite measure p on the standard Borel o-algebra B of X generated by
the topology such that u [ X,, = p,. In particular, u(X,) = «,, for all n > 0. It is
easy to check that p(X) < oo if and only if (1-4) holds. After a normalization (i.e.
by an appropriate change of o) we may assume that p(X) = 1. Suppose also that
the following is satisfied:

ap =1 and auy =

(1-5)  for any g € G, there exists m > 0 with gF,,C,,11 C F,,11 for all n > m.

For such n, take any = € X,, C X and write the expansion = (f,, Cnt1, Cni2,---)
with f, € F,, and c,4+; € Cp44, © > 0. Then we let

Tox = (gfnCntisCnt2,--.) € Xpy1 C X,

It follows from (1-5) that T, is a well defined homeomorphism of X. Moreover,
TyTy =Tyy,ie. T :=(T,)g4ec is a topological action of G on X.
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Definition 1.1. We call (X,®B, u,T') the (C, F)-action of G associated to the se-
quence (F,, Cpt1)0%, (cf. [dJ], [Dal], [Dad], [DaS]).

We list without proof several properties of T'. They can be verified easily by the
reader.

— T is a minimal uniquely ergodic (i.e. strictly ergodic) free action of G.

: / / / /
— Two points = (fn,Cnt1,Cnt2,.-.) and &' = (f),¢hy1:Chyor---) € Xp

are T-orbit equivalent if and only if ¢; = ¢, eventually (i.e. for all large
enough ¢). Moreover, 2’ = T,z if and only if

. —1 -1 -1
= lim fl¢ ---c .cr.--c .
g Panpet fn n+1 n+1i-n-+1 n+1fn

For each A C F,,, we let [A],, ;== {x = (fn,Cnt1,-.-) € X | fn € A} and call it an
n-cylinder. The following holds:

[A], N[B], = [AN BJ,, and [A], U[B], =[AU B|,,
A= | (A,

ceCnq1
TylAln = [gAln if gA C Fyy,
1
p([Aclpt1) = o
1([Aln) = 1(Xn)Ar, (A).

([A]n) for any ¢ € Cy1,

Moreover, for each measurable subset B C X,

(1-6) lim min M(BA | ] Ta[o]n) =

n—oo ACF),
acA

This means that T" has funny rank one (see [Fe] for the case of Z-actions and [So]
for the general case).

2. MAIN RESULT

Let G = 7Z x Z x Z,/27 with multiplication as follows
(nym,a)(n,m’,d’) = (n+n';m+ (=1)*m’, a + a’).

Then the center C'(G) of G is Z x {0} x {0}. Each finite subgroup of G coincides
with G} := {(0,0,1),(0,0,0)} for some b € Z. Notice also that G} is a maximal
finite subgroup of G if b # 0.

Let H := Z2. Given a > 0, we denote by I[a] the symmetric interval {m € Z |
|m| < a}. We also set I [a] := I[a] U{a}. The Cartesian square of I[a] and I [a]
are denoted by I*[a] and I7 [a] respectively. Let (r,,)72, be an increasing sequence
of positive integers such that

(2-1) lim n*/r, = 0.

n—oo
3



Below—just after Lemma 2.1—one more restriction on the growth of (r,)52, will
be imposed. We define recurrently two other sequences (a,)5%, and (a,)52, by
setting

ag=a9 =1, apny1 :=ap,2r, — 1), apt1 :=apy1 + (2n+ 1)a,
For each n € N, we let
H, = I?[r,], F, :=I2[a,) x Z/2Z, F, := I2[d,) x Z/2Z and
Sy = 13[(2n — 1)an_1] x Z/2Z.
We also consider a homomorphism ¢,, : H — G given by
On (i, j) := (2iay, 2ja,,0).
We then have

(2-2) S, CF,  F,S,=8,F,CcF,cQaG,
(2-3) Foi= |_| F n®n (b |_| oOn(h F and
hEH,, hEH,
(2—4) |_| Fn 1¢n 1 )
hel2[n

Now fix a sequence €, — 0 as n — oo. For any two finite sets A, B and a map
¢ : A — B, the probability ﬁ > aca96(a) on B will be denoted by dist,cad(a).
Given two measures s, p on a finite set B, we let ||k — p||1 := >, 5 |k(b) — p(b)|.

Lemma 2.1[dJ]. If r,, is sufficiently large then there exists a map s, : H, — Sy,
such that for any 6 > n=2%r,,

||diStte[[5}X{o}(Sn(h + t), Sn(h/ + t)) — /\Sn X >\Sn||1 < €p,
whenever h £ h' € Hy, with {h,h'} + (I[0] x {0}) C H,,.

From now on we will assume that r,, is large so that the conclusion of Lemma 2.1
is satisfied. For every n € N, we fix a map s, whose existence is asserted in the
lemma. Without loss of generality we may assume that the following boundary
condition holds

(2-5) sp(i,rn—1) = sp(i,1—7y) = sp(rn—1,7) = sp(1—7y,4) =0 for all i € I[r,].
Now we can define a map ¢, 11 : H, — F,,+1 by setting ¢,,41(h) := s, (h)pn(h). We
also put Cy41 := ¢py1(H,y,). It is easy to derive from (2-2) and (2-3) that (1-1)—(1-3)

are satisfied for the sequence (F,, Cp+1)52 . Moreover,

#F,p  d, @ (1+(2n—1)'dn_1)2:<1+ 2n—1)2.
a

#E,#Chy1 a2(2r, — 12 a2 2r, 1 — 1
From this and (2-1) we deduce that (1-4) holds. Moreover, (2-5) implies (1-5).
Thus the conditions (1-1)—(1-5) are all satisfied for (F),,Cp41)5>,. Hence the
associated (C, F')-action T' = (Ty)4eq of G is well defined on a standard probability
space (X, B, ).

We now state the main result of the paper.
4
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Theorem 2.2. The transformation T(y o) is weakly mizing and 2-fold simple. All
non-trivial proper factors of T(1,0,0) are 2-to-1 and prime. They are as follows:
Sa,, b€ Z\ {0}. Two factors §a, and Fg,, are isomorphic if and only if b and b’
are of the same evenness.

To prove Theorem 2.2 we will need an auxiliary lemma.

Lemma 2.3. Let f = f'¢,_1(h) with [’ € F,_1 and h € H.
(i) Then we have

EFp1¢n_1(h+1*n—1]) C fSn C Ey_1¢n_1(h+ I*[n+1]) and hence

#(fSn \ ﬁn—l@w—l(h —i—IQ[?’L —1])) < 4
#S,, “n—1

(ii) If, in addition, fS, C F, then

#(AC O [5n) _ 10
#5,, — e n

for any subset A C F,,_1.

Proof. (i) We have
fSn = f'bn-1(h) Fue1n1(I*[0]) = f' 11 (h + I*[n]).

For each u = (uy,us) € Z2, we let |u| := max(|uy],|usg|). Since Fn_1F,_1 C
|_|‘u|<1 Fr—16n-1(u), there exists a partition of F,_; into subsets A,,, |u| < 1, such
that f'A, C ﬁn_lgbn_l(u) for any u. Therefore

FSn=|| f'Audn-1(w) " dnr(u+h+I*[n).

lu|<1

It remains to notice that |_||u|§1 [ Aubn_1(u)™1 = F._ 1.
(ii) If £S, C F, then the subset K := h + I?[n — 1] is contained in H,,_; by (i).
Therefore

H(AC, N FS,)  Lnem, , #(Asu_1(Wdn-1(h) N Foo16n1(K)) + 325
#Sn #5,
#(Asp—1(h)) . 8
= LS Lot S A
keXI; #S,, n
_ #A #F #EKH#F,
#Fn—l #ﬁn—l #Sn

8
n
B 1\ #I2[n—1] | 8

+

Now we are ready to prove the first half of the first claim of Theorem 2.2.
5



Proposition 2.4. The transformation Ty 0,0y is weakly mizing.

Proof. Let ho := (1,0) € H and g,, := ¢,,(ho). Since g, = (1,0,0)%%, it suffices to
show that the sequence (g,,)52; is mizing for T, i.e.

lim (T, DN D') = p(D)u(D')

n—oo

for every pair of measurable subsets D, D’ C X. Take any A,B C F,. Since
gn € C(G) for all n € N, we have

gnAcni1(h) = Asy(h)dn(ho +h) = As,(h)sn(ho +h) " teppi(ho + h)

whenever h, hoh € H,. We set F!, .= F,NF,S,S; 1, A':=ANF' B :=BNF.,
H! := H, N (hg'H,). Then

(T, [Aln N [Bln) = (T, [ATn N [B']n) £ 2u([Fn \ Fr]n)
= Y 1Ty, [Acps1(W)]us1 N [B'n) +0(1)

5,
= 3 0l (ewsa (o 0 [B) 500

_ ZH: WA 50 ()30 (o + D) emsa (o + B)lmss 1 [B']) + (1)
_ ;}; (A5 (B) (o + 1)~ 0 B )eran (o + W)lnsn) + (1)
_ #llr{n hezf;% p([A 5, (h)sn(ho + 1)~ N B],,) + (1)

_ #1 - hez};/ A (A'sn(R)sn(ho + B) " N B u(Xy) +0(1)

= 2 Ar (A1) 0 Bl (o + 1) +0(1),

#}{, S Ar, (Asn(h) 0 Bsa(ho + b)) + (1)

" heH,,

where (1) means (here and below) a sequence that goes to 0 and that does not
depend on the choice of A, B C F),. Let &, := distpen’ (5n(h), sn(ho + h)). Notice

that
1

T o —1

€n > dist_p, crar,—1(Sa(t, 1), sn(t+1,1)).

1€l[rn]
It follows from Lemma 2.1 that ||, — Ag, X Ag, |1 < €,. We define a function
f: S, xS, — R by setting f(v,w) := Ap, (Av N Bw). Then

#2, ™ Ar, (Asn(h) 0 Bsa(ho + 1)) :/fdfn:/fd()\gn < Ag. )+ en.

" heH!
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Thus we obtain
(26) (T, [Al, N [Bla) = /S  n (401 ) ds, (1) dhs, () + 9(1).

Now we take A := A*C,, and B := B*(C,, for some subsets A*, B* C F,_1;. Then
the integral in the righthand side of (2-6) equals to the sum

#(acy(h)S, Nbe,(B)S, N Ey)
(2-7) .
a;;* b;;* hﬁfgnl (#50n)*#Fn

It follows from the definition of ¢,, and Lemma 2.3(i) that

acn(h)Sn Nben(W)Sn C Fr_1¢n_1(h+ I?[n+1]) N Fy_1¢n_1(h' + I?[n + 1]).
Hence ac,,(h)S, Nbe,(W')S, # 0 only if h' —h € I%[2n + 1]. If the latter is satisfied
we say that h and h’ are partners. Denote by P(h) the set of partners of h that

belong to H,_1. Clearly, #P(h) < (4n + 1)2. Therefore we deduce from (2-6),
(2-7) and Lemma 2.3(i) that

(T, [A" 1 N [Bn-1)

h)Sn N en(R')S, N F,) £+ 45

L 1+31)
a;;* b;;* he%; 1 h’eZP:(h) (#:5n)*# Fn
_ #A#DB” (#F,_1)?#H, 1 - (4n+1)% - 445, _
= @R (#SZEE, (1) +o(1)
—Ap (A"Ag (BY) + 6T 4 51),

#5n

where 6,, is a positive number. Substituting A* = B* = F,,_; and passing to the
limit, we obtain that #,, — 1 as n — oo. Hence

(2-8) w(Ty, [AJn—1 NV [B]n-1) = p([A"]n—1)p([B"]n—1) + 0(1).
Since (1) does not depend on the choice of A* and B* inside F),_1, it follows
from (1-6) and (2-8) that (g,,)°% is mixing for 7. O

Notice that slyghtly modifying the techniques from Ornstein’s work [Or] one can
show that T( o) is mixing indeed (cf. [Ma]). However we will not need this.
Our next task is to describe all ergodic 2-fold self-joinings of T{1 ¢ 0)-

Theorem 2.5. The transformation Ty .0y s 2-fold simple and

C(Tn,0,0) ={Ty | g € G}.

Proof. Take any joining v € J§(T(1,0,0))- Let I,, := I[n"2a,), J,, := I[n"?r,] and
&, := I, + 2a,J,. We first notice that (@n);’f:l is a Fglner sequence in Z. Since

an 20,7, - an (21, + 1) 20511
2 n2 (n+1)2’
7
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it follows that ®,, C I,,+1 + I,,4+1 and hence U 1 ®m C Lp1 + Ipyr. This implies
that

< ntl — U 0] ) < 3#P, ., forevery n € N,

i.e. Shulman’s condition [Li] is satisfied for (®,,)2° ;. By [Li], the pointwise ergodic
theorem holds along (®,,)°° ; for any ergodic transformation. Hence

(2-9)

#(I) (T(,0,00)x 0" (L(,0,002") — v(D x D)

ed,

as n — oo at v-a.a. (x,2') € X x X for all cylinders D, D’ C X. We call such
(z,2") a generic point for (T(1,0,0y X T(1,0,0), ). Fix one of them. Then z,z" € X,
for all sufficiently large n and we have the following expansions

xr = (fn7 Cn—|—1<hn)7 Cn—|—2(hn—|—1)7 ) )7

z' = (ffw Cn-i-l(h/rL)? Cn+2( ;1—1—1)7 <o 7)
with f,, f) € F, and h;,h, € H;, i > n. We let H; = I*’[(1 —n"?)r,] C H,.
Then #H,, /#H, > 1—0.5n"2. Since the marginals of v are both equal to u, by

Borel-Cantelli lemma we may assume without loss of generality that h,,, h, € H
for all sufficiently large n. This implies, in turn, that

fn+1 - fncn-i-l(h ) € F ¢n( ) C 12 [(QTn(l - n_Q) - l)an] X Z/2Z,

and, similarly, f/, € I2[(2r,(1 — n™?) — 1)a,] x Z/2Z. Notice that given g € ®,,,
we have (g,0,0) = (b,0, O)gzﬁn(t 0) for some uniquely determined b € I,, and t € J,,.
Moreover, (t,0,0)h,, € H,. We also claim that

(2-10) (b,0,0)f,8,S, C F,, and (b,0,0)fn,S.S,* C F,

if n is large enough. To verify this, it suffices to show that

an 1 ~ -
3 + 271 (1 - m)an—l +4na,—1 < ap,

which follows from (2-1) in a routine way. Hence
(g, 0, O)fnsn(hn)¢n(hn) = dcn-l—l((ta 0) + hn) and
(9,0,0) frsn(hy,)én(hy,) = denia ((£,0) + hyy),

where d := (b,0,0) fnsn(hn)sn((t,0) + hy,) ™1 and d' := (b,0,0)f! s, (h.)sn((t,0) +
h!)~1 belong to F,, by (2-10). Now take any B, B’ C F,,_; and set A := BC,, C F},
and A’ := B'C,, C F,,. We have

#19 € @, | (T(g,0,007, T(g,0,007") € [A]n x [A']n}

40,
1 #{teJ,|de A d € A}
- #n bel, 7 Jn
#z > En (A7 (0,0,0) fusn(hn) X A'7H(b,0,0) frsn (1)),
bel,
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where &, = distyc, (5 (£, 0)hn), 50 ((t, 0)AL)).

We consider separately two cases. Suppose first that h,, = h] for all n greater
than some N. Then it is easy to deduce from Lemma 2.1 that ||£, — All1 < €,
where A is the probability equidistributed on the diagonal of S,, x S,,. Moreover,
fnf;;1 = fnfi "' =k for all n > N. This yields

#1 > 6 (ATHD,0,0) fusn(hn) x A7 (5,0,0) 150 (R0,))

bel,
#I b; As, (A71(5,0,0) frsn (hn) N A" (5,0,0)f 5 (hn)) £ €n
1 #H(ANKA N (,0,0)fnsn(hn)S;h) L.
C#L& 48, "

Notice that (b,0,0)f,8,(h,)S, C F, by (2-10). We now set B:=B Nk 'F,_,.
Since k € FyFy', it follows that # (B’ \ B)/#F,—1 = o(1). Then Lemma 2.3(ii)
yields

#(BC, NkB'C,, N (b,0,0) frnsn(hn)S; 1)
#5S5n
— #((B N kB>Cn m?%é(g;ov O)fnsn(hn>sn> +5<1)
= Ap,_ (BNkB)+09(1)
(BN kB, 1)
(Xn-1)
= p([Bln-1 N Ti[B'ln-1) +0(1).

Therefore it follows from (2-9) that
V([Bln-1 X [B'ln-1) = p, ([Bln—1 X [Bln-1) +0(1).

Then we deduce from (6-6) that v = prp, .
Now consider the second case, where h,, # h, for infinitely many, say bad n. It
follows from Lemma 2.1 that ||, — Ag, X Ag, || < €, for all such n. Hence

an 1(5,0,0) fasn(hn) x A7 (6,0,0) f5n(h1))

bel,

#I

L(6,0,0) frsn(hn))As, (A1 (6,0,0) £ s (hL)) % €n.

#I

bel,

Now we derive from Lemma 2.3(ii) and (2-10) that

As, (A7 (.0,0) fusn () = A0 <b’°’;)§”s"<h")55 ) (B) 4 o)

and, in a similar way, Ag, (A’~'(b,0,0)fsn(h.)) = A, (B') +0(1). Hence

V([Bln-1 X [B'ln-1) = ug[B]n—l)u([B']n—l) +o(1)




provided that n is bad. It remains to note that (1-6) holds along any subsequence,
in particular along the subsequence of bad n. Hence v = yu x u. [

Proof of Theorem 2.2. follows now from Proposition 2.4, Theorem 2.5 and the fact
that §g, and §g,, are isomorphic if and only if the subgroups G, and Gy are
conjugate in C(T(1,,0)) [dJR]. O

Notice that with some additional conditions on s,, (cf. [Dad, Section 6]) one
can show that Ty .0y is actually simple of all orders. For the definitions of higher
order simplicity we refer to [dJR]. (In fact, 3-fold simplicity implies the simplicity
of any order [GHR].) This would imply in turn that 7\ ¢ ) is mixing of any order
whenever it is mixing.
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