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A BSTllACT. Let. (1'1,9, Q) bc ft silllply connectcd, cOll1plctc, quntcrnionie l\:iihlcI' ll1an
ifold wit.hollt. Hat. dc RlJanl factar. Thcn any I-parameter group of t.ra.nsforllla.t.ions of
lvI wh ich prcscrvc t.he Cl uat.ernionic st.rllct.llre Q presel'ves also the lllet.ric 9. lvlol'co\'er,
if (Al, !I) is irred t1ci hlc t.hcll t.hc quat.enl ion ie l";:;ihlcr lllcLric g Oll (!vI, Q) is u niq lle u p
to [\ homothcty.

1. Introductioll.

Let Q be a,n fL17nost qua.tc1·nionic stnu;t'/f.re on a 4n-dirnensionalluanifold ?vI l t.hai-,
is a 3-elinlcnsional subbunellc of thc bunellc of enclonlorphislllS locally generated by
three anticollulluting ahnost conlplcx structul'CS .Jo , 0' = I l 2: 3; with .1:1 = J1.h.
\-\Te will say that H = (J0) is a (local) (ulm:L.':Isiblc bCL:~is fot' Q. Q is callccl a. q-natcr'
nionic str'Uct·nn~ if thcrc cxists a t,orsionlcss linear connccbon \7 which prcserves
Q. Such cOllncction V (callccl a quatenüonic connection) is not uniqne. Any other
qnaternionic conncction v' can be written as

v' = V + SE.

where ~ E AL Al is a I-fann anel S~ is a (1, 2)-tensor givcn by

3

S~ = e()()I d +),: 0 e- L [~( J 0 ~Y )J 0 + Jo.Y 0 (~ 0 J 0 )]

0=[

(1)

*\Vork done lIndc!" thc progl'am of G. N.S.A.G.1\. of C.N. R. alld part.ially lim\llced by ivl. [J. H.S.T.,
E.Schrödingcl' Int.ernat.ional Instit.ut.c fol' tvlatlLclllatical Physics (Vieuna) anel tvlax-Planck Inst.i

tut.e fol' lvI <-lthClllil1.ics (Botin)



whel'c H = (Jo ) is an achnissible basis for Q (Scc [1]).
Defl nition 1. 1) A Rienw.llnian lllctl'ic lJ on a lnanifolcl lvi \Vi th a quaternionie

st ructure Q is callecl Q-HCI7f/.dian if all C11clonlorphislllS J E Q are ske\v-synunet ric
with respect to g.

2) a Q-Henllitian nlctric g is ca11ed Q-Kiihle1' if thc Levi-Civita conncction \79 is
a. quaternionie conncction.

A tripie (jld, g, Q) is ca.lled a qnatcl1/:ionic HCTrnitia,n (resp., q'u,ate1'11ionic K/ihlc7')
rnanifolrl if !J is a Q-Hcnllitian (resp., Q-Kähler) lnetric.

\Vc will aSSUllle that dinllVr = 4n > 4. Tben it is weIl kllO\Vn tbat any Q-K~l.hler

lnetric g is Einstein anel the curvature tensor R, of g can be written as

R = uR I + Hl (2)

\vhere 1J = 4n( ~~-+:L) is the 7'cdnccd scala7' cU7"uahl.7'c, ]( is thc sc(11ar curva,turc: R' l is
tbe curvabll'e tensor of thc standard qua.tcrnionic I\:ä.hler nletric of thc qua.tcrnionic
projcctive space lHIP ll

,

and Hl is the q'l/.fLtc7'71.ionic W cyl tcn8U7' \vhich satisfics thc cOlleli tions

Ric(Hl) = 0 [Hl(}{, Y), J n ] = 0 (0' = 1,2,3) ~Y, Y E T.1.\;]

for any adnüssiblc basis H = (J(l) of Q.
Definition 2, Let (.1.\1, g, Q) be a. quaterniollic I.cähler lllanifold. A tl'ansforrna

bon of !vI is callcd a q'natc7'n'ionic t1'an8jonn(Ltion (resp" quatcTnionic isornet7·y) if
it pl'eserves Q (rcsp.: Q anel !J).

A vector fidd Oll 1\;] is called to bc q'/l,atcn~iOHic (l'esp., fjnatcT1l.ionic Killing)
if it genCl'ates a loeal 1-panuuctcr gronp of quaternionie transfonnations (resp.;
qnatcrnionie iSOlnetries).

\~le dennte by Aut( 111, Q), Aut (J11, Q, y) 01': shortly, by Ant(Q), Aut(Q, g) the
group of all quaternionie transfonnations a.nd quaternionie iscnnctrics respcctivcly:
and by an t (Q): aut (Q: .fJ) thc Lic algebra of quatcrnionic and Clnaterninnic Killing
vector ficlds Oll ~Il. \·Vc will use subscript 0 to dennte thc conl1cctcd cOlnponent of
uni ty Go of a gronp C;.

RClllark th.'!.t aut( Q,.fJ) is the Lie algebra of tbe Lie group Aut(Q, g) if thc nletric
!J is ceHl1plete since allY Killing vector field on a. cOluplete R.ieillannian llla.llifold is
cOluplete [8], \Ve will denote by autc(Q) tbc Lie algebra. of thc Lie group Aut(Q).
It is a subalgehl'<-l of aut( Q) consisting of all cOlllplete quaternionie vector fields.

Recall ([3]) tbat the Lie derivative of the Levi-Civita connection \79 with l'cspect
to a quatcrnionic vcctor fidd Z E aut( Q) is given by



wherc ( is a 1-1'onn,

~ = rl;f'z fz = 1 Trace \79 Z
. 4(n+1)

(4)

Thc fonn ~ is called thc l-foTrn associated to Z.

Note that if 11 #- 0 then the quaternionie strllctllrc Q is canonically defined by
thc Inetric 9 anel, hcncc, Aut(Q,g) = Aut(g) (thc group of iSOlnctrics), aut(Q,g) =
allt(g) (thc Lic algebra of Killing vcct.or ficlds).

\,Vc denotc also by

P = P(Q,g) = {Z = gradf = g-l ar/f E aut(Q)}

thc spacc of all g1Yulic'nt qnate1'11,ionic vecto't' jields.
No\v wc statt: thc lliain results.

Theorenl 1. Let (j\1, 9: Q) bc a BimpZy cO'nncctcd crnnpZcte q'l/.ate7T/'ionic KiihZC7'
4n-rnanifulr( n > 1. A sS'lI:me tha,t

Allto(Q) #- Auto(Q,g).

1f lVJ 't,'l compac(. it i8 iso7ndTic tu thc q'//'ate1'11ionic JJ7'ojcctivc space with the
standlLnl rl'fl,atcnrio11:ic K iiltZer st't"/f,ct-u.1'c.

1f 1\1 is not c01npact) it Iws ZC7'O scaiar c'nrvatur'c and it.~ de Rharn dccornposit'ion
Iws an Euclidcan facto7' (ll-IIk , 90, Qo, ), h > O. Thc conVCTSc i.~ al.'5{) tT'l/.C,

In the cOlupact case thc conclusion hold5 undcr thc wea,ker conclition Aut( Q) #
Aut(Q,g), see ([3],[10]).

In the casc of I:cro 5calar curvatllrc wc huvc tbc following 1110re general reslllt. To
statc it we note that the quaternionie structure Q of a cCHupletc sirnply connectccl
quaternionie I~~ihler lnanifold (1\1, g, Q) wit.h zero scalar curvaturc is gcncratecl by a
pa,ralle! hypcrC01l1plex struct.ure H = (.11 ,.1'2,.13 ), wherc .In, 0' = 1, 2: 3, are pa,ralle!
anticonullut.ing conlplcx structures. \\Tc fix such H, which is elcfineel up to a rotation
fronl 50(3), anel we wl'ite Q =< H > to indicatc t.hat Q is gcneratcd by H. It
is well known that tbc de Rbanl cleccHuposition 01' thc nUl.nifolcl 0\1, .(j, Q) luay be
writtcl1 as follows:

J11 = ll-IIk x 111] x ... x 111/

9 = 90 EB 91 EB ... EB 9/ (5)

\vhere (ll-IIk ,.(ja, < Ho » is tbc 4k-di111cnsional Hat quatcl'nionic IGiblcl' lnanifuld anel
(J11i :g i , < H i > ),i = 1, ... 1, is an irredueiblc quat.ernionic I\:ä,hler lnanifold with the
holononlY gronp 5p( 1"1. i ), dinll\lj = 4n,j.

:-1



Theorenl 2. Let (J\1: 9: Q) be a cU711pLr..te si711ply connected q'ILatr..rnionic Kiihlc1'
71w.niJold with zc'ro ,'H:ala1' C'f/,7·1J(Lhl.n~ and Let (5) be its de Rlunn dccomposition.

(1) Ass'/I.1ll.c that the 71WtTic 9 = 90 ·is fiat J that ·is 111 is idcntijicd with the
q'nate1T/.ionic vcctor Sj)(J,cc !HIli 'UJith the standanl q'natcntionic st7·UCt'fI,7'C Q
and thr.. standa1yl 1nctric .10, Thcn, (J,ny Ricci-fiat Q-Kiihlc1' 1net1'ic g' on
!HI1l is flut und has thc fonn g' = fJ 0.4.: whcre .4. ·is a ]1osit'i:uely dcfincd
sy7n7ndr'ic Cnd01f/.OT]Jhis7f/. oJ!HI1I = IR 4

11 wh'ich com,711:ntcs 'u)'ith Q, MorcovcT:
any Q-Kiihle7' 7ndr'ic g' 'lJJith thc 1'cdnced scalar c·nrvat'll.7'C /1 =J=. 0 has con...tant
po,'~itivc q'naternionic C'/l.Tvat'l/.Te und can be 'wTittcn as

4 1
g'(,1;) = -[ho - -(ho 0 x (9 ho 0:/: +L ho 0 Ja;!; (911.0 0.10':1:)]

qv q 0

whe1'C 11. 0 = 9 0 .4. is a fiat Q-Kiihler' 7nct1'ic and

:/: E !HIli

q = ho(:/:, :/:) + c c = const > 0,

(2) 1f thc 7Jl.ct·,.ic g is not jiat.. any Q-KiihlcT 7nctric .1' oJ (1\;11 Q) ~s Ricci fiat
and 1n.ay be 'uwiUcn as

wh CTC /\ i = cons t > 0 anri gb is a ji(Lt quat eT11:ion i c-K ähl er' 7n eb·ic on !HIN .

Corollary 1. Undc'l' thr.. ass'l/.711pt-iU1/.S oJ thc thcoTc1n

(1) any qnatc'f'nionic tTansfo1'7nation of (111: 9: Q) is (J,jjine :

Allt(Q) C Aut(v 9 ).

(2)
Auto( Q) =J=. Altto(Q: g)

iJJ thcr'e L-: thc fiat facto'f' in (5)! i. c, k: > 0.
(3)

Aut(Q) =J=. Allt(Q:g) Auto(Q) = Auto(Q:g)

'iJJ k: = 0 and f01' s{)rnc ';,] thc 7fl.aniJolds (J\1i ,gj): (111j ,[/j) ar'C hV7nothetic
h'nt nut isornetr"ic,

2. Quaternionie transforlnations of the spaces of eonstant quaternio nie
curvature.

\Ve descl'ibc thc gl'OUPS Aut(111, Q) allel Aut(111 1 g, Q) for thc stanclarcl quater
nionie I\:~i,hlcr nli-ulifolcls j\1 = 1HIP1l: !HIli , lHIA 11 of COllstant quatcl'nionic Clll'Va.t.Ul'c

1,0, -1 rcspcctively.



Proposition 1.

1) Aut(IHlP11:Q) = PC;L lI (IHI) = C;LIl+1(!HI)/IR* ~ Aut(IHIPll Jg ,Q) = S]JIl+1/Z2
2) Aut(IHI'l, Q) = GL ll (!HI) )<3 IHIIl ~ Aut(IHP' ,.rJl Q) = Spn )<3 !HI1l

3) Au t, ( IHIA n , Q) = Aut (IHIA 11 , !J, Q) = S jJ 1, ,,/712

whcn~ )<3 indicates thc sC7fi.idi7'cct ]J1'(){['Uct,

P7 '00f. 1) ancl 2) are \vell k110\vn (sec [11L [9]). Ta prove 3) \ve reali ze the quater
nionic Lobachcvsky space ll-f[AlI a,s the open orbit B = 5])1,11[(1,0: ... ,0)] C IffiPII of
thc subgroup 5PI ,11 uf t.hc projectivc grollp PGL n (IHI) \vhich prcscrvcs the quater
nionic quadric Q :

11

0-0 L Cl -0 0
'" 'I' - 'I' 'I' -~, t ~ L ~ i./ - •

0;;:: 1

The qua.tcrnionic strucroure af IHIA" is induccd by the canonical 10ca11y Hat quat.er
nionic structure of 1ffiP1l. Any qna.tcrnionic tra,nsfonnation of B = IHIA 11 ca,n be
extended to a, uniqllc quaternionie transfonnation 'Y of IHIP"; see ([11], [9]), Since Q
is thc boundary of B, thc transfol'lnat.ion 'Y prcservcs Q, that is it belangs to 5 jJ I, JI.

Now we pass tu the general ease.

3. Quaterniollic transforlnations alld gradient quaternionie vector flelds.

Let (111,.rJ, Q) be a quaternionie I\:iihlcr luanifold. For any veet.or field Z on 111
\Vc dcnotc by Lz thc fidd of cnclonlorphislllS)( 1----1 \7 x Z, )( E Tl\1, \vhere \7 = v 9

is the Lcvi-Civita conncction.

Le 111 111a 1 ([3)). A 11ectO'r field Z (7'C SI), a .rJnulicnt 1) cct(J7' field Z
C OO (J11)) is qnate1"ltionic ijf [Lz, Q] C Q (7'es]>. [Lz, Q] = 0).

grad f, f E

Note tha.t if 1'1 is sünply conncetcd a vcctor field Z i5 gradicnt iff thc opera.tor
L;;: is sYlnnlCtric (\vi th respcct to g). Hencc, we have

Corollary 2. Let 1'1 be si7nply conncctcd, Then a. VCctOT fidel Z is .f}T(ulient qnatc1'
nionic fidel iff g 0 L z = \7 (.rJ 0 Z) is a sym-rnei7'ic Q-hennitian /07771.,

Now we prove t.he follc)\ving

Proposition 2. Let g' be a fJ'uatr::rnionic Q-Kiihlc7' 7net1'ic on a simply conncctcd
q·u.ateT'1l,ionic Kiihlcr rnanifold (.~1,.rJ, Q). 11 \79' =J=. \7Y, then thcrc CX'lsts a non zero
gradient q'll.aternionic vcctor fidd Z = graclf = g-1 0 df on 1\1 , 'UJhC7'e f = cliv Z =
t.,.\79 Z is an ci!Jenfll.nction 0/ thc Laplacian with thc cigenvalne Tli = 21l(n + 1).

Proof. By (1) wehave



f()l' SOlllC 0 I- ~ E Al j\lI. Thcn ((2]) t.he Ricci tensors of the connections vt/ : v 9 arc
rclat.ed by

wherc

Rjc' = Ric -4p''! + 4('11- + l)p + SIIp.'!

:t

p=~0~- L(to.Jn)0(~oJQ)-VE
n=l

(6)

p:3 is thc synnnctric part of thc bilincar fonn (J and II is thc projcction of thc spacc
of bilinca,r funns auto thc spa,ce of Q-Hcnnitian fornls givCll by

1
II : u.,: I-t IIw = - [w + '""' w(.Jn ',.1(1' ')].4 6

Cl

Using (2), wc can rewri t,c (G) as

whcrc ,/ is thc rccluceel scalar curva.turc of thc lllctric g'. It illlplies tba.t tbe bilillear
fonll vt - 2t 0 ~ is syululetric anel Q-Hennitian; in particular d( = Alt(v~) =
Alt(v~ - 2~ 0 ~) = 0 auel hencc ~ = dh f(:n' sonle fUllction h. Now we put "7 := c- 21J (.

Then V'/] = c-2fl (VE - 2~ 0~] is a synnnctric Q-hernlitian fonn anel 1] = r~f for
f = _~e-2h. Hencc: by Corollary 2: Z := g-l 0 '17 = gradf is a. non zero gradient
qlulten;ionic vector fidel. Thc last sta.tenlcnt was proved in [3].

Corollary 3. Let (1\1, g, Q) bc a simply conncctcd q'/l,aternionic Kiihlc1' rnrL'nifolrl
and t.p E Aut(1\1: Q) bc a q'/l,atc1I1.ionic t1'lLnsjonnation which is not affine (i. c.
doesn:t IJ1'CSC1'1JCS v 9). (lj (J\1: g) i ...; i1TCel'/J,ciblc it is s'nfficicrtt to ass'nrnc that t.p

i" not an iS0711.etr·y.) Thcn thcr'c cxists (L non zero g'radient q'fLate7'1tionic vcctor· fielel
Z = grad f: wher'c f = div Z i8 (L'n cigenfnnctiO'n oj the Laplaciart with eigenvahLC
1/1 = 21J(n + 1).

PTOOf. It is sufficicnt to apply t.hc Proposi tiOll 2 to g' = <.p* g.

4. Fllndalllental eqllation for gradient qllaternionic vector fields.

Vle define thc parallel (1::3) tensor P on }d by

P()C, Y)Z =2.fJ(-'C, Z)Y +g(Z, Y).Y +g(.Y, Y)Z
J 3

- L g(Z, JnY)JCl-Y - L g(.Y, .JCl}~)JClZ
0=1

(j

0= I



Relnark 1. For' (Lny ){ E Tl\1 one Iws

Proposition 3. Let Z be a qv..ate7'nionic vcctor fidel on (J\1: 9: Q) anel E.. the (1,S80

ciaterl l-fonn, Thcn
1) Z anel E., satisf1j the jollo'IJJing eq'uat'lon:

2) if Z is a g1Yulient fidel thcn

IJ
E.,=--goZ

2

(7)

(8)

and Z satisfics thc jollowing fnndarncntal cqnation

Mo/eove7'

and

(9)

(10)

(11 )

J01' an,y );: Y E T J\1 , whcrc Hl is thc q-natc7'11ionie Weyl tcns07',

Reillark 2. IJ 1\1 is eompaet anel 1J is positive the -lUVC7'Se statem.cnt JO"l' 2) huld",:
any sol'ution oj the fU1/.da1ncntal cqnation is a gTlulient q'uatcrn'lunic 1JCCtOT fidel (-:ee

[3]).

Corollary 4. 1j 1J = 0 thcn any gTlulient q'uatenl:ion'ic fidel Z i8 affine (Z . \7 =
SE.. = 0). In ]JCL1,ticnlar, Z is eU1f1,]Jlete iJ the 1nanifold (1\1, g) is eomplcte,

PnJoj. 1) Fol' any vcctOl' field Z on thc Riclnannian lllanifolcl (1\1, g) thc follov.,ring
iclcllti ty holcls:

(Z . \7)s)" = (\72 Z)x,)" +R,(Z, ~Y)Y

Taking into aCcollnt the fonnula. (:3) \ve gct (7), If Z E P thcn Lz is (l. syrnrnctric
encleHnorphisrn ancl conscqucntly

By taking the trace: wc obtain (8). Hcncc

R(Z "'\r) lJ [syoX S!Joz ] - n (Z "'\r). :-'"\. = - Z - \' = 1J , [ , ~'"\.4 .. \

7

(V_Y, Y, TE X(1\1))

(12)



that is (10) holds. Then (9) follo\vs froln (7), (8) and (12). Now we provc (11).
Taking t.he covariant. dcrivativc of t.he fundanlcntal cquation we get thc identity

sincc \7 P = O. By antisYllllllctrizing \vith respect to ){: 1'- thc R.icci iclcntity gives

[R(.\-l Y):Lz] = ~[P(.Y,· )LzY - P(Y,' )Lz.Y]

= ~[SY~LzY + sgo.~" _ S~.ol.JzX _ syoY.]
4'\ Lz)) Lz.\

BecaB now that

Ta prove the fornnIla (11) it. is sllfficicnt to check that if 1/ =I- 0 then

This is cstablishecl by t.he fo11owing LClluna 2.

Lenlll1a 2. Let A be a syrnrnct1'ic endorf1,(J1phi87fl. 'which corfl.m:ufes with Q. Then

J01" any .Y; Y E T j'1 thc Jollowing idcnfitics hold:

1)

2)

[s yoY 4] - SyoA'r" _ syo)'"
X ;. - X AX

[5
Y. 0 V 4] _ [syo.\ 4] - SY. oA Y + Syox _ 5yoA X _ syoY
Xl' y. - X AV Y AX

Pt'oof. 1) is straightforward anel thcn 2) fo11ow5 horn 1) inunediately.

Proposition 4. Let (111,9, Q) bc a corfl.plctc quatctTtionic KriltZct, rfl.ani/old wdh

non-ZCTO scalaT C'/LTvatuTe. Then thc Lie algcb1Yt aut c ( Q) adrnits a rcrLnctivc dcc(J'I/l.
position

[aut(Q,gL Pc] C Pe au t (Q1 g) n Pe = 0

'whcr'c Pe is the SPll.CC vJ cornpletc gnulient quatcTn:ionic vectoT fields.
1/

thcn Pe =I- O.

Pt·oof. For an)' )( E aut c ( Q) we const.ruct (1, gradient quaternionie vcetor fidel Z (:t,S

follows. Let. ~ = (I;f.'\ be thc 1-fo1'1n associatecl to ~Y, sec seet.1. By using fonnula.
(3) wc find

)( . Rie = -4('11 + l)V~ + 4[V~]8 - 811[v~r

8



where "." illdicat.cs the Lie derivative. Since){' R..ic is s~ynl1netric and Q-Hennitian
wc cleduce tha.t the bilinca1' jor'rn. V' ~ i,'I syrnm.cb·ic: Q-Hc7'1nitian ancl

){ . R,ie = -4(n + 2)V'~

Hellce

lJ.Y . 9 = -4V'~

On thc other hand, fronl thc fonnula for Lic derivative we get

Hcncc

is a I~illing vector field alld
.)

, ~-}

Z=--g o~
11

is a. gradient. quaternionie vector fielel. rvIorcover, Z = )c - Y is cOlnplete, since ~Y E
aute ( Q) and 1'· E aut( Q: g) C aut e ( Q). Fol' any 1'~ E aut(Q, g): Z = gracl f E Pe we
havc

since 1'. prcserves g. Suppose no\v t.hat Z E au t.( Q: g) nPe. Then the cndeHllorphislll
L;;; = V'Z is both synullct.ric antI skcw-synunctric, hente, zero. The a.ssluupt.ions of
thc proposition ilnply that thc ruet.ric 9 is irreclucible. This ilnplics that Z = O.

5. Quaternionic distribution associated with a gradient quaternionic vec
tor field.

Let Z be a gradient quatcrnionic vector field allc1 L z = 'VZ. Denotc by L( Z)
thc spa,ce of veetor fielcls spannccl by vector fields Z: LzZ, ....L~Z, .....

Proposition 5. [,( Z) i,.; a Lie ";'nbalgcbnL 0/ the Lie algebra XU'd) 0/ vect01' Jiclds
and its 01,bits {lc(wes v/ the CV1'1'csponcling .~in.g'UlaT intcg1'a,ble d'istrib'u,t'ioTl,: sec [15])J
an; totally gcorl c,.;ic totally rcal subrfl.aniju lds .

Thc proof föllows fronl the LenullH bclow.

9



LenUlla 3.

1) < LkZ;JL"Z >= 0; V JE Q;h,k E Z+

2) V LiZL
h Z = -~{2h < Li Z, Z > L"-l Z

h

+ L:[< Z; Lh-rZ > Li+/"-l Z+ < Li Z, L"-I'Z > LI'-l Zn + L i+h+1 Z
r=l

whe7'(?, Li == Lz nnrl ihe s'/t1n in right m,c1nbe7' 0/ 2) Iw,s to be cO'nsidcred only /07'
h > O.

Proo/ 0/ Lcrnnul. 1) Sincc L z is a sJ'lnnlctric operator \vhich conunutes \vith J
wc neccl only to provc tha.t < LI.: Z: JZ >= 0 f(-)l' any positive integer k. It
call be clone a,s fo11ows: for k odel thc operator J L z 'is skew-synunctric anel henec
< Z,JL~Z >= 0; for h: = 2/ we havc < L~Z:JZ >=< L'zZ,JLiZ >= o.

2) By definition: wc ha"c

which givcs 2) for h = O. By using (9), wc havc

\7 Li Z L 1Z = ("\7 Li z Lx) Z + L z (\ll.,i Z Z)

=_~P(Li Z, Z)Z + L;+2 Z

By using 1) we gct

\lLiZLIZ = -~{2 < LiZ,Z > Z+ < Z:Z > LiZ+ < LIZ,Z > Z} + L i+2 Z

which cstablishes 2) fOf h = 1. IvIoreo"er: for h > 1,

Thcn 2) fo11ows by' induction on h.

Denote by D( Z) thc (evcntually singular) quaternionie (i .c. Q-invariant) dis tri
bution elefinecl by

a.nel definc the kernel uf thc \\Teyl tensor Hl as f()llows:

10



Proposition 6.
1) D(Z) C !(crHl

2) D( Z) 'is 'integTable
S) a Tcg'nla1' o1·bit 1V of D(Z) is a totally gcodcsic (j'uatc·f"ll.'ionic snb7nanifold

'with con.':Itant q'l/.atcn~ionic cU1·vat·u.Tc) that is HilN == O.

P1000f. 2) Let. be _\' = LJ·:Z, 1'- = Li Z anel .J a. local seetion of Q. Then [_\", Y] =
vsl'~ - Vy_Y belangs to D(Z) by 2) of Len1n1a. 3. Vs(JY) = (vsJ)l'~ + JvsY
bdongs t.o D(Z) since vsJ E Q anel Vs 1'- E D(Z). No\v it is sufficient. to prove
t.hat V JS Y E D(Z). It can bc done by using incluction on I:

V JS}'· = V Js(LIZ) = (v,JsLx)(L i
-

1 Z) + Lzv Js(L.t- 1 Z)

= -~P(J);, Z)L l
-

1 Z + LzY Jx(L I
-

1Z).

The first tenn belangs to D(Z) by inductive hypothesis. This proves 2). Now we

prove 1). By using iclcnti ties (10) aud (11), für any .\", 1'- E T 1'1 anc1 J E Q we have
for any natural k:

anel

Henee thc canclusion fallows. 3) follows inllncdiatc1y frolll 1) anel 2).

6. Conlpleteness of a totally geodesie subnlanifold of an analytic Rie
111aunian Inanifold.

Recall t.ha.t, a sul)Juanifolcl JV of a. R,ien1annian n1anifold (1"\1, q) is calleel to be
totally geoclesic if any geodesic of the sublnanifold (lV, q IlV). is a gcoelesic of the
Inanifolcl (111, q). A subnulllifold 1V of a R.ielnannian 111anifold O'd, g) is tota.lly
geoclcsic iff thc Lie algebra. ,1' (lV) of vector fields tangent to .N is invariant under
cova,rinJ1t. deri vat.ives in the dircctions of vcctor fields fron1 ,:):' (lV)

In general, a totally geodesie subn1'1uifold of a. cCHuplct,e R,ienIannian n1f-l,nif()ld can
not be exteneleel to a cCHnplcte tot.ally geodesie subruanifold. Howevcr, \Vc prove
that this is true if thc n1f-lnif(-)ld (1\1,.fJ) is analytic.

11



Proposition 7. Any (c1lI-bedded) totally gcodcsic s·Ub1ll.rLl1:ifold lV of a completc au
alytic Rie1fl.anniaH 1lI.anifold (j\1, g) ad1ll.its a 'nniqnc extcnsion to a cumpletc totally
geodcsic (i1fl.rneT8cd) snb1nan·ifold.

P7'()Uf. The pl'oof i5 based on the following len11na..

Lenlll1a 4. Let (lV( g) be an analytic Ricmanl1:ian 1nanifold and '1' thc 1Yulius of
injcctivity in CL ]Joint p E 1\1. Denote by B thc opcn ball of nulius .,./2 ·in thc
t(Lngent S]JCLCC Tp Ji1 (Lnd 8Ct U = exp B. Then any (ernbcddcd) tot(Llly gCOdC8ic
s'nbrnanifold lV E ]J of (U: gl U) (ul711:its a nuiqne exkns·ion to a rf/.a:r:irnal totally
geudcsic s'/J,brf1,anifold i\T = exp(TplV n B) CU.

PToof of LC7ll.rna. Let, e"", ,eil be an orthonOrnH\.l basis of Tp l\l such that thc
vectors el:" . : ek fonn a. basis of TplV. Denote by Xi thc corrcsponcling gcoclesic
coordinates in U anel set Gi = Gjf):t:j. The (analytic) sublnanifolel i\T = exp(T]JiVnB)
of U is totally gcoelcsic ift' thc (analytic) fllnctions

a>k

va11ish identically on i\T. This is tnlc, sincc thcy vanish in the open sublllanifölcllV
of 1\T. This provcs LCllllna.

Pr'oof of PTlJ])()s'ition 7. To provc Proposition 7) it is sutficicnt to show that an
elnbccldcd tota.lly geoelesic sulnuanifold lV can be cxtenclecl along any gcoclesic "'I(t)
which is tangent to lV sta,rting fronl a point "'/(0) E lV. Lct q = "'I(ta) be a point
of thc gcoclesic "'I such that -/([0, t n)) C lV but, l(ta) rt lV. Let l' be thc injectivity
ra,dills of a, cOlnpact ncighbourhoocl of q anel p = {(ta -1'/3). Denote by B thc open
ball of ra.dius ~ in Tp J\1. By Lcnllna 4: V = CXp(TplV n B) is a totally gcoelcsic

subluanifold of j'1 which cxtcncls lV n cxp B. So f\T = IV U V givcs an extension
of lV to an (ilnnlersccl) totally geodesie sublnanifold which contains "'/(0, to + E).
1v10rc prcciscly: }\T is elefineel as 1'ollc)\vs. If (<p, lV), <p : jV -t j\1 is thc inunersecl
tota11:'l gcoelesic subnlanifold: then cp(lV) n V is a disjoint union 01' tota11y geodesic
connectcd su1:nnanifolcls Vi allel we elefinc thc extension (rp, i\/) b.y gilleing to j\l in a
natura.l wa~y the cennponcnts Vi which a.re open in V. This provcs thc Proposition.

7. Proof of the lllaill theorenls.

\-\Te prove Theorenl 1 uneler thc assulnption that thc reduceel sca.lar Cllrvatllre is
negative, 1/ < O. For Jl > 0 the thCOl'Cnl was Pl'ovcel in [3], [10] a,nd 1'01' 1/ = 0 it
fo11ows fnnll Thcorenl 2. Assunle that

12



(

B~y Proposition 4 thcrc cxists a cCHnplctc non hero gradient (lua.tcrnionic vector field
Z on j\1. It gencl'a,tes thc 1-pa,r;.-1.lIlcter group A of quatcrnionic trC:l,nSforllw,tions
which preserves thc (integra.ble) distribution D( Z) associated \vith Z, sec scct. 5.
A lcaf JV of this distribution is a tota.lly geodesie quaternionie sul)ll1anifold of 1\1 of
constant quatcrnionic curva.t.urc. Since thc quatcrnionic Kähler nuuüfolel is analytic;
we can extcnel 1V to a cOluplcte totally geodesie quc.'l,ternionic Kiihlcl' ~lu-\.nifold l'\T of
cons..ta,nt nega.tive epl<:tternionic curvature. Thc group A prcs'erves 1V a,nd induccs
on 1V a. onc-para.ll1etcr group of non iScHl1ctric quaternionie transfornuüions. This is
ilnpossiblc by Proposition 1: since thc universal cover of thc i\r is iSolnctric to thc
quatcrnionic Lobachevsky spacc. This contradiction provcs the Thcorcln.

P'f'oo/ 0/ TheO'tern 2. 1) Let J.\1 = IHIIJ bc thc quatcrnionic vcctor spacc \vi th thc
standard quaternionie structure Q and the standard Hat lllctric go. The Levi-Civita
connection \7' uf any Q-Kä,hler Inetric g' is rclated with thc Levi-Civita conncction
VA of 90 by

v' = V O + Sf.

where eis an cxact I-fann: say
1

~ = --elfI.., :2 . ,

anel ,
IJ " °4 9 =e0e- L(t o .]n)0(E.O.]Cl)-V e

Cl
(Sec thc proof of Prop.2). This fornntla Inay bc \vrittcn as

l/g' = 2e- f [vo'l] - 2e- f II(1] (3) I])]

where

(13)

(14)

(15 )

anel Z = grad cf = g-I or} is a gradient. quaternionic vector field.
Since go is R,icci Hat: Z is affine (sec corollary 4) anel hence it. can bc writtcn as

Z(:r;) = A:c + b A E glt(IH!), b E JH[1I :c E JH["

where glt (IHI) is thc spa,cc af sj-'lllnlctric qluüernionic linear enelonlorphislllS of JH[JI .

Indeecl \70 Z = A is an enclcHl10rphislll of IHI" which conulnttcs with Q, by Lcnllna
1: anel it is sYllulletl'ic \vi t.h respect to go. Hellce t.he potenbaI function of Z llU1Y
be writtcn as

x E IHIll (1G)

anel

Reillal'k that A is llot negativcly elefineel : A 2: O. In fact; thc follo\ving 11101'C

st.rong statclnent is true.



Lenll11a 5. E-ithcT' 04 i8 pU8'itively defi:ncrl 01' A = 0,

PTOUj. ASSUlnC that 04:/; = - /\x: :t: =1= 0: /\ > 0, Thcn l'estriction of (16) to the line
t~c givcs

f( Lc) _ 1 '2 \ (' ') (b')e - -"2t / go :1-, x + tgo ,:1, + Cl V t E IR

anel this is a contl'adiction.

Now we provc that 0 E Il"n,A, Inclcecl, let \vritc 0 = 01 + b2 whcre b] E Il"17.o4 <.'I.,nel
b2 E (I,.no4)..l: then

Vt E IR

and henee 02 = O.
Let U8 put now y = x - Xo \vhcre Z(xo) =Axo + b = O. Then in ne\\' coordinates

y thc vcctor field Z i8 given by

Z(y) = Ay

anel (14) can bc written as

(17)

In thc origin y = 0 \ve have ,
1/ ,
~c]g=gooA
2

If p' = 0 thcn A = 0, If 1/ =I=- 0 then 04 i8 positively clefincd anel p' > 0, This proves
Lel11n1a..

Continnatiou 01 pruof 0/ TheOT'CTlJ. 2. No\v wc finish thc proof of thc first part of thc
Thcoren1,

II' A = 0 then ~ = 0 anel v' = V o is a. fia..t. conncction: henee g' is Hat.

II' A > °then (17) givcs

4 4
.rJ1'Y = -[ho - -fI(ho 0 y (8) ho 0 V)]

, 11' q q

whcre 11. 0 = go 0 A i8 a fiat quatcrnionic Kiihlcr llwtric on !HI TJ anel q = ho(y, y) + CI .

This i8 cxactly t.he ca,nonical cxprcssion 1'01' a stanclarcl quaternionie I\:~ihler lnetric
uf IHLP IJ (Sec for cxaluplc [6]).

To prove thc seconcl petrt we neecl thc I'ollowing IClluna.



Lenll11a 6. Let (111,9) be (L simply Gonnected complete Ricm,aHn:ta1l. 1naHijold with
the de Rham, dCOJ111,]JusitioTl'

9 = 90 +9 [ +... +gt :

WhCTC !Ja 'is thc fiat 1fl.cb··ic and gi: i > 0 'is an 'in'cduciblc 1fl.CtTic on lVIi. Then (Lny

Ric17/.annian 1fl.cb"tc un 1\1 wdh the sam,c Lcvi-Civita conncction (LS 9 is givcn by

WhC1'C /\i = COf1.-:.t > 0 und Ao is a ]Jositively dcfined cndonu)'rph'ism, of IR k.

P7'oof of thc LC1n1na. The field of endonlorphisnls A = 9- 1 0 .(; iSA parallel wit.h
respcct to the Levi-Civita. eonnection of thc lllctric 9 anel, henee, it. eOllllllut.es with
thc holononlY grollp. By Schur lennna, it ean be writ.ten as

whcre Ao > 0 is a eonstant. cndolllorphisln. This proves the lenuna.

Now \ve provc the statclllent. 2).

Pt'uof 0/ thc state1nent 2. Lct (1\1: 9, Q) be a non Hat qlla.ternionic K~l.hlcr nlanifold
with IJ = 0 and r/ a Q-K~ihlcr nletric Oll id. Dcnotc by Z the gra,elient quatcrnionie
veetor fielel on 1\1, assoeia.tcd wi th 9, r/ b:y Proposition 2. Thc proposi tion :3 and
Coro11ar:y 4 show that Z is an affine (eolnplcte) veetor field and t.he field L z is
parallel. Applying the lenullH. to thc lnctrics g, Ti = (exp tZ) *g, one can casily check
that the field Z cau be writt.en as Z = Za + Zl + ... + Zt, \vhcre Zj is an affine
gradient vector field on (lVIi, gd. IvIoreo"cr, LZi = /\ i Id fori > 0, that is Z i is
an infinit.csilnal hOlllothety. Sinec on an irrcdueiblc lnanifold (J\1i : .(li) t.herc is no
non trivial hOlllothetic transfonnat.ion anel parallel veetor field : we conclude that
/\1 = ... = /\( = 0 anel, hcnec, Zi = 0 fori > O. This iIllplies that the nlctrie g'
ean be clceonlposcd into t.hc elireet Sl1111 of SOlllC Inetric Ti on Jfif = 1\11 X ... X lvi{
\vhich has thc Si:une Levi-Civita cOllncct.ioll ns g[ +... +gt anel a Ricci-fta.t Q-I(~ihlcr

lllctric gb on H~·. Thc sta,tclllent 2) fo11o\vs now frolll stat.cnwnt. 1) anel thc Lcnnna.

Proo/ 0/ thc c01·olla7·Y. 1) Let 'P bc a quatcrnionic transfornuüion of (J\1, g, Q). Ap
plying Theorclll 2 to thc lnctrie 9' = 'P*g, wc get. 'P*\lY = \7~. ,11 = \7,11. (In thc Hat.
casc we take into aceount that thc lnctric 'P* 9 is Ha.t and hencc !.p*.iJ = 9 0 A for
SOllle constant. enelolllorphisnl A.) 2) Now wc \vill aSSUllle that there is no Hat faetor
in thc ele Rha,nl elcconlposition (5) anel we denotc by D i the tangent distribution
of the factor 1\1; ,i = 1: ... , I. Sinee the dis t.ri butions D i elcpcnel only on thc eOll
nection \lY anel any quat.ernionic transfonna.tioll of 1\1 is a,ffine, any one~pa,nl.llletrie

group 'Pt of quatcrnionic trausfonnations prcservcs thc distributions D; anel, hcncc,

Ir;



induces on (1l1i:!./i) an one-panunet,ric group Bi of affine transf()nnations. Sincc
(J\1i; gd is an irrcduciblc lnanifold, the group Bi prcservcs the nlctric. This shows
tha.t Allto(Q) C Allto(Q,g) and provcs thc dircct staternent. of 2). Thc inverse
staterncnt is inllnecliatc. 3) \\Te IHny nSSUll1C as before that thcre is no Hat factor in
(5). Let, lp be a quaternionie transfonna.t.ion. If it prcserves all distributions D i we
condudc as before that it is a.n isennctry. In thc oppositc case it induccs sorne non
trivial pcrrulltation of thc set of the distributions. Let cho08e thc index 'i such tha.t
r.p* D i = DJ; -i i= j. Thc lcnuna shows that r.p inehlces an hornothctic diffcolnorphislll
of 1l1j onto l1ij . This provcs thc corollary.
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