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ENDS OF THE MODULI SPACE OF HIGGS BUNDLES

RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT

ABSTRACT. We associate to each stable Higgs pair (Ao, ®o) on a com-
pact Riemann surface X a singular limiting configuration (Ae, Peo ), as-
suming that det ® has only simple zeroes. We then prove a desingulariza-
tion theorem by constructing a family of solutions (A¢,t®:) to Hitchin’s
equations which converge to this limiting configuration as t — co. This
provides a new proof, via gluing methods, for elements in the ends of
the Higgs bundle moduli space and identifies a dense open subset of the
boundary of the compactification of this moduli space.

1. INTRODUCTION

The moduli space of solutions to Hitchin’s equations on a compact Rie-
mann surface occupies a privileged position at the cross-roads of gauge-
theoretic geometric analysis, geometric topology and the emerging field of
higher Teichmiiller theory. These are equations for a pair (A, ®), where A
is a unitary connection on a Hermitian vector bundle F over a Riemann
surface X, and ® an End(E)-valued (1,0)-form (the ‘Higgs field’). We will
mostly be concerned with the fixed determinant case, i.e. we consider only
connections which induce a fixed connection on the determinant line bundle
of E and trace-free Higgs fields. Then the equations read

1) Fi+[®A®*]=0
0P = 0.

Here F; is the trace-free part of the curvature of A, which is a 2-form with
values in the skew-Hermitian endomorphisms of £, and ®* is computed with
respect to the Hermitian metric on E. We always assume that X is compact
below, and we also assume that the genus of X is bigger than 1.

The initial motivation for these is that, when & is the trivial rank 2
bundle, they are the two-dimensional reduction of the standard self-dual
Yang-Mills system, i.e., from X x R? to X. However, these equations make
sense for higher rank nontrivial bundles, and have also been studied when
X is a higher dimensional Kéhler manifold [Si88] [Si92]. Beyond this initial
presentation, they can also be studied by more purely algebraic and topo-
logical methods in terms of representations of (a central extension of) the
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2 RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT

fundamental group of X into the Lie group SL(r,C), r = rk(E) (see [Gol2]
and references therein).

In his initial paper on these equations [Hi87], Hitchin established the
existence of a unique solution of these equations in the complex gauge orbit
of any given initial pair (Ag, ®o) which satisfy a stability condition slightly
weaker than the standard slope stability condition for E alone. He went on
to prove that the moduli space of solutions M enjoys many nice properties.
In particular, when rk(E) = 2 and the degree of E is odd, then M is a
smooth manifold of dimension 12y — 12, where « is the genus of X. (In
other cases it is at least a quasi-projective variety, but we shall focus on
this simplest setting.) Furthermore, it has a natural hyperkéhler metric g of
Weil-Petersson type, with respect to which it is complete. In the intervening
years, much has been learned about its topology and many other features.
However, surprisingly little is known about the metric structure at infinity.

In the past few years, however, a very intriguing conceptual picture has
emerged through the work of Gaiotto, Moore and Neitzke [GMNI0]. As part
of a much broader picture concerning hyperkéhler metrics on holomorphic
integrable systems, they describe a decomposition of the natural metric g on
M as a leading term (the semiflat metric in the language of [Fr99]) plus an
asymptotic series of non-perturbative corrections, which decay exponentially
in the distance from some fixed point. The coeflicients of these correction
terms are given there in terms of a priori divergent expressions coming from
a wall-crossing formalism.

A further motivation is Hausel’s result about the vanishing of the image
of compactly supported cohomology in the ordinary cohomology [Ha99]. In
analogy with Sen’s conjecture about the L2-cohomology of the monopole
moduli spaces [Se94], he conjectured further that the L2-cohomology of the
Higgs bundle moduli space must vanish. Partial confirmation of this conjec-
ture were established shortly afterwards by Hitchin [Hi00] who showed that
the L2-cohomology is concentrated in the middle degree. Closely related
results about L2-cohomology of gravitational instantons, and partial con-
firmation of Sen’s conjecture, were obtained by Hausel, Hunsicker and the
first author [HHMO5]. These papers suggest that results of this type about
L?-cohomology rely on a better understanding of the metric asymptotics on
M.

One other recent development is contained in the recent pair of papers
by Taubes [Tal3.1l [Tal3.2]. His setting is for a closely related gauge theory
on three-manifolds with gauge group SL(2,C), but he notes there that his
results transfer simply (and presumably with fewer technicalities) to the case
of surfaces. He proves a compactness theorem for those equations focusing
on the specific problems caused by the noncompactness of the underlying
group (SL(2,C) rather than SU(2)). More specifically, he is able to deduce
information about limiting behavior of solutions which diverge in a specific
way in the moduli space. While the results in our paper are partly subsumed
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by those of Taubes, we hope that the constructive perspective adopted here
will be of value in the various types of questions described above.

We can now describe our work and the results in this paper. Our initial
motivation was to reach a more detailed understanding of the structure of
the space M near its asymptotic boundary, with the hope of using this to
obtain information about the structure of the metric g there. We do this by,
in essence, reproving Hitchin’s result for solutions which lie sufficiently far
out in M. We make here the simplifying assumption that the Higgs field ®
is simple, in the sense that its determinant has simple zeroes. This implies,
in particular, the stability (and thus the simplicity) of the pair (E, ®) in the
sense of Hitchin. We first consider a family of ‘limiting configurations’, con-
sisting of certain singular pairs (Ae, P ) which satisfy a decoupled version
of Hitchin’s equations, namely

Fi, =0, [2uA®L]=0, 04,Pe=0.

Thus each Ay is projectively flat with simple poles, while the limiting Higgs
fields are holomorphic with respect to these connections and have a specified
behavior near these poles.

Theorem 1.1 (Existence and deformation theory of limiting configura-
tions). Let (Ap, ®g) be any pair such that q := det D¢ has only simple zeroes.
Then there exists a complex gauge transformation geo on X< = X ~ ¢ 1(0)
which transforms (Ao, ®o) into a limiting configuration. Furthermore, the
space of limiting configurations with fized determinant q € H 0(Kgf) having
simple zeroes is a torus of dimension 6y — 6, where v is the genus of X.

We also consider the family of desingularizing ‘fiducial solutions’ which
will be used to ‘round off’ the singularities in these limiting configurations.
These fiducial solutions are an explicit family of radial solutions on C, the
existence of which was pointed out to us by Neitzke, but since there does
not seem to be an easily available reference for them in the literature, we
provide a fairly complete derivation of their properties here.

With these two types of components, we now pursue a standard strategy
to construct exact solutions. Namely, we construct families of approximate
solutions, which lie in the gauge orbit of some (A,t®) for ¢ large, and then
use the linearization of a relevant elliptic operator to correct these approxi-
mate solutions to exact solutions. This yields the

Theorem 1.2 (Desingularization theorem). If (Ac,Poo) is a limiting con-
figuration, then there exists a family (Ay, ®¢) of solutions of the rescaled
Hitchin equation

Fi+t2[@A0*]=0, 04D =0
provided t is sufficiently large, where

(Atvq)t) - (Aoov (I><><>)



4 RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT

ast / oo, locally uniformly on X along with all derivatives, at an exponen-
tial rate in t. Furthermore, (A¢, @) is complex gauge equivalent to (Ag, ®o)
if (Ao, Poo) is the limiting configuration associated with (Ag, ®o).

In particular, we obtain Hitchin’s existence theorem for pairs (A, t®) when
t is large and det ® has simple zeroes. The advantage of this method is that
we obtain precise estimates on the shape of these solutions. This mirrors
precisely what is obtained in [Tal3.1, [Tal3.2], and it is not hard to deduce
from this that the Weil-Petersson metric g does indeed decompose as a
principal term (essentially given by the deformation theory of the limiting
configurations) and an exponentially decreasing error. While we are able
to capture the correct exponential rate, our method at present includes an
extra polynomial factor, so in particular we are not yet able to say anything
about the leading coefficient of the first decaying term.

To understand the entire end of the moduli space M (when the degree of E
is odd), one must also consider non-simple Higgs fields. When the simplicity
condition fails, the desingularizing fiducial solutions must be replaced by
some more complicated special solutions. These new fiducial solutions are
being studied in the ongoing thesis work of Laura Fredrickson, and it is
expected that these gluing methods will adapt readily to incorporate her
‘multi-pole’ fiducial solutions.
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2. PRELIMINARIES ON GAUGE THEORY AND HIGGS BUNDLES

2.1. Holomorphic vector bundles. To fix notation, we briefly recall some
classical facts about gauge theory and holomorphic vector bundles. Good
general references are [Ko87, Chapter I and VII] or [WGP08, Chapter III
and Appendix].

Let X be a Riemann surface of genus « > 2 with canonical line bundle
Kx, which we usually denote just as K. We also fix a metric on X in the
designated conformal class. Consider a complex vector bundle £ - X of
rank 7 = rk(E) and degree d = deg(FE), where by definition, d is the degree
of the complex line bundle det £ = A"E. The slope or normalized degree of
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Eis
= p(B) = deg(E) [ rk(E).

Up to smooth isomorphism, the pair (r,d) determines E completely [LeP97,
Chapter 1.3]. We write GL(E) and SL(E) for the bundles of automorphisms,
and automorphisms with determinant one, of F, and set gl(F) = EQ E*, with
s[(E) the subbundle of trace-free endomorphisms. The sections I'(GL(E))
and I'(SL(E)) are the complex gauge transformations in this theory; these
are infinite-dimensional Lie groups in the sense of [Mi84], with Lie algebras
Q(gl(F)) and Q°(sl(E)), respectively. A Hermitian metric H on the fibres
of E determines the bundles U(E, H) and SU(FE, H) of unitary and special
unitary automorphisms of (E, H); the corresponding Lie algebra bundles
are W(E, H) and su(E, H). The sections I'(U(F, H)) are the unitary gauge
transformations. For simplicity we usually omit mention of the metric H in
this notation.

The affine space U(FE) of unitary connections (with respect to H) has
QY(u(E)) as its group of translations. The action of the unitary gauge
group U(FE) on U(F) is the familiar one:

(2) da v+ dag ::gilodAog:dA-i-g*ldAg.

In the sequel, we tacitly fix a base connection Ay, which we may as well
assume to be flat, and then identify an arbitrary unitary connection A with
an element in Q!(su(E)). The covariant derivative dq : Q°(F) - QY(E)
satisfies dH (s1,82) = H(das1,s2) + H(s1,das2); in a local trivialization,
das = ds+ As, where d is the usual differential and the connection matriz A
is a matrix-valued 1-form. Under a local change of frame or gauge g : U —
GL(r), the connection matrix transforms as

A A9 = g_lAg + g_ldg

which is consistent with Eq. . In a Hermitian frame (s1,...,87), A is
u(r)-valued. These three perspectives, regarding A as a point in U(F), a
covariant derivative d4 or as a connection matrix, are used interchangeably
below. In particular, A = 0 can mean that A is the base connection, that d
is given locally as d, or that the connection matrix vanishes.

From the natural extension da : QP(E) — QP*1(E) we obtain the curva-
ture of A, Fy =daods € Q*(u(E)), which satisfies the familiar transforma-
tion rule

F A9 = g_lF AQ-
A unitary connection induces a unitary connection on any bundle derived
from (F,H), and in particular, this connection on det E is written det A.
By Chern-Weil theory, the degree of E equals

d:i/ TrFA:if Feq .
2m JX 2w JX

We now explain the action of the complex gauge group on connections.
An atlas of holomorphic trivializations of E defines a holomorphic structure



6 RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT

on E, and the Cauchy-Riemann operator 9 acting on C"-valued functions in
any local holomorphic chart yields a global pseudo-connection 0g : Q°(E) —
QO%L(E), where g 0 0 = 0. Conversely, any such pseudo-connection defines
a holomorphic structure. Since 5% = 0 holds trivially on a Riemann surface,
any choice of pseudo-connection (which always exists) defines a holomorphic
structure on E. The space of pseudo-connections C(E) is once again affine,
and modelled on Q%!(gl(E)). In a local holomorphic trivialization, Ogs =
Js+as, so that O = 0. We also write J, for r when we wish to emphasize
the connection matrix. When there is no risk of confusion, we simply write
0 for O or J,. The complex gauge group I'(GL(FE)) acts on C(E) by

C(E) - C(E), Do 7> Do ::g_loéaogzéa—i-g_léag,

As before, the transformation rule for the connection matrix o under local
gauge transformations is

ara?=glag+g 'y

If A is a unitary connection (for some fixed Hermitian metric H), then
the projection of d4 onto (0,1) forms,

da=p® ody,

is a pseudo-connection and hence determines a holomorphic structure; we
also define 94 = pr'¥ o d4. Conversely, given the Hermitian metric H, then
to any pseudo-connection d, we can uniquely associate a unitary connection
A = A(H,0,); this is the so-called Chern connection, which has 94 = 0,.
This correspondence is given by

C(E)-U(E,H), a~ A(H,0d,)

where 04 = 04y 5,) is determined by the identity O(H (s1,52)) = H(Ou51,52)+
H(s1,0482). In terms of local connections matrices,

A(H,04) =a—a”.

The natural action of T'(U(E, H)) on U(E, H) thus extends to an action by
elements of I'(GL(E)) by

A(H,04,)9 := A(H,049)
or equivalently,
1

(3) dAg=5Ag+8Ag:=g_105Aog+g*oaAog*_.

Note that this reduces to the action of when g € I'(U(E,H)). The
curvature transforms as

(4) Fao =g " (Fa+04(G-04G™))g

where G = gg~.
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2.2. Hitchin’s equations. Fix a Hermitian vector bundle (E, H) - X of
rank r and degree d. We shall be studying solutions (A, ®) of Hitchin’s
self-duality equations [Hi87]

(5) Fp+ [P AP —iu(E)ldpw,
oa® = 0.

Here A e U(E) and ® € Q10(gl(E)) is called a Higgs field.

The unitary gauge group I'(U(FE)) acts on Higgs fields by conjugation
®9 := g7 '®g and it is not hard to see that it therefore acts on the solu-
tion space of . Moreover, any solution (A, ®) determines a Higgs bundle
(0,®), i.e. a holomorphic structure 0 = d4 for which ® is holomorphic:
® e H'(X,End(E)®K). To do so we simply forget the first equation in ().
Conversely, given a Higgs bundle (9, ®), we ask whether 0 can be extended
to a unitary connection A such that the first Hitchin equation holds. We
say that a Higgs bundle (9, ®) is stable if and only if u(F) < pu(E) for any
nontrivial proper ®-invariant holomorphic subbundle F. (This ®-invariance
means that ®(F)c F® K.)

Example. The determinant of a Higgs field ® is the holomorphic quadratic
differential det ® ¢ H°(X, K?). Since any holomorphic section of K? has
precisely 4(y — 1) zeroes (counted with multiplicity) and we are assuming
that v > 1, the set pg of zeroes of det ® is nonempty, and we write Xg =
X N pp ¢ X for its complement. (When there is no risk of confusion, we
simply write p and X™*.) A Higgs field is called simple if the zeroes of det ®
are simple; in this case, pg has precisely 4(y — 1) zeroes, and by a standard
local computation, if p € pg, then there exists a holomorphic coordinate
chart centered at p such that det ® = —zdz%. We always work with such a
coordinate system near each p and write ® = pdz so that det ® = det p dz>.
For instance, the so-called fiducial Higgs field CID?d, t < oo which will be
constructed in Section |3|is simple in this sense.

When the rank of F is 2 and ® is a simple Higgs field, then necessarily
the Higgs pair (F, ®) is stable. Indeed, if there were to exist a holomorphic
line bundle L c F which is preserved by ®, then there are local holomorphic
coordinates and frames such that

a(z) b(z)
d=p(z)dz = ( 0 c(z)) dz,

where a(z), b(z) and c(z) are holomorphic functions. Thus det ®(z) =
a(z)c(z). Hence if this determinant vanishes simply at z = 0, then either
a(0) =0 or ¢(0) = 0, but not both. On the other hand, a(z) and c¢(z) are
the eigenvalues of the coefficient matrix ¢(z), and by assumption, tr¢ =0,
ie., a(z) +c(z) = 0, so if one of these terms vanishes then so must the
other. We are grateful to Richard Wentworth for pointing out this simple
but important fact.
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More generally, (E, 0, ®) is called polystable if (E, 0, ®) = ®(E;,0;, ®;) is
a direct holomorphic sum of stable pairs (E,d;, ®;) such that u(E) = u(E;)
for all j. (Poly-)stability is clearly preserved by the action of the complex
gauge group.

Theorem A (Hitchin, Simpson). In the I'(GL(FE))-orbit of the Higgs
bundle (0, ®), there exists a pseudo-connection which can be extended to a
unitary connection A solving if and only if (0,®) is polystable. The
connection A is unique up to unitary gauge transformation.

This is due to Hitchin [Hi87] in the rank 2 case, and to Simpson [Si88),[Si92]
for higher rank.

Remark. Theorem A is an existence theorem for a complex gauge trans-
formation: if A = A(H,d) is the Chern connection associated with the
polystable Higgs bundle (9, ®), then there exists (up to I'(U(E))) a unique
g € T'(GL(FE)) such that (A, ®)9 := (A9, ®Y) is a solution to ().

This result means that the moduli space
Mgr(r,d) = {(0,®) | (0, ®) polystable}/T(GL(E))
of polystable bundles is identified with the space of solutions of modulo

unitary gauge transformations:

Mar(r,d) 2 {(A,®) | solution of (§)}/T'(U(E)).

Theorem B (Hitchin, Nitsure, Simpson). The moduli space Mgy (r,d) is
a quasi-projective variety of (complex) dimension 2 + 7'2(27— 2). It contains
MGy, the moduli space of stable Higgs bundles, as a smooth Zariski open
set.

This again due to Hitchin [Hi87] and Simpson [Si88] in the rank 2 and
higher rank cases, respectively, and also to Nitsure [Ni91], who proved it
using GIT methods.

Remark. If ged(r,d) = 1, a polystable bundle is necessarily stable so that
Mgqr(r,d) is a smooth, quasiprojective variety.

SinceﬁQl(u(E)) = QO(gl(F)) = A, the solution space of () is a subspace
of Ax A. There is a natural L?-Hermitian inner product
6)  ((A ), (B,1)) :ifXTr(A*/\B+B*/\A+<§/\¢'*+\i}/\(§*),
and using this, A x A carries a natural flat hyperkihler metric. An infinite-
dimensional variant of the hyperkahler quotient construction [HKLR&7] yields

Theorem C (Hitchin). The space M (r,d) carries a natural hyperkdhler
metric; this metric is complete when ged(r,d) = 1.

In this paper we fix the determinant line bundle of E. According to the
splitting u(r) = su(r) @ u(1l), where su(r) is the set of trace-free elements of
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the Lie algbera u(r) and u(1) = iR, the bundle u(E) splits as su(E) ®@iR. If
A is a unitary connection, then its curvature F4 decomposes as

1
FAsz+—Tr(FA)®IdE,
T

where '} € Q*(su(F)) is the trace-free part of the curvature and 1 Tr(F4) ®
Idg is the pure trace or central part, see e.g. [LeP92]. Note that Tr(Fy4) €
O2(iR) is precisely the curvature of the induced connection on det E. Let
us fix a background connection Ay from now on and consider only those
connections A which induce the same connection on det ' as Ay does, i.e.
A = Ag + a where o € Q! (su(E)); in other words, any such A is trace-free
“relative” to Ag. We may now consider the pair of equations

@ Fi+[®@nd] = 0,
9a® = 0,

for A trace-free relative to Ag. Since the trace of a holomorphic Higgs
field is constant, we may as well restrict to trace-free Higgs fields & €
QLO(sI(E)). There always exists a unitary connection Ag on E such that
Tr Fa, = —ideg(E)w, and with this as background connection, a solution of
provides a solution to , even though the latter system is a priori more
stringent.

Define the moduli space

MG (r,d) = {(Ag + o, @) | solution of (7)}/T(SU(E)).

This does not depend in an essential way on the choice of the background
connection Ag, we will choose Ag as convenience dictates.

The choices above correspond to fixing a holomorphic structure Oqet 5 on
det E. We set

My (r,d) = {(0,®) polystable | d induces Oget g, Tr ® = 0}/T(SL(E)).
The Kobayashi-Hitchin correspondence asserts that
METE(r, d) 2 Mg (r,d).

The previous theorems carry over directly to the fixed determinant case,
so in particular Mg, (r,d) is a smooth quasiprojective variety of complex
dimension (r? - 1)(2y - 2), with a hyperkihler metric which is complete
provided ged(r,d) = 1.

Remark. If we were to consider the space of pairs (A, ®) € Ag x Ay which
solve modulo the gauge group of the principal PU(r)-bundle, then non-
trivial isotropy groups necessarily occur, and hence the resulting moduli
space is singular, cf. Hitchin’s example [Hi87, p. 87]. It is therefore advan-
tageous to work in the vector bundle setting.

Conventions: For the rest of the paper, unless mentioned otherwise, we
restrict attention solely to the fixed determinant case for complex vector
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bundles of rank r = 2, and with degree d odd (so ged(r,d) = 1). We also
write

M= Mg (r,d), G°:=T(SL(E)) and G:=T(SU(E));

these are the moduli space of Higgs bundles, and the complexr and unitary
gauge groups, respectively. These assumptions imply that M is a smooth
quasiprojective variety of real dimension 12(y — 1) with a complete hy-
perkahler metric.

3. THE FIDUCIAL SOLUTION

Our first goal is to determine the model ‘fiducial’ solutions of Hitchin’s
equations for Higgs fields with simple zeroes. These are the elements of a
one-parameter radial family of ‘radial’ global solutions on R?, and are a key
ingredient in the gluing construction below. The limiting element of this
family is a pair (A9, ®fd) which is singular at 0 and satisfies a decoupled
version of Hitchin’s equations:

(8) Fua=0, [®8A(®0)]=0, and  9,m®i =0.

The other elements of the family, (A4, t®i9) 0 <t < 0o, are smooth across
0, satisfy (b)) (since E is trivial on C, p(E) = 0) and desingularize the limiting
element. The existence of this family has been known for some time. Some
version of it appears at least as far back as the paper of Ceccotti and Vafa
[CeVa93|, but see also the more recent paper of Gaiotto, Moore and Neitzke
[GMN13]. Its existence can also be deduced from the work of Biquard and
Boalch [BiBo04], although their method does not give the explicit formula
for it. In any case, we present an explicit derivation of this family of solutions
since this does not seem to appear in the literature. We are very grateful to
Andy Neitzke for bringing this family of fiducial solutions to our attention
and for explaining its main properties to us. We note that similar fiducial
solutions in more general settings, e.g. Higgs fields with determinants having
non-simple zeroes, or for higher rank groups, are being constructed in the
forthcoming thesis of Laura Fredrickson [F] at UT Austin.
We begin with a useful lemma.

Lemma 3.1. Let ® and @' be two Higgs fields on X with det ® = det ®’ such
that both ® and ®" are normal on X*. Then there exists a unitary gauge
transformation g on X* such that ®9 = ®’.

Proof. Since X is homotopy equivalent to a bouquet of circles, any complex
vector bundle over X is topologically trivial. More generally, any fibre
bundle with connected fibre admits a global section over X*. In particular
we may identify ® and ®’ with functions ¢, ¢’ : X* - s[(2,C). Since ¢ and
¢’ are pointwise normal and have the same determinant, then locally on X~
we can find unitary gauge transformations ¢ such that ¢ 'pg = ¢'. Hence

Cor ={(p,gp) € X* xSU(2) | g, 0(p)gp = ¢’ ()} > X
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is a smooth fibre bundle. The typical fiber is diffeomorphic to the pointwise

stabilizer
A0 T 0
StabSU(Q) (0 _)\)Z{(O 7__)'7'651}

which is a maximal torus S' c SU(2). Since this is connected, there exists
a global section over X*. O

3.1. The limiting fiducial connection. We first determine the limiting
fiducial solution (A4, ®id) where Al is flat and ®f is normal. In fact, we
show that any pair (A, ®) on C, where A is a flat unitary connection with a
simple pole at 0 and @ is a normal Higgs field vanishing only at 0 and with
a simple zero there, can be modified by a unitary gauge transformation to
this particular model.

The construction below can be carried out either on all of C or else over
an open disc D centered at 0. To be specific, we suppose the latter. As
usual, D* = D~ {0}.

Let @ be normal. If @ is a simple Higgs field on D, there is a complex
coordinate z such that det ® = —zdz? on D. Fix a Hermitian metric H on F
and corresponding unitary frame so that E|px = D*xC2. Define the limiting
fiducial Higgs field with respect to this frame by

0 z
(9) Pfid = Hfid g, .= (_ A ’)dz.

N
This is continuous on D and smooth on D*. By Lemma since det ®fid =
det @, there is a unitary gauge transformation g on D*, unique up to the
unitary stabilizer of ®19, which brings ® into this fiducial form, that is,
g ®g = 1 over D*. The infinitesimal complex stabilizer of ®1d is the
bundle

Lgna = {y esl(E) : [v, @8] = 0}

In this fixed unitary frame, v € QO(DX,Lgid) if and only if

0 1 y
(10) W=M(i| 0), p:D* - C.

z
Note that -, is skew-Hermitian if and only if ey + i = 0 (where z = ret?);
this reflects the fact that this bundle of unitary stabilizers is a nontrivial
S-bundle over D* (cf. also the end of the proof of Lemma [4.6]).

Proposition 3.2. Let A be a flat unitary connection over D™ with respect
to which ®84 is holomorphic. Then there exists a unique unitary gauge
transformation g € T(D*,SU(E)) stabilizing ®1¢ and such that

11 0)\(dz dZz
11 A9 = Afid .- 2 (__ )
(11) i 8(0 _1) S

Note that this limiting fiducial solution (Aﬁg‘, CIJES) 1s defined with respect to
a fized unitary fiducial frame.
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Proof. Write A = A,dr + Apdf and name the components of these coefficient
matrices with respect to the chosen fiducial frame as

i w i v
Ar= (—u_) —iﬁ)’ Ao = (—@ —m)
i0

where o, §: D* - R and v, w: D* — C are all smooth, and z = re®.

We now show how the fact that ® is holomorphic and A is flat restricts
these coefficients, and then use this information to gauge away the off-
diagonal terms.

® holomorphic: We compute the terms in the equality
040L = 0L + [AY! A D] = 0.

First,
14 0 1Y\ _
(12) oo = 1rz e'? (—ew 0) dz Adz.
Next, using dr = ( “0dz +€dz) and df = ( “0dz - €dz), we have
[0 - 2
0,1 _ 1,6 j __ 1o -FFiB w+ v\
A" = 5" (A + 1 Ag)dZ = e (_UI)_ %17 %_Zfﬁ)dz,
so that
(13) [A% A0y
1 12,0 69w+w+l(ezev+v) 2(-= +1ip) _
Y 2" (2 - iB) (e“gw+w+ L(efv+1)) dzndz
Adding (12)) to and equating coefficients to zero gives a = %1, 6 =0, and

(14) e +7=e%w+w=0.

We have used here the identity e®u + @ = 2¢/? Re(e?/?u) (for any u) to
separate into real and imaginary parts. Altogether, we have now obtained

that
O O P L df and
(15) -w 0 -0 —/4
1 i
Ao’l_%ew( T ”)dz
—w-gU

with v, w subject to .
Flatness: The equation F4 = 0 expands as
87~A9 - 89147« + [AT, Ag] =

Substituting the expressions for A, and Ay above now give that Im(wv) = 0,
which is in fact the same as , and more significantly,

(16) Orv = 1 Pw, where P = %89 +3.
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We now wish to find a gauge transformation g, in the stabilizer of Pfid
which simplifies A even further. We assume that g, is the exponential of
some section 7, of the infinitesimal stabilizer bundle, so using the earlier
expression for vy, we have that

(17) B cosh (eie/Qu) e ™12 sinh (eie/Qu) o m om

9u = e9/2 ginh (eiG/Qlu) cosh (ew/Q,u) = 6“9772 m)’
where the final equality defines n; and 72. Note that although e*012 ig only
defined on the slit domain D* = D*\ (=1,0), both 7; and 72 make sense on
all of D*.

Now, (A%1)9x = glzlAO’lg# + g;lég#, so we compute
gqég _ ( 219 2/47“ e_ioD/,L + 4_17"61'9,’71772) .
7 1Y DM 1 2@9771772 219 2/4?” ’
where we have written
D= ei@/Qazeie/Z
and are using the identity 1]% —en2 = 1. Setting U = w+ (i/r)v, and recalling
from that w + ;v = —-e"U, then further computation gives
101, Lo (—‘(1/47”)(771 +en3) U= (1/2r)mne ) &
m T (1 2rymme v U) (1/4r) (0 + €3)
Adding these terms together yields

1 0 —10 1 16
5. e“Du+zeU\ ,_
(18) (ACLyon = (DM | eMU iei ) dz.
8r

Recall that our goal is to gauge avvay the off-diagonal components. To do
this, we must choose p so that Dy + eQZGU 0. Using that

0
(8 —E), and 8 —5610(8 + 89)

we write this equation, in terms of the operator P in , as
(19) (O - 1P),u = U= —w- Lo
r r

We solve this in a slightly unexpected way, by showing that the individual
equations O.u = —w, Pup = iv are compatible. Indeed, 9.Pu = PO,y is the
same as O, (iv) = P(-w), which follows precisely from the flatness of A (as
must be the case!). Noting that P is invertible, we can now simply take
p=P71(iv), and this satisfies both equations.

The final point is that if we write P = —-Q, where Q = P—1, then Q(e?p) =
e’ Py, so that

Qe u+p) =" Pu=Pp= v - (iv) =i(e"v +0) =0,
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by again. Since Q is also invertible, ey + i = 0, hence Y is skew-
Hermitian and g, is a unitary gauge transformation, so that A9 is still
flat. O

3.2. The desingularized fiducial solutions. We now find a family of
solutions (A, ®fid) of Hitchin’s rescaled equation

(20) Hi(A, @) = (Fg+t2[®AD*],04®), t>0,

which are smooth across z = 0 and which converge to (A1, ®id) as ¢ » oo.
Since this limiting pair is purely diagonal and purely off-diagonal, respec-
tively, in the fiducial frame, it is natural to impose that Afld and ®fid have
the same form. Thus we make the ansatz that in the same fiducial frame,

1 0 - =
O G
(21) 1/2 ke (r)
fid fid 0 rlfentt’
Dy =pdz = (r1/2ei9€—ht(r) 0 dz.

We calculate that,
Fasa + [0 A (p19)"]
1= 1-
= ((jazft - —8§ft) dz A dz + 2rt? sinh(2ht)) o1
z z

1
— (—arft — 2Tt2 Slnh(2ht)) 01,
r

where o1 = ((1) _01), and in addition,

514?(1(1)?(1 = (}go?d - %[01, gofd]) dz ndz = 0.

After some computation, we are led to the pair of equations

(22) Orfu(r) = 2trsinh2h,
(23) fi(r) = % + irﬁrht(r).
Now apply 70, to and insert into to get
(24) (rd,)*h = 8t*r3 sinh 2h.

To simplify this, set p = %tr?’/z, so that rd, = %pﬁp. Writing h.(r) = ¢(p) for
some function v, we obtain

(25) (p0,)*¢ = %pQ sinh 2.

which is t-independent. Once we identify a suitable solution of this equation,
we will have the solutions

(20) M) =G, )= 5+ 3o
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of the original system. The equation is of Painlevé type. It is known
IMTWT7], [Wi01] that there exists a unique solution which decays exponen-
tially and has a the correct behavior as p - 0, namely

o U(p)~-log(p'?(E520a;p"), pN0O
(27) o W(p)~ Ko(p) ~p e, proo
e 1(p) is monotonically decreasing (and hence strictly positive).

The notation A ~ B indicates a complete asymptotic expansion. In the first
case, for example, for each N € N,

N .
P Be0) S g 13| < 0N,
§=0

with a corresponding expansion for any derivative. The function Ky(p)
is the Macdonald function (or Bessel function of imaginary argument) of
order 0; it has a complete asymptotic expansion involving terms of the form
e Pp 1?7 >0, as p— oo.

All of these calculations were sketched to us in a personal communication
by Andy Neitzke, and we gratefully acknowledge his assistance.

From we can now compute the asymptotics of fi(r) and hy(r).

Lemma 3.3. The functions fi(r) and hi(r) have the following properties:

a) As a function of r, fi has a double zero at r =0 and increases monoton-
ically from f1(0) = 0 to the limiting value 1/8 as r » oo. In particular,
0<fi<s.

b) As a function of t, f; is also monotone increasing. Further, lim »o0 ft =
foo = % uniformly in C*° on any half-line [rg, 00), for ro> 0.

c) There are uniform estimates

supr L f,(r) < C¥® and  supr2fi(r) < CtY3,

>0 >0
where C' is independent of t.
d) When t is fized and r ~ 0, hy(r) ~ —%longr bo + ..., where by is an

explicit constant. On the other hand, |hi(r)| < C’exp(—%757“3/2)/(757“3/2)1/2
uniformly fort >tg >0, r>rg>0.

Proof. Define n(p) = % + %pi/),(p), where p = %r?’ﬂ, so that fi(r) =n(p). By
@),

' (p) = Ep(¥"(p) + P74 (p)) = f5psinh(2¢(p)),
which implies that 7'(p) > 0 since ¢ > 0. In fact, also implies that
lim,- n(p) = % and

1 3 1 4day 1 4 a; 4 7
(28) n(p) ~ —+—p(————1p3 +0(p3)) = ——p3 + O(p7),
8 8 3p  3ag ag
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when p is small, so f; has a double zero at 0 as a function of r. This proves
a) and b). Substituting r = %%)2/3 now gives

%z (%)2/3 n(p) oS (%)4/371(0)

—= and == .
p2/3 r2 PUE

The estimates c) thus follow from (28)), which implies that n(p) /p*3 and
n(p)/p*? are bounded for p > 0. Finally, d) also follows directly from 7).
O

Corollary 3.4. The solutions (A4, ®89) of the rescaled Hitchin equation
are smooth at z = 0. Further, they converge exponentially in t, uniformly in
C™ on any exterior region r > 1o >0 to (A8, @fd),

Proof. The preceding Lemma gives that for fixed ¢, r'/2¢/(") ~ ¢y + ... and
rt2efei(r) o 2 4 asr — 0, and similarly, f; ~ ¢z + ..., while if r is
fixed, then

(A?dv (p?d) - (Af(‘;l;i’ q)ilcfl)

exponentially in ¢, uniformly in C* on any exterior region r > rg > 0. U

3.3. The complex gauge orbit of the fiducial solutions. We show now
that all of the fiducial solutions (A4, ®9) are equivalent under the complex
gauge action. Towards that end, define in the fixed fiducial frame the pair

Ao = 0, q)o = (2 é) dz.

Proposition 3.5. 1. Over D, the fiducial solution (A?d,Q?d) s complex
gauge equivalent to (Ao, ®o). In particular, all fiducial solutions for 0 <
t < oo are mutually complex gauge equivalent.

2. Over D*, the limiting fiducial solution (A1, &Y is complex gauge equiv-
alent to (Ao, @) by the singular gauge transformation

N
N o i)

i.e., (Ao,‘l>0)g°° = (Al;ig,q)gg)
Remark. From it follows that Afld — Ay as t - 0. However, hy(r) ~
1
—log %aoﬁtﬁ for small ¢ so that @?d actually diverges as t — 0.

Proof. The second assertion is a straightforward computation so we focus
on the first. For simplicity, omit the superscript ‘fid’ from all quantities. We
seek a complex gauge transformation of the form

g= (egt eout) e'(D,SL(E)), wup=u(r),
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so that (A, ®o)? = (A4, ®fid). Since 9 = %eie&n on rotationally symmetric
functions and Ag = 0, we have

1 5 = 15 = 1 (0u 0
1 _ 1 _ -0 [ Orl _
g 004,09=0+g 89—8+2e ( 0 —aTut)dZ'

On the other hand,

= = 1 0\dz
8At_8_ft(o _1)?
Thus g ' o D4, ©g = 0a, if and only if
1 1
Ory = —— — =0Ophy,
b 4r 2 t
which has the solution
ur = ——logr — —hy

Hence AJ = A¢; moreover

_ 0 e~ 2ut
g ®og = ( s )dz,

1 _
and e™2% = r2el | so that ¢ '®gg = Dy. O
4. LIMITING CONFIGURATIONS

We now start on the global aspects of this problem. As explained in
the introduction, our existence theorem for solutions of Eq. involves
patching together copies of the fiducial solution with what we call a limiting
configuration. We have already explored these fiducial solutions, and our
goal in this section is to describe the other building block, the limiting
configurations.

Definition 4.1. Let (9, ®) be a Higgs bundle, where ® is simple, and sup-
pose that H is a Hermitian metric on the complex vector bundle E. A
limiting configuration is a Higgs pair (Ac, Poo) over X which satisfies the
decoupled Hitchin equations

(29) Fi =0, [Pun®l]=0, 4. Po =0,

and which agrees with (Afd, ®fd) near each point of pg, with respect to
some holomorphic coordinate system and unitary frame for £. Since we are
in the fixed determinant case, we require A., and ®., to be trace-free, the
former relative to some fixed background connection.

The main objective in this section is to prove the following

Theorem 4.1. Let (0,®) be a Higgs bundle with simple Higgs field. Then
there is a Hermitian metric Hy so that if A = A(Hy,d) is the associated
Chern connection then the pair (A, ®) is complex gauge equivalent via some
transformation go, € I'(X*,SL(E)) to a limiting configuration (Ac,Pos),
i.e., (Aco,Poo) := (A, D)9=.
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Remark. As we will see below (Section @, Theorem [6.7]), every limiting
configuration arises in this way.

There are several steps in the proof. In the next subsection we describe
a certain normal form for any simple Higgs field ® on all of X. We then
consider the problem of using some of the remaining gauge freedom (i.e.,
only those gauge transformations which leave ® in this normal form) to
transform an initial connection to one with vanishing trace-free curvature.
This requires a brief foray into the theory of conic operators. After these
steps we are left with a limiting configuration in the sense of Definition
The final subsection considers the local deformation theory of the space of
limiting configurations.

4.1. Normal form for the Higgs field. Fix the holomorphic bundle
(E,0) and let ® be a simple Higgs field. We now show that & can be
brought to a simple normal form by a complex gauge transformation. More
specifically, we can smoothly “off-diagonalize” ® near each of its zeroes, and
make it normal away from these zeroes. Later in this section, we construct
from (£,0) (and an accompanying connection) a limiting configuration on
all of X. Using Proposition we can then patch in a smooth fiducial
solution near each of the zeroes. The resulting pairs (A, ®) are then the
first approximation to global solutions of Hitchin’s equations.

The transformation of ® near a simple zero to this normal form is ele-
mentary.

Lemma 4.2. In a neighbourhood of any simple zero of det ®, there is a
complex coordinate z and a local complex frame of E such that

@:(0 1)dz, det ® = -z dz°.
z 0

The frame can be chosen to be holomorphic if ® is holomorphic.

Proof. Choose any complex frame for F near some p € pp. Writing ® = pdz
as usual, then since p is a simple zero, ¢(0) must be nilpotent, but not the
zero matrix (for if it were, then det would vanish like z2). Applying a
constant gauge transformation, we may thus assume that in some frame,

a(z) b(z) . 0 1
(p(z):(c(z) —a(z))’ with @(0):(0 0)'

Since \/b(z) is well-defined and smooth near 0, we can define the complex
unimodular gauge transformation

1 b(z) O
z = )
96) = 75 (—a(z) 1)
and then it is straightforward to check that ¢ '®g takes the form in the
statement of this lemma. (|
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Remark. If the Higgs bundle (9, ®) is described using spectral curves as
in [Hi87, Section 8], then Lemma is also a direct consequence of the
pushforward-pullback formula for vector bundles (see for instance [Hi99,
Chapter 2, Proposition 4.2]).

Before modifying ® with a gauge transformation on the rest of the surface,
let us choose a Hermitian metric Hy which is particularly well adapted to this
®. The important part of this definition is local near each zero p; € pg. Thus
choose a coordinate disc (Uj, z;) centered at p; and a holomorphic frame so
that ®|y, equals the expression in Lemma Define Hy in U; by declaring
this frame to be unitary. Now extend Hy arbitrarily on the remaining part of
X. Associated to Hy is its Chern connection A. The existence of a unitary
holomorphic frame near each puncture implies that the connection matrix
of A in this frame vanishes. Finally, using Proposition we can choose a
complex gauge transformation g € I'(UU;*,SL(E)) such that (A, )Y agrees
with the fiducial solution.

We now wish to extend this g to the rest of X so that ®9 is normal
outside the U;. To motivate this, recall first that any invertible matrix
¢ € 5l(2,C) may be conjugated (at a point) to be trace-free and diagonal.
However, this diagonalization is impossible to do consistently on X because
the eigenspaces are interchanged when traversing a loop surrounding any one
of the p;. We settle instead on the less ambitious goal of conjugating it to a
normal matrix.

Define the subsets D, and N, of elements in SL(2,C) which diagonalize
and normalize ¢, respectively, at any point. Fixing a basepoint g, € D,

then
0 % 0 1 *
Do={aei ) imee oo (s §)inec)

N, =D, -SU(2) = {g@ (6‘ /ﬁl)M | peC* Me SU(2)}.

Because we have chosen the Hermitian metric Hy, we can speak about
Hermitian adjoints and normal endomorphisms. Since any complex vector
bundle is trivial over X*, we can write ® = ¢ ® x on this punctured surface,
where k is a trivialization of K over X* and ¢ € C*(X*;sl(2,C)). There
is a smooth fibration N, - X*, where each fibre Ny () is diffeomorphic
to N := Ng. If g: U - SL(2,C) diagonalizes ¢ over U, then g(z,N) =
g(z)N is a local trivialization of N, over U. Since the complex square root
is well-defined over simply-connected sets, such a section g always exists
locally. However, the fibres N are homotopy-equivalent to SU(2) = S3,
while X retracts onto a bouquet of circles. There are thus no obstructions
to extending sections. This proves the

and

Lemma 4.3. Any normalizing local section g : U - N, on an open set
U c X* extends to a global section X* — N,. In particular, there exists a
complex frame of E|xx with respect to which ® is a normal matriz.
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4.2. Gauging away the trace-free part of the curvature. We can at
last start the proof of Theorem [£.I, and do so with a general observation.
Given a Higgs pair (A, ®) where ® is simple, Lemma produces a field
gauge-equivalent to ® which is normal on X, so we now assume that ®
is normal. This normalizing complex gauge transformation is not unique,
however; we shall show how to use the remaining gauge freedom to transform
A to a projectively flat unitary connection, i.e., one for which F; = 0.

Recall now from Section that the infinitesimal complex stabilizer of
® is a holomorphic line bundle LS = {v € sl(E) | [y,®] = 0}. Thus Lg :=
LS nsu(E) and iLg are the skew-Hermitian and Hermitian elements. These
are real line bundles over X*. The Jacobi identity shows that Lg is closed
under the bracket [-,-] =0.

Lemma 4.4. If ® is normal, and if A is a unitary connection such that
0a® =0, then F} € Q*(Lg).

Proof. This is a purely local statement. Choose a unitary eigenframe for &,
so in some local complex coordinate z,

A0
<I>:( 0 -\ )dz.

The connection form a = a%! - (a%!)* is determined by its (0, 1)-part

0,1 _ a b _
o —( ¢ d )dz.
Now

(% (12 ) e

T A
:( %N O\ )dz/\dz—()
implies b=c =0, so
0,1 _ a 0 _
(30) o _(0 d)dz.
In particular, [a A a] =0, so F4 = da and hence
. (Red.(a-d) 0 _

FA—( 0 Red, (d - a) dz NdZ,

as claimed. ]

The bundles Lg and iLg are parallel with respect to the induced unitary
connection on gl(E). Indeed, d4® = 0 (the (1,0) part of the derivative
automatically vanishes in this dimension), so [day A ®] = da[y,P] =0. In
particular, the connection Laplacian

Ay = diydy: Q(isu(E)) - Q(isu(E))
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restricts to a map Q°(iLg) - Q°(iLg).

Proposition 4.5. If A is a unitary connection and v € Q°(iLg), then

Fiexp(w) =0 if and only if v is a solution to the Poisson equation
(31) Apy=ixFj.

Proof. By Eq. (4), if g e T'(SL(E)), then

Fhg =g (Fi + 099" 04(99")™"))g-
Since « is Hermitian, g = exp(v) = g%, and so A9 is projectively flat provided
that

(32) Fy +(§A(exp(2fy)8,4 exp(—2’y)) =0.

Computing in a local unitary eigenframe for ® then gives

daexp(=27y) = —2exp(-27)9ay
= 9a(exp(27)daexp(-27)) = =2040a".
Denote by A the contraction with the Kéhler form w of X. Then, by [Ni00,
Prop. 1.4.21-22], B
2iA04047 = Aay — 2iA[Fa,7].

We use here the fact, which is straightforward to verify, that the induced
connection End(A) on End(E) has curvature satisfying Fgnqayy = [Fa,7]-
However, by Lemma (.4, A[F4,v] = *[Fa,v] = *[F3,7] =0, so becomes
Agy=ixFj. O

4.3. Indicial roots. At this point we have produced a Hermitian metric H
and a complex gauge transformation gg € I'(X*,SL(F)) such that (A, ®)%
consists of a normal Higgs field $9° and in an appropriate unitary frame,
(A, ®)% is fiducial near each p; € po.

To simplify notation, let us replace (A, ®)% by (A, ®) until further notice
(near the end of this subsection). Because of the simple pole of A, the
Poisson equation is an example of an elliptic conic operator, and we
shall appeal to the theory of these operators to describe how to solve it. We
refer to [MaMol1] and the references therein for more on this theory. To be
explicit, introduce polar coordinates in each punctured disk U*, and fix a
trivialization of i Lg there to identify sections with functions v : U — isu(2).
There is unitary frame in U so that

1(i 0
(33) A=adf= - (0 _Z.) do.

The associated connection Laplacian is
. 1
Ay=Viva=-— (V2o +V3,)-
In the frame of , Vs, =10, and Vp, = 0 + , hence

) 1, 1
Ay === ((r0n)*y+ 05y + 2L, 0py] + [ [0, )]) = =(OF + ~0r + 5Ty
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where T is the r-independent tangential operator, acting on sections of the
restriction of su(E) over the S! link. The coefficients of A4 are smooth
away from pg, and are polyhomogeneous at these points. In other words,
near each such point, any coefficient a has a complete asymptotic expansion

Nj
(34) a~Y S r"i(logr)¥a;,(6),
j k=0
with a corresponding expansion for each of its derivatives. We encode the
exponents which appear in this expansion as an index set {vj, N;} c Cx N,
which has the property that Rev; — oo as j — oo.

Definition 4.2. A number v € C is called an indicial root for A 4 if there
exists some ¢ = ((6) such that Aa(rV¢(0)) = O(r¥™!) (rather than the
expected rate O(r*2)). We let I'(A4) denote the set of indicial roots of
Ag.

Thus v is an indicial root provided there is some leading order cancella-
tion. It is not hard to see that v e I'(A ) if and only if —? is an eigenvalue
for the tangential operator of A4 and ( is the corresponding eigenfunction,
ie., (V%ﬂ +12)¢(0) = 0. Proposition below indicates the importance of
this notion. Before turning to this, however, we compute the indicial roots
for the connection Laplacian.

Lemma 4.6. The set of indicial roots of As on sections of isu(E) is
I'(Ay) = %Z. On the other hand, I'(A4liry) = % +7Z.

Proof. This is a local computation near each p;, so we work in the fixed
fiducial frame near any such point. Let {01, 02, 03} be the standard basis
of su(2), i.e.

1 0 0 1 0 1
(35) O'1‘(0 —z')’ "2‘(—1 0)’ 03‘(z' 0)'
Then [o01,02] = 203, [02,03] =201, [03,01] = 202 and the connection matrix
a in equals 01/4. Thus writing
C = iC101 + iCQJQ + ngo'g,
then
_1 3 2. 12 3,
[, 0C] = 5(=0p( 102 + Dg(~io3), [, [, (]] = =3 (CTiog + (Viog),
and hence
¢ 53¢’
o () s 1)
¢ 0yC3 + 09C" = 7€
Thus V3,¢ +v°¢ = 0 if and only if

(0 -2+vH) (P -09¢2 = 0,

2, 2yl
(36) (05 +v°)¢" =0, and (83—%+V2)C3+89§2

I
e
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The first equation here is uncoupled, and its indicial roots are the integers.
On the other hand, restricting the coupled system to the span of (y(0) =
e’ |\/2r, £ € Z, then there is a homogeneous solution if and only if

_p2_1 2 _;
det(e atv i 2):0,

il —62—Z+1/

which occurs precisely when v = +|¢ + 1/2|. Putting these two cases together
shows that every ¢/2, ¢ € Z, is an indicial root.

Let us now compute the indicial roots for the restriction of A4 to sec-
tions of iLg. In U, where @ is in fiducial form, iLg¢ is spanned by o(6) =
sin(0/2)ioy + cos(6/2)ios (which equals —e /2y in the notation of Sec-
tion . Write ¢(0) = f(0)o(0) with f(27) = -f(0). Then V%@C +12%¢C=0
if and only if 03f + v2f = 0. The space {f € H*(R) | f(6 +2m) = —f(0)}
is spanned by the functions {(,.q /g}gez, so this equation has a nontrivial
solution if and only if v € Z + 1/2. O

We finally turn to the problem of solvability of . To state the main
result, let us first introduce appropriate function spaces. Let V), denote the
span over C* of the vector fields 79, and 0y. The corresponding L?-based
weighted b-Sobolev spaces are defined as follows. First, for £ € N, set

Hi(sw(E)) = {ueL*(X)|Vi...Viue L*(su(E)) for all j < ¢, V; eV},

and then define, for § € R,
P HE(su(E)) = {r’u | ue Hf (su(E))}.
Since the area form is rdrdf, then locally near r = 0,
" erH < v>5-1.
This explains various index shifts below. We note, in particular, that
-1/2<v<1/2<=1/2<5<3/2.
From the basic definitions,
Ap:rPHI 2 (ilg) » 1 2H} (iLo)

is bounded for every § and ¢. The main result shows when this map is
Fredholm.

Proposition 4.7. Fiz a real number v ¢ I'(A4lir, ) and define § =v +1.
i) The operator

Aq:rPH 2 (su(B)) » 1 2HE (su(E))

18 Fredholm, with index and nullspace remaining constant as § varies
over each connected component of 1 + (RNT(A4)).
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i) Suppose that AsC = n € r2Hf(su(E)), where ¢ € r°L*(su(E)).
Then ( ¢ r5H£+2(5u(E)). If n is polyhomogeneous, then so is (,
and the exponents in the expansion of ¢ are determined by the expo-
nents in the expansion for n and the indicial roots v; € T'(A ) with
v; >0 — 1. In particular, any element of the nullspace of A 4 is poly-
homogeneous, with terms in its expansion determined entirely by the
indicial roots in this range.

This is a straightforward adaptation of [MaMolll, Proposition 5 and 6].
The proof can be found in [Ma91]
The particular result needed for our immediate purposes is the

Proposition 4.8. The mapping
(37) A HE P (iLg) - 12 H{ (iLg)
is an isomorphism when 1/2 < § < 3/2.

Proof. Since the interval (-1/2,1/2) contains no indicial roots, Proposi-
tion [£.7] shows that this map is Fredholm. The final statement of that
result shows that any element of the nullspace of , with ¢ in this range,
is polyhomogeneous with leading term /2. We shall show below that this
implies that the nullspace is trivial. One further general remark is that the
adjoint of with weight § can be identified with the corresponding map
with weight 2 —49. Since the interval (1/2,3/2) is invariant under this reflec-
tion, it follows that the cokernel is also trivial, or in other words, is an
isomorphism as claimed.

Thus it suffices to check that this mapping is injective, and we avail
ourselves of the fact that if Ayy =0 with p e rL2, 1/2 < § < 3/2, then 7 is
polyhomogeneous with leading term /2,

Set XX = X* N\ UB:(p;). With v as above, we have

OzfA,zfde 0,7y, 7).
x;< A7) XEX‘A’Y’JFan(’Y’Y)

Since v ~ /2 and 8,7y ~ 712 and the length of 0X7 is of order ¢, the
boundary term tends to zero. This proves that ~y is parallel with respect to
A. However, since it vanishes as r — 0, it must be identically 0. This proves
the result. (]

We apply this as follows. Let A be the connection obtained at the end
of the last subsection. Although it has simple poles at the points of mg, it
is flat in a neighborhood of these points. This means that the right hand
side of vanishes near each p;, hence the solution v of this equation is
polyhomogeneous and vanishes like /2 at these points. We obtain, there-
fore, a complex gauge transformation g; = exp~y such that ®9* = & and the
trace-free part of the curvature of A9' vanishes.
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Resetting notation back to the initial Higgs pair (A, ®), we have now
produced a gauge-equivalent Higgs pair (A, ®)%9" consisting of a projec-
tively flat unitary connection A and a normal Higgs field which is fiducial
near the punctures in a certain unitary frame. Note that A99' may not
be in fiducial form, but applying Proposition gives a unitary gauge
transformation g € I'(UU;, U(E)) which stabilizes ®% and which can
be extended to a global unitary gauge transformation over X*. Finally,
Joo = g29190 € I'( X, SL(FE)) is the complex gauge transformation for which
we have been searching. This finishes the proof of Theorem [£.1] [

4.4. Deformation theory of limiting configurations. Fix a holomor-
phic quadratic differential ¢ and consider limiting configurations (Ae, Poo)
with det®., = q. We want to study the moduli space of these up to
unitary gauge transformations. By Lemma [3.1] again, we see that if ®g
and ®/_ are Higgs fields with det ®, = det ®’  and which are normal on
X* =X \ps,, then there exists a gauge transformation g € I'(X*,SU(E))
such that ¢g7'®.,g = ®_. This leads us to study the solutions of
04®Po0 =0, F;=0
up to the action of the stabilizer of ®., in I'(X*,SU(E)). Writing A =
A+, a € Q' (su(E)), this system is equivalent to
[an D] =0, daa+ana=0.

Lemma 4.9. For a € Q'(su(E)) and ® € QV0(sI(E)) normal the following
statements are equivalent:

i) [a AD]=0;
i) ae Q' (Lg).

Proof. Decompose a = ab? +a%!. Then [a A ®] = [a%! A ®] for dimensional
reasons. Computing locally, i.e. writing a%! = azdz and ® = ¢ dz, we get

[a®P A D] = [, az] dz A dZ.

Assuming that [ A ®] = 0 we therefore obtain a®! € Q®1(LS). Similarly,
a0 e QVO(LE,). Now if ® is normal, then Lg = L+, such that o € Q'(Lg).
The converse is trivial. g

The determination of the infinitesimal deformation space amounts to a
cohomology computation:

Lemma 4.10. If all zeroes of q are simple, then
dimp H'(X*; Lo, ) = 67 - 6,
where v is the genus of X.

Proof. Since Lo, is a real line bundle,

X(X7 Lgoo) = X(X*)=2-2y -k
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where k = |p| is the number of zeroes. There are no parallel sections since
Lg_, is twisted near each p;, i.e., HY(X*;Lg. ) = 0. With M = X \ B.(p)
(so OM is a union of k circles), Poincaré duality yields

H*(X*;Le.) =H*(M;Ls,.) = H(M,0M; Lg.,) = 0.
Therefore
dimg HY(X*; Lo )=k +2y—-2=4y-4+2y-2=6v-6

as claimed. O

We see finally that in the long exact cohomology sequence for the pair
(M,0M), the natural map

H'(M,0M; Le..) — H'(M; Ls..)

must be an isomorphism.
Corollary 4.11. The moduli space of limiting configurations with determi-

nant equal to a fized holomorphic quadratic differential ¢ with simple zeroes
is a torus of dimension 6y —6.

Proof. The action of g € Stabg_ on a connection A is given by

g lodaog=da+g ' (dag) =da+dalogg

where ¢ is a section of a nontrivial circle bundle (and logg a multivalued
section of Lg_, ). Therefore the moduli space under consideration is simply
the quotient of the de Rham cohomology space H'(X*; Lg_) by the lattice
of classes with integer periods. The result thus follows from the previous
lemma. ([

Remark. This is consistent with [Hi87, Theorem 8.1], where it is shown
that the space of Higgs bundles (0,®) with fixed determinant and with
simple zeroes is a (37 — 3)-dimensional Prym variety (and thus a (6y - 6)-
dimensional real torus).

5. THE LINEARIZED PROBLEM

5.1. Linearization of the Hitchin operator. For any Hermitian vector
bundle V' - X with connection V, denote by W#P(V) the usual Sobolev
space of sections s with V/s € LP, j < k; we adopt the usual shorthand,
writing H*(V) when p = 2, etc. More generally, we also consider W*P
sections of fibre bundles.

Since we are in the fixed determinant case, we fix a background connection
Ag now and consider the Hitchin operator

Hi(A, @) = (F5 +t*[D A D*],04D)

for connections A which are trace-less relative to Ay and trace-less Higgs
fields ®. We further consider the orbit map

(38) O(A,@) (’Y) = (A7 (I))g = (Agv (I)g)a g= eXp(’Y)'
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Our ultimate goal is to find a point in the complex gauge orbit of a given
Higgs pair (A, ®) which is in the nullspace of H; = 0. Since the condition
that 04® = 0 is preserved under the complex gauge group, we in fact only
need to find a solution of

(39) Fi(v) =pry o Hy 0 Oga,9)(exp(7)) = 0.
More explicitly, we wish to solve
Fig +t2[®9 A (99)*] = 0, g =exp(7y).
Using the continuity of the multiplication maps H'-H' - L? and H*> H' -

H?', it is straightforward that the three maps

He H (A @ su(E) @ A @ sl(E)) - LA(A? @ su(E) @ A @ sl(E)),
(40) O(apy: H (isu(E)) » H' (A @ su(E) © A @ 51(E)),

Fy:H?(isu(E)) » L2 (A2 @ su(E)),
are all well-defined and smooth.

We now compute the linearizations of these mappings. First, the differ-
ential at g = Id of is

Acaeyy = (Aa(y), Ao (7)) = (Day - 847", [@,7]),
so when v € Q%(isu(E)),
Aaayy = (047 = 047, [2,7]).
Next,

A):([q)df.] t2([q>A-*f]3:[q>*A-]))(A)

Dy (@ b

whence
(8A5A—5A8A)’y+t2( DA[P, ] ]+[P* A[D,7]])
(DHtoAm,@))(v):( b (5 [2nl®alle[2ta[]D)
[® A (Oay = 0av)] + 0a[ P, 7]
The first component is precisely DF;(y). Using that 94 ® = 0, as well as the
fact that [® Ad47] = 0 for dimensional reasons, the entire second component
vanishes. Now recall from [Ni0O, Prop. 1.4.21 and 1.4.22] the identities

25A8A=FA—i*AA, 28A5A=FA+i*AA,

as well as

[®A[2,9]7] = -[®A[27,7]],
to rewrite
(41) DFE,(y) =i % Apy +t* Mg,
where

My :=[®" A [®,7]] = [ A [, 7]].
Applying —i * : Q?(su(E)) — Q°(isu(F)) finally yields the operator

Li(y) = Agy —i % t2Mg~.
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Observe that
Aaay: Q(sl(E)) - Q' (su(E)) @ @ O(sI(E))
DHyo Aap): Q%(isu(E)) - Q*(su(F)) @ Q4 (sI(E))
and Li: Q% (isu(E)) — Q°(isu(F)),

are all bounded from H! to L%, or H? to L? respectively.
Remarkably, L; > 0:

Proposition 5.1. If v € Q(isu(E)), then
(*Lev, )2 = 2| dary] 22 + 41 [®,7] 172 2 0.
In particular, Lyy = 0 if and only if day = [®,v] = 0.
This follows directly from the
Lemma 5.2. For v e Q%(isu(E)),
(=i * Ma,7) = 4][@,7] > 0.
In particular, Mg~y =0 if and only if [®,~] = 0.

Proof. Fix a local holomorphic coordinate z so that ® = ¢ dz, hence ®* =
p*dz. Then

[ A [@,7]] = -[¢", [¢,7]]dz A dz,
and [P A[Q",7]] = -[p,[¢",7]]dz A dz,
so that

Moy = =([¢", @211+ [, [¢",7]]) dz A dz.

We use the Hermitian inner product (A, B) = Tr AB* on sl(2,C). Its ad-
invariance yields that ([H, A], B) = (A,[H*, B]) whenever A, B, H € s((2,C).
Therefore

(le*, T 7117) =1l vIP and ([, [@*Y]1]7) = [e* AP = [e, 7],

and since 2i * 1 = —dz A dZ, we deduce that
(May,i+7) = |[p.v1Pldz A dz = 4][p, 7],
as claimed. O
In parallel with this discussion, fix ¢ € s[(2,C) and consider the operator
My isu(2) > isu(2), v 2([" [p. 7]+ [0, [¢" 1]

Calculating as above,

(42) (M) = 2l[@,¥1I* + 2l[¢*, 7] = 4l[e,7]I*-

Clearly M, is Hermitian with respect to (-,-) and satisfies g~'(My7)g =
Mg_lwgg_lyg when g € SU(2).
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Lemma 5.3. If p €sl(2,C), then M, :isuy — isuy is invertible if and only
if [o,9%] # 0. If [p,"] = 0 for some 0 # ¢ € sl(2,C), then My, has a
one-dimensional kernel.

Proof. Assume first that ker M, + {0}. According to Eq. , there exists
v €isu(2), v # 0, such that [p,v] = 0. Since « has two distinct eigenvalues,
there must exist a unitary basis in terms of which both ~ and ¢ are diagonal.
In particular, ¢ is normal, i.e. [p,»*] = 0. Conversely, if ¢ is normal, then
ker My, = {v € isu(2) : [¢,7] = 0} is non-trivial, and this kernel is one-
dimensional when ¢ # 0. (]

Now take ¢ to be the fiducial Higgs field,

1
0 2 §eht(|z|)
® = @?d = 1 .0 _h | | .
|2|z e e he(ID) 0

Lemma 5.4. There is a uniform bound

sup _[p(2)| < C
ZEDl(O)

for some constant C' > 0.

Proof. As in Section substitute |z|% = ( %t_lp)%. Uniform boundedness
of the upper right entry |z|%eht(\z\), 0 < |2] £ 1, is equivalent to uniform
boundedness of the function
3, .1 81
- (=t P 0<p<—,
pe (5t P

where v is the function appearing in . Since 1 decays exponentially as
p — oo, it suffices to show that this map is also bounded for p — 0. This
follows easily from the asymptotic expansion . Uniform boundedness of
the lower left entry amounts to boundedness of the function

3,1\
2t 3 ~%(p)
p(5t7r)
on the same interval, which can be proved as above. O
Finally, we state the

Corollary 5.5. There is a constant C' >0 such that

<
Zei)ull()o) ’M¢?d(2)| S C.
5.2. Local analysis of the linearization at a fiducial solution. In this
section we analyze the linear operator L; on the disk D = D1(0), computed
relative to a fiducial pair (Afd, ®f1d) with the goal of determining sharp
bounds for the norm of its inverse Gy. In what follows, we often omit the
bundles from the function spaces. We also replace the H? norm with the
equivalent graph norm for the standard Laplacian A = —((r0,)?+03)/r?, i.e.

lulld = lulZs + [ Aul 7.
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We consider both A and
Lt = AA?d + tQMq)ltid
with Dirichlet boundary conditions, or equivalently, on the common domain
H?(D)n H} (D). Because of the nonnegativity of t2Mtht%d and the positivity
of the leading part, it is clear that
Li HX(D) n HY(D) — L*(D)

is injective, and since it is also self-adjoint, it is an isomorphism. Thus it
has an inverse

Gy = Ly L3(D) - HY(D) n H} (D).

We are interested in understanding the norm of this inverse as t 7 co. We
do this by reducing L; to a family of ordinary differential operators.
Trivialize the bundle isu(E) by the constant sections {m = ioj, 72 =

io9, T3 = 103}, cf. Eq. , so [01,71] =0, [01,72] = 273 and [o1, 73] = —279.
Now consider the decomposition

isu(E) = <T1> @ <7’2,7’3> =iV & ’L'VJ',

where iV = span {71} and orthogonality is with respect to (A, B) = tr(AB)
on isu(2). This splitting is parallel for the connection A4 = 2f;51df. The
restriction of A Afid to ¢V is the scalar Laplacian, whereas

| 1652 -
-3 ((@)2 LB+ (;fg; jﬁff;))

1 1
acting on pairs (ag,a3)’ = agma+as7s. Conjugating by M = (Z ) provides

A
Al |y

a decoupling:

—8j _ 2
]\4—1 OAAgidh/L oM =- ((Tar)2+ag+( 8th89 16ft 0 ))

0 8if0p — 16 f7

1 O — 41 fy 2 0
:—T—z((rar)“(( o (ae+4z‘ft>2))'

This is reduced further by restricting to the Fourier modes {¢y}scz, leading
to the family of operators

1
r2

1 1

(43) P}, = —ﬁ(rﬁr)Q + ﬁ(€i4ft)2.
As for the potential, with respect to the basis {72, 73},

M _3 |z| cosh(2h:) + Re z -Imz

ety -Imz |z| cosh(2hs) - Re z )’
SO
1 o [|#|cosh(2h;) z
Mo Mysa), o M = 8( Z |z| cosh(2hy) |-
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These calculations show that we can reduce L; to the subspaces
EZ = (QOZT% ()057173) = LQ((O7 1)7 7adr) o LZ((Oa 1),T’d7“).

To collect all these decompositions in one place, we have reductions of the
standard Laplacian:

A n[P 0 1 , 12
P.—A—g(o Pe—1)7 Pg——rQ(r&,) +r2’
the connection Laplacian:
P, 0
Poi=M"1oA, pa0oM = ( Lt )7
t At 2‘2 O Pg——l,t
and finally L; = @ Ly, where
_ P, 0 cosh(2hy) 1
. 1 _ (et 2 ¢
Ly == M~ oLyo Mg, = ( 0 P;—Lt) + 8t r( 1 cosh(2ht).)

The operators Ly, are self-adjoint when we impose Dirichlet boundary con-
ditions at r = 1 and the condition that solutions be bounded at r = 0.

We now use these reductions, and the fact that L?(D) = @z E, to prove
the

Proposition 5.6. There exists a constant C' >0 such that
1. ||GtHL(L2,L2) <C.
2. ||GtHL(L2,H2) <Ct.

Proof. Let A denote the smallest positive eigenvalue of Py. Thus

(Piab, Yo = (Po+r2(L£2f)2)0,0) 12 > (Pob, ¥) 12 2 A7

for all ¢ € C5°(0,1), and hence in the Friedrichs domain.

Now denote by ta and @); the inverses of P,; and P;, respectively. We
have that |Qulzcz2,12) < AL for all £ and ¢, so if v = Yz vepe € L2(B),
then

2 2 -2 2 -2 2
|Quvl72 = D 1Qesvellzs < A2 [vel2 = A7 |v]| 72
LeZ LeZ

However, Mgna 2 0, so Py < Ly and therefore |Gl zer2,r2y < |1Qtl(r2,n2)-
This proves the first part.

It remains to show that [|AGuw|z2 < Ct*|v| 2 for all v € L*(B). First
write

VvV, 0
Ly - A’E@ = ( é’t VZtl,t) + Wy =V + Wy,
where
L (LxAf)? -2 16f2 +8Lf o2 [cosh(2ht) 1
Vie= 2 - r2 ’ Wy = 8t"r 1 cosh(2hy) |-

Also set Gy = LZ}&.
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When ¢ # 0, the potentials r~2(¢ + 2f;)? are bounded below by x¢? for
0 <r <1 where k > 0 is independent of ¢ and ¢, cf. Lemma, and W; > 0.
Hence for these values of ¢,

<P€i,tw7 ¢>L2 2 K€2 ||¢||%2> ¢ € C’(()X) (07 1)>

and so
(44) ”Gé,t ”E(L2,L2) < K2
Now use Lemma [3:3] to deduce the bounds
Ct? £=0
Vj: S bl )
res(l(l)g)| a(r)l {C€t4/3, 0+0.
and

sup |Wy(r)| < Ct43.
re(0,1)

Together with , for t > 1, we see that
|ALw|72 < [(M7 o Lyo M = A)Gw|72 + M~ o Ly o MGy 72

= 2 (Ver + Wo)Grgvel 72 < O Y (1 4+ 0)%|Gvel 72 + o] 72
LeZ, LeZ

1 1

4 2 2 4 2

<O S (5 + ) lvl3a < O ol
LeZ,

where C' is independent of ¢. ([

Corollary 5.7. For all u € H*(D) n H}(D), we have |ul|g> < Ct*|u|z,,
where |u|r, is the graph norm for the operator L.

6. GLUING CONSTRUCTION

We are now in a position to prove the main gluing theorem. The strat-
egy is the standard one: we construct a family of approximate solutions to
Fi(v) = 0, then use the invertibility of the linearized operator to perturb
these approximate solutions to exact solutions.

6.1. Approximate solutions. Let H(E) denote the bundle of Hermitian
sections of SL(E). Now consider the map

Fe H(H(E)) ~ LX(A® @ su(E)),
Fi(g) = Fyy + (0% A (82)°],

computed at a limiting configuration (Ae, Poo). Write X™ = U,e, D (p)
for the union of the punctured discs, and assume that (A, Poo) is in fiducial
form in each of these. To be concrete, assume that the radii are all equal to
one. We also set X = X \ X'nt,

Define the family of complex gauge transformations

1
-zh 0
g = eXP(%)» Yt = ( 20 ! %ht)
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on X'™: by Proposition
(Af, @) = (A%, @5
on X' Our approximate solution is obtained by gluing (Afd, ®fid) on xint

t0 (Ao, Poo) on‘XeXt. Thus, choose a smooth cut-off function x: X — [0, 1]
with supp x € X™ and x(z) =1 for z € Upep D12(p). Then

(45) 9.7 (2) = exp(xt)
is a family of smooth gauge transformations on X with
;™" = g on |J Dyj2(p) and g™ =1d on X",

pep

The new pair
(AP, @77P) i= (Ao, Do)

is smooth and coincides with the fiducial solution (Afid, ®fid) on Upep D1/2(p),
and with (Ae, Poo) on XF.

We claim that if the limiting configuration (Ae, P ) is constructed from
an initial pair (A, ®), as in Section {4} then (A;*P, ®;*P) is complex gauge
equivalent to (A4, ®) by a smooth gauge transformation defined over all of X.
Indeed, recall from Section [] that in a suitable holomorphic frame around a
zero p € p of det @, the connection matrix of A vanishes and @ is of the form
of Lemma To transform (A, ®) into (A;P", ®;PP) we apply the gauge
transformation

G = gmgupgufg?pp
where

® g is a normalizing gauge transformation which puts (A, ®) into
fiducial form on a neighbourhood of the zeroes of det ®. It is ob-
tained by using Lemmal[£.3]to extend the locally defined gauge trans-
formation g., from Proposition to a smooth normalizing gauge
transformation on X*.

® gu, = exp(7y,) is the Hermitian gauge transformation in the stabi-
lizer of ®19 which gauges away the central part of the curvature.
This is obtained by solving the Poisson equation for v, (cf. Propo-
sition and Proposition .

® Ju; = exp(Yu f) is the unitary gauge transformation which fiducializes
A‘Zﬁp (cf. Proposition .

e g;™ is the complex gauge transformation from ([45).

Proposition 6.1. The complex gauge transformation Gy admits a smooth
extension across any point p € p. In particular, (AP, ®;PP) is complex
gauge equivalent to (A, @) over X.

Proof. First note that we only need to prove continuity of the extension.
Indeed, we can bootstrap the identity

dGy = GLA™ - AG,



34  RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT
since A7P? and A are smooth connections. Since G¢ is smooth on X*, the
discussion is completely local. We proceed in three steps.

Step 1. The coefficient p, of the solution ~,, (as in Eq. ) of the Poisson
equation has an expansion of the form

1ty ~ (Co + Cre ®)r2 + O(r?).
This follows directly from the indicial root calculation for the Laplacian
Ay in Section (3
Step 2. The coefficient p1y of v has
pg~ (Co— C’le_w)ré + O(r%).
In particular, ju, + pp decays like r3 asr - 0.
Indeed, pf is the solution of
Py = (=idp + ) s = v,

where v is the upper right entry of the df-component of Aldrr (see Section
for the notation and calculations). Using the transformation formula
for the (0, 1)-component of the connection shows that

= T6_2i6D,LLp + rewD_up,
where ) . )
D=0+ gag -5
Furthermore, since v, is Hermitian, fi = e . Tt follows that
re 29Dy +reDup =rou
so that p s is the solution of the ODE
Ppy =10 pup.

This implies that py has an expansion in powers of /2 and Step 2| follows
from a comparison of coefficients.

Step 3. We now can check continuity of the gauge transformation G, at
r=0.

By Proposition [3.5| we know that

1
_[re 0
Jeo (O r‘i)'
app

Furthermore, g, = g} up to multiplication by a smooth gauge transforma-
tion, which can be ignored here. By Step |2} pt = 1, + p1f = 2Cor1%2 + O(r31?),

so that A ‘
:U') e~i0/2 sinh(ewﬂu)
z'9/2lu) COSh(ew/Qu)

cosh(e/?
Ipdis = 9u =\ i0/2 sinh(e
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and finally
ri 0 cosh(e?/? 1) e 012 sinh (€% 11) ri 0
0 1) \e??sinh(e’?p) cosh (e 119) 0 r

B ( cosh (e 1) 3 i0/2 sinh(ew/gu))
r% ci0/2 i0/2 i9/2'u) :

This is easily seen to have a limit as r — 0. U

N

sinh(e"/“ ) cosh(e

Starting from the initial pair (A, ®) associated with a Higgs bundle (0, ®)
with simple Higgs field ®, we have thus arrived at a complex gauge equivalent
pair (AP, ®;PP). The latter can be regarded as an approximate solution in
the following sense.

Lemma 6.2. There exist C,§ >0 such that fort>1,
(46) IF(g) ] 1 < Ce.

Proof. By the definition of (AP, ®PP), it suffices to estimate the error on
XN Upep Dy 5(p). From the properties of h; in Lemma we see that

—ct

g; converges to the identity on X™ \ Upep D1/2(p) like e as t - oo. In

particular, both terms on the right in

B = B2 o+ L) g™ 2 (67) i)'

converge exponentially in ¢ to 0 (cf. Eq. for the curvature term). This

gives . ([

6.2. Global linear estimates. Let L; be computed at the pair (A;*", ®}*P).
We now establish estimates for G; = L;%: L?(isu(E)) - H?(isu(E)). Let
At(X) > 0 be the first eigenvalue of Ly = A yare +t2M@tapp on X, and A\ (X™),

resp. A¢(X ) the first Neumann eigenvalues of L; on X™ and X, respec-
tively. To be clear, the domain of the Neumann extension on either of these
regions is

{u e H?(isu(E)| ximtsext) | (da,u)v =0}
where v is the unit normal v. The key result which allows us to extend the
estimates above to the whole of X is the domain decomposition principle,
see for instance [B&, Proposition 3], which states that

Ae(X) = min{ A (X)), A (XY},
Lemma 6.3. Fort>1, there is a uniform lower bound
M(X)2A>0.
Proof. We proceed in two steps.

Step 1. We have AP = 2f, 101df, where 8f,; = 1+ 2rd(xh:), so we can
analyze L; via a Fourier reduction as in Section Noting that Mgarr is
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positive on 7V, we obtain that L; is strictly positive on this subbundle. On
the other hand, L; > A A2pp 01 1V*+. This requires checking that the operator

Dy = —r72(rd,)? + 16r 27,

with Neumann (rather than Dirichlet) conditions at r = 1 is strictly positive.
To see this, observe that the summands of D are non-negative. If Ly = 0,
then integration by parts shows that 0,¢ = fy ¢ = 0, whence ¢ = 0.

Step 2. Note that L > AA?pp + M,I,z;pp when ¢ > 1. Now

_ 2 2
[l @ac s Mo )y = [ ldaa+ [ allyn @]

In particular, the kernel of the Neumann extension of A 4_ + Mg, . consists of
parallel sections v of iLg_,. As explained in Section [f.2]and Section this
is a twisted line bundle, so v = 0. We conclude that this Neumann extension
is invertible on X' and hence has a positive first eigenvalue. Thus there
exists A*** > 0 such that

)\t(Xext) > )\ext > 0.
The result now follows if we set A := min{ A", At} O
Corollary 6.4. |G| 2 < C|v| 2 for C =271,

We now use the t-dependent Sobolev space H? := dom L;, endowed with
the graph norm

[ullZ, = lulZz + | Loz

Clearly, |Gv|r, < C|v| 2 for all t > 1 and some C' independent of t. Note
that H? = H? for all ¢, but the norms are not uniformly equivalent as ¢ ~ oo.

Lemma 6.5. If ue H?(isu(E)), then |u| g2 < Ct?||ulz,.

Proof. Using cut-off functions, write v = v ++®** with supp ™ c¢ X™ and

supp ™' ¢ X \ Upep D1/2(p). Then by Corollary ﬂ we have
[ g2 < C(1+ ),
On X \ Upep D1/2(p), consider the linear operator
Li:=Aa_ +t* Mg

with Dirichlet boundary conditions. Then L; is invertible and we write
Gt = Lt_l Now
| Loulze < [ Leul 2 + | (Le = Le)ul| 2

and since A; converges to A and ®; converges to ®,, exponentially in t,

|(Le = Le)ul 2 < Ce™*u] 2.



ENDS OF THE MODULI SPACE OF HIGGS BUNDLES 37

In addition,
|Aa w2 = [Assu+ My u—t*Mp_u
<Ll g2 + 6% Moo 2
< | Leu g2+t sup [ Mo [ ] 12,
which leads to the estimate
|Aaull 2 < | Leull g2 + Collul g2 + CF* | 1.

This gives the claim since the graph norm of A 4_ is equivalent to the stan-
dard H%norm . (]

Summarizing we proved the following global linear estimate.

Proposition 6.6. Let (A", ®PP) be the approzimate solution from Sec-
tion . Then the inverse Gy to Ly = A yoee + tQMq)?pp satisfies

|G vl g2 < CF[v]| 2.

6.3. Deforming the approximate solutions. We are now finally pre-
pared to give the argument which shows how to perturb the approximate
solutions (A;PP, ®;"P) to an exact solution of Hitchin’s equations when ¢ > 1.

Theorem 6.7. Let B, be the closed ball of radius p around the zero section
in H?(isu(E)). Then there is a value m > 0 and a unique Hermitian y; €
Bi-m such that, when t is sufficiently large, (A;, ®y) = (AP, @IPPYexp(1)
solves the rescaled Hitchin equations.

Remark. Theorem [6.7] gives a solution to the original Hitchin equations for
the Higgs bundle (0,t®), when the parameter ¢ is large, which is complex
gauge equivalent to the initial pair (A,t®) as shown by Proposition In
this way, Theorem [6.7] provides a constructive proof of Hitchin’s existence
theorem (when t® is large). We can regard Theorem as a desingular-
ization theorem for limiting configurations. This shows in particular that
any limiting configuration arises from a Higgs bundle. In this way we can
think of the real 6 — 6-dimensional torus of limiting configurations from
Corollary as a boundary stratum of Hitchin’s moduli space obtained by
projectivizing the fibre det ™ (¢) for a fixed determinant ¢ € HO(X, K?) with
simple zeroes.

The solution ; is obtained using a standard contraction mapping argu-
ment. To do this, we study the linearization L;, computed at (A;"", ®{*P).

The argument relies on controlling the following quantities:
e the norm of the inverse L; !, and
e the Lipschitz constants of the linear and higher order terms in the
Taylor expansion of F.

The first of these was handled by Proposition but we must now study
the nonlinear terms in F; in greater detail.
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For g = exp(y), v € Q%(isu(E)), we have
Oa,0)(9) = (A, @) = (A+ g7 (Jag) - (Bag)g ™ g™ ®g),
and consequently,
ATPY = A+ (94 -04)y + Ra(v)
QNPT =@+ [D,v] + R (7).
The explicit expressions of these remainder terms are

(47)  Ra(7) = exp(-7)(9alexp)) = (Dalexpy)) exp(=y) = (94 - 9a)y

o Ro(7) = exp(=7) @ expy = [2,7] - &

We then calculate that

(49) Fi(expy) = F(iA?pp)eXp(w) + tQ[((I)?pp)exp(’Y) A (@?pp)exp(fy))*]
= pr (A 017) + Ly + Qu(9)

where, in full detail,
Qu(7) =d g (R goow () + £2[ Regorn () A (D7) ] 4 (03P A Ry (7)°]

1., - _
+ 5 L((Oager = Ozoe )y + Rzoe (7)) A ((Ogzoe = Ozoe )y + R pzoe (7))]

= IO, 7] + Rapor (1)) A ([0, 7]+ Rggre (1))°].
Lemma 6.8. The approzimate solution satisfies
| AP ler < Ct
on the disk D1(0), so that for any H*' section v, k=0,1,
|dazeey | g < Cty|| e

and moreover,
IZevl 22 < CE Y| 2

Proof. We have
a i 0
AP (0 _Z,) do,

where fy () = % + %r@r(xht)(r), see Section Clearly f,: has the same
asymptotics as f;; thus f, ; is uniformly bounded in ¢.

Now recall from Section that fi(r) = n(p), p = %73/2, where n(p) =
% + gpw'(p). Then
O, 11 (r) = 4?0 (p),
and we already know that n'(p) = f—ﬁpsinh(¢(p)). Since (p) ~ —logp as
p—0and ¥(p) ~e” as p > oo, we see that lim,_o7n'(p) =lim,~ 7'(p) = 0.
This gives that 0 < n’(p) < Cp for some constant Cy > 0. Altogether,
10, fe| = |20y + £02hy| < Ot

for some constant C; > 0 which also yields the desired estimate for |0y fy 4.
O
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Lemma 6.9. There exists a constant C' > 0 such that

(50) 1Q:(71) = Qe(10) 22 < Cot* | = o a2

for all0 < p <1 and vy, 11 € B,.

Proof. The proof has two steps. To simplify notation, write (A,®) for
(AZPP | PP

Step 1. We first check that if p € (0,1] and 9,71 € B, then

[Ra(1) = Ra(yo) |1 < Ctplvi =0l
|Ra(71) = Ro(v0) [ a1 < Ctplv = ol a2
We begin by estimating the difference of the first two terms on the right in

({47):
| exp(=71)(Dalexpy1)) — exp(—70) (da(exp70)) = Ia(y1 = 0) | ;1
< [ (exp(=m1) = exp(=70))da(exp(71)) ] a2

+ exp(—vo)(éA(exp(vl) - exp('yo))) ~0a(y1 =) g2 =T +1L
Writing exp(«y) = 1+ + S(7), then we have

1T 711 < Col exp(=71) — exp(—70)| g2 [ 04 (exp(71)) | 1
< Crtlyr =vollgz v + S(v1) [ a2
< Cotp|y1 =0l g2,

and similarly,

[T = (1 =70 + S(=70))(da (11 =70 + (1) = S(70)) = a1 = 70) |
<194(S(v0) = S() |
+ [ (=70 + S(=70))9a (0 = 11+ S(70) = S(71)) | a1
<Cot[S(v0) = S(1) | 12
+Cot| =70+ S(=70) g2 [0 =71+ S(v0) = S(v1) | w2
<Citplm =0l a2,
where we have estimated ||S(v0) — S(v1)|lmz < V0 — 1illm2 Sks1 pF/E! <
Cplvo —71]| g2. These estimates together with analogous ones for the terms

involving 04, give the stated Lipschitz estimate for R4,. The corresponding
estimate for

Re = exp(-7)Qexpy - [®,7] - @
and the estimates

[Ba() 2 < Ctp, [Ra(N)r <Cp, v € By,

follow in the same way.
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Step 2. We can now prove the claim. First,
Qt(11)-Q(70) = da(Ra(n) - Ra(0))
+2[(Ra(11) = Ra(70)) A D]+ [® A (Ra (1) - Ra(70))"]
+5[((0a = 0a)y1 + Ra(m1)) A (94 - 8a)m1 + Ra(m))]
= 5004 =9a)0 + Ra(10)) A ((9a = 9a)v0 + Ra(70))]
+2[([@,711] + Ro(1)) A ([&,71] + Ra(1))"]
—2[([®,70] + Ra(70)) A ([2,70] + Ra(70))*]-
By Lemma [6.8]
lda,(Ra,(71) = Ra,(70)) 12 < C(¢+ 1)[Ra, (11) = Ra,(0) | i

and we then apply Step [[l The remaining terms are bilinear combinations
B(1,T) of functions ¢ and 7 with fixed coefficients, which can be estimated
as

|B(11,71) = B(%0,70)| 12 < [ B(b1 =0, 71)| 2 + | B(v0, 1 = 70) | 12
< Cllor = ol gl g + Clvbol gm0 = 7ol -

The desired estimate follows from Step [1] again. O

Proof of Theorem[6.7. From ({49),
Fy(exp(v)) = priHo(A7, ®177) + Ly + Qu(7),

and since L; is invertible, the solutions of this equation are the same as the
solutions of

v ==L (pryHe(AFPP, 9,P) + Qi (7))
Thus consider the map
T:B, » H?(isu(E)), 7~ ~L;'(priHe(A7P, ©*) + Qu(7)).

We claim that for p sufficiently small, T" is a contraction of B,, from which
we immediately obtain a unique fixed point v € B,. To prove this, use

Proposition and to get
IT(v1 = 10) 2 = 1Ge(Qe(11) = Qe(70)) | 12
< C[Qu(n) = Qe(10) |22 < Cpt* | = ol a2

Thus T is a contraction on the ball of radius p; = ¢t*7¢ for any e > 0.

Furthermore, since Q¢(0) = 0, then by Proposition and ,
IT0) | 72 = |G (prHe(AFPP, BPP)| gy < Cre™.

Thus when ¢ > 0, |T(0)| 2 < 75p¢, so the ball B, is mapped to itself by
T. (|



ENDS OF THE MODULI SPACE OF HIGGS BUNDLES 41

REFERENCES

[Bi] C. BAR, The Dirac operator on hyperbolic manifolds of finite volume. J. Differential
Geom. 54 (2000), no. 3, 439-488.

[BiBo04] O. BIQUARD AND P. BOALCH, Wild non-abelian Hodge theory on curves, Com-
pos. Math. 140 (2004), no. 1, 179-204.

[CeVa93] S. CECOTTI AND C. VAFA, On classification of N = 2 supersymmetric theories,
Comm. Math. Phys. 158 (1993), no. 3, 569-644.

[F] L. FREDRICKSON, PhD thesis, University of Texas at Austin (in preparation).

[Fr99] D. FREED, Special Kdhler manifolds, Comm. Math. Phys. 203 (1999), 31-52.

[GMN10] D. GalorTo, G. MOORE, AND A. NEITZKE, Four-dimensional wall-crossing
via three-dimensional field theory, Comm. Math. Phys. 299 (2010), no. 1, 163224 .

[GMN13] D. GAIOTTO, G. MOORE, AND A. NEITZKE, Wall-crossing, Hitchin systems,
and the WKB approzimation, Adv. Math. 234 (2013), 239-403.

[Gol2] P. GOTHEN, Surface group representations and Higgs bundles, preprint 2012,
arXiv:1209.0568.

[Ha99] T. HAUSEL, Vanishing of intersection numbers on the moduli space of Higgs bun-
dles, Adv. Theor. Math. Phys. 2 (1998), 1011-1040.

[HHMO5] T. HAUSEL, E. HUNSICKER AND R. MAZZEO, Hodge cohomology of gravitational
instantons, Duke Math. J. 122, no. 3, 485-548.

[Hi87] N. HITCHIN, The self-duality equations on a Riemann surface, Proc. London Math.
Soc. (3) 55 (1987), no. 1, 59-126.

[Hi99] N. HITCHIN, Riemann surfaces and integrable systems, Oxf. Grad. Texts Math. 4,
pp. 11-52, OUP, 1999.

[Hi00] N. HITcHIN L?-Cohomology of Hyperkihler Quotients, Comm. Math. Phys. 211
(200), 153-165.

[HKLR&7] N. HiTcHIN, A. KARLHEDE, U. LINDSTROM, M. ROCEK, Hyper-Kdihler metrics
and supersymmetry, Comm. Math. Phys. 108 (1987), no. 4, 535-589.

[Ko87] S. KoBAYAsHI, Differential geometry of complex vector bundles, Publications of
the MSJ, 15. Kané Memorial Lectures, 5. Princeton University Press, Princeton, NJ;
Iwanami Shoten, Tokyo, 1987.

[LeP92] J. LE POTIER, Fibrés de Higgs et systémes locauz, Séminaire Bourbaki, Vol.
1990/91. Astérisque No. 201-203 (1991), Exp. No. 737, 221-268 (1992).

[LeP97] J. LE POTIER, Lectures on vector bundles, Cambridge Studies in Advanced Math-
ematics, 54, Cambridge University Press, Cambridge, 1997.

[Ma91] R. MazzEo, The elliptic theory of differential edge operators. I., Comm. Partial
Differential Equations 16 (1991), no. 10, 1615-1664.

[MaMol1] R. MAzzZEO AND G. MONTCOUQUIOL, Infinitesimal rigidity of cone-manifolds
and the Stoker problem for hyperbolic and Euclidean polyhedra, J. Differential Geom.
87 (2011), no. 3, 525-576.

[MTWT77] B. McCoy, C. TRACY AND T. Wu, Painlevé functions of the third kind. J.
Mathematical Phys. 18 (1977), no. 5, 1058-1092.

[Mi84] J. MILNOR, Remarks on infinite-dimensional Lie groups in: Relativity, groups and
topology, II (Les Houches, 1983), 1007-1057, North-Holland, Amsterdam, 1984.
[Ni0O] L. N1cOLAESCU, Notes on Seiberg- Witten theory, GSM 28, AMS, Providence, RI,

2000.

[Ni91] N. NITSURE, Moduli space of semistable pairs on a curve, Proc. London Math. Soc.
(3) 62 (1991), no. 2, 275-300.

[Sc04] R. ScHMID, Infinite dimensional Lie groups with applications to mathematical
physics, J. Geom. Symmetry Phys. 1 (2004), 54-120.

[Se94] A. SEN, Dyon-monopole bound states, self-dual harmonic forms on the multi-
monopole moduli space, and SL(2,Z)-invariance of string theory, Phys. Lett. B 329
(1994), 217-221.



42 RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT

[Si88] C. SimpsoN, Constructing variations of Hodge structure using Yang-Mills theory
and applications to uniformization, J. Amer. Math. Soc. 1 (1988), no. 4, 867-918.

[Si92] C. SIMPSON, Higgs bundles and local systems, Inst. Hautes Etudes Sci. Publ. Math.
No. 75 (1992), 5-95.

[Tal3.1] C. TauBES, Compactness theorems for SL(2;C) generalizations of the 4-
dimensional anti-self dual equations, Part I, preprint 2013, arXiv:1307.6447.

[Tal3.2] C. TAUBES, Compactness theorems for SL(2;C) generalizations of the 4-
dimensional anti-self dual equations, Part I, preprint 2013, arXiv:1307.6451.

[WGPO08] R. WELLS, Differential analysis on complex manifolds. With a new appendiz by
Oscar Garcia-Prada, GTM 65, Springer, New York, 2008.

[Wi01] H. WipowMm, On the solution of a Painlevé III equation, Math. Phys. Anal. Geom.
3 (2000), no. 4, 375-384 (2001).

DEPARTMENT OF MATHEMATICS, STANFORD UNIVERSITY, STANFORD, CA 94305 USA
E-mail address: mazzeo@math.stanford.edu

MATHEMATISCHES INSTITUT DER LMU MUNCHEN, THERESIENSTRASSE 39, D-80333
MUNCHEN, GERMANY
E-mail address: swoboda®math.lmu.de

MAX-PLANCK-INSTITUT FUR MATHEMATIK, VIVATSGASSE 7, D-53111 BONN, GER-
MANY
E-mail address: swoboda@mpim-bonn.mpg.de

MATHEMATISCHES INSTITUT DER LMU MUNCHEN, THERESIENSTRASSE 39, D—-80333
MUNCHEN, GERMANY
E-mail address: weiss@math.lmu.de

MATHEMATISCHES INSTITUT DER UNIVERSITAT MUNSTER, EINSTEINSTRASSE 62, D—
48149 MUNSTER, GERMANY
E-mail address: frederik.witt@uni-muenster.de



	40_Mazzeo_cover

