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BURNSIDE RINGS FOR REAL 2-REPRESENTATION THEORY:
THE LINEAR THEORY

DMITRIY RUMYNIN AND MATTHEW B. YOUNG

ABSTRACT. This paper is a fundamental study of the Real 2-representation theory
of 2-groups. It also contains many new results in the ordinary (non-Real) case. Our
framework relies on a 2-equivariant Morita bicategory, where a novel construction of
induction is introduced. We identify the Grothendieck ring of Real 2-representations
as a Real variant of the Burnside ring of the fundamental group of the 2-group and
study the Real categorical character theory. This paper unifies two previous lines
of inquiry, the approach to 2-representation theory via Morita theory and Burnside
rings, initiated by the first author and Wendland, and the Real 2-representation
theory of 2-groups, as studied by the second author.
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INTRODUCTION

The notion of a 2-representation of a 2-group is introduced and studied by Barrett
and Mackaay [5], Crane and Yetter [13] and Elgueta [14], amongst many others. In this
setting, a 2-group acts coherently by autoequivalences of a category or, more gener-
ally, of an object of a target bicategory. An important target bicategory is 2Vecty, the
bicategory of Kapranov—Voevodsky 2-vector spaces over a field K, a natural categorifi-
cation of the category of finite dimensional vector spaces. In this example, or in more
general linear settings, there is a character theory of 2-representations, discovered in-
dependently by Bartlett [6] and Ganter and Kapranov [16]. This character theory can
be seen as a concrete instance of the theory of secondary traces, as studied by Toen
and Vezzosi [34, B5] and Ben-Zvi and Nadler [8]. The theory of 2-representations,
with its character theory, appears naturally in many areas of mathematics, including
topological gauge theory [0l B6] and equivariant elliptic cohomology [21], 16, 25]. Tt is
indispensable in traditional representation theory, for example, through its relation to
conjectures of Lusztig [10] and McKay [22], as explained in [31], or via the topological
field theoretic approach to representations of algebraic groups [7].

One weakness of 2-character theory is that, in general, it cannot distinguish equiv-
alence classes of 2-representations. This issue is resolved by Rumynin and Wendland
[31] who, under mild assumptions, describe the Grothendieck ring of 2-representations
of an essentially finite 2-group on 2Vectk in terms of a generalized Burnside ring
[18]. The mark homomorphisms of this Burnside ring not only distinguish equivalence
classes of 2-representations but also recover the 2-characters. The perspective taken
in [31] is that of Morita theory, so that 2-groups are represented on the Morita bicat-
egory of algebras, bimodules and intertwiners, instead of on 2Vectg. This perspective
is amenable to explicit calculations and constructions.

In this paper we develop a Morita-theoretic approach to Real 2-representation
theory. A number of our results are new and interesting already for ordinary 2-
representations. The word Real is capitalized, following Atiyah [3] ], where he distin-
guishes “real” (objects defined over R) and “Real” (objects with an involution). For
instance, a Real vector space is a complex vector space together with an anti-linear
involution.

The Real 2-representation theory of 2-groups is introduced and investigated in [37]
as a categorification of the Real representation theory of groups, as studied by Atiyah
and Segal [2] and Karoubi [23] in the form of equivariant K R-theory. There are two
distinct notions of a Real 2-representation. In this paper we focus on linear Real 2-
representations, in which the target bicategory is endowed with an involution which is
contravariant on 2-morphisms. A second notion of an anti-linear Real 2-representation,
related to Hermitian Morita theory [20], requires the target bicategory to be linear and
endowed with an involution which is fully covariant but anti-linear on 2-morphisms.
We hope to treat the anti-linear theory in consequent work. The character theory
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of (projective) Real 2-representations of finite groups is also studied in [37]. Real 2-
representations, and their characters, appear naturally in unoriented topological field
theory and orientifold string and M-theory [38] and, conjecturally, in Real variants of
equivariant elliptic cohomology [37].

Let us now describe assiduously the content of the present paper, stating concisely
the main theorems.

In Chapter [1] we introduce notation and set out our vision of the subject. Let & =

(G N G1) be a crossed module with a Zs-grading, that is, a group homomorphism
7 : G — Zy which satisfies im(0) < ker(w). We allow 7 to be trivial: in this case
our results belong to the ordinary (non-Real) theory. Associated to & is a Zs-graded
2-group & whose action on bicategories is our primary interest. For the introduction
we assume that (G is finite since our results are cleanest under this assumption.

We start Chapter 2| by defining weak &-algebras, the central notion of this paper.
This is an associative K-algebra A together with a projective action of G by algebra
automorphisms and anti-automorphisms, according to the grading m, and a projec-
tive group homomorphism G — A* which satisfy a number of coherence conditions.
Compactly, it is an instance of Noohi’s weak crossed module homomorphisms [27], spe-
cial cases of which play a key role in [31]. A weak &-algebra in which the projective
homomorphisms are, in fact, genuine homomorphisms is called strict. In Section
we construct various Morita bicategories which are 2-equivariant for & and fit into the
following diagram of subbicategories:

6-Algy — &-RWAlgy —— &-NAlgy,

| | |

B-Algld - B-RWAlgld ——— &-NAlgl.

The strictness of the &-algebras decreases from left to right and the superscript “fd”
indicated the fully dualizable subbicategory. A key technical notion, realizability of
a twisted 2-cocycle for the group G, is introduced in Section [2.4. The following
strictification theorem is the main result of Chapter

Theorem (Theorem and Proposition 2.5). Let A € &-NAlgy be an N-weak -
algebra.

(i) If A is split semisimple, then there exists a strict (split semisimple) &-algebra
B € &-Algld which is &-Morita equivalent to A.
(i1) In general, there ezist a Lo~ graded crossed module $ and a strict $H-algebra B €

H-Algy such that 55 & as Zio-graded 2-groups and B 1s $-Morita equivalent
to A.

In Chapter [3| we define and study induction pseudofunctors. Given a crossed sub-
module $ of &, it is natural to expect the existence of an induction pseudofunctor

Indg : H-NAlggy — &-NAlgy.
Using our strictification result, it suffices to construct Indg on the subbicategories

H-Algyg and &-Algy of strict algebras. There are three flavours of Indg, depending on
the Zy-gradings of $ and &. We can now state the main result of Chapter [3]

Theorem (Theorems 3.4 and [3.6).
(i) There ezists an induction pseudofunctor Indg, : $-Algy — &-Algy.
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i e index |Gy : Hsl| is finite an e characteristic o oes not divide
i) If the index |Gy @ Hs| @ it d the ch teristi K d t divid
|Gy : Hs|, then the above pseudofunctor restricts to a pseudofunctor Imd%ﬁ :

9-Algld — &-Alghd.

Our construction of IndgS is direct and explicit, illustrating the power of the Morita-
theoretic approach to 2-representation theory. An important technical result is a
Maschke-type theorem for induced ®-algebras, Proposition asserting that Ind%5
preserves separability. When & is trivially graded, we prove that, under certain as-
sumptions, Ind? is both left and right biadjoint to the restriction pseudofunctor Resf;
(Proposition [3.5). The analogous question in the Zs-graded setting is more subtle
(Problem [3.7). In Section [3.4) we describe the monoidal behaviour of Indg.

In Chapter [4] we return to Real 2-representations on 2Vectx. We construct a local
biequivalence &-Algld — RRepyyect, (B) (Proposition that enables us to prove the
first of the two main results of the paper.

Theorem (Theorem . If K is separably closed, then RRepyyec, (&) is biequivalent
to &-Algl.

As a consequence, we give a Morita-theoretic classification of Real 2-representations
of & (Corollary . The resulting structure theorem for Real 2-representations (The-
orem yields a Real generalization of known results [29] [14), [16].

In Chapter 5 we describe the Grothendieck ring of RRepyye., (&), proving the second
main result of the paper.

Theorem (Theorem . The Grothendieck ring Ko(RRepyyee, (8)) is isomorphic to

the generalized Burnside ring BS (&), where ® is the functor of “Real one dimensional
2-representations”.

The isomorphism is explicit and compatible with the corresponding ordinary result
[31].

Finally, in Chapter [| we turn to the character theory of Real 2-representations. We
define the categorical character and 2-character of a Real 2-representation of an arbi-
trary Zs-graded 2-group &. Our approach is geometric, being formulated in terms of
various kinds of loop spaces of &. One feature of our approach is that it works directly
with the 2-group (or its crossed module model) and applies uniformly to the ordinary
and Real cases. Moreover, its form immediately suggests a generalization to the n-
categorical and projective cases. In the finite case, we relate Real 2-characters to mark
homomorphisms of the generalized Burnside ring in Corollary At its core, this is
a result about 2-characters of certain induced Real 2-representations (cf. Theorem (6.2
and Corollary . This provides a 2-group generalization of the corresponding result
for (Real projective) 2-representations of finite groups [16, 37]. We expect these results
to be representation theoretic analogues of Hopkins-Kuhn-Ravenel character theory
[21], 26] of 2-equivariant elliptic cohomology (see Problem .
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to thank the University of Zurich, whose hospitality he enjoyed. The second author
would like to thank Catharina Stroppel for discussions. The first author was partially
supported by the Russian Academic Excellence Project ‘5-100’.
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1. CROSSED MODULES AND 2-GROUPS

1.1. Zs-graded crossed modules. A crossed module & = (G5 RN (1) consists of
groups GG; and Gy, an action G; X Gy — Ga, (9,2) — 9z, of G; on Gy by group
automorphisms and a homomorphism 0 : Go — G;. This data is required to satisfy

d(%x) = go(z)g ™", Wy = yay™

for all g, x,y. Here, and for the rest of the paper, we use letters f, g, h for elements of
G4, z,y, z for elements of G5 and a, b, ¢ for elements of some algebra A.
A group G defines a crossed module ({e} = G), which we continue to denote by G.
Denote by Z, the multiplicative group {+1, —1}.

Definition. A Zs-graded crossed module is a crossed module morphism m : & — Zo.

Explicitly, 7 is the data of a group homomorphism 7 : G; — Zs which satisfies

im(0) < ker(w). The kernel of 7 : & — Zy is the crossed submodule &y = (G2 N Go),
where Gy = ker(m : G; — Zy). We call &, the ungraded crossed module of &. We say
that & is trivially graded if &, = &.

1.2. Crossed modules of generalized automorphisms. Fix a ground field K. Let
A be a K-algebra, always assumed to be associative and unital. The group of units of A
is A*. The centre of A is Z(A). The assignment of an algebra to its opposite extends to
an involution (—)°? : ALGg — ALGg of the category of K-algebras and unital algebra
morphisms. Given € € Z,, define ¢(—) : ALGx — ALGk so that T'(—) = idaLg, and
=) = (=)

Let Aut®"(A) be the set of all algebra isomorphisms of the form A — A or A? — A.
Define 7 : Aut®"(A) — Z so that ¢ € Aut®**"(A) is an algebra homomorphism
"9 A — A. We consider Aut®(A) as a group with multiplication

g-h=go™9h.

Since (—)°P acts trivially on morphisms (viewed as set maps), this is the usual com-
position of morphisms. The map 7 makes Aut®**"(A) into a Zs-graded group with
ungraded subgroup Aut(A).

Definition. The crossed module of generalized automorphisms of A is
AUTE"(A) = (A% & Aut®(A)),

where Aut®(A) acts on A* by v = g(2™9) and O(x) is the inner automorphism

a+— rax~ L.

To see that, for example, the first axiom of a crossed module holds, note that
0(9z)(a) = g(z™9)ag(z~™9)) while

(99(2)g~")(a) = g(a™W g (a)a™™) = g(a™W)ag(a~"?),
as required. The Zy-grading of Aut®"(A) induces a Zy-grading of AUT®"(A), the
ungraded crossed module of which is AUT(A) := (A* LN Aut(A)).

1.3. 2-groups. For categorical background, we refer the reader to Bénabou [9]. For a
detailed introduction to 2-groups, see Baez and Lauda [4].

In this paper, we use the term 2-group for what is called a weak 2-group in [4],
namely, a bicategory G with a single object in which all 1-morphisms are equivalences
and all 2-morphisms are isomorphisms. Morphisms of 2-groups are pseudofunctors.
Note that G can be seen as a monoidal groupoid in which each endofunctor g ® —
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G — G, g € G, is an equivalence. We switch freely between these two perspectives.
A 2-group is called strict if its underlying bicategory is a (strict) 2-category. Every
2-group is equivalent to a strict 2-group. A group can be thought of as a groupoid
and, hence, as a 2-group in a canonical way.

There is a well-known equivalence (—) from the category of crossed modules and
strict crossed module morphisms to the category of strict, small 2-groups and 2-
functors [12], [27, §3.3]. This functor assigns to a crossed module & the 2-group

& with object %, with 1-morphisms 1Endg(x) = G and 2-morphisms
2Homg (g1, 92) = {z € G2 | O(x)g1 = ga}-

The vertical composition law in & is illustrated by the diagram

(92%93)0(91%92)2 x —2  vx = % ﬂzle *.

The horizontal composition law is illustrated by

g2 95 9292

G2 @) oS dh) = v 1 T 4o e = w7 .ol
(¢ 2) © (g1 5) *\g/{*\ﬂ/* *\ﬂ)*
1 9 a9

The equivalence class of the 2-group & is determined by the quadruple (7 (), m2(8), «, [0])
where a is an action of 71 (&) := coker(d) on my(®) == ker(9) and [0] € H3(m,(8), m2(&))
is the Sinh cohomology class [4, Theorem 8.3.7] (cf. [14] [30]).

A Zsy-graded 2-group is a 2-group morphism 7 : G — Z. The ungraded 2-group of
G is the locally full subbicategory Gy on l-morphisms in ker(7). We also write (—)
for the induced equivalence between the categories of Zs-graded crossed modules and
Zso-graded groups.

1.4. Generalized automorphism 2-groups. Given a bicategory V, denote by V<
the bicategory obtained from V by reversing its 2-cells.

We recall a construction of [37, §3.3]. Let V be a bicategory with weak duality
involution, in the sense of Shulman [32, §2]. This is the data of a pseudofunctor
(—)° : V*° — YV, a pseudonatural adjoint equivalence p : 1y = (—)° o ((—)°)® and
additional higher coherence data which we do not recall here. Let V € V. The
collection of all equivalences of the form V. — V or V° — V, together with the
2-isomorphisms between them, assembles to a Zs-graded 2-group 1Aut};"(V), called
the generalized automorphism 2-group of V. The monoidal structure ® is defined on
objects by

S (o) (1)
f2 ® fl _ f2 o (ﬂ(fz)fl o Iuv(fz)v (f1); 1)’
where 7(f) € Zj is such that f : ")V — V. the symbol ")(—) determines the
application of (—)° and
5 _ if m(fo) =n(f1) = —1,
m(fadm(fi= 0  otherwise,

while 9, means that the map py is omitted. The definition of ® on morphisms is
similar. We omit the definition of the associator, which uses the higher coherence data.
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The ungraded 2-group of 1Aut};" (V') is 1Auty(V'), the weak automorphism 2-group of
V', as defined in [4] §8].

1.5. Real 2-representation theory. Following [37, §3], we recall the basic definitions
of the Real 2-representation theory of 2-groups.
The bicategory of 2-representations of a 2-group G on a bicategory V is

Repv(g) = 1H0mBicat(ga V)a

consisting of pseudofunctors, pseudonatural transformations and modifications. A 2-
representation of G is, thus, the datum of an object V' € V and a 2-group morphism
G — 1Auty (V). For detailed studies of 2-representation theory, the reader is referred
to [5, 14, 6).

Now let G be a Zs-graded 2-group. Let V be a bicategory with weak duality invo-
lution. The bicategory of Real 2-representations of G on V is

RRepv(g) = 1Homgjcatc,, (ga V)

Here Bicatc,, is the tricategory of bicategories with contravariance. We regard G and
V as bicategories with contravariance [37, §§1.2, 3.3]. The ingredients of RRep,,(G) are
as introduced in [32] §4]:

e objects — contravariance preserving pseudofunctors,

e 1I-morphisms — pseudonatural transformations respecting contravariance,

e 2-morphisms — modifications respecting contravariance.

In particular, all 2-morphisms are isomorphisms. In concrete terms, a Real 2-representation
of Gon V €V is a morphism G — 1Aut§" (V) of Zy-graded 2-groups.

A symmetric monoidal structure on V (which commutes with the weak duality
involution) induces symmetric monoidal structures on Rep,,(G) and RRep,,(G). These
monoidal structures are compatible in the sense that the restriction pseudofunctor

Resg0 : RRepy,(G) — Repy,(Go)

is monoidal.

Example. Let Cat be the 2-category of small categories. The assignment of a category
to its opposite extends to a strict duality involution (—)°P : Cat® — Cat. A Real 2-
representation of a Zs-graded group G is the data of a category C, equivalences

p(g) : m9¢c = ¢, ge G

and composition natural isomorphisms

Ponar : P(g2) 0™ p(g1) => p(gagi), g €G.

This data is required to satisfy the associativity constraints

Pgsg2,g1 © (ng,g2 © W(g392)p(gl)) = Pg3,9291 © (P(QS) ° ﬂ(gS)p;rz(?;l)) g 9 €G.
<

Example. Let 2Vectx be the bicategory of finite dimensional Kapranov—Voevodsky
2-vector spaces over K. We use the semi-skeletal model [16, §2.2], [31, §1]. Objects
are [n], n € Z>o. A l-morphism [n] — [m] is an m X n matrix A = (A4;;) of finite
dimensional vector spaces over K. A 2-morphism v : A = B is a collection of K-
linear maps (u;; : A;; = Bj;). We omit the definition of the various compositions.
The bicategory 2Vectkx has a natural symmetric monoidal structure. A weak duality
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involution on 2Vecty is defined as follows. The pseudofunctor (—)° : 2Vecty’ — 2Vectk
is given on objects, 1-morphisms and 2-morphisms by

[°=n],  (Ay)" = (A5,  (uy)” = (u3),
respectively, where (—)V is the K-linear duality functor on the category Vectg of finite
dimensional vector spaces. The remaining data for the duality involution is induced

from the evaluation isomorphism lyec, >~ (—)¥ o ((—)")°P. Equivalence classes of Real
2-representations of finite groups on 2Vectg are classified in [37], §5.3]. <

1.6. Real 2-modules. Let 2Modk be the 2-category of 2-modules over K, as defined
in [31, §1] (where it is denoted 2-Mod®). Objects are Vectg-module categories that
are Vectg-module equivalent to A-Mod for some K-algebra A. We do not recall the
definitions of 1- and 2-morphisms. A 2-representation of a 2-group G on 2Mody is
called a 2-module over G.
In this paper we use a variation of this set-up. Let ALGgk be the Morita bicategory:
e objects — K-algebras,
e l-morphisms A — B — B-A-bimodules,
e 2-morphisms — bimodule intertwiners.

The composition of 1-morphisms is the tensor product of bimodules. Let Algy be the
subbicategory of finite dimensional algebras, finite dimensional bimodules and inter-
twiners. Let also Algl be the fully dualizable subbicategory of ALGy or, equivalently,
the full subbicategory of Algy spanned by separable algebras. Tensor product of alge-
bras over K induces symmetric monoidal structures on ALGg, Algy and Algk.

The 2-representation theories of G on 2Modg and ALGg are equivalent. This follows
from the fact that, by Morita theory, equivalences in 2Modg can be represented by
bimodules. The 2-representation theories of G on Algy and Algld can therefore be
thought of as the finite dimensional and separable 2-module theories of G, respectively.

Recall that each K-algebra morphism ¢ : A — B defines restriction functors from
B-modules to A-modules. If M is a right B-module, then M, is a right A-module,
equal to M as an abelian group and with right A-module structure

m-a=maeo(a), m € My, a € A.

Similarly, a left B-module N determines a left A-module ,N. Starting with the identity
bimodule pBp, we get a representable B-A-bimodule By. We use the representable
bimodules to embed ALGk as a locally discrete subbicategory of ALGg. Also relevant
is the locally full subbicategory ALGE® of ALGk on representable 1-morphisms. We
record the following result for later use.

Lemma 1.1. Let ¢ and v be K-algebra isomorphisms A — B. Then the map
Yo :{be B*|¢=0(b)w} — 2Hom e, (Bs, By)

which sends an element b € B> to the map given by right multiplication by b is a
bijection onto the subset of 2-isomorphisms.

As explicated in [24, Theorem 5.1], the bicategory Alg]flé1 admits a weak duality
involution. The pseudofunctor (—)° : (Algi)® — Algld is defined on objects by
A° = A° on a l-morphism M : A — B by M° = Homyq.a(M, A) (viewing the
A-B-bimodule on the right hand side as a B°°-A°°-bimodule), and on a 2-morphism
¢: M = N by ¢° = (—) o ¢. The additional coherence data for (—)° and its lift to
a weak duality involution are constructed using the separability of algebras and the
finite dimensionality of bimodules involved.
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Definition. A Real 2-module over a Zy-graded 2-group G is a Real 2-representation

of G on Algl.

There is a canonical pseudofunctor 2Vecty — Algll which sends the object [n] to
the algebra K™. If K is separably closed, then this is a monoidal biequivalence which,
with 2Vectg equipped with the weak duality involution of Section [I.5] lifts to a duality
biequivalence. An explicit construction of this lifting is given in [24] Theorem 6.3]. In
particular, this allows us to conclude that the bicategories of Real 2-representations of
G on 2Vectgx and Algﬁg are monoidally biequivalent.

2. ACTIONS OF CROSSED MODULES ON ALGEBRAS

2.1. Weak ®-algebras. Let $) be a crossed module. A weak $)-algebra is a K-algebra
A together with a weak morphism of crossed modules wy : 9 — AUT(A). There
are (at least) two different notions of a weak morphism of crossed modules in the
literature, namely those introduced by Noohiﬂ [28, Definition 8.4] (N-weak for short)
and Rumynin-Wendland [31, §2] (RW-weak). The latter is a particular case of the
former.

Let now & be a Zs-graded crossed module. Influenced by the ordinary case, we
introduce the following definition.

Definition. An N-weak &-algebra is a K-algebra A together with a weak morphism of
Zs-graded crossed modules wa : & — AUT®"(A). Ezplicitly, wa is the data of
(1) a function wsy : G; x G1 — A* that restricts to the identity on Gy x {eg,} and

{6(;1} X Gl;
(i) a unital O.ws-projective Zo-graded group homomorphism w; : G; — Aut®(A),
that is, a pointed map over Zs which satisfies

w1(9291) = O(ws3(g2, 91))w1(g2)w1(g1), 9: € Gy (1)

and
(i1i) a unital 0*ws-projective group homomorphism wy : Gy — A*, that is, a pointed
map which satisfies

wo(T2x1) = w3(0xg, Ox1)wa(xe)ws(x1), x; € Ga. (2)
This data is required to satisfy
wp 00 = 0owsy, (3)
the non-abelian 2-cocycle condition
w3(g392, 91)ws (g3, 92) = w3(gs, gogn) - " ws(ga, g1), gi € Gy (4)
and the equivariance condition
wa(9a) = wy(gOw, g~ ws(g, Ox) - ' Dwa(2)ws(g,97) !, g€ G w€Ga (5)

We write Z%(G1, AX) for the set of normalized functions ws which satisfy equa-
tion . The subscript 7 indicates that the action of Gy \ Go on A* involves inversion.
We utilize the following (partial) strictifications of the previous definition.

Definition. (i) An RW-weak &-algebra is an N-weak G-algebra A in which ws
factors through Z(A)* < A*.
(ii) A (strict) &-algebra is an N-weak &-algebra with trivial ws.

L An unrelated definition appears in [27, Definition 8.4], which was later revised in [28, Definition 8.4].
The revised definition also seems to contain a typo; compare with equation .
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Said differently, an RW-weak ®-algebra is an N-weak &-algebra in which w; is a
Zo-graded group homomorphism.

The ungraded and graded notions of weak algebras are compatible in the sense that
the restriction of an N-weak (resp. RW-weak, strict) ®-algebra w, to &, is an N-weak
(resp. RW-weak, strict) &gp-algebra wy : &y — AUT(A).

Definition. A strict morphism of N-weak &-algebras ¢ : A — B is a unital algebra
morphism which makes the diagrams

w7 xop Gy
WA,2 wB,2
wA,l(g)l leJ(g) y / \
\ A — B~
A ¢ 7 B ¢‘A><

commute for all g € G1.

It follows directly from the definition that the equality ¢.wa 3 = wp3 holds.
Let $ and K be crossed modules. Noohi’s weak crossed module morphisms are
defined so that there is a biequivalence

HOH’ICM (5:), ﬁ) >~ HomBicat (57 .Aﬁ/),

where the left-hand side is the bicategory of weak crossed module morphisms, trans-
formations and modifications. Strictly speaking, the above biequivalence is not proved
in [27] and so we do not use it in the remainder of the paper; see, however [27, Propo-
sition 8.1] and Proposition below. Under the above biequivalence, strict crossed
module morphisms correspond to strict 2-functors. This, together with the following
lemma, explains the categorical meaning of weak and strict $-algebras.

—_——

Lemma 2.1. For any K-algebra A, there is a biequivalence AUT(A) ~ 1AutALGE§p(A).
Proof. This can be proved in the same way as [31, Proposition 2.2]. O

Similarly, if A is separable, then one can show that AUT®*"(A) models the Zy-graded

2-group lAutjzg,rep(A). We therefore obtain an analogous categorical interpretation

of (weak) ®-algebras.

2.2. Equivariant objects. We introduce the notion of an equivariant object of a
Real 2-representation on Cat. This clarify some of the constructions which follow.

Let p be a Real 2-representation of a Zs-graded group G on a category C. An
equivariant object of p is a pair (¢, «) consisting of an object ¢t € C and isomorphisms
ag: p(g)(t) = t, g € G, which make the diagramﬂ

p(g201) (1) <22 p(g)(p(g1)(1))
0‘9291\[ lp(gg)(agl('q?)) ) gi € G
t < p(g2)(t)

Qgo

2For notational simplicity, we omit the symbol (—)°P in this diagram.
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commute. A morphism of equivariant objects ¢ : (t,a) — (s, ) is an isomorphism
¢ : t — s which makes the diagrams

commute. This defines a groupoid of equivariant objects of p.

When G is trivially graded, there are two possible definitions. We need not require
the map ¢ to be an isomorphism. In this case the definition reduces to the standard
category of equivariant objects of p.

2.3. Morita bicategories of weak ®-algebras. In this section we introduce a more
flexible notion of a morphism of N-weak &-algebras. We begin with some preliminary
material. We use left and right twists of bimodules by (anti-)automorphisms; see
Section Note that (—)° is defined with the separability assumption.

Lemma 2.2. Let A and B be K-algebras. For each B-A-bimodule M and ) € Aut(A),
¢ € Aut(B), there is a B°P-A°P-bimodule isomorphism

(¢Mw)o 1} ¢op(Mo)¢op, mt— (m — ¢(m(m)))

Let & be a Zs-graded crossed module. Let A and B be separable N-weak &-algebras.
The category 1Hom 4,1 (A, B) of 1-morphisms of the underlying K-algebras inherits

the structure of a Real 2-representation \ of G;. Explicitly, an element g € G acts
by the functor A(g) which sends a B-A-bimodule M tdj

M9) (M) = oy (-1 ("9 M)

On morphisms A(g) acts as ™9 (—); the (anti-)automorphism twists wy1(g) ™" act triv-
ially. In particular, A\(g) is contravariant precisely when 7(g) = —1. The component
at M of the coherence natural transformation

)‘92,91 : >‘<92) © 7r(g2))‘(gl> == )‘(9291)7 gi € G,

wai(g)—t”

when viewed as a K-linear map Ay, 4, : m(9290) N[ — M, is given by left multiplication
by “B1(92007" g 5 (g, g1) ! and right multiplication by “4162907" 4 4(gy, g1), which we
write as 8(”‘»’*1(9291)7@?,3(;]2,gl)_l). Implicit in this description of Ay, 4, 4 is, when
m(g2) = —1, the use of Lemma and, when 7(g;) = 7(g2) = —1, the use of the
evaluation isomorphism evy; : M — M°°.

Let us unpack the datum of an equivariant object (M,wy) of 1Hom 4, (A, B).
First, we have a B-A-bimodule M. Second, for each ¢ € G, we have a K-linear
isomorphism wy(g) : "9 M — M which satisfies

wir(g)(bma) = wp1(9)(D)war(9)(m)wan(g)(a),  a€ ™A, me ™M, be ”(9)3(.6)

Moreover, these isomorphisms are required to satisfy

wir(g291) = O(w23(g2, g1)) 0 war(ga) 0 " wyy(g1)™), gi € G. (7)

3For readability (and unlike Lemma 2.2), we henceforth omit the notation (—)°P on morphisms.
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A T-morphism ¢ : (M,wy) — (N,wy) is a B-A-bimodule isomorphism which is G-
equivariant, in the sense that the diagrams

m(9) g7 (9)

Mg)M) ———— Ag)(N)
wM(g)l wn(g) g€ Gy
M 5 > N

commute.
Using the above notation, we define a bicategory &-N Algﬁg:
e objects — separable N-weak ®-algebras,
e l-morphism category 1Homy_ y yta (4, B) — the full subcategory of the equivari-
ant objects of 1HomAlg§€(A, B) spanned by pairs (M, wys) which, in addition,
satisfy wys(eq,) = idys and

wyp (0x) = O(we 2(x)), x € Gs. (8)

The horizontal composition of 1-morphisms and the associativity data of Algﬁg extend
naturally to &-NAlgld.

Denote by &-RW Algld and &-Algld the full subbicategories of &-NAlgld spanned
by RW-weak and strict &-algebras, respectively.

Example. A strict morphism ¢ : A — B of separable N-weak &-algebras defines in a
canonical way a 1-morphism By : A — B in &-NAlgf. <

Remarks. (i) A more conceptual definition of 1Homy_y yta (A4, B) is as the equi-

variant groupoid of 1Hom A,g]gg(A, B), viewed as a Real 2-representation of &.
We opt to avoid defining equivariant objects for 2-groups.

(ii) When & is trivially graded, we do not require the existence of evaluation iso-
morphisms. We can therefore define a larger bicategory &-NALGk. In this
way we connect with the $-equivariant Morita contexts of [31, §2].

Definition. Fquivalence in the bicategory QS—N.Algﬁg 15 called &-Morita equivalence.

We describe some additional structures on &-NAlgld. Let A and B be N-weak
B-algebras. Then the direct sum A & B has an obvious N-weak &-algebra structure
AH B. Similarly, the tensor product A ®x B is an N-weak &-algebra A X B with
structure maps wamp,; = wWa,;, ®wp,, ¢t = 1,2, 3. This extends to a symmetric monoidal
structure X on &-NAlgld. Both B and X restrict to &-RW Algl and &-Algk.

Finally, given a strict &-algebra A, its dual &-algebra A" (see [31} §3]) is defined so
that its underlying K-algebra is A°? and its structure maps are

wavi(g) = wai(9)®,  wava(r) =was(z)™".

An interested reader can generalize the construction of AY to the case of an N-weak
B-algebra A.

2.4. Realizability of twisted 2-cocycles. Let G be a Zs-graded group. Fix an
integer t > 1 and let A = K’ with RW-weak G-algebra structure wy. Then wa; : G —
Autt(A) =2 S; X Zy is a group homomorphism. The datum w, determines a Real
2-representation A of G on A-Mod 4, the category of finite dimensional left A-modules,
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considered as an object of the 2-category Cat with duality involution (—)°P. The action
functors are defined on objects by

)\(g)(M) —wai(g)t (ﬂ(g)M) ) geG
and the coherence natural isomorphisms
Agagr - A(g2) © ™92\ (g1) = M(g201), g €G
are left multiplication by “’A’l(9291)_1w,473(gg, g1)"! (cf. Section .

Definition. A realization of waz € Z*(G, AX) is an equivariant object (M, ) of A
whose underlying A-module M s faithful.

It is convenient to interpret the equivariant object (M, «) as the pair (M, pys), where
prr(9) = y(w(eM). Then, for each g € G, the K-linear map pa(g) : "9M — M
is required to satisty pas(g)(am) = wa1(g)(a)pr(g)(m). The coherence constraints on
P read

PN
par(9291) = waz(g2, 91)Par(g2) © " pas(g1)™ ) 0 evy T gi € G.

In particular, for trivially graded G, we recover realizability as introduced in [31, §3].
When G is trivially graded, (M, pyy) is simply a module over the skew group algebra
At,,G. Using this perspective, we see that if G is finite, then w3 € Z*(G, AY) is
realizable. For example, we can take M to be the left regular representation of Af, ,G.
We can then conclude realizability in the Zj-graded case by taking the hyperbolic
representation on the left regular representation of Af,, G.
The following result is used repeatedly in the remainder of the paper.

Proposition 2.3. A realization (M,py) of was € Z*(G, AX) determines a Zy-graded
group homomorphism a : G — Aut®*"(End4s(M)), g — a,, by the formula

ag(6) = pu(g) o™ Ppopul9), g €G, ¢ € Enda(M)
where ™9) (=) determines the application of A-linear duality (—)°.

Proof. Since py(g) Ham) = wai(g) (a)pa(g)~t(m), the map a,(¢) : M — M is
again A-linear. It is clear that a, € Aut(End4s(M)) when n(g) = 1. If n(g) = —1,
then

ag(da0d1) = pulg)o(paodi)’ opul(g)™ = ay(d1) o ay(ds).

Hence, we indeed have a map a : G — Aut®*"(End4(M)). To verify that a is a group
homomorphism, suppose, for instance, that 7(g;) = 7(g2) = —1. We compute

ag (ag,(0)) = par(g2) o par(g1) 0 6% 0 par(g1)° o par(g2) ™
= WA,3(92, 91)_1PM(Q291) © eVJTgl o¢p® oevy o PM(Q291)_IWA,3(927 91)

= pu(geg1) 0o par(g201) " = Ogag, (6)-

The other cases are similar. O

Remark. This section can be retold for N-weak G-algebras, but we do not require
that level of generality.
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2.5. Strictification of weak ®-algebras. In this section we prove that, subject to a
realizability condition, every split semisimple N-weak &-algebra is &-Morita equivalent
to a strict &-algebra. When the Z,-grading of & is trivial this result is known [31]
Corollary 3.3], although the proof there contains a gap. We provide a complete proof
in this section, which covers also the Z,-graded generalization. Our proof is more
conceptual and is different from the proof in [31], even in the ordinary case.

Let A be a split semisimple N-weak ®&-algebra. The Artin—-Wedderburn theorem
asserts that there is a K-algebra decomposition

A~ P M, (K)=".
n>1
Each summand A, := M, (K)®" is an N-weak &-subalgebra and A ~ 8,51 4,,. Let us
consider the case A = M, (K)®. There are isomorphisms
Aut(A) ~ PGL,(K)*t xS, Aut®*(A) ~ Aut(A) x Zs.

There is a canonical choice of a generator s € Zs < Aut®*"(A): the transposition
s(ay,...,a;) = (af,...,al). Tts action on Aut(A) is the inverse transpose:

S((al, Cee,ay), 7') = ((al_l)T, - (at_l)T),T).
The composition
oGy 2L Auts(A) — S,
is a group homomorphism. Indeed, w4, fails to be a homomorphism by conjugation
by elements of GL, (K)**, which is not seen at the level of permutations. Choose a lift
A of wy, along the quotient GL,(K)** xS, — PGL,(K)** x'S;. This determines a
function py : G; X Gp — (K*)* via the equation

Agag1) = 114 (g2, 91)wa3(g2, 91)A(ga) ("9 A(gy)™92)).

Using the 2-cocycle condition on w43, we find that uy € Z%(Gy, (K*)!), where K¢
is viewed as a Gi-algebra via o. It is straightforward to verify that different choices

of A lead to cohomologous 2-cocycles. In this way, we attach a cohomology class
(1] € H? (G, (K¥)3r) to M, (K)® < A,

Theorem 2.4. Let & be a Zo-graded crossed module, A a split semisimple N-weak
&-algebra. If each cohomology class u,] € H*(Gy,(K*)in), n > 1, is realizable, then
there exists a &-algebra B which is &-Morita equivalent to A.

Proof. By the discussion preceding the theorem, it suffices to consider the case A =
M,(K)®. Fix a lift A of wa; with associated cocycle p = up € Z*(Gy, (K*)L). The
definition of A implies the equality

wai(g)(a) = A(g)("@a)A(g)7", geGac A
Equation implies that wy o satisfies
AOz)0ao A(0z) " = was(r)awas(x) ™!, xr € Gq, a € A.
Hence, there exists a function v : Gy — (K*)* such that
wazs(z) = v(z)A(0x), z € Gy
which, by equation , satisfies
Y(@aa1) = (02, 01) "'y (wa)y (1) (9)

By the realizability assumption, there exists a pu~!-projective Real representation

(U,nu) of Gi. Put B = Endg:(U) with the Gj-action of Proposition 2.3] Define



REAL BURNSIDE RINGS 15

wpe : G2 = Autge(U) by wpa(z) = v(z) 'ny(dz). Equation (9) implies that this
makes B into a $-algebra.

Let V = (K™)% viewed as a Real representation of Gy via A. Let M =V @ U
with A-BY-bimodule structure a - v ® v -b = av ® bu. Here BY denotes the G-algebra
dual to B; see Section . For each g € G, define a K-linear map wy; : "9M — M
by

wir(9)(v @ u) = Ag)(v) @ nu(g)(w).
Then we have
wu(g)a-v@u-b) = Ag)("av) @nu(g)("bu)
A(g)("Pa)A(g) " A(9) () @ 10 (9)("Pa)nu(9) " 0w (9) (w)
= wau(g)(a) - wu(g)(v®u) - wpi(g)(b),
so that equation @ is satisfied. Moreover, since wp 3 is trivial,

O(w23(g2, 91))war (92) ("Pewnr (91)™) (v ® w))

is equal to

wa (92, 91 )M (g2) (" Mg1)™9) (0)) @ 10 (g2) ("9 e (91) ™9 (u))
p(92, 91) "' Ag2g1) (v) @ pa(g2, 1)1 (9291) (u)
= A(g291)(v) ® nu(g291) (1) = wrr(g2g1) (v ® u),
so that equation (7)) is satisfied. Finally, we have
wyr (07) (v ® u) = A(0x)(v) @ 1 (0x) (1) = v(2) " waz (@) (v) @ nu(dr)(u),
so that equation is satisfied. Hence (M,wy) : BY — A is a l-morphism in

6B-N Algﬁg. The bimodule M is clearly an equivalence in Algﬁg. This implies that
(M, wyy) is also an equivalence. d

2.6. Strictification of 2-groups. The following proposition is an alternative version
of Theorem [2.4] where the strictification alters the crossed module representing the
2-group, instead of altering the algebra.

Proposition 2.5. Let & be a Zs-graded crossed module and (A,w) an N-weak &-
algebra. There exists a Zs-graded crossed module $), a strict homomorphism of Zo-
graded crossed modules ¢ : $ — & and a strict H-algebra structure 1 : § — AUTE?(A)
such that
(i) the induced homomorphism of 2-groups ¢ : $ — & is an equivalence, and
(ii) the N-weak $)-algebra (A,wp) and the strict $-algebra (A,¢) are $H-Morita
equivalent.

Proof. Define constituents H;, i = 1,2 of the crossed module $) as extensions of G; by
the multiplicative group A*, using the systems of factors that arise from the N-weak
structure:

1= A = H, % G — 1.
The homomorphism ¢ is (1, ¢2), i.e., ¢|g, = ;. Writing H; = A* x G; as sets, we
can express the homomorphism 1) = (11, 15) as
wl(aag) = AdA(CL)Ldl(g), w2(a7 .CL’) = awg(x), (10)

where, as usual, a,b € A*, g,h € G1 and z,y € G5. The rest of the proof is devoted
to verifying the technical details.
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1) Groups H;: the multiplications for H; and Hy are slight variations of the
standard product defined by the system of factors:

(a7g) ’ (bv h) — (awl(g)(b)w3(g7 h>_17gh)7 (CL,I) ’ (b7 y) = (a(WZ(x)b)w?)(axv ay)_lv l”y)
(11)
Associativity follows from the cocycle condition. The inverses are
(a,9)"" = (wslg™" @wi(g™)@™),g7h), (a,2) 7" = (ws(@x™!,02) (>0 D(a™)),27).
2) Action of H; on Hs: define the action by
@ (b, ) = (awi(9) (D)ws (g, 0x) " wi(gd) (ws(g ™, 9) Jws(9Dz, g~ 1) ~H (= (@), g(x))
12
We have derived this formula by assuming that G5 is a normal subgroup of GG; and
computing ((a, g)-(b, z))-(a,g)~'. Observe that the evaluation of (a, g)-((b,z)-(a,g)™")
produces the same formula (after a longer calculation, utilizing the cocycle condition).
For clarity we simplify the notation by w = w3 and dropping w; and w»:
@9 (b, x) = (a (") w(g, 0x) " (*Pw(g™, 9)) w(gdz, g71) 7t (*(a™)), ).
We need to verify that each element of H; acts by a group endomorphism. It suffices
to verify this for elements of G; and A* separately. Eight separate verifications are

required but it is easier due to the complexity of equation ((12)). Here we show one of
them, leaving the remainder to an interested reader:

@1, 2)- 9 (b,e) = (a(*(a")), z)(aba™", e) = (a(*(a™"))*(aba "), x) =
(a*(0)*(a™ 1), 2) =9 (*b,z) = (1, 2) - (b))
Further we need to verify that it is actually an action. Again, verifying this for the

elements of G; and A separately requires eight separate verifications. We perform
just one of them as an illustration. We need to show that

(@I (1,2)) = (%a?(*(a™"))w(g, 0) " 9% w(g ™", g)w(gdz, g )" /)
is equal to
0(1,2) = (9 (1,) = (Faalg, 02) " lg ™ )90, g7 T Oa)), %)
Using 9("a) = w(g, h) "t 9"aw(g, h) (equation (2))), we are left to verify that
w(g, 0x) "% (a™Mw(g, dx)w(g, dx) "% w(g™, g)w(gda, ")
is equal to
w(g,0x) " "w(g™, g)w(gdz, g ") "'w(9d(x)g~", 9) "1 (aw(9d(x)g ", 9).

We can cancel all underlined parts, for instance, the three terms in the second expres-
sion is equation () with g3 = g0(z), g» = g~' and g; = g. Hence, we need to see that
the equality

92w (g ! g)w(gdw, g 1) = 0 (0 w(gd(x)g ", 9)
holds. Again this follows from equation (4)) with g3 = g0(z), g» = ¢~' and g, = g.
3) Differential for $ and the Peiffer identity: define the differential by

d(a, ) = (a,Ox).

The similarities in the definitions of the products in H; and H, (formula (1)) ensure
that 9 is a group homomorphism. The Peiffer identity holds automatically, due to the
way we have derived formula in 2).
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4) Homomorphism ¢: define ¢; : H; — G; by

e1(a, 9) = g, p2(a,z) = .
It is easy to see that ¢ = (¢1, p2) is a strict homomorphism of crossed modules. Notice
that m;(9) = {e} x m(®), i = 1,2, and m;(¢p) : m(H) — m;(B) are identities.

5) Grading: if 7 : Gy — Zy is the grading on &, a grading on §) is given by
mor : (a,g9) — 7w(g). Clearly, ¢ = (¢1,p2) is a homomorphism of graded crossed
modules.

6) Homomorphism : it is defined above (formula (10))). Let us verify that )5 is
a homomorphism:

va((a,2)(b,y) = va((a"bwi (9z, dy) ", xy)) = a"bwi (0, 0y) ' wa(zy) =
aws(2)bws ()~ wa(2)wa(y) =aws(w)bws (y) = va(a, 2)a(b, y)-
The verification for ¢; is similar. If m(g) = 1, it is identical. If w(g) = —1, we denote
~1 by e. The key observation is wi(g) e wi(g ) id4 so that
Y1((a, g)(b, 1)) = Ad(a) 0 Ad(?D) o Ad(wi (g, h) ") o wi(gh) = Ad(a)o
wi(g) @ Ad(b) owi (g™ ") @ wi(g) @ wi(h) = Ad(a) o wi(g) @ Ad(b) o wi(h),
which is equal to ¥ (a, g)11(b, h).
7) Morita-equivalence: It suffices to observe that the identity bimodule (M =
AAA, QM) with

O (a, g)(m) = aw(g)(m)

yields the Morita equivalence of $-algebras (A, wp) — (A, ). Let us carry out the
necessary verifications:

Ohi(a, g)(bme) = awi(g)(bme) = awi(g)(b)wi(g)(m)wi(g)(c) =
Ada(a)(wi(g)(b))awi(g)(m)wi(g)(c) =vr1(a, 9)(b)0u(a, g)(m)wi(er(a, g))(c)

and

Oar ((a, 9)(b, h)) (m) = abws(g, h) " wi(gh)(m) =
a%bws(g, h) "' Ad(ws(g, k) (wi(g)(wi(R)(m))) = abwi(g) (wi(h)(m))ws(g, h) ™"
=0

(h)(
(wrs((a,9), (b, 1)) (Oar(a, ) (Bas (b, ) (m))).

w1

g

Proposition [2.5[ reduces all computations with Real 2-modules of a 2-group G to ma-
nipulations with strict ®-algebras, albeit for different crossed modules. For instance,
take two 2-modules V and W. A straightforward variation of Proposition [2.5] yields a
crossed module & and strict B-algebras A and B that realize V and W. ThlS allows
us to define VV, VEH W and V ¥ W as in the end of Section [2.3]

Problem 2.6. Characterize those crossed modules & such that any N-weak &-algebra
is &-Morita-equivalent to a strict G-algebra. Characterize those 2-groups G which
admit a crossed module realization G = & such that & satisfies the property in the
previous sentence.

3. INDUCTION OF B-ALGEBRAS

In this section we define and study induction for &-algebras, in both the ordinary and
Zo-graded settings. In view of Theorem [2.4] Proposition [2.5] and our later applications
to Real 2-representation theory, we restrict our attention to strict algebras.
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3.1. The ordinary case. Let & be a crossed module with a crossed submodule ).
There is an associated restriction pseudofunctor Res%S : B-ALGg — $H-ALGk. The goal
of this section is to define an induction pseudofunctor Indg5 : H-ALGx — &B-ALGk.
The Zs-graded case is treated in Section [3.4. We work under the following finiteness

assumption:
each Go-orbit on G1/H, is finite.
Our construction generalizes the known definition (at the level of objects) in the case
Hy = G2 and |G1 : H1| < 00 [31, §3]
Let A be an $-algebra. We define a &-algebra A= IndgA as follows. Fix a left
transversal 7 to H; in G. For each t € T, denote by KG,, the group algebra of G
with right KHs-module structure

z), x € Gq, z € Hy.

As a vector space, set

A/ — HKGQ’t ®]KH2 A
teT

Explicitly, the tensor relations in A read
[2("2) ® a; = [r ® was(2)d];, r € Gy, z€ Hy,a€ A

where [—], denotes an element of the ¢™ factor of A. Let dgs,g1 De the Hi-coset delta

function: given g1, gs € G,

5 _ {1 if g1Hy = goHy,
92,91

2,91

0 otherwise.

Lemma 3.1. The formula
[1)2 & a2]t2 . [1‘1 & al]tl = 58(x;1)t2,t1 [fL’QIL’l & wA,l(tflﬁ(xl_l)tg)(ag)al]tl (13)
defines an associative algebra structure on A with identity 1; = ([ec, ® 14]i)eeT

Proof. To begin, observe that if §5,-1,, ,, is non-zero, then the argument 1 0(z Mty
of wa; lies in Hy. The right hand side of equation ((13)) is therefore well-defined. Our
finiteness assumption ensures that, for each ¢; € T, the function ¢ @ Yot is non-zero
for only finitely many ¢, € 7. Hence, only finite sums appear in the calculation of the
product of two arbitrary elements of A.

To be well-defined, equation must respect the tensor relations in A. Forze H,
we have

(22 2 ® azls, - [11 @ a1l = Oppyyy o, [02(P2) 01 @ wan (8710(2y t2) (a2)anlsy . (14)

The crossed module axioms for & give z5(22)z; = zoz1 (7@ 22). Write O(z7 ")ty = t'h
for ¢ € T and h € H;y. If the product is non-zero, then ¢’ = ¢;. In this case,
At N2y = ti(hz) and, since ) is a crossed submodule of &, we have "z € H,. Noting
that t;*0(z; 1)ty = h, the product becomes

Sote iz ity (2211 @ Wan("2)wa i (h)(az)arls,.
The axiom (] gives wa2("z) = wai(h)(waa(2)), so that can be written as
Oy yiat [T221 © W1 (R)(Wa2(2)az)ar]sy

This is plainly equal to [z2 ® waa(2)az)s, - [r1 ® a1]:,, as required.
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Similarly, for each z € Hy, we have

(2 ® agy, - [11("2) ® ayy, = Oa((t12)~ 12 Yoty (2971 (" 2) @ wa i (B O(2y Mta) (ag)an]s,
and

(22 ® as)y, - [11 @ wag(2)ary = Gpgutyyy g [2221 @ wan (87102 ) (a2)wa 2 (2)ansy

Using that 0(("'2)'z;t) = t,0(z71)t;'0(z; "), a short calculation shows that the 6-
functions appearing in the two products are equal. Since
(2221 (" 2) @ wan (171 0(27 ) (az) ]y, = [wam1 ® wap(2)wan (B 021 ' t2) (az)an ],

we see that the products are indeed equal.
We omit the verification of associativity and the identity property. O

Next, we define a &-algebra structure on A.

Proposition 3.2. The maps

wii(9)([z®@a)) =[Pz @war(h)(@)y, g€ G
where gt =t'h fort' € T and h € Hy, and
WA,Q(“') = ([z ® Lalt )eer, z € Gy

supply A with the structure of a B-algebra.

Proof. To begin, we verify that w; ,(g) is an algebra homomorphism:

wi1(9) ([12 ® agls, - [11 @ an]y,) = 5a(x;1)t2,t1%i,1(9) (2971 @ wa1(h)(az)ar]s,
O yta i [ (@221) @ wa1(hah)(az)wa (h1) (a1l

Here gt; = t;h; for t) € T and h; € H, and we have written h for t;'0(x")t,. On the
other hand, wj ,(9)([z2 ® azlt,) - (wi,(9)[r1 ® a1];,) is equal to

Soaeygtargt, [ T2701 @ wan (17102 )ty ha) (az)wa (ha)(a1)]y
Soeyiat [ (221) @ wan (g ') (wa i (he)(az)wa (ha)(ar)]y,
= Opartyn [ (@221) @ wai(hih)(az)wan(hi)(ar)]y
as required. To verify that wy, is a group homomorphism, we compute
wiilg) (Wiilg)([z ®al)) = [*("2) ® wan(he)(war(ha)(@))]y, = wi,(g201)[z @ ale.
To verify that wj, is a group homomorphism, we compute
Wio(T2)  wis(®1) = (Gputy, 4, [T201 @ Lale Jrer = ([2221 ® 14l Juer = wio(T21).
To verify equation ({3f), we compute
wir (9 (wis(®)) = wis(9)([r @ Lali hrer = (P2 ® Lali hrer = wy,(Yx).
Finally, to verify equation ({5)), we compute
w1 (02s)([21 ® arly,) = [P 21 @ wa(h)(a1)]y
where 0(x9)t; = t}h, while
WAQ(@) @ aqy, 'W,Zl,g(%)_l = ([r2 @ Lalt Jter - (21 ® 1)y, - ( [Ig_l ® 1alt ter
= (Oo(ao)ts tlr2m1 ® wa1(t'0(x2)t) ()] )ier = [T2125' ® wA,l(fla(iEé)tl)(al)]t'l-

It follows that ¢ = ¢} and hence t'0(x3)t; = h. This completes the proof. O

We complete the construction of Ind%5 as a pseudofunctor in the following section.



20 D. RUMYNIN AND M.B. YOUNG

3.2. A Maschke-type theorem for induced ®-algebras. In order to ensure that
induction transforms 2-representations into 2-representations, we need the following
version of Maschke’s Theorem for the K-algebra A.

Proposition 3.3. Let A be an $-algebra. Assume that both indices |Gy : Hy| and
|Go = Hs| are finite.

(i) If A is finite dimensional over K, then so too is A.
(it) Assume that |Gz : Ha| is not divisible by the characteristic of K. If A s

separable, then so too is A.

Proof. The first statement follows immediately from the definition of A.

Turning to the second statement, let w = > ;a; ®bj € A®k AP be a separability
idempotent for A. Pick left transversals 7 to H; in GG; and X to H, in G5. For each
x € X and t € T, there exists a unique t, € 7 such that 69,4, = 1. Consider the
element

= Z fz®a;], @ [e®bli['z™ @ 1], c Agy AP
zeX teT,j

where the multiplication is in A. We claim that o = |Gy : Ho| 'to is a separability
idempotent for A. First, we show that tv is sent to 1; under the multiplication map
A®g AP — A:

Z[tx ® ajlile @ bj]i['z o1, = Z[tx ® ajbj]t[txil ®1], =

x,t,j x,t,j

Y Tz @1z @1, =[Gy : Hy Zaa(tx)ttme@@ 1];, = |Gy : Hy|1;.

z,t

In the final equality we used that O(‘z)t = td(z). To verify that 1 is A-central, it is
useful to write

o = ZSU@ Jilea, ® a;]: @ [e @ bl ['a™' @ 1], = Z[fc@l]twt[ 7 @1y,

z,t,j z,t

where w; denotes w considered as an element of A @ A" in degree ¢ € T It suffices
to check that atw = wa when a € A is of one of the following two forms:

=le®q]y, o a=[yel.
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In the first case, pick ¢ = q(z,s) € T such that s = ¢,. Observe that for each t € T,
the equalities dy9,,s = dp(tz-1)sx = 1 hold if and only if £ = q. We compute

[e@vlo = [e®@7 [z @ a2z 1],

z,t

= Y oansalr @war (0 s) (V[T @ 1,

x,t

= Yl @wan @ a )]l @ 1],

xT

= Y 2 @ gle @ wai (0@ g s) ()] gwgl"a ' @ 1],

xT

= Z[(% ® gwgle @ wa1(A(z™ g™ s)(N)]g[727 @ 1],

T

= Z[qx ® Hyw,['27 @]y, = Z[‘Ig; ® Uqwg['2™! @ 1, [e ® g,

T x

= ) dopa el @ N[z @ 1)y, [e ® ) = wle @7,
x,t

For the second case, we rewrite y 'z = ‘z, 'h, with z, = x,(t) € X and h, = h,(t) € Hs
and compute

y® 1o =) [y 1z a2 @ 1),

x,t

= Y Sopansely'r @ e[z @ 1)y, =) ["2y @ wai(hy)]qwg['a™" @ 1],

x,t x

- Z[qu ® 1le® WA,l(hy)]qwq[qx_l ® 1], = Z[qu ® 1qwg[*hy @ 1]y [427" @ 1],

x x

- Z 0a(az)g,s[ 1Ty ® 1]qwq[qhyqxil ® 1] = Z[qu ® 1]qwq[qx;1 y @ 1.

Notice that we have used the equality dp(z)q,s = 1. Similarly, we have
wye1l,=> [z w2 @yl =) oy nlz@ wlzy 1),
z,t z,t
Since both z and z, run over the set X, it remains to put z = x, and verify that the
d-function in the final sum is non-zero if (and hence only if) ¢ = ¢:
00(y=1)gz5 = 00(y=1)q02,402 = O4d()q~ ahy D(w)ad(@)q—1a = 00(12h,)q.0(y 12)a = L.

This completes the proof. U
We can now complete the construction of Indg.

Theorem 3.4. (1) The assignment A — IndgA extends to a pseudofunctor Indg5 :
ﬁ-ALGK — ®-ALGK

(ii) If both indices |Gy : Hi| and |Gs : Hs| are finite, then Indg restricts to a

pseudofunctor H-Algy — &-Algy. If, moreover, |Gy : Hs| is not divisible by the

characteristic of K, then Ind%5 restricts to a pseudofunctor Sﬁ—AIgﬁg — @-Algﬁg.
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Proof. Let M : A — B be a 1-morphism in $)-ALGg. Define M = IndgM to be

M = HKG% QxH, M,
teT
where the tensor relations read

[2("2) @ m]; = [r @ wa(02)(m)]s, x € Go, z € Hy, m € M.
The left B-A-bimodule structure of M is defined by
(22 @ Dls, + [11 @ M)ty = Spurtyiy py [T221 @ wpa (871021 )E2) ()]s,
and
[w2 @ mly, - [11 ® aly, = by(urtys, o, [T221 @ wy (71027 Hta) (m)aly, -
The structure maps for M are defined by

wyr(9)([z @ ml)ter = (Pr @ war(h)(m)]v)ver,
where gt = t'h for h € H;. To verify equation (), we note that

wyr(22)([x1 @ m]e) = 72 @ war () (m)]e,
where 0(x2)t = t'h, while

Wg o (T2) [11@M] 1w 5 (12) " = [Bam1@m]pwy ,H(22) 7" = (221125 ' @wa (8 O(@2)t) (m)]e.

Given a 2-morphism ¢ : M = N in $-ALGy, define ¢ = Indg<b by

¢([z @mly) = [z @ p(m)];.

This is left B-linear because

O([r2 @, - [11 @ Mlt) = Spurtypypy [P221 @ Gwra (7027 )t2) (D)m)]:,
= oty (0271 @ Wi (87 0(ay ) (b) ()],

which is clearly equal to [z5 ® by, - [1 @ ¢(m)],,. Similarly, it is right A-linear. The
H;-equivariance of ¢ implies the Gi-equivariance of ¢.

The 2-isomorphisms relating compositions of 1-morphisms are induced by those of
ALGg. It follows directly from the definitions that Ind%5 strictly preserves identity
I-morphisms. This completes the construction of Ind

®
The second statement now follows from Proposition and the observation that M
is finite dimensional if M is so. 4

3.3. Induction as a biadjunction. In this section, we prove the biadjointness of
Res%5 and Ind%S in two, in a sense, opposite situations. For the notion of a (left or
right) biadjunction between pseudofunctors, see [19, Definition 2.1].

Proposition 3.5. If either Hy = G5 or Hy = G4, then Ind%5 is right biadjoint to Resf;.
This statement holds for pseudofunctors between ?-ALGg or, with the assumptions of
Theorem (u), between ?-Algy or ?-Algl .

Proof. Suppose that Hy = G4. To begin, we need to define pseudonatural transforma-
tions

€: Resg o Ind%5 — idg- ALy N idg aLey, = Ind%ﬁ o Resg.
Write t, € T for the representative of the identity coset. Given an $)-algebra A, we
claim that the K-linear map

€4 : ResgIndg A — A, [a]e = 0rr.wan(t)(a)
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is a strict $H-algebra morphism. Firstly, €4 is a K-algebra morphism:

EA([CLQ]tQ : [al]tl) = 5t2,t1€A([a2a1]t1) = 5t2,t15t1,teWA,1(t1)(azal)
is equal to
callaz]e,) - €allarly) = 010,00 1w (t2) (a2)wan (t1)(ar).
Clearly €4 preserves multiplicative identities. Moreover, €4 is Hj-equivariant:

ea (wa (h)([al) = ea (waa (W) (@)]e) = 0 swan ('h)(a),
where ht = t'h, is equal to

wai(h)(eallal) = drwar(hte)(a).

Finally, €4 is wso-compatible: for each z € Hy, we have

—1

ea(wi2(2) = eallwan(" 2)er) = wanlte) @as("* 2)) = was(2).

We henceforth interpret €4 as a representable 1-morphism Res%5 IndgA — Ain H-ALGg.
Given a 1-morphism M : A — B in H-ALGg, define

e B®s M= M®4 A, ~ b @ [m]y — 8y, bwas (£)(m).

€A

Calculations similar to those above show that €,; is indeed a 2-morphism in $-ALGg
and that {e4}a and {ep }as satisfy the coherence conditions required to define the
pseudonatural transformation e.

Similarly, given a &-algebra B, we claim that the K-linear map

ng: B — InngesgB, b ([wp it 0)])er
is a strict &-algebra morphism. First, np is multiplicative:

na(ba) - np(b1) = (wea(ty")(b2)le)ter - (lwp ity ") (01)]n)ner
= (O [wpa (6 t2) (wpa (65 1) (02))wp i (871 (01)]0 ) ner
= (w1t (bob1)]e)ser = N5 (baby).

Clearly, np is unital. Moreover, ng is Gi-equivariant:

nB(wp1(9)(0) = (lwsi(t™ " g)(0)])eer

while

w51 (9) M (0)) = ws 1 (9)([wpa () ®))er = (wpa(ht™ ) O)lr)ver

where gt = t'h. Finally, ng is wso-compatible: for x € G, we have

—1

ne(wpa(z)) = ([WB,l(t_l)(WB,z(l‘))]t)teT = ([WBJ(t )| her = WB,2($)-

We interpret ng as a 1-morphism B — InngesgB in 6-ALGg. Given a 1-morphism
N : A — B in &-ALGg, define the required 2-morphism by

N : By @8 N = N®; A, ~N,,, [bli®@n— oyt )(n),.

This data defines the pseudonatural transformation 7.
It remains to define invertible zig-zag modifications

I': (Indg o€) o (nolndg) = 1y, At 1pes = (e 0 Resg) o (Resg o).
Hence, for each A € $H-ALGgk we need to define a 2-isomorphism

® ®
['4 : Indges mdResinda Minda = Indg A.
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Since ¢ := Indey o nruqa is the identity map, the domain bimodule (Indf;A)L of 'y is
the identity bimodule. After making this identification, we take I'4 to be the identity
map. For B € &-ALGk, we define a 2-isomorphism

. 6 6
Ap : Resg B = €ResB @ReslndResB RESg7B-

The codomain bimodule is isomorphic to (ResgB)eRes soResng ReSgB , and we use this
isomorphism to define Ag. It is straightforward to verify that the above data satisfies
the required coherence conditions, proving the proposition in the case Hy = Gj.
The case in which H; = G is similar, so we are brief. Define an algebra homomor-
phism
¢y : A — ResgIndg A, a— eq, Qa.

The Gi-equivariance of €, is clear and it is w 5-compatible because

€y(wagn(2)) = eq, ® €4(wap(z)) = 2® 1a.

We henceforth interpret ¢, as the 1-morphism
€4 = 6;‘;{: ResglndgA — A

in H-ALGg. Given a 1-morphism M : A — B in - ALGg, define a 2-morphism
eM:GSBE@BM:EjBM:M@A(E%E), r@mi—»m®e (x®1y).
This defines the pseudonatural transformation e.
Let
1 : IndgResg B — B, T ® b wpa(x)b.

This map is well-defined because
T-2Q@b— wpa(x2)b=wpa(x)wpa(2)b

and  ® wp2(2)b — wpa(x)wpa(z)b. Moreover, 1} is clearly a Gy-equivariant unital
K-algebra homomorphism and is w» >-compatible:

Mp(wpa(2)) = np(z ® 1) = npgH(x).
We interpret 1z as the 1-morphism
ng =y, B : B — IndgRes§ B
in 8-ALGk. Given a 1-morphism N : A — B in &-ALGg, define a 2-morphism
vy, B®s N~y N=N®; (A, n(eg,®n)® la.
Similar to the case Hy = G5, after suitable identifications, we can take the 2-

isomorphisms I'y and Ag to be the respective identities. Il

Remarks. (i) In the setting of Proposition , one can also prove that Imd%5 is
left biadjoint to Resg. When Hy = (s, for example, this is done by interpreting
€4 as a l-morphism A — Res%slnd}?A in $-ALGg, and similarly for ng. This is
analogous to what was done in the proof of Proposition|3.5|in the case H; = Gj;.

(i) We expect that Ind§ is in fact left and right biadjoint to Resg without the
assumption Hy = G; or Hy = G5. This would categorify the left and right
adjunctions between induction and restriction in the representation theory of
finite groups.
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3.4. The Real case. We extend the constructions of Sections B.1] and B.2] to the
Zo-graded setting. Since the calculations are similar, we are occasionally brief.
Crossed submodules $) of a Z,-graded crossed module & come in two flavours:

(i) non-trivially graded: H; is a non-trivially Zs-graded subgroup of Gy,

(ii) trivially graded: H; is a trivially Zs-graded subgroup of Gj.
There is a restriction pseudofunctor Res%5 : @—Algﬁg — ﬁ—Algﬁg. We define a pseudo-
functor Ind%5 : ﬁ—AIgﬁg — (’5-A|g£§. To avoid confusion, we sometimes denote Indg by
RIndgA and HIndgA in the case of non-trivially and trivially graded $), respectively,
matching the notation for the Real and hyperbolic induction of [37, §7]. We work

under the finiteness assumption and notation of Section (3.1
Let A be an $)-algebra. Define

A= H KGsy Qxm, W(t)A7
teT

where "W A is A or AV, depending on 7(t) € Z,. The K-algebra structure of A is again
defined by equation , keeping in mind that we use the multiplication of " A in
the t* factor. Define wy, and wy, by

Wiz ®a) =z @ ™ war(h)(@e,  wis(e)=([r® Lal e,

where gt =t'h for t' € T and h € H;.

Let us make explicit the trivially graded case. Since the morphism $) — & factors
through &, — &, it suffices to consider the case $ = ;. The general case can then
obtained as the composition

HIndg = HIndg, o Indg,
where Indg° is as in Theorem 3.4, Fix an element h € G \ Gy and take T = {e, h}.
Then A = [A]. & [A°P], with
1 _
wir(9)(al) = war(@)@e,  win(@) = [war(@)]e + [waa(" 2) 7,
where gt = ¢’ with ¢’ € Gy. For example, g € Gy acts on [A°P], by h~'gh.

Theorem 3.6. The above constructions define a G-algebra A.

Proof. The proof in the non-trivially graded case is similar to that of Theorem [3.6] so
we focus on the trivially graded case. Let us check that wy, is a generalized algebra
automorphism. When 7(g) = —1, for example, we have

WA,1(9)([G2]e'[a1]e) = WA,1(9)([a2al]e)
= [wai(b"g)(ar)ly @ [wa(h™"g)(az)ly
= wa(g)(lai]e) e wai(g)([az]e),

where e indicates multiplication in A°P, and

wi1(9) ([azly - [an]y) = [wanr(gh)(araz)]e = wi 1 (9)([ar]y) @ w1 (9)([azy).

We omit the proof that wj, is a group homomorphism. To see that wy, is a group
homomorphism, we compute

Wig(T21) = [WA,2($2931)]e+[WA,2(h71(1’2$1))_1]h

b

= [WA,2($2)WA,2($1)]6+[WA,2(671$1)_1WA,2( 1$2)_1]h
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while
Wis(T2)wis(z1) = [waz(@)e was(@)e + [waz(" @2) Yy - [waz(® z1) ™
= [was(@)was(@)]e + [was(" @) twan(" wa) M,
as required. To verify equation , fix x € G5 and compute
w i, (07)([aly) = [alo@y = [algpp-14) = [waz(" 7)o aewas(" 2y,
which is equal to d(wj,(7))([aly). The computation with e in place of h is similar.
Turning to equation ({5)), consider, for example, the case 7(g) = —1. We have

Wil (@) Wia®)™) = wi(9)(waz() ) +wii(g)(was(" 2)]s)
= [wai(b'g)(waz(®) ™My + [wai(gh)(waz(" @)l
= [wan(" 92) p + [wan(z))e,
which is plainly equal to w Az(gsc). O

There is an extension of Proposition [3.5]to the Zy-graded setting. We briefly indicate
the construction in the hyperbolic setting; the construction for J?{Ind%5 is similar. More
precisely, the assignment A — HIndg extends to a pseudofunctor

HIndg, : &-Alge ™™ — &-Algle

with domain the maximal locally groupoidal subbicategory of Bo-Algld. Given a 1-
morphism M : A — B in &- Algﬁg, define M = HIndQ5 M as follows. As a B-A-
bimodule, M is simply M & M°. The structure maps of M are defined by

R ) 0 e 0 wire(fh)
wirld) = ( 0 wMo<h—1gb>) - ealf)= (evM cwn(hf) 0 )
where g € Gy and f € G\ G and

wire (h 7 gh)(m)(m) = wai(h'gh) [m(war(h'gh) " (m))], me M, me M.

Given a 2-isomorphism ¢ : M = N in &,-Algl, the Gi-equivariant intertwiner
HIndgogb is defined to be ¢ & ¢~°, where

¢ °(m)(n) = m(s ' (n)), me M° neN.
The Zs-graded analogue of Proposition is more subtle.

Problem 3.7. Investigate the adjunction properties of Ind%5 and Res%5 when & is non-
trivially Zs-graded.

The difficulty stems from the fact that Rlndg, for example, is defined only on 2-
isomorphisms of - Alg K, while the 2-morphism components of ¢ (as in the proof of
Proposition are not 2-isomorphisms. For this reason, we expect the biadjointness
properties to be more naturally formulated in the anti-linear approach to Real 2-
representations.

It is useful to decompose the assignment A — HIndgoA into two steps. If & is a
Zs-graded crossed module, h € G; \ Gy and A is a &gp-algebra, denote by h - A the
Bp-algebra with underlying K-algebra A and structure maps

wy.4,1(9) = wA,l(b’lgb), wya2(z) = WA,z(h_lx).
It then follows immediately from the definitions that there is a $-algebra isomorphism
HIndgoA ~ ABhH-AY,
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where an element f € G; \ Gy acts on AHb - A by the matrix

(b ™).

This isomorphism generalizes as follows.

Lemma 3.8. Let & be a Zsy-graded crossed module with trivially graded crossed sub-
module $. For each $)-algebra A and b € Hy \ Hy, there is a G-algebra isomorphism

HInd§A ~ HIndg g, 1h - A

While the pseudofunctor Hlndg0 is not monoidal, it does admit a natural enhance-
ment to a @—Algﬁg—module pseudofunctor. We do not use the full strength of this
statement, only that for each ®&g-algebra A and ®-algebra B, there is a &-algebra
isomorphism

B X HIndg, A ~ HIndg, (Resg, BX A). (15)
Indeed, from the perspective described above Lemma [3.8], the left and right hand sides
of the desired isomorphism are represented by

((B X A) B (BRb - AY), (wB,l(b()) i, we(h) %wm(ff)))

and

((B&A)Hﬂ(h-BV&h-AV), ( 0 WB,l(b2)®WA,1(h2)>) ’

idpga 0
respectively, where we have displayed the matrices giving the action of h in each case
(which, together with the underlying &-algebra structure, determines the &-algebra

structure). These pairs are equivalent via the map (id%&“ wp 1(2)@1,4 )

4. THE CLASSIFICATION OF REAL 2-REPRESENTATIONS ON 2Vectg

We apply the results of the previous chapters to Real 2-representation theory.

4.1. From N-weak 6-algebras to Real 2-modules. We begin by connecting N-
weak algebras to 2-representation theory. The proof of the following result can be seen
as justifying (or even deriving) the definition of an N-weak algebra.

Proposition 4.1. Let & be a Zy-graded crossed module. Every separable N-weak ®-
algebra wy : & — AUTE™(A) induces a Real 2-module © 4 : & — Algl.

Proof. The proof is similar to that of [31, Proposition 2.3|, which treats the ordinary
RW-weak case. The present setting is complicated by the fact that we work in the
non-abelian group A*, instead of Z(A)*.
Set ©4(x) = A. For a 1-morphism g : x — %, let ©4(g) be the A-"9 A-bimodule
Ay, (g)- For a 2-morphism x : g = d(x)g, set (in the notation of Lemma
Oalg.2) = Yo" ((wsl(dr, gun(x)) ).

wi(g)
Equations and imply that ©4(g, x) is well-defined. For g; € G1, define
©4(92,91) : ©a(g2) ©Oalg1) = Oa(g291)
to be Y29 (4a(gs. g1)71). Bquation (T)) implies that © 4(ga, g1) is well-defined.

w1 (g2)ow1(g1)
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To see that © 4 is compatible with the vertical composition of 2-morphisms, note
that ©4(8(21)g1, 72) © O 4(gr, 1) is equal to T PT279) (&=1) where

wi(g1)

& = w3(0r2,0(x1)g1)wae(z2)ws (021, g1)wa (1)

2

w3 (02, 8(%)91) '8I2W3(85E17gl)WZ(IQ)UQ(xl)

(=)

<)

(
(

W3(a($21'1) gl>W3(aJ]2, (9x1)w2(x2)w2 (ZL’l)
(

w3 a($2$1> gl)CL)Q(.TQLL’l).

By abuse of notation, we write *2ws(dx1, g1) in place of “19%2)ws(dx1, g1). At each

stage of the calculation where we specify (ﬁ), this indicates that equation (N) is applied
to the underlined part of the previous expression. It follows that © 4(9(z1)g1,x2) ©
@A(gh xl) = @A(gl,l‘ﬂl)-

Consider next the horizontal multiplicativity of © 4. Let g; € G1 and z; € Gs. Thenﬂ
O4(g291, T2 - 221) 0O A(ga, g1) = T(M 1), where

[ )

w3(0(z - %221), gag1 )wa (2 - P2 1)ws(g2, 91)

S

w3(O(xg - 1), g291)w3 (02, O(x1) Jwa (v2)wa (P21 )ws (g2, 91)-
Two applications of the cocycle condition give

w3 (0(22)920(21) g5 ", gag1 ) w3 (09, goO(w1) gy ') =

w3(0zg, g20(21)g1) - ov: [W:’)(gza(%), 91)W3(928($1)951a 92) oLem

)w3(92>91)71} :
Equation implies that

" [8( s (g2, 91)” N wa(@a)wa (P x1)ws(g2, 1) = wa(we)ws(Px1)

so that

A = w3(0ry,g20(x1)g1) - O (w3 (9201, g1 )ws(920(21)95 ", g2)] wal@a)wa (1)

2

w3 (022, g20(21) g1 )wa(x2)ws(g20x1, 91)W3(g28($1)92_1: g2)wa (P w1)

=

9201

w3(022, g20(1) g1 w2 (22)ws (92021, g1) - w3(g5 ", g2)ws(ga0z1, g5 1) twa (P ).

Using equation to rewrite wo(?x1) in terms of 2wy(x;), and then using equation
(4), we find that

w3(92071, 95 ) " wa (1) = w3(g2, O1) - Pwa(w1)ws (g2, g5 )

4For notational simplicity, we omit the sub/superscripts of T for the remainder of the proof.
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Continuing, we have

o = W3(8($2)9%3(%)91)003((%2792)'ax2w3(92,a($1)91)_1‘

92021

97255 ( 92021, g1 )wa (72) - w3(g5 ", go)ws(ga, Ox1) - Pwa(w1)ws(ge, g5 )

= w3(0(z2)g2,0(x )gl)UJS(axz,gz)‘am (*w3(0z1,91))

072005 ga, 01) Mwa (1) - PO w3 (g5 !, go)ws(ga, O11) - Puws(z1)ws(ga, g5 t) !
(1)), (1) T
e w3 (0(2) g2, A1) g1) - 2@29205(01, g1 )ws(Da, ga) -

02055 (ga, O1) " wa(w2)ws(ge, Om1) - 2 (*ws(gy ', g92)) - Pwalw)ws(g2, 95 1)
(13D, (3D

= w3(0(r2)g9, (3‘31)91)'8(x2)g2w3(8171>91)w3(8$2yg2)w2($2)
w392, 3961) w3(92, 3961) (wz(x1)w3(951792))w3(927951)

(
(
(
(

-1

= w3(0(x2)g2, 0(x1)g1) - P23 (01, g1)ws (02, 92) 2 (2 (w2 (1))

wa(T9) - 2w3(gy ", g2)ws (g2, go 1) "

w3(D(22)g2, Dw1)gn) - 2% [ (0(1), g1)wa(w1)] w3(D(w2), go)ews(w2).
We need to show that T(#~!) is equal to the composition
©.4(9(2) g2, 0(x1)g1) © (O (g2, ¥2) © Oa(g1, 71))-
Since © 4(ga, T2) © O 4(g1, x1) is the result of applying Y to the inverse of
O(w2)g2 [

w3 (01, g1 )wa(w1)] w3 (02, g2)wa(2),

the desired equality follows.
The pentagon identity holds by equation ; details are left to the reader. U

Proposition 4.2. The assignment A +— ©, of Proposition extends to a locally
fully faithful pseudofunctor © : &-NAlgld — Homagieae,,, (&, Alghd )

Proof. After writing out the explicit description of 1- and 2-morphisms in the bicate-
gory 1Homgicat,,, (&, Algld) (see Section ) and comparing them to the definition of

those of &-NAlgl, the statement is clear. 4
Remarks. (i) More conceptually, © 4 can be described as the composition of the

structure map G, : & — AUT"(A) (constructed as in the proof of Proposition

with

—_——

AUTH™(A) 2 1At 0, (4) < 1At (4).

(ii) When & is trivially graded, the proof of Proposition [4.1] yields a 2-module
©4 : & - ALGk without any separability assumption on A. Compare [31],
Proposition 2.3].

4.2. Morita bicategories and 2-representations on 2Vectx. Permutation actions
are at the heart of Real 2-representations on 2Vectg, as we now review.

Proposition 4.3. A Real 2-representation of% on 2Vectg of dimension t determines
a homomorphism o : G; — S; which factors through the quotient G1 — 7 (®) and a
cocycle p € Z*(Gy, (K*)!), where K' is considered as a G1-algebra via o.
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Proof. Since G is a Zy-graded crossed submodule of &, each Real 2-representation of
& restricts to a Real 2-representation of GG;. The construction of o and p are then
given in the proof of [37, Theorem 5.7]. There it is assumed that G; is finite, but
this is not used in this part of the proof. It is straightforward to show that o factors
through G — m (®). O

Lemma 4.4 (cf. [31, Lemma 2.4]). Let & be a Zs-graded crossed module and let p

be a Real 2-module over & which restricts to a Gi-algebra A. Then there exists an
RW-weak &-algebra structure extending the G-structure of A such that p and © 4 are
equivalent.

Proof. In the ordinary case this is [31, Lemma 2.4]. The definition of the RW-weak &-
algebra and the verification of the required axioms extend verbatim to the Zs-graded
case:

wa(z) =T (p(e = 0w)),  ws(f,9) =T ' (p(f,9))-

It follows from the definition of © 4, given in the proof of Proposition [£.1], that © 4 is
equivalent to p. U

Proposition 4.5. Let p be a Real 2-representation onNS on 2Vectx with induced mor-
phism o : Gy — Sy and cocycle pu € Z*(Gy, (K*)L). If u is realizable, then there exists
a split semisimple RW-weak &-algebra A such that p and © 5 are equivalent.

Proof. Write R for K*, viewed as the target object of the Real 2-module associated
to p. Let M be a realization of u~! with Peirce decomposition M ~ @,;M;. Then
A = Endgr(M) ~ @;Endg(M;) is a split semisimple K-algebra which, by Proposition
2.3 has a Gj-algebra structure a.

We first define an equivalence F' : p = © 4 of Real 2-modules over G;. Let F(%) :
R — A be the A-R-bimodule M, its right R-module structure defined via its left
R-module structure (recall that R is commutative). For each g € G, define an A-R-
bimodule intertwiner

F(g) : Ag, @ninpg ("' M) = M @ p(g)

as follows. Identify M ®pg p(g) with M, and set F(g)(a ® m) = a(prm(g)(m)). The
map is well-defined because, for each b € A, we have

F(aag(b)®m) = a(ay(b)(par(g)(m))) = a(par(g)(b(par(9) ™ (par(g)(m))))

Left A-linearity of F'(g) is clear. Right R-linearity follows from the computation

F(g)((a@m)r) = a(par(g)(rm)) = (g - r)alpa(g)(m)) = F(g)(a @ m) -yq) 7,

where — - ;) — indicates the p(g)-twisted right R-module structure of M.
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The coherence of the assignments g — F'(g) amounts to the commutativity of the

diagram

Pg2,91

M @ (p(g2) ©

~ R
N

/

~

(M ® p(ga)) 0 ™9 p(gr)

AN

F(g2)

(©4(g2) ® "2 M) 0 ™92) p(gy )

A

> M @ p(g291)

N

F(g291)

©.4(g291) ® ™9299 M

AN

©.4(92,91)

~ A

~

@A(QQ) o 7T(92)((-—)A(g1) ® 7|—(.91)]\4)7

Oalg2) 0 ™9 (M @ p(g1))

(92 F(g1)

where all unlabelled arrows are associativity isomorphisms. By construction, the co-
cycle u € Z2(Gy, RY) is determined by the 2-isomorphisms py, 4,. Since A is a strict
G-algebra, the map ©4(g2, g1) is induced by the corresponding map in Algﬁg and,
in particular, does not involve a cocycle. On the other hand, “the composition” of
F(gy) with ™92 F(g;) (indicated by the dashed arrow in the diagram above) is equal
to w(g2, 1) F(gag1). This gives the required commutativity.

We can now apply Lemma [£.4] to conclude that we can extend the G1-algebra struc-
ture of A to an RW-weak &-algebra structure such that p ~ © 4 as Real 2-modules. [

Denote by RRepjye., (G) the full subbicategory of RRepyyeq, (G) on realizable Real
2-representations of G. It is a monoidal subbicategory.

Theorem 4.6. Assume that K is separably closed. Let & be a Zy-graded crossed mod-
ule. Under the identification RRepyyec, (&) ~ 1Homsgicat,,, (8, Algl), the subbicategory

RRepQVectK((’g) is biequivalent to &-Algk.

Proof. By Proposition , the biessential image of Qi—AIgﬁg under the embedding of
Proposition 4.2 can be identified with RRepaye., (8). O

We can now describe equivalence classes of Real 2-representations of ® on 2Vectyk
in terms of G-algebras.

Corollary 4.7. Assume that K is separably closed and that Gy is finite. Then there
1S a bijection
WO(RRepQVe_ctK(@)) ~ {separable strict &-algebras}/®B-Morita equivalence.

Proof. Since G is finite, each element of Z?(Gy, (K*)!) is realizable and we have

RRepQVectK((’;) = RRepQVectK((’;). Theorem M then gives the desired bijection. O
Remarks. (i) Without the finiteness assumption on Gy, the following version of

Corollary [4.7] still holds:
WO(RRepQVectK(@)) ~ {separable strict &-algebras}/®B-Morita equivalence.

(ii) When & is trivially graded, we recover the finite dimensional results of [31], §3].
It is not clear, however, if the results involving semi-matrix algebras (used to
treat non-realizable cocycles) admit a Z,-graded generalization.
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Example. Suppose that & is a Zy-graded crossed module in which 0 is trivial; this cor-
responds to so-called split Zs-graded 2-groups, that is, those with trivial Sinh 3-cocycle.
The set 7T0((’5—A|g§g) appearing in Corollary can be described as follows. Since ev-
ery ®-algebra is &-Morita equivalent to an RW-weak &-algebra whose underlying
K-algebra is A = K for some t > 1, it suffices to restrict attention to such A. We have
a homomorphism wa; : G — Sy, a Gi-invariant homomorphism wa o : Go — (K*)L
and a cocycle wa 3 € Z2(Gy, (K*)!). However, different triples {wa;}; define &-Morita
equivalent RW-weak ®-algebras. Recall that the generalized automorphism 2-group
of Kt € Algl is modelled by AUT®™(K!) = ((K*)* %S, x Z,). Pulling back along
T € Sy X Zs sends wy to the &-Morita equivalent RW-weak &-algebra with structure
maps
(rwan(=)r, "waa(=), mwas(=)).

The remaining ambiguity is due to non-trivial Gj-module structures on the identity
K*-bimodule, which are determined by maps p : G; — (K*)*. This gives a &-Morita
equivalence with the RW-weak &-algebra (wa 1, wa2,wasdu). In this way, we obtain a
Zo-graded generalization of the split case of [I4, Theorem 5.5]. See also [37, §5.3]. <

We use Theorem to model direct sums, tensor products and duals of realizable
(Real) 2-modules in terms of the corresponding operations for &-algebras. We also
define various inductions of (Real) 2-modules in the same way. For example, if © 4 is a
realizable 2-module over an non-trivially graded crossed submodule $) of &, then the
Real 2-module RIndg@ 4 is defined to be @Rlndg A

4.3. A structure theorem for Real 2-modules. The next result plays an important
role in Section 5.2l

Theorem 4.8. Let & be a Zy-graded crossed module, p a realizable Real 2-module over
&. The following statements hold.

(i) There ezist indecomposable Real 2-modules py,...,p, over (’3, unique up to

equivalence, such that p ~ 8 p;.
(i) If p is indecomposable, then there exists a subgroup H of G1 such that &y =

(Ga LN H) is a crossed submodule of & and a one dimensional realizable 2-
module v over &y, Real if H is non-trivially graded, such that p ~ Indngj.
Moreover, the pair (H,v) is unique up to Gy-conjugation, (H,v) — (gHg ', g-
™9y, g € Gy, and equivalence in v.

Proof. By Theorem [4.6] it suffices to prove the statement at the level of ®-algebras.

Let A be a split semisimple &-algebra. Decompose the underlying K-algebra into
simple factors, A = &!_; A;. Then G acts on the set {1,...,t}, giving an orbit decom-
position O;U---UQO,, so that each Ap, := Bjco,Aj, ¢ =1,...,n, is an indecomposable
B-algebra and A ~ H | Ap,. The uniqueness statement is clear.

Turning to the second statement, if A is indecomposable, then it is necessarily of
the form M, (K)® and the Gj-action on {1,...,t} is transitive. Let H < G; be the
stabilizer of 1 € {1,...,t}; it is trivially graded if no element of G; \ Gy fixes 1, and
is non-trivially graded otherwise. Set B = M, (K), regarded as the first summand
of A. Then B inherits from A a &p-algebra structure. It follows immediately from
the definitions that IndgHB ~ A as ®-algebras, where Ind denotes HInd or RInd as
appropriate. It is clear that we can replace B with any & y-Morita equivalent & -
algebra. If we consider instead the stabilizer of a point other than 1, then H is replaced
with a Gi-conjugate, say H' = gHg™', and B is replaced g - "9 B, O
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Remark. When & is trivially graded, variants of Theorem [4.8(ii) are well-known; see,
for example, [29, Theorem 3.2|, [16, Proposition 7.3] and [31, Theorem 3.7].

5. THE GROTHENDIECK RING OF REAL 2-REPRESENTATIONS

In this section we describe the Grothendieck ring of RRepyye, (&) in terms of Real
generalized Burnside rings.

5.1. Generalized Burnside rings. We recall some basic material about generalized
Burnside rings. The reader is referred to [18, §1] and [31], §4] for details.

Given a finite group G, let S(G) be the category whose objects are subgroups of G
and whose morphisms are conjugations,

Homgq)(H1, Ha) = {7y | 9 € G, gHig~" < Hy}.

Morphisms are composed using the multiplication in G. We emphasize that, even
if e # g1g," is in the centralizer of H;, the morphisms Vo1, Vgo © Hi — Hy are not
identified. This is as in [31] and is in contrast to [18].

Suppose now that G is Zy-graded. The degree n(H) of H € S(G) is defined to be
+1 if H is trivially graded and —1 otherwise. There are no morphisms in S(G) from
an object of degree —1 to an object of degree +1.

Fix a functor ® : S(G)°® — SGrp to the category of semigroups. A ®-decorated
G-set is a G-set X together with frills fx € ®(Stabg(x)), x € X, which satisfy
®(7,)(fx) = fgx for each g € G. The generalized Burnside ring B®(G) is defined
to be the Grothendieck group of the category of finite ®-decorated G-sets. An ex-
plicit description of B®(G) in our case of interest is given in Section . Given a
commutative ring A, we write Bf (G) for B*(G) ®7 A.

5.2. The Grothendieck ring of Real 2-representations. Let K be a Zs-graded

crossed module. Denote by m(RRepy;;(R)) the abelian group of equivalence classes of
Real 2-representations of & on [1] € 2Vectk. If R is trivially graded, then this is simply

mo(Reppy)(R)). The group operation is the tensor product X of (Real) 2-representations.
Let & be a Zy-graded crossed module with G finite. The group (&) inherits a
Zo-grading from that of G;. Given a subgroup P < m(®), denote by P its pre-image

under the quotient map G; — m(®). The crossed module &p = (G N P)is a
Zs-graded crossed submodule of &; the grading trivial if and only if P < 71(&),.

Define a functor ® : S(m(®))°® — Ab to the category of abelian groups as follows.
At the level of objects, set

O(P) = mo(RRepy (G p)).

Let v, : P, = P, be a morphism in S(m(®)). The choice of a lift ¢ € G; of g € m(8)
induces a strict Zs-graded crossed module homomorphism ~; : &p, — &p, by

Pi3p— api !, Gy 3 x— .

The associated Zj-graded 2-group homomorphism is v : & P — & p,- With this
notation, define ®(v,) by

7(9) O Y, it w 1) = T(L2),
M)(p):{ poy 1Tl =)

§(p) oy otherwise.

Here § : WO(RRepm(é p)) — ﬂo(Repm(é p,)) is the forgetful map. Well-definedness of
®, that is, independence of the lift ¢ of g, can be verified as in [31, Lemma 4.1].
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Definition. The Real Burnside ring of & is BY (&) := BY (71(8)).

It follows from the general theory of generalized Burnside rings that Bf (&) is gen-
erated as an A-module by pairs (p, P), where P < (&) and p € mo(RRepy(&p)).
The ring structure of B (&) is determined by the formula

> (@7 PNgQg ! = P)(p)RP (1,1 1 PNgQg " — Q)(0), PNgQg™").
PgQeP\m1(8)/Q

Example. We consider three illustrative cases of the product.

(1) Let [] S 7'('1(@) \7T1(Q5)0 with lift [] e Gy \G() and identify 7T1(Q5)0\7T1(Q5)/7T1(Q5)0
with {e, h}. Then we have

(p,m1(®)g) - (0,m1(&)g) = (pRO,m(B)o) + (pEh- 0", 71(B)o),

where the notation b - 6" is as in Section
(ii) Similarly, we can identify 71 (&)\m (®)/m1(®)o with {e}, so that

(. m(®)) - (0, m(B)o) = (ResS (p) B0, m(6)o).
(ili) Finally, identifying m1(®)\m(&)/m1 (&) with {e}, we have

(0, m1(8)) - (0, m1(8)) = (p WO, m(8)).
<

More generally, we can define the symbol (p, P) without the assumption that p is
one dimensional. To do so, set (p1 B ps, P) := (p1, P) + (pa, P) for any two (Real)

2-representations py, po. Set also (Indep, Q) := {(p, P) for subgroups P < Q < m(8).
P

Here Indé5 has one of three meanings, depending on the Zs-gradings of P and Q).

Theorem [4.8] implies that these definitions are unambiguous.
For any subgroup P < m1(®) and g € m(®), the relation

(p, P) = (®(7g)(p), 9~ ' Pg)

holds. In particular, when P is trivially graded and 7(g) = —1, this relation becomes
that of Lemma [3.8] Note that there is no reason for this relation to hold in B ().

The Grothendieck group Ky(V) of a bicategory V is defined to be the free abelian
group generated by equivalence classes of objects of V. If V is symmetric monoidal,
then Ky(V) has the structure of a commutative ring.

The (ungraded) Burnside ring of &g, defined to be Bf (&) := BY (7,(S)), is shown
in [31, Proposition 4.2] to be isomorphic to Ko(Repayecr, (H0)) ®z A. The next result
gives a Real generalization.

Theorem 5.1. Assume that Gy is finite. Then the assignment (p, P) Indgpp

extends to an A-algebra isomorphism I : BE (&) = Ko(RRepoyee, () @z A.

Proof. 1t follows from Theorem that Z is an A-module isomorphism. We need to
show that Z is also a map of algebras.

As a first case, suppose that P,Q < 71(®) are trivially graded. Let h € m(&) \
m(®)o. Fix a complete set T C m (&) of representatives of P\m(8),/Q. Then
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T UT -bis a complete set of representatives of P\m(®)/Q and we can write

(o, P)-(0.Q) =
Y (e PNgQy " — P)(p) R d(y,1: PNgQg™" = Q)(0), PN gQg ")+

geT

> (D(qe : PNghQ(gh) ™" — P)(p)R(y(gn) 1+ : PNghQ(gh) ™ — Q)(0), PNghQ(gh) ™).

geT

Let us first interpret the right hand side as an element of the (ungraded) ring Bi(QSQ)
with product —-g—. The first and second lines are then (p, P) o (6, Q) and {p, P) o (h-

0¥, hQbh"), respectively. Under the isomorphism Bf (&) ~ Ko(Repyyeer, (B0)) @z A,
the right hand side is thus
(Indgi (p)@lndg; (0))E8 (Indgf; (p)&lndgz%_l (h-6Y)) ~ Indgf; (p)XResg (Hlnde ().
Applying the map Z then corresponds to applying hyperbolic induction. Doing so
gives HIndgp (p) X HInde(G), as required.

If instead P is non-trivially graded and @) is trivially graded, then we can choose a
complete set of representatives of P\m(®)/Q of the form 7 C m (&), and

<p,P> ’ <97Q> =
D (@1 : PNgQg™" — P)(p) B (v, : PNgQg™" — Q)(6), PNgQg™).

geT
Interpreted as an element of B (&), the right hand side is (p, Py) -0 (#,Q), which
corresponds to

Indg(}’) (Resg” (p)) W Indgz(e) ~ Resg_(RIndg_(p)) Indg(; (0)

0 Po
in BY(&,). Applying HlmdgO and using the equivalence then gives RInng (p) X

HInd%Q (0), as required.
The case in which both P and @) are non-trivially Zs-graded is similar. O

6. REAL CATEGORICAL CHARACTER THEORY

The categorical character theory of 2-representations was developed by Bartlett [0,
§3] and Ganter and Kapranov [16, §4] in the case of finite groups and extended to
essentially finite 2-groups by Rumynin and Wendland [31) §5]. A Real generalization
for finite groups was introduced in [37, §5]. In each of these settings, there are two
levels of characters, reflecting to the higher categorical nature of the representations
involved. Motivated by work of Willerton [36], in this section we give a geometric
formulation of this theory, simultaneously generalizing it to Real 2-representations of
essentially finite 2-groups.

6.1. Loop spaces of crossed modules. Let G be a finite group. It is well-known
(see, for example, [36]) that the loop groupoid of BG is equivalent to action groupoid
GG, with G acting by conjugation, while the double loop groupoid is equivalent to
the action groupoid associated to the simultaneous conjugation of commuting pairs in
G. In this section we describe crossed module generalizations of these statements.
Let & be a crossed module. We do not impose any finiteness conditions on &. Denote
by |&| the geometric realization of &. The homotopy 2-type of the free loop space
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Maps(S?,|&|) can be modelled by a crossed module in groupoids, which we denote by
LB. A result of Brown [I1, Theorem 2.1] gives the following explicit description of
L®. The base groupoid L<16 = (L,6 = L) has objects L,® = G and morphisms
g1 — g2 given by pairs (f,z) € G1 x Gy which satisfy go = f0(x)g,f~'. Morphisms
are composed according to the rule

(0 L2, 0 o (g0 1m0, o) gy (T )

g2 — g3 g1 — g2 gs.

The groupoid L,® is totally disconnected. The group L& (g) sitting over g € Ly® is
Go and the restriction of the boundary functor 0 : L2686 — L& to L2B(g) is given
on morphisms by

0,(2) = (0z,271(%2)), z € Go.

The action of (gy KELIN g2) € LB on z € L9B(g) is defined only when g = ¢, in

which case it is equal to /2 € L, (go).

The fundamental groupoid 7<; (L&) of L& is defined to be the quotient of L&
by the totally disconnected normal subgroupoid 0(L,®). Similarly, the loop groupoid
Am<1(L®) is defined to be the groupoid of functors BZ — m<;(L£®). Concretely, ob-
jects of A< (L&) are pairs (g,7), where g € Gy and v € End,_, (£e)(9) ~ Endz_,6(9)/
im(d,). A morphism g : (g1,71) — (g2,72) is a morphism u : g; — go in m<, (L)
which satisfies pvy; = Y.

Reflection of the circle S! defines a weak involution i : £& — £&. Following the
proof of [I1, Theorem 2.1], we find that i is given on Lo® by i(g) = g, on £;& by

ot 1
il 5 g) = gt L gt
and on L£2® by i(z) = 2.

Suppose now that we are given a Zs-grading 7 : & — Zs. At the level of classifying
spaces, m determines an equivalence class of double covers of & which, as is easy
to verify, is represented by the canonical map &, — &. By choosing an element
h € G1 \ Go, the non-trivial deck transformation of &, can be realized as

G132 g~ hgh™t, Gy 3 x— "z

Note that this squares to the inner automorphism determined by h2 € G and, hence,
is homotopic to the identity.

Similarly, 7 induces a grading L& — Z,. The associated double cover is realized
by the canonical map £(®) — L& together with the non-trivial deck transformation
oy 2 L(B) — L(Bp) given on Lo(Bg) by a4(g) = hgh™', on L,(B) by

1
oy(g1 L ga) = hgt P, g
and on Ly(Bg) by op(z) =9z.

In the setting of Real representation theory, an unoriented version £*'® of the free
loop space L£(®y) arises in a natural way; the superscript “ref” stands for reflection.
This is now a Zy-graded crossed module in groupoids. The base groupoid £!® has
objects £i'® = Gy and morphisms g; — g» given by pairs (f,x) € Gy x Gy which sat-

isfy g, = f@(:v)gf(f)f_l. The composition law is (f2, 22) o (f1,21) = (fofi, (fl_lxg):il),

where
. {xl if w(f2) = +1,
Ir = .
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Each group £5®(g) is again G and 9,(z) = (9z,271(92)). The action of L& on

L' is as for L&. There is an induced Zy-grading 7 : L& — BZ, which records the

degree of morphisms in £:1®. The associated double cover is the canonical morphism

L(&y) — LG with the non-trivial deck transformation iy :=io oy = oy o1, that is,

the diagonal Zs-action induced by loop reflection and the deck transformation of &.
For later convenience, if & is trivially graded, we take £*'® to mean £&.

6.2. Real categorical characters and 2-characters. Let & be a Zs-graded crossed
module. Let p be a Real 2-representation of ® on a object V of a K-linear bicategory
V with weak duality involution (—)°. The Real categorical character of p is defined as
follows. For each g € Gy, define a vector space

Tr,(g) := 2Homy (idy, p(g)).

We assume that Tr,(g) is finite dimensional over K. We do not assign a value of Tr,
to elements of G \ Gy. For each (f,z) € G; X Gy, define a linear map

Trp(g; f,2) = Try(g) = Trp(fO(2) (g™ ) f7)
so that its value on (idy = p(g)) € Tr,(g) is the composition

(z

idy = p(f)op(f™) = p(f)op(g)op(f™) == p(fop(d@)g)op(f) = p(fO(x)gf ™)

when 7(f) = +1, as in [16, [31], and

idy = p(f) o p(f 1) = p(f) 0 pg)° 0 plg™ )" 0 p(f1)° =
o (pl@)~1)°

p(f)oplg ) op(f 1) === p(f)op(d(x)g ") op(f 1) = p(fo(x)g~ " f")

when 7(f) = —1. The unlabelled maps appearing in the previous compositions are
2-isomorphisms constructed from the composition 2-isomorphisms of p. In the second
composition p(z) is a 2-morphism p(g~') = p(d(x)g™"), so that p(x)° : p(d(z)g~')° =
plg~)°.

Proposition 6.1. The Real categorical character of p is a functor Tr, : L& —
Vectk.

Proof. Because Vecty is a 1-category, this statement is equivalent to Tr, defining a
functor m<; (L&) — Vectg. It is straightforward to verify that, as defined above, the
structure maps assemble to a functor Tr, : L6 — Vecty; see [16], Proposition 4.10],
[31], §5]. We need to show that this functor factors through 7<; (L&), that is, for
each z € GGy, the linear maps

Try(g; f,2) , Tro(g; (f @) 0 9,(2)) : Trylg) = Trp(fO(2) (g™ D) f )
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are equal. To do so, it suffices to show that Tr,(g; 0z, 27 *(92)) is the identity endo-
morphism of Tr,(g). This endomorphism is given by the diagram

pr(g)
’ﬂ‘ p@z,@(z)g,f)z*

p(0(2)9)
NE\
v ﬂ id v 7o) .V ﬂ id V. (16)

== . f
” p(;zl,e,az_l

idy
is the identity 2-morphism of idy,, we conclude that is equal to w : idy = p(g). O

Working in this geometric set-up, we define the Real 2-character x, of p to be
the holonomy of Tr, : L& — Vectx. It is therefore a locally constant function
Xp ¢ LLG — K, or equivalently, v, : Am<; (L&) — K. Using either of these
interpretations, we find that x, is function on the set

G ={(g;f,7) € Go x G1 x G | fO(x) (g™ ") [7" = g}

which is invariant under the action of im(9,), g € Gy and the conjugation action
of morphisms in 7<;(£®). When G, is trivially graded this gives a more precise
description of the symmetries of 2-characters than previously available. For example,
it refines the Gy-conjugation invariance of y, proved in [3I, Proposition 5.1].
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The space of locally constant functions ££'f& — K, that is, Real 2-class functions
for &, is a direct sum of elliptic 2-class functions, which are supported on G N (Gg X
Gy x G3) and Klein 2-class functions, which are supported on GN(Gy % (G1\Gp) X Gs).
The nomenclature stems from the appearance, modulo im(0), of the relations for the
fundamental groups of the 2-torus and Klein bottle in the definition of G. This leads
to an interpretation of ££"® in terms of moduli spaces of principal &-bundles over
the torus or Klein bottle, where in the latter case a compatibility condition with the
orientation double cover is imposed, cf. [38, Section 3.2]. The 2-character of the
underlying 2-representation of p is in the elliptic sector. The Real nature of p is
reflected in the Klein sector of x, as well as the invariance of the elliptic sector of x,
under the conjugation action of odd elements of m<;(L®).

6.3. Induced categorical characters. In this section we determine the form of in-
duced Real categorical and 2-characters.

Theorem 6.2. Let & be a Zs-graded crossed module with crossed submodule $. As-

sume that Gy is finite and Hy = G4. Let p be a 2-representation Of.% on 2Vectyk, which
1s Real if §) is non-trivially graded. Then there is a canonical isomorphism

T Lref@

rlnd%p ~ IndﬁrefﬁTrp

of vector bundles L'® — Vecty.

Proof. The proof is similar to those of [16, Theorem 7.5], [37, Theorems 7.3, 7.7], which
treat the cases in which & is a group, possibly Z,-graded. We focus on the differences.

Arguing as in the beginning of the proof of Proposition [6.1], it suffices to prove the
statement at the level of vector bundles £1& — Vectgx. A choice of representatives

of the connected components of Eg@ induces an equivalence of groupoids

L6~ || BZely),

gemo (L 6)

where Zg(g) < Gy x G is the stabilizer {(f,z) € G; x Go | fo(z)(g") f~ = g}. Fix
g € Gy. We have a vector space isomorphism

Trlnd%p(Q) = @ Trﬂ(tilgt%
teT
t~lgtcHy

where 7 C G, is a left transversal to Hy. We need to describe the action of Zg(g) on
Trlndgp(g). Write
l9le N Hy = |_|[Pils,
i=1
where [g]e denotes the Gy x Gi-orbit of ¢, and similarly for [h;]s. Let T; = {t € T |
t~'gt € [hy]s}. For eachi € {1,...,n}, fix an element ¢; € T; and put h; = t; 'gt;. The
assumption Hy = G5 implies that there is a canonical bijection

Ze(hi)/ Zg(hi) = Zg, (hi)/ Zn, (hi).

We can therefore choose adapted representatives of 7; C T, as in [16, Lemma 7.7] (see
also [37, Lemma 7.4]). Consider the composition

()= (tufty " tix)

gbi . Zﬁ(hl) — Z@(hﬂ > Zyj(g)
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Then we can verify that Try,4e ,(9) is isomorphic to P, Indy, Tr,(h;), exactly as in

the case Gy = {e}. O
Corollary 6.3. In the setting of Theorem the Real 2-character of Indﬁp is
1 -1
~ 7 7]) — t—l W(t)t;t—l t,t T ,
XInd%;;(g f ) C|H1| tezc;l X,D( g f )

t~1(g,f)t€Hox Hy

where ¢ = 1 if ) is trivially graded and ¢ = 2 otherwise.

Proof. By Theorem , it suffices to compute the character of Indgzig'ﬂ‘rp. This can
be done using [16, Proposition 6.11], giving the claimed result. O

Considered as locally constant functions, Real 2-characters are multiplicative:

Xp1Rpz = Xp1 Xp2-

This can be proved in the same way as [31, Proposition 5.1]. See also [15, Corollary
4.2]. In particular, using the identification of Theorem , we find that each tuple
(g; f,x) € G defines a ring homomorphism

X(g:fo2) BE(®) = K, (0, P) = s (95 ).

Motivated by [31, Theorem 5.2], we would like to understand this homomorphism in
terms of marks. This can be done as follows.

Let R be a K-algebra. Assume that the cardinality of m1(®) is invertible in K.
Given @ € S(G) and a semigroup homomorphism « : ®(Q) — R*, the associated
mark homomorphism is the K-linear map fg : B2 (&) — R defined by

falp P =7 X al@(:Q > P)(o)). (17)
geG1
gQg~tcp

This is in fact a morphism of R-algebras [I8] §1].

Corollary 6.4. Assume that the cardinality of w1 (®) is invertible in K. Let (g; f, x) €
G and let P be the subgroup of m(®) generated by the images of g and f. Then
x(g; f, ) is the mark homomorphism B3 (&) — K determined via equation by the
restriction x(g; f,x)p : ®(P) — K*.

Proof. This follows by comparing equation ((17)) with the result of Corollary U

The analogy between 2-character theory and Hopkins-Kuhn—-Ravenel character the-
ory [21] of Borel equivariant elliptic cohomology, as developed by Ganter and Kapranov
[16], suggests the following problem.

Problem 6.5. Interpret the results of Sections and in terms of (transchro-
matic) Hopkins—Kuhn—Ravenel character theory [21, B3 26] of 2-equivariant elliptic
cohomology. In particular, relate Theorem[6.3 and Corollary[6.3 to the relevant trans-
fer maps.

Remark. A 3-cocycle a € Z3(BQ5 KX) on the classifying space determines a Zoy-
graded central extension o of & by K*. An a-twisted Real 2-representation of & is

then by definition a Real 2-representation of 2@ whose restriction to K* is scalar mul-
tiplication. When & is a finite group, the character theory of twisted representations is
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studied in [I7] and [37]. Together with the results of this section, this suggests an ob-
vious candidate for the categorical character theory of twisted Real 2-representations
of finite 2-groups in terms of vector bundles over £ which are twisted by the gerbe
represented by the loop transgression of a.
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