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Let p be a singular point on a copmlex analytic surtace X, and let u : X -+ X be
aresolution of the singularity of X at p. Abhyankar [1] called the singularity at p to
be qua3irational, if each irreducible component of the exeptional curve E = u-1(p) is a
rational curve.

Let U be a neighbourhood of 0 in C 2 , and C an analytic curve in U defined by an
equation !(x, y) = O. Suppose that C has an analytically irreducible singularity at O.
Given an integer g, consider a surtace X in C 3 defined by the equation z9 +!(x, y) = O. In
[1] is proved, that the singularity of X at the origin is quasirational if C has at the origin
a single characteristic pair (m, n), and all the numbers m, n, 9 are pairwise coprime. It is
the main result of the first part of [1], and in the second part an analogous statement is
proved for any ground field.

In this short note we shall prove some generalization of the above Abhyankar's theo
rem (only in analytic case over C) for arbitrary number of characteristic pairs. It is an
immediate consequence of well-known facts.

Let, as above, the germ of ! at the origin be analytically irreducible. Choose the
coordinates so that one of the coordinate axes is tangent to C at 0, and let m and n be
the orders of the restrietions of f on the coordinate axes. (When the singularity of C at 0
has ooly one characterictic pair, the pair is exactly (m, n).)

Proposition. Let either m or n be coprime with g. Then the singularity oE X at 0 is
quasirational.

Proof. Let 55 and 53 be sufficiently small spheres in C3 and C 2 respectively, centered by
o , and let M = X n 55, K = C n 53. Obviously, M is a 3-manifold and K is a knot
in 53. According to [4), H1(M, Q) contains a subgroup isomorphie to iI1(E, Q). Hence,
vanishing of H1(M, Q) implies that the singularity of X at 0 is quasirational.

On the other hand, M is g-sheeted cyclic covering of 53, branched over K (cf. [5n.
Hence, by [3, p.149), H1(M, Q) vanishes Hf Alexander polynomial ßK(t) has no common
roots with the polynomial t 9 - 1. Thus, to prove the proposition it suffices to show, that
ßK(Wi ) =1= 0 for auy j, where w is a primitive g-root of unity. To prove it, we shall
use an explicite formula due to Zariski [6] for the Alexander polynomial ~K(t) via the
characteristic sequence of the singularity.
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One of m, n, ia coprime with g. Let it be n. It ia the order of the restriction of /
on one of the axes, say y. Then the Puiaeux expansion of C at 0 is as follows: x = t n ,

y = L:i~m aiti . According to [2], introduce the following notation: d1 = n, ml = mj

di = gcd(di-l,m.), mi = min{j Iaj =1= O,di t j}, i> 1;

denote by h an integer such that dh =1= 1, dh+l = 1 (thua, mi is defined for i = 1, ... , h, and
di is defined for i = 1, ... , h + 1). Let ni = di/di+}, i = 1, ... , h, and let rl = ml,

ri = ri-l ni-l +mi - mi-I, i = 2, ... , h.

Note, that n = nl ...nh, and hence, 9 is coprime with each of nl, ... , nh.

According to [6],

(1)

(2)

Suppose that ßK(W j ) = 0 for same j. Then w j is a root of sorne polynomial (tr,n i 

l)/(tn -1) , Le.

Since w is a primitive g-root of unity, (1) implies that 9 dividea jrini . But 9 and ni are
coprime, hence, 9 divides jri' But it contradicts to (2). Q.E.D.

Remark 1. We proved that if 9 ia coprime with n, then the group HI(M, Q) vanishes.
U additionally to claim that 9 is coprime with each of r}, ... , rh, it cau be shown that
H I (M, Z) also vanishes.

Remark 2. In fact, the condition of vanishing of HI(M, Q) (or, equivalently, the
condition that ßK(t) and t9 - 1 have no common root) ia not only su:fficient, but also
necessary for quasirationality of X at O. It follows from the fact that the graph of irreducible
compoDents of E (dual graph of E) is a tree.

Remark 3. Necessary and sufficient conditions for the quasirationality of X cau be
written as a numerical conditions on 9 and the characteristic sequence (rI, nI; ... jrh, nh).
The conditioDs are that for each i = 1, ... , h at least one the two following equalities holds:

(3)

(4)

Remark 4. Coprnlete topological description of the curve E (including the intersection
matrix of irreducible components) cau be obtained in terms of tbe branchiog number 9
and the characteristic sequence. For example, each i for which both conditions (3) and (4)
do not hold, gjves gcd(g, di+I ) irreducible components of E of genus

gcd(g, rini) +gcd(g, di+I) - gcd(g, ri) - gcd(g, di)
2 gcd(g, di +1 )



ON QUASIRATIONAL (BY ABHYANKAR) SINGULARITIES. 3

Other irreducible components of E are rational.
Remark 5. H the germ of C at 0 is not analytically irreducible, then vanishing of

H1(M, Q) is not necessary for quasirationality of X at 0, because in this case non-zero
l-cycles may appear not only because of positive genus of a component of E, hut also
because the dual graph of E can be not a tree. Example: / = x 5 + x 2

y 2 + y5, 9 = 2.
This work was done when I stayed in Max-Planck-Institut fi Mathematik and I thank

this institute for the hospitality.
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