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A jUDlP theoreIn with uniforDl estiInates
for 8b-closed forIns on real hypersurfaces

by Bert Fischer and Jfugen Leiterer

1 The main result and reduction of the proof to
estimates for ä

Let 0 ce cn be a C2-domain and let e : Uo -+- lR be a C2-function defined in a
neighbourhood Uo oi Ö such that 0 = {z E Uo : e(z) < O} and dg(z) #- 0 for all
z E bO. Suppose that for some integer 0 :s; q ~ n -1 the following convexity condition
is fulfilled: For all z E bO the Levi form of g at z has at least q+1 positive eigenvalues.

Further let M = {z E Uo : eo = O} be areal C2-hypersurface in Uo defined
by a second C2-function go : Uo -+- lR with deo(z) #- 0 for all z E M such that
the intersection M n bO is transversal in the real sense (dUo( z) 1\ dU( z) =1= 0 for all
z E Mn bO).

Set
0+ = {z E n : UD < O} and 0_ = {z E 0 : Uo > O}.

In this paper we prove the following

Theorem 1.1 For each continuous c10sed (n, r )-form f on Mn Ö with r 2:: n - q -1,
there exist continuous c10sed (n, r )-forms f+ on!1+ and f- on n_ such that, for some
constant C > 0 which is independent of f,

and

Ilf±(z)1I ~ C(l + Iln dist(z, M)13) max Ilf(()II, z E n±,
(eMnn

(1)

(2)(-1)n+r Jf!l rp = J1+ !I drp +Jf - !I f rp

Mnn 0+ 0_

for each COn_r_1-form 'P with compaet support in 0, where M carries the orientation
of bn+. Eq~ation (2) means that f = f+ - f_ in the sense 0 f distributions.

For the definition of the norm oi a differential form at a point which appears in (1)
see for instance Section 1.6.3 in [H/Le 1].

In the paper (LalLe] it was proved that under certain additional convexity condi­
tions 00 M, this theorem together with the main result of [LalLe] leads to unifonn
estimates for the tangential Cauchy-Riemaoo equation on Mn O. This is the motiva­
tion for the present article.

In (LalLe] it was also observed that the essence of Theorem 1.1 is contained in a
special uniform estimate for the 8-equation on n which will be stated in Theorem 1.2
below. Let us repeat the corresponding arguments from [LalLe].
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Suppose f is as in Theorem 1.1. Further let

(n - I)! Ln '-t - _ - _ -
B(z,()= (') (-1)' (d(t-dzd/\ .. ·· .. /\(d(n-dzn)/\dztl\ ... l\dzn

27rZ n J "
j=1

be the Martinelli-Bochner-Koppelman kernel. Set

h(z) = (-Ir J f(() AB(z, () for z E n±
(eMnO

and

F(z) = (-Ir J f(() AB(z,() for zEn.

(eMnbO

Since dzB(z, () = -a(B(z, () we "get di± = F on 11± ~nd, by tbe hypothesis on the
Levi form of e, it follows from the Andreotti-Grauert theory (see (A/Gl) that F = du
for some c~ntinuous (n, r)-form u on 11. Setting .

we obtain closed continuous (n, r)-forms f± on 11±. Then the relation (2) follows from
the Martinelli-Bochner-Koppelman representation of the form d<p It is dear that

Ili±(z)11 ~ Co(1 +lin dist(z, M)l) max Ilf(~)1I for z E 11±, (3)
(eMnO

where Co > 0 is a constant which does not depend on f. Moreover for each compact
set K ce 11 there is a constant CK > 0 (independent of f) with

Ilu(z)ll ~ CK max Ilf(e)11 for z E K.
(eMnO

(4)

Hence, except of the validity of estimate (1) near Mn b11, the assertion of Theore~_
1.1 may be considered as well-known. To obtain the complete Theorem 1.1 we have to
estimate the solution U of du = F near Mn b11. For that we introduce the following
abbreviations: N = M n b!l, 6(z) = dist(z, N) and ,(z) = 118eo(z) /\ 8e(zlll. Since f
is of maximal holomorphic degree we get

IIf(()IN 11 ~ C(I(Z) + I( - zl) max1\ 11/(e)11
(eMnu

for all ( E N, z E 0, and therefore

IIF(z)11 ~ CI(~((Z)) +1+ jln6(z)1) max Itf(~)II,
o Z (eMnO

" (5)

(6)

for all z E .0, where C and C' are positive constants which do not depend on f.
Therefore Theorem 1.1 is a consequence of the following
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Theorem 1.2 Let 9 be a closed continuous (n, r )-form with"r ~ n - q on n such that

Ilg(z)11 ~ ;i:i + k for zEn. (7)

Then there exists an (n, r - l)-form u which is Hölder continuous with exponent 1/2
on Ö\N1 such that du = 9 on n and

lIu(z )11 ::; C(l + lln 6(z)13
) for zEn.

where C > 0 is a constant which i3 independent 0/ g.

(8)

Note that in [BF] already a similar result is proved for the more general situation
where inste'ad of N appears a submanifold of arbitrary codimension in bn. However in
the special ease of codimension 1 this_ r~ult is not ~tr9nIl:ßI1(;m~h to obtain Theorem
1..1. The main poin~ is that in [BF] ·the"angle" j(z) _between _tlie , ,; '~~,.: ~«

complex tan~ent plan~s of bO and NI 18 not conside'red .The-proof o'f Theo~em
1~2given inthe present paper fsa d'evelopmeotöf~th~' ~rgumenis fr~m [BF] taking i'nto
account the role of' ,(z) .. . . . . -

For the proof of Theorm 1.2 we use as in [BF] aversion of the classieal integral
operator constructed by GRAUERT and LIEB [G/L], HENKIN [H] and W. FISCHER
and LIEB [WF/L]. A certain technical difference to [BF] cansists in the follawing: In
[BF] ooly the strictly pseudoconvex case (q = n - 1) is considered and threFrore global
integral formulas can be used. In the case of a general q we have ooly loeal operators
which immediately give only the following loeal version of Theorem 1.2:

Theorem 1.3 For each ~ E bO there exists a neighbourhood U 0/ ~ such that Theorem
1.2 becomes true after replacing n by U n n.

By the well-knawn arguments which are known as GRAUERT's "Beulenmethode"
(see, e.g., the proaf of Theorem 2.3.5 in [H/Le 1]), Theorem 1.3 and the global results
without estimates from the Abdreotti-Grauert theory [A/G] lead to Theorem 1.2. We
omit these arguments.

Remark 1.4 Let e, eo :Uo --.. IR two other C2-functions with

N = {z E U0 : e(z) = eo(z) = O}

and
deo(z) /\ de(z) # 0 for zEN.

Then in Theorems 1.2 and 1.3 the function ,(z) can be replaced by

i(z) := 118eo(z) /\ 8e(z)ll·

IThis means u is Hölder continuous with exponent 1/2 on each compact set K ce O\N with a
Hölder CODstant depending on K.
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In fact then there is a non-vanishing function <p on N such that 8eo(z) 1\ 8e(z)
r.p(z)8eo(z) 1\ 8g(z) for z E J\r. Henee we get

,,(z) ~ /«(,(z) +8(z)) and I(Z) ~ /\"(,,(z) +8(z))

with some eonstant K > 0 for all Z E 0, and therefore

1(,,(z) 1) /,(z) 1 2/( (7(Z) 1)
2K 8(z) +~ ~ 8(z) +~~ 6(z) +~

for all zEn.

2 Proof of Theorem 1.3

For the proof of Theorem 1.3 we shall use the same integral operator as in (BF/Le].
Reeall the following definition from Seetion 3 in [BF/Le]: D ce cn will be called
a Ioeal q-eonvex C 2-domain, 0 ~ q ~ n - 1, if there exist a biholomorphic map h
from some neighbourhood of D onto an open set W ~ Cn as weIl as a C2-function
r.p : W --. R such that

(i) h(D) = {z E W : cp(z) < O};

(ii) dcp(z) #0 for zEh(bD);

(iii) cp is strictIy eonvex witb respect to z], ... , Zq+l.

Repeating the proof of Lemmas 3.1 in [BF/Le] one obtains: // n, M and q are as
in Theorem 1.9 then for eaeh eE bO one ean find a neighbo'Urhood U of esuch thaf
Uno is a IDeal q-eonvex C2.domain and moreover the intersection M n b(UnO) is
transversal. Tberefore and by Theorem 4.1 in [BF/Le], Theorem 1.3 is a consequenee
of the following

Theorem 2.1 Suppose that

(i) D ce cn is a IDeal q-eonvex C2-domain, 0 ~ q ~ n - 1;

(ii) H is the integral operator eonstructed for D in Seetion 4 0/ [BF/Le};

(iii) 0D is a neighbourhood 0/ D;

(iv) e : 0D --. 1R is a C2-function with D = {z E On : e(z) < O} and de(z) # 0 for
z E bD;

(v) eo : On --. lR is a seeond C2-funetion with deo(z) 1\ de(z) # 0 for all z E bD with
eo(z) = OJ'

(vi) N:= {z E D: eo(z) = e(z) = O};

(vii) 8(z) := infCEN I( - zi for z E 0D;
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(viii) ,(z) := 118eo(z) 1\ 8e(z)ll lor z E On-

Then 101' each continuous differential form 1 on D with

I'(z) 1
11/(z)11 ~ b(z) + JSW lor z E D

the form Hf is Hölder continuous with exponent 1/2 on D\JV and moreover

IIR f(z)11 ~ C(l +Iln b(Z)]3) jor z E D,

where G is a positive constant which is independent oj I.

(9)

(10)

Proof. Let f be a continuous differential form on D satisfying estimate (9). In the
following we denote by C and C' positive eonstants whieh are independent of f, where
the same letter G or G' in different plaees may denote different constants.

In view of Remark 1.4 we may assume that e is the same function as in Section 4
of {BF/Le]. Let also G, Vn, h, <1>(z, () and t(z, () = Im <1>(z, () be as in Section 4 of
[BF/Le]. Then we may moreover asssume that D = G, On = Vn and h is the identical
map.

Since de( z) =1= 0 for z E bD there is a neighbourhood ObD of bD wi th

d,t(z'()1 I\de(z)#O for ZEObD.
(=z

Since deo(z) 1\ de(z) # 0 for zEN we ean find a neighbourhood ON ce ObD with

deo(z) 1\ de(z) f 0 for z E ON,

and
C'6(z) ~ leo(z)1 + le(z)1 ~ Cb(z) for z E ON.

Sinee

d,t( z, ()I = iße( z) - i8e( z),
(=z

we have the estimate

(11 )

(12)

(13)

G',(z) ~ Ildeo(z) 1\ de(z) 1\ d,t(z, ()l( = ) I~ C,(z) for z E ON. (14)

From (13) in [BF/Le] one obtains that

l<I>(z, ()] ~ C(]t(z, ()I + le(()1 + I( - z12) for z, ( E D. (15)

Further it is clear that

I,(() -,(z)] ::; GI( - zl for z, ( E D,

and

Ild,t{z,() - d,t(z',()ll ~ Glz - z'l for z,z' E D.
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That Hf is Hölder continuous with exponent 1/2 on D\N follows by the same
arguments as in the beginning of the proof of Theorem 4.3 in (HF /Le]. It remains to
prove estimate (10). As usua.l (cf., e.g., Section 3.2.7 in [H/Le 1]) one obtains that

n J Ilf«()lldA«()
IIHj(z)lI ~ CL I~(z, ()lkl( _ zj2n-l-k for z E D,

k=O(eD

(18)

where dA is the Lebesgue measure on D. For each open set W ~ D, z E D a.nd
k = 0, 1, 2 we set

1 . J ,«()dA«()
Ik(W, z) := ([t(z, ()I + Ig«()1 + l( - zr~)kl( - zI2n-k-l o«()

(eW

and
t1(W ).- J dA«()
k , Z ,-ceW (It(z, 01 + Ig(oi + I( - ZI2)kl( - zI2n-k-IJ6R)'

Then it follows from (9), (15) and (18) that

2 2

IIHj(z)11 ::; CL L I;(D, z) for z E D.
~=1 k=O

(19)

Now we choose sorne neighbourhood 6~ of N with ~ ce ON. Then it is clear that
Ik(D\()~,z) is bounded by

C J dA«()
(lt(z,()1 + le«()1 + I( - ZI2)kl( - zI2n-k-l'

(eD '

Therefore, integrating with respect to t(z,') a.nd ewhich is possible by (11), one obtains
that .

1;(D\f1Jv , z) ::; C- for z E D,

for k = 0,1,2 a.nd v = 1,2. Also it ia clear that

I;(D n 01, z) ::; C _ for z E D\ON,

for k = 0,1,2 and v = 1,2. In view of (19)-(21) it remains to prove that

I:(D n O~, z) ::; C(1 + [ln o(z)13
) for z E D nON,

for k = 0,1,2 and v = 1,2. For all z E D nON we set

W 1(z} = {( E D n ffJv : l( - zl < 6(z)/2}

and
W:2(z) = {( E D n rfk : l( - zl > o(z)/2}.

6
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To prove (22) now it is sufficient to show that

1;(Wm(z),z) ~ 0(1 + Iln8(z)13) (23)

for all z E D nON, k = 0,1,2, v = 1,2 and m = 1,2.
The case m = 1: Since I( - z] < 8(z)/2 and therefore 8(() > 8(z)j2 for ( E W 1 (z)

it follows from (11) that

Ik'(W1 (z),z) <
c J dXl 1\ ... 1\ dX2n

6(z) (lxII + IX21 + IxI2)klxI2n-k-l
zE:I.·"

1:J"1<6{·)/·

<
C J 1 + I1n lxiI

8(z) Ix j2n-k-l dXl t\ ... 1\ dX2n-k
:J"eI·n-k
l.61<6( ..)/.

< C(1 +Iln 8(z)I),
for all z E D nON, k = 0,1,2 and v = 1,2. Hence (23) holds for m = l.

The case m = 2 and v = 1: In view oi (13),(14) and (17) the integrals Il(W2(z), z)
(z E D nON, k = 0,1,2) are bounded by

C J Ildeo(() 1\ de(') 1\ d,t(z,()lldA(()
(It(z, ()I + ]e(()1 + I( - zl2)kl( - zI2n-k-l (leD(C)] + le(C)!)

(EWl(z)

C J dA(C)
+ (It(z, ()I +Je(()1 +I( - ZI2)kIC - z]2n-k-2(leo(()! + le(()!)'

'EWl(z)

Hy (12), UD and e are Ioeal coordinates on ÖN• Therefore we ean use the Range-Siu
trick (see the proof of Proposition (3.7) in [RjS]) which allows us to consider UD, U and
t(z,·) as coordinates. In this way it follows that the integrals Il(W2(z), z) (z E DnON,
k = 0,1,2) are bounded by

c J
zeI·n

6{·)/4<J.sI<C'

+ C J
ze5.· n

!(")/4<lzl<C'

This implies that

I~(W2(z),z) < C J
zreI·n-3

6( .)/.< lzl<C'

+c J
zeI·n-.

6(.)/·<lzl<C'

1 + lin lxii
Ix12n- 2 dXl 1\ ... 1\ dX2n-2
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für z E D n ()N,

Od{o+t -r* h" t H -,

1 + Iln Ixl12

1 I dXl A ... A dX2n-2X 2n-2

dXl A ... A dX2n

Ixj2n-l(I X ll + IX21)

1:(W2(z),z) < c J
.:J"E.2n - 2

6( z)!2< Izl<C'

+C J
zE.2n - 2

6{a)/2<lzl<C'

für z E D n ()N, and

1~(W2(z),z) < c J
.:J"EI2n

6(z)/2<lzl<C'

< C J
zE.2n

'( a)/2<1z1<c'
1.J:"1 1+ IZ 21> 11:"1/2

< C(1+11nS(z)1)

J
zE1.2n-2

6( a)/2<lzl<C'

dXl /\ .•. /\ dX2n-2

!xI2n-2

far z E D n ()N. Hence (23) is praved far m = 2 and 11 = 1.
The case m = 2 and v = 2: Früm (11) it füllüws that

1;(W2(z), z) ~ c J
zE-.2n

6(a)/2<1z1<C'

dXl /\ ... /\ dX2n-2

Ix12n-2

dXI /\ ... /\ dX2n-I

(lxII + IxI2)3/2lxI2n-3

dXI /\ ... /\ dX2n-l

Ix12n-I

für all z E D n ()N and k = 0,1,2. This implies that

1;(W2(z),z) ~ c J
I:"E:l.2n- 1

6(a)/2<lzl<C'

< C J
zE1.2n-2

6( a)/2<IzI<C'

< C(1 +Iln S(z)l)

für z E D nON,

1:(W2 (z),z) < c J
zEi.2n - 1

6(a)/2<11:"1<C'

< C(1 +Iln S(z) I)
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for z E D n ON, and

for z E D nON. Hence (23) is proved also for m = 2 and 11 = 2.

< C

J
ze:!2n

6{ z)/2<lrl<C'
IZ lI>lr l/2

dXl A ... /\ dX2n + C
IxI2n-l/2

dXl /\ ... /\ dX2n-l

Ix12n- 3 / 2

•
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