ON THE COOPERATION ALGEBRA OF THE CONNECTIVE ADAMS
SUMMAND

ANDREW BAKER AND BIRGIT RICHTER

ABSTRACT. The aim of this paper is to gain explicit information about the multiplicative
structure of £.¢, where £ is the connective Adams summand. Our approach differs from Kane’s
or Lellmann’s because our main technical tool is the MU-based Kiinneth spectral sequence.
We prove that the algebra structure on ¢.¢ is inherited from the multiplication on a Koszul
resolution of ¢, BP.

INTRODUCTION

Our goal in these notes is to shed light on the structure, in particular on the multiplicative
structure, of ¢,f, where we work at an odd prime p and /¢ is the Adams summand of the p-
localization of the connective K-theory spectrum ku. This was investigated by Kane [5] and
Lellmann [9] using Brown-Gitler spectra. Our approach is different and exploits the fact that
MU is a commutative S-algebra in the sense of Elmendorf, Kriz, Mandell and May [4] and ¢ is
a MU-ring spectrum (in fact it is even an MU-algebra). As a calculational tool, we make use
of a Kiinneth spectral sequence (2.2) converging to ¢.¢ where we work with a concrete Koszul
resolution. Our approach bears some similarities to old work of Landweber [8], who worked
without the benefit of the modern development of structured ring spectra. The multiplicative
structure on the Koszul resolution gives us control over the convergence of the spectral sequence
and the multiplicative structure of £,£. In particular, it sheds light on the torsion.

The outline of the paper is as follows. We recall some basic facts about complex cobordism,
MU, in Section 1 and describe the Kiinneth spectral sequence in Section 2. Some background
on the Bockstein spectral sequence is given in Section 3. The multiplicative structure on the
E2-term of this spectral sequence is made precise in section 4 where we introduce the Koszul
resolution we will use later in terms of its multiplicative generators. We study the torsion part
in /£ and the torsion-free part separately. The investigation of ordinary and L-homology of ¢ in
Section 5 leads to the identification of the p-torsion in ¢,¢ with the u-torsion where £, = Z(p) [u]
with u being in degree 2p — 2. In Section 6 we show how to exploit the cofibre sequence

(20— /p

to analyse the Kiinneth spectral sequence and relate the simpler spectral sequence for ¢/p to
that for ¢. To that end we prove an auxiliary result on connecting homomorphisms in the
Kiinneth spectral sequence, which is analogous to the well-known geometric boundary theorem
(see for instance [14, chapter 2, §3]). We summarize our calculation of ¢,¢ at the end of that
section.

In Section 7 we use classical tools from the Adams spectral sequence in order to study
torsion phenomena in ¢,/. We use the fact that the p and u-torsion is all simple to show that
the Kiinneth spectral sequence for ¢,¢ collapses at the E>-term and that there are no extension
issues. We can describe the torsion in ¢.¢ in terms of familiar elements which are certain
coaction-primitives in the [F,-homology of ¢.
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We summarize our results on the multiplicative structure on ¢.¢ at the end of Section 8 where
we establish congruence relations in the zero line of the Kiinneth spectral sequence and describe
the map from the torsion-free part of £,¢ to £,.f ® Q. Taking this together with the explicit
formulae of the multiplication in the torsion part in £,f gives a rather comprehensive, though
not complete, description of the multiplicative structure of £,4.

1. RECOLLECTIONS ON MU AND ¢

Throughout, we will assume all spectra are localized at p for some odd prime p.
Let ku denote connective complex K-theory and let £ be the Adams summand, also known
as BP (1), so that
kug ~ \/ B¥L
0<i<p—2
We have ¢, = w0 = Z(p) [u] with u € 52@_1). We will denote the Adams summand of K U(p) by
L; then L, = £, [u™1].
Let us recall some standard facts for which convenient sources are [1, 15]. Since ¢ is complex
oriented,
0MU =L m), :n > 1],
where m!, € (3, MU agrees with the m’ of Adams [1]. By the Hattori-Stong theorem, the
Hurewicz homomorphism MU, — ¢,MU is a split monomorphism, so we will view MU, as a
subring of £/,MU. Now
]\4U>.< = Z(p)[xn n = 1],
where z,, € MU, and using Milnor’s criterion for polynomial generators of MU, we can arrange
that

! mod decomposables otherwise.

In fact, we can take Tpk_1 = vk tO be the Hazewinkel generator which lies in BP, C MU,. The
following formula recursively determines the Hurewicz image of vy in H MU = Z,) [mg : k> 1):

— _ R 4
(1.1) Uk = PMyk_q g Mpi V-
VA

{ pm;7 r_, mod decomposables if n = p* — 1 for some k,
Ty =

m

In H,BP with £ = mk_,, this corresponds to the familiar formula
j
(1.2) Vg = pgk — Z Ejvz_j.
1<j<k—1
We note that
(1.3) MU/ (2 :m # p® — 1 for any k) = L[ty - k > 1] = (. BP,

where t), € £y,»_oBP is the image of the standard polynomial generator t;, € BP,BP of [1].
Now recall that the natural complex orientation of ¢ factors as

c: MU — BP —/

and we can choose the generators x,, so that

() u ifn=p-1,
o(Tn) =
" 0 otherwise.

In particular, the kernel of the map BP, — ¥/, is the ideal generated by the Hazewinkel
generators veg, v3, .. ..

We can also find useful expressions for the v,. Using standard formulee for the right unit
nr: BP, — BP,BP which can be found in [15], we have for n > 2,

(1.4) U = pty +ut?_ — " ty_1 + psl, + us’,

n—1

where s/, s € Zy[u,ty, ... tn—1]. We also have vy = pt1 + u.
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We now make some useful deductions. To ease notation we write v, for the image e(v,) €
E,BP of v, under the Hurewicz homorphism e: BP, — E,BP.

Proposition 1.1. In the ring Q ® £, BP, the sequence va,v3,...,Up,... s Teqular and

Proof. For each n > 1, pt,, is a polynomial generator for Q ® ¢, BP = Q ® {,[t; : i > 1] over
Q® L. O

Proposition 1.2. In the ring L.BP, the sequence vo,vs, ..., Uy, ... is reqular and
L.BP/(vy, :n >2) = Lty : k > 1]/(th —ul" "'t + pu sl + shpy +putngr in > 1).
In the ring L,BP/(p), the sequence vy, v3,...,Up,... is reqular and

L.BP/(p,vy :n>2) =L/t : b = 1]/t —u?" ", +shy:n > 1).

Proof. The case of L,BP follows from Proposition 2.2, but here is a direct proof.
By induction, for each m > 2 there is a monomorphism of L,-algebras

L.BP/(v, :m>n>2) — Q® Ly[t1,t : k > m+1]

under which the image of v,,y1 is clearly not a zero-divisor. This shows that the v, form a
regular sequence in L,BP. O

2. A KUNNETH SPECTRAL SEQUENCE FOR 4,/

We will describe a calculation of £,4 = 7,(¢ A £) that makes use of the Kiinneth spectral
sequence of [4] for MU-modules. This is different from the approach taken by Kane [5], and
we feel it offers some insight into the form of answer, especially with regard to multiplicative
structure.

For any ring spectrum F and MU-ring spectrum F’, there is a homologically graded spectral
sequence

(2.1)  E2, = TorXV (r.(EAMU), 7 F) = m.((EAMU) Ayy F) 2 7. (ENF) = E,F.

Note that this spectral sequence is actually multiplicative [3]. Taking F = F' = { we obtain a
multiplicative spectral sequence

(2.2) B2, = Torl}V (m.(( A MU), ) = £.L.
Now consider the MU,-module £,. We can assume that the complex orientation gives rise to
a ring isomorphism
MU, /(zp :n#p—1) =0,
There is a Koszul resolution of ¢, as a module over MU,
Apu. (e :0<r#p—1) — £, — 0,

where Ay, (e, : 0 < 7 # p—1) is the exterior algebra generated by elements e, of bidegree
(1,2r) whose differential d is the derivation which satisfies d(e,) = z,.

For arbitrary E and F' = ¢, the E2-term of the spectral sequence (2.1) is the homology of the
complex

EMU @pu, Apu.(er:0<r#p—1)=Ag,yu(e,:0<r#p—1)

with differential id®d which corresponds to the differential d taking values in the latter complex.
From (1.3) we find that the homology of this complex is

(2.3) Ho(Ap,pu(er :0<r#p—1),d) =Hi(Ag, gp(e, : 7 > 2),d),

where £, has bidegree (1,2p" — 2) and d(&,) = v,.
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Proposition 2.1. Suppose that the E-theory Hurewicz images of the vy in E,BP with k > 2
form a reqular sequence. Then the complex

Ap,gple,:7>2) — E,BP/(v, :7>2) =0
1s acyclic and

E.BP/(v, :1r>2) ifs=0,

(2.4) TorMY«(E, MU, ¢,) = :
’ 0 otherwise.

Therefore the Kinneth spectral sequence of (2.1) degenerates to give an isomorphism
E,BP/(v, i1 >2) — E,L.

The regularity condition of this result occurs for the cases E = ¢Q, L/p by Propositions 1.2
and 1.1. We do not have a proof that it holds for the case F = L, however the following provides
a substitute.

Proposition 2.2. Suppose that E is a p-local Landweber exact spectrum. Then the complex
Ag,pp(er:7>2) — E.BP/(v, i1 >2) =0
s acyclic and the conclusion of Proposition 2.1 is valid.

Proof. The hypothesis means that the functor F, ®pp, () is exact on the category of left
MU, MU-comodules. Then

E.MU @mu, Amu,(ep 17 2 2) =2 E, @uu, MUMU @pu, Auu, (er 17 2> 2)
= By @nu, Avvomu(er i r > 2)
= Ey« @mu, Amu.sp(er 1 2 2).

But now it is easy to see that the sequence ng(vs),ng(vs3),. .. is regular in MU, BP since
nr(vk) = vy mod (¢; : i > 1)
and vg,v3, ... is a regular sequence in MU,. Therefore
Ay, gp(er 7 = 2) — MU.BP/(nr(v,) i1 >2) — 0
is exact and so is
By @umu. Amu.pp(er 11 2 2) — By @yu, MUBP/(ng(v,) 17 > 2) — 0,

since in each homological degree, Ay, pp(er : 7 > 2) is a free MU,BP-module and therefore
an MU, MU-comodule. From this we obtain the result. O

Of course, this result applies when E' = L. Later we will also consider some cases where these
regularity conditions do not hold.

3. BOCKSTEIN SPECTRAL SEQUENCES

We follow [16, p158] in this account. Let R be a graded commutative ring and suppose that
we have an exact couple of graded R-modules




where 6" is a map of degree || —1 and z- is multiplication by x € R. Then there are inductively
defined exact couples

Al = Al

* *

N

BT‘

*

and an associated spectral sequence (B",d") with BTT! = H(B",d"). For each r > 1, there are
exact sequences

j’r 5T
(3.1) 0— A%/(xAg_m + A% L Br 2 mAngW_l N g;rAngHT_T'x'_l — 0,

where

0 _ r. 70 0 0 _ 0
oA =ker(z": A) — A0, ae AR = (e AD.
r>1

In particular, if B} = B = 0 for some n, we obtain the following:
(3.2) e An = 2 An,
(3.3) ker 6 = ker d° = im j°.

4. GENERALIZED KOSZUL COMPLEXES AND BOCKSTEIN SPECTRAL SEQUENCES

Let R be a commutative ring and x € R a non-zero divisor which is also not a unit. Let
w1, wa, w3, ... be a (possibly finite) regular sequence in R which reduces to a regular sequence
in R/(z).

The Koszul complex (Agr(e, : 7 > 1),d) whose differential is the R-derivation determined by
d(e,) = w, provides a resolution

Ar(er:r>21) — R/(w, :7>21) =0

of R/(wy : r > 1) by R-modules.
Now consider the sequence xwq, xws, xws, ... which is not regular in R since for s > r,

wy(zws) = ws(zwy).

The Koszul complex (Ag(el : r > 1),d’) with differential satisfying d’(e].) = zw, is no longer
exact but does augment onto R/(xw, : r > 1). Notice that there is a monomorphism of R-dga’s

jiAgr(e.:r=1) — Ag(e, : 7 > 1); j(e) = xe,,

T

and this covers the reduction map R/(zw, : 7 > 1) — R/(w, : r > 1). Using this, we will
view Ag(el. : 7 > 1) as a subcomplex of Ag(e, : 7 > 1). We want to determine the homology of
(Agr(el.:r>1),d).

Suppose that z € Ag(e). : 7 > 1), with n > 0 and d’(z) = 0. Then working in Ag(e, : r > 1)
we have d(j(z)) = 0, so by exactness of the latter complex, there is an element

Yy = E Yitizyensing1€i1€in " €y € ARr(er 17 > 1)pq1
1< <t < <¥ngt1

for which d(y) = j(z). But

— koo oy . ) o P~ )
d(y) = E (_1) Wiy, Yiyio,...sint1€i1Cia " Cip """ Cippyq -
1< <t < <in41
1<k<n+1
Since we have
. _ n
i(z) = > T" Zi1 ig,.nyin€i1 € " Ci s

1<i1 <t <+ <ip

using the regularity assumption we find that each y;, 4, . has the form

~77:n+1

o, !
y117127---71n+1 =T yil,’ig,...,’in+1
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for some y; ;. € R and therefore

~,7:n+1
— koo of Lol ol el
= E , (=D Wi Yiy i, i1 €0 € iy €y

1< <o <+ <ip41

1<k<n+1
Notice that

o / /A /

rz=d E : Yitizyeesing1Ci1Cia """ Cingr |

161 <ia < <ip41
hence z annihilates the n-th homology of Ag(e] : r > 1), hence it is an R/(x)-module spanned
by the elements

(4.1) Aglinyig,. o ving1) = > (=DFwi el el --eliy e .,
1<k<n+1
for collections of distinct integers i1,1s,...,4,+1 = 1. Clearly for a permutation o € S, 41,
A$(Z.0'(1) ) Z.U(2)) I 7ia(n+1)) =signo Ar(ilv i2,... 7in+1)'

Thus we will often restrict attention to indexing sequences satisfying
1< <o < < ipt1-
These elements satisfy some further additive and multiplicative relations.

Proposition 4.1. Let r,s > 2 and suppose that i1,i9,...,%, = 1 and j1,jo2,...,5s = 1 are
sequences of distinct integers. Let

t= #{i17i27 B 77:7“} U {j17j27 s 7js}
and write
{kl7k27 cee 7kt} = {i17i27 o 7iT} U {jl7j27 cee 7j5}

with 1 < k1 < ka < --- < k. Then the following identities are satisfied in each of Ag(e;. : r > 1)
and Hy(Ag(el :r > 1),d).
(423) Az(ilyi% s 7ir)Az(jl7j27 s 7js) =

0 ift<r+s—2,

(—1)a’wkmAx(k‘1, ko, ... ,kt) ift=r4+s—1& ky, =iq = Jp,

T

D (=0 g Ag(in g, gy e a0 ds) I E=T s,

j=1
(4.2b) > (1Y wi Ag(inyia, . . i, - in) = 0.
j=1
Theorem 4.2. The homology of (Ag(e. : r > 1),d') is given by

, , R/(zwy 17 > 1) itn=0,
H,(Ar(e) 7 > 1)) =

R/(.r){Am(Zl,Zg, ,in+1) 1< < <o < in+1} ifn>0

where in the second case, the R/(x)-module is generated by the Az(i1,i2,...,in+1) indicated,
subject to relations given in (4.2b).

Proof. Consider the long exact sequence obtained by taking homology of the exact sequence
0— R®pAg(e.:r>1) - RrAg(e. : 7 >1) = R/(z) g Ag(e. : 7 > 1) — 0.
The associated exact couple has
A =H,(Ag(el :r > 1),d),
BY = H.(Agjz) (e :r > 1),d) = Ay (e, 17 > 1).
6



Making use of the formula d’¢/. = w, we find that
Bi = R/(m,wl,wg, .. .),
and therefore the z-torsion in AY is all simple. O

Notice that the quotient R-module R/(zw, : r > 1) has z-torsion, as does the higher homol-
ogy, at least if the sequence of w,’s has at least two terms.

5. ORDINARY AND L-HOMOLOGY OF /¢

We can compute H./ using the spectral sequence (Ef ,(H),d") obtained from (2.1) by taking
E =H = HZ) and F = (. This can be compared with the spectral sequence (E} ,(HQ),d")
for HQ,/ making use of the morphism of spectral sequences

E],(H) — E[,(HQ)

induced by the natural map H — HQ. We will also consider the spectral sequence (E7, , (H), d")
associated with H = H Fp.

By (1.2), the sequence vg,vs,...,vy,... in the polynomial ring HQ,BP = Q[¢; : ¢ > 1] is
regular. So by Proposition 2.1 we have
Ql;:i=1]/(vg :k>2) ifs=0,
0 otherwise.

(5.1) E2,(HQ) = {

Hence this spectral sequence collapses at E? and we have

HQ.l = Q[t1] = Qv1],

where v; = pf;. The image of ¢, in HQ.{ can be recursively computed with the aid of the
following formula derived from (1.2):

n—1
v En—l
5.2 0, =L
(5:2) ,
So we have
"—1)/(p—1
(5.3) 0, = w — pP" P Tl ggp"—l)/(P—l)‘

pTL

Notice that for a monomial in the £;’s in HQg,,(,—1)¢, we have

. oy
1 Tn
O = p—r1+2r2+---+mn’
for which
P’ -1 ph—1
r+2ro+ -+ nr, <r+1ro ety =m.
p—1 p—1

This calculation shows that the images of the monomials in the £;’s in HQyy,(,—1)¢ are contained
in the cyclic Z,)-module generated by (1" = v{" /p"™. Turning to the spectral sequence EZ;,*(H ),
we see that

E2,(H) = H.BP/(v; : j > 2)
and the natural map

Hopp-1yBP/(vj : j 2 2) — HQapp1)BP/(vj:j >2)

has image equal Z,){!". In [1], the analogous result for ku was obtained using the Adams
spectral sequence.
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Proposition 5.1. For m > 0,

m

. m U
im[Hyp 1) — HQopyp—1)l] = L) (1" = Z(mjm'

Hence,
im[H.l — HQul] = Zp)[l1] = Zy)[v1/p]-
The spectral sequence (EL ,(H),d") is easy to determine. As vj, =0 in H,BP, we find that
EX.(H)=E2 (H)=Ag pp(er:7 > 2).
Thus we recover the well-known result that
H =Fplty : k > 1] Qr, A, (e, 17 > 2),

where ¢, has degree 2p*F — 2 and ¢, has degree 2p" — 1.
From Propositions 1.2 and 2.1 we have

Tor}'V(L,MU,L,) = L,BP/(v, : v
Tor}'V (L MU, t,) = L,BP/ (v, : 7

)
)

where L = L/p denotes the spectrum L smashed with the mod p Moore spectrum. As a
consequence, the Kiinneth spectral sequences for L.f and L,¢ degenerate to give

2
2

VoWV

)
)

L.BP/(v,:7>2)2 L., L.BP/(v,:1r>2)=L,/.

Since L, MU is a free Z,-module, multiplication by p gives an exact sequence of right MU.-
modules

0— L.MUZLL.MU — L.MU — 0

which in turn induces a long exact sequence on the homological functor Tor™ U*( , /) which
collapses to the short exact sequence

0 — Torg V" (L. MU, £,) = Tory"V* (L. MU, £,) — Tory" (L. MU, £,) — 0.
From this we see that there is a short exact sequence
0— Ll 25 Ll — Lol — 0.

On tensoring with Q we easily see that Q ® £,/ — Q ® L,f is a monomorphism. Hence we
have

Proposition 5.2. L./ has no p-torsion and the natural map €.4 — L.¢ induces an exact
sequence

0 — poo(ul) — £l — L, L.

Corollary 5.3. We have
poo (L) = yoo (640).

Proof. Since ¢, — L, = £,[u"!] is a localization, we have L.¢ = {,/[u~"'] and
ker (0l — Lyl) = yoo (£:0),

hence yoo (€4l) = poo (€40). O



6. CONNECTING HOMOMORPHISMS IN THE KUNNETH SPECTRAL SEQUENCE

In order to gain control over the p-torsion in Tori‘?f* (L. MU, L, ), we will exploit the cofibre
sequence

(6.1) (2272 sy

where ¢ = (/p. To this end we will relate the geometric connecting morphisms of cofibre
sequences to morphisms of Kiinneth spectral sequences. The method of proof we use in this
part is analogous to that of the geometric boundary theorem in [14, I1.3].

Let W be a cofibrant R-module which we fix from now on. Then for any R-module Z there
is a Kiinneth spectral sequence with

E2,(Z) = Torl; (Z,,W.) = m.(Z A W).
Lemma 6.1. Let
xLy 4 zhsx

be a cofibre sequence of R-modules with X ~ \/[2) X" R and 7. f surjective. Then there is a
map of Kinneth spectral sequences

T

(Y) —EL,(5712) (r=2)
such that 2 is the connecting homomorphism
Torll; (Y., W.) — Torl, (7' 2),, W.).

Proof. Since m, f is surjective, there is a short exact sequence

m
0— (Z_IZ)* — @EniR* — Y, — 0.
i=1
This induces a long exact sequence of Tor-groups, in which every third term is trivial, because
@D;", X" R, is R.-free. Therefore we have an isomorphism

Torl'; (Y., W) — Torl, (571 2),,W.).

On the level of projective resolutions, we can splice a resolution P, , for Y together with a
resolution Qe of (X717Z), to obtain a trivial split resolution for ;" X" R,. Thus we obtain
a map between exact couples and so obtain the desired map of spectral sequences. O
Theorem 6.2. Let

xLy%zhsx
be a cofibre sequence with w,f surjective. Then there is an induced map of Kiinneth spectral
sequences

Eg,t(Y) — Eg—l,t(z_lz) (r=2)
such that p? is the connecting homomorphism
Torg; (Ye, W) — Torly ((£7'2),, Wa).

Proof. Choose a map f': /" X" R — Y with 7, f" surjective and consider the cofibre se-
quence

m .
\/ srip Ly 2, cone(f').
i=1

By Lemma 6.1 there is a map of Kiinneth spectral sequences

(V) LS B (5 cone(f)).
9



As 7, f is surjective, the composition g o f’ is trivial and there is a factorization g = £ o j.

cone( f")
f g A h
X Y Z »X
|
Vit X"R
Now we may define " to be (X71¢), o y". O

For the connective Adams summand ¢, we will consider the cofibre sequence
02575 50 2 sy

obtained from (6.1). The reduction map g is surjective in homotopy and therefore we can apply
Theorem 6.2 to obtain a map of Kiinneth spectral sequences

rEAMUY LS B (EAMU) (> 2).
In particular, this yields a connecting homomorphism

902: Tori,\f[tU* (.MU, L,) — Tors]‘{({ft(E*MU, ly).

Theorem 6.3. Fach p-torsion element of Tori\?*U* (L. MU, L,) is the image of an element of
Tor*Mf{j* (€.MU, ) under the connecting homomorphism and is an infinite cycle.

Proof. Making use of the long exact sequence on Tor-groups associated to the short exact
sequence

O—>€*£>€*Q—*>l7*—>0,

the claim about the p-torsion in Tori‘f{kU* (L. MU, 1,) follows.

We will prove that the elements A, (i1,...,4,) are infinite cycles in the Kiinneth spectral
sequence for £,£. Our proof is by induction on n > 2. For n = 2 the elements A, (iy,42) are
infinite cycles for degree reasons. Now suppose that for all n < k, the A, (i1,...,14,) are infinite
cycles. From Proposition 4.1 we know that

wZ-QAu(il, e ,ik+1) = Au(il,iQ)Au(ig, Ce ,ik+1).

By assumption, the two factors are infinite cycles and therefore their product is an infinite cycle
as well. The scalar factor w;, acts as a regular element on the R/(u)-module generated by the
A, elements, so we can conclude that A, (i1,...,ix1) has to be an infinite cycle as well.

So the Kiinneth spectral sequence for £,¢ collapses at the E?-page and as the connecting
homomorphism induces a map of spectral sequences, every p-torsion class in Tori\f{kU* (L. MU, L)
has to be an infinite cycle. O

Theorem 6.3 gives an explicit description of the p-torsion classes in Tori\{kU* (L. MU, ¥,) as the
image of the elements A, (i1,...,y,) in Tori\?*U* (€,MU, ¢,) under the boundary homorphism.

Corollary 6.4. Since the Ay(i1,...,i,) generate the Kinneth spectral sequence for (. ad-
ditively, this spectral sequence collapses at the E2-page. For the same reasons, the Kinneth
spectral sequence for L. collapses as well.

Remark 6.5. To summarize, the calculation of the rational homology of ¢ in (5.1) tells us
that the torsion-free part of £,¢ has to have its origin in the zero-line of the Kiinneth spectral
sequence. The torsion part is imported from the Kiinneth spectral sequence for ¢,f via the
geometric boundary result. The Kiinneth spectral sequence for ¢,¢ collapses at the E?-page.
Furthermore, Corollary 7.4 implies that there are no extension problems.
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7. DETECTING HOMOTOPY IN THE ADAMS SPECTRAL SEQUENCE

In this section we recall some results about the classical Adams spectral sequence for £,.¢.
We make heavy use of standard facts about Hopf algebras and the Steenrod algebra [13, 12].
In the following we generically write I for identity morphisms, ¢ for products and actions, ¥
for coproducts and coactions, i for units and ¢ for counits and we use T for the antipode on an
element z. Undecorated tensor products are taken over the ground field.

We write H,( ) for H.( ;F,) and A, for the dual Steenrod algebra,

A =Fp[Gn:n 21 @ ATy : n > 0),
where the coaction is given by
n n
PG =D GOE,, YFE) =107+ med.,
i=0 i=0
The sub-comodule algebra
By =Fpl¢n:n>1 QAT :n>2)
gives rise to a quotient Hopf algebra
Ex = Av//By = AN, B),
where «, 3 are the residue classes of 7y, 71 respectively. Then
By = A0, IFp.
Now the natural map ¢/ — H induces an isomorphism
H,(0) = B, C A,
and there are isomorphisms of A,-comodule algebras
(7.1) H. (0 A0 = H,(0) ® H.(f) = B, ® B, — A,O¢_B..
The Es-term of the Adams spectral sequence converging to m.(¢ A ) = £,£ has the form
E2, = Cotorl (Fp, H.(¢ A £)) = Cotors; (Fp, A,Og, B,)
and so by making use of a standard change of rings result, we have
(7.2) E2, = Cotor(;(F,, B.).

Note that by results of [5], the torsion in £,/ is detected by the edge homomorphism (which
is essentially the Hurewicz homomorphism) into the 0-line

Ea* = Cotorg;(Fp, B,) = F,0¢, B..

The map involved here is obtained by composing the following A .-comodule algebra homomor-
phisms and suitably restricting the codomain:

T (UA0) — H(0) @ H,(6) = B, @B, 224 B, @ (A4,0e.B,)

O A, Oe. By —— &,0e. By — B,

The final isomorphism is the composition

&,0e,B, 2L e, 0B, 2L F, 0B, = B,.

A careful check of what the composition does on primitives shows that it can be expressed as

_ id). =
(7.3) w0 A0 — Ho(0 A 0) Y50 7o),
where v: H A ¢ — H is the natural pairing. In particular, this implies that the image of the
Hurewicz map for ¢ A £ maps monomorphically into H,(¢).

It will be useful to know how to compute the inverse of the map
FPDA* (B* (024 B*) — FPDE*B*'
11



This is just
F,0e. B, 2L F, @ B, 125 F, ® (A, ® B,),

whose image is in fact contained in F,004, (B, ® By).

Given these results, we can use them to detect elements of £,¢ in B,, in particular we can
detect the torsion this way. To do this, we need to understand B, as an &,-comodule, in
particular the non-trivial € ,-parallelograms of the form

(7.4) x

in which the €,-coaction satisfies
(7.5) ¥(z) = 1@r+axzr’—er"+Baxs”, (') =102'+p22", (") = 102" +axz™.

Then 2" is an element of F,0¢ B, which corresponds to an HF, wedge summand in ¢ A ¢ and
a correponding torsion element. Of course, these elements can be expressed in terms of the
homology action of Qg and Q)+, i.e.,

¥ =Qox, 2" =-Qiz, 2" =Q1Qoz.

Now by Margolis [10, chapter 18 theorem 5] dualized to a homology version for € ,-comodules
tells us that B, uniquely decomposes into a coproduct of comodules isomorphic (up to grading)
to &, together with a comodule containing no free summand and isomorphic to a coproduct of
lightning flash comodules. The latter summand does not concern us for now since all the torsion
in £,/ comes from the HF, wedge summands as above corresponding to the free summand. In
fact, Adams and Priddy [2, proof of proposition 3.12] determine the stable type of the lightning
flash comodules, in particular, the stable class of the €,-comodule B, is shown to be

(7.6) QU+ L+ L2+ + L2,

r>0
where

L, = Ea(r)Jb(r)7 a(r) +b(r) =2(p—1)p", b(r) = pr—l fotp+ 1
Here J = &, /F), is the coaugmentation coideal of &, represented by the following diagram
[ ]
B
(03
[ ] [ ]

and X is the trivial comodule IF, assigned degree 1. Furthermore, all products are tensor
products over F,, taken in the stable comodule category of €..
Now the most obvious candidates for the tops of €,-parallelograms are the elements

77—1'177—1'2"'77_7;71_‘_1 (1<i1<i2<"'<in+1, n}l)
These can be multiplied by monomials in the ¢; to obtain others.

Theorem 7.1. Consider the Fp-vector subspace V C Fple B, spanned by Fp[(; : ¢ > 1]-scalar
multiples of the elements 1 and
(7.7) Q1Q0(7_'h7_'1'2"'7_‘2'n+1) (1 <oy <ig < s <1, N2 1).

Then 'V consists of all the elements in F,Ue, B, which are the images of torsion elements under
the composition of the Hurewicz homomorphism m.({ A £) — H.(¢ A L) and the identification
of the homology H,.(¢ N £) with F,e, B,.

12



Proof. Clearly Fp[(; : i > 1] C Fp0¢, B.. Now we know that the Kiinneth spectral sequence for
£,0 collapses and there are no additive extension problems. We need to understand the mod p
Hurewicz images of elements represented by the elements arising from the A, (i1,...,is42) in
Tori,‘f{f*(é*M U, ¢,), since these will give an additive basis for the p-torsion in ¢,¢.

TorM"", (L.MU, £,)

T

TorQﬁU* (E*MU7 g*) ........................... ﬂ-*(g A 5)
Toré‘f{kU*((ﬁ/\ﬁ)*MU,ﬁ*) ............. Tu(H AN L) ~—TF,04, H(EA L)
TOT%U* (H*MU7 T/ H, (0) FpDE*H*(E)

The Kiinneth spectral sequence (2.1) for E.¢ is natural for maps of ring spectra E — F.
Therefore the map (7.3) corresponds in the spectral sequence to the composition of the two
vertical maps in the left column in the diagram above. As the Hurewicz homomorphism has its

image in the primitives of H,(¢ A £), it follows that the elements A, (i1,...,49542) Up to a unit
map to
QoQ1(Tiy -+ Tigyn) = Z (1) (G, Py = GGl ) TirTi Ty T+ Tiggn- O
l<t<r<s+2

Remark 7.2. Since the torsion in m,(¢ A £) maps injectively into F,[04, (B« ® B,) which in
turn is identified with F,0¢, B, Theorem 7.1 shows that the elements Q1Qo (7, Ti, - - - 73, ) With
n > 3 correspond to nilpotent elements; only elements of the form @Q1Qo(7,75) are not nilpotent.

From Corollary 5.3 we know that the p-torsion and wu-torsion in ¢,¢ agree. We recall a fact
from [5, proposition 9.1].

Proposition 7.3. All torsion in £.£ is simple, i.e., for every torsion-class x € £ we have
px = 0 which is equivalent to ux = 0.

Corollary 7.4. The Kinneth spectral sequence for £.0 collapses at the E%-page and there are
no non-trivial extensions.

Example 7.5. For every prime p, the first torsion class in Torff *(L.BP, () occurs in degree

2(p® + p? — p — 1) and this class survives to £,f. The lowest degree element appearing as the
bottom of a parallelogram is

Q1Qu(TaTs) = VT — (¢s.

The coaction map ¢ sends this element to the Hurewicz image of the corresponding torsion
element of ¢,¢ in H,(¢{ A 0).

8. MULTIPLICATIVE STRUCTURE OF £,/

In this section we establish congruence relations in the zero line of the Kiinneth spectral
sequence. These are derived in BP,BP and mapped under the natural map. In fact they are
first produced in Q ® BP,BP then interpreted in the subring BP,BP.

We describe the map from the torsion-free part of £,¢ to £,f ® Q and summarize our results
about the multiplicative structure of £, at the end of this section.

It will be useful to have the following generalization of a well-known result (which corresponds
to the case where t = 1).

13



Lemma 8.1. Let R be a commutative ring, p a prime and t € R. If z,y,z € R satisfy
z = px + ty mod (pt), then for all k > 0,
= ppkxpk + tpkypk mod (p*t1it).

Proof. We prove this by induction on k, the case k = 0 being known. Suppose it is true for
some k > 0. Choose a w € R for which

P = ppkxpk + tpkypk + " ltw.
Then working mod (p*+2t) we have

Zpk+1 _ (ppkxpk n tpkypk)p —|—pk+2tpwp i Z (};) (ppkxpk + tpkypk)p_ipk+1+itiwi
1<6i<p—1

= (2" ey
Eppk+1:1jpk+1 —l—tpk pk+ + Z < >pr .’EZP t( ) ky(p—i)pk

1<i<p—1

1 k41 k+1
Pt +

= ppk+ + tpk+1yp
Hence the result holds for k£ + 1. O

We will work with the Hazewinkel generators v,, of (1.2). The following standard formula for
the right unit ng: Q ® BP, — Q ® BP,BP can be found in [15, p24]:

— »
(8.1) mr(ln) = 3 Lith
og<sn
On combining this with (1.2) we obtain
nr(a) = 3 ot~ > Gt np(va-)?

0<isn 1<i<n—1
(/A

%

and hence

0<ign 0<i<n—1 1<i<n—2
0<j<i
Remark 8.2. The left hand side of equation (8.2) lies in BP.BP C Q ® BP,BP, therefore
so does the right hand side. However, because of the presence of denominators in the terms
involving the ¢, care needs to be exercised when using this equation. For example, since cp, =
p"l, € BP, we can certainly deduce that in BP,BP modulo the ideal (ng(v2),...,nr(vn—1)) <
BP,BP,

i

P nr(vy) =
Yoop T eptn = Y T epth__mr(v)P" mod (nr(va), .. nR(va-1)).
0<ign 0<is<n—1

We will see later that similar phenomena in ¢, BP give rise to congruences in /..

We will now derive some formule in ¢,BP. The natural map of ring spectra BP — /¢ is
determined on homotopy by

(8.3) UT,_){u 1fr:1‘,

0 otherwise.

Recalling (5.3), we see that in im[H,/ — HQ,/], the logarithm series for the factor of ¢ is
ol gptl

n p 7
og!T=Y 6,17 =" % 717",
n>0 n=0 p
14



We can project (8.2) into ¢, BP, with ngr being replaced by the ¢-theory Hurewicz homomorph-
ism ¢: BP, — {,BP. This yields

0(vy) = pty — tu_1b(v)?"

i—1 i i—1 i n—1

+eotpt+14P +ept1yP
n Z uP Pt Z ub Pty l(01)P
pi1 I’
1<isn 1<i<n—1
P b p 1P %
S ttlon) . S

- 1£\Un—1 - ;

J

1<i<n—2 1<i<n—2 p
1<

and the equivalent formula

(84) L(vn) = pto + (uth_, — L) 0 1)
i—1 i pttl
R
+ D »

1<i<n—1

— o))

It 1P P
uP P ti_jﬁ(vn_z)p

1<i<n—2 1<i<n—2 p]
1<<i
Thus we have
wu(uP — f(vq)P
L(vz) = pta + (ut] — L(v1)Pt1) + ulw? ~Lu)’) p—( V")
= pta+ (L—pP Nut] — L(v1)Pty — > (?)p"_lup“_it’i.
1<i<p—1

By the Hattori-Stong theorem, the element ¢(v,) € ¢,BP is not divisible by p, but notice
that on multiplying by p”~2 we have

— _ _ n—1
P (vn) = p" M + " R (uth _ — L(v1)P 1)

. it -1,p
uP' PR P — (o )PE )

n—1—1
+ Z pi—n+2

1<i<n—1
_ Z P24l (vng )P — Z p”—Q_jupj_l+"'+p+1t§’ij£(vn_i)pi.
1<i<n—2 1<i<n—2
1<
and so
n—1 n—2 p pn—t
Pty " (uty, _ — L) tn1)
i—1 i pitl n—1 p?
U,p +—|—p+l(up tp_ iy —g(’Ul)p tp_ _)
+ Z ;;z—ln-lm 122 =0 mod (L(va), ..., L(vy)).

1<i<n—1
Using the identity £(v1) = u + pt; and the resulting congruences (see Lemma 8.1),

Yo" =" mod (p™*Y)  (m > 1),
15



we deduce that when n > 2,

n—1 n—1 n—1
(85) L(vy) = (ptn —pP ) tp1) + (wth_ —uP t—1)
i—1 ... i+1 pn1
uf ++p+1(pti1z_ ti1z)

J—1... J i
Py AN e v ¥ 4 A(vp_)P

- 2t = Y T mod (pu).

p]

Thus when n = 2 we have
£(vg) = (pta — pPtity) + (ut] —wPty)  mod (pu)
= ut] —uPt;  mod (p).

When working in the image of the rationalization map H.(¢{ A {) — HQ.({ A ¢), we will
denote by u and v the images of u € f2,_2 under the left and right units for £ A £.
Now reinterpreting (8.2) in HQ.(¢ A £), for each n > 2 we have ng(v,) — 0 and so

— h
w @ T 1) "
n

plotuth_ + > - —hl
1<h<n—1 p
k=14 k=24 . 4 511),pF n—1
=t T 1 u(p P P )tn—l—kvp
= lp-—1v + Z pk
1<k<n—1
On rearranging this, we obtain
o PP L) tp P tpk+1
(8.6)  pt, = 1nl_utp1+ Z W - no1-k "kl)
1<k<n—1 p
For small values of n = 1 we have
pt1 =v —u,
u(vP — uP
ptg:'l}ptl—utf—i-i( ),
p
2 2 2 2
2 w(vP t? — uPt? uPt(pP” — P
pts = oty oy 4 M E ) )
p p
3 2 3 2 2 p3 2 3 3
w(vP th — uPtt uPHL (P " — P uP TP+ (P — P
=ty 4 MO B ) T ) )

We want to draw some general conclusions about these expressions.

Lemma 8.3. In 0,0, for n > 1, we have the congruences

n—1

(8.7) ptn, =0t —uth | mod (pu),
n— n—1 n—
(8.8) pt, — pP 1t1f =", — ut? | mod (pu).
Proof. We will prove this by induction on n, the case n = 1 being noted above. So suppose that
_ k—1 P
pty =0ty —ut) | mod (pu).
whenever 1 < k < n for some n. Then for every such k& we have
g = uth_; mod (p).
By Lemma 8.1, for every m > 1,
k—1 m m
(0" )P = (uty_y)P" mod (p™),
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1.€.,

m+k—1 p’m o m pm+1 m-+1
vP t_y =uP t,_, mod (p"7).
Now when 1 <k <n—1,

— k k k+1
P p _ PP = k+1
v tn—l—k u tn—k—l = 0 mod (p )7

hence in the formula for pt, in (8.6), the summand

n—1  pk k o k+1
p p
(WP b, Ut )

k
p
must be divisible by pu. Therefore we have the congruence

e e AR

ply, = Upniltn_l —ut? | mod (pu).

Using the expansion
-1
n—1 n—1 pTL n—1_, ; 4
o =uP + E ( , >up It
1< <pn—1 J '
P
we obtain

n—1

plo —p”" " =0ty — ut? | mod (pu). O

Summary. Kane [5, (19:6:1)], using Adams’ criterion [1, III,17.6], worked out what the image
of the torsion-free part of £,¢ is when we pass to £,/ ® Q. The generators for the image of ¢,¢
in /.4 ® Q are

vv(v—(p—Du)-...-(v—(n—1)(p—1u)
%
Obviously, the relation ut,, ; = pt, ;+1 holds and it is clear how to multiply elements like that.
To summarize our results on the multiplicative structure of £,¢, we have the following:

, 0<i < yp(nl).

tn,z’ =

e When we start with two non-torsion elements in ¢,¢, we can take their image in £,/ ® Q,
take their product there and interpret the result as a non-torsion element in £,/.

e Any two elements coming from the zero-line of the Kiinneth spectral sequence multiply
according to the congruence relations we specified in (8.3) up to (8.3). These element
might be torsion or non-torsion, but there is no non-torsion in higher filtrations.

e Torsion elements in non-zero filtration have their origin in the generators A, and for
these we spelled out the multiplication in (4.2a).

e As the A,-expression allow coefficients from ¢,BP, the multiplication of non-torsion
elements in the zero-line with torsion elements in higher filtration is determined as well.

We agree that the recursive nature of the congruences for ¢, BP ®pp, ¢, might hamper the
calculation, but our approach leads to more information about the multiplication in ¢,¢ than
the known sources (compare e.g., [5, page with wrong adams formula]).
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