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COlll1tirlg divisors of Lllcas 11l11111)ers

Pieter Ivloree

Abstract

The Lllcas numbers Ln are düfined by Lo = 2, Ll = 1 and the recurrence

Ln = L n-l + L n- 2 · In [7J Lagarias investigated prime divisors of {Ln}. We
will establish an estimate for the !lumber of positive divisors 7n of {Ln} with 'ln"

not excecding x, havillg an error of order :c lüg€-l x für cvery ( > o. A similar

rcsult für the scquenccs {an + bn } with a alld b integers was cstablished in [9].

1 Introdllction

Let {Sn} be a. second order linear recurrence consisting of intcgers oniy. Several
authors investigated prinlc divisors of such sequences, scc [1] for a vcry rcadable
SUl"vey. ~1. \'Va.rd [17] provcd that, except for sorne degenerate cases, thcre a,re ahva.ys
an infinite nunlber of distinct prinles dividing the tenns of {Sn}' P. J. Stephcns [16]
provecl for a. large dass of second order lineal' rccul'I'cnces that under the gellcraliL';ccI
RiCInalln hypothesis thc sct of prinlc divisors has a positive prinlc density. (If S
is any set of natural nurnbers, then 8(:7:) denotes the Ilurnber of elements rl. in S'
with 1 < n ::; x. In case S' is a set of prilnes we c1efinc the prinlc c1ensit.y of S'
1,0 be lilllx _ oo S'(x)/7r(x), if it cxist.s, where 7T"(.-c) dCllotes the 11111l1ber of primcs not
exceeding x. .J. C. Lagarias [7] gave sllfficient conditions under which thc pl'iInc dcnsity
of prinlc divisors of a, second order linea.r reClIlTenCe exists unconditiona11y a,nd ca.n
bc COlllputed. He slIowed, ror cxanlplc, that the prinle clcnsity of LlIcas divisors,
that is divisors of {1.Jn}, cqllals ~. Lagarias' Inethod goes back to H. I·lasse [.5] w110
expressed the prinlc density of scquenccs {a k +bk}~l in tcrlllS or degrccs of 1\ 1l111111CI'

extensions. This nlcthod will bc used in Section 3. Thc ana1ytic aspccts 01' prirnc
divisors of scqucnccs {a k + bk }k=l werc explored by K. vVicrt.ela.k in scveral papers

["18 19 ')0 ')1 ?0}
~ ,-..I,~., ""'"''''''"' ..
Thc problenl of gencral divisors of sccond order linear recurrence scquenccs has

not received IllllCh attention. Let a anel b be fixed COpl'inle integcl's such that laI -=I Ibl.
In (9) thc set 01' divisors, Ga,b, of the scquencc {a k + bk} wa,s considered. The results
obtaiIlcd there have an application in codiug theory [14]. It was showl1 that for givcll
t 2: 1,

X t-1 .

G'a,b(X) = -I-'-(c~ logO' x + L c~+j logß·2-
J

X + O(logß·2-
t

x)),
og X j=O

as x tends to infinity, wherc cb, ... ,c~ alld er alld ßare positive constants depcndillg ai;
Inost on a alld b. The inlplied constant depends at 1110St on (L, b allel t. 'I'he constants
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a and ß can be explicitly given. They are rational numbers.
The purpose of this paper is to establish the following analogue of (1);

Theorem 1 Let L:(x) denote the number of divisors not exceeding x of the sequence
01 Lucas numbers. Then, for t ~ 1,

t-I
X '"' 1 ..1,. 1 1L:(x) = -1-(LJCj loga'v x + O(log'3'2T x)), (2)

ogx j=O

where Co, ... ,Ct are positive constants and the implied constant depends at most on t.

The sequence of exponents {k .-b }f=o appearing in (2) coincides with that appearing
in (1) in case alb =I ±1, alb f/. ±Q and alb (j. ±2Q2 {9].

Although the strategy of proof is similar, establishing (2) is more difficult than
establishing (1). Firstly because oue now has to work over the base field Q( /5)
rather than Q and secondly since many ingredients required in the proof of (1) can
be found in the literature, whereas this is only rarely the case for their counterparts
in the proof of (2). In order to explain the strategy of proof, a little bit of notation
is needed. If {Sn} is a sequence of integers, the smallest index k such that ml Sk for
some non-zero element Sk, is called the mnk of apparition of m provided it exists.
Let {Fn} be the Fibonacci sequence. Thus Fo = 0, PI = 1, Fn = Fn- I +Fn- 2 , n 2:: 2.
For the Fibonacci sequence denote the rank of apparition of n by p(n). (It exists
for arbitrary n as will be seen later.) Let 0' (n) denote the rank of apparition of n
in the Lucas sequence, if it exists. The proof of Theorem 1 proceeds as follows. In
Section 2 a characterization for Lucas divisors is derived. This result shows the need
of estimating the growth of the sets Ce := {p > 2 : 2e

11 p(p)}, for e ~ O. Using a
method of Wiertelak an estimate of the form

Ce(x) = oeLi(x) + O(x(lOg l~g X)4), (3)
log x

where Oe > 0 is a constant and Li(x) denotes the logarithmic integral, is derived.
Using Hasse's method the densities Oe are computed in Section 3. Lagarias [7] only
computed 00; it equals ~. Using a result on multiplicative functions that are constant
on average in prime arguments, a formula for Ge(x) is obtained, where Ge denotes the
number of Lucas divisors not exceeding x composed only of primes from Ce. Prom this
and the characterization of Lucas divisors it is straightforward to obtain an expression
of the form (2) for odd Lucas divisors. Going from there to all Lucas divisors requires
a bit of elementary trickery.

I would like to thank Gerhard Niklasch for an enjoyable whiteboard session and
functioning as a stand-in for the LaTeX-manual. Furthermore l'd like to thank Peter
Stevenhagen and many people from MPI for sharing their thoughts on how to prove
Lemma 11.

2 Characterization of Lucas divisors

Pllt E = ~, E = 1-2./5, B = EIE. Note that () = _(2 = -~. Recall that Z[E] is
the ring of algebraic integers of Q(/5). The Fibonacci numbers Fn and thc Lucas
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ntll11bers Ln sa.1.isfy
E

n
- tt

Fn = !5 ,Ln = E + E
n,

respectively. Thc sYll1bols p, ~ will be exclusively used to denote rational pri111es
respectively prirne ideals. In this sectioH the prinle ideals will bc froln Z[E]. F'rorn
eleIllental'Y nutllber theo1'.1' recall tha.t an ideal (p) is a priInc ideal of clegrce 2 if
(,S/p) = -1, i.e. if p _ ±2(lllocl 5) ancl (p) = ~~ with '+1 of clegl'ee ] if (5/])) = 1,
i.e. if]J == ±1(1110d 5). Furthennore (5) = ~2 with ~ = (J5). Notice that 'lnlFn for
S0I11e n 2:: J if ancl only if OX = 1(n10d (nI)), where the congruenec is in Z[E] a.lld ha.s
a solution satisfying :c 2:: 1. Sincc 0 is a unit in ~[E] this is thc easc for al'bitrary '111,.

Thus (J(rn) exists. For Lueas numbers the situation is slightly IHore eornplieated. \,ve
have for ]J "# 5, 'l' 2:: 1,

(LI )

where ~ is any p1'inlc ideal dividing (p). Thc ~ part of thc fina.l iff statelllCnt in
(4) is trivial if (p) is a pri1ne ideal. Otherwise wc have (p) = '+J~ and ('13, ~) = 1.
13y eonjugation it follows fron1 on _ -l(nlod '+Jr) that en == -l(tl1od ~r), henee
on - -1 (1110c! ~r) alld thus en == -1 (nlod (pr)) by thc chinese remaincler theorem
for prilne ideals. 0

In the sequel we llH\.ke use scveral times of the observation tha1., for '+1 of odd nor111,
x 2 == 1(1110d I.l3r ) has preeisely thc soitttions x == 1(11l0cl '+Jr) alld x = -I (nlod I.l3r ).
If it werc to have another onc, thcn both x ± 1 E ~ alld hcnee l.l3 = (2), whieh we
excluded.

Lenlll1a 1 Let. I.lJ be a priTnc l:dca[ %dd norm in Z[E] and T' ~ 1. LcI. '1/) E Ql( J5) wit.h
CIjJ, I.lJ) = 1. Thcn 'ljJc -1 (nlod I.lJr) Jor SOHW e iJ and on1y iJ oTd~r (-1jJ) is evcn. Tn
casc OlYl~r (-1jJ) 'lS c'/Jen, t.he smaltc...l e such thaI, 'ljJe == -1 (1110d I.l3 r

) C(Fllals ord1.,r ('1/)) /2.
Furlhe'l'nlO'l'c:

(.5)

Proof: Suppose that -I can be rcp1'esentecl as apower of '1jJ 1110dulo '+Jr. Lct e
be thc s111aJlest nUlllbcr slleh thaI, 'ljJe == ~ 1(mod I.lJr). Clcarly Ol'CLpr ('IjJ) cannot be a
divisor of e. Thus ord<.pr (1f') = 2c for SOllle c dividing e. Since 'ljJc ~ 1(ll1od I.lJr), we
111Ust havc 'Ipc == -1 (nlOd I.lJr) alld thus by thc Inin iInallty of c, c = c. Th 118 orcl.:pr (-11')
is evclI and e = OI"CL.pr(1jJ)/2.

On tllC other hand iford~r(lp) is eVCll, thcn 1jJc with e = ord~rCf.b)/2 is a. solution
1= 1(1110cl I.lJr) of :1.:

2 == 1(nl0d I.lJr) ancl thus 'Ipe - -1(lllOcl I.lJr). Suppose that 'lp 1 ==
-1 (tllod ~r) and .f is 1101. a Inulti pIe of e. Then 2(/, e) < 2e = orcI<.pr eil') allel (}2( rl,j) =
l(nlod '+Jr). This eontradiction shows that .r IHust be a l11ultiple of e. lt is obvious
that .r 111USt be an odd ITIultiplc of e anel thaI; this is also sufficient. 0

Lenlilla 2 Let p be a pn:'mc, '+J1(p). Then p(pr) = ord<.pr(B), c:rcepl when p = 5 tU

which case p( 5r ) = .sr Jo'!' l' ~ 1.
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Proof: Analogously to (4), pT1Fn irr on - 1(nlod ~r), in case]J 1= 5. Thus p(pr) =
orcLpr (B). The latter part of the assertion is Icft as an exercise to thc reader. 0

By (4), Len1tna 1 anel LetTInl('\. 2 wc havc:

Lenl111a 3 The odd pri-me power pr is a divisor oJ {Ln} if and only iJ p(]l) is even.
J1 pr is (l. (HViso'J' of {Ln} then a(pr) = p(pr)/2 and

(6)

Lenll11a 4 Jf~ is 01 degree 1) then ord\p(B)lp-l, iJ~ is oJ deg.,.ce 2) then o,/,d\p(O)lp+l.

Proof: Since 7l{(J/~ ~ IFp whell llJ is of degree 1 and IF; is cyclic of order p - -I,
thc fi L'st part of the assertion folIows. In the second case we have ;.E((]j~ ~ IFp"J. Ilecall

that IF; ~ {~P+l: ~ E IF;2} and tha.t 0 = _(2. 'finIs e~ = (_)~EP+l == c(rnod]1)

for SOine integer c. Conjugating we find that or..tl == C(IllOd p). Thus 1 = (eO)~ ==
c2 (n10d p) a,nd so OP+l =1(nlod ~). 0

3-(5/p)

Noting that p(,5) = 5 and that for]J 1= 5, lV(~) = p----r--, with (,5/p) the Legendre
SYlllbol, we find fron1 Lelllllla 4 the c1assical result duc to Lucas th30t p(p) dividcs

p - (5/p).
The next proposition l'e1ates p(]1r) Lo p(p).

Proposition 1 Let pr be an orld vri1ne poweT. Then JOT sO'me 0 :::; j :::; l' - 1,
p(pr) = p(p)pi.

Proof: ßy Lerrulla, 2 thc result holels for p = 5. Assllrne ]J =I .J. Thcll, by
Lenlma 2 p(pr) = orcLpr(O), whcrc ~ is a prime idcal dividing (p). \·Ve hove Op(p) ==
1(nlod ~) and, lIsing indllction anel thc bino111ia.l theorcnl, Op(p)pr-J 1(lllOd ~r).

Thus p(pr) Ip(p)pr-l so p(pr) = cpi for SOlDe clp(p) alld 0 :::; j :::; r - 1. In case ~ is of

degrcc 1, we have (}P == O(mod ~) by Lelllnla 4. Then, sincc 1 oc;} OC(tllocl ~),
C = orcLp(O) = p(p). In case ~ is of degree 2, we have OP == ~(lnod~) by Lcnlllla 4.
Again it follows that 1 _ OC( 1110c! ~) and hence c = ord\p (0) = p(p). 0

In order to prove the lllain result of this section we need one 1110re le111111a.

Lenllna 5 [9] Let al, ... , (lk be naht'ra/ Tl'll1nbers. The system oJ co'ngruences

Theorenl 2 An odd häegcr 1'n divülcs {Ln} 11 and onty iJ I.here c,r,ists e 2: 1 such

that 2e IIp(p), t.he ra'nk of apparition of p in {f''n}, Jor every prin~e p (hviding 111..

Proof: Note that by Lenllua 2 we Inay aSSlIDle that ('111.,5) = 1. '::::}'. Let 111. be an

odel d ivisol' of {L· n }. Let PI, ... ,Pk be its prime divisors. Defi Ile ei by pri 11171.. Choose
priInc ideals ~l, ... ,~k lying over Pi for 1 :::; 'L :::; k. By (6) thcre exists c such that
oe == -l(IllOcl ~ri) for 1 :::; i :::; k. Now llSlllg Lenlma 1, we obtain that orcLpi~i(O) is
cven and

(7)
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Lernma .s with (li = Or(L~3iei (8) /2, 1 :::; 'l ::; k anc! Lelnma 2 then yiclds the existence

of an e ~ 1 such tha1. 2e IIp(pfi) for 1 :::; i :::; 1..:. The illlplication (=>' then [ol1ows on

using Proposition 1.
'.;='. By assllillption, Proposition 1 allel Lenllna 2, there exists e ~ 1 such tha.t

2e llorel>Piej (0) for 1 :::; i :::; 1..:. By Lenuna 5 there exis1.s an integer c sa.1.isfyillg c ==
ord'l3iei (0) /2 (illoel ordlfJjei (0)) for 1 :::; 'l :::; 1.:. ThllS, by (.5): oe == -1 (1l10cl ~/~i) 1'01'
1 :::; i ::; k ancl bence, by (4), Be =-l(nlod (rn)) anel 177.ILe. 0

3 COlllPlltillg tlle densities fJ e

In order 1.0 prove the estin1ate (3) wc need to C0111putC, for e ~ 0, the pl'ilne clensity

Oe of the set Ce := {p > 2 : 2C IIp(p)}. This can be ahnost carried out by a.lgcbraic

nUlnbcl' thcOl'y only. For s = 1,2, e ~ 0, j ~ 1 put

1V~(e,j) = {p : p == ±s(nlod 5), p == 3 - 25 + 2i (nloel 2i +1
), 2cllol'd(p)(O)}.

Then it follows on using Lernn1a 2 that Co = U~1 {lV1 (e, j) U 1V2 (c, j)} U {5} anel

Ce = U~1{jV1(e,j) U 1V2(e,j)} for e ~ 1. Note that a.11 sets in tliis union are clis­
joint. As a first step we C0111pUtC .6.~(e,j), the pril11e density of thc set JV~(e,j). 111

thc casc .5 = 1 this problen1 can bc rceillceel to cotnputing clcgrees 01' ccrtain llUlnbcl'

fields. This l'echlction is duc 1.0 Hassc [5] anel was llsed by sevcl'al subscqucnt authors

[1, 7, 12, 18]. Thc casc s = 2 is ahnost trivial; hcrc one only necds the prilne lIU1nbcl'

theorcn1 for arithlnetic progrcssions. The dcnsities .6.1 (c, j), .6.z(e, J) are recorc1ec1 in

Tablc 1 anel Table 2 rcspectively. Thc entry e in thc last colunln givcs L~l 6. s (c,j).
The entry j in the last row gives L~o ß s ( c, j).

Thc case 5 = 1. Here S0111C sonlc infonnation on the nUlnbcr fieleIs 1\"0 71 :=

Q( /5, (Z"), n ~ I, is needec1. J(O,71 is Honnal over lQ as it is isolllorphic 1.0 the splitting

fielel of (X Zn
- 1)(~X"2 - 5). It is of clcgree 271 OVCI' Q. As is wcll-known thc absolute

value of the discrilnina.nt of lQ( (zn) is (117./2)m/2, where 117. = 2n. 1'hc discrilninant of

Q( /5) is 5. Now if ]( ~ L ~ !vI is a towcr of fielcIs, thcn (see e.g. [11, Proposition

4.9])
I - ( f\[ I ) I[M:L] (8)(. AJ/ f{ - n L / f{ ( Al/ L ( L / J{ •

Thus the absolute va,lue of the c1iscrinlinant of ]{O,n equals 5m / Z(rn./2)7l1 anel consc­

quently thc prilncs outside {2: 5} da not ran1ify. '.rlhe prin1es tha.t split conlpletcly in

1\."O,n are pl'ecisely thc prinlcs satisrying p == ±1(rnocl 5) (l,nd p == l(moc1 271
).

Lenllna 6 Puf, l{a,b = Q( /5,01/2<1, (Zb). Theu, Jor b > a ~ 1,

da,b := []{a,b : Q] = 2a+b
-

1
.

F'Ild.hc'r'lTwre dO,b = 2°, b ~ L, d1,1 = 4 (Lnd (h,b = 22b- 1 fr)'/' b ~ 2.

Proof: \Vhcn b > (l ~ 1, f{a,b = Q(V5,(1/Z<1-1(2<1+1,(2b ) = Q(C1/ 2<1-1'(Zb). lJsing

the wcll- kllown fact that Q( (26) conta.ins at Inost thc q uacl ratic Stl bfielc1s Q( J- 2), Q( i)
anel Q( J2), thc fieIds Q( (1/2<1-1) anel Q( (21.) are seen to be linearly cl isjoint anc1 hence

da,b = [Q( (;1/2<1-1) : Q][Q( (2[,) : Q] = 2a+b- 1
•
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The clainl Oll dO,b is alnlost i1111l1eclia.ie, that on (h,b is proved in [7, Lenlllla :3.1]. 0

Lenl111a 7 A p'rinte p satisfics

(9)

whe'l'c t, :::; j und ~ 'is a pri'mc 'idcalin ;E[E] rHviding (p) 'if and only iJ p sprils cO'l1lpletc/y
in [(eil b'nt does not split complef.ely in l\"t,j+1. Thc pri'me dcnsily of lhe sel of alt
prinw8 saNsfYl:ng (9) equals ~ - ~.

t,) t,)+i

Proof: Sllppose that p satisfies (9). Thcll]J splits cOlllplctely in }(o,j. F'llrthcnnorc

O~ == 1 (1110d ~) ilnplies by Eulcr's criterion that x
2t == O( n10d '+1) has a solution lnod

~. Let. Ü be a primc ideal of D}{oJ lyillg ovcr~. Since the incrtia.l clcgrec .r(ül~) = 1,

x
zt == O(1110d '+1) has a sol ution mod '.P iff x

zt == O(1l1od ü) has a solu tion 1110d D. Using
the J< llln111CI'- Dedckind theOI'Clll in thc fOl'lnulation of Pohst a.nel ZasSCll ha.us [1.5, p.
a90], together with part. (b) of the LClnlna at p. ;392 a,nel thc fact t.ha.t the discrilni­

nant of [{t,j conta.ills 110 prinlc factol's outside the set {2,.5}, it follows that ü splits

in [(t,j' Forl = 0, [{t,i is nonnal over Q a,s has been rernarkcel before, forl ~I it is

the splitting fielel of (X Zi
- (JZi-

t
)(X 21

- 02
i
-

t
) E ;E[X] a.nd hence a.lso normal ovcr Q.

That 1l1CanS that ]J splits cornpletely in !(t,j. Since p ~ 1(11l0d 2j+1
), p eloes not spliL

cOlnplct.cly in '/{t,j+', Thc proof of the reverse equiva,lence should be evident to thc
reader HOW. The proof of the last pa.rt of tbe assertion follows fron1 the Chebotarev

density theorCTI1. 0

The next len11l1i:1 gives the elensities 6 1 (e, j) for e ~ °and j 2:: 1. Fol' thc convc­
niencc of thc reader these prime densities a,re recorded in Ta.ble 1.

Lenl111a8 ß1(e,j) = Ofore > j. ßl(O,l) = 0, ß1(0,j) = ]/4 j forj 2:: 2. Por
j 2:: 1, ß1 (1, j) = 1/41. POl' j 2:: 2, 6.1 (j, j) = 0. 6 1 (e, j) = 1/22j+1

-
e

/0'1' e 2:: 2 and
j2::e+l.

Proof:
with

Suppose that pE JV1 (e,j). By (4) thc assertion 2cllord(p)(8) is equivalenL

2c IJorcl 13 (8), (10)

where ~I(p). The first part of the assertion is imlnediate by Lenlll1a LI. SO aSSlllllC
t=...!.

e :::; j. In case e = 0 the conclition (10) is equivalent with 0 'J} _ l(nloel ~). 1'hen,

by Lcnllna 7, 6., (O,j) = l/dj,j - 1/dj ,j+1' Using LCm111a Ci we find 6, (0,.1) = °
and 6.1 (0, j) = ] /4 j for j 2:: 2. 1n casc e 2:: 1 the condi tion (10) is equi valent with

00--~ == l(lllod ~) and O:lJ~~~l ~ 1(1110cl ~). T'hus, USillg Lemma 7, \ve find that for
e ~ 1, e :::; j,

1 1
~l(e,j) = -- - ---

di-c,j dj -e,j+l

1 1
---+---­
dj +1 - e,j dj + 1 - e,j+l

The ren1aindcr of the assertion now follows on invoking Len11l1a 6.

G
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The ease .$ = 2. Let p == ±2(Ill0c! 5). Recall that orel(p) (0) Ip + 1. Sinee EP ==
E(1110el (p)) anc! EE = -1, (P+l -l(nloel (p)). Henee if p _ -1+2j (moel 2j+1 ), j 2 2,

then ef{! = (-1)f{!EP+1 =-l(tDoel (p)). 'Thus 2jllorel(p)(O) anel therefore lV2(j,j) =
{p : p == ±2(nl0d 5), p == -.I + 2j (moel 2j+1)}. In partieular ß2(j,j) = ~ allel

ß 2 (e:j) = °when e =I j. In ease j = 1 anel p == 1(1110el 4), then o.e.tl = (-1 )r#cp+1 ==
l(IllOel (p)). 1'hus, sinee (p + 1)/2 is oeld, I'l2(0,1) = {p : p == ±2(mod .5),p =
1(IllOd 4)L ß2 (0, 1) = 1/4 anel, for e 2:: 1, 62 (c, 1) = 0. 1'h1s finishes the eOIllputation
of the elcnsities ß2 (e, j). They are rceordecl in Tab1c 2.

The ana.lytie argUl11ents in the next seetion will show that 5e = L~l {ßl (c, j) +
62 (c, j)}. Usillg thc forll1ulac derivcel in this sectiOl'l [01' the prinle densities 61 (e, j)
anel .6.2 (e,j) it thcn follows that

1 2 1
50 = - 5 = - . - (e > 1):3' e 3 2c - .

4 Counting primes dividing Lllcas nllmbers

In this scction Theoren1 :3 will be pl'oveel following \·Viertelak [18], who on his turn
llsed SOllle ideas of P. D. rr. A. Elliott [:3]. \·Viertelak llscd eharaetcr surns ove1' prilne
idea.ls to cvalllate H/m(x), wliere Hirn := {p : 1n.lordp(a/b)}: with a anel b non-zero
integers. A slightly easiel' alternative approach to deal wit.h H/m (J;), as explored by
R. \·V. 1\. Odon i [12], would only yield an error of exp{ -c log log x/log log lüg x} 1 für
S0111e eonstant c > 0, whieh, however, is not sharp enough for our purposes.

Theorenl 3 Det p(p) denote lhe ra-nk of apparition of]J in lhe Fibonacci sequcncc.
For e 2:: °pul Ce = {p > 2 : 2Cllp(p)}. Then

C' ( .) _ ~ I'() O(:t:(log log J;)'t)
e X - Oe ..11 X + 3'

log' X '

whcre 50 = ~, 5e = ~ . 2\ f01" e 2:: 1 and lhe implied const.ant nw,y dcpend on c.

This result tagether with 1'heore111 2 and the prilne nurnber thcore111 with enor
O( J; log-3 J:) iIl1plies the followi ng improvelnent of [1, Theorem 13]:

Theorenl 4 The set, of prinLC divi.'HJrs of lhe sequence of Ducas u1unbers} P, salisjics

() 2.() O(:l;(1og10g x)4)
P x = -LI X + 3'

:3 log x

Fn prl'fÜcuJa',. lhe se/. P has prim e densit.y ~.

Before eInbarking Oll thc proof of 1'heoren1 :3 we necd a few prerequisites.
Let .!{ be a. llu111ber field of eliscril11inant dK/Q and degl'cc 17. ove1' the ra,tionals. Let

Ox:, be its ring of integers, Ql an arbitrary integral ideal anel 13 an arbitrary integral
prin1e ideal. Let X bc a character of the group of ideal classes 1110dlllo 21 anel ((5, X) thc
Hecke zeta funetiün (see [8]). 13y the grollp 01' ideal classes 1110dulo Ql we unclerstand
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thc fo11owing. \,Ve say thai. ~ I""V 1)3' (rnod Q!) irr (113, 2t) = (1]3', Q!) = 1 and there cxist

tota11y positivc eand 8 in Ü J{ such that e== 8 == 1(1l10d Q!) and (e)113 = (8)1)3'. Thc
principal eharaeter of the grollp of ideal classcs rllodulo Q! will be denoted by Xo, the

exccptional real charactcr by Xl and thc hypothetical Siegel zero of ((.5, Xl)' which
is real and silllple, by ßl. \,Ve denote thc prad Het of Ielf( /QI a,nd lVQ!, the lIorn1 of 1.21,

by .6. Set Eo(X) = 1 if X = Xo is the principal cha.racter n,nel zero othenvise. Set
El (X) = 1 if X = Xl is thc exceptional real charaeter and zero otherwise.

Lelnnla 9 [18] The'l'e cxisls an absolute positi'ue conslanl91 such tJwJ

L X('+1) = E'o(X)Li(x) ~ E l (X)Li(;/jl) + O(R),
N'l3:$.x

where
:> X log(26) { log x }

.ft = cxp -91----;:--;::::::::;:::==-7""7
Jlog J: ll1ax{ Jn log x, ß}

and lhe ünplied conslanl and 91 a're absolute.

A silnilar estinutte for rnore gcneral charaeters can be fOllnd in a paper of B. Z. f\10roz

[J OJ.

Lenl111a 10 [18] Lei. [( bc nonnal ODer Q. Then Jo.,. any E > 0 theFe exisls C(E) such
lhal

(
1 C( E) )ß1 < Inax 1 - ,1 - .

:3210g(6 JJVQl) (~JJVQt)f/n

Let rn > ] be an integer. Put L = ](((m)' For 'li; E ÜJ{ and a pritne ideal '+1 of ÜL,

('+1, 1n'lj;) = 1, wc denotc by (*) m thc rntli power resieluc synlbol. Jt is the unique .,-n.th

1'001. of uni ty such that (*) m == 0' N;l-l (lnod '.P). Für t he ideal Q! of Ü L, (1.21, H1.lp) = 1,
we put

Lenll11a 11 Let 'ln > 1 bc a.n inf,cger. Lcl f( be a nU'mber jie/rl. Lei. 0' E Ü /{, 0' # o.
IJ 113 aud 113' are ideals oJ Ü J\( (m) cOfJ'1'ime lo (111.30') and 1)3'113 -1 = (G), wherc c is loht/ly
positive and c == 1((n2a)), lhen

PFOO! The proof easily follows Oll conlbilling [2, Exereise 1.8] anel [G, Satz 121]. An

alternative proof arises on llsing the well-knowll fact t1la,1, (*) m elepends only Oll the

dass 1.0 whieh '+1 belongs 1l10c! f, whcre f is the concluctor o[ R
r

((m, nI/rn) (sec c.g. [2,

p. 27:3]). The proof then follows on lIsing an estinlate elue 1,0 Hasse for the conc1uetor
of «unlll1eriatl fielels ([G, Satz 166]; the rncaning of the sYlnbols 1/ anel So appeal'ing
in Satz J66 is expla.ined in Satz J64-). 0

Lenllna. 1] was proved in case J( = Q by Elliott [4] with 'man replaccc1 by 'In2 a.
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Elliott lllade heavy usc of classical reciprocit.y results due to Hasse. The point of
LelTItna. 11 ls that it shows that the conelucto!' of J{ (0'1/111), viewed as a. fu I1ction of
rJl: is polynomial in rn.. A trivia.l estimate [or the conductor is proviclecl by the clis­
cri111inant (since the conductor divicles the discrin1inant) o.ncl hencc is 0(1'71. 111

). Usage
of this cstima.tc would I'csult in a largcl' eno!' tern1 in Theorcrn :3.

Ilnplicit error terms o.ppca.ring in the rCI11ainder of this section that a.re not
SB binclexed 111o.y clepencl o.t 1l10st on 'ljJ and 1\".

Theorenl 5 Let J{ bc anormal extcnSl:on oJ Q) ?jJ E 0 J{ und J\1 = I( ((2 n , 'ljJ I/Zr). Lcl
JrAJ(X) denote I.he num.ber 01 'l'alional prirnes not excceding x t.hal. split cOTllpletely in
J)1. Thcn fo'/' any C > 0 t.hCl·C e:cisls u canst.aut 92 > 0 depcnding at. /nost. on 'Ij;,K
(rn<! C, such I.hat

7fA/(X) = Li(x) + O( ~ ),
[1\1 : Q] log x

un'iJo'l'mly fo'1'
n logx

2 < 9" '" T :S n.- .. (log log x)"

The hnplied coust.anl. also depcnds at Inosl. on 'ljJ, }{ aud C.

(11)

Froo! 01 Theo'1'crn.5. Put L = }«((n) and AI! = L('lj;-fr). For the duration of this proof
~ will be uscd to denote 0. pl'ill1e idea.l 1'1'0111 DL. Note that L as a, compositum of two
norrna'\ extension of Ql is itself nOl'llw,1 ovcr Q. Let l' ::; n. Let SM denote thc set of
prIllleS

{p : (p, 21VK / Q Cl/J)) = 1, }J splits COlllplctcly in L, X Y = '/,v(nloel ~), ~I(]J)}.

Using the KU1l11l1er- Declekinel theOl'ell1 [15, p. 390], tagethe!' with part (b) of the
Lellnna. on p. a92 anel the fact that tlie prin1e divisors of dA/:Q clepcnd at llJost on '/,v
and 1{, i t fo11ow5 that

(12)

Since for p in 5'Af: JV'l3 = P == l(lllOd 2T
), wc ca.n by thc Euler criterion also write

{p : (p, 2JVJ{ / Q ( 1,v )) = 1, P spli t s co 111PJetcly in L, 1jJ 9 - 1(1110 cl '+l), ~ I(}J) }

for 5'/1-/. On tlsing the power residue sYlnbol wc can finally write

SM = {p: (p,2NK/Q(7~)) = 1, l' splits completcly in L,(~h' = L,'+ll(p)}.

No\\' let us define TM,l = {'-P : ('-P,2 n 'lj;) = 1, (*)"r = 1, f('-Plp) = l} anel

TAI = {Ifl : (~,2n1jJ) = 1, (*)"r = l}. Using that L ~is normal over Q it rollows

that SA/(x) = TAJ,l(a;)/[L: '0] + 0(1). Since TJH(x) = TAJ,l(X) + O([L: Q]jXloga;),
we find

S' () TAl ( x ) (r:: )
AI x = [L : Q] + 0 v;c log;c .

9
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Ncxt wc cstinlate TM (:{;). Let Ck bc a primitive Idh root of unity. Note thai;

k {L 0' 1- L( (-) /cJ;)j =
k j=1 lf3 k 0

Using this with A~ = 2T a,nd a = 'lj; we obtaill

if (~) k = tk;

othel'wise.

(14)

wllere thc SUIlltllation is ovcr all prinle idea.ls '-P in '0L satisfying ('-P, 2n 'lj;) = 1. For a
, ')n-r

given integer 1 ::; j ::; 2T we elcfine Xj(m) Lo be (~):n in case (ill, sn'lp) = 1 anel zero

othcrwisc. Thus we can rewl'itc (14) as ~

FrOIn this, LCflllna 10, (1:3) anel (12) we obtain

1l"Af(x) = [r~l~~] Li(x) - [:~JIQ] Li(xß1 ) +O(R) +O( filog x), (15)

with 0 ::; laML IbMI::; 1, R as in Lenlllla 10 anel !J. = IdM/QI· 1VL\Q(SH'lj;). If l' allel n.
satisfy (11) then

(16)

wllere 93 elepends at J1108t on 'lj; anel 1{. Let C > 0 be giVCll. Using thc estinlate (tC))
allel Lenl1l1a 10 to deal with thc exceptional zero ßl in (15), we see that we can choosc
91 so 8rnall as to ensurc that ITjU(x) = [~~~ Ll(x) + 0(:1: log-C :1;) uniforlllly in the re­

gion (11). By the Chebotarev density theOl'CI11 it follows that aAl /[L : Q] = ]/ [1H : ((2>]

(hellce (l.Al = 1/[1'1 : L]). So the result folIows. 0
It should be renlarked that the best knowll uniforlll version of thc Chebotarev

theorelll yields only a far weakcl' result (cL [12]). Our approach: howevel': eloes not
work [01' arbitra,ry number ficIeIs allel hence eIoes not leael to a bettel' unifonn version
of thc Chebotarev elensity thcorenl.

Proo! oJ Theo'/'cnt 3. Applying Thcorenl.s to I{ = Q()5) alld 'lp = _:i\v'5, wc find us­
ing Lenlllla 7 that therc cxists an absolute positive constant 94 such that unifonnly for
2j

::; 94 log x(log log:1: )-2, c::; j,

lV1 (e,j)(x) = ßl(e,j)Li(x) +0(----;-).
log x

(17)

Ncxt we cstinla.tc I( J.:) := L~1 1\'1 (c, j)( x). Since 1\'1 (e, j) is Clllpty for j < c, wc can
wl'itcI(;l:) = 11 (;1:)+12 (;1:), where J1 (J.:) = Lj"::e JVdc,j)(:tL 12 (x) = L~m+llV1(e,j)(:(;)
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anel 1'n is thc largest integer such that 2m
::; 94 log x( log log ;l:) -2. lJsi ng cq uation (J 7)

and 6..1 (e,j) ~ 1/4 j (sec Lemina 8) wc find

m. x{I:: ~1(e,])}Li(;c) + 0(1'n.-3-)
j=r log x

{ ~ ( ')}. () (Li(x) ( :c)L ß1 C,} Li x + 0 --) + 0 111.--3 -
j=1 tIm log :c

00 . x(log log x)4{L ßl(e:j)}Li(x) +Oe 3')'
j=1 log 1:

The prinles counteel by 12(x) all satisfy thc eongruenecs p = ±1(mod 5), p ==
1(Inod 2m

) allel e(p-1)/2
m =l(lnod ~), wherc '+11(p). Thus 12(x) S; iT/{lIJ,m{x) (cf. thc

proof of Lenllna 7). By Len1l11a 6 [1{mIm: Q] ~ 4 m . It follows frOln this esLinlaLe,
Theoren15 and 2m :::; 94(10gX)(1og10gx)-2 tha.1. ' 2 (x) = 0(x(loglogx)4Iog-3 x).
Thus

00 •. ~v(log log x)4
I(x) = {L ß1(e,})}Ll(:t;) + O( 3 ).

j=1 log X

PuL .l(x) = L~1 lV2 (e,j)(1:). In cvcry row in Tablc 2 thcre is a.1. 1110st one n011­
zero prillle density. As wa.s seen in the eomputation of thc prinlc clensiLies ß2 (c, j),
the set cOl'responding to thc non-zcro prilllc elensity consists of a,11 prinlcs in a. finite
union of aritlllllctic progressions anel furthermore thc sets corrcsponding Lo the zero
prinle elcllsitics arc all clnpty. Hence it follows l1sing tlie prime 11l1rnber thcorcm for
arithnletic progressions that

00 x
J(x) = CL 6..2(e,j)}Li{1:) + 0(-3-)'

j=l log :1:

Thus
00 . .• :l:(log log:I:)4

Pe (X) = {L 6.. 1 ( e1 J ) + 6..2 ( e, J ) )} LI (:1:) + 0 ( 3 )
j=1 log :c

anel on recalling thc eonclusion of Seeboll :3, 1;he proof of Theorem abecornes cOl11plcte.

5 COllnting Lllcas divisors

Ollee rrheorern 3 is esta,blishcd it is rather stra,ightforward to prove Theorern I, which
will be done in this section. Recal] tha.t Oj = ~ . 2

1
J' j 2: 1. Let Lodcl denote the set of

odd Lucas divisors a,nel L thc set of Lucas divisors. vVe first show that

l-l

() X (" o· 8Lodd:1: = -I- L dj log J+l :/: + O(log 1+1 1:)),
og :/; j=O

(18)

with do,"', dt - 1 positive COl1stants. Frolll this it is then decluced tha.t a, sirnilar
cstimate holcls for L(x), with different COl1stants cl j . This thcn finishcs the proof 01'

'1'1



Thcorenl 1.

By T'heorenl 2,
00

.codd = U Gr ,

r=l

where Gr is thc set of natural Ilulnbcrs inclueling 1 which are composeel of prirncs in

er only. The sets C,'r (l,re conlplctely mult.iplicative; ab E G'r if a.lle1 only lf 0., b E er,
wherc Cl anel bare na.tural nunlbers. Furthernlorc Gr n Gs = {I} for 7' =I=- s. Thus the

problenl of estllnating .codd ( x), and, as wc will see, that of estinlating L:(x), rec!tlces
to that of cstitnating Gr(x) for l' 2 1. In order to estinlate G'r(.-r), we use the following

estilnate:

Theorenl 6 [9] Let, S be a completeJy 'lTnLlliph:cat.ive set. 0/ nnf.1.t.ral 'lul:mbers such f.1w.t.

""' _ ['() O(x(loglogX)9)
~ 1 - T.1I X + 3'

pES, p<x log x
(19)

whc'J'c T > 0 aur! 9 2 0 are fi3.:cd. Thcn

S(x) = cx logr-1 x + O(x(log log X)9+ 1 logr-2 x),

whcre c > 0 is n. conslant..

(In order Lo prove Theorenl 1 this result is stronger than neecssa,ry. The weaker result

[13, 1'heol'en1 2], for exarnple, will e1o.) By Thcorern 3 thc cstillHlote (.19) lS satisficd

wlth S = G'r, T = Dr a.nel 9 = 4. Applying TheorC1l1 6 anel t1sing or ::; ~, wc obtain

G ( ,) - I ·1 Or- 1 +0('1 ,01+1-1 .)-rr 1, - CrX og X X og X , (20)

for 50lne positi vc eonstant rlr. Thc cstimatc (.IS) for .cocld ( 1;) now 1'olloW8 anee wc show

that

(21)
00

L Gr (1:) = 0(1: logOI+l-1 1:).
r=t+1

To this end, notiee that thc pl'inleS in er, l' 2 s 2 1, satisfy ]J == ±l (rllod 2S
). 1'hus

1.
n<.r

pllJ~p=:±l(mo<l 2~)

p<r
p=:±l(mod 2')

7r(X; 2",]) :=

This latter sunl can be estilllateel with the help of Thcarel11 6 and thc cstirnatc

2 . x
1 = ~Li(:v) +0(-3-)'

25 log :/;

which follows rl'OIll thc prime nurnbcr thcorCll1 ror arithlllctic progressions. Thus
by choosing s large cnough (taking 2,,-2 2 1/Ot+l will do), we can ensul'e thaL

Lr~" Gr(x) = O(x logOt+l-1x). By (20) anel thc fact that {8r}~1 is 1li011Otonic de­
creasing, we ha.ve

L G'r(:l:) = O(x logOt+l- 1 x).
i+1:$r:$"

12



Thus (21) holds and (1 S) f01l0ws.
Tt rClnaills to dea.l with CVCll Lucas divisors. Note that 211L n irr 1'1. == O(mod 6), tha.t

41lLn iff 11. == a(nlod 6) and that S is not a Lucas divisor. Suppose rn. is an odd Lucas
divisor, say '1nIL n . Thell 2171·ILGn alld so 2111. is a Lucas divisor, 4-rn. is only a Lucas
divisor if the rank of apparition of 0.11 thc prilne divisors of rn is exactly divisible b.y
2, finally Srn is ncver a divisor. Thus L(x) = LOdd(X) +Lodd(~) +(/, (*). Theorem 1
follo\vs on invoking the cstitnatc (18) and (20) with T' = L 0

llenlark. Let h 2:: 1 be all inLeger. Let Lh denote the set of divisors of {1.1 hn} ~=o. 1t
is possible to fOl'J1ntlate and prove an analoguc of Thcorenl 1 for Lh(X),

]3



The rank of apparition of ]J in thc
Fibonacci seqllence is c1enotecl by p(p).

Table 1

Prillle density of the set
{p : p == ±] (lllOd ,5L p - 1 + 2j (nlod 2j +1 ), 2e \lp(p)}

6 7~
0 0 1~

I . -.L ---.!....-
40

1
96 16~R4

...L
64 '>.'16 10~4

.. 1')

1 1 1 1 1 1 ---.!....- ---.l..- 1..
4" 1n fl4 '>.'ifl 10?4 40!)/) 1/)~R4

..
~

2 0 0 l .l -..!..- ---.!....- ---.!....- ... l
.1" 1')R .'il') '>04R RH}') ')4

3 0 0 0 6
1
4

---.!..- ---.!....- ---.!....- ...L
').'i6 10~4 4096 ... 4R

4- 0 0 0 0 ---.!- -.L ---.!....- ....!...
1?R .'i 1 ') 204R ... !)fl

5 0 0 0 0 0 --.!..- ---.!....- 1~')').'i6 10')4 ...
6 0 0 0 0 0 0 -.L ---.!-

.'i 1 ') ... ]84

... ... ... ... ... ... ... ... ... ...

Table 2

Pl'inle density 01' the set.

{p : P == ±2(mod 5), ]J - -] + 2j (nlod 2j +1
), 2e llp(p)}

c\j 1 2 :3 4- 5 6 7 ...
0 .!. 0 0 0 0 0 0 .!.

J ... J

I 0 0 0 0 0 0 0 ... 0
2 0 1 0 0 0 0 0 lR ...
;j 0 0 ...L 0 0 0 0 ~l~

...
Ll 0 0 0 l 0 0 0 ...L

~') ... 3')

5 0 0 0 0 h 0 0 ... tJ
Cl 0 0 0 0 0 -.L 0 ...l.-

1?R ... 1')R

... ... ... ... ... ... ... ... ... ...

± .!. fr- ...L 1 1 1 .!.
R ~') if.t '')~ '>w ... ')
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