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§9.0. Foreword.
Let
(1) |2l > 1,-37/2 < arg(2) < 7/2,log(2) = In(|2]) + i arg(2).
Then log(—2) — log(2) — ir, if R(z) > 0 and log(z) — log(—2) — i, if
R(z) < 0. Let
@ e = hale) = 0 () RO

where [ =0, 1, 2, v € [0,400) N Z. Let

f[l(t )
(3) R(t,v) =7 :
ljo(t +7)

where v € [0, +00) N Z,



—+o00

(4) fia(zv) = fialz,v) = Z 2 H(R(t,v))*,

t=14v

where [ =0, 1, 2 and v € [0, +00) N Z, and since (R(t,v))*" for v € N has

in the points t =1, ..., v, the zeros of the order 2 + [, it follows that
“+oo

(5) fia(z,v) =Y 27 H(R(t )™,
t=1

for i =0, 1,2 and v € [0,400) N Z. Let

(6) fz\,/3(z> v) = fiz(z,v) = (log(2)) fiz(z, ) + fia(z,v),
where
+o0 o
_ —t (O po+i
) ) == Y = (50 o)
t=14v
[ =0,1,2and v € [0,+00) NZ, and since (R(t,v))*" for v € N has in the
points t =1, ..., v, the zeros of the order 2 + [, it follows that
+o0 o
8 - _ —t -~ R2+l t
®) e ==X (U ) 6.0
for i =0, 1,2 and v € [0,400) N Z. Let
9) fis(z,v) = =i fis(z,v) + fis(z,v),
with [ =1, 2, v € [0,+00) N Z and
(10) fis(z,v) =

2_1(10g(z))2fl,2(z, v) + (log(2)) fia(z,v) + fie(z,v) =
= —2_1(10g(z))2fl,2(z, v) + (log(2)) fis(z,v) + fie(z,v),

where
_ o1 [ (9 2+
(11) fis(zy) =273 2 ((at) (R )) (t,v),
t=14v
and since (R(t,v))?*! for v € N has in the points t = 1, ... , v, the zeros of

the order 2 + [, and [ = 1, 2 now, it follows that

(12) Jrs(z,v) =27 Z zt ((%) (R2+l)) (t,v)

t=1+v

for i =1, 2 and v € [0,400) N Z. Let



(13) fz,v7(z> v) = fir(z,v) + (27°/3) fis(z,v).

with | =2, v € [0,4+00) N Z and
(14) fia(zv) =

—37Ylog(2))? fra(z,v) + 27 (log(2))? fis(z,v) + fis(z,v)+
(log(2))(fus(2,v) + 27" (log(2))* fia(2, v) — (log(2)) fia(z,v)) =
6 (log(2))% fia(z,v) — 27 (log(2))? fis(z, v) + (log(2)) fis(2,v) + fis(z,v) =
(1/6)(log(2))’ fia(z, v) + (1/2)(log(2))* fua(z, v)+
(log(2)) fi,6(2,v) + fis(z,v),

where
15 — -1 —t e 241
15) S = =6 Y s ((at) (B ) (1.0),
t=v+1
and, since (R(t,v))?* for v € N have in the points t = 1, ..., v, the zeros

of the order 2 4 [, and [ = 2 now, it follows that

(16) fis(z,v) = —6~ 1§:z_t <<—)3 R2+l)) (t,v).

Let
Ro=11,2,3} R =1{1,2,3,5}, R = {1, 2, 3,5, T}.

Let A be a variable. We denote by T, , the diagonal n x n-matrix, i-th
diagonal element of which is equal to A1 for i = 1, ..., n. We denote by
0 the operator zd%. Let further I = 0, 1,2,k € &, |2|] > 1,v € N, and
let Y, x(2z;v) be the columnn with 4 + 2[ elements, i-th of which is equal to
(o) iz ) fori=1, ..., 44 2L

Theorem 1. The following equalities hold

(17) AT (5 0)Yik(zv) = Tipar 1 Yig(z0 = 1),

(18) Yie(zv) = Thpor 1 A7 (2, —v) Tyyor, 1401 Yig(z; v — 1),

where | =0, 1,2, k€ R, |z] > 1, v e N,v>2

1+1
(19) AT (zv) = S5 42 ) v V)
i=0
with
1 -4 8 -—-12
- o 1 -4 8
(20) S0 = 0 O 1 -4
0 0 0 1



(21)

(22)

-1 6 —18 38 —66 10

2

0 -1 6 —18 38 —66
e o 0 16 s s
=10 0o 0 -1 6 -18 |’

0 0 0 0 -1 6

0 0 0 0 0 -1
1 -8 32 —88 102 —360 608 —952
0 1 -8 32 -8 102 —360 608
0 0 1 -8 32 -8 192 —360

e oo 0 1 s w8 19

=10 0 0o 0 1 -8 32 _s88
00 0 0 0 1 -8 32
o0 0 0 o0 o0 1 -8
o0 0 0 0 o0 0 1

A -5 —2 3
R B SV R T
192 1 ¢
3 6 3 0
24 20
oW =41 1 5 1 o|-
0 0 0 0
146 108 —180 268 66 —102
102 146 108 —180 —38 66
o | 66 —102 -2 108 18 38
VIO =1 35 6 12 -5 -6 18
18 38 12 12 2 -6
6 18 20 12 -6 2
210 —516 108 372 —204 0
160 348 -84 —236 132 0
|9 212 60 132 —76 0
VImTW =1 48 108 -36 —60 36 0
6 36 12 20 —12 0
0 -4 12 —12 4 0
102 —306 306 —102 0 0
66 198 —198 66 0 0
o 138 14 14 38 0 0
Vi@ =115 51 _s4 18 00|
6 —18 18 -6 0 0
2 6 -6 2 00




176 —249 —-364 545 280 —431 —-76 119
—-119 176 227 =364 —-169 280 45 76
7% —119 —-128 227 92 —-169 —24 45
—45 76 61 —128 —43 92 11 =24

V;7(0)=8 24 —-45 =20 61 16 —-43 -4 11 |’
—11 24 -1 =20 -5 16 1 —4
4 —11 8 -1 4 ) 0 1
—1 4 -7 8 -7 4 -1 0
(23)
455 —1020 —-113 1552 —-603 —628 357 0
—-300 682 44 —-996 404 394 228 0
185  —428 -3 592 253 228 135 O
Vr(1) = 8 —-104 246 —-16 —-316 144 118 =72 0
2 o1 124 19 144 =71 =52 33 0]’
—20 50 —-12 =52 28 18 =12 0
) —12 1 16 -9 —4 3 0
0 -2 8 —12 8 -2 0 O
(24)
400 —1243 972 542 —1028 357
—-259 808 —642 332 653 —228
156 —489 396 186 —384 135
Vy(2) =8

40 —127 108 38 -92 33
—15 48 —42 12 33 —12
4 —13 12 2 —8 3
-1 4 —6 4 -1 0

0
0
0
-85 268 —222 -92 203 72 O
0
0
0
0

SO OO O oo oo

119 —476 714 —476 119
—76 304 —456 304 76
45 180 270 180 45
—24 9 —144 96 24
11 —-44 66 —44 11
-4 16 =24 16 -4
1 —4 6 —4 1
0 0 0 0 0

(25)  V57(3) =38

O O OO oo oo

OO OO o o oo
OO OO O o oo

The above matices Ay (z;v), Sy and V;™*(i) have the following properties:

(26) A (2 —v)Taqor, 1 Ay (250) = Ty, -1,
(27) Sy Tyyor 1 = (ST Ty 1)~
(28) Sy Tavar, 1 Vi (1) = —=(=1)"V™ () Tayan, 157

(29) Vi (@) Ty, -1V (k) = 0Tyq01,—1,



where
1=0,1,2,i€[0,1+]NZ, ke0,1+1]NZ.

Proof. Full proof can be found in [5] - [10] . Some arithmetical applications
are given in [10] —[12]. To present other arithmetical applications I need some
generalisation of the result of the Theorem 1. Here I begin to realize this
goal.
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§9.1. More general my auxiliary functions in the case

k=12, 3.
We fix o € Nj.
Let
(30) fo\z/,l,l(zv V) - fa,l,l(z7 V) - _(_1)Vl X
[ + 2 times [ + 2 times
(1,2+41) 2 , v, v+1l+a, ... ,v+1+a«
G4+2l,4+2l —(=1)= 0, ... ,0, 0, , 0 -
—(=D" [ a2
o 9avo1,44+21 %
Ly
[+ 2 times [ 4 2times
v, . v vtlta, ... ,vtlta
(=% g7 g, 0, N
where [ =0, 1,2, v € [—alpha, +00) N Z,
(1,240 (1,240 .
Gavor,a+20 = 94+2z,4+2l(3) =
[ 4+ 2 times [ 4+ 2 times
(1,241 —(—1)lz —v, ... ,—uvv+l+a ... ,1/—|—1+0¢8 _
Ja+aia+al 0, ... ,0, 0, .0 -

(—(=D2) T(=s)(T(1+8) 2T (1 +v+3) (1 +v+a—s) 2

and the curve L; passes from +00 to +00 in the negative direction such that
the set [0,400) N Z lies to the right from it, but the set (—oo, —1) N Z lies

to the left from it. The set of all unremovable singular points of giﬁﬁlﬂ(s)
encircled by the curve L, consists of the points s =0, ..., v + 2a, each of

these points is a pole of the first order. Therefore

1240)
R63(9i+2l,4)+2n k) =

. 241
lim ((s + k).gé(Li—zzzl)-i-Ql(s))a

s—k



where [ =0,1,2 and k=0, ..., v. Let
s=k+u, Hj(u,k,v)=

1,241
ga(t+2;t4)+21(k +u) =
(—(—l)lz)k+“F(—k —u)(T(1+k+ u))_3_2l><

CA+r+E+u)CA+rv+a—k—u) 2=
k

[k +n—u) (=12} x

k=1
FN1—w)(T(1+k+u) Tl +v+Ek+uw)* ™ TA+v+a—k—u) >,
where [ =0,1,2 and k € [0, +00) N Z. Hence,

(v + a)*t (1,2+1)

(1240 .y 1 B
WR63(94+21,4+% k) = l{f(l)(ug4+2l’4+2,(k +u)) =

—(=D* (v + )T E) 2 (w+ )T (v +a— k)2 =

! i
—(—1)lkzk V4« 2 v+ k 2+2,
k k

where [ =0, 1,2 and £k =0, ..., v. Consequently,
(31) foz*,\;,l(zv V) = Oc*,l,l(z7 V) =

12+ fa,l,l(za V) =

§(_1)(u+k)z () (y 4]; a) 2+ (y j k:) 2+

k=0
, where [ =0, 1, 2, v € [0, +00) N Z. Let

(32) fa,l,2(zv V)v = fz,2(04,2’a V)= —(—1)ZV X
[ + 2 times [ + 2 times
G(3+l’2+l) . —v, ... ,—v,v+1l+a, ... ,v+1+a«a
4+21,4+21 0, ... .0, 0, . , 0

~(-1)"

- X
20T
! + 2 times !+ 2 times
A\ A\
7 N7 N
g(3+l,2+l) Y Rl SRR , —v,v+1+a, ... ,1/+1+as ds
4+21,4+21 0, ... .0, 0, - , 0 ’

Lo
where [ =0, 1, 2, v € [0, +00) N Z,

(341,241 (3+1,2+1) _
Yato1,4+21 = 94+25,4+2l(5) =



! + 2 times ! + 2 times
7\ 7\

Ve

(3+1,241) —v, ..., —v,v+l+a ... v+1l+a«a
Juvaata | 75 0, 0 o o |

(=2)5(T(=s))*™ T4+ 8) 7 TA+ v+ )T +v+a—s)27,

and the curve Ly passes from —oo to —oo in the positive direction such that
the set [0, +00) N Z lies to the right from it but the set Z N (—oo, —1] lies

to the left from it. The set of all unremovable singular points of gﬁ:;ll iigl(s)

encircled by Lo, consists of all the s = —1 —v —k with k € [0, +00) NZ; each
of these points is a pole of the first order. Therefore

341,24+ : 341,24+
R65(94(1+2174i2)z§ —1—dwv—k)= s_,ll,,n_ll_k((s +rv+1+ k)gﬂ(:-i——;lAiz)l(S))a
where [ =0, 1, 2 and k € [0, 400) N Z. Let v € [0,400) N Z, Let
s=—v—1—k+u H (,u,k,v)=T(v+1+k—u)*x

TA4+k—u) > TR+20+a+k—u)) 2,

and
I1(t— )
(33) R(at,v) = o —.
:Jt+9)

where v € [0, +00) NZ. Let further T = —s =v + 1+ k — u, Then

(34)

S

14+v+k—j—u)

H (o, u, k,v) = = (R(a, T, v))*",

R | <.
Tl
Q|+

(I4+v+k+j—u)

I\
o

J

where v € [0, +00) N Z. Let
Hip(a,u, kyv) = g i (—v — 1=k +u) =

(=) T+ 1+ k—u))*Hx
T(—v—k+u)"HD(=k+u)* T2+ 2v+a+k—u) "=

(_1>k+(l+1)nu(_z>—u—1—k+u m (F(V +14+k— u))4—i—2l><

sin(um)
@u+k—u»44@@+2u+a+k_u»44:

-1 k+(+)nu/_ \N—v—1—k+u . H k?
(I ) ),

where [ =0, 1, 2 and k € [0, 400) N Z. Therefore

(3+1,241) .
Res (94+2z prop —1l—v— k) =



lir%(uHLg(a,u, k,v)) =

_(_1>lzxz—(1+l/+k) (R(Oé, 14+v+ k7 l/))2+l,
where [ =0, 1, 2 and k € [0, 4+00) N Z. Consequently, if

(35) 0\4/,7,2(27 v) = ;,l,2(27 v) =
Wfa,l,?(zu V);
then
(36) fai2(zv) =
— —(1+v+k) (v + )i 2+1
ZZ W(H(O{,l‘i‘V‘i‘k,l/)) s
k=0 )

where [ = 0,1,2 and k € [0,400)NZ. Let t = 1+v+k with k € [0, +00) NZ;
in view of (33) and (34), it follows that

(37) fa*,l,2(’z7 V) =
+o0 1241
> e (Rl
t=14v :

where [ =0, 1, 2 and v € [0, +00) N Z. Since (R(a,t,v))*™ for v € N has in
the points t =1, ..., v, the zeros of the order 2 + [, it follows that

(38) f;,l,2(zv v) =
+oo 2 !2+l
Z St (V ?I_/')(;)_l (R(Oz, t, V))2+l _
t=1 )

0\1/,772(27 v) = f;,l,2(zv V).

where [ =0, 1, 2 and v € [0,400) N Z.

Let
\ _ _ v
(39) fa,l73(z7 V) - fl,3(z7 V) - (_1) X
[+ 2 times ! + 2 times
Gt | v ,—v,v+1l4+a, ... ,v+1+a
4+421,4+-21
+20,4+ 0, ... .0, 0, .0
[ + 2 times [ + 2 times
l 7 N7 Y
(_1)V/g(4+l’2+l) o v, v+14a, ... ,1/+a8 ds
. 4+21,4+21 - )
207 +2bd+ O, ,0, O, , 0
Lo

where [ =0, 1, 2, v[0, +00) N Z,

(41,241 (4+1,241)
Yat01,4+21 = 94+2z,4+2l( )



! + 2 times ! + 2 times
7\ 7\
7 N7
g(4+l’2+l) LT , v, v+ 14+, ... ,l/—i—l—i-oz
gror4120 | —
21,4+ 0, ... ,0, 0

(2)"(C(=s)™(T(1+ ) (T(L+ v + )" (T(1 + v + alpha — 5)) 7.

The set of all unremovable singular points of the function gﬁ:gll iilm( ) encir-

cled by the curve Ly, consists of the points s = —1—v—k with k € [0, +00)NZ;
each of these points is a pole of the second order. Therefore

(441,2+1
R63(94+2l 4+2)l7 l-v—k)=

s——v—1—k

, 0
i, (G (st 1 PR,
where [ =0, 1, 2 and k € [0,400) N Z. Let

s = —v—1—k+u, Hig(a,u,k,nu) = gy 530 (—v—1—k+u) = ()77 ¥

(T (v 1k =) ) (T (v —k+u)) ™ (D (=k+u) (T (24 20 +a+k—u)) > =

(1) (ﬁ) (5) 1O+ 14 b — )

TA+Ek—u) TR+ +k+a—u) =

(—1)™ (ﬁf (2) T (o, e, ) =

(=1)" (Smﬁ—)f (2)" U (R(, T, v))* T,

(um

where T=v+1+k—u,l=0,1,2and k € [0, +00) N Z. Therefore

441,241
R63(9i+zz,4i2)15 —1—div—Fk)=

u—0

(1) (0g(2)) ()4 (0, )+
(1 () (0,0 k0) =

(=)™ (log(2))(2) " " (R(a, 1 + v + k,v))*'—
(_1)lu(2)—u—1—k (%

because (mu/(sin(mu))? is a even function. Thus, if
(40) fo\é/j,g(za v) = f;,l,3(’27 v) =

Wfa,l,i%(za V),

, 0
lim <% (u*Hy 3(a, u, k, nu)) =

(R)QH) (a,14+v+k,v)



(41) f;,l,3(zv V) =

(v + )2 X

(mg@)w Z Z(R(a,t,v))*"—

t=1+v
v+ a)2t +oo o
% (at(RM)) (o, t,v),

t=14v
where [ =0, 1, 2 and v € [0,400) N Z. Let

+00 o
(42) faua(z,v) =— Z 2~ (815 (R2+l)) (o, t,v),
t=14v
v !2+l
(43) Fraalenr) = UL fruuten),

where [ =0, 1, 2 and v € [0, +00)NZ. Then in view of (35), (37), (40) — (43)

(44) fauz = (10g(2)) fa2(2, V) + fara(z,v).
(45) fais(z,v) = (log(2)) fo2(2,v) + fa,4(2v).
Since (R(a,t,v))*™ for v € N have in the points t = 1, ..., v, the zeros of

the order 2 + [, it follows that

oo _t (1/+a)!2+l

(46) fara(zv) == (log(2)) ) = W(R(%ta V)t —

t=1

fft% ( ;(RQH)) (o t,v),

t=1

(47 fanalesv) = —fz (50) (.t

where [ =0, 1, 2 and v € [0,400) N Z. Let

n
- 21
(48) Si(a,t,v) = < Sy >_k —k:>:

i v vta 1
ey (( <t—k>i) 3 (ka) ’

(49) H}Ma,v) = Si(a,v,v—1) = Sij(a,v + 1,v)



i v—1 1 2v—1+« 1
L v 1 2v+1+a 1 B

i—1/; 2 = :
(-1) @—1ﬂ(7ﬁ+ey+®f+@v+1+®0'

Then
(50) (%) (R(at, 1/))2+l) = (R(a,t,u))2+l(2 +1)S1(a, t,v),
51 () e -

(R(a,t, 1/))2+l((2 + l)Q(S%(a, t,v)) + (24 1)Ss(a,t,v)),
(52 (5) rlet -

(R(Oz, t, y))2+l((2 + 1)355’(04, £ I/))2+l—|—
3(2 + l)251(0é, t, V))Sg(t, V) + (2 —+ 1)53(t7 l/))

§9.2. Some relations for the functions, considered in
§9.1 in the case [ = 0.

Let v € M, = ((—o0,—1 — a] U [0,400)) N Z,
(53) Poo(w,v) = *(V* + 2av + o?) —

20%(20% + 3av + o®)w + v(8v° + 10va + 3a%)w?—
2(60° + Tav + 2a%)w® =
v+ a)? =203 (v +a)(2v + a)wt
v(2v + a)(4v + 3a)w? — 2(2v + a)(3v + 2a)w?,

(54) Qao(w,v) = v(16v% + 18av + 5a?) +

2(6v* + Tav + 20°)w =
v(8v +5a)(2v + o) +2(2v + o) (Bv + 2a)w =
(2v + ) (v(8v + 5ar) + 2(3v + 2a)w).
Lemma 9.2.1. The following eqality holds
(55) Ty (o, w,v) =

(w+ nu)QPa,o(w, v)+ w4Qa70(w, V) — v (w—v— a)2 =0.



Proof. I view of (53), (54) and (left) definition in (55),
deg,, (T (a, w, v)) = 2.
Therfore it is sufficient to check the equality (55) for
a=—-2v,a=—vand a =w — 1.
If « = —2v, then
Poo(w,v) = 1°, Quo(w,v) =0, (w —v —a)? = (w+v)?
and (55) holds. If & = —v, then
Po(w,v) = v*w?(v — 2w), Qaolw,v) = *(3v + 2w), (w —v — a)® = w?,

(w+ v)*v*w* (v — 2w) + w'?(3v + 2w) =
W (w + v)(V? — wr — 2w?) + w?(3v + 2w)) =
w?V? (v(nu® — w?) — 2w (w + v)) + w(3v + 2w)) = w?’.

If « = w — v, then

P.o(w,v) =
vPuw? — 202 (v 4+ w)w? + v(v 4+ w) (v + 3w)w? — 2(v + w) (v + 2w)w® =
vPw? 4+ (v + w) (=207 + 12 + 3wr — 2wy — dw?)w? =
vVw? + (v +w) (= +wr — dw?)w? =
VPl v(—rA+w)w - (v+w) (—4w?)w? = — (3w v+w?)w? = —(3v+dw)w?,
Qapo(w,v) =vBr +dw)(v+w) +2(v+w)(v + 2w)w =
(v +w) (3% + Twv + 4w?) = (v +w)(v + w)(3v + 4w),
wh(v +w)*(3v + 4w), (w —v —a)* =0,

and (55) holds. W.
Remark 9.1. In (53) — (54),

(56) Poo(w,v) = v" — 20*w + 8 w? — 120%w* =

(V% — 207w + 8vw? — 12u®) = v Py(v, w)

(57) Qoo(w,v) = 160" + 120°w = v (16v + 12w) = 1*Qo (v, w),

where Py(v,w) and Qo(v,w) are defined in (13) of [5]. Consequently, the
equality (55) with a = 0 is equivalent to (47) in [5] with { = 0. The appear-
ance of the multiplier 22 determines a seeming distinction between considered
below formulas with o = 0 and formulas obtained in [5]. This distinction

expires in the final result.
Let (see (3.1.52) in [2] with ¢;(v) = c2(v) = v, " =, m =n = 2)

(58) Doo(z,v,w) = 2(w — v — a)?(w+v +1)% —w



and w is independent variable. Clearly,

(59) D, o(z,v,w) = Dy o(z,—v — 1 — o, w)
for v € Z, Let further 6 := zZ. Then (see (3.1.64) in [2])
(60) Dao(z, v, 5)fv,o7k(z> v) =0,

o

where v € [0,4+00) NZ, k € Ry = {1, 2, 3}. It follows from the general
properties of the Mejer functions that

(61) 0+v+ 1)2]60\4/,0714;(27 v)=(0—-v—1-a)’ o\l/,o,k(zv v+1),

where v € [0, +00) NZ, k € Ry. Therefore

(62) (0 +v)? o\é/,o7k(z> v—1)=(0—-v—a) o\l/,o,k(za v),

where v € NN, k € Ry. Let

(63) fo\é/,o7k;(z> —v—1—-a)= fo\c/,07k:(z7 v),

where v € [0,+00) NZ, k € Ko. Then f),,(2,v) is defined for v € M,.

Moreover, if v € (—00,—1 —a]NZ, then v, = —v — 1 — a € [0, +00)) N Z,
and, in view of (63),

foio,k(zu V) - foio,k(za - —1- Oé) = on,o,k(% V1>fo\z/,0,k(zv —v—1- Oé).
Therefore (63) holds for all the v € M, (as before, a € Ny). Furthermore,
(64) 6° oY,o,k(% —v—1- a) =0° oY,o,k(% V)?

where {s, a} C Ny, v € M,, k € K. In view of (59), (64), the equality (60)
holds for v € M,. Moreover, if v € (—o0, —1 — a] N Z, then

m=-v—1-—acl0,+0))NZ,—v—a €N,
and in view of (61), (64)
(65) (6 —v—a)fooklzv) =
(0 —v—a)foloxlz,—v—1—a)=
O+ v+ 1) foon(zm) = (0 =i =1 =) flou(zn +1) =

(6 +v)? o\l/,o,k(% —v—a)=(6+v) O\l”o’k(z, v—1);
if v e (—oo,—2—a]NZ, then v+ 1 € (—o0,—1 —a] NZ, and, in view (65)

(66) 6—v—1—a) X,o7k(27 v+1)=

O+v+ 1)2 O\Zovk(z, V).

So, the equality (62) holds for v € ((—o0,—1 — a] U [1,4+00)) NZ, and (61)
holds for v € ((—o0, =2 — o] U [0, +00)) N Z.



In view of (55), (62), (65), (58), (60),
(67) V(6 + V>2fo\¢/,0,k(z7 v—1)=
((0 4+ nu)?Pao(0, V) + 6*Qao(d, 1)) aok(z V) =
((0+ nu)2Pa70((5, V) 4+ Qa0(9, v)6h) a\z/,O,k(Z7 v) =
((6 4+ nu)*Pag(6,v) + Qao(6,1)2(6 + v+ 1)%(6 — v — a)?) f g 1 (2, 1)
Clearly,
(68) 20+ v+1)2=(6+v)% Quo(d,v)(§ +v)* =

(6 + )2 Qa0(0,v), Qao(0, )8 +1)2, Quo(d,v)z =
2Qa0(0 + 1, v).
Therefore, in view of (67), (68)
(69) (6 +v)2° X’o7k(z, v—1)=

(6 + 1) (Pao(6,1) + 2Quo(d + 1,v)(6 — v — a)z))flo,k(z, v),

where v € ((—o00, —1 —a]U[1,400)) N Z, k € Ro.
If ve ((—o0o,—2—a]U[0,4+00)) NZ, k € Ry, then

—v—2—a€ ((—o0,—2—a]U[0,+00))NZ C M,,
m=-v—1—a€((—o0o,—1—a]U[l,+00))NZ,
and therefore, in view of (69), (64)
(70) —v—1—aP(—v—1-—a)flo(z.v+1)=
—v—1—a)P(—v—1-a)flou(z,—v—2—a)=
(6 + V1>2V15fo\¢/,07k:(za v —1) =
(6 +11)*(Pao(0,11) + 2Qa0(8 + 1,11) (8 — 1 — a)*)) oo (2, 11) =
(6 —v—1—a)x
(Poo(0, —v—1—a)+2Qu0(0+1, —v—1—a)(6+v+1)?)) OY’O,,C(Z, —v—1—a)=
(6§ —v—1—a)x
(Pop(0,—v —1—0a) 4+ 2Quo(d0+1,—v—1—a)(0 + v+ 1)2))fo\é/707k(z, V).
Let
(71) ﬂﬁl,o,k(z, v) = v o\l/,o,k(% v—1)—
(Pao(0,v) + 2Qao(0 + 1,0)(6 — v — )*)) [l o (2, V),
where v € M} = ((—o00,—1 —a]U[1,400)) NZ, k € Ry, |z| > 1. Let further
(72) fmg,m(% v)=(-v—-1- a)5 o\é/,o7k(zv v+1) -

(Pao(0, =V =1 =)+ 2Qa0(0 + 1, = 1 = a)(d + v + 1)*)) [ (2. V),



where v € ((—00, =2 — a] U [0, +00)) N Z, k € Ry.
In view of (64), (71), (72),

(73)
WY o u(z,—v—1—a)=(—v—1—a) f¥,(z,~v—2—a)—

(Pao(6,—v—1—0a)+2Qu0(6+1,—v—1—0a)(d +1)%)) o\é/,o,k:(% —v—1—-a)=
Wy oz —v—1—a)=(—v—1-a)fioulzv+1)-
(Poo(d,—v —1—a) 4+ 2Qao(d+1,—v—1—a)(0 + 1)%)) a\z/,O,k(Z> v) =
Qﬁg,o,k(za V),

where v € ((—o00,—2 —a] U [0, +00)) N Z,

(74) W, o k(2 —v =1 =) =1 fo (2, —v — @) —

(Poo(6,v) + 2Qa0(d + 1,0)(§ — v — a)?)) aor(z,—v—1—a)=
v o\¢/,07k(z>y —-1)-
(Pao(8,1) + 2Qao(0 + 1,v)(8 — v — a)*)) fl iz, v) =
%X,o,k(% v),
where v € ((—o00, —1+ a]U[1,+00)) NZ. Then (69) can be rewritten in the

form

(75) (0 + V)QQHV,Oﬂk(Z, v) =0,

«

where v € ((—00, —1 —a]U[l,+00)) NZ, k € Ry, and (70) can be rewritten
in the form

(76) (5 —v—1- a)2w2,07k(z> V) =0,

where v € ((—00, —2 — a] U [0,+00)) N Z, k € Ko,
We want to prove the equality

(77) W, ox(2,v) =0,

«

where v € M, k € Ry, |z| > 1, and to prove the equality
(78) mg,o,k(zv v) =0,

where v € ((—o0, —2—a]U0, +00))NZ, k € Ry, |z| > 1. In view of (31), (71),
the function 20, , (2, v) belongs to C[2] for v € ((—o0, —1—a]U[1, +00))NZ,
if v € N, then null-space of the operator (6+v)? (as linear operator on C|z]) is
equual to zero element in C[z]. Hence the equality (77) holds for v € N, k = 1.

If v € (—o0,—2—a]NZ, then vy = —v — 1 — a € N; consequently, in
view of (77) and (73), 20, (2, ) = 0. Therefore, if v € (—00, =2 — a| N Z,
then 78) holds for £ = 1. In view of (54),

(79) Qao(w,—v—1—a)=

—2v+2+a)((v+1+a)((8v+8+3a) — (6v+6+ 2a)w),



(80) Quo(d+1,—v—1—a)"" =
—(v+14+0a)(2v+2+a)?z
If v € Ny, then n view of (31), (71),
degz mg,o,k(’zu V) =v+1+ a;

therefore, in view of (80), to establish (78) in this case, we must check the
equality
(v + 1)1 <21/+2+04)2

v+1+a)P\v+l+a
5 (v)!?
(v=l-a) == e

9 2
< 1/—}—@) Qut1+a)(at+1+v)2v+2+a)?
V4«

which is equivalent to the equality

(v+1)?

m(2V+2+04)2(2V—|— 1 +Oé)>(

v+ 1) 2 v+1+a) 2 (v+1a)’ =
(a+1+v)(2v+2+a)?,

and the last equality, clearly, holds. So, (78) holds for k£ = 1.

If v € (—o0,—1 —a]NZ, then v; = —v — 1 — a € Ny, and since the
equality (78) holds for k = 1, it follows from (74) that 20 ,,(z,v) = 0. So,
the equality (77) holds for k = 1. In view of (37), (72),

W, 02(2,v) € Cllz7),

where v € Ny, |z| > 1 and C[[z]] denotes the linear space (and also ring) of
all the formal power series over C with variable xz, moreover

ZV+IQH2,O72(Z7 V) =€ (C[[Z_l]]u

where v € Ny, |z| > 1.

If {v,a} C Ny, then null-space of the operator (§ — v — 1 — a)?* (as
operaotr on linar over C space C[[z7!]]) coincides with 0. Therefore, in view
of (76), the equality (78) holds for k =2, v € Ny and |z| > 1.

Ifve(—oo,—1—a|NZ|z| > 1, then 1) = —v — 1 — a € Ny; since (78)
holds for k = 2, it follows from (74) that 203 ,,(z,v) = 0.

So, the equality (77) holds for k =2, v € (—o00,—1 —a]NZ|z| > 1.

In view of (54),

(81) Qoo(0+ 1)z =

(2v 4+ a)(v(8v + ba) + 2(3v + 2a) (—nu)) =
v(2v + a)’.



In view of (33),

2 _ ()
(82) (R(ov,v+1,v))" = COESETIE
(83) (R(a,v,v—1))* = (v = 1Y)

(v — 1+ a)l)?
In view of (37), (71),
2, 02(2,v) € Cllz7],

where v € N, |z| > 1, moreover
2 00(2,v) =€ C[[= 7],

where v € N, |z| > 1; therefore, in view of (71), (37), (81), (82), (83), to
establish (77) in this case, we must check the equality

"V (R(a,v,v — 1)) =

(R, v+ 1,0)*2v + 1+ a)?)x
v(2v + a)?,
i.e. the equality
eyt
(2v — 1+ a)!)?
(()?
(2v+ 1+ a)!)?
(2v 41+ ))?v(2v + a)?,
which, evidently, holds. So, the equality (77) holds for k = 2.
Therefore, if v € (—00,—2 — @] N Z, then then 1y = —v — 1 —a € N;

since (77) holds for k = 2, it follows from (73) that 20, ,,(z,v) = 0. So,

theequality (78) holds for k = 2.
In view of (41),

W, 032, ) € C[z71]] + (log(2))C[[= '],
where v € Ny, |z| > 1, moreover
27 5 (2,v) € Cll7 1] + (log(2))C[[=™]],

where v € Ny, |z| > 1. We can interpret C[[27']] + (log(z))C[[z7!]], as linear
over C space

Cll=""JeCllz""]]

with linear operator 9, which acts according to the formula

o ()= (")



where T}, € C[[z7Y]] for k = 1, 2. For those, who find previous argument not
sufficient we add, that if

(85) h(z) = Ti(2) + (log(2)) Tx(2),

where T (z) and Ty(z) are regular for |z| > 1, then the equality (85) can by
means of analytic continuation prolonged to the equality

(86) H((r,)) = Th(r exp(is)) + igTa(r exp(is)),

where Z = (r, ¢) lie on Rimannian surface of Log(z), r > 1, ¢ € R and H is
uniquely defined by h.

Then the equality H((r,¢ + 27)) — H((r,¢)) = 2inTs(rexp(ip)) show
that T} and T3 are uniquely defined by h. If {v,a} C Ny, then null-space of
the operator (6 —v — 1 —a)?*! (as operator, which acts on C[[z71]] & C[[z7]]
according to (85)) coincides with 0. Therefore, in view of of the equality (76),
the equality (78) holds for k = 3, v € Ny and |2] > 1.

Ifve(—oo,—1—a|NZ|z| > 1, then 1) = —v — 1 — a € Ny; since (78)
holds for k = 3, it follows from (74) that 20, 3(z,v) = 0.

So, (77) holds for k =3, v € (—o0,—1 — a]NZ|z| > 1. Let

H(w) € Clw]
Then, according to the Leibnitz formula

HOO)((ox(:)1 () = Qog(DH @) + (1) [, f )

If v € N, |z| > 1, then, since (77) holds for k£ = 2, it follows from (71), (45)
that

(87) fmx,os(% v) = (log(z))ﬁﬁiog(z, v) +

V5f¥,o,4(z> v—1)—
(Poo(6,v) 4+ 2Qa0(d + 1,0)(8 — v — )?)) foga(2,v)—

d d
(@Pa,o(wa V)‘w:(; + Z%(Qa,O(w + 17 V)(w - V= 05)2»‘10:5) fg,0,2(z> V) -

V5f0\4/,074(z> v—1)-

(Pao(8,) + 2Qa0(0 + 1,v) (6 — v — )*)) folg.4(2,v)—

d d 2 v
(s Praw) g+ 2 Qa4 L) = = @]y ) Fae0)

In view of (75) to establish (77) in the case v € N, |z| > 1, we must check
the equality

a —nu
(88) — VSE(R(a, t,v— 1))2‘t:,/z —

<_%(R(oz,t, V))%:wl) %



2Qa0(0+ 1, v)(0 —v — a)2))z_"“—1_

d 2 —v+1
z%(Qa,o(w +1Lv)(w—v—a))|, 2" =0.

In view of (42), (49), (50), (82), (83), (54),

(R(a, v +1,v))?

a —nu
(89) — VSE(R(a, t,v— 1))2‘t:,/z —

<_%(R(oz,t, V))%:wl) s

2Quo(6+ 1,0)(6 —v —a)?)z™ ! =
2(vh)*
"ov—T+ap”

2 1 1 B
v wHa wHa+1)
2(vh*

o
(2v -1+ a)?

4% 4 6ra + 20® + 3v + 2«
2v+a)2v+a+1)

In view of (54),
2 (Quolw + 1,0)w — v —a)?)) =
(2v+ o) (v(8v + 5a) +2(3v + 20)(w + 1))2(w — v — a)+
(2v + ) (2(3v + 2a))(w — v — a)?,

(90) %(Qmo(w +1Lv)(w—v-— a)2))}w:53_V—1 =

22w +a) (2 +a+ )2 +a)— Br+2a)(2v+a+1)z" ! =
202V + a)(2v + a + 1) (4v* + 6ra + o + 3v +2a)z7 "1,

and

(91) (R(a, v+ 1,v))%z x

d 2 —v+1
%(Qmo(w—i-l,u)(w—u—a) ))} z =

w=4
G,
(v+14+a))?
2(2v 4 ) (2v + a4+ 1) (4v* + 6ra + o® + 3v +2a)z ",

According to (89) and (91), the equality (88) holds, and, consequently, the
equality (77) holds for k = 3, |z] > 1.

If v € (—o0,—2—a]NZ, then then v; = —v— 1 —a € N; since (77) holds
for k = 3, it follows from (73) that 20, ; 3(z,v) = 0.

So, (78) holds for k = 3, |z| > 1.



§9.3. Passing to the system of difference equations for
the functions, considered in §9.2.

Let
92) = palv) = W)+ 1), 7 = malpa() =+ 10
where v € Z. Then
(93) 70 = pia + (1 - a)?/4,
and, in view of (58),
(94) Doo(z,v,w) = z(w? + w(l — a) — pa)?* — w?,

Doz, v,w0) = 2{j10)? — 22(1 — a)uw(jue) +
2w (1 — @) = 2p) +2(1 — a)zw?® + (2 — 1w

Let
bao1(z;v) = —(2 — 1)_lz,ui =—(z— 1)_1z><

(@ +2(a+ Vav + (a2 + 3a + Dv? + 2(a + 1)2 + v*),
bao2(z V) = (2 — 1)7122(1 — a) i,
baos(z;v) = —(z = D)7'2((1 — a)® = 2us) = —(2 — 1) 12 x
(1 —4da+a®+2(1 +a)v — 207,
baoa(zv) = —(2—1)712(1 — )z,

0 1 0 0
Baolziv) = 8 8 (1) 1
ba0,1(2:V) ba01(2:V) baoi1(z:v) baoi(2iv)
Ja 071<;(Z> V)

where k € Ry, |z] > 1. Then

(95) Xoop(zi—v—1—a) =X, ox(z;v),

(96) 0Xa0k(2; V) = Bao(2:v) Xaok(z; 1),

where k € Ry, |2| > 1, v € M,,.
Since, in view of (54),

Qyv,w+1) = (2v+ a)(v(8v + o) + 2(3v + 2a)(w + 1)) =

(2v + a)(v(8v + ba) + 2(3v + 2a)(w + 1)) = (2v + ) X
(802 + (6 4 5a))v + 4a + (6v + 4a)w) =



161° + (12 + 18a)v” + (14a + 5a®)v + 4a’+
(120% + 14va + 4a*)w,

it follows that
Quow,w+1)(w—v—a)’=

3
Z qZ,Qk(V)wka
k=0
where
@hoo(v) = 4a’ + (22 + 5a)a’y + (44 4 28a)a*v*+
(38 + 57a)ar® + (12 + 50)v* + 160° =

1
5(12 + 26 + 131a* 4 1150 + 121a* 4 40a° — 250°%)+

1
5(34 — 5a + 33a® — 59a” — 1250 i+
(12 — 16 — 5002) i+
(=12 + 14 + 530” + 640> + 460 + 250°) 7, +
(14 + 57 + 8102 + 750°%) o Ta+
(16 4 500) 2 7o,

@1 (V) = =(8 —4a)a’ — (36 — 12a)a’y — (52 + 2a) v~
(24 + 30a)v® — 200t =
—(12 + 31la — 10a* + 270 + 8at)—
(39 + 82a + 2702 1o — 2012+
(—24 + 18 — 26a* — 140 + 4a*)7,—
(34 4 200) {10 Tas

qZ,o,z(V) = 402 — 8a% + ldav — 31a%v+
1202 — 34a1? =
1
_5(8 1+ 48c — 1702 +19a° — f’/’CLCl2(16 + 6804),ua—

(8 — 40a + o® + 8a°) T, — 8ftaTa,

q;,o,g(’/) = 40® + ldav + 1202 =
fracl2(12 — 1da + 60> + 24414)—
(12 — 20 — 40?) 7.
Let

1
Guoov) = 5 (124260 + 131a% + 1150 4 121a* 4 40a° — 250°%)+



1
5(34 — 5a + 33a® — 590° — 1250 i+

(12 — 16a — 50a%) 2,

G2 01(v) = —(12 + 3la — 1002 + 27a° + 8at) —
(39 + 82a + 2702 1o — 2042,

1
Goo2(v) = —5(8+48a — 1702 + 190 — frac12(16 + 68a)jta,

405(V) = fracl12(12 — 14a + 6a* + 244,),
(12 — 20 — 40°) 7y,

02 00(v) = —12 + 14a + 53a® + 640° + 46a* + 2505+
(14 + 57a + 81a® + 750°) i+
(16 + 50a) 12,

qg,og(”) =
—24 + 18a — 260% — 140 + 40—
(34 + 200) ftar,

o o2(V) = —8+40a — a? — 8a® — 8y,

q27073(u) = —12 4+ 2 + 40>,
Then

Goor(V) = qz,o,k(V) + qg,o,k(”)Ta

for k=1, 2, 3. In view of (53),

3
(97) Pao(w,v) =Y pasw)ut,
k=0

where )
pz,o,o(V) = Z(CYQ —ad—at+ as)_

1
Z(l +a—a® —5a°) g — dapl )+

1
5(—042 + ot + (14 20+ 302 o + 242) T,

pz,o,l(y) = —a—a®—2a'—

(3+6a + Ta®) g — 4u2)—



2(a+ a? + Oég)Ta — (24 4a) paTas

1
pz,o,z(V) = 5(8 + 10c + 502 + 7a3)+

(8 + 100) o+
(8 —2a+ a’ + 8Lla) Ters

Paos(v) =—6+Ta — 3% 4+ 7a® — 1244+
(12 — 2a — 40°) 7.

Let
1L

pz,o,o(y) = Z( —a®—a'+a’)-

1
1(1 +a—a® =50 pa) + apl,

Pao1(V) = —a — o’ — 20—

(34 6a + Ta®) e — 442,

1
Paoa(v) = 5(8+ 100 + 5% + 7a%)+

(8 + 10c) fhas
Paos(v) = =6+ Ta — 3a% + 7a® — 124,

A 1 2 4 2 )
pa,o,o(V) = 5(—04 +a" + (14 20+ 3a7) i, + 217,
Proi(v) = =2(a+a® +a®) — (2 +4a)ua,

A — 2
Pao2(V) =8 — 20+ a” + 8jiq,

Phos(v) =12 — 2a — 4a”.
Then
Paor(V) = pg,o,k(’/) + pg,o,k(”)Ta
for k =0, 1, 2, 3. We denote by
G 01(237), 52,0,1(2? v), @2,0,1('2’? V)
the row with 4 elements, (k 4+ 1)-th of which is equal respectively

Paox(V) + 2q 5 (v),

Peaor(V) + 243 (v),
pg,o,k(’/) + Z(Zl/,\k(y)v



where k=0, 1, 2, 3. Let
(98) p0.ir1(2V) = 0G5 ,;(2;v) +

az,o,z‘(ZQ V>Ba,0(z§ V);

(99) y0is1(20) = 0a% o (2 0) +

ay0i(zv)Bi(zv),

(100) dg,o,iﬂ(z? v) = 5(12,0,1'(Z; v) +

alo.:(z;v)Bi(z;v),

a,0,i

where ¢ = 0, ..., 3. Clearly,
&Z,o,k(zs v) = &X,O,k(Z; v) + @g,o,k(z? V)T
for k =0, ..., 3. We denote by
az,o,i,k(ZQ v), az,o,i,k(% v), ag,oﬂ',k(% V)
the k-th elements of the rows respectively
@Z,o,i(z; v), @Z,o,z-(z; v), ég,oﬁi(y),
where 1 =1, ..., 4, k=1, ..., 4. Then,
ayo11(2,v) = %(—1 + 20 — a® — 5+ 3ap — 5p* — ap®)+

z
2
gu(—?,z + 5da — 2902 + 5a® — 5641 + 200p),

(=4 4+ 12a — 13a* + 6a° — a*)+

az,o,l,z(zﬁ V) = —=2+3a — o —8u+ ap— o’ — 4P+
2(2 — 1la + 17a® — 100 + 20* — 4p — 1lap + 30 p — 2042),
a, (z'y)——4+5a—§a2—1a3—12 — 2au+
a,0,1,3\~» - 9 9 1% a

37 11
z <10 — 24a + ?oﬁ = ?oz?’ + 24p — 22au) ,

az,0,1,4(25 v)=(2—1)(6—Ta+ 302 + 12p),

ag,()’m (z;v) = 1—a+3p+p?+2(4—8a+50” — o’ +24pu—22au+50° -+ 1642),

ano1o(zv) =4 =20+ 8+ 20+ 2(—4 4 18 — 1602 + 4a® 4 164+ 10apu),



alo15(2:v) =8 =20+ + 8+ 2(—20 + 28c — 5a” — 8),

a2,0,1,4(2’§ v)=—(z—1)(12 — 2a),

and, in view of (98) — (100),
az,o,m(% v) = g(—4 +12a — 13a? + 6a® — a*)+

%u(—?)z + 54a — 2907 + 5a® — 68y + 3dau — 602 — 2442),
v 1 2 2 2
g 0022 V) = 5(—1 + 200 — a” — 5p + 3ap — 5u” — ap®)+
g(—lOOc + 210 — 140 + 3a*)+
g,u(—16 —20a + 170% — 7a® — 481 — 28ayp),

= —2+3a—a®—8u+au— o’y —dp*+

az,o,z,:%(fz; V)
3(12 — 32a + 2502 — 5a® — 2a%)+

2u(20 — 23a — 3 + 4p1),
v 1 2 3
aa,072,4(z; V) = 5(—8 + 10 — 30 — o® — 24p — dap)+
3(8 — 100 + 30% + o + 24p + dap),

aZ,0,3,1(Z§ v) = g(—4 + 12a — 1302 + 6a° — a4)+

gu(—BQ + 54a — 29a% + 50 — T6u + 4dap — 9o — o — 48p* — dap?),

ag,0,3,2(zi v) = 2(=2+a+4a® — 4a® + o)+
2u(—16 — a + 70’ — 303 — o — 3dp — 1Tap — 7’ n — 1242),

1
t03(2 V) = 5(=14 20 —a® =B+ 3ap = 5p” — ayr®)+
2(4 — 16a + 1502 — 40% — o)+

gu(16 — 4204 o — 90 + 8y — 20ap),

az,0,3,4(25 v)=—-2+3a— o — S+ ap — ocz,u — 4,u2+
2(2 = 3o+ o + 8 — ap + o + 4p?),

az,0,4,1(23 v) = g(—4 +12a — 13a? + 6a® — a*)+



gu(—?,z + 54 — 2902 + 5a® — 80p + 50ap — 112 — o)+
2u? (=32 — a — o — 4p),

Gpoa2(2iV) = g(—8 + l4a — 5a® — 20° + a*)+

gu(—56 + 320+ a? — 5% — 20t — 112u — 260 — 1502 — 5a3u)+
21*(—56 — 20a),

04323 V) = g(—4 +5a® — 2a® — )+

gu(—24 — 220 — 3% — 9a® — 4ot — 36 — 420 — 180 — ),

1
GZ,0,4,4(Z; v) = 5(_1 + 20— a® — 5+ 3ap — 5p® — aM2)+
g(—2a +a? — a®)+
z 2 3
§u(—8a — ba® — ba” — dap),

ahoo1(zv) = 2(4 = 8a + 50 — )+

zp(24 — 220+ 50 + 28 — 2a1),

ag,0,2,2(2; V) =1—a+3u+ i+
2(10a — 1102 + 30®)+
210(52 — 38 + 25a° — 60° — 40 — 24ap),

a2,0,2,3(2’§ v) =4 —2a+ 8u+ 2au+
2(—12 4 20« — 5a? 4+ a3) + 2p(—16 + 140),

alo04(zv) = (8 = 20+ o 4 8u)(1 — 2),

alos1(zv) = 2(4 — 8a +5a” — o)+
2(24 — 2200+ 5a® + 360 — dap + o’y + 84%),

alos0(2; V) = 2(4 + 200 — 602 + o)+
24(60 — 400+ 240” — da” + 524 — 10ap),

2(—4 +12a — 3a® + ® + a*)+
211(28 — 36a + 31a? — 60> + 24y — 24apu),



a2,073,4(25 v) = (4 —2a+ 8u+ 2au)(l — 2),

a'g,OA,l(Z; V) - 2(4 — 8a + 5052 _ C)é3)—|—

2p1(24 — 22a + 50% + 40p — 6ap + o) + 2P (16 + 2a),

apoan(zv) = 2(8 = 6o — a® + )+

2u(76 — 50a + 2502 — 4a® + T2 — 2ap + 5a’u) + 8z,

aphoas(zv) = 2(4+ 40— o® — ')+

21u(88 — 86 + 5902 — 8a® + 60 — 38ayL,

poaa(2v) =1 =+ 3p+ @+
220+ o +a® + ')+
211(36 — 50 + 270 — 6a° + 24 — 24apu),
We denote by
AL o(zv), ALo(z0) " (250), AL o(2iv)" (2;v)

the 4 x 4-matrix, such that its element in i-th row and k-th column is equal
respectively to the k-th elements of the rows respecively

&Z,o,z‘(ZS v), dg,o,z’(@ v), ag,o,z‘(ZS V)

where i =1, ..., 4, k=1, .., 4

Clearly,
(101) Al o(zv) = Alo(z; V) + TAQO(z; V).
Let
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2
(Z o/,u?’VOV(i,?))) + 1y’ (0, 4),
i=0
2 .
Sao(p) = (Z CVZSOA(Z}O)) +
i=0
1
(Z o' 1Sy (i, 1)) + 1255(0,2),
i=0

(102) Ua o2, 1) = Sao(m) + 2Vilo (1),

(103) Uo(2, 1) = S5 (1) + 2V (1),
Comparing the above
aZ,o,i,k(Z; v), aZ,o,i,k(Z; v), a2,07’i7k(z; V)

wherei =1, ..., 4, k=1, ..., 4, with the elements of the matrices respectively
UY(z, 1), Uz, i), we see that

(104) AZ,O('Z; v) = (1/2)(]0\4/,0(25 v), Ag,o(% V) = Uo/é\,o(% v),
and, in view of (101) ,

AL o(zv) = (1/2)(]0\4/,0(25 v) + Uo/é\,o(% V)T.



In view of (71), (77), (96),
(105) V‘:’Xa,ng(z; v—1)= Ago(z; V) Xoo0k(27),
where v € M} = (—o0,—1 —a]U[l,4+00))NZ, k € Ry, |2]| > 1.
Replacing in (105) v by —v — « and taking in the account (95), we see
that
(v — )’ Xoou(z;—v —a—1) = A} y(z; —v — a) Xa0k(2; —v — alpha),

and taking in the account (95),

(106)
(—v — @)’ Xoon(zv) = Ab oz —v — ) Xaor(zv — 1),

where v € M, k € Ry, |z| > 1. Therefore the following equality must be
fulfilled:

(107) —VP(w+a)’ By = ALy (z—v — a) AL (2 v),

where Fj, is the 4 x 4 unit matrix, z € C, v € C. This equality opens the
possibility for us to check independently the previous calculations. Let

k% 1

(108) Sio(v) = 55%(#) +7V)o (1),
k% 1

(109) Vao(v) = 552,3(10 + V0 (1),

where, as before
p=rv+)rv+a),r=v+(1+a)/2

§9.4. Passing from (7, u1), to (o, v) in the case [ = 0.
In view of (101), (102), (103), (104), (108), (109),
(110) Aolzv) = S50 (v) + 2Vi5(v)

As above, aj, ;. (2;v) stands in the matrix A7, 4(z; ) on the intersection of i-
th row and k-th column of the matrix A}, ((2;v), where {7, k} C {1, 2, 3, 4}.
We denote further by s, (), v55; x(v) the element, which stands in the
matrix respectively S3%(v), Vi 5(v), on the intersection of i-th row and &-th

«,

column, where {i, k} C {1, 2, 3,4}. Since

- (E0) E0)-

k=0

(3(5()(" ) ) ) -



om min(2n—k,n)

SUS (lrn)r )

k=0 \ k=max(n—k,0)

p=a+v+av+rvi=a+ (1+a)y+17

u2 =a? + 2av + 2020 + V2 + dar? + PP+
203 + 200 + 1! =

a? +2(1+ a)av + (1 +da+ o®)v? + 2(1 + a)v® + 14,

P =a® + 30y + 30y + 3o 4 9%+
30 + 12 + 9ar® + 9% + o®v? + 3vt+
9ar* 4 3av* +30° + 3a® +1° =
o +3(1+a)av + 3(1 + 3a + o®)v*+
(1+9a + 90”4+ o®)® + 3(1 + 3a + o)+
3(1+ a)v® + 15,

pt = ot + 403y + 4oty + 60207 + 160512+
60v? + dav® + 24020° + 240°0° + 40P+
vt + 16av* + 360%* + 160°v* + o'+
41° + 240 + 240%° + 40’5+
61° + 1600/% + 60205 + 407 + darv” + 18 =
ot +4(a+ 1)y + 2(3 + 8a + 3a?) o+
4(1 + 6 + 6a% 4+ o®)ar +
(1 + 16a + 360 + 16a° + a*)v/'+
4(1 + 6a + 6a% + ®)° + 2(3 + 8a + 320+
414 a)v" + 18,

1
725(1—1—@)4—1/,

1 1
ur = §a(1 + ) + (a+ 5(1 +a)2) v+
3 2, 3
5(1—1—@) Vit =
1
i(oz(l—i—oc)+(1+4a+a2)u+3(1+a)y2)+y3,
2 1 2 2
wor = 5(1—1—04)04 +a(l+3a+ a®)v+
1
5(1 +9a +90® + ®)v? + 2(1 + 3a + o)+

5
5(1 +a)vt +1°



1 1
pir = 5(1 +a)a® + 5(3 + 8a + 3a?) v+
3
5(1 + 6 + 60° + )a)’+
1
5(1 + 16a + 360* + 16a° + o' )+
5 2 3\ 4
5(1—1—604—1—604 + )+
3 2y 5 [ 6 7
5(3—#80&—1—30& W +§(1—|—oz)u + v,

it follows that
(111) So1a(V) = 55020(v) =
Se033V) = 85044V) = v+ a)?,

(112) 550,1,2(’/) = 5:50,2,3(’/) =

Se034(V) = —2°(2v + a)(v + ),

(113) S0:01,3(V) = Sa024(V) = v(2V + a)(4v + 3a),
(114) Se014(V) = —2(2v + a)(3v + 2a),
(115) 350,2,1(”) = 5:?0,3,1(23 v) = 530,3,2(”) =

*k

Sa,0,4,1(V) = 530,4,2(”) = 550,4,3(”) =0,
(116) vio11(v) = (v + a)*(2v 4+ a)(8v® + (6 + ba)v + 4a),

(117) ,U::O,I,Q(V) =

2(v +a)(2v + a) (=507 — 6v — da + 2a?),

(118) UZT0,1,3(V) =

—(2v + a)(4v* — 6v + 15va — 4a + 8a?),

(119) U::o,m(’/) =2(2v + o) (3v + 2a),

(120) U:;,ko,z,l(’/) =

—v(v +a)*(2v + a) (6% + 4(1 + a)v + 3a),



(121) U:;koz,z(’/) =

—v(v+a)(2v + a)(—8v* — 8v — av — 6a + 3a?),

(122) v2s(V) =v(2v + @) (20° — 4v 4 10aw — 3 + 60°),
(123) Vno04(V) = —v(2v + a)(4v + 3a),
(124) U;:Oﬁ,l(V) =

V(v +a)?(2u 4 a)(4v? + (2 4 3a)v + 2a),

(125) U:;kos,z(’/) =

202 (v + a)(2v + a)(=31% — 2v — av — 2a + o?),

(126) v ss(V) = =12 (2u + @) (—2v + Sav — 2a + 4a”),
(127) Vno3a(V) = 202 (2v + a) (v + a),

(128) v (v) = =P (v + ) (20 + ) (20 + 2av + ),
(129) UZTOA,Q(V) =

—1* (v +a)(2v + a)(—4v* — 3av — 2a + a?),

(130) vaoas(V) =V (20 + a)(—20° — a + 207),

(131) Vinaa(v) = —a(2v +a),
In view of (110), the equality (107) is equivalent to the following system of

equalities

(132) SeoWVao(=v — ) + Vi ()55 (—v —a) = 0E,

{ S;TO(V)SZTO(_V —a)=-1*(v+a)Ey,
Vio(zv)Vas(z —v — a) = 0.

We shall check the equalities (132) in the next part.
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