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EVERY HOLOMORPHIC SYMPLECTIC MANIFOLD 

ADMITS A KAHLER METRIC 

Andrey N. Todorov 

§ O. Introduction 

Definition. Suppose that X is a compact simply connected 

complex manifold such that 1) on X there exists a ,closed holomor-

phic two form wx (2,OJ such that at each point X E X wx (2,O} 

defines a non-degenerate skew synunetric matrix, i.e. for \IX E X 

and wx {2,o)l u = I WaS dz
a

Adz 8 ,where U is an open neigllbc1-" 

hood of X, 

Remark. Condition 2) is equivalent to the fact tbat on X 

we have a unique up to a constant closed holomorphic two 

form on X:, Wx (2 , 0) • 

In this article we prove the following theorem. 

Theorem. Every holomorphic symplectic manifold admits a 

Kahler metric. 

The two main pOints of the proof are: a) On a holomorphic 

symplectic manifold there exists a real closed two form 

w = w 2,0 + w 1 ,1 + w 0 12 , where w 1, 1 {the (1, 1) part of w} 

at each point is positive definite and w
2 ,O = 00 1,°. The 
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construction of w is done by checking the conditions of 

theorem 38 in the beautiful paper of R. Harvey and 

B. Lawson, see [6 ]. From the existence of the form w we 

prove,following Bogomolov that there exists a non-singular 

family X + U of symplectic holomorphic manifolds with 

dim~U = dim~M2(x,~) - 2 in the Kuranishi family of X 

Again from the existence of wand Moishezon-Nakai 

criterium we get that in U we can find an open and every­

where dense subset W such that each point t E W corres­

pond to a Kahler symplectic manifold. Now we come to the 

second main point. 

b) Using the Yauls solution of Calabi conjecture we can construct 

the so called isometric deformations. From the isometric 

deformation we construct two families over the unit disc D, 

x + D and Xl + D , where all fibres XI + D are Kahler 

manifolds and more over these two families are isomorphic over 

some disc D1 c D. Now from local Torelli theorem and lemma 

due to D. Burus Rapoport and Siu we can conclude that the 

two families are isomorphic. X is contained in X + D. 

that 

We are following the lines of Siu in 7 ] . ~ee also [6 ] .) 

The construction of the real closed two form w such 

1 , 1 
w is positive definite everywhere is based on the 

idea of D. Sullivan to use Hahn-Banach theorem. 

This article was finished during may stay in the Max­

Planck-Insitut fUr Mathematik in Bonn. I want to thank the 

Max-Planck-Institut fUr excellent working conditions. 
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Theorem. Every symplectic holomorphic manifold admits 

a Kahler metric. 

Prooof: The proof is based on the following lemma due to 

R. Harvey and B. Lawson Jr. See [6]. 

§1. Lemma 1. Let X be a holomorphic symplectic manifold, 

then X admits a real closed two form 2,0 1,1 0,2 
w=w +w +w 

such that 

b) 2,0 
w == 

a) w1t1 is positive definite at each point 

1 0 0,2 oa 1 , W 

X E X 

Proof of Lemma 1: In [6 J R. Harvey and B. Lawson proved: 

Theorem. Suppose X is a compact complex manifold, th(m 

admits a real closed two form 1,1+ 0,2 + W ill with 

a) w1 ,1 positive definite everywhere b) w2 ,0 =00 1/0 for 

some 1,0 form a if and only if X does not support a 

(non-trivial) positive, d-closed current which is the bi-

dimension (1,1) component of a boundary. 

So we need to check that if X is a holomorphic symplecti~ 

manifold then X satisfies the condition of the theorem of 

R. Harvey and B. Lawson Jr •. 

ij a a n --.1\--. 
az~ azJ 

be an exact real (1, 1 ) 

positivA current on X. Since on X we have a closed holo-

morphic form w
X

(2,O) which is non-degenerate at each point 

X E X, so we can repeat the arguments of Darboux lemma (See t 1) 
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and we will get a local coordinate system 
n 

1 n 2n (z , .. _,z , •.• /Z ) 

h h t 1 11 (2 0) \ did i+n N suc t a oca y Wx ' = L Z 1\ Z • ow we get 
i=1 

immediately from ~(1,1)-current, an exact (n - 1, n - 1) 

curren n in the following way: 

n = ~ 1\ (wX(2,O)A ••• I\WX(2,O) I\wX(2,O)I\ ••• l\wX{2,0») 
l J \ ) 

n-1 n-1 

where n 

w*x(2,O) = L dl.' 1\ 

1=1 dZ dZ i
+

n 

o.=n n n 
s ("'x (2,0) 1\ Wx (0 1 2 ) ) has distribution coefficients, where 

Wx (2,0) n = Wx (2, 0 ~ A ••• A Wx (2 ,0) (n-times) 

so ex = dy 

where y is also real 1- form on X. vle c'an write 

y={3+{3 

where e is a (1,O)-form on X. Since n is of type (l,l), 

it follows 

0. = ae + as and a{3 :: 0 

So from ae:: 0 it follows that 1 e E H (X, OX) • 

Proposition 1.1. 1 H (X,OX) :: 0, where X is a holomorphic 

symplectic manifold. 



-5-

Proof: Since n,(x) = 0 it follows that Pic X is a 

d . 1 ( ~ 
~screte set. This is a standard fact. We know that H X,OX' 

can be interpreted as the tangent space to the Picard variety 

1 of X. Since it is a discrete set we get that H (X,Ox) =0. 

Q.E.D. 

Now since for some (O,O)-current 

on X. Hence 

where 1'= r-T(O' - oj 

The positivety of the {1,1)-current on X implies 

T is a plurisubharmonic function on X. By the compact:.nesE 

X and the maximum principle we get that T:: canst. So 

a ::: a a const - 0 

Q.E.D. 

So we have proved the following fact: 

Fact 1. Suppose that n is positive (1,1) current and 

n ::: d q> 1 then n::: O. 

Fact 2. Suppose that n is a positive closed (1r1) current ( 

and n::: (da) (1 , 1) (i.e. n is a {1,1) component of a boundary). 

then n ;0. 
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Proof: Since dn;;::: 0 and 11 ;;::: 

From the regularity of the a operator we get that an 1 ,O 

is a holomorphic two form on X. From the fact that wx{2,O) 

is a closed non-degenerate form at each point we get by easy 

calculations that 

(* ) o < J a 1,0 1,0 M a. A an A Wx (2, 0) A ••• AW
X 

(2, 0) 1\ Wx (2 ,0) A ••• AW
R 

(2,0) 
\ J I J 

t 

n-1 n-1 

where 2n;;::: dimreX. On the other hand we have by Stoke's theorem 

1 
n-1 

J 
n-1 

So from (*) and (**) we get that Iln 1 ,0= O. So from here we get 

that 

n ;;::: dn 

From fact 1 we ge that 11 - o. 
Q.E.D: 
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From fact 1 and fact 2 it follows that the conditions of 

the theorem of R. Harvey and Bl. Lawson Jr. are fulfilled. 

So lemma 1 is proved. 

§2. Lemna 2. Let W be the real closed 2-form constructed in 

lemma 1, then 

a) w defines a non-zero class [w] in a 2 (x,m) 

b) there exists a real closed (1,1) form o such that 

[0] 5 [w] in 

Proof. 

Proposition 2.1. 

2 
H (X,lR) • 

WA ••• AW > 0 
t_y_J 

2n 

Proof. We need to compute: 

= WA •• • J\.W 

0,2) ( 2,0 + 001 ,1 + 00°,2) + W A ••• I\ W = 
1 

2n 

2,0 2,0 0,2 0,2 = w A ••• AU) A W A ••• A 00 + 
t 

n 

1,1 1,1 
A 00 A ••• Aoo 

L--y----J 
2n-2k 

n 

1,1 1,1 
+ W A ••• AW 

I 
2n 
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where 
2,0 2 0 = W A ••• AW ' 

1.. ___ y ___ J and is a positive integer. 

K 

From the following lemma proved in ['-I ]: 

Lemma. Let n be a primitive form of type (p,q) I then 

.p_q (p+q) (p+q+1) 
*n = ~ (-1) 2 

(2n-p-q) 
2n-p-q L 11 

we get that *w~,o = w1,1A ••• AW1,1A W~/O , where * is the 

Hodge star operator with respect to the metric induced on X 

by 
1,1 

W • 

So we get: 

:= /I w~'O,r + lC
K 

IIw~/01l2 + vol(X) >0, 

is taken with respect to the metric induced by 

where the norm 

1,1 
W • 

Q.E.D. 

From poposition 2.1. it follows immediately that w 

defines a non-zero class [~] in H2 (X,lR) I indeed if 

W := dn, then 

o = f 
X 

d (n /!. AM ••• i\.~) 

l_y_) 

2n-1 

::; f WAWI\ ••• I\W 

X \_y_) 

2n 
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and we get a contradiction. This proves part a) of lemma 2. 

Proof of b}: Let 1 1 - 1 0 0 1 o = W I - co. I - co. I • Remember that 

and e _ 1,1 ~ 1,0 1,1 ~ 1,0 _ ~NO,1 __ 
w = w - 00. - W - 00. a~ 

Q.E.D. 

Corollary 2.2. 

Proof: This follows from 2.1. b). 

Q.E.D. 

§3.Lenma 3. Let [t,pJ be a non zero element ot H2 {X,lR} 

then [~J = cw
X

(2,O) + [~1/1] + cwx t2,O), where w
X

(2,O) is 

the everywhere non-degenerate closed holomorphic form on X 

and ~ is a real closed form of type (1,1). 

Proof: From de Rham theorem it follows that [~] can be 

realized as a real closed 2-form r.p. Let 

(*) ttl __ m 2 , 0 + .tl 1, 1 + 0 r 2 0,2 2,0 1, 1 m 1 , '1 
'+' 't' 't' t,p I r.p ::;: ({) I ql = "¥ 

From d~ = 0 we obtain: 
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,,2,0 ~tn 0,2 ::: 
olP = 0't" 

Let us denote by B1 , 1 currents of type (1,1) that are compo­

nents of boundaries and by Z1,1 d-closed currents of 

bidimension (1,1). Let a E Z1,1 0 B1/1 ' then since a:;:; dT) 

<q>,a>=<q>,dn>:::<dq>,n> =: ° 

So L L 
(j) E:. (Z1,1 OB 1 ,1) / where (Z1,10B1,1) is the anhilator 

of Z1,10B1,1 in e
2

(X)R' R. Harvey and B. Lawson proved in 

( ] that 

B~ , 1 :;:; {U) E £ 1, 1 (X) R I dw ;:;: O} 

L 
Z1,1 ::: 

K 
£ (X) R 

{w E ~111(X}RIU}:::: (da.)1,1,aE E 1 ,O '*" EO,1} 

are COO K-forms on X. 

L 
EVen more they proved that (z 1, 1 0 B1 f 1 ) 

closed subspace in £1 , 1 (X) • So since 
R 

(** ) 

is a 

it follows that for some a ,q>1,1_(da) 1,1 is a closed form 

So we get: 

From (*) and (**) we get 
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(****) 

So 

From here we get that 
2,0 1,0 

<p - aCt is a holomorphic 

closed two form on X. Since there is a unique up to a 

constant holomorphic closed two form, which is non-degenerate 

at each point X E X we get that: 

tn2 
I 0 _ "I fV 1 I 0:::; (2 0) 

'I' 0 u. CtllX ' 

So from here and (**) we get that 

So 

where and 

Q.E.D. 

Corollary 3.1. If [w] E H2 (X,(I!) :: H2 (X,:R) o (I! then , 

[w] := aWX(2,O) + w',1 + boox (0,2}, 

where dw1 ,1 :: 0 and a,bEG:. 

Let 00 be the form constructed on X in lemma 1 and 

let e,,1 be a closed (1,1) form that represents the non-zero 
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class [w] E H2 (X,JR) and let C c X be an irreducible 

complex analytic subspace in X, then if dim~C: k 

f [elk > 0 t where 
C 

[0k.]: [0 A ••• A0] 

"--. -1--) 

k 

Proof: From chapter 1 of [ ] we know that: 

So from here we may suppose that C is a non-singUlar sub­

manifold. Repeating the calculations and the arguments in 

Proposition 2.1. we get that: 

_ 2,0. -2,0 
fA) A ••• A wI - UJ< .. UJc + 

K-1 
r 2,0 2,0 

Cow, A Wl.' A 
1,1 1,1 

w A ••• A fA) 

~c i=l 1. 1. 
J 

k k·-2i 

+ w 1,1 A.. ,A fA) 1,1 (C
i 

~ JR I C
i 

> 0) • So using t.he same notations 

as in 2.1. we get 

J q:>k= 1/ fA)2,01l2 + ICili fA)2,01l2 + vol (C) >0 
C 

here II fA)~'0 Ilk and vol (C) are with respect to the metric 
1-

induced on C by the hermitian metric defined by w1,1. So 

from J q:> k > 0 it follows that C is not homological to 
C 

zero. Indeed if C:::;: aB, then by Stoke's theorem: 
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1 q>k:. J d(q>k) :: 0 and we will get a contradiction. Now it 
C 

is easy to see that J ek :. f l.Pk > O. 
C C 

Q.E.D. 

§ 5. Local deformation theory of symplectic manifolds. 

(Bogomolov I s theory). 

First we will make some remarks. 

Remark 5.1. a) The closed holomorphic non-degenerate two 

fo~m wx (2,O) induces an isomorphism: 

and so we get an isomorphism: 

b) The "small ll deformations of the complex structure on X 

given by a differential form 

Using the isomorphism ill.! we get that.: 
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c) vie have a bracket operation [ ] on f(X ,nO,T 
0 0) 

corning from a bracket operation on r(X,0). See [ J 

i transforms the bracket operation [, ] into a corresponding w 

bracket operation [ I ] on f(X,nO,1 0 0 1 ,°). Bogomolov 

proved the following lemma: 

Lemma 5.2 (Bogomolov [3 ]). Suppose w
1

,w
2 

E r(x,OO,1 0 0 1 ,0) 

and either 

Then we have respectively: 

d} We know from Kodaira-Spencer deformation theory that first 

order infinitesimal deformations of a complex structure are 

contained in H1 (X,0) and so if X is a symplectic manifold 

then in H1 (X,Q1),~ H1 (X , 0). 

Definition. Let H~(X/n1) =- "{w E H1(x,n1 )1 dw = ° and 

defines a non-zero class [w] in 2 H (X,Ir)}. Let 

1 -1 1 1 Hd(X,€» = i (Hd (X, n }). wx(2,O) 

Remark 5.3. From lemma 3 it follows that dim H~(XIQ1) = 
= dim«H

2
(X,re) - 2 = b 2 - 2. 

w 

Lemma 5 (Bogomolov). There are no obstructions for deformations 
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of the complex structures on X that corresponds to the 

elements of H~ (X,a) S£ H~ (X,st 1) • 

Remark 5.4. Lemma 5 can be stated into the following manner: 
xc......;.. X 

There exists a subfamily ~ + of the Kuranishi family 
o E U 

of X with the following properties: 

1) U is a non-singular manifold and 

2) The tangent space TO,u:= H~ (X,S) (In a natural manner.) 

Proof: Let 1 1 w1 I w2 E Hd (X, n ). So we suppose that 

If we prove that for every 3-dimensional cycle 

then we will have 

dW
1 

:: dW2 

r E H3 (X,Z) 

:= o. 

We can realize each cycle r of some basis {11, ••• ,lb3~ 

in H3 (X,Z) by a number of three dimensional real manifolds 

r l' ... , r 3 such that r i n r j = (6. This follows immediately from 

Thorn's results and since 

dimE. r :: 3 < ~ dim
lt 

X ~ 8. See {3 ]. 
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(Poincare duality) Bogomolov proved in [ 3] the following 

fact. 

ProEosition 5.5. For each cycle [fJ in H3 (X,Z) we can find 

non-singular three dimensional compact manifolds fi' 

realizing Ef] and those fi fulfill the following conditions: 

b) for each fi there exists a small neighborhood U(f i ), 

where U(f i ) is a Stein manifold and H
2 (U<f i ) ,m) ~ o. 

Proof: See [ 3]. Let me outline the proof of Bogomolov. 

SteE 1- If J is the complex structure operator on X, 

then if for each X E T. 
1. 

JT (f.) is transversal to T (r.), 
X 1. X 1. 

then we can construct ucri) that fulfills condition b. 

SteE 2. By small deformation of r. we can find r. such 
1. 1. 

that for each X E r. JT <r.) 
1. X 1. 

is transversal to T (r.). X 1. 

For the details see [3 1. 

Q.E.D. 

Let U(ri) are the small Stein neighborhood of r i construc­

ted by 5 .. 5. Let W1 'W2 G alex /n1 ), i.e. dW
l 

= dW2 ::: 0, then 

01Ir(u.) & w2 1u (r.) are zero elements in H2(u(ri)'~) , since 
21.1. 

H (u(r i ) ,JR) =0. 

proposition 5.6. (Bogomolov [3 ]). Let U be a Stein manifold and 
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let w be a (p,g) form (p,g > 1 ) and dw :; ° and 

lwl E 0 in HP+q(U), then w ;:: aaW for some form W. 

From 5.6. we get that aaw!, - 2 
W1 / U (f)= w2 ! U (f. ) 

;:: aaWi ~ 

Now can continue 1 and 2 form to ""'1 ~ ",,2 
we Wi tj>i as \Pi and lPi 

on the whole X. Let. w' -1 WI -2 So ::: w1 - dOW. I == w2 - dd\p. . 1 ~ 2 ~ 

a) b) 

and 

we have proved that 

We have ·proved that the bracket operation defines thus trivial 

element in H3 (X,re). From here we will get that the first 

obstruction vanish. For this we will need the following 

Proposition. 

ProEosition 5.7. Let X be a symplectic holomorphic mani-

fold and let U be a Stein submanifold in X and let w 

be a d-closed form of type (1,2 ) and [w] :; ° in H3 (X,CC) 

and wlu E 0, then there exists a form tj> such that: 

a} d~ e 0 b) alP :: w and c) lPlu == O. 

Proof. Since w represents zero in H
3

(X,«!) and to is of 

type (1,2) we get that w :; daO,2 + d/31,1, where - 0,2 ca ::: cf3 1 ,,!:O. 
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So we get that nO,2 EH2(X,Ox) =a:{wx {O,2)}.Since dim H2 (X,OX):::1. 

If nO,2 a non-zero element in H2 (X,OX) , then 

Since dwx (0,2) :: 0 we get that 

and so 

w 

Let tp::: ~ 1, 1 + () J..I. 0 I 1 I then d(j)::: d ~ 1, 1 + ad ~ 0, 1 ::: () B 1 , 1 ::: 0 

and a~::: oo.So we have proved a) and b}. The condition c) 

follows immediately from Proposition 5.6. So in this case 

5.7. is proved. 

is zero in 

Since w = a ~ 1 , 1 + actO, 2 + d] 1 I 1 + a a ~ 1 I 1_ i ~ 1 I tid S () , 1::: i (~ 1 , 1 _ () ~ 0 t 1 ) • 

If we define ~::: ~1/1 _()~{),1 we will get that conditions 

a) and b) are fulfilled. From 5.6. we will get what we need. 

Q.E.D. 

Next we have to prove the triviality of all obstructions. 

So the deformation is given by the following formal power series 
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w (t) ... 

such that 

1) ow = 0 2) aw + 1[w,w] = 0 

From 21 we get that: 

(*) 
N-1 

= 1 I [ w.;I w
N

_ • ] 
2 i=1.... ~ 

Proposition 5.7. says that we can solve (*) by the argument 

we used before we proved 5.7. First we find w2 I then w3 

and so on. 

So we have proved that all the obstructions vanish. 

From Kuranishi existence theorem we can conclude that there 

exists a family of non-isomorphic holomorphic symplectic 

manifolds 

1) 

2) 

3} 

x + U, where 

dim~U = dim H~(XfQ1) 

1 1 
TO,U ;;:;Hd(X,O ) 

Xc::;....;... X 
+ + 
O~ U 

This finished the proof of Lemma 5. 
Q.E.D .. 

From now on we will fix the family n:x + U 

constructed in lemma 5. 
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§ 6. Lemma. 

In" U (may be after shrinking) there exists an open 

and everywhere dense subset U t cU such that if t E U f
, 

then X
t 

= n- 1 (t) is a Kahler manifold. 

Proof: In order to prove lemma 6 we will define the period 

map 

2 
p:U + lP (H (X,:£) il9 CCl 

Since 
0:> 

n:x + U as C manifold is diffeomorphic to V·xX, if 

we fix a basis (Y1, •• .,Yb) of H2 ,X,Z} in one fibre of 
2 

n:x + U 

then (Yl' •• "¥b) will be a basis of all fibres of 
2 

n:x + U. 

From now onw let us fix the basis (Y 1 , ••• ,Yb ) of H2 (X,Z) • 
2 

Notice that from lemma 3 we get a well defined Hodge structure 

2 on H (X,lR). 

Definition 6.1. The period map 

is defined in the following way: 

p(t) = ( ••• , f wt (2,O), ••. ) 
Yi 

where wt {2,0) is the holomorphic non-degenerate closed form 

on X
t 

== n-1 (t)" 
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Now let us fix some notations: 

and 

Definition 6.2. For every a E H2 (X,re) we will define 

J n-1 n J n n-1 + (1-n) ( w
O

(2,O) Aw
O

{O,2) Aa) • (wo(2,O) !I. 1.1} 0 (0,2) Aa). 
X 

Proposition 6.3. a)The quadratic form q(a) is a non-degenerate 

2 quadratic form. It is defined over H (X,Z). b) Let Q be a 

subvariety in ll?( H2 (X,a:» defined by 

q(a) '" 0 q (a + a) > 0 

then p(U) c n and the period map p:U 7 Q is a local 

isomorphism (See r 2 1) • 

?roof: The proof of b) is very easy_ It is carried out in [2 ]. 

The proof of a) is based on the following sublemma. 

§ublemma 6.3.1. The classes of cohomologies [1.1}] of the forms 

that are constructed in lemma j form an open and convex cone in 

Ii 1 ,1 (X, m) C"H2 (X,l\) • 
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Remark: From lemma 3 we know that dim H1 ,1 (X, JR) = b2 - 2 

and that we have a well defined Hodge structure of weight two on 

H2 {X,IR) ~ re and so H1 ,1 (X,E) is a well defined subspace in 

H2 (X,lR} Le. H1 ,1 (X,E) = {w E H~R(X,JR) Iw is a closed form 

of type l.l.}. 

Proof: Let b b · f Hl , 1 (X I JR) , then Y1'.·.'Yb -2 e a as~s 0 
2 

if N is a positive real big enough number and El, .•. ,Eb - 2 
2 

are positive real small enough numbers, then 

b -2 2 
Nw + L 

i=1 
E. a.. E H 1 ,1 (X, JR) 
~ ~ 

will fulfill the properties of a closed two form stated 

in lemma 1. So 6.3.1. is proved. 

Q.E.D. 

Notice that we have: 

q(Re Wo (2(0» > 0 q(Im Wo (2,0» > 0 and if 

w fulfills the conditions in lemma 1, then 

n J n-l 2 q(w} = 2 (w
O

(2,0) Aw
O

{O(2» /\ w = 
X 

and clearly q(w) = q(e1 ,1»o, where e1 ,1 = [w] by lemma 2. 

Now proposition 6.3. a} follows from 6.3.1. For the proof of 

the fact that q is defined over Z, see [2 1 
Q.E.D. 
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Definition 6.4. K(X) d~f {w E H 1,1 (X,JR) I f wK > 0 for 

any K-dimensional complex analytic cycle 
CK CK c X }. 

We will call K{X} the Kahler cone of X. Lemma 3 shows 

that H111(X,~ is a well defined subspace in H2 'X,m) 

and dimJRH 1, 1 (X t lR) := b2 - 2.. From lemma 1 and 2 we get that 

K{X) is a non-empty set. 

If we repeat the arguments of 6.3.1. we will get 

ProEosition 6.6. K(X) is an open convex cone in H1,1(x,n). 

From local Torelli theorem it follows that we may suppose 

that U c Q c JP CH2 (N,re) ). Remember that X + U was the family 

constructed in lemma 5 dim~U = dim~Q. 

Let W d~f U K (Xt ) c H2 (X, JR) • From the definition of W 

it follows that W is an open 
also continuity argument. 

set in 2 H (X, JR.) • Here we used 

Let W(W) d@f {1 E wi ~ E 2 H (X,mll. Clearly W(m) is 

an open everywhere dense subset in W. 

6.7. From the definition of W(W) we get that 

if ~ E W(OH there exists t E U such that 1t E K(Xt }. From 

Nakai-Moishezon criterium we get that Xt is an algebraic 

variety. So since W(W) is an everywhere dense subset in W 

we get immediately that the points 'c E U for which W«U) n K(Xt ) *~ 

is an everywhere dense subset in U. So we get that in U we 

have an everywhere dense subset Uff such that if t E U I then 

Xt is a projective algebraic. Now lemma 6 follows from 

Kodaira theorem, which says that Kahlerian property is an open 

property. Q.E.D. 
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Remark. From lemma 6, i.e. since there exists an open and 

everywhere dense subset, it follows immediately that the 

quadratic form q defined by 6.2. has singnature (3 ,b2 - 3) • 

For the proof of this see [ ]. 

§ 7. Review of Isometric Deformations 

Definition 7.1. A Kahler'metric (gaS) an holomorphic 

symplectic manifold will be called Calabi-Yau metric if 

The existence of Calabi-Yau metric follows from the 

deep work of Yau. The Calabi-Yau,metric (gaS) induces 

a covariant differenciation V on A 2T*x 0 re. See [10 J • 

Lemma 7.2. Re wx (2,O), Im wx (2,O) and 1m {ga~} are 

parallel sections of r(X,A2T*X) with respect to V. 

Proof: See [ 9 ]. This is the so called Bochner principle. 

Q.E.D. 

Suppose that * is the Hodge star operator with respect to 

Calabi-Yau metric and 

Re wx (2,O), 1m wx(2,O), Im (ga~) define a three dimensional 

subspace EX(L} in f(X,A2T*X) and since 
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and 1m g -ue 

are harmonic forms with respect to the Calabi-Yau metric 

we may consider EX(L) as a three dimensional subspace 

in 2 H (X,E) • It is easy to see that 

is positive definite. See [9 J. 

Let Y = a Re wx(2,O} + b lm wx(2,O) + c lm (guS)' 

where a,b,c E::R and a 2 + b2 + c 2 = 1. Since Y E EX (L) , 

then Vy;: O. 

Locally y can be written in the following way 

If I gT~ dX~0 dxv is the Riemannian Ricci flat metric on 

X defined by the Calabi-Yau metric (g~a) on X, then 

J(y) = (J(Y)~) d~f (I gIlTYTe> E r(X,T* 0 T) 
't 

Lemma 7.3. a) J(y) defines a new integrable complex 

structure on X. 

b) y is an imaginary part of a Calabi-Yau metric with 

respect to the new complex structure J(y}. The Calabi-Yau 

metric defined by y and J(y) is equivalent as a Riemannian 

metric to the Calabi-Yau metric gila ' that we started with. 

c) Suppose (X;y" ••• 'Yb J is a marked Hyper-Kahlerian 
2 
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2 
manifold and suppose that P(X;Y1" •• 'Yb) = Xo EOe: lP(H (X,<e»). 

2 
There is one to one map defined by the period map between the 

complex structures J(y) on X, where 

2 2 2 
'Y :: a Re UX(2,O) + b Im UX(2,O) + c Im(gat3)' a + b + c :: 1, a,b,cElR 

and the points of the non-singular plane quadric 

For the proof see [ ]. 

= lP~ (L) 

° 

Remark a) Notice that J(Im gaB) is the 

structure on X, so from c) we get that 

original complex 

Xo E p1 (L)'. Xo 

§ 8. Construction of a special family of Kahler manifolds. 

Definition 8.1. N d~f {all three dimensional subspaces 

E c H2 (X, JR) I E is spannedby Re tux (2,0) ,Im Wx (2,0) and q>, 

where q> E K(X)}. K(X) is defined in 6.4. Now we suppose that 

K{X) is spanned by all wE r(X,A2T*X), where ware 

constructed by lemma 1. 

N as a subset is diffeomorphic to 

EX :: {Re w
x

t2,O) ,Im wx (2,O)} e:H2 {X,R) 

subset in H2(X,~) 

E x ReX), where x 
so N is an open 

Remark 8.2. a) We introduce in 6.2 a quadratic form q. 
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See 6.2. Then this qudratic form has a signature (3,b2 - 3). 

This was proved by Beauville. See [~]. Now let <,,> the 

:2 scalar product defined by q on H (X,JR) • 

b) From the definition of N it follows that N is the union 

of all three dimensional subspaces E c: a2 
(X,lR) which have 

the following two properties: 

1) <,> on E is str~ctly positive 

2) E contains Ex' where Ex is spanned by 

(Re wx (2,O),Im wx (2,O), so Ex is a fixed subspace in H2 (X,lR) 

In [ 1 the following Proposition is proved: 

Proposition 8.3. There is one to one map between the points of 

n and all oriented two planes in H
2

{X,lR) on which <,> is 

positive. 

Let N(W} = ft € Nit E H2 (X,W}}. Clearly Since N is an 

open subset in a2 (X,lR) I then N(m) is an everywhere dense 

subset in N. By the continuity argument we can choose LEN(W) 

such that if L = a Re wx (2,O) + b Im oox(2,O) + c w{oo is 

constructed in lemma 1, i.e. 00
1 ,1 is positive definite}, then 

a) If Et is the orthogonal two dimensional plane to L in 

the three dimensional space E::: {Re oo:x(2,O}, Im wx (2,O) ,oo}cN(Oj> 

then t E ~ which corresponds to Et by 8.3. belongs to U. 

b) If is the (1,1 ) component of the form t, with 

respect to the complex structure 

everywhere. 

is positive 
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From lemma 2, lemma 4 und Nakai-Moishezon criterium we 

get Xt is an algebraic manifold, so t E U' defined by lemma 7. 

Let ga13{t) be the Yau metric on Xt which corresponds to 9". 

Now we can define the isometric deformation X '+ S2 of Xt 

with respect to gaB{t), so this family is mapped by the period 

map ponto JP (E 0 <1:) 0 n according to 7.3. Notice that 

~(E0 <1:) 0 Q is a non-singular plane curve of degree two, 

contained in Q. (See 7.3.) On the other hand from the 

definition of E, i.e. EcN«(IH and 8.2. ,it follows that 

U n (lP (E 0 <1:) n Q) = D 

is an open disc. Notice that the point p(X,Y1 ,· •• 'Yb ) = Xo ED, 
2 

Xo EUO (]P(E 0 a!) n Q) 

In [ ] it is proved that for Kahler holomorphic symplectic 

manifolds we have an everywhere dense subset of algebraic one 

in Q and all of them are in HL n Q, where 

HL =:{uEQ I <u,L>=O} 

and L are vectors in H2 (X, (I)) • Now since HL 0 (~(E 0 <t) n m ::f ~ 

we get on D an everywhere dense subset of algebraic holomorphic 

symplectic manifolds, so from here we get that 

D' = U' 0 D (U f is defined by lemma 6) 
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is an open and everywhere dense subset in D. 

Over D = lP 1 (E 0 0:) n U we have two families 

which is obtained by restriction X + U on D and a family 

X~ + D which is obtained by isometric deformation. From local 

Torelli theorem and lemma 9 our theorem follows, since we 

can prove that the families and x~ :![.' Dare 

isomorphic. Indeed remember tha~ 3t E D such that n-1 (t) ~w1)-1 (t). 

From local Torelli theorem we conclude, that we can find a small 

open disk D, cD and t E D, such that there exists a 

biholomorphic mapping f:~l 
+ Xl 

-4-
' 

and f induces the 

D, = D, 
identity on 2 H (X,~) • From lemma 9 it follows that f can 

be prolonged to an isomorphism on the boundary of the disc D, 

in D. So from here we get that local Torelli gives us that the two 

families are isomorphic on an open subset of D. Lemma 9 says 

that they are isomorphic on a closed subset, so f must be an 

isomorphism. So we need to proof lemma 9 and the theorem will 

be proved. 

§ 9 

Lemma 9. (Siu, Burns und Rapoport) Let n:x + U and 

n':x' + U be two holomorphlc families of symplectic mani-

folds with a complex manifold U as a parameter space so 

that both are diffeomorphically identified with a trivial 

family U x X + U. Let 't be an isomorphism of H2 (X,tt) which 

is compatible with the quadratic form defined in [ ]. Let 

Xs :::: 'Il'-1(s) and X· == 
'Il',-1 for s € U. Let So be a point s 

of U and let A be a subset of U such that So is an 
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accumulation point of A. Assume the following two conditions. 

(i) X is Kahler So 

(ii) For sEA the two symplectic manifolds and 

are biholomorphic under a map fs which induces T on 

2 H (X,G:). 

Then Xs 
o 

and X' 
So 

are biholomorphic. See [7] • 

X' s 

Proof: From lemma 1 we know that there exists a real d closed 

2-form 00 on the underlying differentiable structure X such 

that (1,1)-component 1,1 
00 of 00 with respect to the complex 

structure of X' is positive definite at every point of So 
By continuity arguments there exists an open neighborhood 

of So in U such that for sEW the (1,1)-component 00
1 ,1 (s) 

of w (S) with respect to the complex structure XI 
S 

is positive 

definite at every point of X, • 
s 

Since X 
So is assumed Kahler, (after shrinking W 

necessary) we have for every sEW a Kahler form 0(S) 

if 

which 

depends smoothly on s. Let n be a positive definite (1,1)-form 

on W. The collection of (1,1) forms oo1 ,1(s) on x~, 0(s) 

and n, define a Hermitian metric a on X x X' Let H be ''W • 

the (1,1) form on X xwX' associated to the Hermitian metric 

H. Then the pullback of 

of X x X· W is equal to 

H to the submanifold X X X' s s 
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where for notational complicity we use w1 ,1(s) and 0(5) 

to denote also their pullbacks under the projections form 

x X XI 
S S 

and x' s respectively. 

For sEW n A let f c X X X' be the graph of the s s s 

holomorphic map fs :xs + x~. We want to compute the volume 

(fs) with repect to H on X xWX' and to show that it is 

bounded in s as s approaches So so that we can apply 

Bishop's theorem to conclude the convergence of the subvariety 

fs in X xwX' as s approaches sO' 

Proposition 4.1. Vol (f s) <: C for every sEA. 

Proof: It is easy to see that: 

Vel (fs) = f (f* w1,1 (s) + 9(s»)A ••• A(f* w1,1(s) + 0(s» s s Xs (~ ____________ ~ __________________ ~ 
I 

2n 

Let ~(s) dlf J (f*w(s) + 9(S)A ••• A(f:w(s) + 9(s» 
X s 

s 

We will prove that the following inequalities hold: 

First we will show that ~ (s) < C. Indeed 

~(s) :: J h[Ul(S)] + [9(s)] A ••• A(dw(s) ]+{e(s)]} 

Xs 

So from here it follows that on W 
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q>{S) < C. 

So we need to prove that 

Proof of the inequality (*}: 

Let 2 0 1 1 0 2 
f*w{s) :;:: w ' (s) + W I (s) + W ' (s}, s then 

(4.1.1.) 

and 

2n 

2 0 2 0 ~ 0 . -2" 0 Ok 1 1 1 1 
til' I\ ••• I\W' 1\00 I I\ ••• AW' +2c-w2,OI\W"A(W' (s)+0{S»A • .Idw 1 (s)+0(s)) 

. K .{t ~ 
\--, ) \'---1) ~ ) 

n n 

\-----------1--------------) 
2n 

2 to ( ) wK S :;:: w2 ,O{S)A ••• A w2 ,O{s). 

Notice that 

\,---,'-----) 

* 2,0 1.1) 

k 

2n-2k 

l--------------T-----------------J 

2n-2k 
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where * is the Hodge operator with respect to the 

Hermitian metric H, where 1mB = 00,/
1 (s) + 0(s) 

Xs )( X~,. So by integrating 4,. 1 .1. we get 

on 

4.1.2. 

So from 4.1.2. we get that 

vol (rs)~q>(S)<C 

Q.E.D. 

For a subvariety Z of pure codimension in a complex 

manifold X, we denote by [Z] the current on G defined by Z. 

Now we invoke Bishop's theorem (~J and conclude that for 

some subsequence {sv}c A converging to So the current 

[r ] over X Xw X' converges weakly to a current on 
Sv k . 

X xwX' of the form ! mi£r:L.], where roi is a positive 
i=1 

integer and ri is an irreducible subvariety of complex 

dimension 2~on 

For any closed 4n-current e 
map 

on x x Xs f define a linear 
s' 

of cohomology rings as follows. A cohomology class defined by 

a closed p-form a on Xs is mapped by e* to the cohomology 

class defined by the closed p-current 



-34-

on X, 5, 

where pr and pr are respectively by projections of 
, '2 

X x X, 
s s onto the first and second factors and (pr'* and 

2 

(pr. 1 )* mean respectively the corresponding pushforward and 

pullback maps. By reversing the rules of Xs 

define analogously a linear map 

and X' we 
5 ' 

The map [r s ]* defined by the 4n-current [rsJ in 

Xs x x~ clearly agrees with the map from H* (Xs ,a:) to 

H*(X~/tt) defined by f s ' Since 

on H2 {X,Z), by passing to limit 

fs defines an isomorphism 

m . 
we conclude that <.r mi[r~])* 

1=1 2 A H (X,Z). 

along the subsequence {so} 

is an isomorphism of 

Let ~O(2n,0) = ~O{2,O)A ••• AhlO(2,O) be the non-zero 

t r ) 
2n 

holomorphic 2n form, which has no zeroes and no poles on 
K i isomorphism of AH2 (X,a:) X . Since ( l mi [r }) * is an So i=1 

follows that the 2n-current 

on X' So {which is automatically a holomorphic 2n-form on 

X, ) can not be zero. Hence there must be some So which 

it 

is projected both onto Xs 
o 

and X' • There can only be one So 
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such r j and moreover, mj '" 1 and its projection maps 

onto X 
sD 

both 

the class 

and onto X' are 
K So 
L i ( m.[r J>* and 

. 1 l. l.'" 0 
which in H (X,ll.!) 

both of degree one, because 
K (1 m.[r i ])* must leave fixed 

i=1 l. 
is defined by the function on X 

with constant values. This particular r j must be projected 

biholomorphically onto both X and X' , then the So So 
following two holomorphic 2n-forms , where wo(2n,O) is a 

non-zero 2n~holomorphic form on Xb:(P2 }*([r j
] A {P2 )*(wb(2n,O»)= 

1 . 2 
'" (P2

1
)*{Imi [rl.]A(P2

2
>*(wO(2n / O» 

K 
(P2 )*([rj]A (p2 )* wo(2n,O)] ;; (P2 )*( r milri]A (P2

1
)* wO(2k,O» 

2 1 2 i;;1 

on Xo and Xo respectively cannot be identically zero due to 
K. K. 

the fact that both (L m.[rl.])* and l. ml..[rl.])* are 
i=1 l. i=1 

isomorphisms of AH2{XI~) and therefore both holomorphic 

2n-forms are nowhere zero. This can happen only when r j are 

projected biholomorphically onto both 

and are biholomorphic. 

and x~ • Hence 
o 

Q.E.D. 
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