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POSITIVITY OF RATIONAL FUNCTIONS AND THEIR

DIAGONALS

ARMIN STRAUB AND WADIM ZUDILIN

To Dick Askey on the occassion of his birthday,
with many positive wishes

Abstract. The problem to decide whether a given rational function in
several variables is positive, in the sense that all its Taylor coefficients are
positive, goes back to Szegő as well as Askey and Gasper, who inspired
more recent work. It is well known that the diagonal coefficients of
rational functions are D-finite. This note is motivated by the observation
that, for several of the rational functions whose positivity has received
special attention, the diagonal terms in fact have arithmetic significance
and arise from differential equations that have modular parametrization.
In each of these cases, this allows us to conclude that the diagonal is
positive.

Further inspired by a result of Gillis, Reznick and Zeilberger, we
investigate the relation between positivity of a rational function and the
positivity of its diagonal.

1. Introduction

The question to decide whether a given rational function is positive, that
is, whether its Taylor coefficients are all positive, goes back to Szegő [22] and
has since been investigated by many authors including Askey and Gasper
[2, 3, 4], Koornwinder [14], Ismail and Tamhankar [11], Gillis, Reznick and
Zeilberger [10], Kauers [12], Straub [21], Kauers and Zeilberger [13], Scott
and Sokal [20]. The interested reader will find a nice historical account
in [20]. A particularly interesting instance is the Askey–Gasper rational
function

(1) A(x, y, z) :=
1

1− x− y − z + 4xyz
,

whose positivity is proved in [4] and [10]. Generalizations to more than
three variables are rarely tractable, with the longstanding conjecture of the
positivity of

(2)
1

1− x− y − z − w + 2
3(xy + xz + xw + yz + yw + zw)

,
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2 ARMIN STRAUB AND WADIM ZUDILIN

also referred to as the Lewy–Askey problem. Very recently, Scott and Sokal
[20] succeeded in proving the non-negativity of (2), both in an elementary
way and based on more general results on the basis generating polynomials
of certain classes of matroids. Note that by a result from [13] the positivity
of (2) would follow from the positivity of

D(x, z, y, w) :=
1

1− x− y − z − w + 2(yzw + xzw + xyw + xyz) + 4xyzw
.

In another direction, Gillis, Reznick and Zeilberger conjecture in [10] that

(3)
1

1− (x1 + x2 + . . .+ xd) + d!x1x2 · · ·xd
has non-negative coefficients for any d > 4. It is further shown (though the
proof is omitted due to its length) that, in order to show the non-negativity
of the rational functions in (3), it suffices to prove that their diagonal Taylor
coefficients are non-negative. Based on this claim, the cases d = 4, 5, 6 were
established by Kauers [12], who found and examined recurrences for the
respective diagonal coefficients.

The above claim from [10] suggests the following question. Here, we
denote by ek(x1, . . . , xd) the elementary symmetric polynomials defined by

(4)
d∏

j=1

(x+ xj) =
d∑

k=0

ek(x1, . . . , xd)xd−k.

Question 1.1. Under what (natural) condition(s) is the positivity of a
rational function h(x1, . . . , xd) of the form

(5) h(x1, . . . , xd) =
1∑d

k=0 ckek(x1, . . . , xd)

implied by the positivity of its diagonal?
For example, would the positivity of h(x1, . . . , xd−1, 0) be a sufficient con-

dition?

Another motivation for this question is the fact that for several important
rational functions, like the ones reproduced above, the diagonal coefficients
are arithmetically interesting sequences. In particular, expressing them in
terms of known hypergeometric summations sometimes makes their positiv-
ity apparent. For instance, the diagonal sequence for A(x, y, z) is

(6) an,n,n =
n∑

k=0

(
n

k

)3

,

see Example 3.4, while the diagonal of D(x, y, z, w) is given by

dn,n,n,n =
n∑

k=0

(
n

k

)2(2k

n

)2

,
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as is shown in Example 4.2. Since these diagonal sequences are manifestly
positive, sufficient progress on Question 1.1 might provide a proof of the
conjectured positivity of D(x, y, z, w). More generally, proving positivity
of a single sequence is much simpler from a practical point of view than
proving positivity of all Taylor coefficients of a rational function, and tools
such as cylindrical algebraic decomposition can be used for this task rather
successfully in specific examples, as illustrated by [12] and observed in some
of the examples herein.

We note that, with no loss of generality, we may assume in Question 1.1
that c0 = 1.

In Section 2, we answer Question 1.1 in the affirmative when d = 2. The
three and four-dimensional cases are discussed in Sections 3 and 4, while
Section 5 covers an approach to positivity via asymptotics. In particular, we
prove that the conjectural conditions, given in [21], for positivity of rational
functions in three variables are indeed necessary.

2. The two-dimensional case

In the case of only two variables, we are thus interested in the rational
function

h(x, y) =
1

1 + c1(x+ y) + c2xy
.

Note that the condition c1 < 0 is necessary to ensure the positivity of h(x, y),
as −c1 is a Taylor coefficient of its series expansion. Our next example
demonstrates that this condition is not implied by the positivity of the
diagonal of h(x, y).

Example 2.1. The rational function 1/(1 + x + y) has positive diagonal
coefficients but is not positive. This illustrates that some condition is indeed
needed in Question 1.1.

Theorem 2.2. A two-variable rational function

h(x, y) =
1

1 + c1(x+ y) + c2xy

is positive, if both h(x, 0) and the diagonal of h(x, y) are positive.

Proof. The positivity of h(x, 0) implies that c1 < 0. Upon rescaling the
variables by a positive factor, we may assume that c1 = −1 and write our
rational function in the form

(7)
1

1− (x+ y) + axy
=

∞∑
n,m=0

an,mx
nym.

As demonstrated in the course of [21, Proposition 4], this rational function
is positive if and only if a 6 1. On the other hand, the diagonal terms
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an := an,n of the Taylor expansion are given by

an =
n∑

k=0

(2n− k)!

k!(n− k)!2
(−a)k.

We observe that the sequence an is characterized by the generating series
∞∑
n=0

anz
n =

1√
1− 2(2− a)z + a2z2

.

For a > 1, the quadratic polynomial 1− 2(2−a)z+a2z2 has non-real roots,
from which we conclude that an is (eventually) sign-indefinite. Therefore,
the series (7) is positive if and only if its diagonal terms are positive. �

Theorem 2.2 answers Question 1.1 in the affirmative when d = 2.

Remark 2.3. The sequence an satisfies the three-term recurrence

(n+ 1)an+1 = (2− a)(2n+ 1)an − a2nan−1,
which has characteristic polynomial (x+a)2−4x. Note that, for a > 1, this
polynomial has complex roots.

The ultimate reduction to d = 1 and d = 2 performed in this section
shows that for d ≥ 3 we can normalize, without loss of generality, our d-
variable rational function (5) to satisfy c0 = 1, c1 = −1 and also c2 = a ≤ 1.
This will be the canonical form of a rational function in Question 1.1.

3. The three-dimensional case

A partially conjectural classification of positive rational functions of the
form

(8) ha,b(x, y, z) =
1

1− (x+ y + z) + a(xy + yz + zx) + bxyz

has been given in [21]. It is conjectured there [21, Conjecture 1] that ha,b
is positive if and only if the three inequalities a 6 1, b < 6(1 − a), b 6
2 − 3a + 2(1 − a)3/2 hold. In Theorem 5.7 below we show that all three
conditions are indeed necessary for positivity.

Example 3.1. It is proven in [21] that the rational function ha,b with

a =
λ(λ+ 2)

(λ+ 1)2
, b = −(λ− 1)(λ+ 2)2

(λ+ 1)3

is positive for all λ > 0. The conjecture mentioned above predicts that it is,
in fact, positive as long as λ > (1 +

√
2)1/3− (1 +

√
2)−1/3− 1 ≈ −0.403928.

Note that this rational function, after a scaling of variables, is

1

1− (λ+ 1)(x+ y + z) + λ(λ+ 2)(xy + yz + zx)− (λ− 1)(λ+ 2)2xyz
.

It appears that the Taylor coefficients of this rational function are polyno-
mials in λ with positive coefficients.
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Note that, by the results of Section 2, ha,b(x, y, 0) is positive if and only if
a 6 1. The next conjecture is therefore equivalent to an affirmative answer
to Question 1.1 for d = 3.

Conjecture 3.2. Suppose that a 6 1. Then the rational function (8) is
positive if and only if its diagonal is positive.

In the case a > 1, which is not covered by Conjecture 3.2, the following is
a conjectural characterization of the rational functions which have positive
diagonal coefficients.

Conjecture 3.3. Let a > 1. The diagonal of (8) is positive if and only if
b 6 −a3.

That the case b = −a3 plays a special role can be seen from the char-
acteristic polynomial of the recurrence of minimal order for the diagonal
coefficients. Namely, the diagonal coefficients an of ha,b, as defined in (8),
satisfy a fourth order recurrence (the coefficients have degree 4 in n, degree
9 in a and degree 5 in b), whose characteristic polynomial is

(9) (a3 + b)(a3 + ab− (1− a)x)((x+ b)3 + 27x(a3 + ab− (1− a)x)).

Obviously, the first factor vanishes when b = −a3. We further observe that
the cubic factor in (9) has discriminant

−39(a3 − 3a2 − b)2(4a3 − 3a2 + 6ab+ b2 − 4b).

The second factor vanishes if and only if b = 2− 3a± 2(1− a)3/2, which in-
cludes the principal condition of [21, Conjecture 1] as stated at the beginning
of this section; see also Example 5.2.

In the remainder of this section, we consider two cases of particular inter-
est in the three-variable case, namely the Askey–Gasper rational function
A(x, y, z) from (1) as well as Szegő’s rational function

(10) S(x, y, z) =
1

1− (x+ y + z) + 3
4(xy + yz + zx)

.

In both cases, we exhibit the arithmetic nature of the diagonals and demon-
strate that positivity follows as a consequence.

Example 3.4. According to [8], the diagonal sequence an := an,n,n for
A(x, y, z) as in (1) satisfies the three-term recurrence equation

(n+ 1)2an+1 = (7n2 + 7n+ 2)an + 8n2an−1.

The same recursion holds for the sequence an =
∑n

k=0

(
n
k

)3
, also known as

Franel numbers, which is a classical result of Franel [9]. As indicated in
(6), the diagonal of A(x, y, z) is thus given by the Franel numbers. The
sequence an is an Apery-like sequence, namely [1, sequence (4.8) (a)], and
the (Calabi–Yau) differential equation satisfied by the generating function
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has modular parametrization. As a consequence, the generating function
has a hypergeometric form, namely

(11)
∞∑
n=0

anz
n =

1

1− 2z
2F1

( 1
3 ,

2
3

1

∣∣∣∣ 27z2

(1− 2z)3

)
,

which we record for comparison with the next example. Here and in what
follows

2F1

(
a, b

c

∣∣∣∣ z) =
∞∑
n=0

zn
n−1∏
j=0

(a+ j)(b+ j)

(1 + j)(c+ j)

is the hypergeometric function. Note that positivity is still apparent from (11).

Example 3.5. As shown in [21], the positivity of S(x, y, z) can be deduced
from the positivity of A(x, y, z). On the other hand, the diagonals of the
two are not related to each other in an easy way; the diagonal terms sn =
[(xyz)n]S(2x, 2y, 2z) are given by

1, 12, 198, 3720, 75690, 1626912, . . .

and satisfy the recurrence

(12) 2(n+ 1)2sn+1 = 3
(
27n2 + 27n+ 8

)
sn − 81(3n− 1)(3n+ 1)sn−1.

Denoting by y0(z) =
∑

n>0 snz
n the generating function of this sequence, it

is routine to verify that

(13) y0(z) = 2F1

( 1
3 ,

2
3

1

∣∣∣∣ 27z(2− 27z)

)
;

indeed, both sides in (13) satisfy the same differential equation. See Remark
3.7 below on how one can find this expression. We note that (13) implies
the binomial formula

sn =
n∑

k=0

(−27)n−k22k−n
(3k)!

k!3

(
k

n− k

)
,

though positivity is not apparent here.

Lemma 3.6. The sequence sn in Example 3.5 is positive.

Proof. To deduce positivity of y0(z) in (13), start with Ramanujan’s cubic
transformation [6, p. 97]

2F1

( 1
3 ,

2
3

1

∣∣∣∣ 1−
(

1− x
1 + 2x

)3)
= (1 + 2x)2F1

( 1
3 ,

2
3

1

∣∣∣∣ x3),
which is proven in [7]; see also [15, Corollary 6.2]. With x and z related by

27z(2− 27z) = 1−
(

1− x
1 + 2x

)3

,

we find that

2x(z) =
3

1 + 2(1− 27z)2/3
− 1.
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The binomial theorem shows that (1 − 27z)2/3 = 1 − zg(z) for some g(z)
with positive Taylor coefficients. It follows that x(z) = c1z + c2z

2 + . . . for
positive cj , so that

y0(z) = (1 + 2x(z))2F1

( 1
3 ,

2
3

1

∣∣∣∣ x(z)3
)

is seen to have positive coefficients. �

Remark 3.7. Let us briefly indicate how we found (13). First, note that
y0(z) is the analytical solution of the differential equation corresponding
to (12) characterized by y0(0) = 1. Let y1(z) be the solution such that
y1(z)− y0(z) log(z) ∈ zQ[[z]]. Then

q(z) := exp

(
y1(z)

y0(z)

)
= z +

33z2

2
+ 306z3 +

12203z4

2
+ 128109z5 +O

(
z6
)
.

Denoting by z(q) the inverse function, we observed, by computing the first
few terms of the q-expansion, that

y0(z(q/2)) =
∑

n,m∈Z
qn

2+nm+m2
.

The right-hand side is the theta series of the planar hexagonal lattice, also
known as the first cubic theta function a(q), and its relation to the hyper-
geometric function in (13) is well known; see, for instance, [7]. For further
background on this approach we refer the interested reader to [1].

4. Examples in the four-dimensional case

We now study positivity of the rational functions in four variables, which
are of type (5). That is, we consider the rational functions

(14) ha,b,c(x) =
1

1− e1(x) + ae2(x) + be3(x) + ce4(x)
,

where x = (x1, x2, x3, x4) and ek(x) are the elementary symmetric functions
defined in (4). Table 1 summarizes the examples we discuss in this section.

a b c
0 2 4 conjectured in [13]
2
3 0 0 conjectured in [3]; proven in [20];

implied by h0,2,4

0 64
27 0 conjectured in [12]

0 0 24 conjectured in [10]; proven in [12]
0 4 −16 proven in [14]; see also [10]
8
9 −16

27 0 proven in [22, §3]; implied by h0,4,−16
Table 1. Interesting instances of ha,b,c as in (14)
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Example 4.1 (Askey–Gasper rational function). In [3], Askey and Gasper
mention the following four-dimensional generalization of Szegő’s function

h2/3,0,0(x, y, z, w) =
1

1− (x+ y + z + w) + 2
3(xy + xz + xw + yz + yw + zw)

,

which is just a rescaled version of 1/e2(1−x, 1− y, 1− z, 1−w). As already
mentioned in the introduction, the non-negativity of this rational function
was recently established in [20]. The scaled initial diagonal terms sn :=
9n[(xyzw)n]h2/3,0,0(x, y, z, w) are

1, 24, 1080, 58560, 3490200, 220739904, . . . ,

and one checks that sn =
(
2n
n

)
un, where the sequence un satisfies the recur-

rence equation

3(n+ 1)2un+1 = 4
(
28n2 + 28n+ 9

)
un − 64(4n− 1)(4n+ 1)un−1.

As in Example 3.5, the differential equation, of which the generating func-
tion y0(z) =

∑
n>0 unz

n is the unique analytical solution with value 1 at
z = 0, admits modular parametrization. This fact was found and communi-
cated to us by van Straten. As a consequence, we have the hypergeometric
representation
(15)

y0(z) =
1

(1− 48z + 12288z3)1/4
2F1

( 1
12 ,

5
12

1

∣∣∣∣ −1728z2(3− 64z)(1− 16z)6

(1− 48z + 12288z3)3

)
,

which, once found, can be verified by comparing the differential equations
satisfied by both sides. In fact, using hypergeometric transformations, we
find that (15) simplifies to

(16) y0(z) =
1√

1− 24z
2F1

( 1
4 ,

3
4

1

∣∣∣∣ −64z2(3− 64z)

(1− 24z)2

)
.

As in Example 3.5, we can now use the arithmetic properties of this func-
tion to show that the sequence un, hence the diagonal terms sn, are indeed
positive. To do so, we may proceed as in Lemma 3.6, except now using Ra-
manujan’s quadratic transformation [6, p. 146] (also proven in [15, Corollary
6.2]). Alternatively, we can prove positivity of the diagonal terms from the
above three-term recurrence using cylindrical algebraic decomposition in the
style of [12].

Example 4.2 (Kauers–Zeilberger rational function). On the other hand,
the positivity of the rational function in the previous example is implied, as
shown in [13] using positivity preserving operators, by the positivity of the
rational function

h0,2,4(x, y, z, w) =
1

1− (x+ y + z + w) + 2e3(x, y, z, w) + 4xyzw
,

which we also refer to as D(x, y, z, w). This rational function, as mentioned
in the introduction, has particularly appealing diagonal coefficients. Namely,
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expanding

D(x, y, z, w) =

∞∑
n=0

[(x+ y + z + w)− 2(yzw + xzw + xyw + xyz)− 4xyzw]n ,

and applying the binomial theorem, one obtains a five-fold sum for the diag-
onal coefficients dn = dn,n,n,n. With the help of the multivariate Zeilberger
algorithm we verify that the sequence dn satisfies, for n = 1, 2, . . .,

(n+ 1)3dn+1 − 4(2n+ 1)(3n2 + 3n+ 1)dn + 16n3dn−1 = 0.

The same recurrence is satisfied by [1, sequence (4.12) (ε)], so that comparing
initial values proves that

dn =

n∑
k=0

(
n

k

)2(2k

n

)2

.

Since this makes positivity of the diagonal terms obvious, an affirmative
answer to Question 1.1 when d = 4 would prove the conjectured positivity
of D(x, y, z, w).

Example 4.3 (Examples of Szegő and Koornwinder). Szegő proved, as
a possible generalization of the function (10), the positivity of 1/e3(1 −
x, 1 − y, 1 − z, 1 − w); see [22, § 3]. Upon rescaling, this is h8/9,−16/27,0.
The positivity of the rational function h8/9,−16/27,0 can also be obtained,
again via positivity preserving operators, see [21], from the positivity of
Koornwinder’s rational function [10, 14]

h0,4,−16(x, y, z, w) =
1

1− (x+ y + z + w) + 4e3(x, y, z, w)− 16xyzw
.

Using the multivariate Zeilberger algorithm, as in Example 4.2, we can show
that the diagonal of h0,4,−16 is given by the, obviously positive, sequence

n∑
k=0

(
2k

k

)2(2(n− k)

n− k

)2

.

This, again, is an Apéry-like sequence, namely [1, sequence (4.10) (β)].

Example 4.4. As shown in [12], the rational function

h0,0,c(x, y, z, w) =
1

1− (x+ y + z + w) + cxyzw

has non-negative coefficients if and only if c 6 24. The condition c 6 24 is
necessary because the (diagonal) coefficient of xyzw in h0,0,c is 24 − c. On
the other hand, asymptotic considerations, such as in Example 5.3 below,
suggest that all but finitely many diagonal coefficients of h0,0,c are positive
if c < 27.

This is the case d = 4 of a general conjecture from [10] mentioned in the
introduction. In the general case, the rational function

1

1− (x1 + x2 + . . .+ xd) + cx1x2 · · ·xd
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can only be non-negative if c 6 d! since the coefficient of x1x2 · · ·xd is seen
to be d!− c. It is conjectured in [10] that, for d > 4, the condition c 6 d! is
indeed sufficient, and it is claimed that the non-negativity follows from the
non-negativity of the diagonal. On the other hand, some hypergeometric
intuition suggests that the diagonal coefficients are eventually positive if
c < (d− 1)d−1.

Example 4.5. In [12], the rational function

h0,64/27,0(x, y, z, w) =
∑

k,l,m,n≥0
ak,l,m,nx

kylzmwn

is conjectured to be positive. As evidence, it is shown in [12], using cylin-
drical algebraic decomposition (CAD), that ak,l,m,n > 0 whenever the sum
of the smallest two indices is at most 12. On the other hand, we find that
the diagonal coefficients satisfy a recurrence of order 3 and degree 6. While
we could not discover any closed form expression for the diagonal terms, we
have used CAD to prove that they are positive. Once more, an affirmative
answer to Question 1.1 when d = 4 would therefore imply the conjectured
positivity of h0,64/27,0.

5. Multivariate asymptotics

Multivariate asymptotics, as developed in [5, 16, 17, 19] and further illus-
trated in [18], is an approach to determine the asymptotics of the coefficients
an1,...,nd

of a multivariate generating function

h(x1, . . . , xd) =
∑

n1,...,nd>0

an1,...,nd
xn1
1 · · ·x

nd
d

directly from h and its singular points.
In the sequel, we write x = (x1, . . . , xd). In the cases, we are presently

interested in, h = 1/p is the reciprocal of a polynomial p(x). Denote with
V ⊆ Cd the singular variety defined by p = 0. A point x ∈ V is smooth
if ∇p(x) = (∂1p(x), . . . , ∂dp(x)) 6= 0, where ∂j := ∂/∂xj for j = 1, . . . , d.
The nonsmooth points can be comfortably computed using Gröbner bases,
as detailed in [18, Section 4].

The next three examples indicate that rational functions which are on
the boundary of positivity (that is, slightly perturbing one of its coefficients
changes whether the function is positive) are intimately linked with rational
functions that have nonsmooth points on their singular variety. This echoes
the remark in [18] that, while for generic functions all points of the singular
variety are smooth, “interesting applications tend not to be generic.”

Example 5.1. With d = 2, consider the case

h(x1, x2) =
1

1− (x1 + x2) + ax1x2
.

Then the singular variety has nonsmooth points if and only if a = 1. The
nonsmooth point in the case a = 1 is x = (1, 1).
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If a < 1 we may apply the machinery of [16] to find that

an,n ∼
(1 +

√
1− a)2n+1

2
√
πn
√

1− a
.

Example 5.2. With d = 3, consider the case

h(x1, x2, x3) =
1

1− (x1 + x2 + x3) + a(x1x2 + x2x3 + x3x1) + bx1x2x3
.

Then the singular variety has nonsmooth points if and only if

4a3 − 3a2 + 6ab+ b2 − 4b = 0.

Solving for b, this condition becomes b = 2−3a±2(1−a)3/2, which includes
precisely the boundary in [21, Conjecture 1] explicitly describing the transi-
tion between positive rational functions and those with negative coefficients.

Example 5.3. With d = 4, consider the case

h(x1, x2, x3, x4) =
1

1− e1(x) + ae2(x) + be3(x) + ce4(x)
.

Then the singular variety has nonsmooth points if and only if

0 = (a3 + 2ab− ac+ b2 + c)(64b3 − 27(b4 + c2) + 6bc(2c− b) + c3

− 54a(2b− c)(b2 + c) + 18a2(2b2 + 10bc− c2)− 54a3(b2 + c) + 81a4c).

We note that all the examples in Table 1, with the exception of (0, 0, 24)
which is not ‘natural’ as pointed out in Example 4.4, have nonsmooth points.
The above factorization implies that, when

(17) c =
a3 + 2ab+ b2

a− 1
,

the rational function h has nonsmooth points on its singular variety. The
examples (a, b, c) = (0, 4,−16) and (8/9,−16/27, 0) from Table 1 are of this
form.

Example 5.4. In the case a = 0 of (17), the rational function is

h0,b,−b2 =
1

1− (x+ y + z + w) + b(yzw + xzw + xyw + xyz)− b2xyzw
.

By direct computation, we observe that its Taylor coefficients ar,s,t,u are
positive for all 0 6 r, s, t, u 6 20 if and only if b < 4.00796 . . ., which
suggests that h0,b,−b2 is positive if and only if b 6 4. Note that positivity
was proven in [14] for the case b = 4. On the other hand, upon setting, say,
w = 0, it follows from [21, Proposition 5] that positivity of h0,b,−b2 requires
b 6 4. However, it appears that the diagonal coefficients are positive for any
b ∈ R. Note that this sits nicely with and further illustrates Question 1.1.
We note, however, that, for b < 4, the function h0,b,−b2 does not appear to
be on the boundary of positivity.
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Let a direction n = (n1, . . . , nd) ∈ Zd
>0 be given. Among points on the

singular variety V, a special role is played by the critical points x for n,
which are characterized [18, Proposition 3.11] by the d equations p(x) = 0
and, for all j = 1, . . . , d− 1,

(18) ndxj∂jp(x) = njxd∂dp(x).

We note the following consequence of [18, Theorem 3.16], which is a simple
reformulation of [19, Proposition 5.1]; see the remark after [18, Theorem
3.16] for the uniqueness.

Proposition 5.5. Let n ∈ Zd
>0 be such that there is a smooth critical point

for n. If the rational function h is non-negative, then there is a unique
critical point for n in Rd

>0.

Example 5.6. For illustration, we use Proposition 5.5 to give an alternative
proof of [21, Proposition 5], which states that the rational function

h(x, y, z) =
1

1− (x+ y + z) + bxyz

is not non-negative if b > 4. Suppose that b > 4, in which case V is smooth.
A simple computation shows that h has three critical points for n = (1, 1, 1),
namely, the points (c, c, c), where c is a solution of

(19) 1− 3c+ bc3 = 0.

This cubic equation has discriminant ∆ = 27b(4− b). The assumption b > 4
implies that ∆ < 0, which in turn implies that the equation (19) has only
one real root. Since this real root is necessarily negative by the intermediate
value theorem, we conclude that none of the three critical points for (1, 1, 1)
lies in R3

>0. By Proposition 5.5 it follows that h is not non-negative if b > 4.

Generalizing the approach taken in this example, we are able to show one
part of [21, Conjecture 1].

Theorem 5.7. For the rational function

h(x, y, z) =
1

1− (x+ y + z) + a(xy + yz + zx) + bxyz

to be non-negative it is necessary that a 6 1 and b 6 2− 3a+ 2(1− a)3/2.

Proof. Upon setting z = 0, it follows from Section 2 that a 6 1 is a necessary
condition for h to be non-negative.

The defining equations (18) for critical points for n = (1, 1, 1) are equiv-
alent to

(x− z)(ay − 1) = 0, (y − z)(ax− 1) = 0.

There are therefore two kinds of critical points. Firstly, the points (c, c, c),
where c is a solution to

(20) 1− 3c+ 3ac2 + bc3 = 0;
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secondly, the points (x, y, z) where two coordinates equal 1/a and the third
coordinate is a(1− a)/(a2 + b).

We observe that the discriminant of the cubic equation (20) is negative if

a 6 1 and b > 2− 3a+ 2(1− a)3/2. In that case, by the same argument as
in the previous example, there are no critical points of the first kind in R3

>0.
On the other hand, unless b = −a3, there are three distinct critical points
of the second kind, which either all lie in R3

>0 or all lie outside R3
>0.

Suppose that a 6 1 and b > 2− 3a+ 2(1− a)3/2. Then the case b = −a3
occurs only if a < −3, in which case the critical points of the second kind lie
outside R3

>0. We conclude that h cannot have a unique critical point in R3
>0.

Since, by Example 5.2, all points on the singular variety of h are smooth,
the claim therefore follows from Proposition 5.5. �

Note the special role played by the diagonal direction n = (1, 1, 1), though
the present proof does use global information when applying Proposition 5.5.

Acknowledgements. We are indebted to Duco van Straten for providing
us with the explicit formula (15) and also with geometric insights behind
his derivation.
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