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Introduction

We introduce an intrinsic metric 9 on a cornplex rnanifold

M adrnitting a positive, bounded strictly plurisubharmonic

function T satisfying the Monge-Ampere equation TaßTaTs = T •

It is shown that the holornorphic sectional curvature of the

metric 9 along the tangential direction of each leaf of the

Menge-Ampere foliation associated to T is identically -1

(cf. Theorem 1, § 1). This result applies in particular to

bounded strictly convex domains in ~n with smooth boundaries,

for which it is shown that foliation-preserving isometries of

the intrinsic metric are biholomorphic or anti-biholomorphic

(cf. Theorem 2, § 2 and the remarks following it). As a corollary,

we obtain arecent theorem of Bland-Duchamp-Kalka ([1]) that for

any two bounded strictly convex domains D and D with smooth

boundaries, any biholomorphism between corresponding Kobayashi

balls D and D having the center fixed can be extended tor r

a biholomorphism of D and D (cf.corollary to Theorem 2) .

This theorem can be thought of as an anylytic continuation

principle for the homogeneous Monge-Ampere equation. (Recall

that a harmonie map is holomorphic everywhere if it is holo-

morphic on an open set). The proof of theorem 2 is based on the

observation that a Monge-Ampere exhaustion of a strictly convex

domain D, which in general is not smooth at the center, is

however real analytic along each leaf of the Monge-Ampere

foliation and induce a exhaustion on the blow up of D at

the center. Along the same line of argument, we characterize

circular domains among strictly convex domains by the property
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that there is a biholomorphic map frorn the domain to a

Kobayashi ball, having the center fixed (cf. Theorem 3, § 3).

We thank the referee for its helpful remark and

especially for the reformulation of theorem 3 which is more

general than our original version. The second and third

authors would also like to thank the Max-Planck~Institut für

Mathematik of Bonn for its hospitality while this research is

completed.
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§ 1. Curvature of Intrinsic Metries

Let M be a complex manifold with a bounded positive
00

strictly plurisubharmonic function T of class C which

satisfies:

( 1 • 1 )
-aß

T T T- = T
a ß

where lower ind~ces indicate partial differentiation and
-

aß
T

are entries of the inverse of the Levi matrix (T -) • Summationaß

convention will be used throughout this article. The function

Twill be refered to as a Monge-Ampere function. It is well­

known that condition (1.1) 1s equivalent to the condition

(1 • 1) I de t (u cx ß) = 0

where u = log T .

Suppose that

associated to T:

2o < T < A , we define the following metries

( 1 • 2 )

We are interested in the behavior.of these metries. For

simplici ty we will always assume that A = 1 .in (1.2). Consider

the vector field

( 1 • 3 )
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then (1.1) implies

(1 .4) lzl~ =:
2

T, Iz Ig
=: T/(1-T)2 .

It is also well-known (and easy to see by using (1.1) I)

that the interior product Z.J a3u =: Z~ aau =: 0 • In terms of

loeal coordinates

(1 • 5 ) a.u -Taß

where and is the cmmplex

conjugate.

The manifold is foliated by complex curves which are the

integral manifolds of the v~ctor field Z. rhis foliation is

refered to as the Monge-Ampere foliation associated to T.

Theorem 1. The holomorphic sectional curvatures in the direction

of Z are given by

Kh(Z) - 0 and K (Z) == -1
9

for the respective metries hand g defined by (1.2).

Proof. The fact that Kh(Z) =: 0 is known (cf. Wong [9]). For

convenience we include here a very short proof (different from

the proof in [9]).

By differen-tiating equation (1.1) we get
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- -
0: ß·- . 0: ß

T . = T T- T . + T T - T
Y ßy 0: ß o:,y

thus for any y we have

( 1 .6) 0:
T Ty,a

0:= T T
o:,y

= 0 •

Here the comma denotes covariant differentiation and note that

the curvature is of type (1.1) so that successive differentiation

of the same type commute.

We obtain by differentiating (1.6)

a a
T -T + T T - = 0

, ß o.,y o:,yß

and by contracting with T Y , we can get rid of the first term

above by (1.6). We thus arrive at the following identity,

( 1 • 7)

From the Ricci commutation formula

T - - T -a,yß a,ßy

and from the fact that the metric tensor is covariant constant,

i.e. T -ß = T -ß = 0 , we conclude thata, y a,y

( 1 .8)
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In_particular

To cqmpute the curvature of g I we use the fact that g

is conformal to h , so that the curvature forms na (for g)
ß

and Ra (for h) are related by
ß

n~ = R~ + 2ö;aalog(1-T)

(cf. Wong [9], p.270). By uirect computations

[ log ( 1- T)] - = (1 - T ) -
2

[ - T - + ( T T - - T T -) ]
~v ~v ~v. ~ v

and for u = lOgT ,

-2
u - = T (-T - + T T -)
~v ~v ~ v

Thus we have

[ log ( 1- T)] - = (1 - T ) -
2 (- ~ - + T 2u -)

~v ~v ~v

and so the components of the curvature tensors are related by

n - ­
ßy~v

-2 a
= (1-T) T -n -

ay ßllV

The holomorphic sectional curvature of g is given by
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K (Z)
g

2 lJ \lT U -T T ] .
lJ\l

Since Kh (Z) = 0 , T ßYTßTY = \ Z I~ = T and
-

lJ \l
U -T T = 0

lJ'J
(cf.

(1.5)), we obtain

K (Z) =
g

2
T

___·C-:--_..... 9-1
(1_T)4 Iz \4

g

where the last equality follows from (1.4).

For a bounded strictly convex domain D with
00

C

Q.E.D.

smooth

boundary in C
n , the fundamental work of Lempert [2] says that

for any point p in D, a unique Monge-Ampere exhaustion

-
T : D ~ [0,1] exists. More precisely T is an exhaustion with

the following properties:

( 1 .9) T(Z)=O iff z=p, T(z)=1 iff Z E 8D

(1.10) moreover if TI: D ~ D . is 'the

blow up of D at p then
00

TI0t' E C (D) ;

(1.11) t' is strictly plurisubharmonic (in fact strictly.

convex and satisfies (1.1) on D'{p} ;
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near p .

In other words, the terminology of [4], (D,T) is a manifold

of circular type with radius 1 and center p, such a manifold

is biholomorphic to a complete cicular domain iff the associated

Monge-Ampere foliation is holomorphic or equivalently the gradient

vector field Z defined in (1.3) is a holomorphic vector field

(cf. [10]). The following corollary is an immediate consequence

of Theorem 1:

Corollary. On a bounded strictly convex domain D in ~n with

00

C smooth boundary then for any point p in D, intrinsic

metries hand g as defined in (1.2) exist and the conclusions

of Theorem 1 hold for these metries on D'{p} .

We know also from the work of Lempert that the exhaustion T

is related to the Kobayashi distance o(z) = 0D(ZiP) from the

fixed point p 9Y the formula

(1.13)" 1+IT .
ö = log

1-1T

In fact the leaves of the Monge-Ampere foliation are precisely

the (complex) geodesics (i.e. extremal dises) of the""Kobayashi

metric through p (cf. [2] and [5]). Let 6 c ~ be the uriit

disc in ~ and f: 6 ~ D with f(O) = P be such an extremal

disc. It is easily verified that

Tof(z) = Iz!2

(1.14) f* (h) = dzdz is the. Euclidean metric

f*(q)
dzdz

=
(1-lzI 2)2

is the Poincare 'metric



-8-

thus the rnetric g rnay be regarded as a generalization of the

Poincare rnetric. Furtherrnore, frorn the uniqueness (relative to

the center p) it is also clear that biholornorphic maps of D

leaving the center p fixed, are isometries of the metrics h

and g .
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§ 2. Isometries of Intrinsic Metries

In this section we study the converse, namely the prob~em

of finding conditions under which certain isometries of the

intrinsic emtrics (defined in the previous section) are biholo-

morphic (or antibiholomorphic) maps.

Associated to the Monge-Ampere exhaustion T with center

p in a bounded strictly convex domain with
00

C smooth boundary,

there is a bounded complete circular domain G (which in fact

is the Kobayashi indicatrix of D at p) in ~n and a homeo-

- -morphism ~ : G ~ D with the following properties (cf. [2] and

[ 3] ) :

( 2 • 1 )

(2.2)

(2 .3)

o = TO~ is the Monge-Ampere exhaustion of G centered

at the origin with the property that O(AZ) = 1~12cr(z)

for all complex number with IAI~1 and for all z in

G

~ maps discs through the origin biholomorphically onto

the leaves of the Monge-Ampere foliation associated to

T

As the leaves of the foliation are geoedesics of the Kobayashi

metric, ~ i9 simp1y .the exponential map fram the indicatrix

onto the domain. It should be emphasized that for general domains
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the exponential map is not well-defined because of the non-

uniqueness of extremal discs (cf. [7]).

The following relationship between land cr in a

neighbourhood of p is very useful in -the sequel

( 2 .4)

we refer to [4] § 4 for the proof. Without 1055 of generality

we assurne from here on that p = 0 . From (2.4) it follows that

(2.5)

( 2 • 5)' .l Cl ß(Z ) = cr Cl ß(Z ) + 0 ( IZ I)

and so

(2 .6) det ( l Cl ß(z)) = det ~ cr Cl ß(z)) + 0 ( 1z I) •

The same is true for the minors of the two matrices,

M
a ß (z) + 0 ( j z I )
cr

As a result we also have the expansion for the inverse

(2.7)

Recall that cr is the Monge-Ampere exhaustion of ,the

circular domain G with center at the origin and it has the
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homogeneity property given by (2.2). In fact o(z) = IzI 2e g (z)

where 9 is a smooth function on ~n,{O} and is constant on

each co~plex line through the origin. It follows that 0as(z)

and oaß(z) are bounded as z ~ 0 . In fact from the homo-

genity property (2.2), we have

(2.8)

From (2.5) we conclude that

(2.9)

(2.10)

-
TaS(Z) and Taß(Z) are bounded as Z ~ 0

-
3 c > 0 such that (T aS ) > c land (T

aß ) > C I

where I denotes the identity matrix.

Finally we also noted that because of (1.10) the restriction

of to any leaf extends smoothly across the

center p. With these remarks we now prove the main result

concerning isometries of the intrinsic metries.

Theorem 2. Let D and D be two bounded strictly convex

domains with C
OO

smooth boundaries in ~~ . Let T "(resp. T )

be the Monge-Ampere exhaustion of D (resp. D ) centered at p

(resp. p ) and h,g (resp. h,g be the associated, intrinsic

co

metries defined in § 1. Then every C isometry ~: D ~ D

of the metrics hand h (resp. 9 and g) i5 'either

biholomorphic or anti-biholornorphic.
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Proof. First we show that ~ is holomorphic or anti-biholo-

rnorphic when restricted to each leaf of the foliation. Since

~ preserves the foliation, it maps a leaf L onto a leaf L

and ~(p) = p where p and p are the corresponding centers

in D and D. 'The map ~ is also an isometry of the induced

metrics hand h (resp. g and g) on "L and L respectively,

wh~ch by the remarks at the end of § 1 are biholomorphically

isometrie to the unit dise in [ with the Euclidean metric

(resp. the Poincare metric) and with the center p (resp. p

corresponding to the origin. An isometry of the disc with

Euclidean metric (or Poincare metric) is either holomorphic or

an~i-holomorphic. Without lOßs of generality assume that it is

holomorphie, then a connectedness argument shows that ~ is

holomorphic along every leaf, i.e. Z~ = 0 where Z is the

gradient vector field of '~T (cf. (1.3) tangent to the leaves.

Sinee ~ is an isometry, Vd~' = 0 i.e.

(2.11)

for all a and for all j,k ranging over real coordinate

systems. Here

for hand h

1 "'ar. k and r
ß

are the 'Christoffel symbols
], y

respectively. We claim that vlä~12 = vlä~\2 = 0 .

By a direct computation we have for any 1
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Choosing normal coordinate at z and at ~(z) , we have

which is zero because with normal coordinates at z , (2.8)

implies that all second derivatives of ~ vanish at z.

Similarly for any 1 we have

proving the claim. The above computations work the same way

\ ':\m12 l' 5for the metric g in place of h . In any case o~

constant on D'{p} .

Since is at the center, to evaluate a
(0k: (p) , we

need only evaluate its value at p "along the "leaf in the

direction of a/azk. Since we have observed already that ~

is holomorphic along each leaf, it is then clear that

a
~k(P) = 0 . On the other hand we have, by definition,

'k a ß
= ,.J 1" -~-~'aß k J

'k
Now form (2.6) we know that ,.J (z) and "aß(z) remain bounded

as z approaches the center, it follows that \ä~12(z) , which

is constant on D'{p} , approaches zero as z ~ p . Clearly the

only possibility is that a~ ~ 0 , namely that ~ is a holo-

morphic map.

Q.E.D."
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Remark. The theorem above is true under the weaker assumption

00

that ~ is a C diffeomorphism preserving the foliations

and the induced metric on corresponding leaves of the foliation.

\ ~lnI2Instead of concluding that all partial derivatives of Q~

are zero, we can only conclude that zla~12 = zla~12 = 0 , where

Z is the gradient vector field and hence la~12 is constant

when restricted to a leaf. However the proof that lä~12(z) ~ 0

as z ~ p works the same way and constancy on each leaf is

enough to force la~12 ~ 0 . With this remark we obtain, as a

corollary, the following result of Bland, Ducharnp and Kalka [1]:

Corollary. Let D and D be two bounded strictly convex

dornains with
00

C boundaries in and let D be the
r

Kobayashi ball of radius r centered at p E D and p e D .

respectively. Then every biholornorphisrn ~ : Dr ~ Dr sending

p to p is the restriction of a biholomorphism between D

and D.

Proof. The indicatrix G of D at p , being a cornplete

circular domain has a natural biholornorphic contraction map

A : G ~ Gr(A) , taking z to Az, where A 0 < A < 1 . The

image Gr = Gr(A) is th~_Kob~yashi ball centered at the origin

1+A
with radius r = log 1-A . This induces a map from D to Dr

via the exponential map ~ so that the following diagram

commutes:

G > Gr

~ 0 ~

~ ~

D •••••••••• > D
r
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We refer to this map as the contraction map (cf. [1]) . From

(2.2) it is clear that the contraction map is biholomorphic

when restriet to a leaf of the Monge-Ampere foliation.

By composing with the contraction map (and its inverse)

it is clear that every biholomorphism ~ D ~ D extends
r r

to a foliation preserving diffeomo~phism of D and D .

Furthermore this extension is biholomorphic when restriet

to a leaf and apriori preserve the induced metries. By the

previous remark, this extension is holomorphic.

Q.E.D.

Remark. Both Theorem 2 and the corollary hold in the general

setting of manifolds of circular type ([4]). In fact for any

manifolds of circu~ar type with bounded_exhaustion,'the leaves

of the Monge-Ampere foliation are Kobayashi extremal discs

([5]), hence the exponential map from its indicatrix is again

well-defined.
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§ 3. When is a Strictly Convex Domain Circular?

A bounded circular doamin is biholomorphic to any of its

Kobayashi ball centered at the origin. In fact this property

characterize circular domains among strictly convex domains.

The proof presented below follows from the same line of argument

as in the previous section. The theorem is probably true for

more general domainsa However at presen~ Qur technigues, based

on curvature of intrinsic metrics, work only for strictly

convex domainsa

Theorem 3a Let D be a bounded strictly convex domain in

~n with smooth boundarYa The following statements are equi-

valent:

(a) D is biholomorphic to a complete circular domainj

(b) for some point p in D and some r , with 0 < 'r < co

the contraction map l.P D -+ D , where D denotes the
r r

the Kobayashi ball of radius r centered at p , 'is

biholomorphicj

(c) for same p in D and 0 < r < co , there exists. a

biholomorphic map l.P from D onto the Kobayashi ball,

D of radius r centered at p, leaving the center p
r

fixeda

Proofa The implications (a) ~ (b) and (b) ~ (c) are obviou~,

it remains to show (c) q (a)
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It is known that D is also strictly convex ([2])
r

Let T be the Monge-Ampere exhaustion of D at p . Since
r

~ is biholemorphic and fixes p, we have from uniqueness of

- -1Monge-Ampere exhaustion centered at p, that T = TO~ ,

where T is the Monge-Ampere exhaustion for D. On the ether

hand, from (1.13), the Kobayashi ball is given by

where 1 +;.\.
r = log 1-;'\' • Since

-2
;.\. l' = 1 on aD and clearly

r

:::: T •o
r

satisfies the Monge-Ampere equation., we have by unlqueness

-2 - -1
;.\. T _::::. Tolp-that on

It follows that on D
r

-2= A T­aß and

hence the corresponding gradient vector fields for l' and T

are equal

( 3 . 1 ) a.ß
T T- = Z

ß

on Dr . The same -is true for the Ricci forms

(3 .2)

on D . Since ~: D ~ D is biholomorphic, it is an isometry
r r

of the metries iaaT and iaaT , and so preserves the corres-

ponding Ricci curvatures and sends the gradient vector field



-18-

of one to the other, i.e.

By iteration we get from (3.1), (3~2) and the above

(3.3)

where k
<.P denotes the composite of <.P with itself k times.

From (2.6) and (2.8) we know that

log det(To;S(tZ)= log det(oaS(z» + O([tz[)

and by differentiating the equation with respect to z we get

2
2 3 log de t (T -ß )

t _ a (tz)
3z dZ

11 v

2
d log det(a -ß)

= _ 0; (z) + O(lt[)
8 z az

11 v

Hence the Ricci forms Sand S are related by
T 0

t 2S (tz) = S (z) + O(lt\) .
T a

On the other hand by (2.5), (2.7) and (2.8), the vector

fields Z and Z are related by
T 0

Z (tz) = Z (tz) + o<ltl) = tZ (z) + O<ltl· 2) .
T 0 a

Hence we have
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s (z , Z ) (tz) = S (z , Z ) (z) + 0 ( It I )
T T T cr 0 0

--For a ci·rcul-ar domain, the vector field Z is holornorphic .
a

condition that

(in fact Z
a

CL= z a
az

a.
) which is equivalent to (cf. [9]) the

S (z ,Z ) - 0 •a a 0

It follows that

S (z ,Z )(z) = o(lzl)
T T T

on a neighborhood of the origin.

From T (tp (z)) = A2T (z) , we have

T (tpk (z)) = A2k T ( z)

and property (1.12) of T implies that

for some positive constants A and B . It follows that

A~k ' ~ I z 1 2 ;;a Itpk (z) I2 ;;a A2k ~ I Z 1 2

hence

- kS (z ,z ) (tp (z)
T T T

= 0(;\2k)
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which converges to zero as k ~ 00 • From (3.3) we conclude

that S (z ,Z ) 5 0
T T cr

or equivalently that Z
T

is holomorphic,

hence D is biholomorphic to acircular domain. In fact the

exponential map ~ from the indicatrix is biholomorphic ([4]).

Q.E.D.

The following corollary is an immediate consequence of the

above theorem and Theorem 3 and 9.4 of [3]:

Corollary. Let D be as in Theorem 3, then the following

statements are eguivalent:

(a) D 1s biholomorphic to the unit ball;

(b) part (b) of Theorem 3 holds for two distinct points in D ;

(c) part (c) of Theorem 3 holds for two distinct points in D.

Theorem 3 and its corollary, suitably rested, hold in the

general setting of manifolds of circular type. In fact, the

arguments used in the proofs depend only on the properties of

the Monge-Ampere exhaustion and therefore they work whenever

such exhaustions exist.



-21-

References

\

[1] Bland, J., Duchamp, T., Kalka, M.: On the. auto~orohism

group of strictly convex domains in [n, "Contemporary

Math., 49 19-30, AMS Providence (1986)

[2] Lempert, L.: Le m&trique de Kobayashi et la repr~sen­

tation des domains sur la boule, Bull.Soc.Math. France,

109, 427-474 (1981)

[3] Patrizio, G.: Parabolic exhaustion, for strictly convex

domains, Manusc.Math., !2, 271-309 (1984)

[4] Patrizio, G.: A characterization of complex manifolds

biholomoprhic to a circular domain, Math.Z., 189, 343-363

(1985)

[5] Patrizio, G.: The Kobayashi metric and the homo~eneous

complex Monge-Ampere equation, to appear in Proc.Varna

(1985)

[6] Patrizio, G., Wong, P.M.: Stability of the Monge-Ampere

foliation, Math.Ann., 263, 13-29 (1983)

[7] Royden, H., Wong, P.M.: Caratheodory and Kobayashi

metries on convex domains, preprint

[8] Stoll, W.: The characterization of strictly. par~bolic

manifolds, Ann.Scuole Norm.Sup.Pisa, Z, 87-154 (1980)

[9] Wong, P.M.: Geometry of the homogeneous complex Monge­

Ampere equation, Invent.Math., ~, 261-274 (1982)

[10] Wong, P.M.: On umbilical hypersurfaces and uniformization

of circular domains, Symp.Pure Math., !J.., 225-252, "AMS

Providence (1984)


