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ARITHMETIC DENSITY

MAURICIO GARAY

ABSTRACT. We define arithmetic classes as a subset of R™ consist-
ing of vectors which are not better approximated by the integer
lattice than a given sequence. We give measure estimates for such
sets.

1. INTRODUCTION

In the study of dynamical systems, one frequently consider deforma-
tions over completely discontinuous subsets. For instance, the KAM
theorem asserts the existence of invariant tori parametrised by dio-
phantine frequencies in hamiltonian systems. Such sets are usually
themselves countable union of closed subsets [1, 9, 13]. Taken indepen-
dently, some of these might have locally zero measure and even contain
isolated points. The purpose of this note is to give density estimates in
order to overcome this difficulty.

Our starting point is the observation that the Dani-Kleinbock-Margulis
relating diophantine approximation to flows of discrete subgroups — via
the Schmidt correspondance — can be adapted to this situation. In some
respects, the case we consider is simpler and more explicit than that
encountered originally by these authors [4, 5, 8, 12, 14|. For instance, it
is sufficient to consider one parameter families for flows and the norm
of the corresponding subgroups can be explicitly computed (Lemma 3
below).

2. STATEMENT OF THE THEOREM

Let us now define the subsets of R™ that we wish to consider. Denote
by (-,-) the euclidean scalar product in R™. For any vector o € R", we
define the sequence o(«) by :

o(a)y == min{|(, )| - i € Z"\ {0}, [li]| < 2*}.
Definition 1. The arithmetical class in R™ associated to a real decreas-
ing sequence a = (ay,) 1is the set
Cla) :={a e R" : o(a); > ax}.

Arithmetical classes are closed in R™. By Dirichlet’s theorem, for any

C > 0, 7 < n, the arithmetical class in R™ associated to the sequence
1
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(C27™) is empty [11] (see also [3]). On the other extreme, for 7 > n, the
union of arithmetical classes associated to the sequence (C27™") over

different values of C' defines a set of full measure. Similar dichotomy
holds for submanifolds of R™ [7].

If instead of a countable union, we fix one arithmetical class then
it is a closed subset. Therefore it cannot be of full measure unless
it is equal to R™ itself. Our theorem states that it is nevertheless of
positive measure near some points and that this property is preserved
by mappings which are not flat at the given point.

For o € R™, we denote by B(«,r) the ball centred at a with radius .
Recall that the density of a measurable subset K C R™ at a point « is
the limit (if it exists) :

Vol(K N B(a,))
im .
r—0  Vol(B(a,r))

The density of a measurable subset is equal to 1 at almost all of its
point [10]. For instance, sets of zero Lebesgue measure have density
equal to one at almost all points and, in fact, equal to zero at all points.

If u = (ux) and v = (v}) are two real sequences, we denote by uv
their product (uv)r = ugvy.

Theorem 1. Let a = (ax),p = (pr), pr < 1 be two real positive se-
quences and

f=f,....f):RE—R" £(0)#0

a C'-mapping. If the l-th order Taylor expansion of f is not constant
and if

NI /) < o

k>0

then the density of the set f~1(C(pa)) is equal to 1 at each point of
fH(C(a)).

3. FUNCTIONS OF cLASS (C, 7).

For a subset K C R% and a function
f:K—R
we define

1fllx = sup|f(z)|
zeK

(which might be infinite) and use the convention 1/0 = 4o00. In the
sequel, we denote by U C R? an open neighbourhood of the origin.
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Definition 2 ([8]). A map f : U — R is of (C,7)-class if for any
open ball B C U and any € > 0, the following estimate holds :

Vol({x € B:|f(z)] <e}) <C ( )TVOI(B).

€
/1l

Functions of class (C, 7) define a cone : if f is of (C, 7)-class then so
is A f for any A € R.

Lets us denote by 1, 2o, . .., x4 the coordinates in R?. We shall use
multi-index notations

o =009k . b
Zq

T Yo

and put || = B1 + B2+ + Ba.
A compact K C R? will be called a hypercube if it is of the type

K = [a1, a1 + 0] X [an, a, + 0] X -+ X [ag, aq + 6].

for some real numbers ay, as, ..., aq,d with § positive. The volume of
such a subset is 9.

Lemma 1 ([8]). Let f : U — R be a C' function. Assume that there
exists M,m > 0 such that for any multi-indezx 5 with |G| < I, we have :

i) infuep |08 f(2)]| >m fori=1,....d;
i) sup,ep |07 F(@)]] < M.

For any hypercube K contained in U, we have

3

1f1lx

1/dl
Vol({x € K : |f(z)| <e}) <C ( > Vol(K)

with
1/i
C e di(l + 1) (%(z 1)L+ 1)) |

m

Corollary 1. Let f : U — R be a C' function. Assume that the I-th
order Taylor expansion of f at the origin is not constant. Then there
exist a neighbourhood of the origin and constants C, 7 such that the
restriction of f to this neighbourhood is of (C,T)-class.

Indeed, up to a rotation, we may assume that the Taylor expansion
of f at the origin is of the type

flo) =Y aa’ +o(|z|"), k<1
li|=k
with 9% f(0) £ 0 for all i = 1,...,d.
Choose r sufficiently small so that there exists m, M with

105 ()| > m, Yo € B(0,r),Vi=1,....d
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Now, any ball with radius p lying inside B(0,r/+v/d) is contained in a
circunscribed hypercube whose sides have length 2p, itself contained
inside the ball B(0,r). Thus, the estimate of the previous lemma gives
constants C, 7 for which the restriction of f to B(0,7/v/d) is of (C,T)
class.

4. THE KLEINBOCK-MARGULIS THEOREM

Denote by ey, e, . .., €,41 the standard basis of the vector space R"*!.
For i = (i, 12, ...,1), 1; < ij41, we put
€; = eil/\€i2/\.../\€ik
and endow the exterior algebra A*R" of a scalar product as follows.
First define the Hodge operator
* 1 APR" — A"7PR"
by the condition
sUNU=e NeyN...N\Ney,
and the scalar product in A°R"™ by
xuAv = (u,v)er ANeag A ... N\ ey.
This endows the exterior algebra of an euclidean structure for which
the e;’s define an orthonormal basis.
The map
A°R" — A°R", v +— —v
defines an action of the group Z/2Z on the exterior algebra A°*R™. There
is a well-defined injective map

FP—>U1/\UQ/\"'/\U7-

which sends a discrete subgroup I' generated by wuq, us, ..., u, to the
class uy Aug A -+ A, in the quotient space A*R"/(Z/27).

We say that the vector u; A us A --- A u, represents the discrete
subgroup I' C R™ and we define

T := |lug Aug A=+ A
A discrete subgroup is called primitive if it is not a proper subgroup of
a discrete subgroup with the same rank. We denote by £" the primitive

subgroups of Z" and by Lo(R", R"™!) the vector space of rank r linear
mappings from R” to R™.

Theorem 2. Let h: R? D B(0,3R) — Lo(R",R™™Y) be such that for
any I' € L" the mapping
Yr: B(0,3"R) — R, x> ||h(z)T]|
is of (C,7) class. Choose p <1 such that the inequality
[¥rllBo.r) = p
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holds for any I' € L". There exists a constant C' which depends only
on C,d,r such that

Vol({z € B(0,R) : §(h(x)Z") <e}) < C’ (E) R?

for any € < p.

The value of C" is given in the paper of Kleinbock and Margulis who
proved the theorem for the case r = n + 1 [8, Theorem 5.2]. Theorem 2
is given by Kleinbock and the proof is essentially the same as for
r =mn+ 1|6, Theorem 2.6]. There also exists a more general statement
due to Bernick, Kleinbock and Margulis [2, Theorem 6.2].

5. DISCRETE SUBGROUPS AND ARITHMETIC CLASSES

To the vector a € R™, we associate the discrete subgroup [a] in R™*!
of rank n defined by

[a] :=={(i, (a,4)) € R"™ 1 i € Z"}
where (-, -) denotes the euclidean scalar product.

Consider the linear map
g, : R™ — R
whose matrix in the standard basis is diagonal with coefficients :
(e7tet ... et el).
Given a discrete subgroup I' € R"*!, we use the notation
5() = inf ||
where || - || denotes the euclidean norm.
Lemma 2. Leti € Z™ be such that |(a, )| < a then
(gile]) < e

e = allill;
t = logH;—”

Proof. For any x € R" and any y € R, we have :

Iz, y)ll < V2max ([|z]], [y]).-

Consequently, the estimates |(«,7)| < a gives :

19¢(i, ()] < V2max (e7||if|, e'a) = ¢

where e,t are defined by

DO [—
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Consider the map
h:R* — Lo(R™, R™™) 2 [u s e 'u+ el (u, f(r))ens].

In particular, if I' is the lattice represented by e; A ey A ... Ae,, then
h(x)I" is the discrete group associated to f(z) :

h(z)l' = [f(z)].
Lemma 3. We have the equality
Ih(2)T] = et + | f()]* |T]].

Proof. Let uq,...,u, be a basis of a primitive subgroup I' C Z". The
subgroup h(x)T" is represented by the vector

-

€_TtU1/\UQ/\. . /\UT—FZ(—l)l(U“ f(x))ul/\ . ./\u,»_l/\ﬂi/\uiﬂ .. ./\ur/\enﬂ.
i=1

Choose orthonormal vectors by, . . ., b, of R™ which span the r-dimensional

vector space containing I' and which define the same orientation as

U1, ..., U, that is :

ug Aug Ao Aup = [|T]| by Aba Ao  Ab,
I assert that

T

v(x) = Z(—l)i(ui, fl@))ur Aooo Aoy Ay Aty - .o Ay

i=1
and
V() =TI (=1) fila)br Ao Abiy Abi Abiy ... A,
i=1
are equal. Indeed for any i = 1,...,r, we have
us Av = (=1)"(us, HITI 01 A ... Ab =u; AV

This proves the assertion. As the vectors by, ...,b, are orthonormal, we
have

10" (@) = [T ]Lf ()]
This concludes the proof of the lemma. Il

Assume that the Taylor series of f at the origin is not constant. In
such a case, Corollary 1 implies that there exist C,7 such that the
restriction of the function

1
T = m!\h(fﬁ)Fll = Ve 2+ | f(2)]?
to an appropriate neighbourhood of the origin is of class (C, 7). As the
(C, 7)-class functions define a cone, the maps

z = [|h(2)T]
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are also of class (C, 1) for any discrete subgroup I'. As f(0) # 0 and
IIT|| > 1, in a sufficiently small neighbourhood of the origin, these
functions are bounded from below independently on the value of ¢.
Thus, the lemma shows that the assumptions of the Kleinbock-Margulis
are satisfied, consequently :

Proposition 1. Let
f=0h - fa)  B(O,R) — R", f(0) # 0

be a C'-map having a non-constant l-th order Taylor expansion at the
origin. There exist constants C', p > 0 and such that

Vol({r € B(0,) : 8([guf () < £}) < €' (%)d

forr < R and any € < p.

6. PROOF OF THEOREM 1

Denote by [-] the integer value and consider the map
0 :Z" — N, i — [log,||z]]] + 1.

For i € Z™, (i) is the smallest natural number such that 7 is contained
in the ball of radius 29 centred at origin.

Fix i € Z" and put k := ¢(i). The set
M; :={B € R" : [(B,1)] < prar}

is a band of width 2pgay /||| and the union over the i’s of the subsets
M, is the complement of the arithmetic class C(pa) :

R"\ €(pa) = | J M.

1EL™
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Let v be a vector in C(a). Denote by ¢; the distance from « to the
hyperplane orthogonal to the vector ¢ € Z". The intersection of the set
M; with the ball B(«,r) can possibly be non-empty only if

r> 5, — ek
2]l
As a € C(a), we have
(v, 4)| > ak
thus a a
k k
[ 2 L
[efl — 2*
and therefore
1 —
U= pdae

As the sequence p is summable, there exists an integer N such that
1
Choose

1—
7’<inf{(2¢:k§]\/}
then

o(i) < N = M, N B(a,r) = 0.

This shows that if M; intersects the ball B(a,r) then the vector
1 € Z" belongs to the set

@ .
I, ={ieZ :Qkil <r, k=(i)}.

er = /2Hlagpy ;
1
—1

tk = 5

ol
ag
Lemma 2 implies that

f(x) € My = (g, [f(2)]) < e

Consequently, according to Proposition 1, there exists some constants
C,~v > 0 such that

Vol(B(0,7) N f~1(M;)) < CelVol(B(0,r)).
As the map
f:R"—R"
is differentiable, by the mean-value theorem, there exists a constant s
such that for any sufficiently small r

f(B(0,r)) C B(a,kr), f(0)=a.
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In particular
fHM)NBO,r) # 0 = i€ L,
for any sufficiently small r.

This shows that the measure of the complement to f~(C(pa)) in
B(0,7) is bounded from above by

C Vol(B (Z \/ 200+ ay /w)

i€l r

By definition of I,,., we have :

> \/ 260 ag ) pp) < 2V Y 270 /P

i€1xr 1€1r
and
ZQw )\/— Z Z 2%0(
iczn k>0 (i)
We have

#{o(i) = k} = #{p(i) <k} = #{p(i) < k -1} <2040
where the symbol #— stands for the cardinal. This shows that

Z 24,0(@) /_pgo(z) < Zz(k’-{-l)n—&-k /—pk

iezn k>0
By assumption, the series is in the right hand side is convergent

therefore the sums
> V2000000

1€ e

goes to 0 as r becomes smaller. This concludes the proof of the theorem.
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