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Abstract

In this mini-course, we make use of Spin® geometry to study special hyper-
surfaces. For this, we begin by selecting basic facts about Spin® structures and
the Dirac operator on Riemannian manifolds and their hypersurfaces. We end by
giving a Lawson type correspondence for constant mean curvature surfaces in
some 3-dimensional Thurston geometries.
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1 Introduction and motivations

Having a Spin or Spin® structure on a Riemannian manifold (M", g), we can define
a natural first order elliptic differential operator called the Dirac operator. It acts
on spinor fields: sections of a complex vector bundle XM called the spinor bundle.
The geometry and topology of a Riemannian Spin or Spin® manifold and their
submanifolds are strongly related to the spectral properties of this operator.

On a compact Riemannian Spin manifold (M™,g) of positive scalar curvature,
A. Lichnerowicz [Lich63] proved that any eigenvalue A of the Dirac operator D
satisfies

1
A2 > Zinf Scal,
4 M

where Scal denotes the scalar curvature of (M™,g). Then, the kernel of the Dirac
operator is trivial and by the Atiyah-Singer theorem, the topological index of M™" is
zero. This yields a topological obstruction for the existence of positive scalar metrics.
Th. Friedrich [Fri80] refined the argument of A. Lichnerowicz and proved that

n

2> )
A > n—1) 1}\14fScal

The equality case is characterized by the existence of a real Killing spinor. The
existence of such spinors leads to restrictions on the manifold. For example, the
manifold is Einstein and in dimension 4, it has constant sectional curvature. The
classification of simply connected Riemannian Spin manifolds carrying real Killing
spinors [Bidr93] gives, in some dimensions, other examples than the sphere. These
examples are relevant to physicists in general relativity where the Dirac operator plays
a central role.

From an extrinsic point of view, Th. Friedrich [Fri98] characterised simply con-
nected surfaces isometrically immersed in R? by the existence of a spinor field
satisfying the Dirac equation. Indeed,

M? is a simply connected Spin surface

(M2, g) — R3 carrying a spinor field ¢ of constant norm
of mean curvature H satisfying Dy = Hyp
N—_——

The Dirac equation

The spinor field ¢ is the restriction to the surface M of a parallel spinor on R3. A
similar result holds for surfaces in S* and H?3 [Mor05]. As an application, we have an
elementary proof of a Lawson type correspondence. H.B. Lawson proved a correspon-
dence between surfaces of constant mean curvature in R?, S® and H?: every simply
connected minimal surface in S® (resp. in R3) is isometric to a simply connected sur-
face in R? (resp. H?) with constant mean curvature equal to 1. In 2001, O. Hijazi, S.
Montiel and X. Zhang [HMZ01a, HMZ01b] proved that the first positive eigenvalue of



the Dirac operator defined on the compact boundary of a Riemannian Spin manifold
(M™, g) of nonnegative scalar curvature satisfies

n—1

)\1 2 ian,
M

where H is the mean curvature of the boundary, assumed to be nonnegative. As an
application of the limiting case, they gave an elementary spinorial proof of the famous
Alexandrov theorem: the only compact embedded manifold in R™ of constant mean
curvature is the sphere S*™1 of dimension n — 1.

Recently, Spin® geometry became a field of active research with the advent of
Seiberg-Witten theory [KM94, Wit94, Sei-Wit94, Fri00]. This theory is based on the
fact that every oriented Riemannian compact 4-dimensional manifold has a Spin®
structure. Applications of the Seiberg-Witten theory to 4-dimensional geometry and
topology are already notorious: several theorems arising from Donaldson theory
found an elementary proof [Don96]. C. LeBrun [LeB95, LeB96] obtained topological
restrictions on 4-dimensional Einstein manifolds and with M.J. Gursky [GL98], they
calculated the Yamabe invariant for some 4-dimensional manifolds like the complex
projective space CP2.

From an intrinsic point of view, Spin, almost complex, complex, Kihler, Sasaki
and some classes of CR manifolds have a canonical Spin® structure. For example,
using Spin® structures, A. Moroianu [Moro99] proved the Lichnerowicz conjecture
on Kihler Spin manifolds which are limiting manifolds for the Kirchberg inequality
in even complex dimension [Kir86].

In 2006, O. Hijazi, S. Montiel and F. Urbano [HMUOQ6] constructed on Ké&hler-
Einstein manifolds with nonnegative scalar curvature, Spin® structures carrying
Kdhlerian Killing spinors. The restriction of these spinors to minimal Lagrangian
submanifolds provides topological and geometric restrictions on these submanifolds.

Hence, the restriction of Spin® spinors is an effective tool to study the geome-
try and the topology of submanifolds. Moreover, from the extrinsic point of view, it
seems that it is more natural to work with Spin® structures rather than Spin structures,
which are by now very classic. In this mini-course, we will examine Spin® structures
on hypersurfaces, to prove a Lawson type correspondence for constant mean curvature
surfaces in some 3-dimensional special geometries.

2 Algebraic facts

The aim of this section is to present some algebraic ingredients lying at the heart of
Spin® geometry. We refer to [LM89, Hij01, BHMM].

We denote by Cl,, the real Clifford algebra. It is the unitary algebra generated



by elements v, w € R"™ such that

vowtw-v=—2<v,w >gn,
where < .,. >pgn is the canonical scalar product of R™ and “-” denotes the binary
operator. If {ej, ..., e,} is an orthonormal basis of R", then
{Ley ..o, 1 <ip <...<ip <n,0< k<n}

is a basis of Cl,, (dimg Cl,, = 2™). The complex Clifford algebra Cl,, is the complex-
ification of the real one, i.e.,
Cl,, = Cl,, ®g C.

Examples 2.1 A basis of Cy is given by {1,e1} withe? = —1, then e; = i and Cl; =

C. Moreover, Cl; = C ®g C ~ C @ C. A basis of Cly is given by {1,e1,e2,e1 - ea}

with e% = e% = (ep - 62)2 = —land e; - e9g = —ey - 1. One has Cly = H and

Cly = H®g C ~ C(2). Here H denotes the Quaternion and C(2) the set of complex
matrix of order 2.

[ntl
Let we := i3 }el -eg - ... ey, bethe complex volume element.

Theorem 2.1 A complex representation of Cl,, is irreducible if and only if it is of
complex dimension 251 where [5] denotes the integer part of . More precisely, if
n = 2m is even, Cl,, has an unique irreducible representation of complex dimension
2m:;

Y2m - Clgm i} Endc(zgm ~ (CQm).

Moreover, (yam(we))? = Id. If n = 2m + 1 is odd, Cl,, has two inequivalent irre-
ducible representations both of complex dimension 2™ :

Y2m+1 and Vém+1 : (Cl2m+1 — End(C(EQm)-

Moreover, yom+1(we) = Id and 3, , 1 (we) = —1d.

We denote by CI? the even part of Cl,,. It is the subalgebra of CI,, generated by

{L,ei, ..., 1 <i1 <...<ir<n, 0<k<n, kis even}.
Lemma 2.2 For every n € N*, we have Cl,, ~ CI{ _ ;.

Proof. Let {ej,e2,...,e,, v} be an orthonormal basis of R™"! such that
{e1,e2,...,ey} is an orthonormal basis of R™. The following map

Cl, — CI0,,

€ip " v €y if kis even,
Cin oo Gy e -e;, v if kis odd
it Gy ,

is an isomorphism.



Proposition 2.3 For every m € N*, we have
'72m+1<(Cl(2]m+1) = Autc(Zom),

Yom(Clyy,) = Aute(X3,,) & Aute (),

where Yo, = X5 @® X, and EZim = {0 € Yom,Yom(we)o = Lo}

Proof. For n = 2m + 1, the map Vam1) : (Clgm+1 — Endc(X9y,) defines
2m—+1

a complex representation of (Clgm 1 Claoy, of complex dimension 2™. But 7o, is
the unique irreducible representation of Clsy,,, of complex dimension 2", then ~yo,,, =~

Vaml) L, - Thus, ’}/2m+1(Cl8m+1) = End¢ (X2, ). Moreover, for all u € Clgm+1,
2m—+1
~Yom-+1(w) is an isomorphism. In fact, foru = e; ... e, k even, wesetv = eg ... €]

and we can check that yo,,+1(u) © Yam+1(v) = Id.

3 Spin‘ structures and the Dirac operator

In this section, we define Spin® structures on a Riemannian manifold (M™, g) accord-
ing to S. Montiel [Mon05]. A Spin® structure on M is needed to define globally a
complex vector bundle XM called the spinor bundle, such that at every point z € M,
the fiber is given by ¥, M = %, = (Cz[%]. On sections of the spinor bundle XM, we
then define the Dirac operator and we give its basic properties.

Definition 3.1 Let (M™, g) be an oriented compact Riemannian manifold. A Dirac
bundle on (M™, g) is a complex vector bundle XM of rank | endowed with
e A Hermitian metric < .,. > and a connection V which parallelizes the metric, i.e.,

X(<,0>)=<Vxtp,p >+ <), Vxp >,

forall X € T(TM) and ¢, p € T(XM).
e A C°(M)-linear map ~y : TM — End(XM) satisfying

<Y X)), >+ <P, 7(X)p >=0, )
Vx(y(Y)yY) =v(VxY )y +v(Y)Vxp, 2
YX)(Y) +v(Y)v(X) = —29(X,Y), 3)

Sforall XY € T(TM), ¢, ¢ € T'(XM) and where the second connection on Equation
(2) is the Levi-Civita connection on M.

Why do we need the existence of such a map ~y ?
Why do we ask -y to satisfy these three conditions ?



On a Riemannian manifold (M", g), giving a complex vector bundle (XM, V, (., .)),
we have not any nontrivial natural first order operator acting on I'(XM ). However, we
have a second order operator: the Laplacian /A. When -y exists, we can define a natural
first order operator D by

D:T(SM) — T(SM)

Y o DY = (e)Ve b,
j=1

where {e;};—1 . p is a local orthonormal basis tangent to M. Conditions (1), (2) and
(3) are needed to get some properties of D.

Proposition 3.2 Let (XM,V,(.,.),~) be a Dirac bundle over a compact manifold
M. Then,

1. If M is without boundary, D is formally self-adjoint with respect to the L>-

scalar product (.,.) = fM < .,. > vg, where vy is the volume element of M
(Conditions (1) and (2)).

2. D? and N have the same principal symbol (Conditions (2) and (3)).

Proof. We choose normal coordinates at z € M, i.e., (Ve]. er)e =0,1<k,j <n.

1. For any ¢, ¢ € I'(Xx M), we compute

<Dy,p> = <> Ye)Veth, 0>

j=1

1 n

9 D < Ve (e >
7=1

= = g <vv(e)e > — <9, Ve, (v(ej)0) > ]
7=1

Q3 e <virle)e > + <, Dy >
j=1

= —divXj) —idivXe+ < ¥, Dp >,
where X1, Xy € I'(T'M) are defined by

9(X1LY) +ig(Xa,Y) =< §,1(Y)p > .
Finally, integrating over M, we get the desired result.

2. For every ¢ € T'(X M), we have

po = (St (Sorems)

j=1



k,j=1
( ) n n
= VeVt Y en)v(e) Ve, Vet
j=1 k,j—rkséj
=) V., Ve + Zv ex)V(e))(Ver Ve, — Ve, Ve, )
j=1 k<j

where R is the tensor curvature associated with the connection V on X M.

The condition (3) is the same defining the Clifford algebra on (7'M, g). Then, the map
~ can be extented to the Clifford bundle C/(T"M): it is the vector bundle over M whose
fibers at every © € M are CI(T,,M) ~ Cl,,. The extension of v will also be denoted

by ~:

v:C(TM) — End(XM)
Xle — ’y(Xl'...'Xk):’y(Xl)o...O’y(Xk).

Hence, at every point € M, vy : Cl(T,M) ~ Cl,, — End(X,M) ~ End(C') is a
representation of Cl,, of complex dimension .

Definition 3.3 A Spin® structure on (M™, g) is a Dirac bundle (XM,V,< .,. >,7)
of rankl = 2lZ]. In other terms, it is a Dirac bundle supplying at every point x € M an
irreducible representation of Cl,,. In this case, v is called the Clifford multiplication,
XM the spinor bundle, a section v» € I'(XM) is called a spinor field and D the
associated Dirac operator.

Proposition 3.4 Let (M", g) be a Riemannian Spin® manifold. Then, the determinant
line bundle det XM has a root of index 2[%]71, i.e., there exists a complex line bundle
L on M such that

L&--oL=L2""" — det ¥ M.
2[%]71 times

The complex line bundle L is called the auxiliary line bundle associated with the Spin®
structure.

Proof. (n = 2m + 1). We denote by ¢;; : U; N U; — Aut(Xa,,) the transition
functions of the spinor bundle > M. We recall that at every x € M, y is given by yam+1
and by Proposition 2.3, we have ’)/2m+1((Cl(2)m +1) = Aut(X2,,). Then, we define

Wi Ui NU; 25 Aut(Egm) L CIis



2

B

i.e., ij = Y2m+19%;;. Moreover, forall X € I'(TM ), we know thaty(X)? = —|X
then (det v(X))? = | X |22

. Let us define
sq:Cly, 4 — C*
)\vl oo U9k )\2|’l)1|2 . ’vgk‘Z.
It is easy to check that at each point x € M,
[
(det @ij(x))* = (det yam11(¢i(2)))* = [sa(ij(2))]?

Hence the line bundle £ whose transition functions are l;; = sq(v;;) satisfies
L2 — det M.

NS

]

4 Examples and remarks

Let (M™,g) be a Riemannian manifold. Is it always possible to find a Dirac bundle
S M with rank 2!z, yielding an irreducible representation of Cl,, ~ CI(T, M) on the
vector space X, M ~ ¥, atevery x € M ?

Proposition 4.1 ([Mon05, Nakl1b, Fri00, Moro97]) Every Kdhler manifold has a
canonical Spin® structure carrying parallel spinors, i.e., there exists a spinor field

W satisfying Vip = 0.

Proof. Let (M™=2™, g, .J) be a Kihler manifold of complex dimension m. The endo-
morphism .J : TM — T'M satistying J? = —1, can be extented to the complexified
tangent bundle 7°M = TM ®g C,

J:T°M — T°M.
It satisfies also J2 = —1. Then,
T°M = TL()M D T0,1M7

where T4 oM (resp. Tp 1 M) is the eigensubbundle of 7'°M corresponding to the eigen-
value i (resp. —#). The bundle of complex r-forms of type (1, 0) is defined by

AOM = N (T} M).

For example, if 7 = m, the complex line bundle Ky := A" M is called the canonical
bundle of the Kihler manifold. We set XM = A*OM := @I (A" (T} M). It is a
complex bundle over M of rank 2" = 2[5]. We define on T} oM a Hermitian metric
given by
< Z,W >= g(c(Z,W),

for any Z, W & Ty oM. Here gc denotes the complexification of g. The extension of
the Levi-Civita connection to 77 oM and the Hermitian metric < .,. > are compatible.
We define ~ by

v:TM — End(A*°M)
X s A(X)w= \}ﬁ(X CGTX) Aw — V(X w),

8



where (X — iJX)" is the complex vector X — iJX viewed as a complex 1-form.
Using the properties of A and J, we can prove that v satisfies Conditions (1), (2) and
(3). Hence, M has a Spin® structure carrying parallel spinors (the complex constant
functions). Let us find the auxiliary line bundle associated with this Spin® structure.

We have £ = det(A*0M)2" ™™ Then, the first Chern class ¢; of £ is given by

(L) = 217ci(det AWOM) = 217 (A0 M)
= 27 e (AOM) =217 O e (T M)

= ca(T{oM) = ci(A"TT (M) = c1(Kn).

SO,,C:KM.

Remarks 4.2 . Let (M™, g) be a Spin® manifold. The auxiliary line bundle asso-

ciated with the Spin® structure satisfies [Mon05, Fri00]
wa (M) = [e1(L)]y,

where wo(M) € H2(M, Zs) is the second Steifel-Whitney class of the manifold
M and c1(L) the first Chern class of the auxiliary line bundle L. Conversely,
the existence of a complex line bundle L over M satisfying wa(M) = [c1(L)],
defines a Spin® structure on M whose auxiliary line bundle is L [Mon05, FriO0].

. When the auxiliary line bundle L is a square, i.e., there exists a complex line
bundle V on M, such thatV ® V = L, then wa(M) = 0 and the Spin® structure
is called a Spin structure.

. Let (M™, g) be a Riemannian Spin® manifold. For every complex line bundle L
endowed with a connection VY and a Hermitian metric < o>

YM=SM®L,

defines another Spin® structure on M. In this case,

Y X)W =X el, @)
V =Veld+Ilde VF, (5)

<L =<0 >< L >, (6)
L =LoL (7)

Conversely, for any two Spin® structures on M, there exists a complex line bun-
dle L endowed with a connection V* and a Hermitian metric < .,. >, such
that Y M = XM ® L [Mon05]. In addition, v and v, V and V/, < .,.>and
< .,. >, Land L are related by (4), (5), (6)and (7). When we have a Spin
structure, the auxiliary line bundle L can be chosen to be trivial. In fact, since
M is a Spin manifold, we have L = V?* where V is a complex line bundle over
M. Let ¥'M = M @ VL. This Spin structure has a trivial auxiliary line
bundle.



Corollary 4.3 The complex projective space CP™ is a Spin manifold if m is odd and
if m is even it is not a Spin manifold.

Proof. Since CP™ is a Kihler manifold, it carries a canonical Spin® structure whose
auxiliary line bundle £ is K¢ pm (see Proposition 4.1). It is known that the index of
CP™ is m + 1 [HMUOG]. It is the greatest number such that there exists a complex
line bundle V over CP™ satistfying V! = K¢ pm. Moreover, the line bundle V is the
tautological bundle of CP™. On the other hand, the spinor bundle of any other Spin®
structure on CP™ can be written as [Fri00, HMUO6]:

g—m—1

YM = A'CP" @V =

where ¢ € Z and it satisfies g —m — 1 € 27. We recall that the auxiliary line bundle of
this new Spin® structure is given by K¢pm @ VI~™~! = V4, Then, if m is odd, ¢ could
be 0. In this case, V97V is trivial and the Spin® structure for ¢ = 0 is a Spin structure.
But for m even, g is always odd. Hence VY cannot be a square and then CP™ is not a
Spin manifold.

S The Schrodinger-Lichnerowicz formula

An important tool when examining the Dirac operator is the Schrodinger-Lichnerowicz
formula. It relates the square of the Dirac operator to some geometric data, like the
scalar curvature.

Proposition 5.1 (The Levi-Civita Spin® connection) Let (M™, g) be a Riemannian
Spin® manifold. For every X € I'(T M) and a local spinor fieldy) : U C M — ¥ M,
we have

Vit = 1 (e (Txes)y + La(X)e,
j=1

where ia : TU — R is an imaginary local 1-form. It is the local expression of the
connection on the auxiliary line bundle L.

Proof. We denote by V¢ = 1 > i=17(€j)v(Vxe;). We can check (exercice) that
V0 satisfies the same condition (2) as V, i.e., forall X, Y € I'(TM)

Vi (Y)Y) = v(Vx Y)Y +v(Y) V.

Then V' = Vx — V% satisfies V' (7(Y))) = v(Y)V'y1. Hence, V' commutes
with (T, M) for all z € U and so with v(Cl(T,M)) for all z € U. But V' €
End(3; M) and since it commutes with End(X,M) C ~(CI(T,M)), we have that
V’X is in the center of End (X, M) which is trivial. Then, there exists on U a complex

1-form 3 such that V'y = (X)Id. Now, we endow £ = (det EM)QI_[%] with the
connection induced from V on X M. Locally, we have

ZO&(X) — 21—[%]vdXet XM — 21_[%]tr(vx)
2113l (VY + 8(X)1d) = 211512051 3(X) = 28(X),

because VY is traceless.

10



Theorem 5.2 (The Schrodinger-Lichnerowicz formula) Let (M™, g) be a Rieman-
nian Spin® manifold. Then,

1 1
= A+ —Scal + —v(92
4Scau 27( ),

where i€} = ida is the curvature 2-form on L (it is an imaginary global 2-form)
and ~(R2) is the extension of v to forms given by v(X NY) = ~(X)v(Y) for all
XY eT(TM).

Proof. From Proposition 5.1, we can compute the curvature ‘R on XM associated with
V and we get, for all X, Y € I'(T'M),

R(X,Y)=RYX,Y) + %Q(X, Y),

where R%(X,Y) = %Zﬁjzl g(R(X,Y )e;, ej)v(ei)v(e;) and R is the Riemannian
tensor. Moreover from Proposition 3.2, we have

n

1
D* = Ao ) yley(e)R(eie))
ij=1
1 n
= A+ 3 Z ’Y(ez‘)’Y(eJ) (eir €;) Z Qei, ej)v(ei)v(es)-
ij=1 =1

Denoting by R;;i; = g(R(e;, ej)ex, e;), we have for all ¢ € I'(XM),

5 3 Aen(e)Roern e =

,j=1

n

Z zykl')/ e’L )7(6k)7(6l)¢

OO\H

—
=
—_

= 32 Z G > (Rijut + Rikir + Riijo)y(ei)v(e;)v(ex)
I=1 itk
+ Z Rijuy(ei)y(e;)v(es)
+ 37 Ruggnr(e(es)(es) (e
i
1

= 3 < Z —Ric(ej, e;)y(er)v(ej) — Z —Ric(e;, el)v(ei)y(el)z/;)

02¢)

—
=

l,j 0
—= Z Ric(es, e5)y(ei)y(ej)e
1,j=1

= iSCal 1.

—
=

Similary, we have

! Z Uer e5)1(ex)r(es) = £ 3 Dew eg)r(enhr(es) = LA

k,j=1 k<j

11



6 Hypersurfaces of Spin“ manifolds

Now, we move to study Spin® structures on hypersurfaces, such as the restriction of
the spinor bundle of an ambient manifold and the Spin® Gauss formula.

Proposition 6.1 ([Nakl1b, Mon05]) Every real oriented hypersurface (M™, g) of a
Spin® manifold Z"* is also a Spin® manifold.

Proof. (n = 2m) Let M™ — Z be an isometric immersion of M into Z. We denote
by v the normal vector field of the immersion and by /1 the second fundamental form,
I1(X) = —=VZv, forall X € I(T'M). The complex vector bundle SM := X2, is

n+l n n . . . . . . .
of rank 2271 = 2[5! = 23 Now, if we restrict the Levi-Civita Spin® connection VZ
to M, we do not obtain a suitable connection because Condition (2) implies

VI (Y)e) =v(VEY)e +7(Y)Vxe,

for all X,Y € I'(T'M), ¢ € T'(¥M), where y denotes the Clifford multiplication
on Z. Since V)%Y is the Levi-Civita on Z and not on M, we do not have a suitable
connection. We want to define v* : TM — End(XM) such that at every point
r € M,y : Cl(T,M) — End(X,M) defines an irreducible representation of
Cl(T,M) ~ Cl,,. We know that, at every x € M,  is an irreducible representation
n n+1
of Cly;n11 and by Proposition 2.3, Yap+1(CI3,,, 1) = End((C2[7]) = End((CQ[%] )
Then,

N ntl
Clay =5 Clgyyy ™5 Ena(C? )
ej > ej-v *—>’72m+1(6j)72m+1(y)

defines an irreducible representation of Cla,,. So, we set v (X) = ~(X)v(v) and
fyM satisfies Conditions (1) and (3). Now, if VM is a suitable connection on M, then
we should have

1 — i
VN =22 7M™ (VX ej)e + 505 (X,
7j=1

for every X € T(TM), ¢ = |y € T(SM) and where iaX"" is local expression of
the connection on the auxiliary line bundle £*. Moreover, we have the three following
facts:

1. Forall X,Y € I'(TM), we have

2. The auxiliary line bundle £ is given by

_n _in _n+1
LM = (et TM)? 1 = (det 22, )2 T = (detR2)? T = L7,

Then iaf” (X) = iat" (X) forall X € T(TM).

12



3. The Levi-Civita connections VM and VZ are related by the Gauss formula
ViY = VMY + I1I1(X,Y)v, forall X, Y € T(TM).

Then, we have

V¥

Z 1(VZe;) w\M—fZHX e (e )lar + Lol (X)plu

2
=1 7j=1
V4l - i’Y(V)V(VXV)WM - iwmxmww
Vel + TN~ T ()l

4
Vil — 51T )l

1
Vil — §7M(II(X))@. (The Spin° Gauss formula)

Choosing VM to be V& p = VZ1p|ar — 3/M(I11(X))p, for all o = 1|y € T(SM)
and X € T'(T'M), we get a suitable connection satisfying Condition (2).

Corollary 6.2 Let M™ (n even) be a real oriented hypersurface isometrically im-
mersed into a Spin® manifold Z of mean curvature H = %tr[ 1. Then,

1. DMy = %Hcp—v(u)DZIHM — V29| pr, where ¢ = 1| and DM (resp. DZ)
is the Dirac operator on M (resp. on Z).

2. Denoting by iQ% (resp. iQM) the curvature of the auxiliary line bundle £*
(resp. LM), we have

Y Q) = M) — M (1207, (8)

Proof. For every ¢ = 1|y, we have

DMgo

ZW@W 0
Zv 1) (V2 lar = 59T )y (w)lar)

—Z’Y V(e; VeJWM‘i‘ Z’Y e )Y (L1 (ej))|n

7j=1

—YW) DY s + (W) (YW) VIl + Y TI(ej, er)y(es)v(en) |

k,j=1

n
—y(v) D\ pr — VE|ar + §H80-

13



Moreover,

n n
0 = ZQZ(ej, er)ej N ey + Z Q% (ej,v)ej Av
<k =1

n
= Z QM (ej, en)ej A ey —vaQZ Av.
i<k

Finally, v(Q%)¢[p = M (QM)p — yM (v2Q%) .

7 Geometric applications

A Riemannian manifold is said to be homogeneous if its isometry group acts transi-
tively on it, i.e., for any two points p and g, there exists an isometry that maps p to q.
A homogeneous manifold is necessarily complete. It is a classical result of Rieman-
nian geometry that a homogeneous 2-manifold has constant curvature. Consequently,
up to homotheties there are only three simply connected homogeneous 2-manifolds:
the Euclidean plane R?, the sphere S? and the hyperbolic plane H?. In dimension 3,
the classifcation of simply connected homogeneous manifolds is also well-known but
more examples arise. Such a manifold has an isometry group of dimension 3, 4 or 6.
When the dimension of the isometry group is 6, then we have a space form (R?, S* and
H?). When the isometry group has dimension 3, then we have the solvable group Sols.
The ones with a 4-dimensional isometry group are denoted by E(x, 7). All manifolds
E(k, T) have the property that there exists a Riemannian fibration

E(k,7) — M?(k),

over the simply connected surface M?(k) of curvature x with bundle curvature 7. The
bundle curvature 7 measures the defect to be a product. When 7 = 0, the fibration
is trivial, i.e., E(k,7) is nothing but the product space M?(k) x R. There exist five
different kinds of manifolds according to the parameters 7 and «: the product spaces
S?(k) x R and H?(k) x R, Berger spheres, the Heisenberg group Nil3 and the uni-
versal cover of the Lie group PSLs(R). Homogeneous 3-manifolds are also related
to “Thurston geometries”. In fact, all homogeneous manifolds of dimension 3, i.e.,
R3,H3,S?, Solz and all E(k, 7), except Berger spheres, are the eight geometries of
Thurston.

Proposition 7.1 Let (M?,g) be a simply connected oriented surface isometrically
immersed into H?(—1) x R = H? x R of mean curvature H. Then, there ex-
ists a Spin® structure on M carrying a spinor field ¢ of constant norm satisfying
DMy = Ho. Moreover, in any local orthonormal frame {e1,e2} of M, the cur-
vature of the auxiliary bundle LM associated with this Spin® structure is given by
z’QM(el, e2) =1 < p, % >, where p = . — @_ is given by the decomposition of
p = @4 + p_ into positive and negative spinors.

Proof. The manifold H? is Kihler, so by Proposition 4.1, it has a Spin® structure
carrying a parallel spinor field. Also, R is a Spin manifold carrying a parallel spinor
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field [HijO1]. So, the product H? x R is also a Spin® manifold carrying a parallel
spinor field ¢y [Moro97, Nakl1b]. We endow M with the restricted Spin® structure
and let ¢ = v)|,;. Since v is a parallel spinor, we have for all X € T'(H? x R),

X(Jh]?) =< VEXBy o > 4 < o, VIEXBy 5= 0,

i.e., 1 is of constant norm, and so ¢ is also of constant norm. By Corollary 6.2, we
have , ,
DMy = Hp —y(v) D" Ry |y — ViRl = Ho.

It remains to show that iQM(ej,e0) = i < go,% >. By the Schrodinger-
Lichnerowicz formula (see Theorem 5.2), we have 7(QH2XR)w = —i1. Moreover,
using that, in even dimension, Y™ (w®)p = 7, we get

MO = QM(er,ea)rM ()M (e2)p

= —iQM(e1, e2)yM (W)
= —iQM(el,eg)E.

Now, taking the scalar product of (8) with @, we have
. _ ) 2 _
—i < 0,7 >= —iQM (e, e2)|0]*— < Y (v QT R)p, 5 > .

Finally, we can check (exercice) that < M (VJQHQXR)ap,@ >= 0, and we obtain
QM (e1,e2) =< ¢, ﬁ >.

Remarks 7.2 1. The converse of Proposition 7.1 is also true, i.e., having a simply
connected Spin® surface (M?,g) carrying a spinor field © of constant norm,
satisfying the Dirac equation DM ¢ = H such that QM (e1, e3) =< ¢, % >,
we can immerse M into H? x R. In fact, B. Daniel [Dan09, Dan07] proved
that to immerse a simply connected surface M into H? x R, we should have
a symmetric endomorphism E on M, a vector field T and a real function f

satisfying

K =det E — f? (Gauss equation), 9)

ITI? + /2 =1, (10)

dVE(X,Y) = —f(g(Y,T)X — g(X,T)Y), (Codazzi equation)  (11)
VxT = fEX, (12)

where K is the Gauss curvature of M. Having a Spin® structure on M carrying

a spinor field ¢ of constant norm satisfying DMy = Hyp and iQM (e1,e5) =
1<, ﬁ >, there exists a natural choice [Nakl1b, NR11] of f, T and E using
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the spinor @ and such that Equations (9), (10), (11), (12) and (13) are satisfied.
In fact, we have f =< o, # >, T' is defined by

(T, e1) =< in™M(ez)p, # >, and g(T,ep) = — < Z-WM(el)%# S,

and E = {%?, where (¥ is the energy-momentum tensor associated with . It is a
symmetric 2-tensor defined by

¥

9(X,Y) = Re < M(X) Vo + M (V) V¥ ¢, P

>,
for all XY € T(TM). This tensor has been studied by many authors (see
[Hij95, BGMOS5, Ha-NalO, Naklla]j).

. We can also characterise simply connected surfaces in S> xR [Ha-Nal0, NR11],
Berger Spheres, the Heinsenberg group Nils or the universal cover of PSLy(R)
[NRI1]. In fact, E(k,T), with T = 0, are Spin® manifolds carrying a parallel
spinor field. When T # 0, E(k, 7) are Spin® manifolds carrying a Killing spinor
field of Killing constant 5 [NR11], i.e., a spinor field ) satisfying

KT T
VR = Ty(X)e,

for all X € T'(TE(k,T)). As for H? x R, the restriction to M of the Killing
spinor field V¥ defines a spinor field ¢ on M of constant norm and satisfying
DMy = Hyp — itp. The curvature of the auxiliary line bundle is given by
iQM (e, e2) = —i(k — 472) < o, % > . Since, the converse is also true, we
get

of mean curvature H

{ (M?,g) = E(k,T) }

)

M? is a simply connected Spin® surface
carrying a spinor field ¢ of constant norm
satisfying DMy = Hp — it.

The curvature of the auxiliary line bundle
is given by iQM (e, es) = —i(k — 472) < o, % > .

Theorem 7.3 (A Lawson type correspondence). Every simply connected surface
minimal in Nilg is isometric to a simply connected surface immersed into H?> x R

of constant mean curvature

1
5

Proof. From Proposition 7.1, we have
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{ (M?,g) — H? x R = E(-1,0) }

of mean curvature H = %

)

M? is a simply connected Spin® surface
carrying a spinor field ¢ of constant norm
satisfying DMcp = %cp. ) (14)
The curvature of the auxiliary line bundle
is given by iQM (e, e0) =i < ¢, % > .

From the remark above, we have also,

{ (M?,g) = Nil3 = E(0, 3) }

of mean curvature H =0

)

M? is a simply connected Spin® surface
carrying a spinor field ® of constant norm
satisfying DM@ = —i1®. _ (15)
The curvature of the auxiliary line bundle
is given by iQM (e1,e9) =i < @, % > .

To prove the correspondence between minimal surfaces in Nilz and surfaces in H? x
R of constant mean curvature %, we have to prove that Systems (14) and (15) are
equivalent. In fact, considering System (14), we define ® = ¢ + iw_ which satisfies
System (15). Conversely, having System (15), we define ¢ = ®; +i®_ which satisfies

System (14).

Remarks 7.4 1. The Lawson type correspondence between simply connected con-
stant mean curvature surfaces can be done for all E(k,7) [NRI1].

2. The Lawson type correspondence between simply connected surfaces in E(k, T)
has been proved by B. Daniel with another proof [Dan07].

3. The manifolds E(k, T) are also Spin manifolds. But, using Spin structures on
E(k, T), we cannot prove this Lawson type corrrespondence because the Spin
structure on E(k, T) does not carry a natural spinor field (like a parallel or a
Killing spinor field).
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