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Abstract

Let T : J — J be an expanding rational map of the Riemann sphere acting
on its Julia set J and f : J — R denote a Holder continuous function satisfying
f(z) > log|T'(z)| for all z in J. Then for any point z, in J define the set D, (f) of
“well-approximable” points to be the set of points in J which lie in the Euclidean
ball

B(y,exp (-X15 f(T'z)))

for infinitely many pairs (y, n) satisfying 7"(y) = zo. We prove that the Hausdorff
dimension of D, (f) is the unique positive number s(f) satisfying the equation
P(T,-s(f)- f) =0, where P is the pressure on the Julia set. This result is then
shown to have consequences for the limsups of ergodic averages of Hélder continuous
functions. We also obtain local counting results which are analogous to the orbital
counting results in the theory of Kleinian groups.

1 Introduction

8§1.1 Part of number theory is concerned with finding rational numbers p/q which are
good approximations to a real number z. For any = one can find infinitely many p/q
whose distance from z is less than ¢~2. If one can find infinitely many p/q whose distance
from z is less than ¢77 with 7 > 2 then z is said to be a 7-well approximable number.
In this article we shall associate to a dynamical system T : X — X various sets of well
approximable points in X in analogy with the classical theory of well approximable real
numbers. We shall calculate {Theorem 1) the Hausdorff dimensions of these sets. As a
consequence we obtain in §1.5 results on the distribution of ergodic averages for Holder
continuous functions f : X — R, and we also solve in §1.3 the “shrinking target problem”
introduced in [10]. Furthermore our method shows a link between conformal measures
and local counting results, which we describe in §3.

We shall restrict our attention to the case where T : € — T is an expanding rational
map of degree d > 2 of the Riemann sphere T='CU {0} and J = J(T') is its associated
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Julia set (see [1]). It is known that J is non-empty, perfect and fully invariant, which
means that

T-(J)=J =T(J).

By the definition of expanding (see Chap. 9 of [1]), there exists a A > 1 and an integer
m > 1 such that
(T™Y(z)] > X forall zin J(T),

where 7" is the derivative of T. For expanding maps J is not the whole of T (see Theorem
4 of [22]) and so we may and will assume throughout that oo € J. Thus we can think of
J as a metric space with the usual metric on C.

§1.2 The main result. We shall now introduce a class of ‘well approximable’ subsets of J
for which we shall calculate the Hausdorff dimensions. The notation B(z,r) will mean a
ball with centre £ € C and radius » > 0 (with respect to the usual metric on C), and ¢
will denote the Hausdorff dimension of J.

For z € C and 7 > 0 we shall write B(z,7) for the ball with centre z and radius r
(with respect to the usual metric on C).

Let f : J — R be a Holder continuous function satisfying f(z) > log {T"(z)| for all =
in J and write f, for the n'* ergodic sum of f. This means that

fule) =3 f(T).

=0

All logarithms in this article will be to the base e. For any point z, in J, let I = I(z,) be
the set of pairs (y,n) (n € N) such that T™(y) = z,. We now define the following subset
of J

D.,(f):={z € J:z € B(y,exp(— fu(y))) for infinitely many pairs (y,n) € I}.
In §4 of this article we shall prove the following

Theorem 1 The set D, (f) has Hausdorff dimension s(f), where s(f) is the unique

solution to the pressure equation
P(T,—s- f)=0.

For the definitions of pressure, Holder continuity and Hausdorff dimension the reader
is referred to section 2. The Hausdorff dimension of D, (f) is independent of our choice
of z,, thus in future we shall simply write D(f) for the set D, (f). Also we shall only
be working with one rational map 7' at any one time and so we will leave T out of
the pressure notation, i.e. write P(—s - f) for P(T,~sf). Theorem 1 generalizes the
results and conjectures of [10], which we shall presently describe. The theorem can also
be viewed as an extension of the Bowen-Manning-McCluskey formula which states that
P(—-8log|T’]) = 0 . Furthermore Theorem 1 can be thought of as an analogy of the

Jarnik-Besicovitch theorem, see §1.4.
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For f(z) = log|T'(z)| one can easily deduce that dim D(f) = dimJ. Thus for f <
log |T’|, we have D(f) D D(log{T"]) and there is nothing to investigate.

§1.3 Connections with previous work. Let z, be a point of J and let 7 be a real, positive
number. In [10] we considered the following two sets of ‘well approximable’ points in J,

Wir) = {ze€J:T"z)€ B(z,,exp(—rn)) for infinitely many n € N}.
We(r) = {z€J:T"(z) € B(z,|(T")(z)|™7) for infinitely many n € N}.

Note that W (r) is the set of points whose forward orbits enter a shrinking target (centred
at z,) infinitely often. For this reason we refer to the problem of describing the set W (1)
as the “shrinking target problem” (see [10, 11, 12]). It was shown in [10} that for 7 > 0,
W*(r) has Hausdorff dimension §/(1 4+ 7) and that the Hausdorff dimension of W(7)
satisfies the bounds
dx

X+r

where s(7) € R2? is the unique solution to the pressure equation

< dim(W (7)) < s(r),

P(=slog |T'|) = s7

and x is a positive constant. It was conjectured that dim(W(r)) = s(7), and we shall
now show that this is true. We shall show that these results and the conjecture are in
fact consequences of Theorem 1.

We first note the relations between the sets D(f) (f as above) and the sets W(7) and
We(r).

Proposition 1 If f(z) = (1 + 7)log |T"(z)| then there is an N € N such that
T*ND(f) cTVW*(1) C D(f).

Proposition 2 If f(z) = log|T'(z)| + v then there is an N € N such that
T*ND(f) c TNW(r) C D(f).

These propositions follow from the Kobe Distortion Theorem and the fact that all
analytic inverse branches of 7™ are well defined on balls in a neighbourhood U of J (see
§2.2.) We sketch a proof of Proposition 1 to illustrate how these propositions can be
proved. In fact they follow from Propositions 2 and 3 of [10]. Suppose z € W*(r). This
implies that for infinitely many natural numbers n one has

T™(z) € B(zo, (T™)'(2)77)-

This implies that
z € T7Y(B(z, [(T™) (z)|™7))-
Thus for some inverse branch 77" of T" one has

T € ﬂ'"(B(Zoal(T”)'(w)I”))-



If y =T7"(z,), then by using the Kébe Distortion Theorem one can show that there is a
constant C' > 1 such that

By, C(T™Y ()| 771) € T (B2, (T (£)177)) € Bly, CI(T™Y (2)|7771).
Using the chain rule we have that
@@ = Tirwa = oo (- S+ 0o rira)
= exp(—fa(z)).
We therefore have that
Bly,C™" exp(=fa(2))) C T (B(z0, (T™)()|77)) € By, C exp(—fa(2))) -

Choose N large enough so that for all n > N, z € J one has exp(f.(z)) > C. The result
now follows.

We now show how Theorem 1 combined with Propositions 1 and 2 give the results
and the conjecture of [10]. We first treat the case of W*(r). We have that

TN D((1 + 7) log [T'(z)]) € TNW*(r) € D((1 + 7)log |T"(=)]),
from which it follows that
dim W*(7r) = dim D((1 + 7) log |T"(z)).
Therefore by Theorem 1 we have
dim W*(r) = s(1),
where s(f) is the unique solution to the pressure equation
P(=s(f)- (14 7)log |T"]) = 0.

However the Hausdorff dimension é of J is characterised as the unique solution to the
equation P{—slog|T’|) = 0 (this is the Bowen-Manning-McCluskey formula). We there-
fore have that dim W*(7) = s(f) = §/(1 + 7) as required.

Now consider the set W(r). It follows as above from Proposition 2 and Theorem 1
that dim W (7) = s(f) where s(f) is the solution to

P(=s(f) - (log [T + 7)) = 0.

From this we ha,\;e that
P(~s(f)-log|T'l) = s(f)T,

which is the result forseen in [10].



§1.4 Classical Diophantine approzimatiom. We will now describe a connection between
our theory and an aspect of the classical theory of Diophantine approximation, which we
briefly recall.

Let z be any real number. [t was shown by Dirichlet that there are infinitely many
rational approximations p/q to z, such that

This result is the best possible of its kind, in that if one replaces the ¢™% on the right by
q~" with 7 > 2 then the set C(7) of = for which there are infinitely many approximations
p/q with
T - B, < =
q q
has zero Lebesgue measure. The set C(r) is the classical set of 7-well approximable
numbers. The Jarnik-Besicovitch Theorem (2, 15] states that for 7 > 2 the Hausdorff
dimension of C(7) is equal to 2/r. We shall now reinterpret this result.
For the moment let J be the closed interval [0,1] instead of a Julia set, and let
T : J = J be the Gauss map, which is given by

T(z)=z""modl if z#0.

For convenience we shall define T(0) = v/2 — 1. The point of this is to ensure that zero
is not a periodic point. Furthermore we shall set z, = 0 € J.
With this notation in mind, define as before the set

. _ z € B(y,exp(—fu(y))) for infinitely many pairs (y,n)
b(f) = {x €J: satisfying T"(y) = 2o '

where f, is an ergodic sum of a Holder continuous function f : J — R. Letting f(z) =
7 log {T'(z)| we have

Proposition 3 D(3log|T"]) = C(r).
This is an immediate consequence of the following observation.

Lemma. If p/q is a rational number (we are assuming that p and q are coprime) then
there is a unique n such that T"(p/q) = 0 and one has

(T™Y (p/9)} = ¢*.

If one could prove an analogue of Theorem 1 for the Gauss map then this would imply
by Proposition 3 the result dim C(7) = 2/7. At present we have not been able to prove
such an analogue. However using the techniques of [10] it is possible to show (see [11)
when it is completed) that in the special case when f(z) = 7 log|T"(z)|, one still has for
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the Gauss Map and similar transformations P(—dim D(f) - f(z)) = 0. This implies the
classical result.

§1.5 Fzceptional sets for ergodic averages. We will now point out some consequences of
Theorem 1 concerning ergodic averages of Holder continuous functions. We return to the
rational map setting, in which T' is an expanding rational map and J is its Julia set.

Recall that if one has a T-invariant, ergodic probability measure g on J then for
p-almost all z in J

~fu(e) — [ f(z)dutz)

as n — co. However this need not be true for all z in J. To study those points z for
which this fails to hold we define for y € R the sets

Bxf() = {z € : limsup=fufz) 2 x),
Exj(0) = {s€ : liminf~/u(e) < X}
Note the trivial relations:
Ext, p(Ax+ B) = EX™W(x) for 4, BER, A#0. (1)
As before let d denote the degree of T'. We shall prove the following

Theorem 2 Let f:J = R be a Holder continuous function and let x € R. Then

s(f+B)}

dim Ex} (x) > sup { y)

where the sup is over real numbers A and B such that the following inequalities are satisfied
A(f(z)+ B) = log |T'(z)| for all z in J,

A(x+B) 2 sup log |T'(z)|
re

f+B)
Pl —=logd <0 .
( o8 Xx+B/~

and

This can be reduced to the following weaker result.

Proposition 4 Let f : J — R be as in §1.2 and x > sup,ylog|T'(z)]. If x >
log d/ dim D(f) then
dimEx; (x) = dim D(f) .

To prove Proposition 4 we require the following
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Lemma 1l With f:J — R asin §1.2 one has D(f)\ D(x) C Ex;(x) and D(x)\ D(f) C
Ex} (x)-
He

We first prove the lemma. Suppose z € D(f)\ D(x). Then z € B(y,exp(—f.(y))) for
infinitely many (y,n) € I, but there are at most finitely many (y,n) € I for which we
have z € B(y,exp(—ny)). There are therefore infinitely many (y,n) € I for which one
has z € B(y,exp(—fa(y))) \ B(y,exp(—nx)). Now by the Holder continuity of f and the
fact that f > log |T’| there is a positive constant C{f) such that

z € Bly, C(f) exp(—fa(2))) \ B(y,exp(-nx))

for infinitely many n. This implies that

C(f) exp(=fa(2)) > exp(-nx),

for infinitely many n and therefore

lim inf lfn(x) <.

n—+oo n -

This shows that D(f) \ D(x} C Ex7(x). A similar argument proves the other assertion
made in the lemma.

We shall now prove Proposition 4. Suppose that dim D(f) > dim D(x). Then it fol-
lows that dim (D(f) \ D(x)) = dim D(f). By the lemma this implies that dim Ex} (x) >
dim D(f) whenever dim D(f) > dim D(x). We now calculate dim D(x). By Theorem 1
we have that P(—dim(D(x))x) = 0. On the other hand by the variational principle for
pressure (see section 2.3) we have that

0 = P(~dim(DO))) = sup {ha + [ ~dim(D(0)xdo(=)}
= sup {h, — dim(D(x))x}
= e dim(D(x))x,
where h!°P is the topological entropy of T : J — J. This in combination with the well
known fact [16] that for rational maps h*? = logd (d is the degree of the rational map)

implies
dim D(x) = logd/x.
We therefore have that dimEx}(x) > dim D(f) whenever dim D(f) > logd/x and this

completes the proof of the proposition.

We now prove Theorem 2 using Proposition 4 and the relations (1). Let f be any
Holder continuous function and Yy € R choose A > 0, B € R so that for all z € J,
A(f(z) + B) > log|T'(z)| and so that A(x + B) 2 sup,¢;log |T"(z)| and A(x + B) >
(log d)/s(A(f + B)). Then by Proposition 4, we have

dim Exj (x) = dim Ex} ;, g,(A(x + B)) 2 s(A(f + B)).
7



Since s(A(f + B)) = A™'s(f + B), the condition A(x + B) > (log d)/s(A(f + B)) reduces
to x + B > (logd)/s(f + B). On reformulating these conditions we obtain the theorem.

§1.6 On the proof of Theorem [ and counting results. The proof of Theorem 1, the
main result of this paper, follows by obtaining the upper and lower bounds for dim D(f)
separately. The set D(f) is a limsup set and the upper bound for dim D(f) follows by
considering its natural cover (see §4.1). The proof of the lower bound result is based on the
classical approach of constructing a ‘Cantor-type’ subset of D(f) on which a probability
measure satisfying a certain mass distribution principle is constructed (see §4.2-8§4.4). The
construction relies heavily on the existence of the Denker-Urbanski conformal measures
supported on the Julia set of a rational map (see §2.4), which are a generalization of the
more standard é-conformal measures initially constructed by Patterson [19] on the limit
sets of Kleinian groups and later extended to the rational map setting by Sullivan [22].
The Denker-Urbanski conformal measures combined with a well controlled covering of the
Julia set allow us to obtain local pre-image counting results (see section 3, in particular
Theorem 4 and the ‘Key Lemma’). For example we obtain the following result as a special
case of Theorem 4. Let B be a ball centred on J. Then for any real number X > X,(B)

> 1 x wB) X*,
(wm)€l:
Ve and [(T7)/{y)|€X
where v is the §-conformal measure supported on J which for expanding maps is a constant
multiple of §-dimensional Hausdorff measure. Such counting results are central to our
particular Cantor construction.

Notation. To simplify notation the symbols « and >> will be used to indicate an inequality
with an unspecified positive multiplicative constant. If ¢ « b and a > b we write a < b,
and say that the quantities a and b are comparable. If f is a differentiable function we
shall denote by f’ the derivative of f. The set of non-negative real numbers will be written
R2% We shall use the following convention for constants. Constants which arise during
a proof will be called ¢;, ¢z, ..., whereas those constants appearing in the statements of
lemmas will be called Cs, Cy, . ... We shall treat the symbols ¢y, etc. as reusable constants,
so that ¢; will have a different meaning in the proof of Lemma 5 from that in the proof
of Proposition 7. The constants in capital letters will on the other hand have a fixed
meaning throughout the paper. Finally, we mention that the number 2 appears a lot in
this paper. The only aspect of the number 2 which we shall be interested in is the fact
that it is bigger than 1; it could (almost) be replaced throughout the paper by for example
the number 3.7.

Acknowledgments. We would like to thank the Sonderforschungsbereich 170 in Gottingen
in particular Paddy Patterson, and the Max-Planck-Institut fiir Mathematik in Bonn for
their support and hospitality. We would also like to thank Manfred Denker for his interest
and help.



2 Material Required for the Proof

The proof of Theorem 1 makes essential use of the conformal measures defined and con-
structed by Denker and Urbarski [7], and the concept of pressure, introduced by Ruelle
(18, 20]. We shall also require some geometric results on J which we give first.

2.1 Hausdorff Measure and Dimension

The Hausdorff dimension of a non-empty subset X of k-dimensional Euclidean space R* is
an aspect of the size of X which can discriminate between sets of Lebesgue measure zero.
The upper bounds on the Hausdorff dimensions of the sets D(f) of well approximable
points will follow from the definition of this dimension, which we include in order to
establish notation.

The diameter sup{|x — y| : X,y € V} of a non-empty subset V' of R* will be denoted
by d(V). A collection {V;} such that 0 < d(V;)} < p for each i and X C {J; V; is called a
p-cover of X.

Let s be a non-negative number and for any positive p define,

H(X) = inf{z d(V;)* : {V;} is a countable p—cover of X} .

i=1
The s-dimensional Hausdorff measure H*(X) of X is defined by
H(X) = }gl_r;%'Hp()\) = sup H3(X)

p>0

and the Hausdorff dimension dim X of X by
dim X = inf {s : H*(X) =0} = sup {s: H’(X) = co}.

Further details and alternative definitions of Hausdorff measure and dimension can be
found in [8].

A general and classical method for obtaining a lower bound for the Hausdorff dimension
of an arbitrary set X in R¥ is the following mass distribution principle [8].

Lemma 2 {Mass Distribution Principle) Let D be a metric space with a Borel prob-
ability measure pi. Suppose there are constants r,,5,C > 0 such that for all z € D,
0<r<r, one has

p(Blz,r))y < C -7,

Then the following holds
dimD > s.

Proof. Suppose one has a p-cover {V;} of D with p < r,. Then one has 3_; d(V;)* >
Y. 2C (V) > 2C~ ' u(W). Therefore H*(W) > 2C~ (W) > 0, which implies the lower
bound on the dimension.
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2.2 Geometry of the Julia set

We need the following powerful result from complex analysis (see [14]).

Kobe Distortion Theorem Let A C T be a topological disc with boundary containing
at least two points and let V. C A be compact. Then there ezists a constant K(A,V)
such that for any univalent holomorphic function f : A = C the following inequality is

satisfied,
|f'(=)]

sup
zyev 1f'(v)]

< K(A, V).

One useful consequence of this theorem is the following:

Bounded Distortion Property There is an absolute constant K such that if f is a
univalent holomorphic function defined on a disc B(z,2r) in C then

B(f(2), K'r|f(2)]) C f(B(z,7)) € B(f(2), Kr|f'(2)]).

Throughout this article K will denote the constant arising in the statement of the
Bounded Distortion Property.
The following lemma is also well known, and can be found (amongst other places) in

[10].

Lemma 3 Let T be an expanding rational map with Julia set J. Then there is a neigh-

bourhood U of J such that T~Y(U) C U and for any ball B C U, all inverse branches of
iterates of T are defined on B.

Covering Lemma Let z, be a point in J. Then there ezist positive constants Cy,C>,C5
and a posilive integer n, with the following properties: for all n > n,,

Jo U B@GITY W)™

y : T (y)=z0

the following union
0

U BuClTYWI™)

¥ T“(y):::l,
is disjoint.
Let U be the neighbourhood of J in C constructed in Lemma 3. For a ball B = B(z,r)

we shall somtimes write 2B for B(z,2r). If B C C is a ball centred on a point of J, then
we define

n,(B) :=sup{n € N: T"(2B) C U and T"|35 is injective} ,
n(B):=inf{neN:T*B) D J}.
Note that one always has the inequality ni(B) > n,(B). Also note that n,(B) always

exists and is finite since T': J — J is an open map and is topologically exact.
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Lemma 4 There is a constant U3 independent of B = B(z,7) such that ny(B)—no(B) <
Cs. Furthermore one has

(T (@) = [T ) (o) = 7.

Proof. Let
1

c:=— inf T -yl
2 zed, yEC\Ul yl

Thus any ball centred on J and of radius 2c must be contained in U. For any n € N
let T, : B(T"z,2¢) = U be the inverse branch of T which takes 7"z back to z. The
existence of this inverse branch is guaranteed by Lemma 3. Note that inverse branches
are automatically injective. Applying the Bounded Distortion Property to this map, we
obtain for any n € N,

Bz, cK™H(T") (2)I7) C T;"(B(T™z,¢)) C Blz, eK|(T™)'(2)|™").
Choose natural numbers p, ¢ to satisfy
KT ()| < 2r S cKTI(TPY ()7,

cK|(TY'(2)| ™' < r < eK|(T*7 1) ()]

Since T is expanding, it follows that |p — ¢| is bounded independently of z,7. Note
that 7% maps T P(B(T"z,c)) injectively to U. Therefore by the above inclusion, 77
maps B(z,cK'|(T?)(z)|™') injectively to U. However by choice of p, we have 2B C
B(z,cK Y (T?)(x)]""). This shows that n,(B) > p. On the other hand, by choice of ¢
and using the other inclusion above, one can show that T9(B) > B(T9(z),c). This implies
that n1(B) < ¢+ n(B(T¥z),c)). Let

g :=sup{n(B(z,¢c)): z € J}.

By the Covering Lemma and the fact that T is expanding, one knows that c; is finite.
Therefore n,(B) < g+ cz. It follows that n (B) = no(B) + O(1) = p + O(1), and the
other equation follows from the choice of p.

An essentially equivalent statement to part of Lemma 4 is the following (which we
shall occasionally find more appropriate).

Lemma 5 Let z € J and n € N. Then n(B(z,|(T™)(z)|™")) = n + O(1).

2.3 Pressure

As before, let T be an expanding rational map with Julia set J. At this point it is worth

mentioning that since T is expanding, the dynamical system (J,T) has a finite Markov

partition (see section 7.29 of [20]). Using this fact we may apply results proved for shift

spaces (for example in [18]) to our case. We shall define the pressure of a Holder continuous
11



function. For a comprehensive account of the concepts introduced in this subsection, the
reader is referred to [3, 6, 18, 20].

Recall that a function f: J — R is said to be Holder continuous iff there is a constant
C(f) satisfying the following condition: for any ball B = B(z,r) C U with z € J and
any n in N such that T" is injective on B, one has for all y in BN J

[fa(2) — faly)l < C(f).

This definition of Holder continuity is the standard definiton given for functions on shift
spaces [18]. It is in fact equivalent to the form more usually used in complex dynamics,
which states that there are constants r,,a > 0 such that if z,y € J satisfy |t —y] < r,
then one has |f(z) — f(y)| < |z — y|*. We now give a sketch of how one can obtain the
above property from the more standard definition. By the Holder continuity of f,

Falz) = Fa) < 3 1T() = T ()",

1=0

Now T™ is injective on B, thus by the Bounded Distortion Property the right hand side
of the above inequality is less than or equal to the quantity

T (z) — T \( (1+1 Z|T‘ :v)|'°‘>

=1

Since T is expanding, one can find a bound C(f) on this expression which depends only
on T, e and K.

Let f: J — R be a Holder continuous function. For any positive ¢ one defines an
(n, €)-separated set to be a set F,(¢) of points of J such that for any two distinct points
T,y € F,(¢) one has

|T*z — T*y| > ¢ for some k < n which may depend on z,y.

We shall write

P(T, f, e)—hmsup logsup{ Z exp(fn(z))}

2E€FL (&)

where the supremum is over all maximal (n, €)-separated sets F,(¢) of J. The pressure
P(T, f) of f is defined as
P(T, f) = lim P(T, f,c) .

The existence of this limit is a consequence of the Holder continuity of f. We shall usually
write P(f) instead of P(T, f).

An important property of pressure is the following variational principle (see [23]),

P(f) = sup {ho + [ f(z)dols)]}

12



where the supremum extends over all ergodic T-invariant Borel probability measures o
on J and h, denotes the measure theoretical entropy of 7' with respect to o.

In the case f = 0, the pressure P(0) reduces to the topological entropy Aop of T'. This
is always equal to log d [L6], where d is the degree of the map T.

For s > 0, consider the function s = P{—s - f). This is a strictly decreasing, convex
function which vanishes at exactly one point s =: s(f). For f(z) = log|T'(z)| one has
that s(f) = é (:= dim(J)). This equality is known as the Bowen-Manning-McCluskey
formula. We remark again that Theorem 1 can be viewed as an elaborate generalization
of this formula.

2.4 Conformal Measures

Let T : J — J be as before. Furthermore let A : J/ = R be a Holder continuous function.
A measure vy, on J is said to be h-conformal (with respect to T') if

wn(T(4)) = [ exp(h(z))du (o)

for every Borel subset A of J such that T restricted to A is injective. Suppose that
v 1s h-conformal with respect to T, and suppose that 7™ is injective on some A C J.
Then iterating the above relation n times (each time approximating h uniformly by a
step function) one obtains

wh(T(4)) = [ exp(ha(2))dvn(),

where h,, is the n*" ergodic sum of h. This means that v is h,-conformal with respect to
",

We shall require the following theorem of Denker and Urbariski (see the first part of
the theorems on pg. 104 and pg. 125 of [7]) which guarentees the existence of h-conformal
measures.

Theorem. Let h: J — R be a Holder continuous function satisfying P(—h) = 0 and
h(z) > 0 for all ¢ € J. Then there is a unique non-atomic h-conformal probability
measure on J.

In fact we require the following slight generalization of this, a proof of which we sketch.

Theorem 3 Let h: J — R be a Holder continuous function satisfying P(—h) = 0, and
suppose that for some n € N, h,(z) > 0 for all x € J (here h, is the n'* ergodic sum of
h). Then there is a unique non-atomic h-conformal probability measure on J.

Sketch Proof. Let n be chosen so that hn(z) > 0 and hnqy(z) > 0 for all z € J. Then
by the previous theorem, there exists a measure v, on J which is h,-conformal with respect
to the transformation T™. Similarly, there is a measure v,4, which is h,,;-conformal with

respect to the transformation T"*!. However, by iterating the conformality relation n +1
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times one may deduce that vy, is 2,(,41)-conformal with respect to T7("+1} . Similarly one
shows that vng1 is An(ny1y-conformal with respect to 7™"*+1}, Therefore by the uniqueness
part of the previous theorem, we have v, = vn4,. Now using the fact that v, is both
hn conformal with respect to 7™ and h,4,-conformal with respect to 77!, one deduces
that it is h-conformal with respect to T. We have thus proved the existence part. For
uniqueness, suppose v is any h-conformal measure. Iterating the conformality relation n
times, one shows that v is h,-conformal with respect to 7", and thus by the uniqueness
part of the previous theorem we have v = v,,.

Asin §1.2, let f:J — R be a Holder continuous function satisfying f(z) > log |T"(z)|
for all z in J. We shall apply the above theorem to the function h :=s(f)-f : =z —
s(f) - f(z) where s(f) is the unique solution to P{—s- f) = 0. Since T is expanding and
f 2 log |T"|, there is an n € N such that f,(z) > 0 for all z € J. Thus h = s(f)- f satisfies
the conditions of the theorem. Therefore there is a unique non-atomic s(f) - f-conformal
probability measure supported on J, which we shall denote by v. The conformality
condition means that for every Borel subset A C J on which T is injective:-

v(T(A)) = fAexp(S(f) - f(z))dv(z) . (2)

Lemma 6 There are constants C4,Cs such that for any ball B centred on a point of J
and for any ¢ € B one has

Caexp(=s(f) - from)(z)) S w(B) < Csexp(=s(f) - fa(m)(2))-

Proof. By the Holder continuity of f there is a constant C(f) such that for z,y € B
one has | f,,()(z) — fr.(B)(¥)| < C(f). Iterating the relation (2) we obtain

AT PI(B)) = [ exp(s(f): fuup(Nd(2), 15 [ expls(f) - fum(2))du(2)
Therefore, using the Lemma 4 we obtain the inequalities

=) exp(s(f) fanimy()(B) < v(T™B(B)),

1< eDWexp (s(f) (froim(@) + Casup(/()) ) (B).

The lemma follows by setting Cs := exp(—s(f)(C(f) + Cssup,e;(f(2)))) and Cs :=
exp(s(f)C(f))-

Lemma 7 There is a positive constant Cg such that for any ball B centred on J one has
v(2B) < Cev(B).

Proof. This follows from the previous lemma when one knows that n(B) — n,(2B)
is bounded from above. Such a bound follows from Lemma 5 using the fact that T is
expanding.

14



3 Local Counting Results

We now depart from our main aim to describe a simple application of our methods. Let
J,T, f be as before. Counting results are results which describe the number of periodic
points or pre-images or preperiodic points etc. that there are in a dynamical system.
However there are usually infinitely many of them, and so one tries to answer the question
how many there are of a given “size”. In order to obtain asymptotic estimates for such
numbers as the “size” increases it is usual practise to define a dynamical zeta function
and to obtain some kind of analytic continuation. These methods are based on techniques
from analytic number theory, in which one counts the number of prime numbers of a given
size. We give an example of this, counting pre-images of a given “size”. Let I be the set
of all pairs (y,n) € J x N such that T"(y) = z,. Define

m(X):=#{(y,n) € I : fuly) < X}

In order to estimate m(X) one defines the dynamical zeta function

Z(s):= 3 exp(=sfa(y)).

{(yin)e!l

It is known that Z(X) converges in the right half plane P(—®(s) - f) < 0, and that under
certain conditions on f one may obtain an analytic continuation of Z to a larger domain.
Then using a Tauberian Theorem one deduces that

m(X) ~ e!NX

where s(f) is the unique solution to the equation P(—s- f) = 0. This was by way of an
introduction; we shall not use these techniques here. As usual, the notation m(X) ~ e/} X
means that 7(X) e=*)X = 1 as X tends to infinity.

We shall be interested in counting pre-images which lie in a given ball in J. Let
B = B(z,r) be a ball centred on a point z € J, and define

m(B,X) = #{(y,n) € [ :y € Band fu(y) < X}.
We shall prove the following.

Theorem 4 Let s(f) be the solution to the equation P(—s- f) = 0 and let v be the unique
s(f) - f-conformal measure. If B is a ball centred on a point of J then there is a constant
X,(B), such that for X > X,(B) one has

m(B,X) x v(B) X
where the implied constants are independent of B.

This result is analogous to those for the orbital counting function in the discrete group
setting first found in [17]. To prove Theorem 4 we need the following lemma, which is in

turn proved using the Covering Lemma of §2.2.
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Lemma 8 (Covering Result) There are constants Cr,Cs,Cqy, C1o with the following
property. For any z € J, X € R2® there is a pair (y,n) € [ such that

S B(yyc'r'l(Tn)’(y)‘—l)! and fn(y) - CB _<. X S fn-’rl(y) + CS .

Futhermore, there are no more than Cq pairs (y,n) € I with f,(y) —Cs < X < fami(y) +
Cs, such that :

z € By, Crol(T™) ()I7).
Proof. Let z,X be given. Then choose n so that

falz) < X £ fan(z).

By the Covering Lemma of §2.1, there is a point y € J satisfying T"(y) = 2, and with
z € By, C7|(T™)Y(y)|™"). Since f is Holder continuous there is a constant C'( f) such that
| faly) = fu(z)| € C(f). We therefore have

fn(y) = C(f) £ X £ fanr(y) + C(f).

The first part of the lemma follows by setting Cs = C(f). Now suppose that (y;,n,) € 1
also has these properties. Since some finite ergodic sum of f is bounded away from zero
it follows that |n — n,| can take on only a bounded number of values. By setting Cyo to
be the C; of the Covering Lemma of §2.1, we have that for any n; there is at most one
y1 satisfying z € B(y1, Cio|(T")'(y)|™"). Thus there are only a bounded number of pairs
(y1,n1) satisfying the conditions of the lemma. We would like to thank Manfred Denker
for suggesting the proof of this lemma.

Proof of Theorem 4. Let [(X) be the set of all (y,n) € I such that f,(y) — Cs <
X < fas1(y) + Cs. Then by the previous lemma one has

Jo U BT W™,
(wmEI(X)

and the multiplicity of Uy, nyerxy By, Ciol(T™)'(y)|™") at any point is < Cy. Therefore
for any measure m on J one has

1 ny/ - n -
o > m(B(y,ColTYW™) sm(N) < 3 m(Bly, G (»)I™).
9 (yn)el(X) (yn)EI(X)
Similarly we have for any ball B,
]. I — ny/ -~
A Y. mBCul(TYWi™) <m(B)< 3 m(Bly, C(T™ ()I™).
Bly, Cl{t)ﬂ'(r;?f)‘:((flll:' hece B(y.Ca |{("i;":))"E(Ib‘())lf_)1 )NB#e

Let X be large enough so that for (y,n) € I(X) one has C;}(T")(y)|™' < /2. We then
have

1 > mBy,Cul(TYWI™) sm(B)< 3 m(By, C(T) (y)I™).

C9 (ypmYET(X): (ym)EI{X):
yEB{z,rf2) peB(x,2r)
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Now let v be the s(f) - f-conformal measure. We have for (y,n) € /(X) by Lemmas 6, 7
and 3,

v(B(y, Co|(T™Y (»)I™1) < v(Bly, Cool(T™) ()| ™1)) < exp(—s(f) faly)) = e7* .
We therefore have
m(B(z,7/2), X + Cs) — n(B(z,7/2),X — Cg) € v(B)e’ V¥
and v(B)e' WY « n(B(z,2r), X + Cs) — 7(B(z,2r), X — Cs).
Thus by Lemma 7 we have
m(B(z,7), X + Cs) — m(B(z,r), X — Cs) x v(B)e’ ¥,
This is equivalent to the theorem.

We shall now prove by a similar method (but using the Covering Lemma of §2.2 instead
of Lemma 8) a result which we need in §4. The number £(B,n) for n € N will be defined
as follows:

%(B;n) := > exp(—s(f) - fu(¥))- (3)

y : TPy=zo, Blyexp(—/n(y)})CB

Key Lemma. There are constants Cyy,C1a,Ci3 > 0 depending only on T, J, f such that
if B is a ball and n > n,(B) 4 Cy3 then

Cu&(B,n) < v(B) < C12E(8B,n).
The following corollary is used in the upper bound on dim D(f) in §4.1.

Corollary 1
Y exp(=s(f)- faly) =< 1

y : Thy=z,

Proof. This lemma is a straightforward application of the transformation formula (2}
for v to the Covering Result in §2.2. We have a covering of B:

BC U By, Ci[(T™) ()| ™). (4)
y : Try=z0, B(y,C1[{T™)!(y)| " )NB#0

From this follows

v(B) < ) v(B(y, Col(T™)'()171)- ()

¥ Tny=zov B(U-Cll(T")’(!ﬂ)I-])nB#e

By Lemmas 7,6 and 5 we have v(B(y, Ci|(T™) (y)|™")) < exp(—s(f) fu(y)). Together with
(5) this gives us

v(B) > exp(—s(f)fa(y))- (6)
=20 BB 4B
1



This is almost one half of the lemma. To obtain the other half one notes that

-]

B> U B(y, Cal(T™) ()I7)-

y:Ty=z0,B(y.exp(—fn(y))CB

This gives us in the same way (Lemmas 7,6 and 5) that

v(B) > > exp(—s(f)fa(y))- (7)

y:Try=z20, Bly,exp{—fa(¥))CB

Now let r be the radius of B. Choose C3 large enough so that for all x € J, n > C}3 one
has |(T™)(z)| > 2K~!. Since n > n,(B) + C)3 it follows by Lemma 4, the chain rule and
the I{obe Distortion Theorem that

(T )T < r/2,

so the condition B(y,exp(—fa(y))) N B # @ implies B(y,exp(—fa(y))) C 2B. We have
therefore shown in (6) and (7) that

E(2B,n) » v(B) >» I(B,n).

Thus by Lemma 7 we have

v(B) x (B,n).
This finishes the proof of the lemma.

4 Proof of Theorem 1

We now prove Theorem 1. The proof consists of obtaining an upper bound and a lower
bound for the Hausdorff dimension of D(f) separately. The upper bound is easy and
we shall prove that first. Let f be as in §1.2. and let s(f) be the unique solution to
P(—s-f)=0.

84.1. The upper bound. The set D(f) is a limsup set, that is
p(H= U U Bly,exp(= ) -
=l m=¢  y:Try)=2
Thus for any natural number g there is a ‘natural’ cover of D( f}):-
D(f)c U U Bly.exp(=faly))) -
n=q y : T (y)=z0

Since T is expanding, there exists a A > 1 and an integer m > 1 such that [(T™)(z)| > A
for all z in J. Let ¢, = min{|[(T")(z)| : 2 € J, 1 <n <m}. Then for any ¢ > 1

(T (z)| = A=le;  forallzin J,
18



where [Z] denotes the integer part of £. Clearly, A=l 5 0o as ¢ — co. We have that
f > log|T'| , hence for all z in J

exp(— f(y)) < (T)(z)|7" < Almleg™ (8)

Fix a positive €. By the definition of Hausdorff measure

HORDU) <5 T exp(=(s(f) + ) faly)

=gy T (y)=z0

where p > 2¢, A7) . From inequality (8) we see that exp(—e f,(y)) < A~[ml. This fact
combined with Corollary 1 implies that

H;U)""(D(f)) < Z Alwle

n=g

Since A > 1, the above sum tends to zero as ¢ — co . Thus H*(I+<(D(f)) is zero and on
letting € tend to zero we obtain

dim D(f) < s(f) ,

as required.

§4.2. The lower bound. We have given the upper bound on dim D(f); we now prove the
lower bound. [n what follows the word “measure” will mean “Borel probability measure”.
We shall use a classical method of constructing a Cantor-like subset K of D(f) and a
measure p supported on this subset. The measure will satisfy the condition

w(B(z,r)) <= forall r < ro(e), z € K. (9)

This implies by the Mass Distribution Principle (Lemma 2 , §2.1) that X has dimension
> s(f)—e. Letting € tend to zero and observing that K’ C D(f) we obtain that dim D(f) >
s(f). This together with the upper bound obtained in §4.1 completes the proof of Theorem
1.

§4.3. The Cantor set. We begin by constructing the Cantor-like set X' C D(f). Let N({)

for { € N be a rapidly increasing sequence of natural numbers. We shall use the notation

r{y,l) := Caexp(—fyu(y))
and
B(y,{) : = B(y,r(y,1)).

Note that the constant C; (from the Covering Lemma) forces the various B(y, ) with the
same level [ to be disjoint. We define sets K'({) for [ € N recursively as follows:

K(1):=J,
19



K(l+1) =By, +1),

the union being taken over all pairs (y, N({ + 1)) € [ such that B(y,{ + 1) C K(I). The
set I is defined to be the intersection

We must show that K is a subset of D(f). Let z € K. Then z € K(!) for every ! € N.
Therefore z € B(y,exp(—fnuy(y))) for the infinite sequence N (). This implies that z is
in D(f). We therefore have that '

K C D(f).

Generalizing the B(y,!) notation, for any = € K'(!) we shall write B(z,!) to mean the
unique ball B(y, !} containing z.

84.4. A measure on K. We now construct a measure g on K. This will be defined
to be the limit of a sequence of measures u;, where y; is a measure supported on K({).
This sequence of measures will be defined recursively. We define y, to be any probability
measure on K'(1) := J. Suppose that the measure y; on K(l) is defined. The set K({) is
a union of balls B(y,{). We shall use the notation

,u(y, l) = #I(B(y’ l))

for each of the balls B(y,!{) which constitute K'({).

Now consider one of the balls B(y, {) which make up K(!). It contains a finite number of
balls B(z,{+1) which make up its intersection with K'({4+1). We define y;4.1(B(z,{+1)) :=
u(z,l + 1), where the numbers p(z,l + 1) are given by the recursive formula:

r(z,0 + 1)*4)
C:S(B(y, 1), N({ + 1)

p(z,l+1) = (y,0), (10)

where as in §3,

£(B,n) = > exp(—s(f)fa(v)).

(yln)ef . B(y,exp(—fn(y)))CB

It follows from the way we have constructed the measure that g4 (B(y,{)) = wi(B(y,!)).
Since the sets B(y, )N K generate the o-algebra of Borel subsets of K it follows that the
measures g tend to a limit u. Since each yy is supported on K'(/) and K(I) D K({+1) D ...
it follows that u is a measure on K, see Proposition 1.7 of [8]. It remains to prove the
estimate (9) on p.

84.5. An estimate on the numbers u(y,!). By the Key Lemma and (10) we have that
-y
A TON R
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[terating this relation we get
7 Y
1y, ) =y, ) x TT —2~— x exp(O(1)). 11
)= 00 TT Shtss w exn(O(0) (1)
The terms in the product in (11) are of the form r(B)*/}/u(B) for a ball B. We now

prove a general estimate on such terms. To state this it will be convenient to use the
notation g(z) = f(z) — log |7"(z)|. We shall also write g, for the ergodic sum:

n—1
gn(z) = 3_ g(T'z).
=0
Lemma 9 Let B = B(z,r), z € J. Then for anyy € BN J one has

o)
v(B) =< exp(s(f)gn.(8)(¥))-

Proof. Lemma 6 tells us that

U(B) % exp(=5(f) fro(8)(¥)) = exp(=5(f)gny(m)(¥)) (T EVY ()| 75

On the other hand, we have by Lemma 4,
P (TP ()]

The lemma follows from the two formulae.

Using Lemma 9 we now have from (11)

-1
uly, ) = r(y, )" x T exp(s(£)gn,(Bruin(y)) x exp(O(1)). (12)
i=1
84.6 The measure of an arbitrary ball. We shall now estimate u(B) for a general ball B.
Given a ball B centred on a point z of K we choose ! such that N({—1) < n,(2B)+C\3 <
N(l). From this condition it follows that B intersects < 1 of the balls B(y,! — 1) in the
construction on K({ — 1). It is thus sufficient from the point of view of obtaining the
bound (9), to estimate p(B N B(y,! — 1)) for each B(y,! — 1) in K(/ — 1) separately, and
we might as well assume that B intersects only one B(y,{—1). We may also assume (from
the point of view of obtaining an upper bound on u(BNB(y,!—1))) that B C B(y,!—-1).
This implies the inequality n,(B) > n,(B(z,{ — 1)), which we shall use below.
We have

u(B) < > u(y, 1)

(v, NI : B(y)nB#9
By (12) we get

-1

w(B) < > r(y, )°Y) x T] exp(s(f)gnoBiyin) (¥)) X exp(O(1)).
(v.N{))el : B(p)nB#£0 i=1
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Since B C B(z,{ — 1), we have for each term in this product B(y,:) = B(z,1). Therefore

-1
wB) < > r(y, )*) x [T exp(s(f)gn,(Biein(¥)) x exp(O(1)).

(y.N())eTl : B(y.)nB#D i=1

Since g is Holder continuous and y € B(z,?) for 1 <! — 1, this gives us

=1
B)SHGXP(S( Gno(Bzi))(T)) X Y. r(y, 1)) x exp(O(1)).

(v.N(D)el = B(yd)nB#d

Now from the condition on { we deduce that r(y,!) < r/2 for every y appearing in the
above sum. Therefore the condition B(y,!{) N B # 0§ implies B(y,!) C 2B, and we have

i-1

#(B) < [T exp(s(f)gnoBizin(x)) x T(2B, N(1)) x exp(O(1)).

=1
Applying the Key Lemma (§3) we obtain
-1
#(B) < T exp(s()gnaBie)(2) X v(2B) x exp(O(1)).

=1

Now from Lemmas 7 and 9 we get

u(B) < Hexp (N)9nuBain(®)) x T(BYY) x exp(=s(f)gny(e)(z)) x exp(O()),

and the inequality n,(B) > n,(B(z,{ — 1)) gives us

u(B) < He‘cp $(£)gna(Bziy(2)) x r(B)'V) x exp(O(1)).

=1

Let ¢ > 0. We now choose the sequence N(!) to grow quickly enough so that for all z € K,
lEN,

r(y,l—1)"" > Hexp D gnoBiny(¥)) x exp(O(1)).

We then have
pw(B) < r(B)’(”'°.

This finishes the proof.
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