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§12.1. Properties of the considered systems as abstract
systems.

The case l = 2, z = 1 (continuation).

Lemma 13.1.1. . The equality

r∧∨2,3(ν) = 0(1)

holds.
Proof. In view of (86), (121) – (123) and results of §12.1 in [16],

r∧∨2,3(ν) = (7µ3 + 14µ2 + 7µ+ 1)(−2µ3 + 3µ2) +(2)

4(µ4 + 28µ3 + 76µ2 + 48µ+ 8)(1574µ2 − 140µ− 11)+

16(µ3 + 7µ2 + 8µ+ 2)(360µ2 − 118µ− 11)(4µ+ 1)+

1
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32(−µ3 − 15µ2 − 18µ− 4)(226µ3 + 265µ2 − 32µ− 2)+

32(3µ2 + 10µ+ 4)(−317µ2 + 28µ+ 2)(4µ+ 1)+

(−1)(2µ3 + 27µ2 + 18µ+ 2)(7113µ3 + 2586µ2 − 183µ− 9)+

2(3µ2 + 7µ+ 1)(−1023µ3 − 2898µ2 + 165µ+ 9)(4µ+ 1)+

16(3µ2 + 17µ+ 5)(122µ4 + 644µ3 + 166µ2 − 12µ− 1)+

16(6µ+ 5)(260µ3 + 184µ2 − 10µ− 1)(4µ+ 1)+

4(6µ2 + 24µ+ 1)(218µ4 + 280µ3 + 2µ2 − 28µ− 3)+

16(−3µ)(−20µ4 − 168µ3 − 40µ2 + 22µ+ 3)(4µ+ 1)+

16(3µ+ 2)(2µ5 + µ4 + 194µ3 + 215µ2 + 70µ+ 7)+

48(−7µ4 + 44µ3 + 117µ2 + 56µ+ 7)(4µ+ 1)+

8(2µ− 1)(86µ5 + 511µ4 + 830µ3 + 521µ2 + 138µ+ 13)+

16(8µ5 + 127µ4 + 356µ3 + 323µ2 + 112µ+ 13)(4µ+ 1)+

16(−14µ6 − 352µ5 − 1325µ4 − 1700µ3 − 940µ2 − 232µ− 21).

Coefficient at µ6 in the polynomial r∧∨2,3(ν) is equal to

− 2× 7 + 4× 1574 + 16(360)(4) + 32(−226)− 2× 7113 +(3)

2(3)(−1023)(4) + 16(3)(122) + 4(6)(218) + 16(−3)(−20)(4) + 16(3)(2)+

8(2)(86) + 16(8)(4) + 16(−14) = 2(−7− 7113) + 8(787− 3069)+

16(327) + 32(183 + 43− 7 + 3) + 64(−113) + 256(15) + 512(45 + 1) =

−32×445−16×1141+16×327+32×222−64×113+256times15+1024×23 =

32(−223− 407)− 64× 113 + 256× 15 + 1024× 23 =

−64(315 + 113) + 256times15 + 1024× 23 = 256(−107 + 15) + 1024× 23 =

256(−92 + 23× 4) = 0.

Coefficient at µ1 in the polynomial r∧∨2,3(ν) is equal to

− 64× 33− 128× 35− 128× 11− 64× 59− 128× 11 +(4)

128× 9 + 4096 + 128× 5 + 512× 7 + 1024 + 2(81 + 183)

+2× (63 + 165) + 8× 9− 64× 15− 16× 17− 32× (3 + 25)− 64× 5

−16× 7− 32× 9− 16× 9 + 16× 21 + 64× 35 + 128× 21 + 64× 21+

16× (13− 69) + 256× 7 + 64× 13− 128× 29 =

16(33+33−17−7−9+21+13−69)−32×9+64(−33−59−15−5+35+21+13)+

128(−35− 11− 11 + 9 + 5− 7 + 21− 29) + 256× 7 + 512× 7 + 1024 + 4096 =
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−64× 5− 64× 43− 256× 29 + 256× 7 + 512× 7 + 1024 + 4096 =

−1024× 3− 512× 11 + 512× 7 + 2048 = 2048− 512× 4 = 0.

Clearly,

r∧∨2,1(ν)
∣∣
µ=0

= −32× 11− 32× 11 + 256 + 256 + 18 +(5)

18− 16× 5− 16× 5− 4× 3 + 32× 7 + 16× 21− 8× 13+

16× 13− 16× 21 = −64× 11 + 512 + 32× 7− 16× 15 + 16× 13 =

−64× 11 + 32× 6 + 512 = −64× 8 + 512 = 0.

So r∧∨2,3(ν) = µ2t∧∨2,3(µ), where t∧∨2,3(µ)inQ[µ], coefficients of t∧∨2,3(µ) at µk are
equal to 0, if k > 3, and to prove that t∧∨2,3(µ) = 0, it is sufficient to prove
that t∧∨2,3(µ) ∈ (µ4 − 1)Q[µ]. So we most prove that

r∧∨2,3(ν)
∣∣
µ=±1

= r∧∨2,3(ν)
∣∣
µ=i

= 0.

We have
r∧∨2,3(ν)

∣∣
µ=−1

= 5 + 4× 9× 1703 + 0+

0− 32× 9× 343 + 9× 4353− 2× 9× 2031 + 16× 9× 345

−16× 3× 67 + 4× 17× 7× 5− 16× 9× 89 + 16× 43+

(−16)× 9× 17 + 8× 2716× 3× 13 +−256.

Since
ω∨1 := 5 + 4× 17× 7× 5 = 5× 477 = 5× 9× 53,

ω∨2 := ω∨1 + 9× 4353 = 9× 4618 = 2× 9× 2309,

ω∨3 := ω∨2 − 2× 9× 2031 =

2× 9× 278 = 4× 9× 139,

ω∨4 := ω∨3 + 4× 9× 1703 = 8× 9× 921,

ω∨5 := ω∨4 + 8× 9× 3 =

8× 9× 924 = 32× 9× 231,

ω∨6 := 16× 43− 16× 16 = 16× 9× 3,

ω∨7 := −16× 3× 67 + 16× 3× 13 = −32× 9× 9

ω∨8 := ω∨6 + 16× 9(345− 89− 17) =

16× 9(3 + 345− 89− 17) = 32× 9× 121,

ω∨9 := ω∨5 + ω8∨ + ω7 ∨ −32× 9× 343 =

32× 9× (−343 + 231− 9 + 121) = 0,

it follows that

r∧∨2,3(ν)
∣∣
µ=−1

= 0.(6)
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In view of (2),
r∧∨2,3(ν)

∣∣
µ=1

= 29 + 4× 7× 23× 1423+

32× 27× 77× 5− 64× 19× 457− 32× 5× 17× 7× 41+

(−1)× 49× 3× 3169 + 2× 5× 11× 3× (−1249)+

16× 25× 919 + 16× 5× 11× 433 + 4× 31× 7× 67+

16× 3× 5× 7× 29 + 16× 5× 3× 163+

16× 3× 7× 31+

8× 2099 + 16× 5× 3× 313− 128× 3× 191

16(8µ5 + 127µ4 + 356µ3 + 323µ2 + 112µ+ 13)(4µ+ 1)+

16(−14µ6 − 352µ5 − 1325µ4 − 1700µ3 − 940µ2 − 232µ− 21).

Since
ω∧1 := 29− 49× 9507 = −29× 9506− 2× 95070 =

2(−29× 4753− 95070) = −2× (142590 + 95070− 4753) =

−2× (237660− 4753) = −2(232907),

ω∧2 := ω∧1 − 2× 165× 1249 =

−2(232907 + 206085) = −2(438992) = −32(27437);

ω∧3 := 4× 7× 23× 1423 + 4× 31× 7× 67) =

28(32729 + 2077) = 28× 34806 = 56× 17403,

ω∧4 := ω∧3 + 8× 2099 = 8(121821 + 2099) =

8(121821 + 2099) = 8× 123920 = 128× 7745,

ω∧5 :=

80(4595 + 4763 + 609 + 489 + 939 + 651) = 80× 12046) = 160× 6023,

ω∧6 := ω∧5 + 32× 27× 77× 5−

32× 5× 17× 7× 41 = 160(6023 + 2079− 4879) = 32× 16115.

ω∧7 := ω∧6 + ω∧2 = 32(16115− 27437) = 32×

−32× 11322 = −64× 5661, ω∧8 := −64× 19× 457+

ω∧7 = −64(5661 + 8683) = −64(14344) = −128× 7172,

ω∧9 := ω∧4 + ω∧8 − 128× 3× 191 + ω∧8 =

128(7745− 7172− 573) = 0,

it follows that

r∧∨2,3(ν)
∣∣
µ=1

= 0.(7)

In view of (2)
r∧∨2,3(ν)

∣∣
µ=i

= 13(3− 2i)+

4(−67 + 20i)(−1585− 140i) + 16(−5 + 7i)(−371− 118i)(1 + 4i)

32(11− 17i)(−267− 258i) + 32(1 + 10i)(319 + 28i)(1 + 4i)+
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(25− 16i)(−2595− 7296i) + 2(−2 + 7i)(2907 + 1188i)(1 + 4i)+

16(2 + 17i)(−47− 656i) + 16(5 + 6i)(−185− 270i)(1 + 4i)+

4(−5 + 24i)(213− 308i) + 48(−i)(23 + 190i)(1 + 4i)+

16(2 + 3i)(−207− 122i) + 48(−117 + 12i)(1 + 4i)+

8(−1 + 2i)(3− 606i) + 16(−183− 252i)(1 + 4i) + 16(−392 + 1116i) =

Since
ω∗1 := 39− 26i+ (25− 16i)(−2595− 7296i) =

39− 26i− 181611− 140880i = 2(−90786− 70453i),

ω∗2 := ω∗1 + 2(−2 + 7i)(2907 + 1188i)(1 + 4i) =

2(−90786− 70453i) + 2(−30− i)(2907 + 1188i) =

2(−90786− 70453i− 86022− 38547i) =

−2(176808 + 109000i) = −16(22101 + 13625i),

ω∗3 := 4(−67 + 20i)(−1585− 140i) + 4(−5 + 24i)(213− 308i) =

4(108995− 22320i+ 6327 + 6652i) = 4(115322− 15668i) = 8(57661− 7834i),

ω∗4 := ω∗3 + 8(−1 + 2i)(3− 606i) =

8(57661− 7834i+ 1209 + 612i) = 16(29435− 3611i),

ω∗51 := 16(2 + 17i)(−45− 656i) + 16(2 + 3i)(−207− 122i) =

16(11062− 2077i− 48− 865i) = 32(5507− 1471i),

ω∗52 := 16(5 + 6i)(−185− 270i)(1 + 4i) + 16(−183− 236i)(1 + 4i) =

16(1+4i)(695−2460i−183−236i) = 128(1+4i)(64−337i) = 128(1412−81i),

ω∗53 := 48(190− 23i− 117 + 12i)(1 + 4i) = 48(73− 11i)(1 + 4i) =

48(117 + 281i) = 16(351 + 843i)

ω∗61 := 16(−5 + 7i)(−371− 118i)(1 + 4i) + ω∗53 =

16((−5 + 7i)(101− 1602i) + 351 + 843i) =

16(10709 + 8717i+ 351 + 843i) = 16(11060 + 9560) = 64(2765 + 2390i,

ω∗62 := ω∗2 + ω∗4 =

16(−22101−13625i+29435−3611i) = 16(7334−17236i) = 32(3667−8618i),

ω∗71 := ω62
∗ + 32(1 + 10i)(319 + 28i)(1 + 4i) =

32(3667−8618i+(1+10i)(207+1304i)) = 32(3667−8618i−12833+3374i) =

64(−4583− 2622i),

ω∗72 := ω∗51 + 32(11− 17i)(−267− 258i) =

32(5507− 1471i− 7323 + 1701i) = 32(−1816 + 230i) = 64(−908 + 115i),

ω∗81 := ω∗72 + 16(−392 + 1116i) =

64(−908 + 115i− 98 + 279i) = 128(−503 + 197i)

ω∗82 := ω∗61 + ω∗71
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64(2765 + 2390i− 4583− 2622i) = 64(−1818− 232i) = 128(−909− 116i);

ω∗9 := ω∗81 + ω∗52 =

128(−503 + 197i+ 1412− 81i)128(909 + 116i) = −ω∗82,

it follows that

r∧∨2,3(ν)
∣∣
µ=i

= 0.(8)

�
Lemma 13.1.2. . The equality

r∧∧2,3(ν) = 0(9)

holds.
Proof. In view of (87), (121) – (123) and results of §12.1 in [16],

r∧∧2,3(ν) = −2(µ3 + 6µ2 + 5µ+ 1)(−2µ3 + 3µ2) +(10)

(−8)(µ3 + 7µ2 + 8µ+ 2)(4)(1574µ2 − 140µ− 11)+

(µ4 + 28µ3 + 76µ2 + 48µ+ 8)(−8)(360µ2 − 118µ− 11)+

8(3µ2 + 10µ+ 4)8(226µ3 + 265µ2 − 32µ− 2)+

4(−µ3 − 15µ2 − 18µ− 4)16(−317µ2 + 28µ+ 2)+

4(3µ2 + 7µ+ 1)(7113µ3 + 2586µ2 − 183µ− 9)+

(−2)(2µ3 + 27µ2 + 18µ+ 2)(−1023µ3 − 2898µ2 + 165µ+ 9)

(−4)(6µ+ 5)(8)(122µ4 + 644µ3 + 166µ2 − 12µ− 1)+

4(3µ2 + 17µ+ 5)(−8)(260µ3 + 184µ2 − 10µ− 1)+

(−24µ)4(218µ4 + 280µ3 + 2µ2 − 28µ− 3)+

(6µ2 + 24µ+ 1)(8)(−20µ4 − 168µ3 − 40µ2 + 22µ+ 3)+

(24)(−4)(2µ5 + µ4 + 194µ3 + 215µ2 + 70µ+ 7)+

(−4)(3µ+ 2)(8)(−7µ4 + 44µ3 + 117µ2 + 56µ+ 7)+

8(−4)(86µ5 + 511µ4 + 830µ3 + 521µ2 + 138µ+ 13)+

(−2)(2µ− 1)(8)(8µ5 + 127µ4 + 356µ3 + 323µ2 + 112µ+ 13)+

(4)(8)(50µ5 + 395µ4 + 792µ3 + 602µ2 + 190µ+ 21).

Coefficient at µ6 in the polynomial r∧∧2,3(ν) is equal to

4− 64× 45 + 4× 1023− 64× 15− 256 =(11)

4096− 256× 15− 256 = 212− 212 = 0.

Coefficient at µ5 in the polynomial r∧∧2,3(ν) is equal to

18− 64× 787 + 16× 59− 256× 315 + 128× 339 +(12)

64× 317 + 4× 21339 + 8× 1449 + 2× 27621− 128× 183+

(−128)× 195 + (−64)× 327 + (−128)× 63− 256× 15 + (−64)× 3+
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32× 21 + (−64)× 43 + (−32)(127) + 128 + 64× 25 =

4(13815) + 4× 21339 + 8× 1449 + 16× 59+

32× (21− 127) + 64× (−787 + 317− 327− 3− 43 + 25)+

128(339− 183− 195− 63 + 1)− (256)(315 + 15) =

8(17577) + 8(1449) + 16× 59− 64× 53+

(−64)× 818− 128× 101− 512× 165 =

16(9513 + 59)− 64times53− 128(409 + 101)− 512× 165 =

64(2393− 53)− 256× 255− 512× 165) =

256(585− 255)− 256× 330 = 0.

Coefficient at µ1 in the polynomial r∧∧2,3(ν) is equal to

64(44 + 140) + 64(66 + 118)− 128(10 + 64) +(13)

128(−18− 56) + 4(−183− 63) + 4(−81− 165) + 32(6 + 60) + 32(50 + 17)+

32× 9 + 8(22 + 72) + (−64)× 105 + 32(−112− 21)+

(−64)× 69 + 16(112− 26) + 64× 95 =

512× 23 + 512× 23− 256− 256× 37− 8× 123− 8× 123+

64× 33 + 32(67 + 9) + 16× 47− 128× 87− 32× 133+

32× 43 + 64× 95 =

−16(123− 47) + 32× 76 + 64× 33− 64× 45 + 64× 95+

128(−87)− 512× 37 + 1024× 23 =

64(19 + 33 + 50) + 128(−87)− 512× 37 + 1024× 23 =

128(51− 87)− 512× 37 + 1024× 23 = −512× 46 + 1024× 23 = 0.

Clearly,

r∧∧2,1(ν)
∣∣
µ=0

= 64(×11 +×11) +(14)

(−512− 512) + 4× (−9− 9) + 32(5 + 5) + 0 + 8× 3− 64× 7− 32× 21+

16× 13− 32 + 32× 21 =

(8(3− 9) + 16× 13− 32× 13) + 64(5− 7 + 22)− 1024 =

−256 + 256× 5− 1024 = 0.

So r∧∧2,3(ν) = µ2t∧∧2,3(µ), where t∧∧2,3(µ) ∈ Q[µ] coefficients of t∧∧2,3(µ) at µk are
equal to 0, if k > 2, and, to prove that t∧∧2,3(µ) = 0, it is sufficient to prove
that

t∧∧2,3(µ) ∈ ((µ2 + 1)(µ+ 1))Q[µ].

So we most prove that

r∧∧2,3(ν)
∣∣
m=−1

= r∧∧2,3(ν)
∣∣
m=i

= 0.
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We have

r∧∧2,1(ν)
∣∣
µ=−1

= −10 + 0− 8× 9× 467 +(15)

0 + 64(−3)× 69 + (−2)× 9× (−2031) + 4(−3)(−4353)+

(−32)(−9)(−67) + (32)(−345) + 8(−17)(89) + (32)(3)(−35)

+32× 17− 32(3)(−43) + 16(3)(−13) + (−32)(−9) + 64(−7) =

2(18279− 5) + 4× 13059 + 8(−4203) + 8(−1513) + 16(−39)+

32(−603− 345− 105 + 17 + 129 + 9)+

64(−207− 7) =

4(9137 + 13059) + 16(−39) + 8(−4203− 1513)+

32(−898)− 128× 107 =

16(5549− 39)− 32× 1429− 64× 449− 1024× 13 =

32(2755− 1429)− 64× 449− 1024× 13 =

64(663− 449)− 128× 107 = 0.

Let
ω∗∗0 = (−2)(−5 + 4i)(−3 + 2i) = 2(−7 + 22i),

ω∗∗1a = (−8)(−67 + 20i)(−371− 118i) = 8(−27217− 486i),

ω∗∗1b = (−32)(−5 + 7i)(−1585− 140i) = 32(−8905 + 10395i),

ω∗∗2a = 64(11− 17i)(319 + 28i) = 64(3985− 5115i),

ω∗∗2b = 64(1 + 10i)(−267− 258i) = 64(2313− 2928i,

ω∗∗3a = (−2)(−25 + 16i)(2907 + 1188i) = 2(91683− 16812i),

ω∗∗3b = 4(−2 + 7i)(−2595− 7296i) = 4(56262− 3573i),

ω∗∗4a = (−32)(2 + 17i)(−185− 270i) = 32(−4220 + 3685i),

ω∗∗4b = (−32)(5 + 6i)(−45− 656i) = 32(−3711 + 3550i),

ω∗∗5a = 8(−5 + 24i)(23 + 190i) = 8(−4675− 398i),

ω∗∗5b = 32(−3i)(213− 308i) = 32(−924− 639i,

ω∗∗6a = (−32)(2 + 3i)(−117 + 12i) = 32(270 + 327i),

ω∗∗6b = 32(−3)(−207− 122i) = 32(621 + 366i),

ω∗∗7a = 16(1− 2i)(−183− 236i) = 16(−655 + 130i),

ω∗∗7b = 32(−3 + 606i),

ω∗∗8a = 32(−186− 552i) = 64(−93− 276i).

Then
ω∗∗9 := ω∗∗0 + ω∗∗3a =

4(45838− 8395i, ω∗∗10 := ω∗∗9 + ω∗∗3b =

16(25525− 2992i), ω∗∗11 := ω∗∗10 + ω∗∗7a =

16(25525− 2992i) + 16(−655 + 130i) = 32(12435− 1431i, ω∗∗12 :=
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ω∗∗11 + ω∗∗1b = 64(1765 + 4482i),

ω∗∗13 := ω∗∗1a + ω∗∗5a =

8(−27217− 486i) + 8(−4675− 398i) = 32(−7973− 221i), ω∗∗14 :=

ω∗∗13 + ω∗∗4a + ω∗∗4b =

32(−7973− 4220− 3711 + (−221 + 3685 + 3550)i) =

64(−7952 + 3507i), ω∗∗15 := ω∗∗5b+

ω∗∗6a = 64(−327− 156i), ω∗∗16 :=

ω∗∗6b + ω∗∗7b = 64(309 + 486i),

ω∗∗17 := ω∗∗16 + ω∗∗2b =

64(309 + 486i) + 64(2313− 2928i) = 128(1311− 1221i),

ω∗∗18 := ω∗∗2a + ω∗∗8a =

64(3892− 5391i), ω∗∗19 :=

ω∗∗12 + ω∗∗15 = 128(719 + 2163i),

ω∗∗20 := ω∗∗18 + ω∗∗14 :=

256(−1015− 471i), ω∗∗21 := ω∗∗17+

ω∗∗19 = 256(1015 + 471i),

r∧∧2,1(ν)
∣∣
µ=i

= ω∗∗0 +(16) (
8∑
i=1

ω∗∗ia

)
+

7∑
i=1

ω∗∗ib =

ω∗∗9 + ω∗∗13 + ω∗∗15+

ω∗∗16 + ω∗∗18 + ω∗∗1b+

ω∗∗2b + ω∗∗3b + ω∗∗4a+

ω∗∗4b + ω∗∗7a = ω∗∗10+

ω∗∗14 + ω∗∗15 + ω∗∗17+

ω∗∗18 + ω∗∗1b + ω∗∗7a =

ω∗∗19 + ω∗∗20 + ω∗∗17 =

ω∗∗21 + ω∗∗20 = 0.

�
Lemma 13.1.3. . The equality

r∧∨2,4(ν) = 0(17)

holds.
Proof. In view of (86), (121) – (123) and results of §12.1 in [16],

r∧∨2,4(ν) = (7µ3 + 14µ2 + 7µ+ 1)(6µ2 − 2µ) +(18)



L.A.Gutnik, On some systems of difference equations. Part 13. 10

16(µ4 + 28µ3 + 76µ2 + 48µ+ 8)(267µ2 − 359µ)+

(−8)(µ3 + 7µ2 + 8µ+ 2)8(121µ)(4µ+ 1)+

64(µ3 + 15µ2 + 18µ+ 4)(48µ2 + 145µ)+

(−64)(3µ2 + 10µ+ 4)(90µ2 − 145µ)(4µ+ 1)+

(−16)(2µ3 + 27µ2 + 18µ+ 2)(226µ3 − 277µ2 − 160µ)+

(−32)(3µ2 + 7µ+ 1)(43µ2 − 160µ)(4µ+ 1)+

2(3µ2 + 17µ+ 5)(2105µ3 − 3214µ2 − 1255µ− 1)+

2(6µ+ 5)(1023µ3 − 710µ2 − 1253µ− 1)(4µ+ 1)+

4(6µ2 + 24µ+ 1)(122µ4 + 44µ3 − 234µ2 − 72µ− 1)+

16(3µ)(100µ3 − 96µ2 − 70µ− 1)(4µ+ 1)+

(−64)(3µ+ 2)(19µ4 − 29µ3 − 47µ2 − 14µ− 1)+

(−192)(5µ4 + µ3 − 25µ2 − 12µ− 1)(4µ+ 1)+

8(2µ− 1)(2µ5 + 165µ4 + 470µ3 + 371µ2 + 110µ+ 11)+

16(21µ4 + 168µ3 + 217µ2 + 88µ+ 11)(4µ+ 1)+

(−64)(28µ5 + 194µ4 + 334µ3 + 220µ2 + 61µ+ 6).

Coefficient at µ6 in the polynomial r∧∨2,4(ν) is equal to

16(267) + 64(−113) + 16(183) + 32 =(19)

32(225 + 1) + 64(−113) = 0.

Let
c∨504 := 42, c∨51a14 := 16(−359),

c∨51a24 := 64× 7× 267 = 64× 1869,

c∨51b4 := −256× 121, c∨52a4 := 1024× 3,

c∨52b4 := −512× 135, c∨53a14 := 32× 277,

c∨53a24 := −32× 27× 113 = −32× 3051,

c∨53b4 := −128× 129, c∨54a4 := 2× 6315,

c∨54b4 := 16× 3069, c∨55a14 := 32× 33,

c∨55a24 := 64× 183, c∨55b4 := 256× 75,

c∨56a4 := −64× 57, c∨56b4 := −256× 15,

c∨57a4 := 16(165− 1) = 64× 41, c∨57b4 := 64× 21,

c∨58a4 := −256× 7.

Then
c∨594 := c∨504 + c∨54a4 = 2(21 + 6315) = 128,

c∨5104 := c∨51a14 + c∨54b4 := 16(−359 + 3069) = 32× 1355,

c∨5114 := c∨5104 + c∨55a14 = 32(1355 + 33) = 128× 347,

c∨53a4 := c∨53a14 + c∨53a24 := −64× 1387,
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c∨5124 := c∨55a24 + c∨56a4 := 64(183− 57) = 128× 63,

c∨5134 := c∨55b4 + c∨56b4 = 1024× 15,

c∨574 := c∨57a4 + c∨57b4 := 128× 31,

c∨5144 := c∨51a24 + c∨53a4 =

64(1869− 1387) = 128× 241,

c∨5154 := c∨5144 + c∨53b4 = 128(241− 129) = 2048× 7,

c∨5164 := c∨51b4 + c∨58a4 = −256× 128 = −215,

c∨5174 := c∨594 + c∨5114 = 128(99 + 347) = 256× 223

c∨5184 := c∨5124 + c∨574 = 256× 47,

c∨5194 := c∨5174 + c∨5184 = 512× 135

c∨5204 := c∨52b4 + c∨5194 = 0,

c∨5214 := c∨52a4 + c∨5134 = 2048× 9,

c∨5224 := c∨5214 + c∨5154 = 2048× 16 = 215,

and coefficient at µ5 in the polynomial r∧∨2,4(ν) is equal to

c∨504 + c∨51a14 + c∨51a24 + c∨51b4 + c∨52a4 +(20)

c∨52b4 + c∨53a14 + c∨53a24 + c∨53b4 + c∨54a4+

c∨54b4 + c∨55a14 + c∨55a24 + c∨55b4 + c∨56a4+

c∨56b4 + c∨57a4 + c∨57b4 + c∨58a4 =

(c∨504 + c∨54a4) + (c∨51a14 + c∨54b4) + c∨55a14+

(c∨53a14 + c∨53a24) + (c∨55a24 + c∨56a4)+

(c∨55b4 + c∨56b4) + (c∨57a4 + c∨57b4 + c∨51a24

c∨53b4 + (c∨51b4 + c∨58a4) + c∨52a4 + c∨52b4 =

c∨594 + c∨5104 + c∨55a14 + c∨53a4 + c∨5124+

c∨5134 + c∨574 + c∨51a24 + c∨53b4 + c∨5164+

c∨52a4 + c∨52b4 =

(c∨51a24 + c∨53a4) + c∨594 + (c∨5104 + c∨55a14)+

(c∨5124 + c∨574) + (c∨5134 + c∨52a4) + c∨53b4+

c∨52b4 + c∨5164 =

c∨5144 + c∨594 + c∨5114 + c∨5184 + c∨5214+

c∨52b4 + c∨53b4 + c∨5164 =

(c∨5144 + c∨53b4) + (c∨594 + c∨5114)+

c∨5184 + c∨5214 + c∨52b4 + c∨5164 =
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c∨5154 + c∨5174+

c∨5184 + c∨5214 + c∨52b4 + c∨5164 =

(c∨5154 + c∨5214) + (c∨5174 + c∨5184)+

c∨52b4 + c∨5164 =

c∨5224 + c∨5194 + c∨52b4 + c∨5164 =

(c∨52b4 + c∨5194) + (c∨5224 + c∨5164) = 0.

Let
c∨404 := 2× 35, c∨41a4 := 64(5073− 2513) = 215× 5,

c∨41b14 := −64× 121, c∨41b24 := −256× 847,

c∨42a14 := 1024× 45, c∨42a24 := 64× 145,

c∨42b14 := −128× 135, c∨42b24 := −1024× 225,

c∨42b34 := 256× 435, c∨43a14 := 1024× 5,

c∨43a24 := 16× 7479, c∨43a34 := −64× 1017,

c∨43b14 := −32× 129, c∨43b24 := −128× 301,

c∨43b34 := 4096× 15, c∨44a14 := −4× 4821,

c∨44a24 := 2× 35785, c∨44b14 := 4× 3069,

c∨44b24 := −32× 1065, c∨44b34 = 8× 5115,

c∨45a14 := −16× 351, c∨45a24 := 128× 33,

c∨45a34 := 8× 61, c∨45b14 := 64× 75,

c∨45b24 := −2048× 9, c∨46a14 := 64× 87,

c∨46a24 := −128× 19, c∨46b14 := −64× 15,

c∨46b24 := −256× 3, c∨47a14 := 32× 235,

c∨47a24 := −8× 165, c∨47b14 := 16× 21,

c∨47b24 := 512× 21, 9, 2c∨48a4 := −128× 97.

Then
c∨494 := c∨404 + c∨44a24 = 2× 35820 = 8× 8955,

c∨4104 := c∨44a14 + c∨44b14 = −4(4821− 3069) = −4× 1752 =

−32× 219, c∨4114 := c∨494 + c∨44b34 + c∨45a34+

c∨47a24 = 8(8955 + 5115 + 61− 165) = 8× 13966 = 16× 6983,

c∨4124 := c∨4114 + c∨43a24 + c∨45a14 + c∨47b14 =

16(6983 + 7479− 351 + 21) = 16× 14132 = 64× 3533

c∨4134 := c∨4104 + c∨43b14 + c∨44b24 + c∨46b24 =
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32(−219− 129− 1065 + 235) = 32× 1178 = −64× 589

c∨4144 := c∨4134 + c∨4124 + c∨41b14 + c∨42a24 + c∨43a34 + c∨45b14 + c∨46a14 + c∨46b14 =

64(−589 + 3533−121 + 145−1017 + 75 + 87−15) = 64×2098 = 128×1049,

c∨4154 := c∨4144 + c∨42b14 + c∨43b24+

c∨45a24 + c46a24 + c∨48a4 =

128(2+1047−135−301+33−19−97) = 128×528+256 = 2048×33+256,

c∨4164 := c∨4154+c∨45b24+c∨41b24+c∨42b34+c∨46b24 = 214×3+256(1−847+435−3) =

214 × 3− 512× 207

c4174 := c∨4164 + c∨47b24 =

214 × 3− 1024× 93

c4184 := c4174 + c∨42a14 + c∨42b24 + c∨43a14 =

214 × 3 + 1024(−93 + 45− 225 + 5) = 214 × 3− 4096× 67,

c4194 := c4184+c∨43b34 = 4096×15, 214×3−212(67−15) = 214(3−13) = −215×5,

and coefficient at µ4 in the polynomial r∧∨2,4(ν) is equal to

c∨41a4 + c∨4194 = 0.(21)

Let
c∨104 := −2, c∨11a4 := −27 × 359,

c∨11b4 := −27 × 121, c∨12a4 := 28 × 145,

c∨12b4 := 28 × 145, c∨13a4 := 1024× 5,

c∨13b4 := 1024× 5, c∨14a4 := −8× 1573,

c∨14b14 := −4× 3, c∨44b24 := −2× 6265,

c∨14b34 = −8× 5,

c∨15a4 := −128× 3, c∨15b4 := −16× 3,

c∨16a4 := 64× 31, c∨16b4 := 1024× 3,

c∨17a4 := −64× 11, c∨17b4 := 64× 33,

c∨18a4 := −64× 61.

Then
c∨194 := c∨104 + c∨44b24 = −4× 3133,

c∨1104 := c∨194 + c∨14b14 := −256× 49,

c∨1114 := c∨13b4 + c∨14b34 = −16× 789,

c∨1124 := c∨1114 + c∨17b4 = −128× 99,

c∨1134 := c∨1124 + c∨15a4 = −256× 51,

c∨1144 := c∨16a4 + c∨17a4 + c∨17b4 + c∨18a4 =

64(31− 11 + 33− 61) = −512,

c∨1164 := c∨1104 + c∨1134 = −21025,
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c∨1174 := c∨1144 + c∨12a4 + c∨12b4 = 213 × 9,

c∨1184 := c∨11a4 + c∨11b4 = −27(359 + 121) = −212 × 15,

c∨1194 := c∨1164 + c∨13a4 + c∨13b4 + c∨16b4 =

210(−25 + 5 + 5 + 3) = −212 × 3,

c∨1204 := c∨1194 + c∨1184 = −213 × 9,

and coefficient at µ in the polynomial r∧∨2,4(ν) is equal to

c∨1204 + c∨1174 = 0.(22)

Clearly,

r∧∨2,4(ν)
∣∣
µ=0

= −2× 5− 2× 5 +(23)

(−4) + 128 + 192− 88 + 176− 128× 3 = 0

So r∧∨2,4(ν) = µ2t∧∨2,4(µ), where t∧∨2,4(µ) ∈ Q[µ], coefficients of t∧∨2,4(µ) at µk are
equal to 0, if k > 1, and, to prove that t∧∨2,4(µ) = 0, it is sufficient to prove
that t∧∨2,4(µ) ∈ (µ2 − 1)Q[µ]. Since µQ[µ] + (µ2 − 1)Q[µ] = Q[µ], it follows
that we must to prove that r∧∨2,4(ν) ∈ (µ2 − 1)Q[µ] Let

ω∧∨2,4,0(µ) :=

2(14µ+ 15)(−µ+ 3) ≡ 2(27µ+ 31)( mod (µ2 − 1)),

ω∧∨2,4,1a(µ) :=

16(76µ+ 85)(−359µ+ 267) ≡ 16(−10223µ− 4589) ( mod (µ2 − 1)),

ω∧∨2,4,1b(µ) :=

64(−121)9(µ+ 1)(4µ+ 1) ≡ 64× (−5445)(µ+ 1) ( mod (µ2 − 1)),

ω∧∨2,4,2a(µ) :=

64× 19(µ+ 1)(145µ+ 48) ≡ 64× 3667(µ+ 1) ( mod (µ2 − 1)),

ω∧∨2,4,2b(µ) :=

(−64)(10µ+ 7)(−145µ+ 90)(4µ+ 1) ≡ 64(38µ+ 47)(145µ− 90) ≡

64(3395µ+ 1280) ( mod (µ2 − 1)),

ω∧∨2,4,3a(µ) :=

(−16)(20µ+ 29)(66µ− 277) ≡ 16(3626µ+ 6713) ( mod (µ2 − 1)),

ω∧∨2,4,3b(µ) :=

32(7µ+ 4)(160µ− 43)(4µ+ 1) ≡ 32(339µ+ 948)(4µ+ 1) ≡

32(4131µ+ 2304) ( mod (µ2 − 1)),

ω∧∨2,4,4a(µ) :=

2(17µ+ 8)(850µ− 3215) ≡ 2(−47855µ− 11270) ( mod (µ2 − 1)),

ω∧∨2,4,4b(µ) :=

2(6µ+ 5)(−230µ− 711)(4µ+ 1) ≡ 2(−5416µ− 4935)(4µ+ 1) ≡
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2(−25156µ− 26599) ( mod (µ2 − 1)),

ω∧∨2,4,5a(µ) :=

4(24µ+ 7)(−28µ− 113) ≡ 4(−2908µ− 1463) ( mod (µ2 − 1)),

ω∧∨2,4,5b(µ) :=

16(3)(−97µ+ 30)(4µ+ 1) ≡ 48(23µ− 358) ≡

16(69µ− 1074) ( mod (µ2 − 1)),

ω∧∨2,4,6a(µ) :=

64(3µ+ 2)(43µ+ 29) ≡ 64(173µ+ 187) ( mod (µ2 − 1)),

ω∧∨2,4,6b(µ) :=

(−192)(−11µ− 21)(4µ+ 1) ≡ 192(95µ+ 65) ≡

64(285µ+ 195) ( mod (µ2 − 1)),

ω∧∨2,4,7a(µ) :=

8(2µ− 1)(582µ+ 547) ≡ 8(512µ+ 617) ( mod (µ2 − 1)),

ω∧∨2,4,7b(µ) :=

16(256µ+ 249)(4µ+ 1) ≡ 16(1252µ+ 1273) ( mod (µ2 − 1)),

ω∧∨2,4,8a(µ) := 64(−423µ− 420).

Then
ω∧∨2,4,9(µ) := ω∧∨2,4,0(µ)+

ω∧∨2,4,4a(µ) + ω∧∨2,4,4b(µ) ≡

2(27µ+ 31) + 2(−47855µ− 11270) + 2(−25156µ− 26599) ≡

4(−36492µ− 18919) ( mod (µ2 − 1)),

ω∧∨2,4,10(µ) := ω∧∨2,4,9(µ)+

ω∧∨2,4,5a(µ) ≡ 4(−36492µ− 18919)+

4(−2908µ− 1463) ≡ 8(−19700µ− 10191) ( mod (µ2 − 1)),

ω∧∨2,4,11(µ) := ω∧∨2,4,10(µ)+

ω∧∨2,4,7a(µ) ≡ 8(−19700µ− 10191)+

8(512µ+ 617) ≡ 16(−9594µ− 4787) ( mod (µ2 − 1)),

ω∧∨2,4,12(µ) := ω∧∨2,4,11(µ)+

ω∧∨2,4,1a(µ) + ω∧∨2,4,3a(µ)+

ω∧∨2,4,5b(µ) + ω∧∨2,4,7b(µ) ≡

16(−9594µ−4787)+16(−10223µ−4589)+16(3626µ+6713)+16(69µ−1074)+

16(1252µ+ 1273) ≡ 32(−7435µ− 1232) ( mod (µ2 − 1)),

ω∧∨2,4,13(µ) := ω∧∨2,4,12(µ)+

ω∧∨2,4,3b(µ) ≡ 32(−7435µ− 1232)+

32(4131µ+ 2304) ≡ 28(−413µ+ 134) ( mod (µ2 − 1)),
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ω∧∨2,4,14(µ) := ω∧∨2,4,1b(µ)+

ω∧∨2,4,2a(µ) + ω∧∨2,4,2b(µ)+

ω∧∨2,4,6a(µ) + ω∧∨2,4,6b(µ)+

ω∧∨2,4,8a(µ) ≡

64× (−5445)(µ+ 1) + 64× 3667(µ+ 1) + 64(3395µ+ 1280)+

64(173µ+ 187) + 64(285µ+ 195) + 64(−423µ− 420) ≡

64(1652µ− 536 ≡ 28(413µ− 134) ( mod (µ2 − 1)).

In view of (18),

r∧∨2,4(ν) ≡ ω∧∨2,4,0(µ) +(24)

ω∧∨2,4,1a(µ) + ω∧∨2,4,1b(µ)+

ω∧∨2,4,2a(µ) + ω∧∨2,4,2b(µ)+

ω∧∨2,4,3a(µ) + ω∧∨2,4,3b(µ)+

ω∧∨2,4,4a(µ) + ω∧∨2,4,4b(µ)+

ω∧∨2,4,5a(µ) + ω∧∨2,4,5b(µ)+

ω∧∨2,4,6a(µ) + ω∧∨2,4,6b(µ)+

ω∧∨2,4,7a(µ) + ω∧∨2,4,7b(µ)

+ω∧∨2,4,8a(µ) ≡ ω∧∨2,4,13(µ)+

ω∧∨2,4,14(µ) ≡ 0 ( mod (µ2 − 1)).

�
Lemma 13.1.3. . The equality

r∧∧2,4(ν) = 0(25)

holds.
Proof. In view of (86), (121) – (123) and results of §12.1 in [16],

r∧∧2,4(ν) = −4(µ3 + 6µ2 + 5µ+ 1)(3µ2 − µ) +(26)

(µ4 + 28µ3 + 76µ2 + 48µ+ 8)32(121µ)+

(−8)(µ3 + 7µ2 + 8µ+ 2)16(267µ2 − 359µ)+

(−4)(µ3 + 15µ2 + 18µ+ 4)(−32)(90µ2 − 145µ)+

8(3µ2 + 10µ+ 4)(−16)(48µ2 + 145µ)+

(−4)(µ3 + 15µ2 + 18µ+ 4)(−32)(90µ2 − 145µ)+

8(3µ2 + 10µ+ 4)(−16)(48µ2 + 145µ)+

(−4)(µ3 + 15µ2 + 18µ+ 4)(−32)(90µ2 − 145µ)+

8(3µ2 + 10µ+ 4)(−32)(48µ2 + 145µ)+

(−2)(2µ3 + 27µ2 + 18µ+ 2)(−16)(43µ2 − 160µ)+

8(3µ2 + 7µ+ 1)8(226µ3 − 277µ2 − 160µ)+
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(6µ2 + 24µ+ 1)(−8)(100µ3 − 96µ2 − 70µ− 1)+

(−8)(3µ)4(122µ4 + 44µ3 − 234µ2 − 72µ− 1)+

(−4)(3µ+ 2)(−32)(5µ4 + µ3 − 25µ2 − 12µ− 1)+

(24)16(19µ4 − 29µ3 − 47µ2 − 14µ− 1)+

(−2)(2µ− 1)8(21µ4 + 168µ3 + 217µ2 + 88µ+ 11)+

8(−4)(2µ5 + 165µ4 + 470µ3 + 371µ2 + 110µ+ 11)+

4(32)(2µ5 + 46µ4 + 140µ3 + 134µ2 + 49µ+ 6).

Let
c∧504 := −4× 3, c∧51a4 := 32× 121,

c∧51b4 := −27 × 267, c∧52a4 := 28 × 45,

c∧52b4 := 0, c∨53a4 := 26 × 43,

c∧53b4 := 27 × 339, c∧54a4 := −4× 3069,

c∧54b4 := 0, c∧55a4 := −26 × 75,

,
c∧55b4 := −26 × 183, c∧56a4 := 27 × 15,

c∧56b4 := 0, c∧57a4 := −32× 21,

c∧57b4 := −64, c∧58a4 := 256.

Then
c∧594 := c∧504 + c∧54a4 =

−4× 3072 = −212 × 3,

c∧5104 := c∧51a4 + c∧57a4 = 128× 25,

c∧5114 := c∧53a4 + c∧55a4 = −211,

c∧5124 := c∧55b4 + c∧57b4 = −29 × 23,

c∧5134 := c∧5104 + c∧51b4 + c∧53b4+

c∧56a4 = 27(−267 + 25 + 339 + 15) = 211 × 7,

c∧5144 := c∧52a4 + c∧52a4 = 29 × 23

c∧5154 := c∧5114 + c∧51342
12 × 3,

and coefficient at µ5 in the polynomial r∧∧2,4(ν) is equal to

c∧504 + c∧51a14 + c∧51a24 + c∧51b4 + c∧52a4 +(27)

c∧52b4 + c∧53a14 + c∧53a24 + c∧53b4 + c∧54a4+

c∧54b4 + c∧55a14 + c∧55a24 + c∧55b4 + c∧56a4+

c∧56b4 + c∧57a4 + c∧57b4 + c∧58a4 =

c∧594 + c∧5124 + c∧5144 + c∧5154 = 0.

Let
c∧404 := −4× 17,
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c∧41a4 := 27 × 847, c∧41b4 = −27(7× 267− 359) =

−28 × 755, c∧42a14 := −27 × 145,

c∧42a24 := 28 × 675, c∧42b4 := −211 × 9,

c∧43a14 := −211 × 5, c∧43a24 := 32× 1161,

c∧43b14 := −26 × 831, c∧43b24 := 27 × 791,

c∧44a14 := 8× 1065, c∧44a24 := −4× 17391,

c∧44b4 := −8× 6315, c∧45a14 := −28 × 75,

c∧45a24 := 29 × 9, c∧45b4 := −27 × 33,

c∧46a14 := 27 × 3, c∧46a24 := 28 × 5,

c∧46b4 := 27 × 57, c∧47a14 := −28 × 21,

c∧47a24 := 24 × 21, c∧47b4 := −32× 165,

c∧48a4 := 28 × 23.

Then
c∧494 := c∧404 + c∧44a24 = −4× 17408 =

−4× 17× 1024 = −212 × 17,

c∧4104 := c∧44a14 + c∧44b4 =

8× 1065− 8× 6315 = −16× 2625, c∧4114 := c∧4104+

c∧47a24 = −16(2625− 21) = −64× 651,

c∧4124 := c∧43a24 + c∧47b4 =

32(1161− 165) = 128× 249,

c∧4134 := c∧4114 + c∧43b14 =

−64(651 + 831) = −128× 741

c∧4144 := c∧4124 + c∧42a14+

c∧45b4 + c∧46b4 = 27(249− 145− 33 + 57) = 214,

c∧4154 := c∧4134 + c∧41a4 + c∧43b24+

c∧46a14 = 29 × 225,

c∧4164 := c∧41b41 + c∧42a24 + c∧45a14+

c∧46a42 + c∧47a14 + c∧48a4 =

28(−755 + 675− 75 + 5− 21 + 23) = −210 × 37, c∧4174 :=

c∧4154 + c∧45a42 = 29(225 + 9) = 210 × 117,

c∧4184 := c∧4174 + c∧4164 =

210× 80 = 214 × 5

c∧4194 := c∧42b4 + c∨43a14 = −212times7,

c∧4204 := c∧4194 + c∧494 = −215times3,
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c∧4214 := c∧4184 + c∧4144 = 215times3,

and coefficient at µ4 in the polynomial r∧∧2,4(ν) is equal to

c∧404 + c∧41a4 + c∧41b4 + c∧42a14 + c∧42a24 +(28)

c∧42b4 + c∧43a14 + c∧43a24 + c∧431b4 + c∧43b24+

c∧44a14 + c∧44a24 + c∧44b4 + c∧45a14 + c∧45a24+

c∧45b4 + c∧46a14 + c∧46a24 + c∧46b4 + c∧47a14+

c∧47a24 + c∧47b4 + c∧48a4 = c∧4204 + c∧4214 = 0.

Let
c∧104 := 4,

c∧11a4 := 28 × 121, c∧41b4 = 28 × 359),

c∧12a4 := −29 × 145, c∧12b4 := −29 × 145,

c∧13a4 := −211 × 5, c∧13b4 := −211 × 5,

c∧14a4 := (−4)(−6265− 17) = 8× 3141,

c∧14b14 := 8× 3, c∧14b24 := 4× 6275,

c∧15a14 := 26 × 3, c∧15a24 := 24 × 35,

,
c∧15b4 := 25 × 3, c∧46a14 := −27 × 3,

c∧16a24 := −210 × 3, c∧16b4 := −28 × 21,

c∧17a14 := −25 × 11, c∧17a24 := 27 × 11,

c∧17b4 := −26 × 55, c∧18a4 := 27 × 49.

Then
c∧194 := c∧104 + c∧14b24 = 24 × 1569,

c∧1104 := c∧14a4 + c∧14b14 = 26 × 393,

c∧1114 := c∧194 + c∧15a24 := 26 × 401,

c∧1124 := c∧15b4 + c∧17a14 = −28,

c∧1134 := c∧1104 + c∧1114 + c∧15a14+

c∧17b4 = 26(393 + 401 + 3− 55) = 27 × 371, c∧1144 :=

c∧1134 + c∧46a14 + c∧17a24+

c∧18a4 = 27(371− 3 + 11 + 49) = 29 × 107, c∧1154 :=

c∧1124 + c∧11a4 + c∧41b4 + c∧16b4 =

28(−1 + 121 + 359− 21) = 29 × 229, c∧1164 :=

c∧1154 + c∧1144 + c∧12a4 + c∧12b44 =

29(107 + 229− 145− 145) = 210 × 23, c∧1174 :=

c∧1164 + c∧16a24 = 212 × 5,
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and coefficient at µ in the polynomial r∧∧2,4(ν) is equal to

c∧104 + c∧11a4 + c∧11b4 + c∧12a4 + c∧12b4 +(29)

c∧12b4 + c∧13a4 + c∧13b4 + c∧14a4+

c∧14b14 + c∧14b24 + c∧15a14 + c∧15a24+

c∧15b4 + c∧16a14 + c∧16a24 + c∧16b4+

c∧17a14 + c∧47a24 + c∧17b4 + c∧18a4 =

c∧1164 + c∧13a4 + c∧13b4 = 0.

Clearly,

r∧∧2,1(ν)
∣∣
µ=0

=(30)

20 + 20 + 8− 256− 384 + 176− 352 + 768 = 0.

So r∧∧2,4(ν) = µ2t∧∧2,4(µ), where t∧∧2,4(µ) ∈ Q[µ], coefficients of t∧∧2,4(µ) at µk are
equal to 0, if k > 1, and, to prove that t∧∨2,3(µ) = 0, it is sufficient to prove
that t∧∨2,3(µ) ∈ (µ2 − 1)Q[µ]. Since µQ[µ] + (µ2 − 1)Q[µ] = Q[µ], it follows
that we must to prove that r∧∧2,4(ν) ∈ (µ2 − 1)Q[µ]. Let

ω∧∧2,4,0,±1(µ) :=

−4(6µ+ 7)(−µ+ 3) ≡ −4(11µ+ 15) ( mod (µ2 − 1)),

ω∧∧2,4,1a,±1(µ) :=

(76µ+ 85)32(121µ) ≡ 32(10285µ+ 9196) ( mod (µ2 − 1)),

ω∧∨2,4,1b,±1(µ) :=

(−128)(9)(µ+ 1)(−359µ+ 267) ≡ 29 × 207(mu+ 1) ( mod (µ2 − 1)),

ω∧∨2,4,2a,±1(µ) := −128× 19× 55(µ+ 1) ≡

−128× 1045(µ+ 1) ( mod (µ2 − 1)),

ω∧∧2,4,2b,±1(µ) := −128(10µ+ 7)(145µ+ 48) ≡

−128(1495µ+ 1786) ( mod (µ2 − 1)),

ω∧∧2,4,3a,±1(µ) :=

32(20µ+ 29)(−160µ+ 43) ≡ 32(−3780µ− 1953) ( mod (µ2 − 1)),

ω∧∧2,4,3b,±1(µ) :=

64(7µ+ 4)(66µ− 277) ≡ 64(−1675µ− 646) ( mod (µ2 − 1)),

ω∧∧2,4,4a,±1(µ) :=

−4(17µ+ 8)(−230µ− 711) ≡ 4(13927µ+ 9598) ( mod (µ2 − 1)),

ω∧∧2,4,4b,±1(µ) :=

−4(6µ+ 5)(850µ− 3215) ≡ 4(15040µ+ 10975) ( mod (µ2 − 1)),

ω∧∧2,4,5a,±1(µ) :=
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−8(24µ+ 7)(30µ− 97) ≡ −8(−2118µ+ 41) ( mod (µ2 − 1)),

ω∧∧2,4,5b,±1(µ) :=

(−32)(3µ)(−28µ− 113) ≡ 32× (339µ+ 84) ( mod (µ2 − 1)),

ω∧∧2,4,6a,±1(µ) :=

128(3µ+ 2)(−11µ− 21) ≡ 128(−85µ− 75) ( mod (µ2 − 1)),

ω∧∧2,4,6b,±1(µ) :=

128× 3(−43µ− 29) ≡ 128(−129µ− 87), ( mod (µ2 − 1)),

ω∧∧2,4,7a,±1(µ) :=

−16(2µ− 1)(256µ+ 249) ≡ 16(−242µ− 263) ( mod (µ2 − 1)),

ω∧∧2,4,7b,±1(µ) := −32(582µ+ 547)

ω∧∧2,4,8a,±1(µ) := 128(191µ+ 186).

Then
ω∧∧2,4,9,±1(µ) := ω∧∧2,4,0,±1(µ)+

ω∧∧2,4,4a,±1(µ) + ω∧∧2,4,4b,±1(µ) ≡

4(−11µ− 15 + 13927µ+ 9598 + 15040µ+ 10975) ≡

8(14478µ+ 10279) ( mod (µ2 − 1)),

ω∧∧2,4,10,±1(µ) := ω∧∧2,4,9,±1(µ)+

ω∧∧2,4,5a,±1(µ) ≡ 8(14478µ+ 10279)+

8(2118µ− 41) ≡ 16(8298µ+ 5119) ( mod (µ2 − 1)),

ω∧∧2,4,11,±1(µ) := ω∧∧2,4,10,±1(µ)+

ω∧∧2,4,7a,±1(µ) ≡ 16(8298µ+ 5119)+

16(−242µ− 263) ≡ 27(1007µ+ 607) ( mod (µ2 − 1)),

ω∧∧2,4,12,±1(µ) := ω∧∧2,4,1a,±1(µ)+

ω∧∧2,4,5b,±1(µ) ≡ 32(10285µ+ 9196)+

32× (339µ+ 84) ≡ 211(166µ+ 145) ( mod (µ2 − 1)),

ω∧∧2,4,13,±1(µ) := ω∧∧2,4,1a,±1(µ)+

ω∧∧2,4,7b,±1(µ) ≡ 32(−3780µ− 1953)+

32(−582µ− 547) ≡ 64(−2181µ− 1250) ( mod (µ2 − 1)),

ω∧∧2,4,14,±1(µ) := ω∧∧2,4,13,±1(µ)+

ω∧∧2,4,3b,±1(µ) ≡ 64(−2181µ− 1250)+

64(−1675µ− 646) ≡ 29(−482µ− 237) ( mod (µ2 − 1)),

ω∧∧2,4,15,±1(µ) := ω∧∧2,4,11,±1(µ)+

ω∧∨2,4,2a,±1(µ) + ω∧∧2,4,2b,±1(µ)+

ω∧∧2,4,6a,±1(µ) + ω∧∧2,4,6b,±1(µ)+
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ω∧∧2,4,8a,±1(µ) ≡ 128(1007µ+ 607)+

128× (−1045µ− 1045− 1495µ− 1786− 85µ− 75− 129µ− 87)+

128(191µ+ 186) ≡ 128(−1556µ− 2200) ≡ 29(−389µ− 550)

ω∧∧2,4,16,±1(µ) := ω∧∧2,4,13,±1(µ)+

ω∧∧2,4,15,±1(µ) + ω∧∨2,4,1b,±1(µ) ≡

29(−482µ− 237) + 29(−389µ− 550) + 29 × 207(µ+ 1) ≡

29(−664µ− 580) ≡ 211(−166µ− 145) ( mod (µ2 − 1)),

and
r∧∧2,4(ν) ≡ ω∧∧2,4,0,±1(µ)+

ω∧∧2,4,1a,±1(µ) + ω∧∧2,4,1b,±1(µ)+

ω∧∧2,4,2a,±1(µ) + ω∧∧2,4,2b,±1(µ)+

ω∧∧2,4,3a±1(µ) + ω∧∧2,4,3b,±1(µ)+

ω∧∧2,4,4a,±1(µ) + ω∧∧2,4,4b,±1(µ)+

ω∧∧2,4,5a,±1(µ) + ω∧∧2,4,5b,±1(µ)+

ω∧∧2,4,6a,±1(µ) + ω∧∧2,4,6b,±1(µ)+

ω∧∧2,4,7a,±1(µ) + ω∧∧2,4,7b,±1(µ)+

ω∧∧2,4,8a,±1(µ) ≡ ω∧∧2,4,13,±1(µ)+

ω∧∧2,4,15,±1(µ) ≡ 0 ( mod (µ2 − 1)).

�

§13.2. The corrections to the previous parts of this
work.

The equality

r∨∨2,3,3 = 7113µ3 + 2586µ2 − 183µ− 9

must stand in the section §12.1 of [16] instead of

r∨∨2,3,3 = 1953− 7959µ− 1302µ2 − 7113µ3.

The equality
r∨∨2,3,4 = 3616µ3 − 4432µ2 − 2560µ

must stand in the section §12.1 of [16] instead of

r∨∨2,3,4 = −2688− 7504µ− 1072µ2 + 3616µ3.

The equality
v∨∨2,3,4 = 3632µ3 − 4360µ2 − 2512µ+ 8

must stand in the section §12.1 of [16] instead of

v∨∨2,3,4 = −2680− 7456µ− 1000µ2 + 3632µ3.
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The equality
r∧∧2,3,4 = −688µ2 + 2560µ

must stand in the section §12.1 of [16] instead of

r∧∧2,3,4 = 2688 + 2128µ− 688µ2.

The equality
v∧∧2,3,4 = −712µ2 + 2528µ− 8

must stand in the section §12.1 of [16] instead of

v∧∧2,3,4 = 2680 + 2096µ− 712µ2.

The equalities

r∧∧2,5,4 = r∧∧2,5,4 = 976µ4 + 352µ3 − 1872µ2 − 576µ− 8,

must stand in the section §12.1 of [16] instead of

v∧∧2,5,4 = 976µ4 + 352µ3 − 1872µ2 − 576µ− 8

v∧∧2,5,4 = 976µ4 + 352µ3 − 1872µ2 − 576µ− 8
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