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§12.1. Properties of the considered systems as abstract
systems.
The case | =2, z = 1 (continuation).

Lemma 13.1.1. . The equality
(1) rps(v) =0

holds.
Proof. In view of (86), (121) — (123) and results of §12.1 in [16],

(2) ros(v) = (Tp® 4+ 14p% + Ty 4+ 1) (=20° + 3p%) +

4(p* + 281 + 76 + 48y + 8)(1574u* — 140 — 11)+
16(pu® + 7p® 4 8+ 2)(360p% — 118 — 11)(4p + 1)+
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32(—p® — 15p% — 18 — 4)(226% + 265> — 321 — 2)+
32(3p% + 10p + 4)(—=317p% 4+ 281 + 2) (4p + 1)+
(—1)(2u® + 27p® + 18y + 2) (7113 + 25867 — 183y — 9)+
2(3u2 + Ty + 1)(—1023p> — 289842 + 1654 + 9) (4 + 1)+
16(3u% + 17 + 5)(122u* + 6444% + 166> — 12 — 1)+
16(6 + 5)(260p> + 184 — 10y — 1)(4p + 1)+
4(6p% + 24p + 1)(218u* + 280> + 2p* — 281 — 3)+
16(—3p)(—20p* — 168> — 40> + 22 + 3) (4p + 1)+
16(3p + 2)(2u° + p* + 19443 + 2154 + 70p + 7)+
A8(—Tpt + 44p® + 11707 + 560 + 7)(4p + 1)+
8(2u — 1)(86p° + 511" 4 830> + 521 p* + 138y + 13)+
16(8u° + 127" + 356,° + 323 4+ 112 + 13)(4p + 1)+
16(—14p° — 352p° — 1325u* — 17004 — 940p* — 2321 — 21).

Coefficient at 4 in the polynomial r3(v) is equal to
(3)  —2x7+4x 1574 + 16(360)(4) + 32(—226) — 2 x 7113 +

2(3)(—1023)(4) + 16(3)(122) + 4(6)(218) + 16(—3)(—20)(4) + 16(3)(2)+
8(2)(86) + 16(8)(4) + 16(—14) = 2(—7 — 7113) + 8(787 — 3069)+
16(327) + 32(183 + 43 — 7+ 3) + 64(—113) 4 256(15) + 512(45 + 1) =
—32x445—16x 11414+ 16 x 327+32 x 222— 64 x 113+256times15+1024 x 23 =
32(—223 — 407) — 64 x 113 + 256 x 15 + 1024 x 23 =
—64(315 + 113) + 256times15 + 1024 x 23 = 256(—107 + 15) + 1024 x 23 =
256(—92 + 23 x 4) = 0.

Coefficient at p' in the polynomial 79 (v) is equal to
(4) — 64 x33—128 x35—128 x 11 — 64 x 59 — 128 x 11 +

128 x 944096 + 128 x 54 512 x 7+ 1024 + 2(81 + 183)
+2 X (634 165) +8 x9—64 x 15 —16 x 17 —32 x (3+25) —64 x5
—16 x7—-32x9—-16x9416 x 21 +64 x 354 128 x 21 464 x 21+
16 x (13 —69) + 256 x 7464 x 13 — 128 x 29 =
16(33+433—17—7—9+21413—69)—32%x9+64(—33—59—15—5+35+21+13)+
128(—35—11—114+9+5—-7+21 —29) + 256 X 7+ 512 x 7+ 1024 + 4096 =
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—64 x5 —64 x 43 — 256 x 29 4 256 x 7+ 512 x 74 1024 + 4096 =

—1024 x 3 =512 x 11 + 512 x 7+ 2048 = 2048 — 512 x 4 = 0.
Clearly,

(5) g (V)] g = =32 X 11 — 32 x 11+ 256 + 256 + 18 +

18—16x5—-16x5—-4%x3+32x7+16x 21 —8 x 13+
16 x 13—16x21 = —-64 x11+5124+32x7—16x 15+ 16 x 13 =
—64 x114+32x6+512=—-64 x8+512=0.

So ryy(v) = pPthy(p), where 5% (u)inQ[u], coefficients of 5% (u) at p* are
equal to 0, if k > 3, and to prove that #53(u) = 0, it is sufficient to prove
that t5%(p) € (u* — 1)Q[u]. So we most prove that

TZA,X(V)‘#zﬂ :rg»\é(V)‘,u:i =0.
We have
AV _
o3 (V)] ;=544 x9x 1703 + 0+
0—32x9%x343+9 x4353 —2 x 9 x 2031416 x 9 x 345
—16 X3 X67T+4x17TXT7Txd5—=16x9 x 8+ 16 x 43+
(—16) x 9 x 17+ 8 x 2716 x 3 x 13 + —256.

Since
W =5+4Xx17TXx7Tx5=5x%x477=5x 9 x 53,

wy = w) +9 x 4353 =9 x 4618 = 2 x 9 x 2309,
wy =wy —2x9x2031 =
2x9x278 =4 x9 x 139,

w) = wy +4x9x1703 =8 x 9 x 921,
wy i=w) +8x9x3=
8 x9x924 =32 x9 x 231,
wg =16 x43—16 x 16 =16 x 9 x 3,
wy =—-16x3x67+16x3x13=-32x9x9
wy = wyi + 16 x 9(345 — 89 — 17) =
16 x 9(3 4345 —89 —17) =32 x 9 x 121,
wy = wy + w8 +w'V —32x9x343 =
32 x9x(—3434231 -9+ 121) =0,
it follows that

(6) s (W), =0.
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In \/ieW Of (2),
Té\\ZS/(V)’ — 29 4 X 7 X 23 X l423+
y /1,_1

32X 27T XTTXH—064x19x457 —32 x5 x17x7x41+
(—1) x 49 x 3 x 3169+ 2 x 5 x 11 x 3 x (—1249)+
16 X 25 x 919416 x5 x 11 x 433 +4 x 31 X 7 X 67+
16 X3 XHXTx29+16 x5 x 3 x 163+
16 x 3 x 7 x 31+
8% 2099416 x 5 x 3 x 313 —128 x 3 x 191

16(8° 4+ 127p* + 356> + 3232 + 1124 + 13)(4p + 1)+

16(—14u° — 3524° — 1325pu* — 17004 — 9402 — 232 — 21).

Since
wf =29 — 49 x 9507 = —29 x 9506 — 2 x 95070 =

2(—29 x 4753 — 95070) = —2 x (142590 + 95070 — 4753) =
—2 x (237660 — 4753) = —2(232907),
W) = w) — 2 x 165 x 1249 =
—2(232907 + 206085) = —2(438992) = —32(27437);
wy =4 xTX23x1423+4x31 x7x67) =
28(32729 4 2077) = 28 x 34806 = 56 x 17403,
W) = w) + 8 x 2099 = 8(121821 + 2099) =
8(121821 4 2099) = 8 x 123920 = 128 x 7745,
wl =
80(4595 + 4763 + 609 + 489 + 939 + 651) = 80 x 12046) = 160 x 6023,
wg = wh +32x 27 x T7 x 5—
32 x5 x 17 x 7 x 41 = 160(6023 + 2079 — 4879) = 32 x 16115.
wh = wg + wh = 32(16115 — 27437) = 32x
—32 x 11322 = —64 x 5661, w] := —64 x 19 x 457+
w) = —64(5661 + 8683) = —64(14344) = —128 x 7172,
wy = wy +wi — 128 X 3 x 191 + wf =
128(7745 — 7172 — 573) = 0,
it follows that

AV

(7) 723 (V)‘uzl =0.

In view of (2)
TQ,X(V)}M:Z- = 13(3 — 2i)+

A(—67 + 20)(—1585 — 140i) + 16(—5 + 7i)(—371 — 118¢)(1 + 44)
32(11 — 17i)(—267 — 258i) + 32(1 + 104)(319 + 28i)(1 + 4i)+
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(25 — 164)(—2595 — 72964) + 2(—2 + 74)(2907 + 1188)(1 + 4i)+
16(2 + 174)(—47 — 656i) + 16(5 4 61)(—185 — 270)(1 + 4i)+
A(—5 + 240)(213 — 308i) 4 48(—1)(23 + 190i) (1 + 4i)+
16(2 + 31)(—207 — 1227) + 48(—117 + 124)(1 + 4i)+
8(—1 + 2i)(3 — 606i) + 16(—183 — 252)(1 + 4i) + 16(—392 + 1116i) =

Since
wi =39 — 26i + (25 — 167)(—2595 — 72967) =

39 — 260 — 181611 — 140880i = 2(—90786 — 704531),
wy = wi +2(—2 4 7:)(2907 + 1188:) (1 + 47) =
2(—90786 — 704534) + 2(—30 — i)(2907 + 1188i) =
2(—90786 — 70453 — 86022 — 38547i) =
—2(176808 + 109000i) = —16(22101 + 136254),
wj := 4(—67 + 20i)(—1585 — 1407) + 4(—5 + 244)(213 — 308i) =
4(108995 — 223204 + 6327 + 6652i) = 4(115322 — 15668i) = 8(57661 — 78344),
wy = wj + 8(—14 24)(3 — 606i) =
8(57661 — 78347 + 1209 4 6127) = 16(29435 — 36114),
wiy = 16(2 4 17i)(—45 — 6564) + 16(2 + 34)(—207 — 122i) =
16(11062 — 2077i — 48 — 865i) = 32(5507 — 14714),
wiy = 16(5 4 64)(—185 — 270¢)(1 + 4i) + 16(—183 — 2364)(1 + 4i) =
16(1+44)(695—2460i — 183 —2364) = 128(1+44)(64—337i) = 128(1412—811),
Wi = 48(190 — 23i — 117 4 12i)(1 + 4i) = 48(73 — 114)(1 + 44) =
48(117 + 281i) = 16(351 + 8434)
wey = 16(=5 + 7i)(=371 — 118i)(1 + 4i) + wiy =
16((—5 + 74)(101 — 16024) + 351 + 843i) =
16(10709 + 8717i + 351 + 8437) = 16(11060 + 9560) = 64(2765 + 23904,
Wiy =w) + W) =
16(—22101 — 136250 +29435—36111) = 16(7334—17236i) = 32(3667—8618),
Wiy = we2" + 32(1 + 104)(319 + 284) (1 + 44) =
32(3667 —8618i -+ (1+10i)(207+13044)) = 32(3667 —8618i — 12833 +33741) =
64(—4583 — 2622i),
Wiy = wi; + 32(11 — 17i)(—267 — 258i) =
32(5507 — 14717 — 7323 4+ 17014) = 32(—1816 + 2304) = 64(—908 + 115),
Wy 1= Wiy + 16(—392 4+ 11167) =
64(—908 + 115 — 98 + 2794) = 128(—503 + 1971)

* . * *
Wgy 1= Wgy + Wry
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64(2765 4 23907 — 4583 — 2622i) = 64(—1818 — 2327) = 128(—909 — 1167);
Wy = iy + iy =
128(—503 + 1977 + 1412 — 81¢)128(909 + 1161) = —wg,,
it follows that

(8) ré\,g(u)‘uzi =0.
[ |

Lemma 13.1.2. . The equality
(9) roa(v) =0
holds.

Proof. In view of (87), (121) — (123) and results of §12.1 in [16],
(10) o (v) = =201 + 64 + B+ 1)(—24° + 3p%) +

(—=8)(1® + Tp® + 8p + 2)(4) (1574 — 1400 — 11)+
(1" + 28p% 4 762 + 48y + 8)(—8) (360> — 118 — 11)+
8(3u% + 104 + 4)8(226> + 2654 — 321 — 2)+
4(—p® — 15p® — 18 — 4)16(—317p* + 28 + 2)+
4(3p% 4+ Ty + 1) (7113 4 2586 — 1831 — 9)+
(—2)(2p® + 27p® + 18u + 2)(—1023* — 2898% 4+ 1651 + 9)
(—4)(6p + 5)(8)(122u* + 644° + 1664 — 121 — 1)+
4(3p* + 17 + 5)(—8) (260 + 184p* — 10 — 1)+
(—24p)4(218u* + 280p” + 2p* — 28 — 3)+
(6% 4 241 4 1)(8)(—20u* — 168> — 40p* + 22 + 3)+
(24)(—4)(2u° + p* + 194> + 2154 + T0u + 7)+
(—4)(3p + 2)(8) (=T + 44p® + 117p% + 56 + 7)+
8(—4)(86p° + 511" + 830 4 521 + 138y + 13)+
(—2)(2u — 1)(8)(8p® + 127" + 3564° + 323pu* + 1121 + 13)+
(4)(8) (501”4 395u* + 792u> + 6021% 4+ 190 + 21).

Coefficient at p® in the polynomial 795 (v) is equal to

(11) 464 % 45+ 4 x 1023 — 64 x 15 — 256 =
4096 — 256 x 15 — 256 = 2'2 — 2'2 = 0.

Coefficient at z° in the polynomial r95(v) is equal to

(12) 18 — 64 x 787 4+ 16 x 59 — 256 x 315 + 128 x 339 +

64 x 317 + 4 x 21339 + 8 x 1449 + 2 x 27621 — 128 x 183+
(—128) x 195 + (—64) x 327 + (—128) x 63 — 256 x 15 + (—64) x 3+
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32 x 21 4 (—64) x 43 + (—32)(127) + 128 + 64 x 25 =
4(13815) + 4 x 21339 + 8 x 1449 + 16 x 59+
32 x (21 — 127) + 64 x (=787 + 317 — 327 — 3 — 43+ 25)+
128(339 — 183 — 195 — 63 + 1) — (256)(315 + 15) =
8(17577) + 8(1449) 4 16 x 59 — 64 x 53+
(—64) x 818 — 128 x 101 — 512 x 165 =

16(9513 + 59) — 64times53 — 128(409 + 101) — 512 x 165 =

64(2393 — 53) — 256 x 255 — 512 x 165) =
256(585 — 255) — 256 x 330 = 0.

Coefficient at p' in the polynomial 795 (v) is equal to
(13) 64(44 + 140) + 64(66 + 118) — 128(10 + 64) +

128(—18 — 56) + 4(—183 — 63) + 4(—81 — 165) + 32(6 + 60) + 32(50 + 17)+
32 x 9+ 8(22+ 72) + (—64) x 105+ 32(—112 — 21)+
(—64) x 69 + 16(112 — 26) 4+ 64 x 95 =
512 x 23 4+ 512 x 23 — 256 — 256 x 37 — 8 x 123 — 8 x 123+
64 x 33 +32(67+9) + 16 x 47 — 128 x 87 — 32 x 133+
32 x 43464 x 95 =
—16(123 —47) + 32 x 76 + 64 x 33 — 64 x 45 + 64 x 95+
128(—87) — 512 x 37 + 1024 x 23 =
64(19 + 33 + 50) + 128(—87) — 512 x 37 4 1024 x 23 =
128(51 — 87) — 512 x 37 + 1024 x 23 = —512 x 46 + 1024 x 23 = 0.
Clearly,

(14) e (V)] Ly = 64(x 11 4 x11) +

(=512 —=512) +4x (=9—-9)+32(5+5) +0+8x3—64x7—32x 21+
16 x 13 — 32+ 32 x 21 =
(8(3—9)+16 x 13 —32x 13) +64(5 — 7+ 22) — 1024 =
—256 + 256 x 5 — 1024 = 0.

So 9% (v) = p*th5 (i), where 5% (n) € Q[u] coefficients of t545(u) at p* are
equal to 0, if & > 2, and, to prove that t5%3(u) = 0, it is sufficient to prove
that

th5(n) € (1 + 1) (1 + 1))Qu).

So we most prove that

Té\ag\(y)‘mzfl - ré\,g(’/”m:i =0.
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We have

(15) W) = —10+0—8x 9 x 467 +

0+ 64(—3) x 69+ (—2) x 9 x (—2031) + 4(—3)(—4353)+
(—32)(—9)(—67) + (32)(—345) + 8(—17)(89) + (32)(3)(—35)
432 x 17 — 32(3)(—43) + 16(3)(—13) + (—=32)(=9) + 64(=7) =
2(18279 — 5) + 4 x 13059 + 8(—4203) + 8(—1513) + 16(—39)+
32(—603 — 345 — 105 + 17 + 129 + 9)+
64(—207 — 7) =
4(9137 + 13059) + 16(—39) + 8(—4203 — 1513)+
32(—898) — 128 x 107 =
16(5549 — 39) — 32 x 1429 — 64 x 449 — 1024 x 13 =
32(2755 — 1429) — 64 x 449 — 1024 x 13 =
64(663 — 449) — 128 x 107 = 0.

Let
wy' = (—2)(=5 +4i)(—=3 4 21) = 2(—T7 + 221),

Wi = (—8)(—67 4 20i)(—371 — 118i) = 8(—27217 — 4861),
Wit = (—32)(=5 + 7i)(—1585 — 140i) = 32(—8905 + 103951),
Wit = 64(11 — 174)(319 + 28i) = 64(3985 — 5115i),
wii = 64(1 + 10§)(—267 — 2584) = 64(2313 — 29284,

Wit = (—2)(—25 + 16)(2907 + 1188i) = 2(91683 — 16812i),
Wil = 4(—2 4 7i)(—2595 — 72961) = 4(56262 — 3573i),
Wit = (=32)(2 + 174)(—185 — 270i) = 32(—4220 + 3685),
Wi = (—32)(5 + 6i)(—45 — 656i) = 32(—3711 + 35504),
Wi = 8(—5 + 24)(23 + 190i) = 8(—4675 — 398i),

Wi = 32(—3i)(213 — 308i) = 32(—924 — 639,

Wit = (—32)(2 + 30) (=117 + 12i) = 32(270 -+ 3274),

Wik = 32(—3)(—207 — 122i) = 32(621 + 3667),
Wit = 16(1 — 2i)(—183 — 2364) = 16(—655 + 1307),
Wik = 32(—3 + 606i),

Wi = 32(—186 — 552i) = 64(—93 — 2764).

Then
L R kk o
Wy =Wy +ws, =

4(45838 — 8395i, Wiy = wy* + wiy =
16(25525 — 29924), Wiy := Wiy + wii =
16(25525 — 2992i) + 16(—655 + 130i) = 32(12435 — 14314, w3 :=
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Wit + Wit = 64(1765 + 4482i),
Wiz = wi +wh, =
8(—27217 — 486i) + 8(—4675 — 398i) = 32(—7973 — 221i), W't =
wiz + Wi + Wiy =
32(—7973 — 4220 — 3711 + (=221 + 3685 + 3550)i) =
64(—T7952 + 35074), Wit = wii+
Wit = 64(—327 — 156i), wii =
Wik + Wi = 64(309 + 4861),
wi7 = wig +wy =
64(309 -+ 4867) + 64(2313 — 2928i) = 128(1311 — 12214),
Wiz = Wiy + Wi, =
64(3892 — 53914), wii =
Wi + wit = 128(719 + 2163i),
wyy 1= wig + Wiy =
256(—1015 — 4714), wi = wii+
Wit = 256(1015 + 4714),

(16) W), = Wi +

8 7
<Z i ) + iy =

=1 i=1

wy* 4 wis + wir+
wig + wig +wip+
wap + wip + wiat
Wi +wi = wiit
wiy + wis +wit+
wig +wip T wr, =
Wi+ i+ Wi =

Kk sk
wyy +wyy = 0.

[ |

Lemma 13.1.3. . The equality
(17) ron(v) =0
holds.

Proof. In view of (86), (121) — (123) and results of §12.1 in [16],

(18) oy (v) = (T’ + 14p% + T+ 1) (6p% — 2p) +
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10

16(p* + 2813 + 762 + 484 + 8)(267* — 359u)+
(=8) (1 + 7 + 8 + 2)8(121 ) (4 + 1)+
64(p® + 15> + 18 + 4) (48 + 145p)+
(—64) (3% + 100 + 4)(90u% — 145.) (4p + 1)+
(—16)(2u® + 27p* + 181 + 2)(226° — 277u* — 1604)+
(—32)(3p® + T + 1)(43p% — 160p) (4 4 1)+
2(3u2 + 17p + 5)(21054° — 3214p* — 12550 — 1)+
2(64 + 5)(1023p — 710p% — 12531 — 1) (4 + 1)+
4(60% 4+ 24 4+ 1)(1220* 4 44p° — 234p° — 720 — 1)+
16(3) (100 — 96* — 70 — 1) (4 + 1)+
(—64)(3p + 2)(19u* — 29 — 47p? — 14p — 1)+
(—192)(5p* + p — 25u% — 120 — 1) (4p + 1)+
8(2u — 1)(2u° + 165" + 470> + 3712 + 110p + 11)+
16(21p* + 168 + 217p% + 88y + 11) (4p + 1)+

(—64)(28° 4+ 194p* + 33443 + 22042 + 614 + 6).

Coefficient at 4 in the polynomial 3 (v) is equal to

(19) 16(267) 4+ 64(—113) + 16(183) + 32 =
32(225 + 1) + 64(—113) = 0.
Let
Clog 1= 42, €114 = 16(—359),
Ciang i= 064 X T X 267 = 64 x 1869,
Clipg = —256 X 121, ¢y, := 1024 x 3,
Clopy = —H12 X 135, g,y i= 32 X 277,
Chagoq = —32 x 27 x 113 = —32 x 3051,
Clapy = —128 X 129, ¢, := 2 X 6315,
Coapa i= 16 X 3069, cp,1q := 32 x 33,
Clegny = 04 X 183, ey, := 256 x 75,
Cloan i= —64 X BT, clgpy = —256 x 15,
Cimay = 16(165 — 1) = 64 x 41, c¥y, := 64 x 21,
Clgan i= —256 X T.
Then

VooV Y
Cs3a4 “= C33q14 T C53024 = —064 X 1387,
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C3124 = Csa04 T Chgaq 1= 64(183 — 57) = 128 x 63,
Ciga 7= Capy + Chgpy = 1024 x 15,
Cgm = Cg7a4 + c§7b4 = 128 x 31,
Cian o= Coiuon + Cogan =
64(1869 — 1387) = 128 x 241,

Yiss = CYiaa + Clapy = 128(241 — 129) = 2048 x 7,
Cs164 °= C¥1b4 + Clgay = —256 x 128 = -2
Yy = Yoy + Yy = 128(99 + 347) = 256 x 223
c:”)/184 = C;')/124 + C}:)/74 = 256 x 47,

CHos = Coyga + Cihgs = D12 X 135
Ci204 7= Ciopa + C104 = 0,

Yoy 7= Clorg + gy = 2048 x 16 = 217,

and coefficient at 1° in the polynomial 3 (v) is equal to
(20) C304 T C31a14 T C31a24 T G314 + Co20a +

Caoba T C53a14 T C53a24 T Capa T Coaaat
Cg/4b4 + Cg/5a14 + c\5/5a24 + Cg/564 + C5v6a4+
Cg/6b4 + C5v7a4 + Cg7b4 + Cg8a4 =
(C304 T C3aaa) * (CH1a1a + Capa) + Cisarat
(C33a14 T C33024) F (C35024 T Coaa)
(Caspa + Co6a) + (C7as + Cpa + o124

Vv Vv Vv Vv Vv .
Cizpa T (C31p4 T C3804) T C32a4 T Csops =

Ci4 1 C3104 T C5a14 T 304 + Co124+
C3134 F Ci7a  C1a24  Cizpa T Ci16aT
C%/2a4 + 0\5/2b4 =
(C31a24 T+ C33a4) + Cooa + (104 + Cos014)+
(C3124 + Ci7a) + (C3134 + Cnaa) + Cozpat

v v
Copa T Cr164 =

Vv V Vv V V
Cs144 T Cs94 T Cy114 T C5184 T+ Cro1at

V V \Y _
Copa T Cs3pa T Cri64 =

(C%/144 + Cg3b4> + (Cg94 + Cg114)+

V Vv Vv Vv .
Criga T Cs214 T Csopa + Cr164 =
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v v
Cs154 T C174 T
v v v Voo
Cs184 T C5214 T Copa T C5164 =

(Cg154 + C5v214) + (Cg/lm + CE\’)/184)+

Vv Vv o

Copa T Cr164 =
v v v v
C224 T C5194 T Coopa T Cr164 =

(C%/2b4 + Cg194) + (C%/224 + 0\5/164) = 0.

- Ciog i= 2 X 35, ¢ 04 = 64(5073 — 2513) = 2'5 x 5,
Ciipra = —64 X 121, ¢} 1oy := —256 x 847,
Cioa1a = 1024 X 45, Cjo0y := 64 x 145,
Chopra = —128 X 135, Clopoy := —1024 x 225,
Clopaa i= 256 X 435, Cianyy i= 1024 x 5,
Chaaza i= 16 X T4AT9, f3.a, = —64 x 1017,
Chapra i= —32 X 129, 304 := —128 x 301,
Chapas -= 4096 X 15, c)y1q i= —4 X 4821,
Chaans = 2 X 35785, s := 4 X 3069,
Chapas i= —32 x 1065, ¢}yp3 = 8 x 5115,
Chsars i= —16 X 351, ¢)fs oy 1= 128 x 33,
Cisass =8 X 61, cgp4 1= 64 x T5,
Chspan := —2048 X 9, g1y = 64 x 87,
Cloazs := —128 X 19, ¢y := —64 x 15,
Chopaa i= —256 X 3, Cira1s i= 32 X 235,
Chrang = —8 X 165, Cfmpyy := 16 x 21,
Campoa = D12 X 21, 9,2¢)c., = —128 x 97.
Then

Cloa i= Ciog + Cisaos = 2 X 35820 = 8 x 8955,
Chio4 °= Chga1a T Ciapra = —4(4821 — 3069) = —4 x 1752 =
—32 % 219, ¢4 7= Chgq + Clypss T CizazaT
Cirans = 8(8955 + 5115 + 61 — 165) = 8 x 13966 = 16 x 6983,
Cii2a *= Ci114 T Cizaa T Cisara + Cimpa =

16(6983 + 7479 — 351 4+ 21) = 16 x 14132 = 64 x 3533

V .V V V \% _
C4134 “= Cq104 T+ Cagp1a T Caapoa T Cappoa =

12
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32(—219 — 129 — 1065 + 235) = 32 x 1178 = —64 x 589
CX144 = Cz\1/134 + ch24 + CZle + CX2a24 + CX3a34 + CZst + cX6a14 + C>1/6b14 =
64(—589+ 3533 — 1214 145 — 1017475+ 87 — 15) = 64 x 2098 = 128 x 1049,
CX154 = CX144 + CX2b14 + CX3b24+
Cisazs T Ca6a24 + Clgas =
128(24 1047 —135—-301+33 — 19 —97) = 128 x 528 4256 = 2048 x 33 + 256,
Cli6a ™= Cl1satClspaa+ Cilipoa T Clopsa +Clgpzg = 2 X 3+256(1—847+435-3) =
21 % 3 — 512 x 207
Ca17a 7= Cligs + Cirpon =
214 %3 -1024 x 93
Ca184 7= Ca174 + Cigqrs + Ciopza + Cisars =
2M % 3 4+ 1024(—93 + 45 — 225 + 5) = 2" x 3 — 4096 x 67,
Ca104 := Ci184+Clapzy = 4096x 15, 214 x3-212(67—15) = 2'(3—13) = —2'9 x5,

and coefficient at pu* in the polynomial 94 (v) is equal to

(21) CX1a4 + CZ194 = 0.
Let
C1vo4 = -2, C¥1a4 = 2" x 359,
s 1= =27 X 121, ¢)yy i= 28 x 145,

Clopy 1= 28 X 145, ¢y, = 1024 x 5,

Clapra i= —4 X 3, Clypos = —2 X 6265,
Clags = —8 X 5,
Clsas = —128 X 3, ¢5py := —16 x 3,
Croan i= 04 x 31, ]y = 1024 x 3,
Clras = —64 X 11, ¢}y == 64 x 33,

Then
Clog i= Clog + Clygos = —4 X 3133,
Nros = Clos + apia = —256 x 49,
Y114 7= Capy + Nipag = —16 X 789,
CYraq = Cl11g + Cigpy = —128 X 99,
CY134 = CY124 + C\1/5a4 = —256 x 51,

C\1/144 = C\1/6a4 + C¥7a4 + C¥7b4 + c¥8a4 =
64(31 — 11 + 33 —61) = =512,

VooV Vo ol0
Cli64 *= Cli04 T Ci1za = —2°°29,
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Cli7a = Cliag + Clags T Clapg = 217 X 9,

Ciga 7= Cliaa + g = —27(359 + 121) = =22 x 15,
Y194 *= Cliga + Claas T Clapa + Clopa =
2'0(—25+5+5+3) = —2"2 x 3,

C1v204 = Clv194 + CY184 =28 x9,

and coefficient at  in the polynomial r5)(v) is equal to

(22) Ciaos + Ci7a = 0.
Clearly,
(23) i (V)] g = —2%5—-2x5+

(—4) + 128+ 192 — 88+ 176 — 128 x 3 =10

So oy (v) = PPty (1), where 3% (1) € Q[u], coefficients of 5% () at p* are
equal to 0, if & > 1, and, to prove that ¢33 (u) = 0, it is sufficient to prove

that 5% (u) € (p* — 1)Q[p). Since pQlu] + (#* — 1)Q[u] = Q[u], it follows
that we must to prove that 75 (v) € (u* — 1)Q[u] Let

WQ,X,O(N) =
2(14p + 15)(—p +3) = 2(27p + 31)( mod (p* — 1)),

Wha1a(lt) =
16(76/ + 85)(—359u + 267) = 16(—102231 — 4589) ( mod (12 — 1)),

wyp1(1) =
64(—121)9(p + 1)(4p + 1) = 64 x (—5445)(u+ 1) ( mod (p? — 1)),
WQ,X,%(N) =
64 x 19(p + 1)(145u + 48) = 64 x 3667( + 1) ( mod (u? — 1)),
Wé\,l/gb(ﬂ) =

(—64)(10p + 7)(—1450 + 90) (4 + 1) = 64(38p + 47) (1450 — 90) =
64(33954 + 1280) ( mod (u* — 1)),

wy A, 13a(1t) =

(—16)(20p + 29) (66 — 277) = 16(36264 + 6713) ( mod (u? —1)),
Wz A 3b(ﬂ)

32(Tp 4 4)(160p — 43) (4 + 1) = 32(339u + 948) (4 + 1) =
32(4131p 4 2304) ( mod (,u - 1)),

W2,4,4a(ﬂ) =

2(17p + 8)(850p — 3215) = 2(—47855u — 11270) ( mod (,u2 - 1)),
wé\,XAb(p“) =

2(61 4 5)(—230p — 711) (4 + 1) = 2(—5416p — 4935)(4p + 1) =
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2(—251564 — 26599) ( mod (u? — 1)),
wé\,X,Sa(M) =
4(24p + 7)(—28u — 113) = 4(—2908y — 1463) ( mod (p® — 1)),
WQ,X,sb(M) =
16(3)(—97u + 30) (4 + 1) = 48(23u — 358) =
16(69u — 1074) ( mod (p* — 1)),
wé\,X,Ga(N) =
64(3u + 2) (431 +29) = 64(173p 4+ 187) ( mod (p? — 1)),
'y aolit) =
(—192)(—11p — 21)(4p + 1) = 192(95p + 65) =
64(2851 4+ 195) ( mod (u? — 1)),
wé\,X,’?a(M) =
8(2u — 1)(582p + 547) = 8(512u + 617) ( mod (u* — 1)),
Wé\,i%(ﬂ) =
16(256 + 249)(4p + 1) = 16(1252¢ 4+ 1273) (- mod (p* — 1)),
W)y sa (1) 1= 64(—423p — 420).
Then
WQ,X,g(N) = WQ,X,O(M)—i_
WzA,XAa(M) + WzA,XAb(M)
2(27p + 31) + 2(—47855p — 11270) + 2(—25156 — 26599) =
4(—36492p — 18919) ( mod (p? — 1)),
wé\,XJO(M) = WQ,X,Q(M)"‘
Wit 5a (1) = 4(—36492 — 18919)+
4(—2908 — 1463) = 8(—19700x — 10191) ( mod (p? — 1)),
WQ,X,M(M) = WQ,XJO(M)*’
wé\’im(p) = 8(—19700p — 10191)+
8(512u + 617) = 16(—9594p — 4787) ( mod (,u2 - 1)),
WzA,X,u(N) = WzA,Z,n(N)"‘
wé\,ila(ﬂ) + wé\,if&a(/’b)—i_
WzA,X,sb(N) + wé\,Xﬁb(M) =
16(—9594—4787)+16(—10223 1 —4589)+16(3626+6713)+16(69—1074)+
16(1252p + 1273) = 32(—7435u — 1232) ( mod (p* — 1)),

Wz/‘\,ils(/i) = Wé\,im(/i)*‘
Wy (1) = 32(=T7435p — 1232)+
32(4131p + 2304) = 28(—413p + 134) ( mod (p* — 1)),

15
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WQX,M(M) = W’QX,lb(M)WL
WQ,X,QG,(M) + WQ,X,%(N)"‘
wé\,X,Ga(H) + WQ,X,GI;(M)WL

WQ,X,&;(N) =
64 x (—5445) (1 + 1) + 64 x 3667(p + 1) 4 64(3395 4 1280)+

64(173p + 187) + 64(285u + 195) + 64(—423pu — 420) =
64(1652p — 536 = 2°%(413 — 134) ( mod (u* — 1)).
In view of (18),

(24) roa (V) = wio(p) +

|

Lemma 13.1.3. . The equality
(25) Té\ﬁ(y) =0
holds.

Proof. In view of (86), (121) — (123) and results of §12.1 in [16],
(26) rpa(v) = —4(1® 4 6p% + 5+ 1)(3u° — p) +

(" + 28p® + 6% + 48y + 8)32(121 )+
(—8) (1 + Tp® + 8 + 2)16(267u* — 359u)+
(—4)(1® 4+ 15p% + 18 + 4)(—32)(90p* — 145u)+
8(3u% 4+ 104 4 4)(—16) (484 + 145u)+
(—4)(1® + 15p% + 18 + 4)(—32)(90p* — 145u)+
8(3u% + 104 4 4)(—16) (484 + 145u)+
(—4)(1® + 15p% + 18 + 4)(—32)(90p* — 145u)+
8(3u% + 104 4 4)(—32) (481 + 145)+
(—=2)(2p® + 27p® + 18 + 2)(—16)(431* — 160p)+
8(3u? + Ty + 1)8(226p> — 277p% — 160u)+
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(6% 4 241 4 1)(—8) (1004 — 96> — 70 — 1)+
(—8)(3p)4(122p* + 44y — 234p* — 72p — 1)+
(—4)(3p + 2)(=32) (5u* + p® — 25p — 12 — 1)+
(24)16(19u* — 29> — 47p? — 14 — 1)+
(—=2)(2p — 1)8(21 " + 168° + 217 + 88y + 11)+
8(—4)(2u° + 165u* + 4700 + 371 + 110p + 11)+
4(32)(2u° + 464" + 140> 4 134 + 49 + 6).

Let
Choy = —4 X 3, L1y = 32 x 121,
gy 1= —27 X 267, Ly, = 25 x 45,
Chopy 1= 0, Chany i= 20 x 43,
Chap i= 2" x 339, by = —4 x 3069,
Chups =0, Chspy 1= —2° x 75,
| Chspy 1= —20 X 183, cfy,y =27 x 15,
Chgps =0, by = —32 x 21,
Chpg = —64, Ly, = 256.
Then

Cho4 = Cs04 + Chias =
—4 x 3072 = —2'? x 3,
C9104 = 091a4 + CE/')\70,4 = 128 x 25,
09114 = 093(14 + 695(14 = —211,
Chiog = Chispa + Copy = —27 X 23,
CQ134 = 09104 + Cg\lb4 + Cg\Sb4+
Chsan = 27(—267 4+ 25 + 339 + 15) = 2" x 7,
Ch1ag = Choay + Chaas = 27 X 23
Chisa = g + F1342'° X 3,

and coefficient at 1° in the polynomial 75} (v) is equal to
(27) C501 F C51a1a + Cla24 + Co1pa + Chnas +

Cg\zb4 + 093(114 + 05/3\31124 + 09364 + C5A4a4+
094174 + Cg5a14 + 0951124 + Cg\sb4 + C5Aﬁa4+
Chopa T C5A7a4 + Chipa + Cé\Sa4 =
0994 + 09124 + C5Al44 + 09154 = 0.

Let
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Cil\la4 =27 x 847, 04/1\11;4 = —27(7 X 267 — 359) =
—28 X 755, Chygra i= —27 x 145,

A . 98 AL 11

Daars = =2 X B, gy i= 32 x 1161,
Chgpra = —20 X 831, Chypoq := 27 x 791,
Drars = 8 X 1065, ¢yu00 = —4 x 17391,
Chups = =8 X 6315, 5,1y = —2° X 75,
Chsaza = 2% x 9, Chsps = —27 x 33,
Cosara = 27 X 3, Clgags = 2° X 5,
Chopa 1= 27 X BT, Chrars 1= —2° x 21,
04/1\7&24 = 2" x 21, 0271,4 = —32 x 165,
Chsan 1= 2° X 23.

Then
Choa = Chog + Clagog = —4 x 17408 =

—4 x 17 x 1024 = —2'2 x 17,
Chi04 = Chiara T Chapa =
8 x 1065 — 8 X 6315 = —16 x 2625, 414 := Chioat+
Chruos = —16(2625 — 21) = —64 x 651,

02\124 = 04/1\3(124 + Cfi\7b4 =
32(1161 — 165) = 128 x 249,
C£134 = C2114 + Cz/l\3b14 =
—64(651 + 831) = —128 x 741
04?144 = 02124 + Cfl\2a14+
Chspa + Chips = 27(249 — 145 — 33 + 57) = 21,
02154 = 02134 + Ci\la4 + 0231;24"‘
Choara = 27 x 225,
Chr6a = Chipar + Chaaza + Csarat
Chsasz T Chra1a + Clisas =
2%(—755 + 675 — 75+ 5 — 21 +23) = 2" x 37, ¢}y =
Chiss + Chsaso = 27(225 +9) = 219 x 117,
Ciraa = Chi7a + Chis =
210 x 80 = 24 x 5
Chiga = Chapa + Cizgra = —2'7timesT,

A A A olby
Choo4 1= Cpigq T Cioq = —27 times3,
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A A A ol5,
Cao14 *= Cyiga T Ciiag = 27°times3,
and coefficient at pu? in the polynomial 74 (v) is equal to
AN AN AN AN A
(28) Ca04 T Ca1g4 T Ca1pa T Ca2414 + Cagoa +
A AN A\ A A
Cyopa T Cy3q14 T Cazg2a + Cazipa T Cazpoat
A\ AN A\ A\ AN
Caaa1a T Caag24 + Caapa + Cas5q14 T Casaa+
AN A\ A A\ A\
Cyspa T Capa14 T Capa2a + Cagpa + Cazgra™

A A A A A
Caraza T Carpa + Cagas = Crooa + Cyo14 = 0.

Let
Cloa = 4,
Clias = 2° X 121, cjypy = 2° x 359),
Clogs i= —27 X 145, clyyy := —27 x 145,
Clyar i= =2 X B, gy = —2M X 5,
Chias = (—4)(—6265 — 17) = 8 x 3141,
Clapra 7= 8 X 3, Chlyppy 1= 4 X 6275,
Nsara = 20 X 3, Qsaq == 2" x 35,
| Clsps 1= 2° X 3, Chgar = =27 X 3,
oaza 7= —2" % 3, Clops = —28 x 21,
gt = —2° X 11, Qrpaq =27 x 11,
Chopg = —2% X 55, g,y =27 x 49.
Then

Chog 7= Clog + Clapag = 2 X 1569,

01\104 1= Clyaa T Clapia = 20 x 393,

0?114 = 01\94 + 01\5(124 =20 x 401,
Ciog i= 01\5174 + 6?7(114 = -2%

AN N AN VAN
Cli34 *= Crioa + Cri1a + Csgia™

ops = 20(393 4+ 401 4 3 — 55) = 27 x 371, )y ==

34 T Cloara + Crazat
Chaar = 27(371 — 3+ 11 + 49) = 27 x 107, ¢}y5, 1=
0?124 + Cf1a4 + Cz/l\lb4 + 01A6b4 =
2%(—1 4121 + 359 — 21) = 27 x 229, )¢, ==
P54 T Clias  Cloga T Clopaa =
27(107 + 229 — 145 — 145) = 2! x 23, ¢}z, :=

A A _ ol2
Cliea t Cloaos = 277 X 5,

19
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and coefficient at y in the polynomial 737 (v) is equal to
(29) Cloa + Cliaa T Clipa + Clags + Clopy +

0/1\21)4 + C{\Sa4 + 0/1\31)4 + C{\4a4+
Chapia T Clapaa T Clsara T Clsazat
Chspa F Cloata T Cloazs T Clopat
01\7&14 + 02’7(124 + C?7b4 + C§8a4 =
01A164 + C{\sazx + Cf3b4 =0.

Clearly,

(30) 51 (v)|

p=0—
20 4+ 204 8 — 256 — 384 + 176 — 352 4 768 = 0.

So ) (v) = PPty (1), where 5% (n) € Qu, coefficients of 5% () at p* are
equal to 0, if & > 1, and, to prove that ¢33(u) = 0, it is sufficient to prove

that #5%(n) € (1* — 1)Q|p). Since pQu] + (#* — 1)Q[u] = Qy], it follows
that we must to prove that 75} (v) € (1> — 1)Q[u]. Let

wé\,il\,(),:tl(ﬂ) =
~4(6p + T)(—p +3) = —4(11p + 15) (- mod (p* — 1)),
wQ,Q,la,:tl(:“’) =
(76p + 85)32(121p) = 32(10285u + 9196) ( mod (p* — 1)),
WQA,X,m,ﬂ(M) =
(—128)(9) (1 + 1) (=359 + 267) = 2 x 207(mu + 1) ( mod (u* — 1)),
W)Y 0 a1 (1) = —128 x 19 x 55(p+ 1) =
—128 x 1045(p + 1) ( mod (p* — 1)),
Wiy gy 21 (1) == —128(10p + 7) (1450 + 48) =
—128(1495u + 1786) (  mod (p* — 1)),
wé\,il\,?)a,:l:l(ﬂ) =
32(20 4 29)(—160p + 43) = 32(—3780p — 1953) ( mod (p* — 1)),
WQA,Q,:ab,il(M) =
64(7u + 4)(66u — 277) = 64(—16751 — 646) ( mod (u* — 1)),
W2A,ﬁ1\,4a,il(ﬂ) =
—4(17p + 8) (=230 — 711) = 4(13927 + 9598) ( mod (p? — 1)),
W2A,2,4b¢1(/1) =
—4(6p + 5)(850p — 3215) = 4(150401 4 10975) ( mod (p* — 1)),

wé\,él\,Sa,:l:l (lu) =

20
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—8(24u + 7) (30 — 97) = —8(—2118u +41) ( mod (p* — 1)),
WQA,Q,%,ﬂ(M) =

(—32)(3p)(—28u — 113) = 32 x (339 + 84) ( mod (u? — 1)),
W) a1 (1) =

128(3p 4+ 2)(—11p — 21) = 128(—85u — 75) ( mod (u* — 1)),
W2A,2,6b,i1(,u) =

128 x 3(—43p — 29) = 128(—129u — 87), ( mod (u* — 1)),

wé\,ﬁl\,m,il(:u’) =

—16(2u — 1)(256p + 249) = 16(—242u — 263) ( mod (u*® — 1)),

w71 (1) == —32(5824 + 547)

W2A,2,8a,i1(ﬂ) = 128(191p + 186).
Then

Wé\,gg,il(/i) = Wé\,i\,o,il(ﬂ)"‘
wé\,2,4a,il(u) + Wé\,fl\,sz,il(ﬂ) =
4(—11p — 15 + 13927p + 9598 + 150404 + 10975) =
8(14478p + 10279) ( mod (p* — 1)),
WQ,QJO,il(M) = WzA,il\,g,ﬂ(M)WL
wQQ,5a7i1(u) = 8(14478u + 10279)+
8(2118y — 41) = 16(8298u + 5119) ( mod (p* — 1)),
Wé\,i\,n,il(ﬂ) = wQ,Q,lO,il(M)—*—
wQQia’il(,u) = 16(8298u + 5119)+
16(—242p — 263) = 27(1007 + 607) ( mod (p* — 1)),
w1241 (1) 1= W3 1021 (1) +
wg\Q’Sbil(,u) = 32(10285u + 9196)+
32 x (339 + 84) = 2" (1664 + 145) ( mod (p* — 1)),
w1341 (1) 1= W3 10,01 () +
wQAQJb,ﬂ(u) = 32(—3780u — 1953)+
32(—582p — 547) = 64(—2181u — 1250) ( mod (p? — 1)),
WQA,Q,M,ﬂ(M) = W2A,2,13,i1<,u)+
wQA,ﬁLSb,ﬂ(,u) = 64(—2181p — 1250)+
64(—1675u — 646) = 27(—482u — 237) ( mod (p* — 1)),
W2A,£1\,15¢1(N) = W2A,2,11,11<N)+
(1) + Wé\,ﬁ,%,ﬂ(ﬂ +
(

WQX,Qa,ﬂ )
) + wé\,gﬁbil (1) +

AN
Wa 4.6a,+1
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Wyt a1 (1) = 128(1007p + 607)+
128 x (—10454 — 1045 — 14954 — 1786 — 85 — 75 — 1291 — 87)+
128(191 + 186) = 128(—1556 — 2200) = 27(—389u — 550)
Wé\,i\,lﬁ,ﬂ(/i) = WQ,Q,lS,il(M)"’
Wé\,ﬁl\,w,ﬂ(ﬂ) + wﬁ,w,ﬂ(ﬂ) =
29(—482p — 237) + 2°(—389u — 550) + 2 x 207(pu + 1) =
29(—664u — 580) = 2M (1661 — 145) ( mod (p* — 1)),

and

7"24(’/) 24011(N)+

W24 la, il(ﬂ) + W24 1b, :tl(:u)

W242a :I:I(M) + W242b :tl(:u’)
( (

W243aj:1 H) + w243b:l:1 It)

¥ + ¥ ¥

w244a:|:1 /~L) +W244bi1 2

( (1)
w245a wi(p) + W245b +1(w)
( ()
( ()

Sor

W246ail /~L) 246bj:1,u

AA
w247a:|:1 /~L) Wo 476, +1 M

w248a Li(p) = 5\4 13, 21 ()

W2,4,15,i1(ﬂ) =0( mod (MQ —1)).

g

813.2. The corrections to the previous parts of this
work.

The equality
Py = T34 + 25864 — 183 — 9
must stand in the section §12.1 of [16] instead of
ryY, = 1953 — 7959 — 13024% — T113;4%.

The equality
ryY, = 36164° — 4432° — 25604

must stand in the section §12.1 of [16] instead of
ryy, = —2688 — 7504y — 1072% + 36164°.

The equality
vyy, = 363217 — 4360p% — 25121 + 8

must stand in the section §12.1 of [16] instead of

vyy, = —2680 — 74561 — 10004 + 36324:°.
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The equality
ry% 4 = —688u% + 2560u

must stand in the section §12.1 of [16] instead of
rh) 4 = 2688 + 21281 — 688):%.

The equality
vhlyy = —T12p% + 2528y, — 8

must stand in the section §12.1 of [16] instead of
vyl 4 = 2680 4 20961 — 71247,
The equalities
roh =15, = 976p" + 352u° — 1872p° — 576y — 8,

must stand in the section §12.1 of [16] instead of

vph 4 = 976p* + 352u° — 1872p% — 5761 — 8

vyt 4 = 976" 4 352u° — 1872u* — 5761 — 8
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