Homotopy minimal periods for solvmanifolds maps^{∗†}

Jerzy Jezierski^‡ & Jarosław Kȩdra & Wacław Marzantowicz^§

Abstract A natural number m is called the homotopy minimal period of a map f : X → X if it is a minimal period for every map g homotopic to f. In particular this invariant is stable for small perturbations of f . In this paper we give a complete description of the sets of homotopy minimal periods of a map of compact NR-solvmanifold. This shows that previous results for torus and compact nilmanifold extend to this case. The proof follows the earlier approaches.

1 Introduction

In this paper we study the homotopy minimal periods of self-map f : X → X i.e. these periods which are also minimal periods for every map g homotopic to f. Since the homotopy minimal period of a manifold map f preserves under a small perturbation, one can say that homotopy minimal periods give an information about rigid dynamics of f. The aim is to give a complete description of the set HPer(f) of all homotopy minimal periods in terms of the homological information on f.

It has been already done for the case of maps of the circle ([5]), in the second instance maps of two-dimensional torus (X = T^2) in [1], next in the work of Jiang and Llibre [19], and Jezierski and Marzantowicz [14] correspondingly, the problem was successfully studied for maps of d-dimensional torus, with arbitrary d ≥ 3 , and compact nilmanifold respectively.

It is done by the usage of the Nielsen theory, which for the torus maps has very nice algebraic description ([4]) and prepossessing geometric properties ([16], [17],[7], [11], [20], [32], [33]). Making use of these geometric properties Jiang and Llibre [19] applied the Anosov and summation formulas N(f) = |L(f)| , (1) ∗AMS 1991 Subject Classification: Primary 55M20, Secondary 57N05, 54H25. †Key words and phrases: periodic point, minimal period, minimal homotopy period, compact solvmanifold, Nielsen fixed point theory.

‡Research partially supported by KBN grant nr 2 PO3A 03315 §Research partially supported by KBN grant nr 2 PO3A 03315

N(f^m) = ∑ k|m NP_k(f) , (2)

to describe the set HPer(f) . Here N(f) is the Nielsen number, NP_k(f) is the k-periodic Nielsen number, and L(f) is the Lefschetz number of f (see also [20]). The proof employs very subtle and difficult combinatorial, and number theory arguments, which carry over the case of a nilmanifold map ([14]).

It is worth of pointing out that the Anosov and summation formulas do not hold for all solvmanifolds (cf. [20]). However Keppelmann and McCord observed that the notion of linearization still is defined and the above formulas remain true for a map of a so called NR-solvmanifold . This class of solvmanifolds contains exponential solvmanifolds i.e. quotient homogenous spaces G/Γ with the covering simply-connected Lie group G for which the exponent map is onto ([20]), thus also nilmanifolds. It allows to formulate an analogous theorem (Theorem 3.1) to the main theorems of [19] and [14] for maps of compact NR-solvmanifolds.

For three-dimensional completely solvable solvmanifolds we give a detailed description of all sets of homotopy minimal periods, as a list (Theorem 4.4). As for the threedimensional nilpotent manifolds ([15] Corollary 3.9) this classification theorem leads to a kind of Šarkovski type theorem (Corollary 4.6).

In more detail, let f : X → X be a map of compact exponential solvmanifold X , and A be the integral matrix which corresponds to the given map f by the Fadell-Husseini and Mostow fibration (see [20] or [14] for a definition in the nilponent case, and [20] for a definition for the exponential solvmanifold). Set:

Definition 1.1 Let A be a sqare matrix with integer entries. Then

T_A := {m ∈ N; det(I − A^m) ≠ 0 } .

is said to be the set of algebraic periods of A.

Our main result says (Theorem 3.1):

i) if N(f) = 0 then HPer(f) = ∅,

ii) if N(f) ≠ 0 and the sequence {N(f^m)}^∞_1 is bounded then HPer(f) is finite and its cardinality depends on the size of A (=dimension of X) only,

iii) if {N(f^m)}^∞_1 is unbounded then T_A is infinite, HPer(f) ⊂ T_A, the set T_A \ HPer(f) is finite and its cardinality depends on the size of A (= dimension of X) only.

As well as in [14] we have to complete the topological part of the Jiang and Llibre proof, namely exclude from the set HPer(f) all n ∈ N with NP_n(f) = 0 . To do we prove Theorem 3.2 which says that a self-map f of a compact exponential solvmanifold is homotopic to a map with no points of minimal period n iff NP_n(f) = 0 . It is a partial extension of the You theorem [32], [33]. The analogous theorem (Theorem B of [14]) was the main point of the proof for the nilmanifold case. Here we prove it adapting the argument of [14].

The paper can be outlined as follows. In Section 2 we remind the information about the topology and Nielsen theory of nil and solvmanifolds presenting and explaining different definitions of the linearization of a map. In Section 3 we show our main theorem. The final discussion and examples are contained in Section 4.

2 Lefschetz and Nielsen numbers for solvmanifold maps

In this section we give an overlook on basic notions and definitions which are necessary to formulate and prove the main result. The part of our presentation concerning nil- and solvmanifolds follows mainly [8, 31]. The most of references are taken from these books.

2.1 Nil- and solvmanifolds

A homogeneous space of a nilpotent or solvable group is to be said a nilmanifold or a solvmanifold, respectively. Of course, every nilmanifold is also a solvmanifold since obviously every nilpotent group is solvable [8].

Recall that a discrete subgroup Γ ⊂ G of a group Lie G is called a lattice it there exists a finite G-invariant measure [28]. A closed subgroup H ⊂ G is called a uniform subgroup if G/H is compact. Due to the Mostow theorem, a closed subgroup H ⊂ G of a solvable group G is uniform if and only if there exists a finite G-invariant measure on G/H (cf. [28] Theorem 3.1). Consequently, a discrete subgroup Γ ⊂ G of a solvable group G is a lattice if it is uniform.

It is known [8] that every compact nilmanifold is diffeomorphic to a nilmanifold of the form N/Γ, where N is a simply connected nilpotent Lie group and Γ ⊂ N is a lattice. This is not true for solvmanifolds. For example the Klein Bottle is a compact solvmanifold 1 but it is not of the form G/Γ, for simply connected solvable Lie group G and a lattice Γ ⊂ G. If it were it would be parallelizable which is obviously not true.

Definition 2.1 A solvmanifold of the form G/Γ, where G is simply connected and Γ is a lattice is called special solvmanifold.

Note that every solvmanifold is finitely covered by a special solvmanifold [2, 8]. This implies that solvmanifolds are aspherical, that is π_i(X) = 0 for i ≥ 2 for any solvmanifold X. This is due to the fact that simply connected solvable Lie groups are diffeomorphic to Euclidean spaces.

1To see this, just represent the Klein Bottle as the set of all straight lines on the plane modulo the relation which identifies two parallel lines whose distance one from the other is an integer. On this set acts transitively the group of rigid motions of the plane which is solvable.

Let G ≃ T_eG be the Lie algebra of a given Lie group G . Now we designate a few classes of solvmanifolds that distinguish with respect to the spectrum of adjoint operator ad_X : G → G (cf. [8]). Since some authors define these classes in terms of the operator Ad_X : G → G , (cf. [20]) we recall the following commutative diagram which allows to show that these two definitions are equivalent

G^{ad}−−−→ End (T_e) exp exp G^{Ad}−−−→ Aut (T_e)

2.1.1 Imaginary or of the type (I)

Let G denote the Lie algebra of a solvable Lie group G. If for any X ∈ G all eigenvalues of the operator ad_X are pure imaginary then the group G and its Lie algebra G as well as every solvmanifold G/Γ is called imaginary or of the type (I). Notice that every nilmanifold is imaginary because in this case all eigenvalues are zero. On the other hand, if Γ is a lattice in an imaginary solvable Lie group G, then it is virtually nilpotent (i.e. it contains a nilpotent subgroup of finite index) [3].

Example 2.2 Let G = R ×_ϕ R^2 be a skew product, where ϕ : R → Aut (R^2 ) is given by

ϕ(t) = e^{πit2} .

It is easy to see that Γ = Z ×_ϕ Z^2 is a lattice in G and Z^3 ⊂ Γ is a subgroup of index 4.

2.1.2 Completely solvable

If for any X ∈ G all eigenvalues of the operator ad_X are real then the group G and the Lie algebra G as well as every solvmanifold G/Γ is called completely solvable. Note that every nilmanifold belongs to this class.

The above remark says that every nilmanifold is completely solvable. The main property of completely solvable groups is the following rigidity of lattices [31, 29] property:

Theorem 2.3 Let G and G^′ be simply connected completely solvable Lie groups and Γ ⊂ G be a lattice. Then every homomorphism f_∗ : Γ → G^′ can be extended to a homomorphism F : G → G^′. □

For our purposes, there will be relevant the following immediate consequence of Theorem 2.3 and the fact that G/Γ is a K(π, 1)-space with π = Γ .

Corollary 2.4 Every continuous map G_1/Γ_1 → G_2/Γ_2 between compact special completely solvable solvmanifolds is homotopic to the map induced by a homomorphism G_1 → G_2. □

An example of completely solvable Lie group G of dimension 3 which is neither abelian nor nilpotent is given in Proposition 4.1. There is infinitely many not isomorphic completely solvable compact solvmanifold of dimension 3 which are not diffeomorphic to torus or a nilmanifold (Example 4.7).

2.1.3 Exponential

If for any X ∈ G there is no pure imaginary eigenvalue of the operator ad_X then the group G and the Lie algebra G as well as every solvmanifold G/Γ is called exponential. This is equivalent to the fact that the exponential map exp : G → G is a diffeomorphism, provided that G is simply connected. Notice that every completely solvable group is exponential.^2.

2.1.4 NR-manifolds

NR-solvmanifolds were introduced by Keppelmann and McCord, see [20] for the definition. They contain the class of special exponential solvmanifolds. The main property of NR-solvmanifolds is that the Anosov theorem can be generalized to them.

Let N(f) and L(f) denote the Nielsen and Lefschetz numbers of the map f, respectively. The Nielsen number gives an estimate of the number of fixed points of f but it is hard to derive in comparison with the Lefschetz number. Both numbers are homotopical invariants. We shall use in sequel the extension of the Anosov theorem for NR-solvmanifold thus also exponential and completely solvable solvmanifold due to Keppelmann and McCord [20].

Theorem 2.5 If f : X → X is a self map of a compact NR-solvmanifold , X = G/Γ then N(f) = |L(f)| . □ 2.2 Linearization

Having proved the Anosov theorem, we would like to know the method which allows to compute the Lefschetz number for a self-map of manifolds discussed above. By definition, the Lefschetz formula is equal to the alternating sum of traces of the maps induced by f on (co-) homology: L(f) = k=d∑ k=0 (−1)^ktr H^k(f)

The aim of this part is to give an effective method of computing the Lefschetz numbers of iterations of the mapping f between solvmanifolds in terms of products of determinants of matrices naturally induced by f. We start with the following standard observation.

2In fact, if a Lie group is exponential then it is solvable [31].

Example 2.6 Let f : T^d → T^d be a self map of a torus. Then its cohomology is isomorphic to the exterior algebra on n generators. Thus we have that H^k(f) = Λ^kH^1(f) . In other words, all maps on cohomology are determined by the map of the first cohomology. By a direct computation we obtain that

L(f) = k=d∑ k=0 (−1)^ktr H^∗(f) = k=d∑ k=0 (−1)^ktr (Λ^kH^1(f)) = det(I− H^1(f)).

Abbreviating H^1(f) = A, where A denotes an n × n-matrix, we get also the formula for the Lefschetz numbers of the iteration of f:

L(f^m) = det(I− A^m).

2.2.1 Linearization for maps of completely solvable solvmanifolds

Now we want to give an analogous formula to the one presented in the above example for completely solvable solvmanifolds. We start with the following result of Hattori [10] that generalized a previous result of Nomizu [27].

Theorem 2.7 Let (Λ^∗G^∗, δ) denotes the Chevalley-Eilenberg complex associated to the Lie algebra G of a simply connected completely solvable Lie group G. If Γ ⊂ G is a lattice, then

H^∗(G/Γ; R) ∼= H^∗(Λ^∗G^∗, δ). □ This result together with the Hopf lemma leads to the following

Proposition 2.8 Let f : G/Γ → G/Γ be a self map of a compact special completely solvable solvmanifold of dimension d. Then there exists an d × d integral matrix A, called linearization of f, such that for every m ∈ N

L(f^m) = det(I− A^m).

Proof: Let f_∗ : Γ → Γ be a homomorphism induced by f on the fundamental group of G/Γ. Then, according to Corollary 2.4, it can be extended to a homomorphism F : G → G. Let A denote a matrix representing a map F^∗ : G^∗ → G^∗ induced by F, i.e DF (e) . Then we have

L(f^m) = k=d∑ k=0 (−1)^ktr H^k(f^m) = k=d∑ k=0 (−1)^ktr Λ^k(F^m)^∗ = det(I− A^m),

where the maps Λ^k(F^m)^∗ : Λ^kG^∗ → Λ^kG^∗ are induced by f^∗ on the Chevalley-Eilenberg complex of G. The second equality follows from the Hopf lemma. □

Remark 2.9 For a self-map f of a compact nilmanifold X = G/Γ the linearization matrix can be also obtained by an inductive procedure, the central tower of G , and the fibre maps technics as in [7] (see [14], or [20] for detailed description of it). In general using that construction way we get another integral matrix than that of 2.8 but with the same property L(f^m) = det(I− A^m) . To get the Fadell-Husseini linearization we have to reduce the above matrix A = DF (e) taking only its blocks near the diagonal that correspond to the filtration G_i := [G_i, G] of a nilpotent algebra G of G .

2.2.2 Linearization for maps of NR-solvmanifold and the Mostow fibration.

In this subsection we describe a construction of the linearization matrix for a map of an NR-solvmanifold . It is essentially that of [20] but we make a use of ”the differential” representative of this matrix given in 2.8.

Let N ⊂ G denotes nilradical, i.e. the greatest nilpotent connected normal subgroup of G. The following theorem of Mostow ([27]) implies that every solvmanifold admits a fibration over torus with the fibre being a nilmanifold.

Theorem 2.10 Let Γ ⊂ G be a lattice in a solvable Lie group G. Then Γ ∩ N is a lattice in the nilradical N. □

The fact that Γ ∩ N is a lattice in N is equivalent to closeness of ΓN in G. This, in turn, implies that there exists a smooth locally trivial fibration ΓN/Γ → G/Γ → G/ΓN || || || N/Γ ∩ N → G/Γ → (G/N)/(Γ/Γ ∩ N), where Γ/Γ∩N ⊂ (G/N) is a lattice in the abelian group. Notice that the above statement is true for any analytic nilpotent subgroup N ⊂ G containing [G, G] (see [25]). These fibrations are usually called the Mostow fibrations. Now we are able to extend the result of Proposition 2.8 to the general case. First we recall the following result of McCord [25].

Theorem 2.11 Let f : G/Γ → G/Γ be a continuous self map of solvmanifold. Then f is homotopic to a fiber-preserving map of any Mostow fibration associated with G/Γ, provided that f_∗(Γ ∩ N) ⊂ Γ ∩ N. □

It is the most convenient to choose the commutator subgroup [G, G] as a nilpotent subgroup defining the Mostow fibration. Then the assumption of the above theorem is trivially satisfied. Notice also, that any map preserving the Mostow fibration is homotopic to the map which is linear on the base i.e. induced by a linear map of R^t , t = dim T , which preserves Z^t .

Theorem 2.12 Let f : X → X be a continuous map of an d-dimensional compact NR-solvmanifold X = G/Γ . Then there exists a d × d integral matrix A such that for every m ∈ N N(f^m) = |L(f^m)| = |det(I− A^m)| .

Moreover, if X is special then this matrix can be derived from the map induced by f on the fundamental group in the following way.

Let f_∗ : π_1 = Γ → Γ be the map induced on the fundamental group. Denote by f_1 : [Γ, Γ] → [Γ, Γ] its restriction and f_∗ : (Γ/[Γ, Γ] = Z^t) → (Γ/[Γ, Γ] = Z^t) the induced map. Then A = A_T ⊕ A_0, where A_T is the matrix of homomorphism f_∗ : Z^t → Z^t . A_0 is equal to the derivative matrix Dϕ(e) : [G, G] → [G , G] where ϕ : [G, G] → [G, G] is a (unique) extension of the homomorphism f_1 given by Theorem 2.3.

Proof: Using the above argument we can assume that a self map f : X = G/Γ → X of a NR-solvmanifold X preserves the Mostow fibration and is a linear map on the base with a finite number of fixed points. Let’s introduce the notation as in the following diagram. F_b −−−→ X −−−→ T fb f fT F_b −−−→ X −−−→ T The fixed points of f are in the fibres over the fixed points of the map f_T induced on the base. Let’s compute the absolute value of the Lefschetz number of f .

|L(f)| = | ∑ b∈F ix(f_T) L(f_b)| = | ∑ b∈F ix(f_T) det(I− A_b)| =

= |L(f_T)| |det(I− A_0)| = |det(I− A_T) det(I− A_0)| .

Here A_b denotes the matrix for the map of the fibre f_b : F_b → F_b over the point b ∈ F ix(f_T). The first equality follows from the fact that the indices of the fixed points of the base map f_T (induced by a linear one) are all either +1 or all are −1 and from the Fixed Point Index Product Formula. The second one follows from Proposition 2.8. The third is the result of Keppelmann and McCord [20], which states that for every fixed point b ∈ T there exists an integral matrix A_0 such that det(I− A_b) = det(I− A_0) provided that the solvmanifold X is an NR-solvmanifold.

If the solvmanifold X is special then to derive the matrices A_T and A_0 it sufficient to know the map f_∗ : Γ → Γ induced by f on the fundamental group. Indeed, if f_∗ is given then f_∗ restricted to the commutator subgroup [Γ, Γ] defines the matrix A_0 given by Proposition 2.8, as follows from Theorem 2.3 and the fact that | det(I− A_0)| = |L(f_b)| . The matrix A_T is simply given by the map induced by the homomorphism f_∗ on the free abelian quotient group Γ/[Γ, Γ]. Moreover, the above formula holds also for every iteration of the map f.

Finally, we define a d × d integral matrix A by

A := [ A_0 0 0 A_T ]

which, according to Theorem 2.5, finishes the proof. □

2.2.3 Nielsen type numbers

We need the notion of the Nielsen type number of period n, denoted by NP_n(f) of a selfmap f : X → X (cf. [16] Definition III 4.7). It may be defined as NP_n(f) := n · O_n(f) where O_n(f) is the number of irreducible essential periodic point orbits of f^n ([18] def. 2.1). Note that NP_1(f) = N(f) and NP_n(f) ≤ #P_n(g) for every g ≃ f where #S denotes the cardinality of a set S.

At the end we remind another notion of the homotopy theory of periodic points of a self-map f : X → X namely the Nielsen number NF_n(f) also introduced in [16]. The main property of this homotopy invariant is the estimate

N(f^n) ≤ NF_n(f) ≤ #Fix (f^n) ,

and the Halpern conjecture states that NF_n(f) is the best homotopy invariant ≤ #Fix (f^n) (cf. [16, 12, 13]).

In general there is not true that NF_n(f) = N(f^n) . In a naive approach, e.g. for a selfmap of a finite set, the Nielsen number N(f^n) splits into the sum NF_n(f) = N(f^n) = ∑ k|n NP_k(f) of k-periodic Nielsen numbers of f. As a matter of fact such a decomposition holds for NR-solvmanifolds , thus for compact nilmanifolds and exponential solvmanifolds as it was showed by Heath and Keppelmann ([11] Theorems 1.2 and 4.6).

Theorem 2.13 Let f : X → X be a self-map of a compact NR-solvmanifold . If N(f^n) ≠ 0, then

N(f^n) = NF_n(f) = ∑ k|n NP_k(f) and consequently NP_n(f) = ∑ k|n μ(n) N(f^{n/k}), where μ is the classical Möbius function. □

Note that it is enough to show only the first equality, because the second is the Möbius inverse formula for two arithmetic functions satisfying the first. In the case of selfmap of a torus the above formula had been proved already by Halpern ([9]).

At the end we formulate a property of solvmanifolds we shall use in next.

Proposition 2.14 Let H be a connected subgroup of connected simply connected solvable group G . Then H is also simply connected.

Proof. The space G/H is aspherical (i.e. π_i(G/H) = 0 for i ≥ 2) as a solvmanifold [8]. Then the statement follows from the long exact sequence of homotopy groups of the fibration H → G → G/H . □

3 The Main Theorem

Theorem 3.1 Let f : X → X be a map of a compact special NR-solvmanifold X of dimension d, A a linearization d × d integral matrix associated with f and T_A ⊂ N the set of algebraic periods of A as in Definition 1.1.

Then HPer(f) ⊂ T_A and it is in one of the following three (mutually exclusive) types

(E) HPer(f) is empty if and only if N(f) = L(f) = 0;

(F) HPer(f) is nonempty but finite if and only if all eigenvalues of A are either zero or roots of unity;

(G) HPer(f) is infinite and T_A \ HPer(f) is finite.

Moreover, for every dimension d of X, there are finite sets P (d), Q(d) of integers such that HPer(f) ⊂ P (d) in Type F and T_A \ HPer(f) ⊂ Q(d) in Type G.

We remark that the letters E, F, and G are chosen to represent ”empty”, ”finite” and ”generic” case respectively.

Proof. To show statement it is enough to repeat all the combinatorial and number theory arguments of the proof of the corresponding theorem for the torus [19] or nilmanifold [14]. This can be done according to 2.13 and Theorems 2.5, 2.12. As in [14] we shall complete the proof if we prove the following counter-partner of Theorem B of [14]. □

Theorem 3.2 Let f : X → X be a selfmap of a compact special NR-solvmanifold X = G/Γ of dimension d ≥ 3. If NP_n(f) = 0 then f is homotopic to a map f^′ : X → X such that P_n(g) = ∅.

Proof. We divide the proof into two steps:

Step 1: for compact special completely solvable solvmanifolds of dimension at least 3

We repeat all arguments of the corresponding Theorem B of [14] emphasizing only these points at which the argumentation can not be literally taken from [14].

The first longer part of the proof of Theorem B in [14] contains a proof of Theorem B for the special case of a local homeomorphism f of a manifold of dimension ≥ 3 . It is of general character i.e does not use the nilmanifold structure and the essential is additional condition on f (Ass. A1-A3 of [14]). Consequently it is enough to repeat the second part of it i.e. to show that in the case of a map of completely solvable solvmanifold the general case reduce to the special case by a homotopy argument.

By Theorem 2.3 every homotopy class of selfmaps of a compact special completely solvable solvmanifold X = G/Γ is represented by a homomorphism F : G → G , with F (Γ) ⊂ Γ . By the above we can assume that our map f : X → X is induced by the homomorphism F . First we consider the case F is an isomorphism. We will show that f is homotopic to a map satisfying conditions A1-3 from [14] i.e.

A1 f is a finite covering A2 Fix (f^n) is finite A3 If f^k(x_0) = x_0 (k|n, x_0 ∈ X) then there exists a Euclidean neighbourhood V ∋ x_0 and its open subset V^′ such that: x_0 ∈ V^′ ⊂ V , f^k(V^′) ⊂ V and f^k : V^′ → V = R^m is the restriction of a linear map.

Then our theorem will follow from Theorem 3.1 in [14]. If X is a nilmanifold then A1-3 follow from [14]. Otherwise f : X → X is a fibre map with the respect to Mostow fibration i.e. the diagram X_b −−−→ X −−−→ T fb f f̄ X_b −−−→ X −−−→ T commutes where X_b is a nilmanifold. Moreover the map of base spaces and the restriction to the fibres are also finite coverings.

The selfmap of the torus f̄ is homotopic to a map satisfying A1-3. The homotopy lifts to the homotopy of X and the restrictions to the fibres are still finite coverings. Let us fix a point b ∈ P_k(f̄) ⊂ Fix (f̄^n) (the last set is finite by A2). Now the map (f^k)_{|b} : X_b → X_b is homotopic to a map satisfying A1-3 i.e. there is a homotopy h^′_t from h^′_0 = (f^k)_b to a map h^′_1 satisfying A1-3. We will show that this yields a homotopy h_t : X_b → X¯_{fb} satisfying h_0 = f_b, f^{k−1}h_t = h^′_t. In fact the diagram X¯_{f(b)}

X¯_f 2_{(b)}

. .

X_b X¯_f k_{(b)=b}

ff^k_b commutes and the vertical maps are coverings hence the homotopy h^′_t starting from h^′_0 = (f^k)_b lifts to a homotopy h_t : X_b → X¯_{fb} satisfying f^{k−1}h_t = h^′_t. This can be done to all orbits in Fix(f^n) simultaneously. The obtained homotopies h_t of fibres can be extended to a fibre homotopy f_t : X → X satisfying pf_t = f̄, the restriction to the fibres are still coverings and (f^k_1 )_b : X_b → X_b satisfies A1-3 for b ∈ P_k(f̄). Now by Corollary 3.2 in [14] f is homotopic to a map f^′ with P_n(f^′) = ∅.

To prove the general case (the assumption that F is an isomorphism is dropped) we follow the second part of the proof of Theorem B at the end section 3 in [14]. In the inductive argument we need only to know that the homomorphism image of a connected, simple connected, completely solvable group into a connected, simple connected, completely solvable group is a group of the same property. It follows from the definition of completely solvable group and Proposition 2.14. The proof of Step 1 is complete.

Step 2: for compact special NR-solvmanifold of dimension at least 4

This part follows easily from the Wecken theorem for periodic points. The latter, called also the Halpern conjecture, was proved recently in [13] after a partial result of [12]. The only properties that are necessary to carry the proof are the summation formula 2 of [11] and the Anosov theorem [20]. We begin with a formulation of the Wecken theorem.

Theorem 3.3 Let f : X → X be a map of connected P L-manifold of dimension d ≥ 4 , and n ∈ N a natural number. Then f is homotopic to a map g : X → X such that

#Fix (g) = NF_n(f) ,

where NF_n(f) is another periodic Nielsen number that estimate #Fix (f^n) from below (see [16],[11] for a definition). □

Assume that NP_n(f) = 0 . To show that there exists a map g ≃ f with P_n(g) = ∅ it is sufficient to find a map g : X → X, g ≃ f such that #Fix (g^n) = #Fix (g^{n/p}) for any prime p|n . Since f : X → X is a map of an NR-solvmanifold, from Theorem 1.2 of 2.13 it follows that

NF_n(f) = N(f^n) and NP_n(f) = N(f^n) − N(f^{n/p})

by the Möbius summation formula. By assumption we have N(f^n) = N(f^{n/p}) . Let g ≃ f be the selfmap of X given by Theorem 3.3 i.e with #Fix (g^n) = N(f^n) . Of course N(g^{n/p}) ≤ #Fix (g^{n/p}) . Consequently we get

0 ≤ #Fix (g^n) − #Fix (g^{n/p}) ≤ #Fix (g^n) − N(f^{n/p}) = N(f^n) − N(f^{n/p}) = 0 .

This proves the statement under the assumption d ≥ 4 .

Finally, notice that the only special solvmanifolds of dimension 3 are completely solvable [31]. This observation completes the proof of Theorem 3.2. □

4 Maps of completely solvable solvmanifolds of dimension 3 .

In this section we give a complete description of all possible sets of homotopy minimal periods of maps of compact special completely solvable solvmanifolds of dimension three which are not isomorphic neither to the torus not to any other nilmanifold. It is a complement to previous descriptions given for the case of three torus ([19]) and the threedimensional nilmanifold ([15]). We follow the approach of [15] giving a description of the all possible forms of linearization matrices, which we derive from the form of the homomorphism induced by a map on the fundamental group. Moreover the conditions on such a matrix are condition on a linear map to be a homomorphism of the Lie algebra corresponding to the simply connected solvable group covering such a manifold.

We begin with a brief summary of the information on three dimensional Lie groups and Lie algebras which is necessary for our consideration. All this material is contained in [21](Chapter I.6). As follows from the Cartan theorem, there is one-one correspondence between Lie algebras and connected simply connected Lie groups. Moreover any connected Lie group G is of the form G_0/Δ where G_0 is the simply connected group corresponding to a given Lie algebra G and Δ is a discrete normal subgroup.

It follows from the classification of Lie algebras of dimension 3 that all solvable 3- dimensional Lie algebras are of the following form:

• Abelian i.e. [X , Y] = 0 ∀ X , Y ∈ G . It corresponds to G = R^3 with the structure of linear space.

• There exists linearly independent vectors X , Y, Z ∈ G such that [X , Y] = Z, [X , Z] = [Y, Z] = 0 . The algebra is nilpotent and corresponds to the Lie group of matrices 1 x z 0 1 y 0 0 1 ,

where x, y, z ∈ R . We have [G, G] = ⟨Z⟩, thus dim [G, G] = 1 here.

• The last case consists of an infinite series of not isomorphic solvable Lie algebras for which dim [G, G] = 2 . Let dim [G, G] = 2 and Y, Z be its generators. Any choice for [X , Y] = a_{11}Y + a_{12}Z, [X , Z] = a_{12}Y + a_{22}Z, or in other words any choice of 2 × 2 matrix A ∈ Aut (R^2 ) corresponding to the operator ad_X : G → G defines a solvable Lie algebra by the above formula. Moreover two matrices A B gives two isomorphic algebras iff there exists 0 ≠ c ∈ R and C ∈ Aut (R^2 ) such that c A = CBC^{−1} . From it follows that G is determined uniquely by the the lines joining the origin in C with eigenvalues of A . Every such algebra corresponds to a simply connected solvable Lie group of the form

G := R ×_{ϕ(t)} R^2 ,

where ϕ(t) : R → Aut (R^2 ) is one-parameter group given by t → e^{t A} . Furthermore if A has not purely imaginary eigenvalues then Z(G) = {e} for such Lie group.

Consequently we have the following.

Proposition 4.1 There is only one, up to isomorphism, completely solvable simply connected Lie group admiting latices. Its Lie algebra corresponds is defined by the matrix A = [ 1 0 0 −1 ] , or in other words defined by generators X , Y, Z and commutators [X , Y] = Y, [X , Z] = −Z , [Y, Z] = 0 . Furthermore this group has the following form

G := R ×_{ϕ(t)} R^2 , where ϕ(t) := [ e^t 0 0 e^{−t} ] . Moreover every three dimensional completely solvable solvmanifold is special, consequently it is, up to diffeomorphism, of the form G/Γ where Γ ⊂ G is a lattice.

Proof. It is easy to see that the group G is the only completely solvable group which is unimodular. Hence the only group which can admit a latice. Examples of latices in G are given at the end of this section (Example 4.7). The last statement of the proposition is shown in [4]. □

To shorten notation, we denote by G the 3-dimensional simply connected completely solvable group of Proposition 4.1, and by G its Lie algebra. Now we apply Proposition 2.8 to give a description of the linearizations thus Lefschetz and Nielsen numbers of maps of 3-dimensional completely solvable solvmanifolds. The following lemma can be derived from the above relations by a direct computation.

Lemma 4.2 Let A : G → G be any endomorphism of Lie algebra 4.1. Then it has the following form with respect to the basis {X , Y, Z}

A = a 0 0 b r s c u v , where the coefficients satisfy the following conditions: either r = v = s = u = 0 and a ∈ Z is an arbitrary integer, or there exists a coefficient r, u, s, v different from 0 and a ∈ {−1, 1} then. Moreover we have:

1. if a = −1 then r = v = 0;

2. if a = 1 then s = u = 0 .

Proof. Let A(X ) = aX + bY + cZ . Since [G, G] = ⟨Y, Z⟩ and A([G, G]) ⊂ [G, G] we have A(Y) = rY + uZ, A(Z) = sY + vZ . Using the relations [X , Y] = Y, [X , Z] = −Z and the fact that A is an endomorphism of the Lie algebra we get the conditions 1–3. E.g. if A(X ) = bY + cZ, then A(Y) = A([X , Y] = [A(X ), A(Y)] = 0, analogously A(Z) = 0 . □

Lemma 4.2 allows us to derive the Lefschetz and Nielsen numbers of the mapping of 3-dimensional completely solvable solvmanifold which is not a nilmanifold. We summarize this in the following

Proposition 4.3 Let f : G/Γ → G/Γ be a continuous map of a compact completely solvable solvmanifold of dimension 3 which is not diffeomorphic to a nilmanifold. Then its linearization matrix has the form

either 1^0) a 0 0 0 0 0 0 0 0 or 2^0)

1 0 0 0 r 0 0 0 v or 3^0)

−1 0 0 0 0 s 0 u 0 , (3)

where a, r, s, u, v ∈ Z . In particular, the absolute value of the Lefschetz number, thus the Nielsen number, is either

1^0) |L(f)| = N(f) = |1 − a| with any a ∈ Z, or

2^0) N(f) = 0, or

3^0) N(f) = |2(1 − s u)| with s ≠ 0 , or u ≠ 0 , respectively. □ We are in position to formulate a description of all possible sets HPer(f) for maps of three dimensional completely solvable solvmanifolds which is a counterpart of Theorem C of [19] and of Theorem 3.1 of [15].

Theorem 4.4 Let f : M → M be a map of a compact three dimensional completely solvable solvmanifold which is not diffeomorphic to a nilmanifold. Let next M_{3×3}(Z) be the linearization of the form given in Proposition 4.2 (cf. Proposition 4.3). Then we have three mutually disjoint cases:

(E) HPer(f) = ∅ iff L(f) = 0 iff (a = 1 or (a = −1 and s u = 1)).

(G) HPer(f) = N iff a ≠ {−2, −1, 0 + 1} and r = s = u = v = 0 ;

HPer(f) = N \ {2} iff a = −2 r = s = u = v = 0 ; HPer(f) = N \ 2N iff a = −1 , |s u| ≥ 2 and r = v = 0 .

(F) HPer(f) = {1} in the remaining cases.

Proof. We recall three facts which will be the crucial arguments in the proof (cf. [19], [14], and also [15]):

i) N(f) = L(f) = 0 implies HPer(f) = ∅ .

ii) If there exists a prime k|n, k < n , such that N(f^k) = |L(f^k)| = |L(f^n)| = N(f^n) then n /∈ HPer(f) .

iii) If |L(f^k)| < |L(f^n)| for all k|n , k < n then n ∈ HPer(f) .

Now we check case by case. We consider each of three matrices 1^0) − 3^0) of the linearization as in Proposition 4.3 separately.

1^0) Note then the characteristic polynomial is χ_Ak (t) = t^2(t − a^k). Now a = 1 implies L(f) = χ_A(1) = 0 hence HPer(f) = ∅ , thus we have case (E). a = 0 implies L(f^k) = χ_Ak (1) = 1 hence L(f^k) = L(f) , which gives HPer(f) = {1} , the case(F).

If a = −1 then

L(f^k) = χ_Ak (1) = { 0 for k even 2 for k odd

Consequently no even number belongs to HPer(f). On the other hand for every odd k , L(f^k) = L(f) = 2 hence HPer(f) = {1} , and we have the case (F) then. If a = −2 then |L(f^k)| = |χ_Ak (1)| = |1 − (−2)^k| hence |L(f)| = |L(f^2)| = 3 and the sequence is strictly growing for k > 3 . Thus HPer(f) = N \ {2} which is a special case of (G).

If a /∈ {−2, −1, 0, 1} then the sequence |L(f^k)| = |χ_Ak (1)| = |1 − a^k| is strictly increasing hence HPer(f) = N and we have the case (G).

2^0) Then L(f) = 0 , which implies HPer(f) = ∅, we have the case (E). 3^0) The characteristic polynomial χ_A(t) = (t+1)(t^2−u s) then. One may check inductively that:

L(f^k) = χ_Ak (1) = 0 implies k /∈ HPer(f) for k even χ_Ak (t) = (t + 1)(t^2 − (s u)^k) for k odd

We consider subcases:

(a) s u = 0 then L(f^k) = χ_Ak (1) = 2 for k odd, hence L(f^k) = L(f) implies HPer(f) = {1} which gives the case (F).

(b) s u = 1 then L(f) = χ_A(1) = 0 implies HPer(f) = ∅ and gives the case (E). (c) s u = −1 then (for k odd) L(f^k) = χ_Ak (1) = 2 · 2 = 4 hence HPer(f) = {1} , case (F) then.

(d) |s u| ≥ 2 then the sequence |L(f^k)| = |χ_Ak (1)| = |2(1 − (s u)^k)| is strictly increasing, as k runs the set of odd natural numbers. Thus HPer(f) = N \ 2N , and we have the case (G). □

Corollary 4.5 For any homeomorphism f : M → M of a compact special three dimensional completely solvable solvmanifold which is not diffeomorphic to a nilmanifold HPer(f) is either empty or consists of the single number 1. □

Corollary 4.6 For a map as in Theorem 4.4 we have Šarkovski type implications:

2 ∈ HPer(f) implies HPer(f) = N , If HPer(f) contains an even number then N \ {2} ⊂ HPer(f) If HPer(f) contains at least two numbers then N \ 2N ⊂ HPer(f) . □ At the end we describe a family of 3-dimensional completely completely solvable solvmanifolds which are not diffeomorphic.

Example 4.7 First for a+a^{−1} = n and 2 ≠ n ∈ N we define a family of simply connected solvable Lie group by G_n := R ⋉_{ϕn} R^2 , where

ϕ_n(t) = [_{at+1−a−t−1} a−a^{−1} a^{−t}−a^t a−a^{−1} a^t−a^{−t} a−a^{−1} a^{1−t}−a^{t−1} a−a^{−1} ]

is a family of 1-parameter subgroups of SL_2(R) . Each group G_n is isomorphic to G_3 [31] and Proposition 4.1. It is easy to see that each of them contains a lattice of the form Γ_n := Z ⋉_{ϕn(1)} Z^2, where

ϕ_n(1) = [ n −1 1 0 ] . Thus we obtain a family of solvmanifolds X_n := G_n/Γ_n . They are not homeomorphic, since the groups Γ_n = π_1(X_n) are pairwise non-isomorphic. Indeed, representation of Γ_n on its commutator subgroup factors through Z. If we consider this representation tensored by Q, then it is generated by the matrix ϕ_n(1). For the indices n ≠ m these representations are not equivalent because the traces of its generators are different.

References

[1] L. Alsedá, S. Baldwin, J. Llibre, R. Swanson, W. Szlenk, Minimal sets of periods for torus maps via Nielsen numbers, Pacific J. Math., 169 no. 1, (1995), 1-32.

[2] L.Auslander, Discrete uniform subgroups ofsolvable Lie groups, Trans. AMS, 99, 1961, 398-402.

[3] L.Auslander, An exposition of the structureof solvmanifolds, Bull.Amer.Math.Soc.

79, (1973), 227-285.

[4] L.Auslander, L.Green, F.Hahn, Flows on homogeneous spaces, (1963)Chapter III, $ 3, Corollary 3.3

[5] L. Block, J. Guckenheimer, M. Misiurewicz, L. S. Young, Periodic points and topological entropy of one-dimensional maps, Lectures Notes in Math. 819, (1983), 18- 24.Springer Verlag Berlin, Heidelberg-New York,

[6] R. Brooks, R. Brown, J. Pak, D. Taylor, The Nielsen number of maps of tori, Proc.

AMS 52, (1975), 346-400.

[7] E. Fadell, S. Husseini, On a theorem of Anosov on Nielsen numbers for nilmanifolds, Nonlinear Functional Analysis and its Applications, S. P. Singh (ed) Reidel Publishing Company (1986), 47-53.

[8] V. V. Gorbatsevich, A. L. Onishchik, E. B. Vinberg,Foundations of Lie theory and Lie transformation groups, Reprint of the 1993 translation [Lie groups and Lie algebras. I, Encyclopaedia Math. Sci., 20, Springer, Berlin, 1993, Springer-Verlag, Berlin, 1997.

[9] B. Halpern, Periodic points on tori, Pacific J. Math. 83, (1979), 117-133.

[10] A. Hattori, Spectral sequence in the de Rham cohomology offibre bundles, J. Fac.

Sci. Univ. Tokyo Sect., I 8,(1960), 289–331.

[11] Ph. Heath, E. Keppelmann, Fibre techniques in Nielsen periodic point theory on nil and solvmanifolds I, Topology Appl. 76, (1997), 217-247.

[12] J. Jezierski, Cancelling periodic points, Math. Annalen 321 (2001), 107-130 .

[13] J. Jezierski,Wecken theorem for periodic points, notes, 2001.

[14] J. Jezierski, W. Marzantowicz, Homotopy minimal periodsfor nilmanifolds maps, (to appear in MathematischeZeitschrift - already available in the electronic version of this journal).

[15] J. Jezierski, W. Marzantowicz, Homotopy minimalperiods for maps of three dimensional nilmanifolds, (accepted toPacific J. of Math).

[16] B. Jiang, Lectures on Nielsen Fixed PointTheory, Contemp. Math. 14, Providence 1983.

[17] B. Jiang, On the least number of fixed points, Amer. J. Math. 102 no. 4, (1979), 749-763.

[18] B. Jiang, Estimation of the number of periodicorbits, Pacific J.Math. 172 No. 1, (1979), 151-185.

[19] B. Jiang and J. Llibre, Minimal sets of periods for torus maps,Discrete and Continuous Dynamical Systems 4 No.2,(1998), 301-320.

[20] E. C. Keppelmann, C. K. McCord, The Anosovtheorem for exponential solvmanifolds, Pacific J. Math. 170 No. 1, (1995), 143-159.

[21] A. Kirilov, Elements of Representation Theory,Nauka, Moskva, (1972) - (in Russian),

[22] A. Malcev A class of homogenous spaces, Izvestyia Akad. Nauk SSSR Ser. Mat. 13 (9-32), 1949(in Russian).

[23] C. K. McCord Estimating Nielsen numbers on infrasolvmanifolds, Pacific J. Math.

147 No. 1, (1992), 345-368.

[24] C. K. McCord, Lefschetz and Nielsen coincidences numbers on nilmanifolds and solvmanifolds, Topology Appl. 43, (1992), 249-261.

[25] C. K. McCord, Lefschetz and Nielsen coincidences numbers on nilmanifolds and solvmanifolds II, Topology Appl. 75 (1997), 81-92.

[26] G. Mostow, Factor spaces of solvable groups, Ann.Math.60, (1954),1-27.

[27] K. Nomizu, Ann. of Math. (2) 59 (1954), 531–538.

[28] M. S. Raghunathan, Discrete Subgroups of LieGroups, Springer-Verlag, 1972.

[29] M.Saito Sur certains groupes de Lie resolublesI,II Sci. Pap. Coll. Gen. Ed. Univ.

Tokyo, 1957, 7, No2, 157-168.

[30] A. N. Šarkovskii, Coexistence of cycles of a continuous map of the line into itself, UkraineMath. Zeitsch. 16, (1968), 61-71.

[31] E. B. Vinberg, V. V. Gorbatsevich, O. V. Shvartsman, Discrete subgroups of Lie groups. (Russian) Current problems in mathematics. Fundamental directions, Vol. 21 (Russian), 5–120, 215, Itogi Nauki i Tekhniki, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1988.

[32] C. Y. You, The least number of periodic pointson tori, Adv. in Math. (China), 24 no. 2, (1995),155-160.

[33] C. Y. You, A note onperiodic points on tori, Beijing Math., 1, (1995),224-230.

Authors’ addresses:

Jerzy Jezierski Institute of Applied Mathematics University of Agriculture ul. Nowoursynowska 166 02-787 Warszawa, Poland e-mail: jezierski@alpha.sggw.waw.pl

Jarosław Kȩdra Max Planck Institute of Mathematics Vivatsgasse 7,

D-53111 Bonn, Germany e-mail: kedra@sus.univ.szczecin.pl

Wacław Marzantowicz Faculty of Mathematics and Computer Sci. Adam Mickiewicz University of Poznań ul. Matejki 48/49 60-769 Poznań, Poland e-mail: marzan@math.amu.edu.pl