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Welschinger invariants
of real del Pezzo surfaces of degree > 2

Ilia Itenberg Viatcheslav Kharlamov Eugenii Shustin

Abstract

We compute the purely real Welschinger invariants, both original and
modified, for all real del Pezzo surfaces of degree > 2. We show that un-
der some compatibility conditions, for any such surface X with a non-empty
real part RX and a real nef and big divisor class D € Pic(X), through any
generic collection of —DKx — 1 real points lying on a connected component
of RX one can trace a real rational curve C € |D|. This is derived from the
positivity of appropriate Welschinger invariants. We furthermore show that
these invariants are asymptotically equivalent, in the logarithmic scale, to the
corresponding genus zero Gromov-Witten invariants. Our approach consists
in a conversion of the Shoval-Shustin recursive formulas counting complex
curves on the plane blown up at seven points and of Vakil’s extension of the
Abramovich-Bertram formula for Gromov-Witten invariants of almost Fano
surfaces into formulas computing real enumerative invariants.

MSC2010: Primary 14N10. Secondary 14P05, 14N35.

Keywords: real rational curves, enumerative geometry, Welschinger invari-
ants, Caporaso-Harris formula, Abramovich-Bertram-Vakil formula.
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7 Mikhalkin’s congruence 58

The cashier gave us a sad smile, took
a small hammer out of her mouth, and moving her nose slightly back and forth, she
said:

- In my opinion, a seven comes after
an eight, only if an eight comes after a seven.

(Daniil Kharms ” A sonnet” )

1 Introduction

Welschinger invariants can be regarded as real analogues of genus zero Gromov-
Witten invariants. They were introduced in [24], [25] and count, with appropriate
signs, the real rational pseudo-holomorphic curves which pass through given real
collections of points in a given real rational symplectic four-fold. In the case of
real del Pezzo surfaces, the Welschinger count is equivalent to enumeration of real
rational algebraic curves. In the present paper, we continue the study of purely real
Welschinger invariants (that is, Welschinger invariants in the situation when all the
point constraints are real) of del Pezzo surfaces. These invariants, as well as their
modifications introduced in [15], can be used to prove the existence of interpolating
real rational curves.

As we proved in [10, 11, 13, 14, 15], if X is either the plane blown up at a real
points and b pairs of complex conjugate points, where a+2b < 6, b < 1, or a minimal
two-component real conic bundle over P!, or a two-component real cubic surface,
then the (modified) Welschinger invariants of X are positive and are asymptotically
equivalent in the logarithmic scale to the corresponding Gromov-Witten invariants.
These results not only prove the existence of interpolating real rational curves, but
also show their abundance.

In the present paper, we extend these results to del Pezzo surfaces of degree > 2
(see Theorem 6) and, in particular, cover all the missing cases in degree > 3. The
main novelty is the use of nodal del Pezzo surfaces in a way which is similar to Vakil’s
approach to computation of Gromov-Witten invariants of the plane blown up at six
points [22]. We derive new real Caporaso-Harris type formulas (see Theorems 2 and
3) and real analogues of Abramovich-Bertram-Vakil formula [1, 22] (see Theorems
4 and 5). These formulas combined together allow one to compute the purely real
Welschinger invariants of all real del Pezzo surfaces of degree > 2 from finitely many
explicitly determined initial values (see Propositions 9 and 14).

As a technical tool, we introduce certain numbers (called ordinary w-numbers and
sided w-numbers) that count with signs some specifically constrained real rational
curves on real nodal del Pezzo surfaces, and exhibit a case when sided w-numbers
are independent of the choice of point constraints (see Corollary 25).



A new phenomenon for del Pezzo surfaces of degree 2 is the absence of real rational
curves in some cases, namely, for several divisor classes on the surfaces whose real
part is homeomorphic to the sphere S? (see Theorem 7(iv)). In this regard, note that
in the case of multicomponent del Pezzo surfaces, the original Welschinger invariants
often happen to vanish. For example, E. Brugallé and N. Puignau [4, Proposition
3.3] showed that, for real del Pezzo surfaces X of degree > 3 with a disconnected real
point set one has W (X, D, F,0) = 0 whatever is the divisor class D € Pic®(X) with
—KxD > 3. We extend this result in Theorem 8. However, by (47) in Theorem 6,
in most cases such a vanishing is not related to the non-existence of real rational
curves, but only states that the real rational curves under consideration cancel each
other when supplied with the original Welschinger signs.

A few results related to that of the present paper should be mentioned here.
Similar real versions of Abramovich-Bertram-Vakil formula were obtained at the
same time by E. Brugallé and N. Puignau, and then extended by them to the
symplectic setting and arbitrary real rational symplectic 4-manifolds, see [4]. They
mainly focus on the behavior of Welschinger invariants under Morse transformations
and derive some vanishing results.

J. Solomon [21, 9] suggested a completely different and very powerful recursive
tool for computing Welschinger invariants of real blown ups of the projective plane.
His recursion is based on analogues of Kontsevich-Manin axioms and WDVV equa-
tion, and involves the Gromov-Witten invariants and a finite number of initial values.
However, the presence of plenty of terms of opposite signs (contrary to our formulas
which contain only non-negative terms) makes not evident the use of these recursive
formulas for getting general statements on positivity and asymptotic behavior.

In an unpublished joint work with R. Rasdeaconu, J. Solomon has considered a
kind of w-numbers which count curves subject to point constraints and odd tangency
conditions to a fixed divisor, and showed that some combinations of such numbers
are independent of point constraints. Let us underline that our sided w-numbers are
defined via even tangency conditions and, in some cases, are individually invariant
with respect to point constraints.

The paper is organized as follows. Section 2 contains a reminder on (modified)
Welschinger invariants. In Section 3, we define ordinary and sided w-numbers and
prove Caporaso-Harris type recursive formulas for these numbers in the case of
real rational surfaces Y with a given real smooth rational curve E such that the
classes —Ky and —Ky — F are nef (we call (Y, F) a monic log-del Pezzo pair).
In Section 4, we consider nodal degenerations of del Pezzo surfaces and derive
Abramovich-Bertram-Vakil type formulas relating the ordinary and sided w-numbers
of the degeneration with Welschinger invariants. The further sections are devoted
to applications of the results of Sections 3 and 4: positivity and asymptotics of
Welschinger invariants are studied in Section 5, their monotonicity in Section 6, and
Mikhalkin type congruences in Section 7.

Acknowledgments. A considerable part of the work on this text was done
during authors’ Research in Pairs stay at the Mathematisches Forschungsinstitut
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2 Purely real (modified) Welschinger invariants
of real del Pezzo surfaces

Let X be areal del Pezzo surface (i.e., a real smooth rational surface having an ample
anticanonical class —Kx) with a non-empty real point set RX. Let D € Pic(X) be
a real effective divisor class with D? > —1, assumed to be primitive in Pic(X) if
D?* = 0.

The set R(X, D) of reduced irreducible rational curves in |D| is a non-empty
quasi-projective variety of pure dimension —DKx — 1 with nodal curves as generic
elements (see, for instance, [16, Lemma 4]). Denote by RR(X, D) the set of real
rational curves in R(X, D).

We intend to count curves in RR(X, D) that match a suitable number of real
point constraints. If —DKyx > 1, we pick a generic collection w of —DKx — 1
points in RX. Since a curve in RR(X, D) passing through w must contain all these
points in its (unique) real one-dimensional component, we have to suppose that w
lies in one connected component of RX. Notice also that if —DKx = 1, each curve
in the (finite) set RR(X, D) has a one-dimensional real branch. Indeed, a real curve
with a finite real part must have an even self-intersection, whereas D?* = —DKy
mod 2 by the adjunction formula.

To introduce (modified) purely real Welschinger numbers, let us fix a connected
component F' of the real part RX of X and, in addition, a conjugation invariant
class o € Hy(X \ F,Z/2). If —DKx =1, we set RR(X, D, F) ={C € RR(X,D) :
|C'N F| = oo} and put

W(X,D,Fp)= Y (=1)@FCee,

CERR(X,D,F)

where (/5 is the image of one of the halves of P!\ RP! by the normalization map
P! — C, and s(C) is the number of real solitary nodes of C. If —DKx > 1, we
pick a generic collection w of —DKx — 1 points of F, set RR(X, D, w) = {C €
RR(X,D) : C D w}, and put

W(X,D,Fow)= >  (=1)@OFCee (1)
CERR(X,D,w)
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The following statement is a version of the Welschinger theorem [24] (cf. also
[16, Theorem 2]).

Theorem 1 (1) If —DKx > 1, the number W(X, D, F, ¢, w) does not depend on
the choice of a generic collection w of —DKx — 1 points in F.

(2) With the given data X, D, F,p as above, let X;, t € [0,1], Xo = X, be a
smooth family of smooth real rational surfaces with non-empty real part such that
for all but finitely many t € [0,1], Xy is a real del Pezzo surface. Let 0, : Xo — X,
t €[0,1], g = 1d, be a smooth family of conjugation invariant C*-diffeomorphisms
that trivializes our family of surfaces. Then

W(XaD7F>90>w) = W(Xb (91)*(D)791<F)’ (91)*(90)791(1”)) :

In the sequel we write W (X, D, F, ¢) omitting the notation of point constraints.

3 Recursive formulas for w-numbers of real monic
log-del Pezzo pairs

3.1 Surfaces under consideration

Let Y be a smooth rational surface which is a blow-up of P2, and let £ C Y be a
smooth rational curve. Suppose that —Ky is positive on all curves different from
E and Ky E > 0, and that the log-anticanonical class —(Ky + E) is nef, effective,
and satisfies (Ky + E)? = 0. We call such a pair (Y, FE) a monic log-del Pezzo pair.
Throughout Section 3, we assume that (Y, E) is a monic log-del Pezzo pair.

Observe that —(Ky + E)E = 2, E* < =2, and Ky(Ky + E) = 2, so that the
latter implies, once more by adjunction, that | — (Ky + E)| is a one-dimensional
linear system, whose generic element is a smooth rational curve. This linear system
contains precisely two smooth curves I/, L” (quadratically) tangent to F, and 4 — E?
reducible curves, all of type L + Ly, where L? = L2 = —1, LiLy, = 1, [1FE = L,E =
1. In particular, it provides a conic bundle structure on Y and shows that Y can
be regarded as the plane blown up at > 6 points on a smooth conic (£ is the strict
transform of the conic) and at one more point outside the conic. We will assume
that the blown up points are in general position subject to the above allocation with
respect to the conic. The curves L’ and L” are called supporting curves.

Introduce the sets
E(E)={F €Pic(Y) : (E)=-1, FKy =-1, E'E >0} .
E(EY*P ={E € &(E) : E'D =0}, D €Pic(Y).
Suppose that (Y, E) is equipped with a real structure such that RY D RE # ().

Denote by F' the connected component of RY containing RE. We also choose a
conjugation invariant class ¢ € Hy(Y \ F,Z/2).

Quadruples (Y, E| F, ) as above are called basic quadruples.
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3.2 Divisor classes

Let ¥ be a smooth real surface. We denote by Pic®(2) the subgroup of Pic(X) formed
by real divisor classes of ¥ and denote by Pic%(¥) the subsemigroup of Pic®(X)
generated by effective real divisor classes. Let £ C ¥ be a smooth real curve. Put
Pic, (%, E) to be the subsemigroup of Pic(X) generated by complex irreducible
curves C' such that CE > 0. The involution of complex conjugation Conj : ¥ — X
naturally acts on Pic(X) and preserves Pic; (X, E). Denote by Pict, (X, E) the
disjoint union of the sets

{D € Pic,,(S,E) : Conj D =D}

and
{{D1, D>} € Sym*(Pic44+(Z, E)) : Conj Dy = D5} .
For an element D € Pic%_ (¥, E), define [D] € Pic, (X, E) by

D] = D, D = D, a divisor class,
" | Dy + D, D = {D;, Dy}, a pair of divisor classes.

For a element D € Pick, (¥, E) and a vector 8 € Z°, put

1, D =D, a divisor class,

Ry(D, B) = —[D|(Ks + E) + 5] —
=(D, ) [D)(K> )+ 181 {2, D = {D;, Dy}, a pair of divisor classes.

3.3 Some notations

Let Z be the direct sum of countably many additive semigroups
Zy={ke€Z|k>1}, labeled by the positive integer numbers, with the ba-
sis formed by the summand generators e;, i = 1,2,... For o = (o, a9, ...) € ZT,

put
00 00 0 o
HO‘H:ZO@, I‘)‘:Zmi, IQIHZ"”, OC!ZH%'! :
=1 =1 i=1 i=1

For o, 8 € Z°, we write a > (3 if o; > (3; for any positive integer number ¢. For

@ o™ o € ZF such that o + ... + o™ < q, put

o} B a!
a® . alm ] T aOl . aml(q —a® — . —am)l "
Introduce also the semigroups
7z odd - _ Span{eg;iy 1 : @ >0},
27" = Span{ey : i>1},
/g odd-even Span{eqiio = @ >0} .



3.4 Families of real curves

Let (Y, E) be a real monic log-del Pezzo pair. An admissible tuple (D, a, 87, ™, p)
consists of an element D in Pic} (Y, E), vectors a, ", 3™ € Z%° satisfying
I(a+ B +28"™) = [D]E, and a sequence p* = {p;; : i > 1, 1 < j < a;} of
||| distinct real generic points on E. Denote by Vi¥(D, a, 8, 8™, p°) the closure
in the linear system |[D]| of the family of real reduced curves C' such that

(i) if D = D, a divisor class, then C' € |D| is an irreducible over C rational curve;
if D = {Dy, Dy}, a pair of divisor classes, then C' = C; U Cy, where C; € |D],
Cy € | Ds| are distinct, irreducible, rational, complex conjugate curves;

(ii) C'NE consists of p” and of |3 + 28™| other points: ||3|| of them real, and
2||3™m| form pairs of complex conjugate points;

(iii) at each point of C'N E, the curve C has one local branch, and the intersection
multiplicities of C' and E are described as follows:

o (C-E)(pij)=iforalli>11<j<a,
e for each 4 > 1, there are B real points ¢ € (C'N E) \ p° such that
(C-E)q) =

e for each 7 > 1 there are 8™ pairs ¢,¢" of complex conjugate points of
C' N E such that (C'- E)(q) = (C - E)({) =1.

7

If D € Pic} (Y,E) a divisor class, introduce also the variety Vi (D,a, 3,p°)
which is the closure in |D| of the family of complex reduced irreducible rational
curves C such that C'N E consists of p” and of ||3|| other points, at each point of
C N FE, the curve C' has one local branch, and the intersection multiplicities of C'
and E are as follows:

[ (C E)(pl’]) =4 for all ¢ Z 1, 1 S] S Q;,
e for each i > 1, there are 3; points ¢ € (C'N E) \ p’ such that (C'- E)(q) = 1.

Lemma 1 If D = D is a divisor class and V;¥(D, a, ¢, B™, p°) is nonempty, then
Ry (D, B + 2B™) > 0, and each component of VE(D, a, B, ™, p°) has dimen-
sion < Ry (D, B + 28™). Moreover, a generic element C of any component of
VE(D, a, B, B™, p°) of dimension Ry (D, B +2B™) is an immersed curve, nonsin-
qular along E. If, in addition, E*> > —3, then C' is nodal.

Proof. If D is a multiple of a divisor class orthogonal to Ky + E, then
VE(D, a, 8, B™ p’) cannot be nonempty, since such a linear system contains only
non-reduced curves. In the other case, the statement follows from [18, Proposition
2.1]. O

Suppose that Ry (D, ™ + 26™) > 0. Pick a set p* of Ry (D, " + 25™)
generic points of F'\ E and denote by V¥(D,a, 8, 8™, p’, p*) the set of curves
C € V¥(D, a, B, B™, p°) passing through pf.

8



Lemma 2 Assume that VE(D, a, 5, 3™, p°) is nonempty.

(1) If D = D, a divisor class, then Vi¥(D,a, ¢, 3™, p°, p*) is a finite set of real
immersed irreducible rational curves which are nonsingular along E.

(2) If D = {Dy, D5}, a pair of divisor classes, then V& (D, a, f, f™, p°, p*) is
finite, and it is nonempty only if a = 3 =0, Ry (D,28™) =0, and p* = p* = 0.

Proof. By Lemma 1 we have to show only that Ry (D,28™) = 0 is necessary
for the nonemptyness of V¥(D, 0,0, 8™, 0, p*) with D = {D;, D,}, and the proof of
this fact literally coincides with the proof of [15, Lemma 3(2)]. O

Lemma 3 The only nonempty sets ViE(D,a, 5%, f™,p") for admissible tuples
(D, a, 3, 3™, p°) such that Ry (D, 37 +25™) = 0 are the following ones:

1) if D = D is a divisor class and I(co + 5 +238™) = DE > 0,
(
(1i) VE(E',0,e1,0,0) consists of one element, where E' is a real (—1)-curve
crossing E;

(1ii) VE(—(Ky + E),0,e9,0,0) consists of two elements L', L", if L', L" are
both real;

(1iii) VE(—(Ky + E),e1,e1,0,p") consists of one element;
(1iv) VE(D,a,0,0,p) consists of one element, if (Ky + E)D = —1, [a = DE;
(2) if D = {D1, Dy} is a pair of divisor classes and I(a+ 5™ +23™) = [D]E > 0,
(2i) VE({E], E5},0,0,e1,0) consists of one element, where E, E} are complex
conjugate (—1)-curves crossing E;
(2i1) VE({—(Ky+E),—(Ky+E)},0,0,e2,0) consists of one element {L', L"},
if L', L" are complex conjugate;
(3) if I(a+ B +28™) = [D|E =0,
(3i) VE(E',0,0,0,0) consists of one element, where E' of a real (—1)-curve
disjoint from E;
(3ii) VE({E}, E4},0,0,0,0) consists of one element, where Ef, E} are complex

conjugate (—1)-curves disjoint from E.

Proof. Straightforward. g



3.5 Deformation diagrams and CH position
3.5.1 Deformation diagrams

Let (Y, E) be a monic log-del Pezzo pair such that Y and E are real and RE # &.
Denote by F' the connected component of RY containing RE and pick a conjugation-
invariant class ¢ € Hy(RY \ F,Z/2). Let (D, a, 3¢, 3™, p°) be an admissible tuple,
where D € Pic} (Y, E) is a divisor class and Ry (D, ™ + 24™) > 0. Pick a
set p* of Ry (D, B + 2™) — 1 generic real points of F'\ E, a generic real point
p € E\ p’, and a smooth real algebraic curve germ A, crossing E transversally
at p. Denote by AT = {p(t) : t € (0,e)} a parameterized connected com-
ponent of A\ {p} with lim; ,op(t) = p. There exists g > 0 such that, for all
t € (0, 0], the sets Vi (D, v, 5, B, p”, p* U {p(t)}) are finite, their elements remain
immersed, nonsingular along E as t runs over the interval (0, o], and the closure in
Vy (D, o, 3¢, B™ p°) of the family

V= W(D,ape 8™ 0,5 u{pt)}) (2)
te(0,e0]

is a union of real algebraic arcs, disjoint for ¢ > 0. This closure is called a deformation
diagram of (D, a, B¢, ﬁim,pb,ﬁﬂ,p), cf. [15, Section 3.3|, and the real algebraic arcs
under consideration are called branches of the deformation diagram. The elements
of Vy(D,Oz,ﬁre,ﬁim,ﬁ’,f)ti U {p(1)}) are called leaves of the deformation diagram,
and the elements of V' \ V are called roots of the deformation diagram.

Lemma 4 FEach connected component of a deformation  diagram  of
(D,a,ﬁre,ﬁim,pb,ﬁﬁ,p) contains exactly one root. Fach root is either a generic
member of an (Ry (D, ™+ 23™) — 1)-dimensional component of one of the families

VY(DJ o+ 6j7ﬁre - 6]7 ﬁim7pb ) {p}7ﬁﬁ}> )

where j is a natural number such that B;° > 0, or a reducible curve having E as a
component.

Proof. The statement follows from [18, Proposition 2.6]. O

For any root p of a deformation diagram, the leaves belonging to the connected
component of p is said to be generated by p.

3.5.2 CH position

Pick a divisor class Dy € Pict, (Y, E) and put N = dim |Dy|. Note that the set
Prec(Dy) = {D € Pick (Y, E) : D is a divisor class and Dy > D}

is finite, and we have dim |D| < N for each D € Prec(Dy). Furthermore, for each
nonempty variety V(D a, 8%, ™, p°) with D € Prec(Dy), we have

lal + Ry (D, 5% +28™) < N .
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Lemma 5 (¢f. [15, Lemma 10]) Let Dy € Pic%, (Y, E) be a divisor class with
N =dim |Dy| > 0. Then, there exists a sequence A(Dy) = (A;)i=1,.. n of N disjoint
smooth real algebraic arcs in'Y', which are parameterized by t € [—1,1] — p;(t) € A,
such that p;(0) € E, the arcs \; are transverse to E at p;(0), i = 1,..., N, and the
following condition holds:

for any admissible tuple (D,a, (™, 3™ p°), any disjoint subsets J°, J* C
{1,..., N}, any positive integer k < N, and any sequence o = (0;)i=1,.. N such that

(i) D € Prec(Dy),
(ii) Ry(D, 8% + 26™) > 0,
(i) i <k <j forallicJ’, jeJt,
(iv) the number of elements in J* is equal to Ry (D, 3™ + 28™) — 1,

(v) p ={p:(0) : ieJ},

(vi) o; = £1 for any integer 1 <i < N,

the closure of the family

U VY<D7a76rC7Bimupb7ﬁﬁ U {pk(akt)}) )

te(0,1]
where p* = {p;j(0j)}jest, is a deformation diagram of (D,a,ﬂre,/@im,pb,ﬁﬁ,pk(())).

Proof. Take a sequence .//L-, 1 =1,...,N, of disjoint smooth real algebraic arcs
in Y, which are parameterized by ¢t € [—1, 1] — p;(t) € A;, such that (p;(0))i=1,..~
is a generic sequence of points in £, and the arcs /A\Z are transverse to E at p;(0),
1t =1,..., N. We will inductively shorten these arcs in order to satisfy the condition

required in Lemma.

Take an integer 1 < k£ < N, and suppose that we have already constructed
arcs Ay, ..., Ay_1 parameterized respectively by intervals [0,¢;], 1 < i < k. There
are finitely many admissible tuples (D, a, 8%, 8™, p°), subsets J°, J¢ C {1,..., N},
and sequences o satisfying the restrictions (i)-(vi) above. Given such a datum
D, o, B, ™ p°, J°, Jt, o, we take a small positive number ¢ such that the closure
of the family

U w(D.a.5° 8™, p .5 U{p(oit)}) .

tE(O,&‘k]

where p* = {pi(ei) }1<i<k, is a deformation diagram of (D,a,ﬂre,ﬁim,pb,ﬁﬁ,pk(O)),
and put
Ae(D, o, 5, 877, 7, T o) = () pal®)

3S [_Ek 78k]
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Then, we define

Ak = m Ak(Daaaﬂre>ﬁimapb7Jbﬂ]uao—)'
(D,a,ﬁre,ﬁim,pb,Jb,Jﬁ,J)
It remains now to reparameterize by the interval [—1,1] the arcs Ay, ..., Ay
obtained. O

Take a divisor class Dy € Pick , (Y, E) such that N = dim |Dy| > 0 and a sequence
of arcs (A;);=1,. .~ as in Lemma 5. Given a sequence o = (0;);=1,. n of £1 and two
subsets J°, Jt C {1,...,N} such that i < j for alli € J°, j € J*, we say that the pair
of point sequences

P ={p0) : ie ), pP={poy) : jeJ}
is in Do-CH position. A pair of point sequences
@) =1{p:0) : ie(S)}, () ={piloy) : je(J)}
in Dy-CH position is said to be a predecessor of a pair of point sequences
P ={p0) : i€}, pP={poy) : je I}

in Do-CH position if (J*) = {j € J*: j > k} for a certain integer k.

Let (D, a, 3, 3™, p°) be an admissible tuple such that D = D is a divisor class.
Choose a sequence p* of Ry (D, 5™ + 28™) points in F, and assume that the pair
of point sequences p’,p* is in a Dy-CH position. Then, (D,a, 3, 3™, p°, p) is
called a Dg-proper tuple. The elements of V;¥(D, a, 5%, f™, p°, p*) are called inter-
polating curves constrained by the Dgy-proper tuple (D, «, %, ™, pb,pﬁ). We say
that a Do-proper tuple (D', o, (8%, (B™), (p’)', (p*)") precedes a Dy-proper tuple
(Do, 3%, B, p, p) if Ry (D', (B) + 2(8™)') < Ry (D, 3" +2™) and the pair
(p°)', (p*)" is a predecessor of p’, p*.

-----

Lemma 6 Let Dy € Pick (Y, E) be a divisor class, and let (D,a, 8™, ™, p’, p*)
be a Do-proper tuple such that Ry (D,B3™ + 25™) > 0 and ™ # 0. Then,

V}IB(D’ Q, /Bre’ ﬁim)z)b’pﬂ) = @

Proof. Assume that Vi5(D, a, 8%, Bi™p’, p*) # 0, and put k = min J*, where
p* = {p;(0;) : j € J*} (see Lemma 5). We obtain inductively a contradiction
showing that Vi¥(D', o/, (5%)', (B™)(p")', (p*)') # 0 for a certain Dy-proper tuple
(D', o, (5, (™), ("), () that precedes (D, a, 5, # . pt) and such that
Ry (D', (57 +2(5)) > 0 and (5 # 0,

Consider the degeneration of C' € VE(D, a, 8%, 8™ p’, p*) when p;, € p* tends
to E along the arc Ay. By [18, Proposition 2.6], the degenerate curve is ei-
ther an irreducible interpolating curve constrained by a Dy-proper tuple that
precedes (D, a, 3, 3™, p°, p?), or of the form E U C’. In the latter case, the
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curve C’ has a real component belonging to ViX(D', o/, (8%), (B™), (p°), (p*)),
where (D), (8°), (B™),(p’), (p*)) is a Dg-proper tuple which precedes
(D, a, B¢, ™, p’, p*) and Ry (D', (8%) + 2(8™)) > 0, (B™) # 0. This state-
ment follows from [18, Lemma 2.9] and the fact that any imaginary component of
C" avoids p?, and thus has a unique intersection point with £ (see Lemma 3). The
former lemma states that the intersection points of C' with £\ p’ all come from the
intersection points of C' with £\ p°, and that, in the deformation of £ U C’ into
C, each component of C’ glues up with £ via smoothing out one of its intersection
points with £\ p’. O

3.6 Ordinary w-numbers

Let C be a real curve on a real smooth surface ¥, and let z be a real singular point of
C' such that all local branches of C' at z are smooth. Denote by s(C, z) the number
of pairs of imaginary complex conjugate local branches of C' at z, each pair being
counted with the weight equal to the intersection number of the branches.

Lemma 7 Let C(t), —e < t < €, be a continuous family of real curves in 3,
and let zy be a real singular point of C(0) such that all local branches of C(0) at
2o are smooth. Assume that for a certain neighborhood U(zy) C ¥ of zo and a
sufficiently small number €' > 0, the curves Cy, —e' <t < &', are transversal to the
boundary of U(zy), and the curves C(t) N U(z), —¢’' < t < €', admit simultaneous
parametrizations by a continuous family of immesrions A;(t) — U(z), i =1, ...,
b(z0), where b(zg) is the number of local branches of C(0) at z(0), and A;(t), —&' <
t < &', is a continuous family of discs in C. Then, ZZGSing(C(t))mU(ZO) s(C(t), z) does
not depend on t.

Proof. Straightforward. O

For an immersed real curve C' C X, put s(C) = >_ g0y S(C, 2).

Let (D, a, 8, /™, p’) be an admissible tuple such that D = D € Pic® (Y, E) is
a divisor class, and let p* be a generic set of Ry (D, 3% +23™) points in F'\ E. The
set VI¥(D, a, 3¢, 3™, p’, p*) is finite and consists of immersed curves (see Lemma, 2).

We put
Wy.po(D, o, B, B, p’, p*) = > pe(C) (3)

CeV§(D,a,pre,5im,p k)
where

s(C) = (—1)CrCuse @

and C} /2 is the image of one of the halves of P! \ RP' by the normalization map
P! — C'if C is an irreducible real curve, and one of the irreducible components of C'
if C' is a pair of complex conjugate irreducible curves. The number 1,(C) is called
(modified) Welschinger sign.
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The proof of the following proposition literally coincides with the proof of [15,
Proposition 11].

Proposition 8 Let (Y, E, F, ) be a basic quadruple. Fiz a tuple (D, «, B, ™),
where D € Pick (Y, E) is a divisor class, a, 5™ € L odd " ond fim € 7% are such
that Ry (D, 8% + 2™) > 0. Choose two point sequences p° and p* satisfying the
following restrictions:

(r1) the tuple (D, a, 3%, B™, p°) is admissible,
(r2) the number of points in p* is equal to Ry (D, 5™ + 28™),

(r3) the pair (p’, p*) is in Do-CH position for some divisor class Dy € Pick (Y, E),
Dy > D.

Then, the number Wy g (D, «, Bre, B p? pt) does not depend on the choice of se-
quences p° and p* subject to (r1)-(r3). O

Proposition 9 The only non-zero numbers Wy, i ,(D, o, B¢, p™, p’,0) for admissi-
ble tuples (D, v, 5, B, p°) such that D € Pick (Y, E), o, B¢ € 72044 gim € 7,
and

I(a+ B +26™)=[DIE >0, Ry(D,A"+28™)=0,
are the following ones:
(1) if D= D is a divisor class,

1i) Wy po(E',0,e1,0,0,0) = (=112 where E' € E(E) is real;
b 7<p

(1ii)) Wy g ,(—(Ky + E), e, e1,0,p°,0) = (=1)F172°¢ where L € | — (Ky + E))|
s real, RL C F;

(1iii) Wy.g (D, ,0,0,p°,0) = (—1)2°¢ where —(Ky+E)D =1, Ia = DE,
C e V§]§(D7 O[, O’ O7pb7 ®)7

(2) if D is a pair of divisor classes,
(2i) if B, Bl € E(E) are complex conjugate, E{E) = 1, then
Wy ({E}, B3}, 0,0,1,0,0) = —(=1)F%
(2ii) if By, Ey € E(E) are disjoint complex conjugate, then
Wy.po({E1, E3},0,0,e1,0,0) = (—1)F°%

(2iii) Wy po({—(Ky + E), —(Ky + E)},0,0,e2,0,0) =1, if L', L" are complex
conjugate.
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Proof. Proposition 9 can easily be derived from Lemma 3. Notice only that, in
case (2iii), L' o p =0 mod 2 since the linear system | — (Ky + E)|, which contains
L', contains also a real rational curve whose complex locus is divided into two halves
by its real locus located in F. O

The numbers Wy g (D, a, 5, 3™, p’, ) in Proposition 9 do not depend on the
choice of p’°.

We skip p” and p in the notation of the numbers appearing in Propositions 8
and 9, and write Wy g (D, «, ¢, ™) for these numbers calling them ordinary w-
numbers.

3.7 Formula for ordinary w-numbers

Theorem 2 Let (Y, E, F,p) be a basic quadruple.

(1) For any divisor class D € Pic® (Y, E) and vectors a, 5 € Zf odd " gim ¢ 7y
such that I(a + B 4 26™) = DE, Ry (D, " +25™) > 0, and 5™ # 0, one has

Wy pe(D,a, 3, 8™) = 0 . (5)

(2) For any diisor class D € Pic% (Y, E) and vectors o, B € 25 °' such that
I(a+ B) = DE and Ry (D, ) > 0, one has

Wype(D, o, 8,00 = > Wyp,(D,a+e;,5—e;,0)

Jj=1, 8;>0

18| —1)!
+(_1)E1/20(p Z(_1)(15(0>+10¢(0))(L1/20<P) . 2 a ) u

W(l +1) (a(o)a(l)...a(m) nil..ngy,!
% ﬁ (((5;‘;))(1)) Wy, (DD, ), (57)®, (Bim)(i))> ’ (6)
i=1
where L is any real curve in | — (Ky + E)| with RL C F,
n= Ry(D,B), n;=Ry(DY ()9 £2(4™D) i=1,..m,
and the second sum in (6) is taken
o over all integers | > 0 and vectors a© < o, B0 < gre;
e over all sequences
(DD, a@ (gYD (F™)D) 1< <m, (7)
such that, for alli=1,...,m,

(1a) DY € Pic® (Y, E), and DY is neither the divisor class —(Ky + E), nor
the pair {—(Ky + E), —(Ky + E)},
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(10) I(aW+(5)D4-2(6™) @) = [DY]E, and Ry (DY, (5)+2(6™)@) > 0,
(1c) DY is a pair of divisor classes if and only if (8™)® # 0,

(1d) if DY is a pair of divisor classes, then n; = 0 and o'V = (57) =0,
and

(le) D—E =" [DY] — (21 4+ Ia® + IBO)(Ky + E),

(1f) Yoo <a, 3T, (8)W 2 B,
(1g) each tuple (DV,0,(5)D, (8™)D) with n; = 0 appears in (7) at most

once,

e over all sequences

, , 1, DY is a divisor class
i o0, odd i 9 )
YD ez, 9| = (i) : -
0, DY is a pair of divisor classes,

satisfying
(2a) (B")9 > AW, i =1,...m, and 33, ((6)" —41) = g - O,
and the second sum in (6) is factorized by simultaneous permutations in the se-

quences (7) and (8).

(3) All ordinary w-numbers Wy g ,(D, ., 3,0), where D € Pic% (Y, E) is a divi-
sor class and Ry (D, ) > 0, are recursively determined by the formula (6) and the
initial conditions given by Proposition 9.

Remark 10 It is easy to verify that n — 1 = >, n; + [|BO|| (in the notation of
Theorem 2).

The proof of Theorem 2 literally coincides with the proof of [15, Theorem 1 and
Corollary 14].

We present here an immediate consequence that will be used below.

Corollary 11 Under the hypotheses of Theorem 2(2), assume in addition that F\
RE is disconnected, DE =0, and Ry (D,0) > 2. Then

Wy p.o(D,0,0,0) =0 .

Proof. This follows from Proposition 8: indeed, we may choose two of the points
of p* in different components of I\ RE making the set V;~(D,0,0,0,0, p*) empty,
since a real rational curve cannot have two one-dimensional real components. O
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3.8 Sided w-numbers

Let (Y, E, F, ) be a basic quadruple. Suppose in addition that F'\ RE splits into
two connected components Fy and F_. In this case, (Y, E, F, p) is called dividing
basic quadruple.

Let (D,a, ™, ™, p") be an admissible tuple. Choose a sequence p* of
Ry (D, % +24™) points in F;. Suppose that the pair of point sequences p’, p* is in
a Dy-CH position with respect to some divisor class Dy € Pic, (Y, E), Dy > [D].
Put

V}Sﬂ(ﬂ%ﬁmﬂim?}?b,pﬁ) = {C e V¥(D,a, B, ™, p’,p) : card(CNF_) < oo} .
Clearly, if D is a pair of divisor classes, then
Vep, (D,a, B, 6™, 9", pF) = V¥ (D, a, B, 6™, P, pF) .
Set

WY by oDy, 7, 6™, P, pF) = > W), e=+, (9)

CEVY p, (Do fre,fim,p” pf)
where 117 (C) = p,(C) is defined by (4) and
1o (C) = (= 1)@+ Cypopteard(Cy/anF-), (10)
Remark 12 By Lemma 2(2), if D € Pict (Y, E) is a pair of divisor classes, then
Witp, (Do, 5, 6™, p7, p) = 0
as long as a+ B > 0 or Ry (D, f* + 23™) > 0.

Proposition 13 Let (Y, E, F,p) be a dividing basic quadruple. Fix an admissible
tuple (D, a, B, 8™, p’), where D € Pic%, (Y, E) is a divisor class, a, B € 75> ",
g e Z%, and Ry (D, 5™ + 26™) > 0. Choose two point sequences p’ C RE and
p* C F, satisfying the restrictions (r1)-(r3) of Proposition 8. Then, the numbers
W;'TF+W(D,a,ﬁre,ﬁim,pb,pﬁ) do not depend on the choice of sequences p° and p
subject to (r1)-(r3).

The proof of Proposition 13 is given in section 3.10.

Proposition 14 Let (Y,E,F,p) be a dividing basic quadruple, and let
(D, a, B, ™, p°) be an admissible tuple such that o, 8% € 25> " and

I{a+ B +28™) = [D|E >0, Ry(D,B™+26™)=0.

(1) Assume that W;F+7@(D,a,ﬁre,ﬁim,pb,®) # 0 and D = D is a divisor class.
Then,
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(1i) either D = —(Ky + E), a = 0, f = ey, ™ = 0, p° = ), and the
supporting curves L', L" are both real,

(1ii) or —(Ky + E)D = 1, I = DE, and D is represented by a curve C' €
Vitp, (D,,0,0,p°,0) with RC C F.

In the first case, Wy p, (—(Ky + E),0,€5,0,0,0) = A=1) 2% where A is
the number of supporting curves L', L" whose real part is contained in F . In
the second case, W;F+7¢(D,a,0,0,pb,(b) = (—1)C20%,

(2) Assume that W;F+,¢(D7 a, 7, A p° () # 0 and D is a pair of divisor classes.
Then,
(2i) either D = {E', E}}, where E, El € E(E) are complex conjugate,
(2ii) or D ={L',L"} and the supporting curves L', L" are complex conjugate.

In the first case,

Wi, J{EL E3},0,0,e0,0,0) = (—1)FieetPiors,
W£F+,¢({E17E;}»0>07€1,@,@) = (—1)E50W+Card(EiﬂFf)+E;oE§.

In the second case,

W}%F_,_,cp({_(KY + E)? _(KY + E)}70707627®7®) =1.

Proof. The statement can be easily derived from Lemma 3, taking into account
that L' oo =0 mod 2 in (2ii) (cf., the proof of Proposition 9). O

We skip p” and p! in the notation of the numbers appearing in Propositions 13
and 14, and write W§F+M(D,oz, B, Bm) for these numbers calling them sided w-
numbers.

3.9 Sided w-numbers in deformation diagrams

Let (Y, E, F, ) be a dividing basic quadruple, and let (D, «, 3,0, p°) be an admissible
tuple such that D = D is a divisor class and Ry (D, 3) > 0. Choose a sequence p*
of Ry (D, B) points in F,, and assume that the pair of point sequences p’, p* is in a
Dy-CH position with respect to some divisor class Dy € Pick, (Y, E).

Put k = min J*, where p* = {p;(0;) : j € J*} (see Lemma 5), and denote by V
a deformation diagram of (D, a, 3,0, p’, p* \ {pr}, ).

Lemma 15 Let 8; > 0, and C € VEA(D,O( +ej, 8 —¢;,0,p" U {pr(0)},p* \ {p})
intersects E at py,(0) with multiplicity j. Then, the real leaves of V that are generated
by the root C consist of two curves C1,Cy € VEﬂ(D,Oz,ﬁ,O,pb,pﬁ), and uif(Ci) =
p5(C), i=1,2.
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Proof. Choose local coordinates z,y in a neighborhood of pi(0) so that E =
{y:O}7 F, = {y > O}a Ay = {(Ovt) tt2 0}7 and

CZ{&y+bxj+ Z cmnasmy":O}, a,beR".

m-+jn>j

Since card(RC'NF_) < oo, the multiplicity j is even, and ab < 0. Hence, the root C'
has two real branches given in a neighborhood of pg(0) by (¢f. [18, Formulas (22)
and (23)])

Ci(t) = {ay +b(z +7) + Z O(r) - (z+71)™y" = 0} ,

m-+jn>j

where 7 = (_%)1/3 tYi 4 o(t/7) for i = 1, and 7 = — (—%)1/3 Y7+ o(t'/7) for
i = 2. For each curve C;(t), i = 1,2, one has pu3(C;) = p(C). Indeed, the above
local formula insures that the topology of the curves is preserved in a neighborhood
of px(0); outside of a neighborhood of pi(0), the equality required follows from

Lemma 7. |

Lemma 16 Let C = EUC be a root of V such that C' generates at least one leaf
belonging to V§F+(D,a,6,0,pb,pﬁ). Then, C' splits in primary components from
the following list:

(1) pairs of reduced complex conjugate components as described in Lemma 3(2);

(i1) real reduced components, whose all intersection points with E are
real and have even multiplicity;  each of these components be-
longs to VSFJr(D’,o/,B’,O, ("), (p*)") for a certain Dy-proper tuple
(D, 8,0, () (P°));

(111) non-reduced components s'L', s"L", where L' 1" € | — (Ky + E)| are the
supporting curves, and, in addition, s = s" if L', L" are complex conjugate;

(iv) non-reduced components sL(z), where s is even, z € p*\ {pr}, and L is the
curve belonging to | — (Ky + E)| and passing through z;

(v) non-reduced components iL(py;), where i is even, p;; € p’, and L(p;;) is the
curve belonging to | — (Ky + E)| and passing through p;;.

Moreover,

(1) pairwise intersections of distinct primary components are either empty, or
transversal contained in Y \ E, and all reduced primary components are im-
mersed and are nonsingular along F,
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(2) the intersection multiplicities of C and E at the points C N p® are encoded by
a vector & < «,

(3) there exists a conjugation invariant set z C CNE \ p’ containing exactly
one point of each irreducible component of C and such that the intersection
multiplicities of C' and E at the points of C N E \ (p° U z) are encoded by the
vector [3.

Proof. The statement follows from [18, Proposition 2.6]. The fact that each
real reduced primary component of C' intersects E only at real points is guaranteed
by Lemmas 3 and 6; these intersection points have even multiplicity due to the
assumption that the C' generates a leaf belonging to VE&(D, o, 3,0,p°, p"). O

To describe the leaves of deformation diagrams with reducible roots, we use the
deformation labels (DL1)-(DL9) introduced in [15, Section 3.3]. They are certain
curves on toric surfaces, associated to Newton polygons of their defining polynomials.
We recall here the formulas of deformation labels used below (some formulas are
slightly modified by a conjugation-invariant coordinate change), where cheby(t) =
cos arccos kt is the k-th Chebyshev polynomial and y; is the only simple positive
root of cheby(t) — 1:

(DL2); for an even j > 0, two deformation labels defined by the equations
Ya(z,y) =y’ +1 -y chebj(z), o(z,y) =r(zv=1y) .
(DL3); for an even i > 0, a deformation label
(2 =1y —2)=0,
(DL5) for an even s > 0, two deformation labels
(z=D(((y£1)°+1)-1) =0,

(DL6)s for an even s > 0, a deformation label

y+ 2 y _
2 (1 — chebg g (ys+1 - m)) —-1=0,
(DL7), for an odd s > 0, two deformation labels

y+
2y

Yo
<Chebs+1 <ys+1 + m) - 1) +1=0, g ==1,

(DL8), for s > 0, s + 1 pairs of complex conjugate deformation labels

y++/—1a? ye
2y (Chebs+1 (2(8_1)/(8_,’_1) + ys—l—l) - 1> =0 )

— /=122 z
14T (Chebs+1 (L +ys+1) - 1) =0,

2y 2(s=1)/(s+1)

1+

where 571 = 1.
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Lemma 17 Let a curve C = EUC € |D| be such that the primary components
of C' belong to the list (i)-(v) and satisfy conditions (1)-(3) in the statement of
Lemma 16. Then, the curve C is a root of V. It generates at least one leaf that
belongs to V§F+ (D, a, 3,0,p°,p%) if and only if C does not have a component L' or
L" which is real with the real point set contained in F_. If the set of leaves generated
by C' and belonging to V;EFJr(D, o, 3,0,p°, p") is non-empty, then it is in one-to-one
correspondence with the following data:

e aset zCCNEN\P satisfying the condition (3) of Lemma 16,

e a collection DL of deformation labels chosen as follows:

- a deformation label of type (DL2); for each point q € 2’ satisfying (C -
E), = j, where z' C z consists of the points which do not lie on the primary
components s'L', s"L", iL(p;;), sL(z) of C,

- a deformation label of type (DL3); for each primary component iL(py;) of C,
- a deformation label of type (DL5), for each primary component sL(z) of C,

- a deformation label of type (DL6)s or (DL7)s for a real primary component
sL' (resp. sL") of C, according as s is even or odd,

- a pair of complex conjugate deformation labels of type (DL8)s for a pair of
complex conjugate primary components sL', sL” of C.

Proof. Since the primary components of C' belong to the list (i)-(v) and satisfy
conditions (1)-(3) in the statement of Lemma 16, [18, Lemma 2.20] implies that
C is a root of the deformation diagram V', and the leaves of V are in one-to-one
correspondence with the set of pairs (z, DP), where 2 € CNE \ p° is a set of
points satisfying the condition (3) of Lemma 16, and DP is a conjugation-invariant
collection of deformation patterns

{U, : qe2'}, {Wirp, : iL(py) CC}, {Ware) @ sL(z) C C},

{\IJS,L/ s C é}, {\IfsuL// : §"L C C’},

where iL(p;;), sL(z), s'L’, or s”L” run over the corresponding primary components
of C, and W, denote specific curves on toric surfaces introduced in [18, Section 2.5.3].
We consider these pairs (z, DP) in detail, prove that they induce leaves, belonging
to V&{ﬂ(D, a, 3,0, p’, p*) if and only if C' does not have a component L’ or L” which
is real with the real point set contained in F_, and bring deformation patterns to
the form of deformation labels.

A deformation of C' into any leaf-curve C € Vyr (D, o, 3,0,p°, p*(t)), where
pi(t) = (P* \ {px}) U {pr(t)}, t > 0, can be described by a family of sections of
HO(Y,Oy(D)):

ST, +1°T., 7 € (C,0), 7°=t, (11)
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where S, Ty, Tpy are real, S~*(0) = E, Ty *(0) = C. In addition, S and T} are negative

in F_ (except possibly for a finite set), and

S(pr(t)) >0, To(pr(t)) <0, To(pe(t)) >0 ast >0, (12)
To(z) >0 forall z€RE\p.

Indeed, formula (11) follows from [18, Lemma 2.10]. Observe that S does not
divide Ty in view of t = 7% (see (11)). Hence T; *(0) intersects F at finitely many
points and with even multiplicities, since the same holds for each curve C, = {ST, +
7T, = 0}, 7 # 0. This claim combined with the facts that card(RC' N F_) < oo,
card(RCNF.) < 0o, (ST, + 75T, ) (p(t)) = 0 for all ¢t > 0, and with the assumption
a+ f e ZT " yields all sign conditions (12).

Given a point ¢ € 2/, the intersection multiplicity j = (C - E), is even by Lemma
16. Choose local real coordinates x,y in a neighborhood of ¢ in Y so that £ = {y =
0}, ¢ = (0,0), F. = {y < 0}. Then in formula (11), we get Ty = y — 227 + h.o.t.,
Ty = a + h.o.t., where a > 0 due to (12). Thus, by [18, Lemma 2.11], there are two
real deformation patterns ¥, given by y* — 2yP(z) + a = 0 with P(x) = 27 + Lo.t.,
and they can be brought to the form (DL2); by a transformation

Y(x,y) = M, vy), A p,v >0, (13)

Given a primary component iL(p;;) of C' (with i even by Lemma 16), it has a
unique deformation pattern W;z,,.) (see [18, Lemma 2.15]) which is real and can be
brought to the form (DL3); by transformation (13).

Given a primary component sL(z) of C' (with s even by Lemma 16) and an
intersection point ¢ € L(z) N E belonging to z, we are interested in deformation
patterns that describe a deformation of C' in a neighborhood of L(z) such that the
intersection point ¢ of sL(z) and E smoothes out, and the other intersection point
of sL(z) and FE turns into an intersection point of multiplicity s of the deformed
curve with E. Choose real coordinates z,y in a neighborhood of L(z) so that
L(z)={y =0}, E={z+y*+ 2y =0}, ¢ = (0,0), 2 = (20,0), and L(z) N F, =
{(x,0) : 0 <z < 1}. In particular, 0 < xy < 1, since z € p* C F,. By [18,
Lemma 2.16(1)], deformation patterns for the pair (sL(z),(0,0)) are of the form
Uorey = {M(z,y) = 0}, where

h(z,y) =2f(y) +a, fly)+a=(y+E)° §€C, xf(0)+a=0,

and —a = Ty(z) > 0 by (12). From this we easily derive that £* = —a% > 0,
obtaining two real deformation patterns that can be brought to the form (DL5), via
transformation (13).

If C D s(L'UL"), where L', L are complex conjugate, then there are s pairs
of complex conjugate deformation patterns for these primary components (see [18,
Lemma 2.13]), which can be brought to the form (DLS)s.
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Let L' be real, RL’ € F,, and C D sL’. By (11) and (12), we can choose real
coordinates z,y in a neighborhood of L’ so that

{ LI'={y=0}, S=y+a2+ay, q=(0,00=ENL, (1)

F, ={S>0}, To=y((=1)*"+hot), c=Ty(q) >0.

Substituting this data to the formulas of [18, Lemma 2.13], we obtain that the
(complex) deformation patterns of sL’ are given by the formula

Uy ={(y +2°)f(y) +c (-1)"" =0}, (15)

where

s+1
yf(y) +c(=1)" = % <Ch€bs+1 <(2s—1c (_§§J5+1)1/(s+1) + ys+1> + 1) ;
(16)
£t = 1. If s is even, then there exists a unique real deformation pattern, and via
transformation (13) preserving the terms y + 22 in the above equation S(z,y) = 0
for £ we can bring it to the form (DL6),. If s is odd, then there exist two real
deformation patterns. Indeed, the equation for W ;, can be rewritten as

Chebs+1 ((25713)% + ys+1) +1

Chebs+1 ((25*1%% + ys+1> -1

at=—y- (17)

with (2571c)V/ ) > 0, & = 1. It is easy to bring them to the form (DL7), via
transformation of type (13).

Suppose that L’ is real, RL’ ¢ F_, and C contains a primary component sL’,
s > 0. Then we are in the conditions of the preceding case with the only change
that F_ = {S > 0} in (14). One can easily see that all the real deformation labels
(DL6)s and (DLT7)s produce a one-dimensional branch in the domain {S > 0} = F._|
which is not possible for leaf-curves in VQ‘?&(D, o, 3,0,p°, p). O

Introduce the following numbers:

o 1T (V) = (—1)*W and pu=(¥) = (=1)* ) where ¥ is a deformation label
of type (DL2);, s(V) is the number of solitary nodes of ¥, and s~ (¥) is the
number of solitary nodes lying in the domain y > 0;

o (V) =p (¥) =1, where ¥ is a deformation label of type (DL3); or (DL5);

o uF (V) = (—1)*% and p=(¥) = (—1)* ™), where VU is a deformation label of
type (DL3); or (DL5),, s(¥) is the number of solitary nodes of ¥, and s (V)
is the number of solitary nodes lying in the domain y + 22 > 0.

Let uij, ,uf)fﬂ ,ugfs, ugfs, and ,u%s be the sums of the numbers p* (V) over all defor-
mation labels of type (DL2);, (DL3);, (DL5),, (DL6),, and (DL7)s, respectively.
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Lemma 18 We have

0, 7=0 mod4

5. =0, 5 =1 ’ 18
M2, Ha {2, j =2 mod 4, (18)
P =1 Hi.=2, (19)

2, s=1 mod4

+ + — ) ’
=1, . =0, s = 20
H6,s a a {O, s =3 mod 4. (20)
Proof. All the relations follow from a direct computation. O
Let ¢ = E UC be a root of V such that C generates a leaf C €

V;}?&(D, a, 3,0, p", p*) corresponding to a pair (z, DL) (see Lemma 17). Introduce
the following numbers:

e for each point ¢ € 2’ (where 2’ C z consists of the points which do not lie on
the primary components s'L’, s"L", iL(p;;), sL(z) of C), put u*(C,q) = ,ugtj,
where j = (C' - E),;

e for each primary component sL(z) of C, put u*(C,sL(z)) = 145 s

e for each real primary component sL' of C, put u*(C,sL') = ués or u%s ac-
cording as s is even or odd.

Lemma 19 Let C = E U C be a root of V such that C generates at least one
leaf belonging to V}]EFJr(D, o, 3,0,p°,p"), and let Lf(C) be the set of all such leaves.
Then,

S° i) = (~)Fe ey 2 M (0) - Y [[ (G (21)

CeLf(C) z qez’

where C™ is the union of all reduced primary components of C' different from L', L”,
the exponent m is the number of primary components sL(z) of C, the factor M*(C)
equals (—1) 200 £ (O S LY (s"L") if S'L' and s"L" are real primary com-
ponents of C, and equals s + 1 if C' contains a pair of complex conjugate primary
components sL',sL", and finally, z runs over all subsets of C N E \ p° satisfying
condition (8) of Lemma 16, and z' C z consists of the points which do not lie on
the primary components s'L’, s"L", iL(p;;), sL(z) of C.

Proof. Let C € Lf(C). By [18, Lemma 2.9], singular points of C (regarded as
a small deformation of C') appear in a neighborhood of Sing(C'). Furthermore, the
local branches do not glue up in local deformation of singular points in Sing(C"¢?),
of intersection points ¢ € p’U (C’ﬂ E)\ z, and of the intersection points of Ced with
the other primary components of C. In particular, first, local deformations of the
intersection points of C"? with other primary components of C' and of the points
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¢ €p’U(CNE)\zdo not bear solitary nodes, and, second, due to Lemma 7, the
multiplicative contribution of Sing(C"*?) to ,ui(é) is ui(é’red). Local deformations
of the primary components iL(p;;), sL(z), s'L’, s"L" of C' and of the points q € 2’
are determined by the corresponding deformation labels so that the solitary nodes
of 6’, which appear in these deformations are in one-to-one correspondence with
the solitary nodes of all deformation labels involved. Deformation labels of type
(DL3);, (DL5)s, and (DL8)s do not have solitary nodes. The solitary nodes of the
other deformation labels, which belong to the domains indicated in the definition of
numbers p~ (V), correspond precisely to the nodes of C belonging to F,. It follows
from the fact that, in the coordinates x,y in the equations of a deformation label
¥, this domain defines an intersection of F, with a neighborhood of a point ¢ € 2’
or with a neighborhood of real primary components s'L”, s”L" of C.

Then, formula (21) immediately follows from Lemmas 16 and 17. O

3.10 Formula for sided w-numbers

Theorem 3 Let (Y, E, F, ) be a dividing basic quadruple.

(1) For a divisor class D € Pic% (Y, E) and vectors o, ™, f™ € LT such that
I(a+ B +28™) = DE and Ry (D, 8" + 28™) > 0, one has

W;F_;,_,gp(D? a?ﬁre7ﬁim) =0 ; (22)

provided that either o & 27", or ™ & 75", or f™ # 0.

(2) For a diisor class D € Pict (Y, E) and vectors a, 8 € ZT " such that
I(a+ 8) = DE and Ry (D, ) > 0, one has:

(2i) If (Ky + E)D =0 or (Ky + E)D < —2, then
Wip, (D, 5,0)=0. (23)
(2ii) If (Ky + E)D = —1, then
Witp, (D, o, 8,0) =200IWit, (D a+ 3,0,0) . (24)
(2iii) If (Ky + E)D = —2, then

W;F+7¢(D,a,5,0):2 Z W;F%W(D,oz—i—ej,ﬁ—ej,O)

J22, B;>0

n—1(__1\E1 /200 1\ o (L j500),+ a . + (4)
4" (—1)Fr2ov Z( 1) 12080+ (2]) (a(o))HWYvFW’(D ,0,0,€1)

(25)
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where L € | — (Ky + E)| is real with RL C F', n = Ry (D, 3),

1, ifl =0,

1, if the supporting curves L', L" are real and either
RL Cc F,, RL"C F_ orRL C F_, RL" C F ,

nt(2l) =< 1+1, if either the supporting curves L', L" are imaginary,

or L' L' are real and RL' URL" C F ,

0, if | > 0, the supporting curves L', L" are real,
and R URL" C F_,

(26)
and the second sum in (25) is taken over all integers | > 0, vectors a0 < Q,
and sequences of distinct tuples

(DY,0,0,e1), 1<i<m, (27)
such that

e cach DY ¢ Pict (Y, E) is a pair of divisor classes that is different from
(—(Ky + E), —(Ky + E)) and satisfies [DW]E = 2, Ry(D®,2¢;,) = 0,

e D—E=Y" DY~ (2l + 1o + I8)(Ky + E);

the second sum in (25) is factorized by permutations of sequences (27).

(3) For any divisor class D € Pic%_ (Y, E) and vectors a, 8 € Z " such that
I(a+ B) = DE and Ry (D, ) > 0, one has

Wyp, o(D,0,3,00=2 > Wyp (D,ate;,B—¢;0)

j=2, ;>0

Eija0p (1a® 430 Ly oy A a (n—1)!
+(=1) .Z(_l) - B0)] n- (1) a®a® ] p1 p1

m

re) (2) A A A o
X H (((ny(i)) ) W;»FJr,«p(D(Z)’ a(Z)’ (6re)(z)7 (Blm)(z)>> ) (28)
i=1
where L € | — (Ky + E)| is real with RL C F,

n = Ry(D,ﬂ), n; = RY(D(Z)ﬂ (ﬂre)(i) + 2(/61m)(l))7 L= 17 eymo,
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1, ifl =0,

1/2+1, if l is even, L', L" are imaginary,
0, if I is odd, L', L" are imaginary,
0, if 1 >0, L', L" are real,
RL,RL" C F_,
(1/2 +1)(2 — (—1)?), if | is even, L', L" are real,
0 () = RI/,RL" C Fy, (29)

2(1 + (—1)0=D/2)(—1)F1/2%¢ if L is odd, L', L" are real,
RL ,RL" C F,,

1, if 1 is even, L', L" are real,
RL' Cc F,, RL" C F_,

(14 (=1)=D72)(—1)H20%, if  is odd, L', L" are real,
RL Cc F,, RL" C F_,

\
and the second sum in (28) is taken
e over all integers | > 0 and vectors o < a, B < gre;

e over all sequences
(DY, o, (5°)@, (™)), 1 <i<m, (30)
such that, for alli=1,...,m,

(3a) DY € Pic® (Y, E), and DY is neither the divisor class —(Ky + E), nor
the pair {—(Ky + E), —(Ky + E)},

(30) I(@?+(8)D+2(6™) W) = [DY]E, and Ry (DY, (67)9+2(6™)@) > 0,
(3¢) DY is a pair of divisor classes if and only if (™)@ # 0,

(3d) if DY is a pair of divisor classes, then n; = 0, o = (8)®) =0, and
(/611‘[1)(2) =e,

and
(3¢) D—E =" [DY] - (I +1a® + IBO)(Ky + E),

(3f) oo a® < a, 3 (8)@ = B,
(39) each tuple (DD, 0, (5*)D, (8™)D) with n; = 0 appears in (27) at most

once,
e over all sequences

,_)/(7,) e Zio, odd- even

satisfying
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DY s a divisor class,

(3h) |7 ?| { D) i=1,..,m,

15 a pair of divisor classes,
(3)2) Bre 1) m, and Z:?il ((ﬁre)(z) _ ,y(z)) — Bre _ B(O);

the second sum in (28) is factorized by simultaneous permutations in the sequences
(30) and (31).

(4) All sided w-numbers W§F+7@(D, @, 3,0), where D € Pick (Y, E) is a divisor
class and Ry (D, ) > 0, are recursively determined by the formulas (23), (24), (25),
(28) and the initial conditions given by Proposition 14.

Proof. We follow the main lines of the proof of the recursive formula in [15,
Section 3.

Proof of (1). The statement is clear for v & Z3 " or f* & 23", since the
curves in count must have a non-empty one-dimensional part in F_ contrary to the
definition of Vi, (D, o, B¢, ™, p’,p"). In the case B™ # 0, the statement follows
from Lemma 6.

Proof of (2i). 1f (Ky + E)D = 0, then either D* = —1, DE = 1, or D =
—(Ky+FE), DE = 2, and in both situations, VQI?&(D, a,3,0,p°) = 0. Indeed, in the
former case, we have DE = — DKy = 1; in the latter case, the condition Ry (—(Ky+
E),B) > 0 yields § = 2e;, and both conclusions contradict the assumption § €

Zoo7 even.
Let (Ky + E)D < —2. The leaf-curves from V§F+(D, o, 3,0,p°, p*) generated by
any reducible root-curve C' = E U C do not contribute to W;CF+’¢(D, o, 3,0,p°, p*).

Indeed, C' must contain a reduced real primary component, since (Ky +E)(D—E) <
0 and Ky + E vanishes on all imaginary or non-reduced primary components of C
(¢f. Lemma 16). Hence, the total contribution of the leafs C' € Lf(C) is zero in view
of the factor u*(C,q) = 0 (see formula (18)) in (21). Thus, by Lemma 15,

Wit o(D,a,8,0,p",p*) =2VIW (D, a+B,0,0,(p°), (p")) . (32)

However, Ry(D,0) = —(Ky + E)D — 1 > 0, that is (p*)’ # 0, and, as explained
above, the right-hand side of (32) must vanish.

Proof of (2ii). Notice that D — E is not effective, since —(Ky + E)(D — E) = —1
and —(Ky + F) is nef. Hence, there are only irreducible root-curves, and the formula
follows from Lemma 15.

Proof of Proposition 13 and assertions (2iii) and (3). All these statements follow
by induction on n = Ry (D, ) from Lemmas 15 and 19. Proposition 14 serves as
the base of induction.

In the right-hand side of formulas (25) and (28), the first sum runs over irreducible
root-curves and the second sum runs over root-curves containing £. We only explain
notations and coefficients occurring in the second sum:
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e the vector o®

iL(pij),

e the vector A encodes the multiplicities of the primary components of type
sL(z), and their multiplicative contribution amounts to 4181

encodes the multiplicities of the primary components of type

e the factors n™(2l), n~(I) are the sums of the contributions of the pairs of
primary components s'L'Us”L” (computed by (20)) over the range s'+s" = 21,
respectively s’ + s” =1,

e the vectors 7(¥) encode the intersection multiplicities j = (C'- E), of the points
q € 2’ (see Lemma 17) for the reducible root-curves C = E U C. O

4 ABYV formula over the reals

Let Y be a smooth rational surface, £ C Y a smooth rational curve. If the anti-
canonical class — Ky is effective, positive on all curves different from F, and Ky E =
0, we call the pair (Y, E) a nodal del Pezzo pair. (It follows from the adjunction
formula that £? = —2.) Notice that a nodal del Pezzo pair may be not monic log-del
Pezzo, and vice versa. Throughout this section we assume that (Y, £) is a nodal del
Pezzo pair.

An example of a nodal del Pezzo pair is provided by the plane blown up at a
generic collection of < 8 points subject to the condition that six of them belong to
a conic.

A nodal del Pezzo pair (Y, F) is an almost Fano surface in the sense of [22, Section
4.1], and thus by [22, Theorem 4.2] we have the following Abramovich-Bertram-Vakil
formula (briefly ABV formula):

GWo(Y,D) =)

m>0

DE +2m
m

>Ny(D —mE,0,(DE +2m)ey) , (33)

where D € Pic(Y') and Ny (D', 0, (D’'E)e;) is the number of rational curves C' € |D/|
passing through a generic collection of —D'Ky — 1 points in Y\ E.

4.1 Deformation representation of ABV formula

ABV formula (33) can be represented geometrically. Let 7 : X — (C,0) be a proper
holomorphic submersion of a smooth three-dimensional variety X (with (C,0) being
understood as a disc germ), where each fiber X;,¢ # 0, is a del Pezzo surface and
the central fiber Y = X, contains a smooth rational curve E such that (Y, E) is a
nodal del Pezzo pair.
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Remark 20 There is a natural isomorphism
Pic(%,) — Pic(Y), t#0, (34)

preserving the intersection form; for the sake of brevity we use the same symbol
for corresponding divisor classes in X, t € (C,0). To distinguish linear systems
themselves we use the notation |D|,.

Let D € Pic(X;) be effective for ¢ # 0 and satisfy —Kx, D — 1 > 0. Pick
r = —Kx,D — 1 disjoint sections z; : (C,0) — X, 1 < i < r, so that p*(0) =
{2(0), 1 <i < r}isageneric point collection in Y\ E, and p*(t) = {2(t), 1 <i <1}
is a generic point collection in Xy, t # 0. For each t € (C,0), denote by Vi(D, p(t))
the set of reduced irreducible rational curves C' € |D|x, that pass through p*(t).
It is well-known (see, for instance, [7]) that V;(D,p*(t)), t # 0, is finite, contains
GWy(Y, D) elements, and each element is a nodal curve (¢f. [16, Lemma 3]). By
[18, Proposition 2.1], for each m > 0, the set Vo(D — m£E, p*(0)) is finite, and its
elements are immersed curves crossing E transversally at DFE + 2m distinct points.
Thus, we have a diagram

C’ LN C’ — X
b7 1 I (35)
(C,0\ {0} = (C,00\{0} = (C,0)

where € is the union of GW;(Y, D) families of curves C' € Vi(D, p*(t)), t € (C,0) \
{0}, and C' is its normalization. The following statement follows from [22, Theorem
4.2].

Proposition 21 There exists a diagram

c - C <= X
|7 s U (36)
(C,0) = (C0) = (C0)
which extends the diagram (35) so that

(1) e C is the closure of C' in X;
e the fiber over 0 of each component of C is Cy UmE for some m > 0,
where Cy € Vo(D, p*(0));

e cach curve CoUmE with m >0, Cy € Vo(D —mE, p*(0)) appears as the

fiber over O for exactly (DEnth) components of C;

(2) e C is the union of GW,(Y, D) disjoint nonsingular surfaces;
e the fiber over 0 of each component ofg is either isomorphic to Pt with v :
Pt — Cy € Vo(D, p*(0)) birational, or is a nodal reducible rational curve
UZ’;OP(li) with some m > 1, Pb) ~ P! foralli =0,...,m, P%l), ...,P%m)
disjoint from each other, IED%O) intersecting each IP’%I), . ]P’%m) at one point,
and such that v : IP’%O) — Cy € Vo(D —mE, p*(0)) is birational, v IP’%Z.) —
E is an isomorphism for alli=1,...,m;
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e for each Cy € Vo(D — mE,p*(0)), m > 0, there are evactly (DE;:Qm)
components of C whose fiber | JI, ]P’%Z.) over 0 covers Cy, and they dif-
fer from each other by the image of the m-tuple P%o) NnU~, ]P’b)) in the
(DE + 2m)-tuple Co N E.

If the families X, C', and C' are defined over the reals, then so are the families

C and C. |

4.2 Nodal degenerations

Let 7' : X' — (C,0) be a holomorphic map of a smooth three-dimensional variety X’
such that the fibers X/, 7 € (C,0)\ {0}, are del Pezzo surfaces, the central fiber X}, is
a surface with one singular point z of type A; (node), the germ (X', z) is isomorphic
to (C3,0) with coordinates x1, r9, T3 in which the map 7’ is given by

7' (21, 2o, T3) = @123 + agxs + a3x§, ayasaz # 0 , (37)

and 7’ is a submersion at each point of X’ \ {z}. Such a family is called nodal
degeneration.

Make the base change 7 = 2, perform the blow up X' — X’ at z and obtain
a family 7 : X' — (C,0), whose fibers X}, ¢t # 0, are del Pezzo surfaces, and
1%6 =Y UZ, where Z ~ (P')?, E = Y N Z is a smooth rational (—2)-curve in
Y, and (Y, E) is a nodal del Pezzo pair. Here, E represents the class C; + Cs in
Pic(Z), C1,Cy being the generators of the two rulings of Z. We call the family

7 X' — (C,0) the unscrew of the nodal degeneration 7’ : X’ — (C,0).

Contracting Z to E along the lines of one of the rulings (see [2]), say, generated
by C, we get a family
7:X— (C,0) (38)

of smooth surfaces as in Section 4.1. The following lemma is straightforward.

Lemma 22 The family of curves C' in (35) lifts to a family of curves in 7 : X
(C,0) as follows: if a component of C' closes up in X with the central fiber C!, UmE,
C! € |D — mE|y, then this component of C' closes up in X' with a central fiber
clu C’{DEJFm) U C’ém), where CS™ is the union of m lines in |Cs|y attached to m
intersection points of C! and E, and C’{DEij) 1s the unton of DE 4+ m lines from
|C1|z attached to the remaining points of C! N E. a

Remark 23 A family of plane quartics with the central fiber () having one node z
induces a family of del Pezzo surfaces of degree 2 degenerating into a nodal del Pezzo
pair. In this setting, E s the exceptional divisor of the blow up of the node of the
double cover of the plane ramified along the nodal quartic, the six pairs of intersecting
(—1)-curves crossing E respectively cover the six lines in the plane passing though z
and tangent to QQ outside z, and, finally, the supporting curves L', L"” doubly cover
the tangent lines to () at the node z.
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4.3 Real versions of ABV formula

4.3.1 Ordinary and sided u-numbers

Let (Y, E) be a nodal del Pezzo pair such that Y and E are real, and RE # 0.
Denote by F' the connected component of RY containing RE and pick a conjugation-
invariant class ¢ € Hy(Y'\F,Z/2). Let D € Pick, (Y, E). Choose a generic collection
p' of —Ky D — 1 points in F'\ E.

By [22, Proposition 4.1(b)], the set V4 (D, p*) of rational curves in the linear
system |D| which pass through the points of p* is finite and consists of immersed
curves crossing F transversally at DE distinct points.

For any nonnegative integers k and [ such that k + 2l = DFE, define an ordinary
u-number Uy r (D, key, ley, p*) putting (cf. the definition of ordinary w-numbers in
Section 3.6)

Uv,pe(D, key, ley, p¥) = Z 1 (C) (39)

CeVE(D,key ler,pt)

where VE(D, key, le, p*) C Vi (D, p*) is formed by the curves intersecting RE in k
points (and intersecting '\ RE in [ pairs of complex conjugate points) and p.,(C) is
defined by (4). If F'\ E splits into two components F, and F_, the configuration p*
lies in F,, and DFE is even, then define a sided u-number U;F+’@(D, 0,(DE/2)ey, p*),
putting

Usp, o(D,0,(DE/2)ey, p*) = > 1,(C) (40)
C’EV{;&:&L (D,0,(DE/2)e1,pt)
Uy p, o(D,0, (DE/2)e1, p*) = > 1, (C) (41)

C€V5F+ (D,0,(DE/2)e1,pt)
where
Vie, (D0, (DE/2)er,p*) = {C € VE(D,0,(DE/2)e1,p*) : card(C N F.) < oo}

and p (C) is defined by (10).

We say that a quadruple (Y, E| F, ) has property (R) if for any divisor class
D € Pict (Y, E) and for any connected component F of F \ E, there exists a
generic collection p* of —Ky D — 1 points in F (referred to as Rp p, -collection or
Rp-collection) such that, for any m > 0 with D —mE € Pic} (Y, E), the following
holds:

(R1) Uyp,(D —mE,0, key,ler, p*) = 0 whenever | > 0,

(R2) if F'\ E splits into two components and the intersection DE' is even, then
U;F-HP(D —mE,0,(DE/2)e1, p*) = 0.
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Proposition 24 Let (Y, E) be a nodal del Pezzo pair such that Y and E are real,
and RE # (). Denote by F the connected component of RY containing RE and pick
a conjugation-invariant class ¢ € Ho(Y \ F,7Z/2). Assume in addition that (Y, E)
s monic log-del Pezzo.

(1) Pick a divisor class Dy € Pick (Y, E) such that dim |Do| > 0. Let D €
Prec(Dy) be a divisor class, and let p* be a collection of —Ky D — 1 points in Dy-CH
position in F\ E. Then, for any nonnegative integers k and | such that k+2l = DFE,
one has

UY7E,L,0<D7 kelv lelypti) = WY,E,QO(D7 07 kelv lela ®7pﬁ)

If F\ E splits into two components F, and F_, the collection p* is contained in F,,
and DE' is even, then

UX:E,F+,¢(D7 07 (DE/2>617pﬁ> = W;’%FJHL,D(D? 07 07 (DE/2>€17 ®7pﬁ)

The numbers Uy g (D, key,lei, p*) and U;F+7@(D,O, (DE/2)e1,p*) do not depend
on the choice of a collection p* in Dy-CH position.

(2) The quadruple (Y, E, F, ) has property (R).

Proof. The equality of ordinary (respectively, sided) u- and w-numbers is tau-
tological. The invariance of the u-numbers considered follows from the invariance
of w-numbers; for the latter invariance see Propositions 8 and 13. O

4.3.2 ABY formulas for Welschinger invariants, I

As in Section 4.1, let 7 : X — (C,0) be holomorphic submersion of a smooth three-
dimensional variety X, where each fiber X;,¢ # 0, is a del Pezzo surface and the
central fiber Y = X, contains a smooth rational curve E such that (Y, E) is a nodal
del Pezzo pair.

Suppose that X possesses a real structure Conj : X — X such that
mo Conj =conjorm (42)

(where conj is the standard real structure on (C,0)). We get a family 7 : X =
7 HR,0) = (R,0) — (C,0) of real surfaces, the fibers X, t € (R,0) \ {0}, being
real del Pezzo surfaces, and (Y, E) being a real nodal del Pezzo pair. Assume that
RE # (). Denote by F, the connected component of RY containing RE and pick a
conjugation-invariant class ¢g € Ho(Y \ Fy,Z/2). The family RX — (R, 0) is topo-
logically trivial. We extend Fj to a continuous family F} of connected components
of RX,, and extend ¢y to a continuous family of classes ¢, € Ho(RX; \ F}, Z/2),
t € (R,0).

Theorem 4 (1) The isomorphism Pic(%;) = Pic(Y) is conjugation invariant and
induces an isomorphism Pic®(%X,) = Pic®(Y), t € (R, 0).
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(2) For any real effective divisor class D on X;, t # 0, one has
W(xta D7 Ev (;Dt) - W(%ty D + (DE)Ea Ft7 th) .

(3) Assume that the quadruple (Y, E, Fo, o) has property (R). Then, for any
t € (R,0), t #0, any divisor class D € Pic®(%,), and any Rp-collection p* C [\ E,
the following equality holds:

DE +2m

W (X, D, Fy,0) = Y (—1)mFrzo00
(D, Frog) = Y (-1yeeeen (P84

m>0

)UY,EWO(D—WE, (DE+2m)ey, 0, p) .
(43)

Proof. The first statement follows from Pic(X,) = H?(%,;7Z) and Pic®(%,) =
Ker(1 + Conj|},), t € (R,0).

For the second statement, without loss of generality, assume that DE = —d < 0
and choose a continuous family of collections pg C F; of =K x D —1 distinct points so
that pg is generic in Fy \ E. We establish a one-to-one correspondence between the
sets M; and Ms of real rational curves in |D|x, and |D — dE|x,, respectively, passing
through pf , such that the correspondence preserves the Welschinger signs. Indeed,
by Proposition 21, degenerations of curves from M; are of type C'U(d+s)E, s > 0,
where C' € |D — (d+ s)E|y is a real rational curve passing through pf: furthermore,
to each such a curve C' and a conjugation invariant subset w C C' N E of d + s
points there corresponds a unique curve in M, and its Welschinger sign coincides
with that of C'. Similarly, degenerations of curves from M, are of type C' U sFE,
C € |D — (d+ s)E|y as above, and to each subset (CNFE)\w C CNE of s points
there corresponds a unique curve in Ms, and its Welschinger sign coincides with that

of C.

To prove the third statement, notice that, since the quadruple (Y, E, Fy, o) has
property (R), the degenerate real curves to consider are of type C' UmE, m >
0, where C € V(D — mE,0,(DE + 2m)ey,0,p*), and the Welschinger sign of
each real rational curve in X;, t # 0, appearing in a deformation of C' U mFE is
(—1)™@Eo?)y (C'). Thus, formula (43) follows from Proposition 21. 0

4.3.3 ABY formulas for Welschinger invariants, 11

Assume that a nodal degeneration 7’ : X' — (C,0) possesses a real structure Conj
which lifts the standard complex conjugation conj : (C,0) — (C,0), and each real
surface X_, 7 € (R, 0), has a non-empty real part. Notice that the node z of XJ, is real.
The real structure Conj lifts to a real structure 65_n/j on the unscrew @ : X' — (C, 0)
of 7'+ ' — (C,0). The quadric Z C X} is real. We call the unscrew @ : X’ — (C, 0)
hyperbolic, respectively elliptic, if RZ ~ (S1)?, respectively RZ ~ S? (we do not
consider the case RZ = ().

In the case of a hyperbolic unscrew, both rulings of Z are real. The contraction
of Z along one of the rulings leads to a family of smooth real surfaces 7 : X — (C,0)
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(¢f. Section 4.2). Thus, Theorem 4 applies and gives Welschinger invariants of the
real del Pezzo surfaces Xy, t € (R, 0)\ {0}, via w-numbers of the real nodal del Pezzo
pair (Y, E) by formula (43).

Theorem 5 Assume that the unscrew 7 : X' — (C,0) of a real nodal degeneration
' X' — (C,0) is elliptic. Then, the following holds.

(1) The isomorphism Pic(X,) = Pic(Y), t # 0, induces a monomorphism
Pic®* (X)) — Pic®(Y), t € (R,0)\ {0}, and the image of the latter is orthogonal
to [E] € Pic®(Y).

(2) Suppose that F'\ E is connected, where F' is the component of RY containing
RE. Let F; be a component of R%g merging to F' ast — 0. Choose a class ¢ €
Hy(RY \ F,Z/2), and denote by ¢, the class in Hy(RX,\ Fy, Z/2), t € (R,0)\ {0},
which converges to ¢ ast — 0. If the quadruple (Y, E, F, ) has property (R), then
forany t € (R,0), t # 0, any divisor class D € Picﬁ%(%&) such that D* > 0, and any
Rp-collection p* C F'\ E, one has

W (X}, D, F;, 1) = Uy o(D,0,0,p°) . (44)

(8) Suppose that F'\ E splits into two components F,,F_, and R%@ contains two
connected components F'y ; and F_ ; which merge to F'y and F_, respectively. Choose
a class ¢ € Hy(RY \ F,7Z/2), and denote by p; be the class in Hg(R%Q \ F1,Z/2),
t € (R,0)\ {0}, which converge to ¢ ast — 0.

(i) If the quadruple (Y, E, F, ) has property (R), then, for anyt € (R,0), t # 0,
any divisor class D € Pick(X}) such that D* > 0, and any Rp.p, -collection
p* C F, one has

W(X, D, Fyv, 1) = Uy, (D,0,0,p%) . (45)

(i1) For anyt € (R,0), t # 0, any divisor class D € Pic{%(}%;) such that D* > 0,
and any generic configuration p* C Fy of —Ky D — 1 points, one has

W(X,D,Fyy F_yUg,) = Uy p, o(D,0,0,p") . (46)

Proof. The action of Conj in Pic(X])) = H%(X};Z) and Pic(Y) = H?*(Y;7Z)
does not commute with the natural (as in Remark 20) isomorphism H?(X};Z) —
H?(Y;Z), but differ by a composition with the reflection in [E] € H?(Y;Z). This
implies the first statement.

Pick a divisor class D € PiCI_Rﬁ(I%Q), t # 0, such that D? > 0, take disjoint sections
2z (R,0) - RX', 1 <i < —KyD —1, and consider the limits that the real rational
curves in |D|§2 passing through {z;(t) hh<i<—xyp-1, t # 0, have in the central fiber
Y U Z. These limits are of type C], U C§DE+m) U C’Z(m) (see Lemma 22).

To prove statements (2) and (3i), assume that the quadruple (Y, E, F, ) has
property (R), and that p* = {2;(0)}i<ic_xyp-1 C F \ E is an Rp-collection. Due
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to property (R), the components C!/, € |D — mE]y, m > 0, of the limits of real
rational curves in |D’§e; must have real intersection points with F. However, such
curves C! cannot be completed to real curves in |D|y. Taking this into account, we
prove statements (2) and (3i) in the same manner as Theorem 4(3).

To prove statement (3ii), put p* = {2;(0)}1<i<_xyp_1, and notice that if the
limit curve contains as a component a real rational curve C €|D—-mE|y, m >0,
then C NRE = (). In the family {X] }eepo,], the surface X, = Y U Z deforms so
that F'y glues up with a component Z, of RZ \ E, whereas F_ glues up with the
other component Z_ of RZ \ E. In turn, each real rational curve C € |D — mE|y
with C N"RE = () can be completed up to a real curve on Y U Z in 2™ ways, when
attaching to each pair 2/, 2" € C' N E of complex conjugate points either the pair
C1 D {7}, CF D {2"}, or the pair C7 D {z"}, C4 D {z'}, where C7, CY belong to one
ruling of Z, and C%, CY to the other. Observe that one of the pairs (C7, CY), (CY, C%)
has a solitary node in Z,, which contributes the factor (—1) to the Welschinger sign
t, of the corresponding deformed curve in |Dl]x;, t > 0, whereas the other pair
has a solitary node in Z_ that does not affect u,. Hence, the total contribution

W(3~€;, D.F., F_;Uy;) of the curves coming from C' is zero, which proves formula
(46). O

Corollary 25 Let (Y, E) be a real nodal del Pezzo pair such that RE divides a
connected component F of RY into two parts, Fy and F_. Let D € Pic®(Y) be an
effective divisor class such that DE = 0 and D* > 0. Let ¢ € Hyo(Y \ F,Z/2) be a
congugation tnvariant class. Then, the sided u-number U£F+,¢(D7 0,0,p") does not
depend on the choice of a generic configuration p* C F, of —KyD — 1 points. O

Let 7' : X' — (C,0) be a real nodal degeneration. Assume that its unscrew is
hyperbolic; denote it by 7 : X" — (C,0). The unscrew of the nodal degeneration
obtained from the given one by the change of parameter 7 — —7 is elliptic; denote
it by 7¢: X¢ — (C,0). Let (Y, E) be the real nodal del Pezzo pair that appears
as a component of both X and X§. Let F be the connected component of RY
containing RE, and let F/* respectively, Ff¢, be the component (or the union of
components) of RX" respectively, RX¢, t # 0, which merges to F' as t — 0. Let
ol € Hy(XP\ F')Z)2), respectively, o € Ho(X5\ FF,Z/2), t # 0, be families of
conjugation-invariant classes converging to the same class ¢ € Ho(Y \ F,7Z/2) as
t— 0.

Corollary 26 Assume that the quadruple (Y, E, F,¢) has property (R). Let D be a
real effective divisor class on'Y such that DE = 0. Then,

W(X{,D,F5,,¢) = > (-1)"W(X},D—mE,F}',¢}), t#0,

mEZL

e . e
where FY , is any component of Ff.
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Proof. This is an immediate consequence of Theorems 4(2,3) and 5(2,3i), and
of the relation Y, _,(—1)™( 2H ) = 0 which holds for any integer k # 0. O

m—k

5 Positivity and asymptotics

5.1 Real del Pezzo surfaces of degree 2

The anticanonical linear system on a real del Pezzo surface X of degree 2 defines
a double covering X — P? branched in a nonsingular real quartic curve Qx C P2,
and thus identifies X with a hypersurface defined in the weighted projective space
P3(1,1,1,2) by equation u? = efx(z,y, z), where fx is a real defining polynomial
of Qx and € = £1. Therefore, as a topological space, RX is the result of gluing of
two copies of Rfy. = {p € RP? : efx(p) > 0} along their common boundary, if
this boundary is non-empty, and the disjoint union of two copies otherwise. Below
we always choose the sign for fy so that Rfy _ is non-orientable.

As is known, the real part of a real non-singular quartic is isotopic in RP? either
to the union of 0 < ¢ < 4 null-homologous circles placed outside each other (denote
this isotopy type by (q)), or to a pair of null-homologous circles placed one inside the
other (denote this isotopy type by 1(1)). In accordance with this notation and the
above sign-convention, the topological types of real del Pezzo surfaces X of degree
2 with RX # () are denoted below by (0)~, (q)¢, 1 < ¢ < 4, and 1(1)¢. For example,
the topological type of the plane blown up at a real points and b pairs of complex
conjugate points, a + 20 = 7, which we denote by Pz,b, coincides with (4 — b)~.

For surfaces X of type (¢)¢, 1 < ¢ <4, (0)~, and 1(1)*, the choice of a connected
component F' of RX does not affect the computation of Welschinger invariants;
indeed, for X of type (0)~ the two connected components of RX are interchanged
by the deck transformation of the above double covering, while for other types of X
with disconnected RX such an independence follows from Theorem 1(2).

As to surfaces X of type 1(1)~, they have two connected components: one, which
we denote F'°, is orientable, and the other one, F'™°, is not.

Notice also that the 28 bitangents of Qx lift into the 56 curves in X with self-
intersection —1, and that the curves of the linear system | — K x| are the pull-backs
of the straight lines in P2,

5.2 ABV-families

Any two real del Pezzo surfaces of degree 2 that have homeomorphic real parts are
deformation equivalent in the class of such surfaces (see, for example, [6], Theorem
17.3), and, as a result, they have the same system of Welschinger invariants. There-
fore, in the proof of Theorems 6 and 7, for each topological type, we pick a particular
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(@ (b)

Figure 1: Nodal quartics

real del Pezzo surface, X, that we include into an appropriate family with a special
fiber containing a real nodal del Pezzo pair, (Y, E).

If X is of type IP’Z’b, a+ 2b =7, (or, equivalently, of type (¢)~, 1 < g < 4), we
include X into a family X — (C,0), which is a holomorphic submersion possessing
a real structure subject to (42) and whose central fiber is a real nodal del Pezzo
pair (Y, E) (cf. Section 4.3.2). Namely, we specialize a conjugation-invariant set of
6 blown up points on a real conic Cy, E being the strict transform of Cy. We call
X — (C,0) a regular ABV-family of X.

Real del Pezzo surfaces X of degree 2 of other topological types can be included
into real nodal degenerations corresponding to nodal degenerations of quartics Q) x:
if X is of type 1(1)*, 1(1)~, or (1), we degenerate Qx into a nodal quartic shown
in Figure 1(a); if X is of type (0)~, the quartic Qx (having an empty real part)
degenerates into a nodal quartic with a one-point real part; if X is of type (¢)™,
2 < g < 4, we degenerate (Jx into a real nodal quartic as shown in Figure 1(b).
Then, for nodal degenerations of surfaces of types 1{1)* or (1)*, we take a hyperbolic
unscrew and call the result a hyperbolic ABV-family of X. For nodal degenerations
of surfaces of types 1(1)~, (0)~, or {g)*, 2 < ¢ < 4, we take an elliptic unscrew and
call the result an elliptic ABV-family of X.

5.3 F-compatible divisor classes

Let X be a real del Pezzo surface (which can be nodal). Denote by bh : Pic®(X) —
H,(RX;Z/2) the natural homomorphism which sends each real effective divisor class
D that is represented by a real reduced curve, say C, to [RC NRX]| € H;(RX,Z/2)
(cf. [3, 23]). If F is a union of some connected components of RX, then denote by
bhr the composition of bh with the projection Hy(RX;Z/2) — H{(F;Z/2).

Let F' be a connected component of RX. We say that a real effective divisor
class D on X is F'-compatible, if bhrx\p(D) = 0. It is clear that if a real effective
divisor class D is not F-compatible, then W (X, D, F, ) vanishes for any conjugation
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invariant class ¢ € Ho(X \ F,7Z/2).

Remark 27 The F-compatibility condition holds for all real divisor classes if
H(RX \ F,Z/2) = 0. Hence, the only cases with a non-trivial condition for del
Pezzo surfaces of degree 2 are as follows: either X is of type (0)~, or X is of type
1{(1)~ and F = F°. For example, —Kx is not F-compatible in either of these two
cases.

We use below the following characterization of the F-compatibility condition for
surfaces of types (0)~ and 1(1)~. A surface X of type (0)~ or 1(1)~ can be included
into an elliptic ABV-family with the central fiber Y U Z, where Z is a quadric
and Y is the plane blown up at three pairs of complex conjugate points on a real
conic Cy such that RCy # ), and at one more real point, which, in the case of
type (0)~, is chosen in the orientable component of RP? \ RC5, and, in the case of
1(1)~, is chosen in the non-orientable component of RP? \ RC,. Consider the basis
of Pic(Y") consisting of the pull-back L of a generic line and the exceptional divisors
Ey, ..., E7, where Fs;, Fo; 1 are complex conjugate, i = 1,2, 3, and FE is real. Since
the components of RX for X of type (0)~ are interchanged by an automorphism,
we can choose any of them, and from now on our choice will be such that, in the
above ABV-family, the chosen component F' merges to the component of RY \ F
that does not contain RFE;.

Following Theorem 5, let us identify Pic®(X) with a subgroup of Pic®(Y).

Proposition 28 For a divisor class D on a surface X of type (0)~ or 1(1)~ with
D e PicR(X), D=dL —d\F, —...—d;E7 as a divisor on'Y, we have

L4 in = d2i+1, 1= 172,3, and 2d = dg + ...+ d7,
e D is F-compatible if and only if

(FC1) in the case of type (0)~, the number dy = DE; is even,

(FC2) in the case of type 1{1)~ and F' = F °, the numbers d = DL and d, = DE;
are even.

Proof. Straightforward. O

We say that a divisor class D € Pic®(Y) is ' -compatible if it satisfies conditions
(FC1) and (FC2) introduced in Proposition 28.

5.4 Main results

Theorem 6 Let X be a real del Pezzo surface of degree 2 with a mon-empty real
point set RX # S?, and let F be a connected component of RX. If D is an F-
compatible nef and big divisor class on X, then

W(X,D,F,[RX\ F])>0 . (47)
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In particular, through any collection of —KxD — 1 points of F', one can trace a real
rational curve C' € | D).

Furthermore,

logW(X,nD,F,[RX \ F]) = —KxD -nlogn+ O(n), n— +oo. (48)

The proof of Theorem 6 is presented in Sections 5.5-5.8. Our strategy is to
degenerate X into a nodal del Pezzo pair and to apply Theorems 4 and 5 expressing
Welschinger invariants in terms of w-numbers. The obtained nodal del Pezzo pairs
are monic log-del Pezzo, which allows us to compute and estimate the above w-
numbers using Theorems 2 and 3.

Remark 29 Theorem 6 implies that the same positivity and log-asymptotic state-
ments hold for all real del Pezzo surfaces of degree > 3 and thus, in particular, it
covers all the cases studied in [11, 13, 14, 15, 20] (notice that the proof given in
[15, Section 4.1.1] for IP’;2 contains a gap). Indeed, one can turn any real del Pezzo
surface of degree > 3 into a del Pezzo surface of degree 2 blowing up an appropri-
ate number of real points, and then apply Theorem 6 to the divisors D which are
disjoint from the exceptional divisors of the blow up.

The following table contains the values of Welschinger invariants W (X, D, F, )
for D = —Kx or —2Kx and ¢ = 0 or p = pr = [RX \ F] (for surfaces of types (2),
(3)T or (4)™, the invariants do not depend on the choice of F' among the components

of RX).

[ D [ T@O [ [@ [O [IOF IO F [N, F [ MT [T BT [ @7
—Kx [ 0 8 6 4 2 2 0 0 0 [ 2] 4] -6
—Kx | or | 8 6 4 2 2 4 0 0 2 4 6
—2Kx | 0 || 224 | 128 | 64 | 24 32 0 0 8 0 0 0
—2Kx | pr || 224 | 128 | 64 | 24 32 48 24 8 24 | 40 | 72

The zero and negative values deserve a special comment.

e In the table above, the original Welschinger invariants (¢ = 0) take negative
values or vanish for the multi-component del Pezzo surfaces. This reflects a
general phenomenon stated below in Theorem 8.

e The vanishing of W (—Ky, (1)) appears to be a special feature of such del
Pezzo surfaces (see Theorem 7). Furthermore, this vanishing is ”sharp”: if the
only oval of a real plane quartic of type (1) is convex, then there is no real
tangent through a point inside the oval, and hence there are no real rational
curves C' € | — Kx| at all.

Theorem 7 Let X be a real del Pezzo surface of degree 2 with RX = S?. Then,
(1) for any real effective divisor class D on X, we have W (X, D,RX,0) > 0,
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(ii) the big and nef real effective divisor classes D on X such that
W(X,D,RX,0) > 0 form a subsemigroup in Pic(X); this subsemigroup con-
tains —mKx with m > 2 and all the divisor classes D' and D' — Kx, where
D’ is big, nef, and disjoint from a pair of complex conjugate (—1)-curves;

(111) if a big and nef real effective divisor class D on X satisfies W (X, D,RX,0) >
0, then

logW(X,nD,RX,0) = —KxD -nlogn+ O(n), n— +o0; (49)

(w) if a big and nef real effective divisor class D on X satisfies D* < 2, then
W(X,D,RX,0) =0 as long as —KxD # 4.

The proof is given in Section 5.9 and is based on the same ideas as the proof of
Theorem 6. Notice that Theorem 7 (iv) implies the following statement: for a real
Del Pezzo surface X of degree 2 with RX = S? there are infinitely many nef and big
real divisors D such that W (X, D,RX,0) = 0. Indeed, represent X as an ellipsoid
blown up at 3 pairs of complex conjugate points and choose basis L1, Lo, F1, ..., Eg of
Pic(X), where Ly, Ly are generators of the ellipsoid and Fj, ..., Es are the exceptional
divisors of the blow up; then, each divisor D = m(L; + Lo) — n(Ey + ... + Eg),
where m? — 3n2 = 1 and m # 7, is real and nef, and it satisfies D? = 2 and
—KxD = 4m — 6n # 4.

Theorem 8 Let X be a real del Pezzo surface of degree 2 with disconnected real
point set, let ' and F' be two distinct connected components of RX, and let ¢ €
Hy(X \ (FUF"),Z/2) be a conjugation invariant class. Then, W(X, D, F,¢) =0
for any big and nef real effective divisor class D on X such that —KxD > 3.

Proof. Straightforward from (23) and (45). O

The vanishing statement given by Theorem 8 was also proved by E. Brugallé and
N. Puignau (cf. [4, Proposition 3.3]).

5.5 Auxiliary statements

Let 7 : X — (C,0) be a proper holomorphic submersion of a smooth three-
dimensional variety X (with (C,0) being understood as a disc germ), where each
fiber X;,t # 0, is a del Pezzo surface of degree 2 and the central fiber Y = X,
contains a smooth rational curve E such that (Y, F) is a monic log-del Pezzo pair.
In what follows we identify the Picard groups of the fibers as in Remark 20.

Lemma 30 Let X = X, for somet # 0, and let D € Pic(X).

(1) If D is big and X -nef, then —KxD > 1, and the linear system |D|x contains
an irreducible rational curve.
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(11) The divisor class D is X -nef if and only if its intersection with any (—1)-curve
on X is non-negative. In this case D* > 0. The divisor class D is Y -nef if

and only if its intersection with E and any (—1)-curve on Y is non-negative.
If D is Y -nef then it is X -nef.

(iii) If D is nonzero and X -nef, and satisfies D* = 0, then D = kD", where D’
is primitive (i.e., not multiple of another divisor). Furthermore, —KxD' = 2,
dim |D'|x =1, and a generic element of |D'|x is a smooth connected rational
curve. If D'E > 0, then |D'|y is one-dimensional with a smooth, connected,

rational curve as a generic element. Furthermore, if D'E > 1, then D' =
—(Ky + E).

(i) If D € Pic(Y, E) a Y-nef and big divisor, satisfying Ry(D,0) > 0. Then the
divisor class D' = D —E =3 £(B)LD E' is Y-nef and satisfies D'E’ = 0 for
all E' € E(E)*P; furthermore, if D' # 0, then D' is presented by the union of
curves different from E and crossing E positively.

(v) If D is big and X -nef such that E(D, E) # 0, then D —mE with m > 0 cannot
be represented by an irreducible curve in 'Y .

Proof. It is known that big and nef divisors on del Pezzo surfaces are effective
and can be represented by irreducible rational curves (see, for instance, [8, Theorems
3, 4, and Remark 3.1.4]). Hence —KxD > 0. In the case when D = —Kx or when
—Kx — D is effective, the inequality —Kx D > 1 can easily be verified. If —Kx — D
is not effective, then —Kx D > 1 due to dim | — Kx| = 2.

Statement (i) on the X-nefness (respectively, Y-nefness) follows from the fact
that the effective cone in Pic(X) (respectively, Pic(Y')) is generated by (—1)-curves
(respectively, by (—1)-curves and E).

If D is Y-nef, then DE’ > 0 for all (—1)-curves E' on Y, and DE > 0. Any
(—1)-curve E” in X degenerates either into a (—1)-curve of Y, or into a curve E+ £’
with a (—1)-curve £’ on Y, and hence in both the cases DE” > 0.

The nonnegativity of D? in statement (ii) and the part of statement (iii), con-
cerning divisors and linear systems on X, follow, for instance, from [8, Theorems 3,
4, and Remark 3.1.4]. In particular, if D’ is primitive and satisfies (D")? = 0, then
a general curve in |D’'|x is non-singular, rational.

Let D'E > 0 in statement (iii). Suppose that D'E’ = 0 for some (—1)-curve
E'" € E£(FE). Then we can blow down E’ and reduce the degenerating family to a
family of del Pezzo surfaces, which immediately yields that dim |D'|y = 1 as well
as the fact that a generic element of |D’|y can be chosen to be a smooth rational
curve. Suppose that D'E’ > 0 for all E' € £(F). By Proposition 21, a general curve
Cy € |D'|g,, t # 0, degenerates into a curve Cy +mE € |D'|y with some m > 0 and
Co 7 E. If m were positive, we would have (Cy)? = (D')* — 2D'E — 2m?* < -2,
and, in view of —Ky D' = 2 (comes from genus formula) and —KyC > —1 for all
irreducible curves C' # FE, we would get C consisting of components with negative
self-intersection, a contradiction to dim |D'|y > 1.
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Let D'E > 1in statement (iii), then —(Ky +FE)D' = —KyD'—D'E =2—-D'E <
0, which in view of the nefness of —(Ky + E), yields D' = —(Ky + E).

In view statement (iii), to prove (iv) it is enough to check that D — E non-
negatively crosses each (—1)-curve of Y. If £(E)*” = (), then this immediately
follows from the fact that EE' =1 for all £ € E(F).

In the case of £(E)P # (0, we have D'E’ < 0 for all E' € £(E)*P, and hence
D —mFE with m > 0 cannot be represented by an irreducible curve in Y: any curve
in |D —mE|y must contain all £’ € £(F)*P as components, and such a component
cannot be unique, otherwise D would not be big. This proves (v). Furthermore,
formula (33) and statement (i) yield

Ny(D,0,(DE)e;) = GWy(X,D) > 0. (50)

Since Ry (D,0) > 0, computing Ny (D, 0, (DFE)e;) via a sequence of formulas (66)
from [18] written in the form

Ny(D,0, jer,(DE — jler) = Ny(D,0,(j + Der, (DE —j — De) + S5, (51)

j=0,...,DE

where S;C stands for the second sum in the right-hand side of the cited formula, and
Ny (D,0,(DE+1)e;, —e;) is zero by definition, we get S§+...+5%, . = GWy(X, D) >
0. That means the divisor D — E is effective, and the divisor class D' = D — E —
Y o pre £(B)LD E' is represented by a curve C’, whose all components are disjoint from
the (—1)-curves £’ € £(E)*P and intersect with E. Notice, first, that C’ does not
contain (—1)-curves disjoint from F, and hence D'E” > 0 for all (—1)-curves E” with
E"E = 0, and, second, (D’)? > 0, since otherwise, C’ would contain a (—1)-curve
crossing F and disjoint from the other components of ¢’ and from E’ € &(F)*P,

contrary to the definition of £(E)1P. Altogether this yields the required statement.
O

Remark 31 Notice that Lemma 30 can be applied to all ABV-families introduced
in section 5.2. Namely, over C we can contract the quadric surface in the central
fiber of the family along one of the rulings and thus obtain a family exactly as in
Lemma 30.

The following two claims will be used in the proof of the asymptotic statements
in Theorems 6 and 7.

Lemma 32 Let {a,}n>0 be a sequence of positive numbers, ag = 1, and let 0 <
f(n) < n an integral-valued function. If

o cither
Ant1 2> ANafn)an—fm), Jor alln > ny and some A > 0, (52)
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Un > ANf(n)an—fm), for alln > ng and some X >0 , (53)
then there exist £,m > 0 such that a, > &n™ for all n > nyg.
Proof. Straightforward induction on n with &, 7 found from the equations
A=mn, " =ap
in the first case, and the equations

A =1, &n" = an,

in the second case. O

Lemma 33 Asymptotic relations (48) and (49) follow from

logW(X,nD,RX,[RX \ F]) > —KxD -nlogn+O(n), n— +oo .

Proof. Straightforward from

log [W(X,nD,RX,[RX \ F])| <log GWy(X,nD)
= —KxD -nlogn+0(n), n— +oo,

(see [12, Theorem 1]). O

5.6 Non-negativity of w-numbers

In each of the families in Section 5.2, the central fiber coincides with or contains a
real del Pezzo surface Y of degree 2 with a smooth real rational curve £ C Y whose
nonempty real part RE lies in some connected component F' of RY'.

Lemma 34 IfY appears in a regular or hyperbolic ABV-family (described in Sec-
tion 5.2), then, for any D' € Pict (Y, E) such that —KyD' > 1 and, for any
a,B e prdd such that I(a + B) = D'E, we have

Wypo(D',a,,0) >0 . (54)
If Y appears in an elliptic ABV-family described in Section 5.2, then, for any com-
ponent Fy of F\RE, for any D' € Pic® (Y, E) such that —KyD' > 2 and D'E s
even, and for any o, f € ZZ" such that I(a + ) = D'E, we have

Wy by (D0 8,0) > 0 (55)
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Proof. The right-hand side of (54) can be recursively computed via formula (6),
whereas the right-hand side of (55) via formula (28). Notice that the coefficients
in both these formulas are non-negative (for instance, values of n_ () given in (29)
are all non-negative). Hence (54) and (55) would immediately follow if the initial
values given in Propositions 9 and 14 are non-negative. In the case of X of type ]P’iyb,
a+ 2b =7, this is so, since £(E) consists of 2b pairs of disjoint complex conjugate
lines and of 6 — 2b pairs of intersecting real lines. In the case of X of type 1(1)*,
(0)~, or 1(1)~ this is so, since the corresponding real nodal plane quartic curve Qy
has no real lines passing through the node z of ()y and tangent to )y at a point
2" # z (¢f. Remark 23). In the case of X of type (q)*, 2 < ¢ < 4, this is so, since we
may assume that the tangency points of the real tangents to )y, passing through
z, lift to Y as solitary nodes in RY" \ F' or in F_ (see Figure 1(c)). O

5.7 Positivity and asymptotics statements for surfaces of
types Pg’b, a+2b=7,and 1(1)*

For a real del Pezzo surface X as in the title of this section, the real part RX is
connected. We put ' = RX, ¢ = 0, and consider an ABV-family for X as in
Section 5.2. Following Theorem 4(1), we identify Pic®(X) and Pic®(Y), where Y is
the central fiber of that ABV-family. Furthermore, we restrict ourselves to the case
DE > 0.

5.7.1 Positivity

From formula (43) and inequality (54) it follows that
W(X,D,RX,0) > W(X,D —mE,RX,0) forallm>0. (56)

Indeed, the both terms are sums of non-negative w-numbers, and all the w-numbers
occurring in the development of the right-hand side appear in the development of
the left-hand side with non-smaller coefficients:

(DE+2m+2k) S (DE—i—Qm—i—Qk’

forall k>0.
—_ I ) orall k>0

We will prove inequality (47) for all real big and X-nef divisors D € Pic(X),
assuming DE > 0 and using induction on p(D) = —(Kx + E)D.

Observe that p(D) > 0, since D is big and | — Kx — E| defines a conic bundle.
Suppose that p(D) = 1, or, equivalently, Ry (D,0) = 0. From formula (43) and
inequality (54), we get

W(X7D>RX7 O) 2 WY,E,O(Da()a (DE)elao) ) (57)
and then, applying formula (6) DE times, we end up with
WY,E,O(Da 07 (DE)ela 0) Z WY,E,O(D7 (DE)eh 07 0) =1 )

45



the latter equality coming from Proposition 9(1iii) and inequality

Lemma 30(i)

DE=-KyD—p(D)=—-KxD—1 >

Assume that p(D) > 1, or, equivalently,
Ry (D,0) >0 . (58)
Suppose that £(E)*P = (. Then, D — E is Y-nef and satisfies (D — E)? > 0 (see
Lemma 30(ii)).
If (D—FE)* >0, then D — E is big and X-nef, and p(D — E) = p(D) —2 < p(D).
Thus, by the induction assumption and (56)

W(X,D,RX,0) > W(X,D — E,RX,0) >0 .

If (D—FE)? =0, then by Lemma 30(iii), D— F = kD" with k > 1 and a primitive
D" € Pict (Y, E) such that D"E > 0, (D”)*> =0, dim|D"|y = —KyD" —1 =1,
and the linear system |D”|y contains a real, rational, smooth curve. If £k = 1, then
W(X,D — E,RX,0) =1, and again (47) follows. If k > 2, then Ry (D, (DE)e;) =
—KyD —1=—-kKyD" —1=2k—1, and we get

(43) & (54)
W(X,D,RX,0) >  Wypo(D,0,(DE)e;,0)
© & (54) )
> Wypo(D, (k — 2)er, k(D"E) — 1)ey, 0)
(6) & (54) emma iii
> (Wypo(D",0,(D"E)ey,0))" ™00 1 (59

Suppose now that £(E)*P # (). By Lemma 30(v) and Theorem 4(3), we have
W(X,D,RX,0) = Wy.5o(D,0,(DE)e,) . (60)

By Lemma 30(iv), the divisor class D' = D — E' — > /e ¢y £ is Y-nef, and
hence, by Lemma 30(ii), is also X-nef.

Assume that (D')? > 0. Since p(D') = p(D) — 2, we have W (X, D', RX,0) > 0,
which due to £(E)*P" o £(E)*P # () yields (cf. (60))

Wy.go(D',0, (D' E)e;,0) = W(X,D',RX,0) >0 .
Appropriately applying formula (6) and using (54), we obtain

W(X,D,RX,0) = Wygo(D,0,(DE)er,0)
Z Wy’Ey()(D, (S — 1)61, (DE — S + 1)61, O)
> Wypo(D',0,(D'E)e;,0) >0, (61)

where s = card(£(E)*P) (notice that s = —KyD + KyD' < —KyD — 1 and
s—1=(D—E—-D)E—1=DE+1—-DE < DE).

46



Assume that (D)2 = 0. If D’ = 0, then the relations (61) transform to

W(Xa DlvRX7 0) Z HWY,E,O(DhOvelaO) HWY,E,O(Danvoael) > 07

Dy Do

where D; runs over the real elements of £(E)", and D, runs over the pairs of
complex conjugate elements in £(E)P. If D' # 0, by Lemma 30(iii), D' = kD"
with one-dimensional linear system |D”|y represented by a smooth real rational
curve C”, and the relations (61) transform to

W(X,D,RX, O) Z W)’,E,O(Dalely (DE - l)el,O)

> (Wy.go(D",0,(D"E)e;,0))f =1, (62)
where [ = —Ky D — 2 — k. Note that
k=(-KyD")YY(~KyD —35)<(-KyD—1)/2< ~KyD —2
and [ < DFE, the latter inequality coming from the relations
DE=DE-2+E- Y E=DE-2+s5>k-2+s,

E'e £(E)LD

|=-KyD—-2—k=—KyD — KyE — Ky - Z E—-2—k=k—24+s.

E'e £(B)LD

5.7.2 Asymptotics

Let D € Pic(X) be a real, big and X-nef divisor. By Theorem 4(2) we can suppose
that D is Y-nef. We prove the asymptotic relation (48) by induction on 7(D) =
min{DE' : E' € E(E)}.

Let 7(D) = 0, or, equivalently £(E)*P # (). Put s = card(€(F)*"). By Lemma
30(iv), there exists an integer mo > 1 such that the divisors D! = mD — E —

Yo me £(B)LD E' are big and Y-nef and satisty D/ E > 0 for all integers m > my.
Note also that by (47) and (60), one has

WY,E,O(D;mOu (D;nE)eluo) > Ou m > mg .

Put D = D;, and 5 = card(é'(E)Lﬁ). Again there exists an integer m; > 1 such
that D], is big and Y-nef and satisfy

D E >0, WY,E@(ZB;W 0,(D! E)ey,0) >0 for all integers m > my .
For any integer n > 2, we have decompositions

D;”nl : E= D;nlz(n) + l?:n—i(n))ml + ZE’GS(E)A{-D El? Z(?’L) [n}
~KyD! ~——2=(-KyD' — 1)+ (—=KyD/_ _. —1)+s, 21"

nmi mii(n) (n—i(n))m1
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and inequality 5%mlE > § coming from the first relation. (Note that § > s and,
moreover, if we choose mo > 3 then £(E)*P = £(E)*P and § = s.) By Proposition
9, the product of all the terms Wy (D, 0, 5, ™) with D combined from E' €
E(E)*P equals 1, and hence by formula (6) and inequality (54), one has

WYE (](.D 0, (D/ E)el, 0) > WYE 0<D 861 (D E )61, O)

1 ~
WYE O(Dmlz(n)7 07 (D;nlz(n)E)el’ O) WYvaO(DEn i(n))my? 0’ (Ezn—z(n))ml E)€17 O)
(— Kme”(n) 1)! (—Ky D{py_ityym, — D!

There exists A > 0 such that, for all integers n > 2, one has

(Do B Dl iy, E) _ (myi(n)DE +2 — 3)((n - i(n))mDE +2 — 3) Y
2( KYD’,erl ) 2(—nm1KyD —1- §)
Hence, the sequence
a, = WYEO(Dnm17O (D;LmlE)eho)’ n>1 :

(— KyD;m L —1)!
satisfies the relation (52). Thus, by Lemma 32, one has

IOgWYE o(D O (D, E)@l,()) Z

nmsi? nmi

—Kyﬁ;nl ‘nlogn+ O(n) = —=KxD -mgminlogn +O(n), n— +oo. (63)
Observe that

(’n, —+ 1)m0m1D E = D(nJrl)mOml + Z El !

E'e E(E)LD
En—i-l)moml—i—] E= D;nomﬁ-] + D;lmgml + Z E, 0 S ] < momy ,
E'eE(E
D,pgmy = Dy + nma(E + Z E'),
E'eg(B)LD

and hence, applying formula (6) and inequality (54) as above and omitting positive
integer coefficients, we obtain

Wy go(((n+1)memi+35)D, 0, (n+1)memi+7)(DE)ey, 0)

> Wy,po(Dpia)
> Wy go(D,

momi+j° 07 (DEn-i-l)moml—i-jE)ela 0)
0 (Dl E)eb O)

nmomsi nmomi

> Wy,po(D; —E - Z E',0, (D, E+2—5)e,0) > ..

nmomi nmomai
E'e&(E)LD
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> Wy go(D! —mmy(E+ Y E),0, (D, B+ nma(2 = 5))er, 0)

nmoma1 nmoma1
E'eg(B)LP
= WY,E,0<Zjnm1; 0, (5nm1 E)ey,0) for all integersn > 2, 0 < j < mom .
These inequalities, together with (60) and (63), imply
log W (X, nD,RX, 0) = log Wy.0(nD,0,n(DE)e;, 0)
> —KxD-nlogn+0O(n), n— 4oo.
and hence (48) by Lemma 33.

Now suppose that 7(D) > 0. By Lemma 30(ii), D — E is Y-nef, (D — E)* > 0
and 7(D — E) =71(D) — 1.

If (D — E)?* > 0, then by (56) and the induction assumption

log W (X,nD,RX,0) > logW(X,n(D — E),RX,0) =
—Kx(D —FE)-nlogn+O(n) = —KxD -nlogn+ O(n),

which as above implies (48).

If (D— E)* =0, then by Lemma 30(iii), D — F = kD", where k > 1, D" is
a primitive Y-nef divisor represented by a real smooth rational curve crossing F,

and dim |[D"”| = 1. Consider the divisor D) = 2D — E. It is Y-nef and satisfies
DLE =2DE + 2 > 2. It follows from formula (6), inequality (54), decompositions

Dy — E=2kD", —KyDy—2=2k(—KyD"—1)+2(k—-1)
and inequality DLE = 2kD"E — 2 > 2k — 2 that
WY,E,O(Dé7 07 (DIQE)elv 0) Z WY,E,O(Dé7 2(k - 1)617 (DéE - 2<k - ]‘))617 0)

> Wygo(D",0,(D"E)ey, 00 =1.

In the same way from decompositions

{ D +nD)— E = kD" +nD), (64

—Ky(D+nD}) —2=k(-KyD"—1)+ (—nKyD) — 1)+ (k- 1)
and
(n+1)Dy — E =2kD" + [n/2]D}y + [(n+ 1)/2] D3,
—(n+1)KyDjy —2=2k(—KyD" — 1)+ (—[n/2|Ky D) — 1) (65)
+(=[(n+1)/2]Ky Dy — 1) + 2k
for all n > 2, we obtain
Wy go(D 4+ nD5,0,(D +nDyE)er,0) > Wy g o(nDjy, 0,n(D5E)eq, 0)

and

Wy go((n+1)D5,0, (n + 1)(DyE)e;,0) > =(—(n + 1)Ky D) — 2)! - (D} E)?

N | —
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% [ﬁ} ) |:n + 1:| ‘WY,E,U([%]D/% 07 [%](DQE)QM O) ‘WY,E,O<[nTH]Dé7 07 [nTH](D/QE)eh 0)
2| 2 (1KY D, — 1)] CERE D -

Since there exists A > 0 such that

(/2] - [(n +1)/2](D3E)?
2(—(n+ V) EyDh— 1)

>A>0 foralln>2,

by Lemma 32 we get

logWy go((2n+j+1)D,0,(2n+ j+ 1)(DE)ey,0) >
log Wy go(D + nDy, 0, ((D +nDjy)E)ey,0) > log Wy g o(nDy, 0,n(DyE)eq,0) >
—Ky D) -nlogn+ O(n) = —KxD - 2nlogn + O(n)

which in view of (56), (57), and hence (48) by Lemma 33.

5.8 Positivity and asymptotics statement for surfaces of
types (0)7, 1(1)7, and (¢)", 2< ¢ <4

Let X be a real del Pezzo surface as in the title, and let F' be any of the connected
components of RX. We include X into an elliptic ABV-family as described in section
5.2. If X is of type (0)~, we assume, in addition, that F is chosen as specified in
section 5.3.

The central fiber of that ABV-family contains a real nodal del Pezzo pair (Y, E).
Observe that, for all divisors D € Pick, (Y, E), the intersection number DE is even,
and, in addition, if X is of type {¢)*, 2 < ¢ < 4, then D? and DKy are even as
well. Denote by F' the connected component of RY containing RE, and by F* the
component of F \ RE to which merges the component F' of RX.

Following Theorem 5, we identify Pic®(X) with a subgroup of Pic®(Y).

5.8.1 Positivity

Let D € Pic®(X) be X-nef, big, and F-compatible. Then DE = 0, and by formula
(46), one has

W(X,D,F,[RX \ F]) = W_

Ve v (D50,0,0) (66)

Thus, to prove (47) it is sufficient to show that for any big, Y-nef, and F';-compatible
divisor class D' € Pic®(Y), one has

W (D',0,(D'E/2)es,0) > 0 . (67)

Y,Fy [RY\F]

In what follows, we prove this inequality by induction on p(D’) = —(Ky + E)D'.

As we know, p(D') = —(Ky + E)D’ > 0, since D' is a big X-nef divisor and
dim | — Kx — E| = 1. If p(D’) = 1, then it follows from Remark 27 and Proposition
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28 that either X is of type (0)~, or X is of type 1(1)~ and F = F'"°, so that due to
(28) and inequality (55) one has

WY,F+,[RY\F}(D/707 (D'E/2)es,0) > 27 E/2W - RY\F] (D/ (D'E/2)es,0,0) >0,

where the latter (strict) inequality follows from the fact that the real part of the
unique rational curve C' € |D’'|y quadratically tangent to E at D'E/2 generic real
points lies in F,.

Let p(D’) > 2, which is equivalent to Ry (D’,0) > 0. By Lemma 30(iv), the
divisor D" = D' — E — ) picepyior ' is Yonef, and it is easy to see that D"
is Fi-compatible. Clearly, p(D") < p(D’) — 2. Since D"FE is even, we have
card(E(E)*") =25, 1< s < 3.

So, if (D")? > 0, then formula (28), inequality (55), the induction assumption,
and the relations

2s=(D'—E—-D"YE<(D'—E)E—2=DE, D'E/2=DE/2—s+1

result in
W;F+ [Ry\p]<D/7 07 (D,E/2)€27 ) > QSW;F [RY\F]<D/’ S€a, (D,E/Q — S)GQ, 0)
> 25 H’D YF [RY\Y] (D7 07 07 61) ’ (D”E) W;F [RY\F](D”’ 07 (D”E/2>627 0) > 0 )

where D runs over all elements D € Pic®_ (Y, E) combined from E' € £(E)*P".

If D" = 0 (which is relevant only if £(E)*"" # (), we get by the same arguments

the same expression but without (D"FE) - W;F [RY\F](D”, 0,(D"E)/2,0) in the very
end, which again leads to the required positivity.

Thus, it remains to treat the case D” # 0 and (D"”)? = 0. Then, since D"FE is
positive and even, Lemma 30(iii) implies that D" = —k(Ky + E), k > 1.

If X is of type 1(1)~ and F' = F'"°, then the both L', L" € | — Ky — Ely (see
Section 3.1) are real, RL' URL” C F,. Using

Ry(D',(D'E/2)ey) = —(Ky+E)D'+D'E/2—1=2+(k+s—1)—1=k+s, (68)

and applying formula (28) and inequality (55), we derive that

_ / / . — /
WY7F+7[Ry\p}(D 707 (D E/2)62, O) - WYF [RY\F](D ,O, (k’ +s— 1)62, 0, O)
k+s—1yx1/— /
> 2 WYF [RY\F](D,(k:—i-s—l)eg,O,O)
k+s— 1 -
> 2 H L mr(D:0,0,e1) > 0,

where the latter expression corresponds to the summand in the second sum of
the right-hand side of (28), in which the product runs over pairs of divisors
D € Pic®, (Y, E), combined out of the lines E' € £(E)*Y', the parameters in the
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condition (3e) of Theorem 3 are chosen to be al®) = ) =0, I =k = (D — E)E/2,
and the value of n~ (k) is given by formula (29):

~(k) = (k/2+1)(2 = (=1)¥?), k is even,
T Lok rane e ks odd

If X is either of type (0)~, or of type 1(1)~ with ' = F °, or of type (¢)", 2 < q < 4,
then k is even by the F -compatibility condition (c¢f. Proposition 28, conditions
(FC1) and (FC2)). Now from (68), formula (28), and inequality (55), we derive

- !/ / o — /
WY,F+,[RY\F](D 7()’ (D E/2>€27 0) - WY,FJF,[]RY\F}( 0, (k’ +s— 1)62, O, 0)
> 2k/2+8 1W_ [RY\F]<D/’ (k/2 +s5— 1)627 (k/2)€27 07 0)
k/2+s—11k/2
=2 4 H v.Fy, []RY\Y](D’O’O?el) >0,

where the latter expression corresponds to the summand in the second sum in the
right-hand side of (28), matching the parameter values a(®) = 0, 8 = (k/2)e,, and
[ =0 in the condition (3e) in Theorem 3.

5.8.2 Asymptotics

Let D € Pic®(X) be X-nef, big, and F-compatible. In particular, DE = 0, which

by Lemma 30(ii) yields that D is Y-nef, and hence W~ VE, [RY\Y](D 0,0,0) > 0 (see

(67)). Since —Ky D > 1 (see Lemma 30(i)), formula (28) for Wy []RY\F](D’ 0,0,0)
reads
Wy o gy (D0,0,0) =205 (D = E,0,65,0) (69)
thus,
W):,F_‘_,[RY\F}(D — E,0,e2,0) > 0.

Again, using formula (28) and non-negativity statement (55), we obtain

Wy b myin(D = E,0,65,0) > 2(=nKy D — 2)!

Wk i8I0 = 0,020 W o (BHD — B,0,65,0)
(—[5]EyD —1)! (—[%KyD —1)!

for all n > 2, and hence the sequence

W;,F+,[RY\F‘] (nD — E,0,e3,0)

(—nKyD)' ’

ap, = n>1,

satisfies (53) with

¢ [n/20 - [(n + 1 /2 Ky D

A=
n>3  n(—nKyD —1)

>0 .
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So, from Lemma 32 we derive

log Wx;,m,[ nD — E,0,e,0)

o
lim inf RYAY]
n—c0 nlogn

> _KyD = —KxD |

and hence in view of (56), (69) applied to nD, and of Lemma 33, we obtain the
desired relation (48).

5.9 Proof of Theorem 7

Take a real quadric surface in P? with a spherical real point set and blow up this
surface at three pairs of complex conjugate points. The resulting del Pezzo surface X
is of degree 2 and of type (1)". We have a natural basis Ly, Lo, E1, . .., Eg in Pic(X),
where:

e [ and Ly are complex conjugate, L? = L2 =0, and L1 L, = 1,
[ E?Z—l, andLlEi:LQEi:0f0r1§i§6,
o BE;=0for 1<i<j<6,

e [y, 1, Fy; are complex conjugate for 1 = 1,2, 3.

Any real big effective divisors D in X can be represented as
D =d(Li+ Ly) —dy(E1+ E3) —do(E3+ Ey) —ds(Es+ Eg), d>0, di,ds,d3>0,

in particular, D? is even.

Consider a degeneration of X in an elliptic ABV-family into a real nodal del
Pezzo pair (Y, E) as in Section 5.2; this family corresponds to a degeneration of
the real plane quartic Qx (of type (1)) into the nodal quartic Qy. From Theorem
5(1) and relation E? = —2, we immediately derive that the divisor class F is either
+(Ly — Lg), or £(Eq_1 — Ey;), i = 1,2,3. Since @y does not have real tangents
passing through the node (except for tangent lines at the node), there is no real
(—1)-curve on Y crossing F, and we are left with the only option £ = +(L; — L)
(we can assume that £ = L; — Ly).

Let D € Pic(X) be an X-nef and big real divisor. By Theorem 5(2) and non-
negativity statement (54), one obtains

W(X,D,RX,0) = Wy go(D,0,0,0) >0,

proving statement (i). If W (X, D,RX,0) = Wy go(D,0,0,0) > 0, then formula (6)
applied to Wy go(D,0,0,0) must contain in the right-hand side a summand

C- WY,E,O<D(1)7 0,eq, 0) : WY,E,O<D(2)7 0,eq, 0)
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with a positive integer ¢, and

DW D® ¢ Pick (V,E), DW+D® =D-FE, Wygo(D?,0,e,0)>0,i=1,2.
(70)

Here DM, D®) cannot be represented by (—1)-curves, since (D — E)? = D*—2 > 0,

and complex conjugate (—1)-curves, crossing F, are disjoint.

Assume now that D* < 2. Then (D — E)?> = D? — 2 < 0, which in the case
of W(X,D,RX,0) > 0 leaves the only option D) = D® = D’ where (D)2 =0
and dim |D'|y = 1; hence —KyD' = 2 and —KxD = —2Ky D' = 4 as asserted in
statement (iv).

Assume now that Dy, D, € Pic®(X) are X-nef and big, and satisfy
W(X,D;,RX,0) > 0, i = 1,2. Show that W(X,D; + Dy, RX,0) > 0 in agree-
ment with statement (ii). As we have seen above, there are DY) € Pic®_ (Y, E),
1,7 = 1,2, such that

DYE =1, Wygo(DY,0,6,,0)>0, 4,j=1,2,

PV +pP =D, —FE, i=1.2.
Appropriately applying formula (6), we obtain the required inequality from
W (X, Dy + D3, RX,0) > c;Wy g.o(D{" + Dy, 0, 1,0)Wy 5,(D, 0, 4,0) |
and from
Wy go(DY + Dy, 0,e1,0) > Wy g o(D{Y + Dy, e1,0,0)
> ¢, Wy o(D,0,e1,0)Wy o(DS”, 0, e1,0) Wy (DS, 0,e1,0) >0, (71)

where ¢y, co1, oo are some positive integers. If D € PicR(X) is X-nef and big, and
is disjoint with a pair of complex conjugate (—1)-curves on X, then, as noticed
in Remark 29, we can regard D as a real divisor on a surface of type ]P’i?,, whose
Welschinger invariants are positive by Theorem 6. If D € Pic®(X) is X-nef and big
with W (X, D,RX,0) > 0, then

W(X,D — Kx,RX,0) = Wy go(D — Kx,0,0,0)
> co- Wypo(DW,0,e1,0) - Wy go(D® — Kx,0,e1,0)
> 2y - Wy,po(DM,0,e1,0) - Wy,po(D®,0,e1,0) - Wy, po(—Kx — E,0,2e1,0) >0 .
To complete the proof of statement (ii), we have to show the positivity of

W(X,—2Kx,RX,0): a direct application of Theorem 5(2) and formula (6) gives
W(X,—2Kx,RX,0) = 8.

Let D € Pic®(X) be an X-nef and big divisor such that W (X, D,RX,0) > 0, and
let DWW, D® € Pick, (Y, E) be as in (70). By (71), Wy go(D® +mD,0,e;,0) > 0
for all m > 0. Hence, first, for any n > 1,

W(X,(n+2)D,RX,0) = Wygo((n+2)D,0,0,0)
> coWygo(D®,0,e1,0)Wy.go(DY + (n+1)D,0, ey, 0)
> Wypo(DW + (n+1)D,0,e,,0) ,
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and further on,
Wy,po(DY + (n+1)D,0,e1,0) > Wygo(DY + (n+1)D,e —1,0,0)

(—Ky (DY + (n+1)D) — 2)!

WYE()(D( ) 0 61,0)

2
WY,E,O(D( ) + [2 D 0 61,0) WY7E70(D(1) + [”TH}D,O,el,O)
(~Ey (D + [3]D) — 1)1 (~Ky (DD + [2]D) - 1)
Then, the sequence

0. — WYVE#)(D(U —|—nD,0,el,O)
" (=Ky(D® +nD))!

n>0,

satisfies (52) in Lemma 32 with

o Wrse(D,0,61,0) - (—Ky (DY + [31D) - (~Ky (D + [1)D)
T2 2Ky(DO+ (n+ D)) (-Ky(DD + (n+ DD) - 1)
Hence (49) follows. O

6 Monotonicity

Lemma 35 (c¢f. [14, Lemma 7.6]) Let Dy, Dy be X -nef and big real divisor classes
on a del Pezzo surface X of type Pi,b, a—+2b="7. If Dy — Dy s effective, then
Dy — Dy can be decomposed into a sum EY 4 ..+ E®) where E@ is either a real
(=1)-curve, or a pair of disjoint complex conjugate (—1)-curves, i = 1,....k, and,
moreover, each real diwvisor D) = Dy + ngi EY s X-nef and big, and satisfies
DOEY >0, 4=0,... k—1.

Proof. It is well known that the effective cone in Pic(X) is generated by (—1)-
curves. It is easy to verify that two complex conjugate (—1)-curves in X intersect
in at most one point, and if they intersect, then their sum is linearly equivalent to a
pair of real (—1)-curves, thus, Dy — D; can be decomposed into a sum EW 4.  4+E®,
where E( is either a real (—1)-curve, or a pair of disjoint complex conjugate (—1)-
curves, i = 1,...,k. We show that a suitable reordering of EM, ..., E®) ensures the
X-nefness and bigness of D@ together with DO E) > 0, = 0,...,k — 1. The
divisor D© = D; is X-nef and big. Suppose now that D® is X-nef and big for
some 0 <4 < k. If i =k — 1, then D® = D, is X-nef and big, and furthermore

D& pk) — (D2 _ E(k))E(k) _ _DQE(k) _ (E(k))2 >0.

If i < k — 2, then there exists i < j < k such that D@ EU) > 0. Indeed, otherwise,
we would have
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e cither all EtY) . E® orthogonal to each other and to D®, and thus,
DyEY) < 0,4 < j <k contrary to the X-nefness of D,

e or we would have some i < j < j° < k such that EWEU) > 0, but then
dim |EY) 4+ EUY)| > 0, contradicting to the bigness of D@,

So, we may assume that D@ EG+) > 0. Then D0+D = DO 4 B+ ig X-nef and
big:

D(i+1)E(i+1) — D(’L)E(Hrl) + (E(i+1))2 > 0 7
(D(i+1))2 _ (D(z’))Q + 2D(i)E(i+1) + (E(i+1))2 > (D(i))2 >0, O

Theorem 9 Let Dy, Dy be X -nef and big divisor classes on a real del Pezzo surface
X of type P?,, a+2b=17, 0 < b <2, such that Dy — D, is effective. Then

a,b’

W (X, Dy, RX,0) > W(X, D;,RX,0) . (72)

Proof. By Lemma 35, we should only consider the case of E* = Dy — D; either
a real (—1)-curve, or a pair of disjoint complex conjugate (—1)-curves. Let A be
the number of irreducible components of £*. We can assume that E* consists of A
exceptional divisors of the blow up X — P2 Specializing 6 — X\ other exceptional
divisors so that their blow-downs and the blow-downs of the components of E*
appear on a real conic, we degenerate X in a regular ABV-family into a real nodal
del Pezzo pair (Y, F) where E is the strict transform of the above plane conic. Since
DyE = D\E + X\ > D, E, we have (DQE;;;M) > (le;jm) for all m > 0, and hence

using the non-negativity statement (54) and formula (43) for the both sides of (72),
we reduce the problem to establishing inequality

Wy po(D,a, 4 Xe1,0) > Wy go(D — E*, a, 5,0) (73)

for all divisors D € Pic§, (Y, E) such that DE > X, and for all vectors «, 3 € Zf’Odd
such that I(a+ ) = DE — X\. We prove (73) by induction on Ry (D, 5+ Xey). The
case Ry (D, B+M\ep) < Ais trivial, since then Ry (D—FE*, 3) = Ry (D, B4+Xe;)—)\ < 0.
If Ry (D, B+ Aep) = A and, respectively, Ry (D — E*, ) = 0, the only relevant case
is that of Proposition 9(1iii) with D — E* playing the role of D and $ = 0, in which
case by (54), formula (6), and Proposition 9(1iii) we have

Wy go(D,a,Ae1,0) > Wy po(D,a+ Xe,0,0) =1 = Wygo(D — E*,,0,0) .

If Ry(D,B + Xe1) = Ry(D — E*,5) + A > A, we compute both sides of (73) by
formula (6) and compare them using the induction assumption (in the sequel we
shortly write RHS(6); and RHS(6), for the right-hand side of (6) expressing the left
and the right terms of (73) respectively). So, for the summands in the first sum in
RHS(6); and RHS(6),. the induction assumption yields

WKE’Q(D,Oé + €j,ﬁ — ej + /\61,0) Z WY,E,O(D — E*,Oé + ej,ﬂ — €j,0) .
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For the second sum in RHS(6); and RHS(6), we perform the following comparison.
Let

BOT (1 — A /(5O
5= 2 T () ) Wm0, 590, (5

0)1 | | i
B0 mlong! Y (@)

be a summand in the second sum of RHS(6),, where n = Ry (D, + Ae;) and
n; = Ry (DY, (8%)® +2(p™)?), 1 < i < m. Notice that m > 1, since DE* > 0,
and hence there is D such that [DW]E* > 0. Pick DY) with [DY]E* > 0 and
associate with S, the following summand S; in the second sum of RHS(6);:

o if [DU] # —A\(Ky + E) — E* (in which case DY) is a real divisor), then
I3

si=e- 3 2 D T (O Wi, (790, (37,

Loopor s, S\ 40
(74)

»

V)

where B(O) _ /6(0)7 ﬁz — ( (5re) + Q(ﬁlm) i )

Df\(l) _ D('L-), Z # j? and (Bre)(l) _ (/Bre)(zv)7 fl # j,
DY+ E*, =], (B)D + Xer, Q=

s" counts how many times the tuple (D7, ), (B)), 40D} occurs in the

list {( D (8re)D @) and s counts how many times the tuple
(D7, ol 7(5“3(”,ﬂ‘”) occurs in the hst{f DD, (Br) D A0}

e if DU) = —\(Ky + E) — E*, then

BN (= 1)1 Bre) (@) .
si=c 2 Bl T () Whema(D,00, (500, (37)).

LOL gl Ay e (@)
i

W@
where 5@ = 8O 4 Xey, (7)) = (8°)D, f; = n;, and DO = DO for
1<¢<m,i#j,and n; = 0.

It is easy to verify (again using the induction assumption) that

I

R L ifA=1,

r < 8222](173,,-—1) £\ = 9 n (74)
LSt (n=1)(n—2) hA=2

and

s . A i =1

S<qT I, " in (75) .
S, - D) if A\ =2,

Since n — 1 = 3 shi; + 169 (¢f Remark 10), we conclude that the total value
of the terms in the second sum in RHS(6), associated with a given summand S in
the second sum in RHS(6); does not exceed S;, which completes the proof. O
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7 Mikhalkin’s congruence

Theorem 10 For any X-nef and big divisor class D on a surface X of type IP’%O,
one has

W(X,D,RX,0) = GWy(X,D) mod 4 .

Proof. Degenerating X in a regular ABV-family into a real nodal del Pezzo pair
(Y, E) and using formulas (33), (43), we reduce the question to the congruence

Wy go(D,0,(DE)e;,0) = Ny(D,0,(DE)e;) mod 4

for all divisors D € Pic% (Y, E).

In fact, a more general statement holds: for any divisor class D € Pic%_ (Y, E)
and any vectors «, 3 € Z such that I(« + 3) = DE, one has

Wy.zo(D,a,3,0) = I°Ny(D,a, ) mod 4 if g€ Z5°", (76)

and
I° Ny(D,o, ) =0 mod 4 if 3¢ 7> (77)

where the numbers Ny (D, , ) are the degrees of varieties V3 (D, a, 3,p°) (here
P’ ={pi; : i>1,1<j <} are sequences of ||a| distinct generic points on E)
introduced in Section 3.4. The proof literally coincides with that of [15, Theorem 5]
and uses induction on Ry (D, ) and the recursive formulas [18, Formula (66)] and

(6). O
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