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Max-Planck-Institut Mathematisches Institut

fiir Mathematik and der Universitat Bonn
Gottfried-Claren-Strafle 26 Wegelerstrafle 10
53225 Bonn 53115 Bonn

Program of the Mathematische Arbeitstagung 1995 (I)
Wednesday, June 14, 1995
3:30 — 4:15 p.m. Opening and first program discussion

5:00 — 6:00 p.m. M. KONTSEVICH (Berkeley and THES)
The moduli space of all Calabi-Yau threefolds

8:00 — 9:50 p.m. Chamber Music Concert: Knopp-Melangon Duo
Aula der Universitdt, Hauptgebaude (entrance from
“Am Hof” street across from Bouvier bookstore)

Thursday, June 15, 1995

10:15 ~ 11:15 a.m. F. POP (Heidelberg)
Characterization of fields by their Galois groups

12:00 - 1:00 p.m. M. SMIRNOV (Princeton U.)
Radon transform and the 4th Hilbert problem

5:00 ~ 6:00 p.m. T. MROWKA (Harvard)
Seiberg-Witten invariants and 4-manifolds, I

8:00 ~ 11 (?) p.m. Rector’s Party
Festsaal der Universitit, Hauptgebaude (entrance from
“Am Hof” street across from Bouvier bookstore)

Friday, June 16, 1995
10:00 — 10:20 a.m. Program discussion for the Saturday and Sunday lectures

10:30 — 11:30 a.m. J. MORGAN (Columbia U.)
Seiberg-Witten invariants and 4-manifolds, II

1:00 - 8:00 p.m. Boat trip to Unkel
Departure with “Carmen Sylva” near the Kennedy Bridge

All lectures will take place in the “Grofier Horsaal,” Wegelerstrafle 10.

There will be tea breaks on Wednesday from 4:15 to 5 p.m. and on other days (except Friday) from
11:15 to 12 a.m. and 4:15 to 5 p.m. At this time also mail will be distributed and you will have
the opporunity to pay your Tugungsbeitrag of 20 marks.

Lists of participants and other information will be available at the entrance of the lecture room.
All participants are requested to put their name on the list!

All Arbeitstagung participants and those accompanying them are warmly invited to the chamber
music program on Wednesday evening and to the party on Thursday.



Max-Planck-Institut Mathematisches Institut

fiir Mathematik and der Universitit Bonn
Gottfried-Claren-Strafie 26 WegelerstraBe 10
53225 Bonn 53115 Bonn

Program of the Mathematische Arbeitstagung 1995 (II)
Saturday, June 17, 1995

10:15 - 11:15 a.m. R. BORCHERDS (Berkeley)
Product expansions of automorphic forms

12:00 — 13:00 p.m. F. OORT (Utrecht)
Resolution of singularities by alterations (a report
on work of A.J. de Jong)

5:00 - 6:00 p.m. A. BUIUM (Romanian Acad.Sci. Bucarest)

p-adic jets, Manin maps and related questions
Sunday, June 18, 1995
10:00 - 10:15 a.m. Program discussion for the Monday and Tuesday lectures

10:15 - 11:15 a.m. C-L. CHAI (U. of Pennsylvania)
Density of ordinary abelian varieties in the moduli space

12:00 - 13:00 p.m. R. TAYLOR (Oxford)
Galois representations and modular forms, I

5:00 — 6:00 p.m. E. LOOIJENGA (Utrecht)
On the tautological ring of M,

All lectures will take place in the “GroBer Horsaal,” Wegelerstrae 10.

There are daily tea breaks from 11:15 to 12 a.m. and 4:15 to 5 p.m. At this time also mail will be
distributed and you will have the opporunity to pay your Tagungsbeitrag of 20 marks.

Lists of participants and other information will be available at the entrance of the lecture room.
All participants are requested to put their name on the list!



Max-Planck-Institut Mathematisches Institut

fiir Mathematik and der Universitdt Bonn
Gottfried-Claren-Straie 26 Wegelerstrafie 10
53225 Bonn 53115 Bonn

Program of the Mathematische Arbeitstagung 1995 (III)
Monday, June 19, 1995

10:15 - 11:15 a.m. G. FALTINGS (MPI)
Tate cycles

12:00 — 13:00 p.m. R. PINK (Mannheim)
Mumford-Tate conjecture

5:00 — 6:00 p.m. B. LEEB (U. Bonn)

Rigiditiy of spaces of non-positive curvature

Tuesday, June 20, 1995

10:15 - 11:15 a.m. U. BUNKE (Berlin)
Spectral theory on symmetric spaces:
group cohomology and (-functions

12:00 - 13:00 p.m. I. HAMBLETON (McMaster U.)
On topological similarities of representations
of finite groups

5:00 — 6:00 p.m. R. TAYLOR (Oxford)
Galois representations and modular forms, II

All lectures will take place in the “Grofler Horsaal,” Wegelerstrafie 10.

There are daily tea breaks from 11:15 to 12 a.m. and 4:15 to 5 p.m. At this time also mail will be
distributed and you will have the opporunity to pay your Tagungsbeitrag of 20 marks.

Lists of participants and other information will be available at the entrance of the lecture room.
All participants are requested to put their name on the list!
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Titel: Characterization of fields by their Galois groups

Autor: Florian Pop Seite: 1

Adresse: Universitidt Heidelberg

Let x be an arbitrary field, ¥ an algebraic closure of , and let Gx = Aut (K|x)
denote the absolute Galois group of x. The aim of my talk was to present the
following result and to give the idea of its proof:

Main Theorem. Let K and L be finitely generated fields of characteristic
zero. Then Gy = G wmplies L = K. More precisely, there ezists an functorial
bijection

Isom (L, K) — Out (Gg,Gyr),

where Out denotes outer isomorphisms of profinite groups. Equivalently, for
every isomorphism of profinite groups ® : Gy — G there ezists a unique
isomorphism of fields ¢ : L — K such that

®(g)=¢""9¢ (9€GCk)

hence in particular, ¢ maps L isomorphically onto K.

Questions relating the two basic objects fields K on the one side and
absolute Galots groups Gk on the other side go back to the well known Artin-
Schreier Theorem which mainly asserts that Gx = Ggr implies that K is
real closed. The corresponding assertion for the p-adics is much more difficult
to prove, the beginning step being made by Neukirch for the case K C Q.
This result of Neukirch was the starting point for the proof of the above Main
Theorem in the case dim = 1, i.e., in the case K and L are number flelds:
This is the Theorem of Neukirch-Ikeda-Iwasawa-Uchida. The next step was
made by the author by solving the dim = 2 case, and a new different proof for
this case was 're‘centlyAgiven by M. Spie'ss.

Qutline of the proof of the Main Theorem
Let ® : Gx — G be as in the Main Theorem.

A) Let D!(K) denote the space of all Zariski prime divisors of K, and de-
note D'(L) correspondingly. Then & gives rise to a functorial bijection ¢ :
D!(K) — D'(L) which we call the local correspondence. From the construction
of ¢ it follows that for given v € D!(K) and the corresponding w € D'(L)
there exist "local” isomorphisms @, : Gxy, = Grw. Thus there exist functorial




isomorphisms ¢, : Lw — Kv defined by ®,. The idea is to "interpolate” the
local isomorphism ¢, in order to get ¢ with the desired properties.

B) We will say that a subset D C D () is geometric if it is defined by the set
of all Weil prime divisors of some quasi-projective, normal model X — Q of
K over Q. The next step in the proof is to show that the local correspondence
@ is geometrically continuous, which means that ¢ maps every geometric set
D of prime divisors of K onto a geometric set of prime divisors of L. In this
proof we use in an essential way the fact that K has complete, regular models.
Hence this step in the proof does not work in general.!)

C) Using again the local correspondence one shows that @ is compatible with
the cyclotomic characters. Thus using Kummer Theory one shows that for
every prime number ¢ & gives rise to an isomorphism qf) L= I%, where ~
denotes the £-adic completion of the multiplicative groups of the fields. The
main problem now is to show that ¢ maps the image of L™ in L isomorphically
onto the image of K™ in L. For doing this one uses the induction hypothesis
as mentioned at A) and secondly, the hilbertianity of the fields in discussion.

D) Next one shows that $ is induced by a field isomorphism ¢ : L — K, which
moreover, is functorial. To finish the proof of the Main Theorem one replaces
K by finite extentions, say M, and L by the corresponding finite extentions,
say N. One gets isomorphisims ¢pr : N — M, which by the functorially, all are
compatible with each other. Hence we obtain a field isomorphism ¢ : L — K
which defines ®.

Final comments

We finally want to remark that the question/answers presented above fit into
the ”anabelian geometry” of Grothendieck, which roughly speaking means that
certain categories of S-schemes, called ”anabelian”, should be mapped via the
fundamental group to full subcategories of the category of all profinite groups
with augmentation to m S and outer isomorphisms. Equivalently, if X and

1) On the meeting A. de Jong announced a desingularization result by ”alterations”, which
nevertheless would suffice for our purpoeses. Thus the Main Theorem seems to hold in all

characterisites.

(S



Y are objects of some anabelain category, there there should exist a functorial
bijection :
Isomg(X,Y) — Outn, s(m X, mY).

The Main Theorem above gives a positive unswer to the Fundamental conjec-
ture of the birational anabelian geometry in characteristic zero, which asserts
that via the fundamental group the category of all finitely generated fields of

characteristic zero is equivalent to a full subcategory of the profinite groups and
outer isomorphisms of such groups.

There is already some progress in the study of anabelian curves, but here one
is far away from the ”anabelian dream” of Grothendieck. One should mention
here the results of Nakamura which essentially use deep results of Deligne and
Thara on the arithmetic Galois action of the ground field on the geometric
fundamental group of curves.
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Hilberts 4-th Problem, Radon Transform and Analogs of Differential Forms

Mikhail Smirnov

Princeton University and Max-Planck-Institut fiir Mathematik, Bonn*)

1. Introduction.

In his talk at the International Congress of Mathematicians in Paris in 1900 D.Hilbert formulated his
famous 23 problems. The 4-th problem was entitled “the problem of lines as shortest curves between two
points. ” This problem was formulated quite broadly but it inspired a lot of works in geometry. The
motivation for this problem came from the Hilbert’s own work on foundations of geometry.

The first progress on this problem was made by H.Hamel in 1903 [Ha]. It was followed by the work
of P.Funk in 1930 [Fu], J.Douglas [D] in 1942 and finally by a series of works by H.Busemann [Bu] on the
geometry of geodesics. Later appeared a book by A.V.Pogorelov devoted to the Hilbert’s 4-th problem.

The Hilbert’s problem and its generalization that we deal with can be formulated as follows. To describe
all Finsler metrics !) or more general Lagrangians whose extremals are straight lines. More generally this
problem can be formulated in this form: to describe all k-dimensional Lagrangians in R™ such that all
k-dimensional planes are their extremals (of course they have other extremals too).

The solution that is given here uses the Radon transform connected with a pair of Grassmannians
(section 6). The results on the Radon transform are described in details in the previous works [GS1], [GS2].
The solution that uses symplectic geometry will appear in the forthcoming paper of Alvarez, Gelfand and
Smirnov [AGS].

First, we describe Finsler metrics in R™ whose extremals are straight lines. They are solutions of a system
of PDE’s and they can also be described as the image under the Radon transform of positive measures on
the space of hyperplanes in R”.

Second, we describe all k-dimensional Lagrangians in R” that have all k-dimensional planes among their
extremals. These Lagrangians are thr solutions of a system of PDE’s and this system coincides with the
lower order terms of the Euler-Lagrange equations.

On the other hand, these Lagrangians are the images under the Radon transform of the measures on the
space of (n — k)-planes in R”. This Radon transform, first defined in the previous work [GS1] is different
from the classical Radon transform, but the system of PDE’s for k-Lagrangians can be interpreted as the
standard F.John’s system of PDE’s describing the image of this special Radon transform.

The k-dimensional Lagrangians introduced here are analogues of closed differential forms. Other ana-
logues of differential forms and De Rham complex were studied by M. Baranov and A.S.Shvarts [BS]. Al-
though their approach to the approach presented here have similarities they are somewhat different.

2. Even and Odd Densities and the Crofton Formula.

*)From September 1, 1995 Columbia University, New York
1) Let us remind the definition of a Finsler metric. It is a function F(z,v) of a point z in the domain in R™
and a tangent vector v € T that is smooth in z, v, that is positive homogeneous in v: F(z, Av) = AF(z,v)
for all A € R, and such that the indicatrix of F defined as Ind, F = {v € T;|F(z,v) = 1} is a twice
differentiable closed conver! hypersurface in T;. The Riemannian metric is a special example of a Finsler
metric when F(z,v) = v/quadratic form in v
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Consider in R a k-dimensional manifold M*. Suppose M* has the following parametrization: M* =
{z(s1,...,s5) € R®, where s € QF ¢ R¥} We want a functional

S = [ Lia(o), 85 g0 . d

to be independent on the parametrization of M*. Then after a change of parametrization s — ¢, L must
change in the following way

a .
L(z(t),%,...,gﬁ):det(#)L(z(s),%,...,%) or

L(z(t), &&,..., $&) = det(g—:ji) L(a(s), £&,..., £%)

In the first case L is called an odd k-density, in the second case L is called an even k-density. The main
example of odd k-densities are differential k-forms. An example of an even k density is a k-dimensional
volume element.

Now let us explain what is a Crofton density or Crofton Lagrangian. It is an even density that has
some additional properties. Let us replace a manifold M* by its Crofton function. It is a function on the
set Hp n—k of (n — k)-planes in R™. The value of the function Crofysx(§) on the (n — k)-plane £ is equal to
the number of intersection points of M* and £. Crofton functions carry almost all information about the
original manifold M*.

Crofton Lagrangians (or Crofton densities) are such densities for which the Crofton formula is valid: i.e.
there exists a measure p(£)d€ on the set H, n_x of (n — k)-planes such that for every manifold M ke R"

Jb= ], cotu@ueras

For example, according to the classical Crofton formula of the integral geometry an element of k-dimensional
nonoriented volume in R” is an even Crofton k-density. A Crofton density depends on the measure p(€)d§
on Hp n_x. We shall write an explicit formula for a Crofton density by means of a special kind of (n(n — k))-
dimensional Radon transform of the measure p.

Example. Consider an even 1-density L in R? given by the formula

2(zyv1 + zava) — (v + viNel + 22+ 1)

L(zx1,z2;v1,v2) = .
(z}+23 + 1)((vf +o) (2l +23+1)— (z1v1+w202)%) 3

Let us parametrize lines in R? by the equation zz = azy + b. In coordinates a,b the corresponding dual
measure pu(a, b)dadb is

1, 62 —1—a?+2b?
p(a,b) = Elvllﬁl‘(xl! X2, 1)1,1)2) vazavy = m‘

ra=az1+b

The extremals of the problem /L(:cl(t), z2(t), £1(t), 2(t))dt are straight lines.

3. System of PDE for Lagrangians solving Hilbert’s Problem.

Theorem 1. If a function L(z; vi,...,vk) of a point z € R™ and k-tangent vectors v; = (v}, ...,v?) €

TzR" is an even Crofton density then it satisfies for all z and all vy, ..., vk |vi|+...+|vg| # O the following
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equations:

d k n ; 62 B a
an E E UPW L—WL, [:1,,16 (2)
=1i=1

If L is a function of a point £ € R" and k-tangent vectors v; = (v
and satisfies (1) and (2) then it is a Crofton even k-density.
The density L defines a functional

LRl

sy ) € ToR™ which is even in v;

S = [ el 82, B .t

We want to find its extremal k& dimensional surfaces. Let us write general Euler-Lagrange equations for

k-dimensional extremals z™(t!,...,t*) of the functional S. They are
k
2z —
( 3t ZZ 8tP 81}’ o +,;JZIZ 6t18t?’ 31} o0 ) (=), 357, 55) = 0,
wheres=1,...,k, m=1,...,n

Theorem 2. Differential operator (2) in the equations for a Crofton k-density coincide with the terms
of Euler-Lagrange operator for L which do not contain second derivatives in v:

M + ZZ % 5 aw (3)

p=1i=1

From the last theorem it is possible to deduce
Theorem 3. An even k-density satisfies the Crofton formula if and only if all k-planes in R" are
contained among its extremals.

4. Finsler metrics in R” whose extremals are sraight lines.

We consider 1-Lagrangians L(z, ) that are even densities. If the indicatrix Ind;L = {v € T : L{z,v) =
1} is convex (and twice differentiable) for all  then this Lagrangian is a Finsler metric.

Consider an even 1-density for which the Crofton formula is valid. It depends on a measure on the space
of hyperplanes in R" and can be expressed through this measure by the Radon transform (see section 5 and

[GS1)).
Proposition 5. The indicatriz of the Crofton 1-density with the positive dual function is strictly convex.

So such density is a Finsler metric whose geodesics are straight lines. For 1-densities the equations
for Lagrangians whose geodesics are straight lines can be written in a particularly simple form. One can
find them already in the work of Hamel [Ha] and Funk [Fu]. strangely enough, P.Funk who along with
Radon is the “father of the Radon transform” did not notice how the Radon transform can be applied to
the Hilbert’s 4-th problem, although he himself worked on that problem. H.Busemann [Bu2] noticed the
connection between the Hilbert’s 4-th problem and the classical integral geometry in the sense of Buffon,
Crofton, Poincaré and Chern, but not to the Radon transform.

Now let us write the equations for Crofton 1-density.
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Theorem 4. An even I-density L(z,v) satisfies the Crofton formula if and only if

9L B oL
Ozi0v;  Oz;0v;

=0, for all i,7=1,..,n, and v #0.

This is equivalent to the property that all extremals of I are straight lines.

Remark. These equations can be deduced from equations (2) of the theorem 1 using the homogeneity
equations (1).

5. Radon transform for a pair of Grassmannians G4, and Gn41x and k-Lagrangians.

The Radon transform in the general situation maps a geometric object on the source space (function,
differential form, connection) into integrals of this object over some family of submanifolds in the source
space. So it is a mapping from geometric objects on the source space into geometric objects on a target
space that is the family of submanifolds in the source space.

Let us define now the Radon transform that is used here. Let p({) be a function on a manifold Hy, ,—&
of (n — k)-planes in R". To each z € R" we associate a variety Hy = {¢ € H, »—x|( passes through z}. To
every pair (z,£) where € R", and £ is a k-subspace of a tangent space T, we associate a pair: a variety
H. and a measure ¢ on H; which is a k(n — k)-dimensional subvariety in H, ,_.

The even Radon transform is given by

¢(z,0) = /p(C)dO‘g.

H.

We can write now an explicit formula expressing a Crofton density L in terms of p using the even Radon
transform connected with a pair of Grassmann manifolds Gp41 » and Gp1,k. This transform will be defined
below. We shall do it in several steps.

1. We regard R} as an affine part of Gp41,0.

2. We go from the measure u on Hy, »_x to the function fi on a frame manifold Ey 41 .

3. For every x € R” and k-tangent vectors v, ..., vk in the point £ we construct a differential k(n — k)-
form € on the frame manifold E, k. Actually this form is constructed using not 2 but vectors uy, ..., un
which spans n-space from Gp41,, corresponding to the point .

4. The k(n — k)-form €2 can be pulled down from the frame manifold F,, ; which is a bundle over G,
to a Grassmann manifold G, x and

L(z,v) = -/G Q..
n,k

Let us repeat this construction in details.

1. Compactification of R” and H, ,_x Let us consider R} as an affine part of Gp41,n. Then the
set of all (n — k) planes in R}, which we have denoted by H, -k, can be compactified to the Grassmannian
Grt1n-k+1, which is canonically isomorphic to Gpyi k. Consider two manifolds of frames: E,qi s, the
manifold of k-frames in R"*! and Er41,n, the manifold of n-frames in R"*!. They are bundles over Gatik
and G 41, correspondingly.

2. Construction of ji. To every measure p(¢)d¢ on Hy p—k C Gns1,n—k+1 We correspond in a canonical
way a function ji(w) of a k-frame w = (w1,..., Wi) € Ent1 k& that has the property

fi(Aw) = |detA|""'j(w), for A € GL(k,R). (7
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Because Gnt1n—k+1 and Gy x are canonically isomorphic, every measure g on G g1, n-k+1 15 isomorphic
to a measure g’ on Gnyyk. We now consider a local coordinate system on Gp 41 x given by

c} c; 1 0
;
ck cg 0 1
where ¢ = n—k+1. In local coordinates ||c}|| the measure 1’ can be written as p'(c}, ..., c]) de} ...dc?, where
#(c,...,c}) is afunction of |c}||. For a k-frame w’ = (w/,...,w}) € Eny1x with wi = (e}, ..., ¢}, 1,...,0),

o (R k
co W = (cf, e

¢, 0,...,1) we define fi(w') by the equality

and we extend j for arbitrary w € Ep4q & using (7).

3. Construction of a form Q. Consider now a point £ € R" C Gn41,n. We can look at ¢ as at the
n-subspace L, C R**!. Let u = (ui,...,up) be a basis of L;. Then any k-frame w = (wy,...,wg) in Ly
can be written in the unique way as

..t
(Wl, ,Wk) = (uls ;un) : :
4 T 44
So when we fix a basis uy,...,u, of L, the components of the matrix 7" = ||tf|| form the local coordinate
system on the manifold E, x of k-frames in L,. We define differential forms o4, ...,0x on E, i as

o= Y (<1)RE R didr, =1,k

(P1.-.pn)
where s is the sign of the permutation (py, p, . - - ,pﬂ). Symbolically o; can be written as
ot dtl L dtf
o; =det | : : S
o AP . dil

where we multiply differentials dt{ by the exterior product.
For a basis uy,...,u, of Ly € Gn41,n and k tangent vectors vy,..., vy € TR" we define a differential
form Q on E, x as

Q(ul,...,u,,; vl,...,vk) =

= ﬁ'((ul"'un)T) Z pil...t'hﬂl.“ik UIA-..Aak,

$1<...<ix
i i) i i
vt v ot
where p;, ¢, =det| |, and TG, 4, =det| : N
flk k ik ipg
'Ul vee vik tl tk

1< <...<% <nmn.
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4. Pull down of Q to G, k. We can see that when we evaluate form § on k(n — k) tangent vectors to
Ey k, components of these tangent vectors which are tangent to the fibers of the bundle E, x — Gn  does
not play any role. So Q can be pulled down to G, .

Theorem 5. FEvery Crofton k-density L(z; vi,...,vi) in R" can be represented as
L{z; v1,...,vk):/ Q,(ul,...,un; v1,...,vk),
Gn.k

where Q. is the form Q pulled down to G and u,...u, is any n-frame spanning the space L, € Gpi1n
corresponding to the point z € R".

6. Nonlocal differentials and the Hilbert transform for 1-Lagrangians.

We shall explain now in what sense even Crofton 1-densities can be viewed as ”differentials” of functions.

Let f be a function in R". The usual differential df, which depends on a point z from R" and a tangent
+o0

vector v from T, R" can be written as (df)(z,v) = / 8'(t) f(z — vt)dt. The nonlocal (or even) differential
of a function f is o

400 +co :C v o — vt} — .
@nen= [ hste-was [ et feo ) 22,

0 2

— 00

We suppose that f is such that this integral converges at infinity.
Theorem 6. Let f(z) be a rapidly decreasing function in the Schwartz space S(R™). Let f be the Radon

+o0
transform of a function F(e) : f(z1,...,2n) = / F(crl, ceyOn1, Zn—(0rz1 + -+ an_lzn_l))dal .. .da,,_l.l

-0

Let L(z,v) = d°F be an even differential of the function F. Then
(1) L(z,v) is a Crofton density in R".
(2) Let D F(oi,...,an) , be the "even partial derivative” of F defined as
DS Flay,...,an) = [4F(en,...,0n — t)dt. Then the the dual measure for L is p(a)da where
plo, ..., an) = D§_F(ay,...,an).

Let us remind that an even I-density is a function L(z,v) of a point £ € R™ and a tangent vector v at
the point x such that L(z, Av) = |A|L(z,v) for every A € R. An odd I-density is a function 6(z, v) of a point
z € R™ and a tangent vector v such that 8(z, Av) = M(z,v) for every A € R. Differential 1-forms give a

specific example of odd 1-densities, they are linear in v.

The 1-density (HL)(z,v)

(HL)(z v):pvl/+°° Mdt:l/w L(z +ot,v) = Lz v, )
, S t ™ Jo t

is called the Hilbert transform of a 1-density L. We suppose that L satisfy some growth conditions such that
its Hilbert transform exists.

The Hilbert transform of an even 1-density is an odd 1-density. The Hilbert transform of an odd 1-density
is an even 1-density.

Theorem 7. The Hilbert transform of a closed 1-form with rapidly decreasing coefficients is the Crofton
1-density. The Hilbert transform of a rapidly decreasing Crofton I-density L is a closed 1-form. (”Rapid
decreasing of L” means that L(x — vt,v) is a rapidly decreasing function of t for any fized v and z). Let f

1
be a rapidly decreasing function, w = df is its differential and L = ;d"f is its nonlocal differential (which is
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the Crofton 1-density). Then (HL)(z,v) = w(z,v) and (Hw)(z,v) = L(z,v). So the Hilbert transform maps
even differentials into odd ones and vice versa.

We can summarize properties of Crofton 1-densities on the following diagram:

Radon transf. Rady 1.
F n f f 0N 1rans: F
D’ °
4 B,
I—L Even Rudon r. d o g Hilbert 1r. df Odd Radon tr, n
L} W
Crofton 1-density Closed L-form

7. Crofton 1-Lagrangians on the hyperbolic plane.

dz? + dy?
@iy -{; Y. Take
z = z + iy. The upper half-plane is a model of the Lobachevsky geometry, where Lobachevsky lines are
vertical rays {(z,y) | 2 = zo,y > 0} and half circles {(z,y) | (z — z0)? + y* = R,y > 0}.

Let us parametrize ”lines” on the hyperbolic plane. To each half circle {(z,y) | (x—20)2+y? = R,y > 0}
we correspond a point ¢ = {3 +1( where (3 = z¢ and {, = R. Thus we parametrize almost all ”lines” except
vertical rays.

The set of all lines which come through the point (z,y) forms a branch of a hyperbola (z —(1)? +y? = (2
on the dual plane (1, (5.

Let us as usual define even and odd 1-densities and also define Crofton densities with respect to
: dz® +dy*  vi+vi .
Lobachevsky lines. For example the length element 5 = 7 will be a Crofton 1-density.
Y
Theorem 8. Even Crofton densities on the Lobachevsky plane satisfy the following equation

Consider the hyperbolic plane as an upper half-plane {(z,y) | y > 0} with the metric

(32 2 (E+ed) &

Ozdvy B By, - Y1 3v28v2> L =0, for v # 0.

Crofton densities have the following integral representation through their dual measures on the set of Loba-
chevskian lines:

L(z,y;v1,v2) = ./_o:o u(Cy, (2 = ¢1)? + 922 (|(.1U2_'21()3; 1212))?11)2

d¢;.

Extremals of arbitrary Crofton density are Lobachevsky lines.

8. Crofton Lagrangians as analogs of closed differential k-forms.

In the class of odd densities, densities for which the oriented analog of the Crofton formula is vza:Iidl,*'é,:‘réf":"il: :-_';“:::

exactly closed differential k-forms [GS1]. They have analogous representation through Radon Zt;aﬁs’férm.
The PDE’s for the image of this Radon transform are exactly conditions of closedness of the form.

Crofton k-densities give a good example of the integro-geometrictex prepr functional. There were several
attempts recently to use integro-geometric functionals other then area in the functional integral in QFT. For
example, Ambartsumian-Savvidi [S1] used for this Steiner functional of the classical integral geometry.
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p—adic jets, Manin maps and related questions

Alexandru Buium

Let p be an odd prime integer and n € Z any integer number. We define the “deriva-
tive” of n with respect to p by the formula

on n — n?

9 p

The map & = 3/0p : Z — Z is not additive and does not satisfy the Leibniz rule; in
a higher sense, however, this map plays the role of a derivation and may be used to
build a theory of algebraic differential equations whose solutions are integers in numbers
fields, and more generally in local fields. Then one can prove [B] arithmetic analogues of
some remarkable classical results about algebraic differential equations on varieties defined
over function fields, especially an arithmetic analogue of the Manin-Chai Theorem of the
Kernel and an arithmetic analogue of Cassidy’s theorem on subgroups of simple algebraic
groups. :

Here are the relevant definitions. We start by replacing Z by the larger ring R = ZA;,”,
the completion of the maximal unramified extension of Z,; we also extend the operator
§ to R by the formula dz = (¢(z) — 2?)/p. where ¢ : R — R is the unique lifting of the
Frobenius automorphism of the residue field k of R. For any integers n > 0, N > 1 let
R[T,T',...,T™]" denote the p—adic completion of the ring of polynomials R[T, T", ..., T,
each of the letters T, T, ..., T™ standing for an N—tuple of indeterminates. Let X/R be
a scheme of finite type. An E—valued function ¢ : X(R) — R will be called a §—formal
function of order < n (intuitively a “non linear differential operator”) if for any point in
X there exist an affine Zariski open neighbourhood U C X, an integer N > 1, a closed
embedding ¢ : U — A" and an element ® € R[T,T",...,T™)]" such that

o(P) = B(L(P),t(PY,{(P)", .. (P)M), P € U(R)

(Note that for P € U(R) we have ¢(P) € R" so it makes sense to consider ¢(P)’,¢(P)", ... €
RN). We denote by ©™(X) the ring of §—formal functions of order < n on X(R). If A/R
is a smooth commutative group scheme of finite type , by a é—character of A(R) we
understand a d—formal function ¢ : A(R) = R = G,(R) (of some order n € N) which
is also an (additive) group homomorphism. Consider the intersection of all kernels of
é—characters:

AYR) =) Ker ¢ C A(R)
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Clearly A%(R) contains the intersection
PTA(R) == (p"A(R) C A(R)

Here is our analogue of the Theorem of the Kernel [Man] [Ch}:

Theorem 1. Assume A/R is an abelian scheme of relative dimension g with ordinary
closed fibre Ag/k. Let ¢;;(A) € 1+pR, 1 <14,7 < g be the Serre-Tate parameters. Assume
det((q:;(A) — 1)/p) € R*. Then A*(R) = p* A(R).

Note that the condition det({g;;(A)—1)/p) € R* is satisfied for a generic choice of the
Serre-Tate parameters and is actually a condition on g¢;;(A) modulo p?. So this condition
may be viewed as saying that A/R is “sufficiently general”, and is an arithmetic analogue
of the trace zero condition in the classical Theorem of the Kernel.

To formulate the next result assume G/R is a smooth affine group scheme of finite
type. Let J = (Jn)n be a sequence of Hopf ideals J, C O*(G), n > 0, such that
Jns1 N O*G) = J,,. Intuitively such a sequence should be viewed as a system of “global
algebraic differential equations” (with respect to our operator §) that is “compatible with
the group law”. For such a sequence J set

T :={P € G(R); p(P)=0 for all p€ J,, n>0}

Intuitively J°° represents the “set of solutions” of J. Conditions (*) imply J sol is a
subgroup of G(R); such a subgroup will be called a § —subgroup. A subgroup I' C G(R) will
be said to be Zariski dense modulo p if the image of the reduction modulo p homomorphism
I' C G(R) — Go(k) is Zariski dense in Go(k) (where Gy denotes as usual the closed fibre
of G/R.) Finally, by a simple group over R we will understand, in this paper, a smooth
affine group scheme of finite type G/R for which Go/k is a simple algebraic group; we
will say that G/R is good at p if either p # 2,3 in case Gp is not of type A, or p does
not divide n + 1 in case Gy is of type A,. Our analogue of Cassidy’s Theorem [Ca] is the
following

Theorem 2. Let G/R be a simple group, good at p, and let I' C G(R) be a §—subgroup.
Assume T is Zariski dense modulo p. Then I' = G(R).

[B) A.Buium, Differential characters of abelian varieties over p—adic fields, Invent.
Math., to appear.

[Ca] P.Cassidy, The classification of the semisimple differential algebraic groups and
the linear semi-simple differential algebraic Lie algebras, J.Algebra 121, 1 (1989), 169-238.

[Ch] Ching-Li Chai, A note on Manin’s Theorem of the Kernel, Amer. J. Math., 113
(1991), 387-389.

[Man] Yu.l.Manin, Algebraic curves over fields with differentiation, Izv. Akad. Nauk
SSSR, Ser. Mat. 22 (1958), 737-756 = AMS translations Series 2, 37 (1964), 59-78.



DENSITY OF ORDINARY ISOGENY
CLASSES IN THE MODULI SPACE

CHING-L1 CHAI

Throughout this note & will denote an algebraically closed field of characteristic p > 0.
For every abelian variety A over k one associates to it its p-divisible group A[p™®] =
hﬂ)} A[p™|. We owe to Dieudonné-Manin the classification of p-divisible groups. Especially

the p-divisible group A[p®] of an abelian variety A of dimension g over k is determined
up to isogeny by a collection of 2¢ rational numbers Aq,...,A2g, called the slopes of
A[p®™], such that

OS)\lgg}\zggl and A,;-F)\zg_i:].V’l;.

The two extreme cases are
(a) (A isordinary) Ay =---=XAg=0,and Agy; = =Xy =1.
(b) (A is supersingular) A\ = -+ =gy = 1.
Experience has taught us that the ordinary abelian varieties exhibit behavior close to
abelian varieties in characteristic 0, while supersingular abelian varieties have very different,
properties. Among the nice properties of ordinary abelian varieties, we mention only
that the deformation space of ordinary abelian varieties have nice toroidal coordinates,
also called Serre-Tate coordinates, such that the deformation space has a canonical group

structure.

For fixed integers g,d > 1, denote by A, 4 the moduli space of abelian varieties A
over k with a polarization of degree d?. When d =1, Ay is abbreviated to A4, . Study
of the fine structures of these moduli spaces was begun by Mumford in the late 1960’s. In
the late 1970’s Norman and Oort proved that the ordinary locus A%¢ in Ag g is open
and dense. By the middle of 1980’s much more information about these moduli spaces
are known, due to Faltings’ method of constructing arithmetic toroidal compactification
of Ay.

The theme of this talk is to study the geometry of Hecke correspondences on A, . Since
we are in characteristic p, we will consider only the prime-to-p Hecke correspondences.
It is well-known that over the complex numbers the moduli space of principally polarized
abelian varieties has a uniformization as the quotient of the Siegel upper half space £,
of genus g by the Siegel modular group Sp2y(Z). Moreover it has Hecke correspondences
coming from GSp,,(Q). The prime-to-p Hecke correspondences are those coming from

Gszg(AE,p}), where A;P) denotes the finite prime-to-p adeles for Q. We shall focus on
one problem about the orbits of these Hecke correspondences in characteristic p. First
we give a geometric description of the orbit under the prime-to-p Hecke correspondences.

Typeset by AaS-TEX



Suppose that z € A4(k) corresponds to an abelian variety A;. The prime-to-p Hecke orbit
of x, denoted by GSp, g(AJ(fp ))(x), is the countable subset of A,(k) consisting of all points
y € Ag(k) such that there exists an isogeny ¢ : Ay, — Az with ¢*(pola,) = m - poly, for
some positive integer m, (m,p) = 1. We would like to know when the prime-to-p Hecke
orbit Gszg(Ag,p "Y(z) is Zariski dense in A, ?

Clearly a necessary condition for this question is that 2 has to be ordinary. Other-
wise GSp,, (A(fp))(:r;) will be contained in a divisor in A, , namely the zero locus of the
determinant of the Hasse-Witt matrix.

Theorem. If x corresponds to an ordinary principally polarized abelian variety, then the
prime-to-p Hecke orbit Gszg(A(fp))(m) of x is Zariski dense in A, .

The method is based on the following trivial principle: Suppose that a group G operates
on a scheme X, and Z is a closed subscheme of X stable under G. Then for any point
x € Z, the formal completion Z” of* Z at z is stable under the natural action of the
stabilizer subgroup G, on the formal completion Z, of Z at z. This principle also
holds for algebraic correspondences, for instance the prime-to-p Hecke correspondences
on A,. In this case the stabilizer subgroup of a point z = [A] comes from the ring of
endomorphisms of the A, equipped with the Rosati involution coming from the principal
polarization of A. We shall give an example of a principally polarized abelian variety
whose Hecke orbit is dense using this principle.

Example. (M. Larsen) Assume that k = IF_p and let F be an ordinary elliptic curve over
k, with its natural principal polarization Ag. Let (A,A\) = (E,Ag)®9, g > 2, and let
z € Ag(k) be the corresponding point. Then Gszg(AEfp))(m) is Zariski dense in A, .

Proof of Example. First of all, we show that z is a smooth point of the Zariski closure
Z of GSpy, (A}p))(w). The usual argument which shows that any orbit for a connected
algebraic group acting on an algebraic variety is smooth applies in this case: The smooth
locus of Z is a nonempty open subscheme Z,,, of Z, which is stable under prime-to-p
Hecke correspondences and contains points of Gy(z) by definition. Hence z € Zp g, -

Let O be the endomorphism ring of E. It is well-known that O is an order in an
imaginary quadratic number field, and O ®z Z, = Z, x Z, . The semigroup

S = GLQ(O(p)) N ngg(o) N GSpzy(Q)

operates on (A, )) = (F,Ag)®? as endomorphisms, which are £-power isogenies and pre-
serve the polarization up to £-power multiples. Also the elements in the semigroup S
induce f-power Hecke correspondences on A,/k. Consequently the formal completion
z; C A}, of Z at x is stable under the natural action of S on the formal completion
AQ’I of Ag/k at x. Since O ®gz Zyp, = Zyp X Ly, GL4(O ®z Zy) N GSp2y(Q,) is isomorphic
to GLg(Zy), and S is dense in GL4(Z,) under this isomorphism. Therefore the formal

subscheme Z7 of A}, is stable under the action of GLg(Zy).

We will only use a tiny part of the above information at the level of the tangent space,
namely that the tangent space T,Z of Z at z is stable under the natural action of
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GLy(Zp) on Ty(Ag/k). But we know that the action of GLg4(Zy,) on T, (Ag/k) factorizes
through the natural surjection GL(Z,) — GL4(F,). Moreover as a representation of
GL4(Fp) the tangent space Tx(Ay/k) is isomorphic to the subspace of symmetric elements
in k®9 @, kP9 . Now it is well known that the second symmetric product of the standard
representation of GLg4(F,) is absolutely irreducible if p > 2. If p > 2, the invariant
subspace T;Z being nonzero, it has to be equal to Tz(A4,/k), and we conclude that
Z = Ay/k when p > 2.

When p = 2, one can still conclude that Z = A,/k. For instance one can use the
stronger information that Z is stable under the action of GL4(Z,), and use Serre-Tate
coordinates on Ay, to perform computation with higher order deformations. We omit
the details here. O

Naturally we would like to understand the stabilizer subgroup action on the deformation
space of supersingular abelian varieties as well. Unfortunately our understanding is very
limited in this case. This forces one to pursue a different method. We only outline the
strategy.

o (Step 1) We may assume that the Zariski closure Z of the prime-to-p Hecke orbit of
an ordinary point z is defined over F;. For any ordinary ]F_p—rational point of Z
we can find a Shimura subvariety M containing z, which is essentially a product of
Hilbert-Blumenthal moduli varieties. Then one is reduced to a similar question for the
density of the prime-to-p Hecke correspondences for the Shimura variety M . Of course
the Hecke correspondences come from a smaller group now. The Zariski closure of the
Hecke orbit in M will be denoted by Z; now.

e (Step 2) A calculation using the Serre-Tate coordinates shows that there are only a
finite number of possibilities for Z; .

e (Step 3) Combining a result of Ekedahl and Oort and a calculation at the boundary,
one deduce that Z; contains a supersingular point.

e (Step 4) Inspect the stabilizer subgroup action at the supersingular point. Even though
we have only very poor understanding of this action, we still can rule out other possi-
bilities and conclude that Z; is indeed equal to M . Since M contains points of the
type discussed in the Example, one conclude that Z is indeed equal to A, .

The following is a VERY INCOMPLETE list of references. Of course consulting them
will yield more information on the literature.
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