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Programm der Mathematischen Arbeitstagung 1987 (I)
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Freitag, den 12.6.1987

16.30 - 17.30 Uhr M.F. ATIYAH: Invariants of 3- and 4~dimensional
manifolds

Samstag, den 13.6.1987

10.00 - 11.00 Uhr J. TITS: Monster and moonshine
11.45 - 12.45 Uhr N. SMALE: Bridge principle for minimal submanifolds
17.00 - 18.00 Uhr A. FLOER: Instantons and homology 3-spheres

Sonntag, den 14.6.1987

10,00 - 10.15 Uhr Festlegung der ni#chsten Vortridge
10.15 - 11.15 Uhr F. HIRZEBRUCH: Introduction to elliptic genera
12.00 - 13.00 Uhr L. ILLUSIE: Frobenius and the degeneration of

the Hodge spectral sequence

17.00

18.00 Uhr Th. FRIEDRICH: Riemannian manifolds with small
eigenvalue of the Dirac operator

Die Vortrdge finden alle im "GroBen HGrsaal', WegelerstraBe 10, statt.

Exgrnischungspausen mit Tee: Samstag 11.00°sz 11.45 Uhr und 16.00 - 17.00 Uhr,
Sonntag 11.15 = 12.00 Uhr und 16.00 - 17.00 Uhr, vor dem GroBen Hbrsaal.

Post liegt widhrend der Teepausen aus. Alle Teilnehmer mdgen sich bitte in
die Tellnehmenfisten eintragen. Teilnehmerlisten und Infoumationen liegen
vor dem GrofRen Horsaal aus.

Fiir Diskussionen stehen das Haus WegelerstraBe 10 und das Max-Planck-Institut
zur Verfiigung.

Den Tagungsbeitrag bitte wihrend der Teepausen an Herrn {Winter bezahlen.
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Programm der Mathematischen Arbeitstagung 1987 (II)
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Montag, den 15.6.1987

9.45 - 10.45 Uhr D. EPSTEIN: Finite state automata, groups
and hyperbolic geometry

13.00 Uhr Schiffsausflug nach Bad Breisig. Abfahrt pilinktlich
um 13.00 Uhr mit Motorschiff 'Carmen Silva', Lande-
briicke der Personenschiffahrt "Siebengebirge' (nahe
Alter Zoll). Riickkehr ca. 19.30 Uhr

Dienstag, den 16.6.1987

10.00 - 10.15 Uhr Festlegung der nidchsten Vortrige
10.15 = 11.15 Uhr A. WILES: On the Tate-Safarevic group
12,00 - 13.00 Uhr D. BURGHELEA: Free loop spaces and automorphisms

of manifolds

17.00

18.00 Uhr D. ZAGIER: Elliptic curves and Fermat's
last theorem

Mittwoch, den 17.6.1987

10.00 - 11.00 Uhr Y. MIYAOKA: The structure of algebraic threefolds

Die Vortrige finden alle im "GroBen Hirnsaal'", WegelerstraBe 10, statt.

Engrnischungspausen mit Tee: Dienstag, 11.15 - 12.00 Uhr vor dem GrofBen
Hbrsaal, 15.30 - 16.30 Uhr im Max-Planck-Institut.

Post liegt wihrend der Teepausen vor dem GroRen Hdrsaal aus.

Alle Tagungsteilnehmer m&gen sich bitte in die Telfnehmerfisten eintragen.
Tellnehmerlisten und Informationen liegen vor dem GroRen HSrsaal aus.

Den Tagungsbeitnag bitte wihrend der Teepausen an Herwn (linfer bezahlen.

Alle Tagungsteilnehmer mit ihren Damen oder Herren sind herzlich zum
Empfang des Rektons eingeladen. Zeit: Dienstag, 16.6.1987, 20.00 Uhr.
Ort: Festsaal der Universitdt, Hauptgebdude; Eingang von der StraBe
"Am Hof" durch das Tor gegeniiber Buchhandlung R&hrscheid.
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Programm der Mathematischen Arbeitstagung 1987 (III)
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Mittwoch, den 17.6.1987

11,45 = 12.45 Uhr M. SAITO: Mixed Hodge modules
17.00 - 18.00 Uhr St. RALLIS: L-functions and oscillator
representations

Donnerstag, den 18.6.1987

10.00 - 11.00 Uhr D. GROMOLL: Lower curvature bounds and
topological finiteness

11.45 - 12.45 Uhr K. UHLENBECK: Moment maps in infinite
dimensions
17.00 - 18.00 Uhr Th. ZINK: Points on Shimura varieties

and Dieudonné modules

Freitag, den 19.6.1987

16.30 - 17.30 Uhr B. MEEKS: The geometry of constant mean curvature
surfaces and of minimal surfaces ”
" (Kolloquiumsvortrag)

Der Kolloquiumsvortrnag findet im "Klednen Horsaal'", Wegelerstr. 10, statt.
Alle anderen Vortndge finden im "GroBen Horsaal' statt.

Post liegt wihrend der Teepausen aus.

Engrischungspausen mit Tee: Mittwoch und Donnerstag, 11.00 - 11.45 Uhr und
16.00 - 17.00 Uhr vor dem GroBen HOrsaal.

Infoamationen liegen vor dem GroBen HOrsaal aus.
Den Tagungabeitrag bitte wihrend der Teepausen an Hewn Winter bezahlen.
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Tl.*/e_ A Bridﬂe ?r'fncip’e for Hinimal and Consbnd  Mean Cuv‘mﬂlurq guLym;tni-(;l:ﬂs{

|
An)”lor‘ , /Va“\an S'Mafg_ .
Address (S‘(“"“"‘.’J Auj") NS.R.I. oo COH"ennia! Way) Berheley CA.) A

The Er}dgc princ}ple s a classical mecm i Minime] Sorface
‘”1@91*7. The hasic idea s that if ome cos small  arcs o of
the boundariec of thoo stible pinimal sorfaces, and Joi.n's the boundaries
‘J°j€‘”'°f‘ L‘y furo Vle’arB/ curyes —Haen the reSu/Hnj C_an'(f;juraﬁbﬂ shoold
spin o slable minimal sorfie  Hul s clse fo the ori‘3|ha| Hoo  joined éy
a thin strip. This ﬂ‘;hdp/{ his been used heuriyhg,/[,, t produwe mnimal
Surfaces }’mwl‘ﬁ certcin desired properties In (950 Covrant | LC])
menfioned  this principfe n his ):o-h) cnd  lajmed that i could be foroven
by the methodc in it. Tn  Fhe 155 Kroshal | [K<] published <
ﬂ)roof of « Version of +his fu;mip}c, Then 1n the /‘i?ol:, Heebs and
Yaw )[MJ Y]) Jar & fw\o{ for f‘mmd‘, stible oriwntable Surfics i —”f,
I’m go}ng to falk (i resu/'l'-/[ﬂ’ that s e:se;rt’}a“),- i 5enwa/iam‘r‘om
of fhe Heeks- Yau  theorem. The dimension and (odimension *can be
arbitrary sﬁk/f#/ is ot assumed | cnd the resalt oko  halde  for
hypersurfa:es.. of  comtant mean carvature .

Theorem A+ Let N, and /Vl be Cbm')adl) - dinenSions|
minima] (or constunt mean curw{are) swbman; folds  Immersed in /’R”) andl
withowt Tacobi Fields . lere Nz, N>n Assume  aks that Hw_/
Are C? L:f» b ﬂw;r: Jnuwjor;‘es‘ whfcl‘ are olso C?. [.él' v bg
any pm‘f.. connea‘ihg the bowndarics of /V, and My ond Lt ?2 be
tny tudic far neijJ\Bor/mqﬂ. of V. Then there exists o Aric{fjg
( o ditleomorphic copy of [O't]xSn'1> mside 91 connocting  the
boundaries of N, mw/N,_) and o Minimal (constant  mean CurVatLure)
Submani fold  whose looundar,v 15 the rerufﬁnﬂ Con,(i.jurm(&onj and s chee
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P N, joiwe;d b Ny L_)y o thin sleip (o difteomephic copy of [o,ng"'}
T he a?c?froac)‘ used here} guaﬁeg{ecf L/ Rivk. Sc]wen)
s b constract Q'gamﬂ;/ of a,o/)rox'fmazle solutions NE) ard then
Eind spaal | f)erhrluﬁons of -I‘Lere/fn tha r\orml ol(rec*l'sn/
tohich “ﬁ' mipimal . (For simplicity I will enly  dliseuss the mMinimal
Ca5e>, 7o olﬂlnjn “E toe jlw_ N’ o /V,_ la; - S‘#ip 01[
dfameﬂfr &) inside ?7_ This /s done in such « Wy Fhat
/AI /s );;oum/ed Fncje/‘om/en‘{‘ o{' g€ where A= Zud
Fundamertal Lorm of ME, This  Condition limits comewhat
the &/ﬂp/im/{m; of  the Hreorem, Mmr)w; consideor
hear}g/ submanitolde  (with the Same éowm’ar/> as Sations ol
“H"e horMa/ Auh(//c_ ng 7710(7[ /s ) }F W is a S(‘C‘/l‘bh of
NME which is zers” o OM° awd i fINS—s RY s an
Imme rs/on , then 3C+u MEF— /RN arumefrizes & ne;wk; ¢
_s'uémnn}-ﬁl&. 53me we Lu«“ ’Dc, mgf(inﬂ es{‘ymz./es en so(m‘ioub
st e[/ v}n‘ic egua%ions ) an affroprimQ class  of sections o
consider will he  CETINNME) that is C77 sechion which
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This is a report on joint work with P. Deligne [D] (see

also [0]}.

Let X be a smooth, proper algebraic variety over a field

. _ d 1. dim X

k . Denote by QX/k = (0X —> QX[k' —_— L. —> Qx/k ) the

De Rham complex of X/k . The Hodge groups HJ(X,Q;/k) and the
n R . W

De Rham groups HDR(X/k) : = H (X,Qx/k) are related by the

Hodge spectral sequence:

(1) Bl - Hj(x.ﬂiyk) - HEO(X/K) .

In particular, we have

(2) 7 ontd an?
i+j=n

iy 3 i n _ " n
where h = dimk B/ (X,07) , h = dimk HDR(x/k) , and (1)

degenerates at E if and only if (2) is an equality for all

1
n . The following result is well known:

Theorem 1. Assume char (k) = 0 . Then (1) degenerates at E1 .
The classical proof uses Hodge theory. We will explain an

elementary algebraic proof, based on the following result [D]:

Theorem 2. Assume k perfect, char (k) = p > 0 . Assume:
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(i) X 1is liftable to W2(k) (ii) dim X < p . Then (1)

degenerates at E1 .
Standard arguments show that th.2 implies th.1 .

Theorem 2 is a corollary of the following étronger result:

Theorem 2'. Let k be as in th.2 , let X/k be a smooth scheme.

(not necessarily proper). Assume X is liftable to Wz(k) . Then
there exists an isomorphism in D(X',OX,)
_ - 0 1 0 0 p-1, _ i
T<pF*QX/k z (0Xl —> Oy —> ... —> QX' ) = ifp Q2 [-1]

where F : X — X' is the relative Frobenius map, given by the

commutative diagram with Cartesian square
F

X.
X —— X' < x (S = Spec k , Fy = (resp Fg) =
absolute
u]
Frobenius endomorphism of
F
S
S «— S X(resp. 8)) ,

and Tepl + for a complex L , is the truncation

(oo, — 172 Ker 4 —> 0) .

The proof consists in constructing, for a given lifting ¥

of X on w,(k) , a map
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o+ .® 0p, [-i] —> F,Q

X i<p X/k
in D(X') inducing the Cartier isomorphism C_1:Q;, — HlF*Qg
on HY . In the case where F lifts to
o~ o ~ ~ T ’
F : X —=> X' =X@® (Wz(k),c) ’ el gives w1 . In the general
W, (k) P X
2 Pl
F*
case, one can glue the maps pl where ﬁi is a lifting of F on
Ui , U = (Ui) an open cover of X , by means of the "homotopies"
Tx - Fr : 1
= -l 1 . . ,
hij 5 : QX' —> F*OX , on Ui n Uj . Once wi is defined,
one constructs wi by using the multiplicative structure of the

X
De Rham complex.

From th.2' one can deduce the following vanishing result:

Theorem 3 (Raynaud) . Let X/k be as in th.2 . Let L be an

ample line bundle on X . Assume X of pure dimension d s p .

Then:

HJ(X,LQQ;)=0 for i+3 >d .

By the same standard arguments as above, one deduces from

th.3 the classical Kodaira-Akizuki-Nakano vanishing theorem.

Remarks 1) In th.2' , the liftability assumption is essential:
the obstruction to lifting X (or X' ) <coincides, up to sign,
with the class in Extz(H1,H0) of the complex T<2F*Qﬁz.

2) For dim X = p , and X liftable to W2(k) , one can
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show that

F,, = & Q

X X1 [-i] in D(Xx"') .

However it is not known whether this still holds for dim X > p
The first unknown case is that of a quadric of dimension 3 in

char.2 .

3) There are several variants and generalizations of
th.2' : Qk replaced by Qk(log D) , for D a divisor with
normal crossings, k replaced by a general basis S/IIFp : with
a flat lifting § mod p2 + etc., which lead to further degene-

ration theorems.
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Riemannian manifolds with small

eigenvalue of the Dirac operator
Thomas Friedrich
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DDR

Let M be a compact Riemannian manifold and denote by D the
Dirac operator acting on sections of the spinor bundle S . In
1980 (see [1]) we proved for the first eigenvalue ) of D

1
the inequality

where R0 is the minimum of the scalar curvature R . Moreover,
n-R

. 1 0 . . . .

if 5 =T is an eigenvalue and 1y 1is the corresponding

eigenspinor, then ¢ satisfies the stronger equation

/ R
Vw:: ——0_x-

1
X 2 "n(n-1) v

(see [1]}) and these spinors are sometimes called Killing

spinors. In 1986 O. Hijazi (see [7]) obtained the inequality.



where My is the first eigenvalue of the Yamabe operator

4 %E% A+R (see also [11] for a general approach). However,

if this lower bound is an eigenvalue then the scalar curvature
R is constant and the eigenspinor ¢ is a Killing spinor.
Thus, there arises the interesting problem to classify all
those Riemannian manifolds M" admiting a Killing spinor.

The existence of such a spinor imposes algebraic conditions

on the Weyl tensor of the space (see [2]) as well as on the

covariant derivative of the curvature tensor and the harmonic

forms on M" (see [7]); in particular M must be an Einstein
manifold.
In dimension four the only possible manifold is M4_= S4 (see

[2]) .In dimension five we have an Einstein metric on the
Stiefel manifold V4’2 admiting a Killing spinor (see [11]).
In 1985 we constructed in a common paper with R. Grunewald
(see [3])Einstein metrics on P3(E) and F(1,2) with Killing
spinors. These two spaces are twistdr spaces over S4 and
Pz(E) respectively and one obtains the mentioned metric from
the standard Kdhler metric by scaling in the direction of the
fibres of the twistor projection. Moreover, R. Grunewald
constructed on 83 X 53 a left - invariant Einstein metric
with Killing spinors (see [6]). On the squashed seven-sphere
there exists also a Killing spinor (see [12]).

We now study the above mentioned classification problem

in the case of 5-dimensional Einstein spaces MS . If 3 i8

a Killing spinor then there exists a vector field ¢ such that



"y =1y

Consider the 1-form n(X) = H
endomrophism ¢ : TM5 — TM5 given by ¢ = -Vg

< X-y,v > .as well as the

Theorem 1 (see [4]): Let (M,Sg) be an Einstein space

with scalar curvature R = 20 and Killing spinor vy . Then

(Ms;w,g,n,g) is an Einstein-Sasaki manifold.

Theorem 2 (see [4]): Let (Ms;w,g,n,g) be a simply-connected

Einstein-Sasaki manifold with spin-structure. Then M5 admits

Killing spinors.

Theorem 3 (see [4]): Let (Ms,g) be a compact Einstein space

with Killing spinor 1y and scalar curvature R = 20 . Suppose
in additions that the associated contact structure is regular.
Then there are three possibilities:

1) MS is isometric to S5 or to the homogeneous space

2) M5 is isometric to the Stiefel manifold V or

4,2

Yy 2|Z2 with the Einstein metric considered in [1].
7
3) M5 is the simply-connected 81—fibre bundle with Chern
*
class C, = c1(Pk) over a del Pezzo surface
Pk (3 s k s 8)

The question whether the last case is actually possible is

essentially equivalent to the problem whether the surfaces Pk



admit Einstein-Kdhler structures. There is a one-to-one
correspondence between Killing spinors on M5 and Einstein-
Kdhler metrics on Pk .

Finally I want to discuss some results obtained by
K.D. Kirchberg from Berlin. O. Hijazi (see [7]) observed
that on a Kdhler manifold :% /fggg. cannot be an eigenvalue
of the Dirac operator. This leads to the conjecture that in
the K&dhler case it may be possible to obtain a better lower

bound for the eigenvalues of D

Theorem 4 (see [9]): Let ~A be eigenvalue of the Dirac

operator on a closed Kdhler spin manifold M®  with positive

scalar curvature, then

If # /R

an Einstein-K&dhler space of odd-complex dimension m =

tl n+2 R itself is an eigenvalue of D , then " is
n
2

The corresponding eigenspinor ¢ satisfies the stronger
equation 9.y = const(x+ (-1)%i J(x)i%)y with m = 81-2k-1 ,

kK € {0,1,2,3} and J is the compex structure of M

Theorem 5 (see [10]): Let M6 be a closed Kihler spin
R
/0

manifold of positive scalar curvature for which 3 is

an eigenvalue of the Dirac operator. Then M6 is analytically

isometric either to the projective space P3(¢) or to the



flag manifold F(1,2) .

The idea of the proof: each non-trivial solution.of the
equation Dy = /R/3 y determines a folation of M6 such
that any leave is a totally geodesic 2-sphere and the map

T = M6 _— M6 which coincides on the leaves with the

antipodal map is antiholomorphic. Then M6 becomes the
twistor space of certain 4-dimensional Riemannian manifeold and
one can apply the result of N. Hitchin [8] and Th. Friedrich/

H. Kurke [5] concerning the classification of Kidhlerian

twistor spaces.
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In the last two years, several beautiful results in the theory of elliptic
curves have been discovered; the lecture gave a survey of some of these.

Background: An elliptic curve over a field K is a (smooth projective)
curve E of genus 1 together with a point OE€E, all defined over K. By the
Riemann-Roch theorem, E is an algebraic group and E(K), the set of points of
E with coordinates in K, an abelian group. For the same reason, EndE(E), the
set of morphisms E-E over K preserving O, is a ring under addition and
composition of endomorphisms. An. important invariant of E is the j~invariant

3
j(E) €K, defined as -Z%3%%%§; if E is given by a Weierstrass equation y2 =

x3+Ax+B ; this invariant classifies E up to K~isomorphism.

The cases of main interest are K= (or a number field), K=Z/pZ (or a
finite field), and the relation between these two..

K=Q : The group E(Q) is finitely generated (Mordell), i.e. has the struc-

r . .. . . .
ture Z +F with r20 and F finite abelian. The rank r is the most important

a east
invariant of E. It can take valuesias large as 14 (Mestre). It is generally

believed that r is "almost always'" O or 1; however, recent calculations by

3

Kramarz and myself indicate that 12% of the curves x +y3=m (m cubefree) may

have rank 22. The group F has the structure Z/aZ or Z/2ZxZ/2bZ (easy)
with as10, a=12, or bs4 (Mazur, 1977). The ring Endﬁ(E) is idomorphic to Z
0 d+v-d

or to an order = Z+L—— in an imaginary quadratic field. The latter

case, complex multiplication, is relatively rare: it happens only if j(E) has
one of the values 0, 1728, -3375, 8000,...,-262537412640768000 corresponding
to d=3,4,7,8,..., 163 with class number h(~d)=1., Over Q, CM by O—d occurs

iff j(E) is a root of a pdlynomial h_d(X) of degree h(-d) with integer coeffi-
cients, e.g. h_7(x) = X +3375, h_15(x) = X2+191025X-121287375.

K=Z/pZ: The group E(Z/pZ) 1is finite (cyclic or a product of two cyclic
groups) of order p+1=-a- with |a| <2/p (Hasse, 1933); all a occur (Honda).
Endf (E) 1is either an order in the imaginary quadratic field Q(YaZ-=4p) (the
ordi%arz case) or else has rank 4 and is an order in the quaternion algebra over

Q ramified at p and o (the supersingular case), depending whether pla or pla

(i.e., for pz5, whether a#0 or a=0).

Relationship between them: If E is an elliptfc curve over @, then by

reduction mod p one gets an elliptic curve over Z/pZ for almost allprimes p, |
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Write #E(Z/pz) p+1 a (E) with Ia (E) |<>p. The questlon is what collections

{ap(E)} can arise and how they are related to the arithmetic of E over @. The
information is encoded by the L-series of E over {; this is a Dirichlet series
LE(s) having an Euler product with Euler factor (1 —ap(E)p_s +p1~25)_ for p

with good reduction (i.e. the equation of E still defines an elliptic curve mod

p) and (1% _S)_1 of 1 for p of bgdlreductlon (the equatlon becomes singular).
cuspida

We call E modular if there is ajmodular form f (on some group Ty (N)) of weight 2

with a Fourier development Zanq (q “eznlz

) with an€ /A multlpllcatlve (i.e. a
Hecke eigenform) such that ap(E) =aP for all good p. Results of Eichler and
Shimura imply that every cusp form f with the properties mentioned corresponds to
an elliptic curve; the Taniyama or Taniyama-Weil conjecture is that all elliptic
curves over @ arise in this way (Weil proved that this is true if LE(SI satisfie

certain conjectured functional equatiomns). We can summarize the situation by a

Venn diagram

all
elliptic
curves

modular
elliptic
curves

this set is
empty if the
Taniyama con=-
jecture is true

this set 1is
“fairly small

If E is modular, then LE(s) has an analytic continuation and hence a well-define

order of vanishing p at s=1. The Birch-Swinnerton-Dver conjecture says that

r =p and moreover that the first non-zero derivative at s=1, L(p)(1), equals a

certain known positive number times the order of l“_, the Shafarevich group. The

group |l| consists of the isomorphism classes of curves of genus 1 over § which
are isomorphic to E over R and Qp for all p; it is trivial if every such
curve has a point over @, but until last year was not known to be finite for a
single elliptic curve E.

Results: (1) In the last couple of years there have been many applications
of the group law on elliptic curves over Z/pZ to questions of factorization of
large numbers and primality testing. The original idea was due to H. Lenstra. A
typical application (Pomerance, 1987) is "prime certification": a number p >34
is prime iff there exist integers C,A such that the point P =(0,0) on the ellipt
curve Cy2 =x3-+Ax2 +x satisfies ZkP =0 (where Zk is the smallest power of 2
bigger than 2V/p) but 2kr1P#(fin E(Z/qZ) for any divisor q of p (this can be
checked without knowing the factorization of p by doing a g.c.d. calculation of
the denominator of the coordinates of P with p); thus the primality of p can
be verified in 0(log p) steps, i.e. as many as one needs to write p down.

(2) Let E be an:elliptic curve over @. If E has CM by O_d , then the

L

%‘

LC




D. Zagier
Autor: FElliptic curves: recent developments Seite: 3

reduction of E (mod p) is supersingular for all good p with (%?J =-1,i.e. for
half of all primes. But if E doesn't have CM, the supersingular primes are much
rarer, e.g. only 27 up to 31500 for the curve y2+y=x3—x2—10x-20 with j-invariant

-212313/115 (Lehmer). Conjecturally the number of supersingular primes <x grows

asymptotically like (const.) (Lang-Trotter), but it was not known that

X
log x
there were infinitely many supersingular primes for a single non-CM curve. Last
year, Noam Elkies, a graduate student at Harvard, found a very elementary proof
that there are infinitely many for every E. The idea is similar to Euclid's proof
that there are infinitely many primes. Roughly, if “Pys---,p, are the supersinguft
lar primes already found, you choose a prime p with (pi/p) =1 for all 1 and
some other congruence conditions and show that if p is sufficiently large then
the numerator of h_p(j(E)) or h_4p(j(E)) is a quadratic non-residue of p and
hence contains a prime factor Pt with (pn+1/p)=-1, and this_i&_aﬁother superT
singular prime for E by virtue of what was said above.

(3) The two main results which were previously known in the direction of the
Birch-Swinnerton-Dyer conjecture were the theorem of Coates and Wiles (1977) that
for CM curves E, p=0 implies r =0 and the theorem of Gross and myself (1983)
that for modular elliptic curves E, p=1 implies rz1. Now Karl Rubin has proved
that for CM curves, p =1 implies rs1 (and hence r=1). More important, he proved
the finiteness of lﬂ for certain CM curves (namely, those whose L-series over the
field of complex multiplication does not vanish at s=1). Moreover, his proof show?
that the prime factors of |lll| can be only those predicted by the Birch-Swinnerton-
Dyer conjecture, and possibly 2 (or 3 if the CM field is Q(/-3)). In some cases
one can calculate ||} completely, e.g. [Ul|=1, 4, 9 for the curves y2 =x3—x,
y2 =x3-+17x,aand y2 =x3-—283452 . The main new in%ﬁedient in Rubin's proof was

aconstruction by the South American mathematician Thaine for cyclotomic fields.
The proof of my theorem with Gross used so-called Heegner points: if E

is modular, then there is a map from the modular curve XO(N) = ﬁ/PO(N) to E
defined over @, and the images of points in XO(N) corresponding to CM curves
(i.e. of points T €H, the upper half-plane, satisfying a quadratic equation over Q)
give points in E(Q); by adding these points to their conjugates under Gal(Q/Q) one
gets a point in E(Q). The problem is to show that this point is non-zero; in the
paper with Gross this was done by relating its size to Lé(1) #0. There is also

a purely algebraic approach (Heegner, Birch). Using it, Satgé (1986) proved an
analogue of Sylvester's conjecture. This conjecture says that any prime p=4 (mod
9) is a sum of two rational cubes, and is still open. Satgé proved that 2p 1is
a sum of two rational cubes if p=2 (mod 9). The idea is to use modular functionsg

3 3

to construct a point on the curve C: X +2Y3 +pZ” =0 with coefficients in a numbg

field K of degree B%l over @ (the ring class field of discriminant -3p2).
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Now C 1is not (yet) an elliptic curve over @, since we have no point 0 over
Q, so there is no group law. But we still know when the sum of 3 points is O
(namely, if they are collinear on the cubic curve C), so we can add n points
if n=1 (mod 3). Since pH1 is =1 (mod 3), we can take the trace from C(K)

3
to C{®) to get a "Heegner point" on C(@), and this point is automatically non-
g g

trivial because there is no trivial point on C ‘over Q. A simple transformatioh

then gives a non-trivial point on the elliptic curve E: X3-+Y3 +2pZ3 =0,
(5) Finally, and perhaps most dramatically, Ribet has shown that Fermat's
last theorem follows from the Taniyama conjecture. More precisely, if a2+b£=c£

is a counterexample to Fermat's last theorem, then the elliptic curve E_ : 2 -
p 11p F Y

x(x—ag)(x-cl) is a counterexample to the Taniyama conjecture (i.e. belongs to
the mysterious outer ring of the Venn diagram on page 2). The index "F" stands
- had been

written down previously by Hellegouarch and perhaps Hurwitz). The idea of the

for Fermat or for Frey, who first suggested this approach (the curve E

proof that Ep cannot be modular is to show that if it were modular, and hence
satisfied ap(E) = ap(f) for some cusp form f€§Sz(T0(N)) with N equal to the
product of the prime factors of abec , then modulo £ one could remove the prime
factors of N one at a time to get a new modular form g of weight 2 on FO(Z)
with ap(ED Eap(g) (mod £) for all p; this gives a contradiction because the
only modular form of weight 2 and level 2 is an Eisenstein series with ap(g) =
p+1, and ap(ED =2p+1 (mod %) for all p implies that E or an isogenous curve
has a rational torsion point of order & , contradicting Mazur's theorem. Ribet'
proof is in the area of %-adic representations (cf. Wiles's lecture) and uses
detailed knowledge of the algebraic geometry of modular and Shimura curves in
characteristic 0 and characteristic p.

In fact, the statement Ribet proved is a very special case of certain
conjectures of Serre (first 1974, precise formulation 1986) which predict the
existence of a modular form of specified level, weight, and character for any
odd 2=-adic representation p: Gal(Q/Q) — GLZCER)° These conjectures include
the Taniyama conjecture but make many other verifiable predictions. -Dozens of
these have been checked by Mestre in the last year. A typical case: the polynomi
x5+x4—37x3+67x2+21x+1 has Galois group A5c=SL2(El) and discriminant 22-24077,
and gives a 2-adic representation which by Serre's conjecture predicts that there
is a modular form (cuspidal, eigenform) in 82(F0(24077)) whose Fourier develop-
ment begins ¢ +q2 +q3-+q4 +cq5 + ... (mod 2), where ¢ E]Fl+ is an element not
in 1F2; using the '"graph method" (Oesterlé-Mestre), Mestre was able to check

that there is, indeed, such a form.

o
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