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This is areport on joint work with P. Deligne [D] (see

also [,0]).

Let x be a smooth, proper algebraic variety over"a field

k . Denote by nX1k = (Ox

De Rham complex of X/k .
Rham nDe groups H

DR
(x /k)

Hodge spectral sequence:

d 1 ndim x) the~ nxOc ' ~ ... ~ ':"

x/k
The Hodge groups

j i>
and theH (X, nx Ik)

. = Hn(X;nX/k) are related by the.

( 1 )

In particular, we have

(2) L h
ij '= h

n

i+j=n

where h
ij

= dimk Hj(X,n i ) , h n
= dimk H~R(X/k) , and (1)

degenerates at E1 if and only if (2) is an equality for all

n . The following result is weIl known:

Theorem 1. Assume char (k) = 0 . Then (1) degenerates at E
1

•

The classical proof uses Hodge theory. We will explain an

elementary algebraic proof, based on the following result [D]:

Theorem 2. Assume k perfeet, char (k) = P > 0 . Assume:
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(i) X is liftable to W
2

(k)

degenerates at E
1

.

(ii) dirn X < P . Then (1)

Standard arguments show that th.2 implies th.1 .

Theorem 2 is a corollary of the following stronger result:

Theorem 2 1
• Let k be as in th.2 , let X/k be a smooth scheme.

(not necessarily proper). Assurne X is liftable to W
2

(k) . Then

there exists an isomorphism in D(X',OX')

o
~

i
m rlx '

i<p
[-1 ]

where F : X~ X' is the relative Frobenius map, given by the

Frobenius endomorphism of

X(resp. S»

FX = (resp FS) =

absolute

Spec k ,(S =

cornmutative diagram with Cartesian square

F x ·

~
X +-- XI ~ X

JF: J/
S +-- S

and TL, for a complex L, is the truncation<n

( ••• ~ Ln - 2 ~ Ker d ~ 0) .

The proof consists in constructing, for a given lifting X
of X on W2 (k) , a map
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inducing the Cartier isomorphismin

on

D (X' )

Hi . In the case where F lifts to

F:

case, one can glue the maps
p

gives

where F.
1

1
~~ In the general

X

is a lifting of F oh

u. u = (U.) an open cover of X, by means of the "homotopies"
1 1

F~ - F~
h .. = ] 1

1J P
one canstructs

Q~, ~ F*Ox ' on U1 n Uj ". Once (jl~ 1s def1ned,

~: by using the multiplicative structure of the
X

De Rham complex.

From th.2' one can deduce the foilowing vanishing result:

Theorem 3 (Raynaud). Let X/k be as in th.2 . Let L be an

ample line bundle on X. Assurne X of pure dimension d ~ P .

Then:

for i + j > d •

By the same st~ndard arguments as above, one deduces from

th.3 the classical Kodaira-Akizuki-Nakano vanishing theorem.

Remarks 1) In th.2 1
, the liftability assumption is essential:

the obstruction to lifting X (ar X') coincides, up to sign,

with the class in Ext
2

(H 1 ,H
O

) of the complex T<2F*n~'.

2) For dirn X = P , and X liftable to W2 (k) , one can
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However it is not known whether this ~till holds for dirn X > P .

The first unknown case 1s that of a quadric of dimension 3 in

char.2 .

3) There are several variants and generalizations of

th.2 1
: nx ~eplaced by 0x(log D) , for D a divisor with

normal crossings, k replaced by a general basis S/W , with
p

a flat lifting S mod p2 , etc., which lead to further degene-

ration theorems.
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Let Mn be a compact Riemannian manifold and denote by D the

Dirac operator acting on sections of the spinor bundle S. In

1980 (see [1]) we proved for the first eigenvalue A
1

of D

the inequality

where RO is the minimum of the scalar curvature R. Moreover,

if ± ~ jI:~~o is an eigenvalue and ~ is the corresponding

eigenspinor, then W satisfies the stronger equation

V lJ1x
= + 1~ x •2 n(n-1) lJ1

(see [1]) and these spinors are sometimes called Killing

spinors. In 1986 o. Hijazi (see [7]) obtained the inequality,

A2 ~ 1 n
1 4 n-1 11 1
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where ~1 is the first eigenvalue of the Yamabe operator

4 n-
2
1 ß+R (see also [11] for a general approach). However,

n-

if this lower bound is an eigenyalue then the scalar curvature

R is constant and the eigenspinor ~ is a Killing spinor.

Thus, there arises the interesting problem to elassify all

those Riemannian manifolds Mn admiting a Killing spinor.

The existence of sueh a spinor imposes algebraie eonditions

on the Weyl tensor of the space (see [2]) as weIl as on the

eovariant derivative of the eurvature tensor and the harmonie

forms on Mn (see [7]); in particular Mn must be an Einstein

manifold.

In dimension four the only possible manifold is 4 4M _ :;: S (see

[2]) .In dimension five we have an Einstein metrie on the

Stiefel manifold V4 ,2 admiting a Killing spinor (see [1]).

In 1985 we constructed in a eornmon paper with R. Grunewald

(see [3])Einstein metries on p3(~) and F(1,2) with Killing

spinors. These two spaees are twist6r spaees over 54 and

p2(~) respeetively and one obtains the mentioned metrie from

the standard Kähler rnetric by sealing in the direetion of the

fibres of the twistor projeetion. Moreover, R. Grunewald

eonstructed on 53 x 53 a left - invariant Einstein metric

with Killing spinors (see [6]). On the squashed seven-sphere

there exists also a ~illing spinor (see [12]).

We now study the above mentioned classification problem

in the case of 5-dimensional Einstein spaces M5 . If ~ i5

a Killing spinor then there exists a vector field s such that
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~ • ~ = i~ .

Consider the 1-form n (X) = 1< x·~,w > -as weIl as the

endomrophism ~ : TM5
--> TM5 given by ~ = -9~ .

Theorem 1 (see [4]): Let (M,5 g) be an Einstein spaee

with sealar eurvature R = 20 and Killing spinor ~. Then

5
(M ;~,s,n,g) is an Einstein-Sasaki manifeld.

Theorem 2 (see [4]): Let 5
(M ;~,~,n,g) be a simply-eonneeted

Einstein-Sasaki manifold with spin-structure. Then M
S admits

Killing spinors.

Theorem 3 (see [4]): Let 5(M ,g) be a cornpact Einstein space

with Killing spiner ~ and scalar eurvature R = 20 . Suppose

in additions that the assoeiated contaet structure is regular.

Then there are three possibilities:

1) M
S i5 isometrie to s5 or to the hornogeneous spaee

5
S /Z3 ·

2) is isometrie to the Stiefel manifold or

V4,21z2 with the Einstein metric eonsidered in [1].

3) MS is the simply-connected S1-fibre bundle with Chern

*class c 1 = c 1 (Pk ) over adel Pezzo surface

Pk (3 ~ k ~ 8)

The que5tion whether the last ease is aetually p05sible is

essentially equivalent to the problem whether the surfaces Pk
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admit Einstein-Kähler struetures. There is a one-to-one

eorrespondenee between Killing spinors on M
S

and Einstein-

Kähler metries on P
k

.

Finally I want to diseuss same results obtained by

K.D. Kirehberg from Berlin. O. Hijazi (see [7]) observed

that on a Kähler manifold ±! /n·R eannot be an eigenvalue
2 n-1

of the Dirae operator. This leads to the eonjeeture that in

the Kähler ease it may be possible to obtain a better lower

bound for the eigenvalues of D.

Theorem 4 (see [9]): Let '~A be eigenvalue of the Dirae

operator on a elosed Kähler spin manifold Mn with positive

sealar eurvature, then

2 1 n+2
A ~ 4 n RO •

an Einstein-Kähler spaee of odd'eomplex dimension

If itself is an eigenvalue of D, then Mn is

n
m = 2

The eorresponding eigenspinor W satisfies the stronger

equation VxW = eonst(X+ (-1)k i J(X)i 2 )w with m = 81-2k-1 ,

k E {O,1,2,3} and J is the eompex strueture of M.

Theorem 5 (see [10]): Let MG be a closed Kähler~in

manifold of positive scalar curvature for which I~ is

an eigenvalue of the Dirae operator. Then M
6

is analytieally

isometrie either to the projeetive spaee p3(~) or to the
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flag manifold F(1,2) .

The idea of the proof: each non-trivial solution"of the

equation D~ = IR/3 ~ deterrnines a folation of M6 such

that any leave is a totally geodesic 2-sphere and the map

T : M
6

---> M
6

which coincides on the leaves with the

antipodal map is antiholornorphic. Then M6 becomes the

twistor space of certain 4-dimensional Riemannian manifold and

one can apply the result of N. Hitchin [8] and Th. Friedrich/

H. Kurke [5] concerning the classification of Kählerian

twistor spaces.
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In the last two years, severa1 beautifu1 resu1ts in the theory of e11iptic

curves have been discovered; the 1ecture gave a survey of some of these.

Background: An e11iptic curve over a field K is a (smooth projeu·tive)

curve E of genus 1· together wi th a point 0 E E, all def ined over K. By the

Riemann-Roch theorem, E is an a1gebraic group and E(K), the set of points of

E with coordinates in K, an abe1ian group. For the same reason, EndK(E), the

set of morphisms E -+ E over K preserving 0, is a ring under addition and

composition of endomorphisms. AI1- important invariant of E is the j-invariant
. ( ) E d f' cl 6912A3. .. b' . 2J E K, e lne as 4A3+27B2 lf E 1S g1ven y a Helerstrass equat10n y

x
3

+Ax+B; this invariant classifies E up to iC-isomorphisrn.

The cases of main interest are K = ~ (or a number field)" K = 71./p'll (or a

finite field), and the relation between these two ..

K=~: The group E(~) is finite1y generated (MordeIl), i.e. has the struc­

ture 7l
r

+ F with r;;;:O and F finite abel ian. The rank r is the most important
aG least

invariant cf E. It can take values~as Iarge as 14 (Mestre). It is generally

believed that r is "almost always" 0 or 1; however, recent calculations by

Kramarz and myself indicate that 12% of the curves x 3+y
3=m (m cubefree) may

have rank ~2. The group F has the s truc ture 7l/ a1l or 'll./2:ll x 7l/2bZ (easy)

with a~10, a=12, or bS4 (~~zur, 1977). The ring End~(E) is isomorphie to ~

d +N '<
or to an order O_d ~ ~+Z 2 in an imaginary quadratic field. The latter

case, cornplex rnultiplication, is relatively rare: it happens only if j(E) has

one of the values 0, 1728, -3375, 8000, ... ,-262537412640768000 corresponding

to d=3,4,7,8, ... ,163 with c1ass number h(-d)=1. Over Q, CMby O_d occurs

iff j(E) is a root of a pbIynomial h_d(x) of degree h(-d) with integer coeffi­

cients, e.g. h_
7

(x) c X +3375, h_
15

(X) = X
2

+ 191025X -121287375.

K = Z/pZ The group E(Z/pZ} is finite (cyclic or a product of two cycl ic

groups) of order p + 1 - a' with 1 al < 2/P (Hasse, 1933); all a occur (Honda).

En~ (E) is either an order in the imaginary quadratic field ~(/a2-4p) (the

ordiRary case) or else has rank 4 and is an order in the quaternion algebra over

~ ramified at p and co (the supersingular case), depending whether p~a or p la

(i.e., for p;;;:5, whether a#O or a=O).

Relationship between thern: If E is an elliptic curve over ~, then by

reduction mod p one gets an elliptic curve over 'llJrill for ,qlmogt ;:111prirnes TI
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Write #E(Z/pz) = p+1-a (E) with la (E) \ <2/P. The question is what collections
. . p p

{a (E)} can arise and how they are related to the arithmetic of E over <l!. The
p

information is encoded by the L-series of E over ~; this is a Dirichlet series
-s 1-2s-1

L
E

(s) having an Euler produc t wi th Euler fac tor (1 - a
p

(E)p + p ) for p

with good reduction (i.e. the equation of E still defines an elliptic curve mod

p) and (1:1: P-s) -1 or for p. of 1?ad reduc tion (the equat ion becomes singular).
cusp~dal '

We call E modular ·if there is a"modular f?rm f (on some group r0 (N)) of weight 2

. h 'd 1 t n ( 2TT~Z). hel' l' . ('W1t a Four1er eve opment /., a q q =e W1t a '(". ~ mu t1p ~cat~ve 1. e. a
n n

Hecke eigenform) such that a (E) = a for all good p. Resul ts of Eichier and
p p

Shimura imply tha t every cusp form f with the properties mentioned corresponds to

an -el1iptic curve; the Taniyama or Taniyama-Wei1 conjecture is that all elliptic

curves over ~ arise in this way (Weil proved that this is true if L
E
(sr sätisfie

certain conjectured functiona1 equations). We can summarize the situation by a

Venn diagram

this set
empty if
Taniyama con­
jecture is true

this set is
. fairly small

all
elliptic
curves

If E is modular, then LE(s) has an analyt~c continuation and hence a well-define

order of vanishing p at s = 1. The Birch-Swinnerton-Dyer conjecture says that

r cp and. moreover that the first non-zero derivative at s~1, L(P)(1), equals a

certain known positive number times the order of ]l , the Shafarevich group. The

group ]1 consists of the isomorphism classes of curves of genus lover Q which

are isomorphie to E over JR and Qp for all p; it is trivial if every such

curve has a point over Q, but until last year was not known to be finite for a

single elliptic curve E.

Results: (1) In the last couple of years there have been many applications

of the group 1aw on elliptic curves over Z/pZ to questions of factorization of

large numbers and primality testing. The original idea was due to H. Lenstra. A

typica1 appl ication (Pomerance, 1987) is "pr ime cert if ica t ion11: a number p > 34

is prime iff there exist integers C,A such that the point P = (0,0) on the ellipt c

curve Cy2 = x 3 + Ax 2 + x satisfies 2
k

p cO (where 2
k

is the smallest power of 2

bigger than 2/P) but 2k- 1p rf 0'1n E(~/qZ) for any divisor q' of p (this can be

checked without knowing the factorization of p by doing a g.c.d. calculation of

the denominator of the coordinates of P with p); thus the primal ity of p can

be verified in O(log p) steps, i.e. as many as one needs to write p down.

(2) Let E be an :elliptic curve over et. If E has CM by O_d' then the



D. Zagier
Autor: E1liptia curves: recent developments Seite: 3

reduction of E (mod p) is supersingular for all good p with (-d) = -1, i.e. forp .
half of all primes. But if E doesn't have CM, the supersingular primes are milch

3 500 2 3 2 10 20 . .. .rarer, e.g. only 27 up to 1 for the curve y +ycx -x - x- w~th J-~nvar~ant

_2 1231 3 /11 5 (Lehmer). Conjectura1ly the number of supersingular primes <x grows
IX

asymptotically like (const.) 1 (Lang-Trotter), but it was not known that
og x

there were infinitely many supersingular primes for a single non-CM curve. Last

year, Noam Elkies, a graduate student at Harvard, found a very elementary proof

that there are infinite1y many for every E~ The idea is siffii1ar to Euclid's proof

that there are infinitely many primes. Roughly, if "P1, ••• ,Pn are the supersingu

lar prirnes a1ready found, you choose a prime p with (p"./p) = 1 for all i and
~

some other congruence conditions and show that if p is sufficiently large then

the numerator of h (j (E» or h 4 (j (E» is a quadratic non-residue of p and-p - p
hence contains a prime factor Pn+1 with (Pn+1 /p) = -1 , and this i~ .another super-

singular prime for E by virtue cf what was said above.

(3) The two main results which were previously known ~n the direction of the

Birch-Swinnerton-Dyer conjecture were the theorem of Coates and wi1es (1977) that

for CM curves E, P = 0 impl ies r = 0 and the theorem of Gross and myself (1983)

that for modular elliptic curves E, P = 1 implies ri:;:: 1. Now Karl Rubin has proved

that for CM curves, p = 1 impl ies r~l (and hence r=l). More important, he proved

the finiteness of ..ll1. for certain CNcurves (namely, those whose L-series over the

field of complex rnultiplication does not vanish at s=l). Moreover, his proof show~

that the prime factors of IlUl can be only those predicted by the Birch-Swinnerton

Dyer conjecture, and possibly 2 (or 3 if the CM field is ~(i=3». In sorne cases

one can calculate JJl completely, e. g. ]WI = 1, 4, 9 for the curves y2 = x3
-x,

2 3 17 d 2 3 28 452 .. r1 • • b" fy = x + x, -.an y I:: X - 3 . The ma~n I}ew ~n~re't~en t ~n Ru ~n s proo was
aconstruction by the South American mathemat1cian Tha1ne for cyclotomic fields.

(4) The proof of my theorem with Gross used so-called Heegner points: if E

is modular, then there is a map from the modular curve XO(N) = H/fO(N) to E

defined over ~, and the images of points in XO(N) corresponding to CM curves

(i.e. of points T EH, the upper half-plane, satisfying a quadratic equation over ~)

give points in E(Q); by adding these points to their conjugates under Gal(~/Q) onE

gets a point in E(~). The problem is to show that this point is non-zero; in the

paper with Grass this was done by relating its s~ze to LE(l) #0. There is also

a purely algebraic approach (Heegner, Birch). Using it, Satge (1986) proved an

analogue of Sylvester' s conj ecture. This conjec ture says that any prime p =~ (mod

9) is a surn of two rational cubes, and is still open. Satge proved that 2p ~s

a surn of two rational cubes if p ES 2 (mod 9). The idea is to use modular functionE

to construct a point on the curve C: X3+2y3+pz3=O with coefficients in a nurnber
p+1 2)field K of degree --3- over ~ (the ring class field of discriminant -3p .
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Now C is not (yet) an elliptic curve over ~, since we have no point 0 over

~, so there is no group law. But we still know when the sum of 3 points is 0

(namely, if they are collinear on the cubic curve C) , so we can add n points

if n == 1 (mod 3). Since ~ is 5;1 (mod 3), we can take the tt;'ace fram C(K)
3

to C(~) to get a "Heegner point" on C(~), and this point is automatically non-

Fermat's
9" 9" R-

a +b =c
Zy =

trivial because there is no trivial point on C· over Q. A s~mple transformatio

then gives a non-trivial point on the eIl iptic curve E: x3 + y3 + ZpZ3 = o.
(5) Finally, and perhaps most dramatically, Ribet has shown that

last theorem follows from the Taniyama conjecture. More precisely, if

is a counterexample to Fermat's last theorem, then the elliptic curve EF :
. R- t

x(x-a ) (x-c ) is a counterexample to the Taniyama conjecture (i.e. belongs to

the mysterious outer ring of the Venn diagram on page 2). The index "F" stands

for Fermat or for Frey, who first suggested this approach (the curve EF had been

written down previous1y by Hellegouarch and perhaps Hurwitz). The idea of the

proof that EF cannot be modular is to show that if it were modular, and hence.

satisfied a
p

(E) = a
p

(f) for some cusp form f E Sz (r0 (N)) with N equal to the

product of the prime factors of abc, then modulo tone could remove the prime

factors of None at a time to get a new modular form g of weight 2 on rO(Z)

with a (E)!! a (g) (mod.t) for all p; this gives a contradiction because the
p p

only modular form of weight 2 and level 2' is an Ei~enstein series with a (g) =
p

p+1, and a (E) B p+1 (mod t) for all p implies that E or an isogenous curvep .
has a rational torsion point of order R-, contradicting Mazur's theorem. Ribet'~

proof is in the area of 9,,-adic representations (cf. Wiles's lecture) and uses

detai1ed knowledge of the algebraic geometry'of modular and Shimura curves in

characteristic 0 and characteristic p.

In fact, the statement Ribet proved is a very special case of certain

conjectures of Serre (first 1974, precise formulation 1986) which predict the

existence of a modular form of specified level, weight, and character for any

odd 9,,-adic representation p: Gal(~/Q) -+ GL ZcF9,,)' These conjectures include

the Taniyama conjecture but make many other verifiable predictions. ·Dozens of

these have been checked by Mestre in the last year. A typical case: the polynomi~l

x 5+x4-37x3+67x2+21x+1 has Galois group A
S

c!SL
Z

(lF
4

) and discriminant 22.24077,

and gives a 2-adic representation which by Serre's conjecture predicts that there

is a modular form (cuspidal, eigenform)' in S2(rO(Z4077)) whose Fourier develop-
2 3 4 5ment begins q + q + q + q + cq +... (mod 2), where c E lF4 is an element not

l.ll lF 2 ; using the "graph method ll (Oesterle-Mestre), Mestre was able to check

that there is, indeed, such a form.
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