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VIRASORO ACTION ON IMAGINARY VERMA MODULES AND THE
OPERATOR FORM OF THE KZ-EQUATION

BEN L. COX, VYACHESLAV FUTORNY, AND RENATO A. MARTINS

ABSTRACT. We define the Virasoro algebra action on imaginary Verma modules for affine sl(2)
and construct the analogs of Knizhnik-Zamolodchikov equation in the operator form. Both these
results are based on a free field realization of imaginary Verma modules.

1. INTRODUCTION

The root system of an affine Kac-Moody algebra has a standard partition into positive and
negative roots. Corresponding to this partition is a standard Borel subalgebra, from which one may
induce the standard Verma modules. However, it is possible to take other closed partitions of the root
system, and form the corresponding non-standard Borel subalgebras. For finite-dimensional simple
Lie algebras, we discover nothing new, but for affine Kac-Moody algebras, the induced Verma-type
modules typically contain both finite and infinite-dimensional weight spaces. The classification of
closed subsets of the root system for affine Kac-Moody algebras was obtained by Jakobsen and Kac
[JK], and by Futorny [F'1, F'2]. In this paper we are concern with the affine Lie algebra of type Agl).
In this case the only non-standard modules of Verma-type are the imaginary Verma modules. Their
structure was fully understood in [C'1], [F'1], [F'S].

In [C2] a free field realization for imaginary Verma modules was constructed for type A. It was
then generalized to other partitions of the root system of type A [CF], [ ]. These free field
realizations (called imaginary Wakimoto modules) generically are isomorphic to imaginary Verma
modules which resembles the connection between the standard Verma and Wakimoto modules.

In this paper we proceed with the study of the properties of imaginary Wakimoto modules in the
5[(2) case. In particular, we discover a rather unexpected property: these modules admit a Virasoro
algebra action resembling very much a vertex operator algebra structure. This is unexpected as we
do not know how to obtain a Sugawara type construction for the action of the Virasoro algebra on an
imaginary Verma module. Since imaginary Verma modules and imaginary Wakimoto realizations
are generically isomorphic (i.e. when the central charge is not zero), the action of the Virasoro
algebra on the imaginary Wakimoto module can be transported over to an action on the imaginary
Verma module. Furthermore, we construct the intertwining operators from an imaginary Verma
module to the tensor product of an imaginary Verma module with a finite dimensional module and
obtain the analogues of Knizhnik-Zamolodchikov equation in the operator form.

2. PRELIMINARIES

Let e := Eg, f := E91 and h := Ej1 — Eyy the usual basis for g = s[(2,C), where E;; is the
standard basis for gl(2,C). We have

(2.1) g=ntohdn”
where nt = Ce, h = Ch and n~ = Cf.
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Now define
(2.2) §=50(2,C):=(@@Clt,t ) ®Cc=nTdh®a~
where it = nt @ C[t,t"| @ h @ tC[t], h = h S Ccand A~ = n~ @ C[t,t ] @ h @t~ 'C[t~!]. The
algebra g has generators €,,, fm, hm, m € Z, and central element ¢ with the product
[(Xoms Yol = [X, Y]min + Omgn,om(X[Y)e,
where X, := X ® t" for X,Y € g and m € Z and
(X]Y) = tr (XY).
is the Killing form. Now define
(2.3) Gg=gaCd=atohan,

where § = h @& Cd, d, Xln} =mX,, and [d,c] = 0.
A S}lbalgebra brat = hB0T is~the natural Borel subalgebra introduced by Jakobsen and Kac [JI<].
In b, we have the dual space h* such that

(2.4) h* =h" @ CAy & Co
where for all h € h we have
Ao(c) =1, Ao(d) = Ao(h) =0,
d(d) =1, 6(c) =4d(h) =0.
Let A denote the root system of g, and let {ag, a1} be a basis for A. Then § = ag + «; is the
indivisable positive imaginary root and

A={ta;+nd|neZUks | keZ\{0}}

2.1. Imaginary Verma Modules. Let A € 6* be a weight and let Cy be a one-dimensional
representation of h@ ™ such that Cy is generated by a vector vy, AT acts by zero and hvp = A(B)UA,
for all h € 6

The imaginary Verma module is defined as follows ([F'1], [C1]):

(2.5) Vi = Indg65 Ca,

At
When a representation V' of g is generated by a vector vy of weight A that is annihilated by AT,
we say that V has the (imaginary) highest weight A. For any weight A we can write

(2.6) A=XA+KAy— A0, A€ bh* and k,A € C.

where by (2.4), we have A(h) = A(h), kK = A(c) and A = —A(d). In the following we will only
consider weights A such that

(A A+ 2p)

2(k + hv)

and for this A we will denote V) , instead of V. When x and A are fixed we just call V) , the
imaginary highest weight module with imaginary highest weight \.

Let H = (h@C[t]t) ® (h®@ C[t ']t~ !) @ Cc be a Heisenberg subalgebra of §. Let V) be the Verma
H-module generated by vy. Then

(2.8) Ve =Ind} , Vi,
where d acts on V) by multiplication by —A(X). In V) , we have a Z-grading:

V)\’,/v = @ V)\,,Q[—n].

n>0

(2.7) A=A =
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Observe that V) [—n] is the eigenspace of d with the eigenvalue —n — A(\), each V) ,[—n] is an
H-module and V) ,;[0] = Vj.

Let V be a g-module and fix z € C*. For any polynomial P(t) € C[t] and = € g, u € V set
(2.9) x® P(t) -u= P(z)zu, cu=0

This is called the evaluation representation of § and we denote it by V(z). Unfortunately we
can’t extend it to an action of §. Let A be a convenient complex number (that we will define in
Proposition 5.2.1) and z a formal variable. Consider the space

AV (2,27 =V ®272Clz, 271,
This space has a module structure for g, where d acts by za—az. For any zy # 0, we have the evaluation
map
(2.10) €1 2 AV[z, 27 — V(20)
that is a g-epimorphism. Denote by
(2.11) VA s®V (20)
the completed tensor product generated by all infinite expressions of the form iwl ® v;, where

i=1
w; € Vi, is a homogeneous vector, {degree(w;)} — —oo and v; € V(zy), Vi € N*.

2.2. Formal distributions.

2.2.1. Definition. A formal distribution is an expression of the form
a(z,w,...) = Z Ay sy, 2P wW™2 L
mi,ma, €L
where the @y, m,,... lie in some fixed vector space V.
If A(z) is a field, then we set
(2.12) A(z)- = Z Apz~™ 1t and  A(z) = Z Az L
m>0 m<0
The normal ordered product of two formal distributions A(z) and B(w) is defined by

tA(Z)B(w) =Yt ApBy 2w = A(2) B(w) + B(w)A(2) .
MEZLNEL

3. FREE FIELD REALIZATIONS

3.1. First free field realization. To get a free field realization of the imaginary Verma module for
sl(2) Bernard and Felder used the Borel-Weyl construction [BI]. Let B_ be the Borel subgroup of
the loop group SL(2) corresponding to a Borel subalgebra b,,,;. Then B_ consists of the elements

GXP(Z -Tnen) eXP( Z ymhm)a

ne”Z m>0

where x,,,y,, are coordinate functions. Consider a one dimensional representation x : B_ - C,
where ¢ acts by scalar K, h acts by scalar J (J/2 is called the spin) and all other elements act
trivially. Then one can construct a line bundle over SL(2)/B_ by taking a fiber product

L, =SLE2) x5 C
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and a map g : SL(2) x5 C— SL(2)/B_ such that (z,z) — zB_. Differentiating the action of the

group SAL(Q) acts on the sections of the line bundle to an action of the Lie algebra g and applying
two anti-involutions

Ep 7f—n7 hn A h—na c&rc

and

T_n < 8:571; Yk < _ayk:~

we obtain the following free field realization of g in the Fock space Clz,,, m € Z] ® Cly,,n > 0]:

fn = LT, hn — —2 Z xm—i—naajm + 5n<0y—n + 5n>02nKayn + 5n,OJ’
mEZ

en > — Z ThtmanOTRO0Tm + Z YOT_p_p + 2K Z MOY 0T —p + (K + J)0x .
m,kEZL k>0 m>0

This module is irreducible if and only if K # 0. If we let K = 0 and quotient out the submodule
generated by y,,, m > 0 then we obtain what is usually called the first free field realization of §l(2).

This quotient is irreducible if and only if J # 0 (cf. [F'1]). This has been generalized for all affine
Lie algebras in [C2].

3.2. Wakimoto modules. We recall the second free field realization of 51(2), that is Wakimoto
module construction | ]

Set
a*(z) = Z arz"™,  a(z):= Z amz" ™ b(2) = Z bz ™k
meZ mEeZ meZ
Let now
o Zp, n<O0 o, T_p, n<0 _ MOYy, m2>0
“"*{axn, n >0, a"*{—ax_n, n >0, bm =1 Yo, m<O.

Here [an; a:n] = 6n+7n,0 and [bna bm] = n5n+m70~
3.2.1. Theorem. (| 1). The formulas

c— K, e(z) = a(2), h(z) » —2:a"(2)a(z) : +b(2),

f(2) = —:a*(2)%a(2) : +K0.a"(z) + a*(2)b(z)

define the second free field realization of the affine sl(2) acting on the space
Clzn,n € Z] @ Clym,m > 0].

These modules are celebrated Wakimoto modules. They were defined for an arbitrary affine Lie
algebra by Feigin and Frenkel [FF'1], [FF2]. Generically Wakimoto modules are isomorphic to Verma
modules.
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3.3. Imaginary Verma modules revisited. We will re-write the first free field realization in
terms of the “fields”.

Let a be the infinite dimensional Heisenberg algebra with generators a,,, a
subject to the relations

and 1, m € Z,

*
m?

[ama an} = [a:w am =0,
[a’ﬂh a;k;] = 6m+n701a

[am,1] = [a),,1] = 0.
This algebra acts on Clx,,|m € Z] by
U > Ty, Gy = —0/ 0Ty
and 1 acts as an identity. Hence we have an a-module generated by v such that
ayv=0méeLZ.

Observe that a(z) is not a field whereas a*(z) is a field. We will call a(z) (resp. a*(z)) a pure
creation (resp. annihilation) operator. Set

a(z)s =a(2), a(s)_ =0,
a*(2)+ =0, a"(2)- =a"(2).
Define
e2) =D ear ™ f(2) = far N B(2) =D Bz L

nez ne”Z nez

3.3.1. Theorem. (] 1). Let A € ©*, v € C. The generating functions

f(z) = al(2),

h(z) = 2:a(z)a*(2) : +b(2),

e(z) =i a*(2)%a(z) : —a*(2)b(z) — (1 —~?%) D.a*(2),
cr—y2 -1,

(3.1)

define a representation p : sl(2) — gl(C[x] ® Cly]), where C[x] = C[z,,, m € Z], Cly] = Clyn,n > 0].

In other words, the first and the second free field realizations can be obtained from the same
(Wakimoto) formulas by taking different representations of the Heisenberg algebra a.

We will denote this g[(Q)—module by Wi ., where k = v2 — 1 and call it imaginary Wakimoto
module. We can make W)y . into a sl(2,C)-module by defining

k !
d-ap, by b, 1= ZM-ZW-A@) Gy Gy by b, - 1
j=1 i=1

so that in particular d -1 = —A(\) - 1. From now one we will let wy , denote the generator 1 in
Wik

3.3.2. Theorem (] ). Fiz A as in (2.6). For k =~% — 10, the map Uy, : Vo — Wi,
given by

\I/A,K(.fnl e fnkh—nLl e h—’rnl . U)x,rc) = Qp,y " Apy, b—m1 e b—ml C WXk

is an isomorphism of sl(2, C)-modules.



4. THE VIRASORO ACTION

Our first goal is to define an action of the Virasoro algebra on imaginary Verma module. We
follow the construction done in | ]. The Virasoro algebra is defined to have basis L, n € Z and
center spanned by ¢ with relations

1
[Lyn, Ly := (m —n)Lppyn + — (m?

17 — M)0mtn,0C

(m

Define B
Ly = Z(] —k)ajay_;

JEZL
which is to be viewed as acting on the imaginary Wakimoto module. Now we have
4.0.3. Lemma.
(4.1) lak, Ln] = kakin, |ag, Ln] = (k+n)aj .,
Define ¢ : R — {0,1} by
1 if 2] < 1;
W) = { ol

0 if |z| > 1.
Then set

Lig(e) = Z(j — k)ajay_;(e))

Now L, (¢€) has only a finite number of summands and as € — 0, L, (¢) — L,,.

Proof.
(s La(€)] = 3205 = n)lans g0, tb(e) = karnth(e(n + k)

JEZ
[0k, Lu(6)] = > (G = n)laj, ajal,_;u(ej) = (k +n)aj,,¥(e(—k))
JEZ
O
4.0.4. Lemma. [L,, L,] = (m —n)Lyqn.
Proof.
[Lin(€), Ln] = > _(j = m)[ajas, ;, Lnltb(ef)
JEL
= (G = m)laj, Lalag, () + > (5 — m)agag,_;, Ln]t(ef)
JEZL JEL
= (= m)jajnay,_(ef) + Y (G —m)(m+n—j)ajan, ., ()
JEZ JEL
=Y G —n—=m)(f = n)a;an (G —n) + Y (G —m)(m+n—j)a;an, . ;(ef)
JEZL JEZ
= (G —n=m)(j —n)(e(j —n)) + (j = m)(m +n — j)(ef)) a;ap, n;
JEL

Now for € small enough and for j fixed we have
(G =n—=m)(j —n)(e(j —n)) + (j —m)(m +n — j)b(ej)
=@U-—n-—m)(G-n)+(G-m)m+n—j)=(m-n)j—m-n)



Hence

k€EZ qeZ
=3 (k= q)Lpyqz w7
kEZ qEZ
_ Z Z(l _ QQ)ElZ_l+q_2w_q_2
€7 q€Z
= (Z(l+2 Lz~ 3)<qu+1 —q- 2)
leZ qEL
+ (Zilz_l_Q) (Z( 2q — 2)z%w™ 1" 2)
LEZ q€Z

= —0,L(2)8(z/w) + 2L(2) 00 (2 /w)
= 0y L(w)d(2/w) + 2L(w) Dy (2 /w).
Let o € C be fixed. Now define Ly by

_ 1
(4.2) L(z): =Y Liz "% = L(z) + 1 : b(2)* +g@zb(z)
keZ
(4.3) => D G- kaja;_; + 42 bbka— (k+ )by | 2752
kEZ \jEZL JEZ
where Z b by = Z brn—nbn + Z b, b, —n because
ne”Z n>m n<m
10(2)b(2) 1= b(2)1b(2) + b(2)b(2)— = D bpbpz T2 Y bz
m<0,n€Z m>0,n€Z
= Y Dbz ™ D babpz ™
m’'<n,n€z m’'>n,n€”z

and then as we shall see below, the center of the Virasoro acts by the scalar ¢ = 6 — 6u? € C. We
have b; satisfying the relation
b, bP] = 2m5m+;070v
so that
[b(2), b(w)] = 20u6(z/w),

b(z)b(w) =: b(2)b(w) : +ﬁ.

4.0.5. Proposition. Take byv = Av, cv = ¢v where v = w), ,, is the vacuum vector. Then

(4.4) [L(2), L(w)] = ﬁafu (z/w) 4+ 2L(w)0y0(z/w) + Oy L(w)d(z/w).
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Proof. We first calculate using Kac’s Theorem, Wick’s Theorem and Taylor’s Theorem

Next we have

1b(2)? : b(w) =: b(2)?b(w) : +

so that
E S b(2)? gawb(w)] + [%@b(z),i b(w)? - ]
=3, (gb(w)awa(z/w) + gawb(w)é(z/w)> +o, (gb(z)azé(z/w) + g@zb(z)é(z/w)>

= L0ub(w)08(zw) + 5 OS2/ ) + U= w) — §OR(b(:)3(z/w)

= 1,b(w)Du0(=/w) + £ b(w)d(z/w) + Eb(w)d20(z/w) — SO (b(w)d(z/w))
= 1,b(w)Du0(=/w) + SO b(w)d(z/w) + Eb(w)920(z/w) — Tb(w)025(=/w)
= 1,b(w)Dud(=/w) + SO b(w)d(=/w) + Eb(w)926(z/w) = Sb(w)d2(z/w)
Lastly we compute [£8.b(z), £0,b(w)] = — & 03 (2 /w).

Putting all these calculations together we get

[L(2), L(w)] = 0w L(w)d(2/w) + 2L(w)0y0(z/w) + % s b(w)b(w) : 0y0(2/w)

= b(w)? - +%8wb(w))8w5(z/w) + (% - %Q)agé(z/w)

Next we have




4.0.6. Proposition.

[a(2), L(w)] = a(w)8wd(z/w),
[a* (2), L(w)] = —0wa™ (w)8(z/w),
[b(2), L(w)] = b(w)u8(z/w) + ndyd(z/w).
Proof. We have

[a(2), L(w)] = [a(2), L(w)] = Y [ag, LnlzF w72 = 3~ kagypz ¥ w2

k,n€Z k,n€Z
Zkak+n3klkl_nkl Zkankzkl—kl—n—i-kl
k,ncz k,nez
= a(w)0y,d(z/w),
[a*(2), L(w)] = [a*(2), L(w)] = Y [af, Ln)z " w ™% = Y (k+n)aj .,z Fw™""2
k,n€Z kn€eZ
= Z (k +n)aj,,z Fwrw twh L
k,n€eZ
= —0ypa* (w)d(z/w)

and using calculations from Proposition 4.0.5 we have

b(z), Lw)] = [b(z), < b(w)” : +50,b(w)]

= i (—40,b(2)0(z/w) — 4b(2)0,6(z/w)) + ,uafué(z/w)

= —0ub(w)5(2/w) + b(2)0 (2 /w) + pd26(2/w)
= b(w) Db (2/w) + pd25(z/w).

Note that the above implies
(45)  [L-1,a(2)] = 0:a(z), [L-1,a"(2)] = 0:a"(2), [L-1,b(2)] = 0:b(),
(4.6) [Lo,a(z)] = a(z) + 20,a(z), [Lo,a*(z)] = 20 (z) [Lo,b(2)] = b(z) + 20.b(z).

Indeed for example from the proof we have

[L_1,a%(z)] = —Z(k —1Daj_q12~ Zsa 27 = 0,a*(2).

kEZ SEZL
Note also that

(4.7 L(z) = a(2)0,a" () + % 2b(2)% 1 +pd.b(2).

4.0.7. Proposition.
[p(f(2)), L(w)] = p(f (w))8ud(z/w)
[p(h(2)), L(w)] = p(h(w))dud(2/w) + ndy,é(z/w)
[o(e(2)), L(w)] = ple(w))Dwd(2/w) — pdy, (a* (w)8(z/w))

Proof. Here are the calculations:

[p(£(2)), L(w)] = [a(2), L(w)] = a(w)wd(z/w) = p(f(w))0wd(z/w)
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[p(h(2)), L(w)] = [2a(z)a” (2) + b(z), L(w)]
= —20a(2)(9wa” (w))d(z/w) + 2a(w)a™ (w)d.0(z/w) + [b(2), L(w)]
= 20(w) (~Oua* (W)5(=/w) + O, <a (w)6(2/w)) + [b(2), L(w)
= 2a(w)a ()Dy8(2/w) + b(1)Du(2/10) + 02 5(=/w)
— p(h())Bub(2/w) + uafﬁ(Z/w)
= —la(z)a*(2)* + a” (2)b(2) + (1 = 7*)0.a" (), L(w)]
= —a(w)a*(2)*0ud(z/w) + 2a(2)a” (2)dwa” (w)d(z/w)

= (0(w)ud(2/w) + pd5(z/w))a* (2) + b(2)dwa” (w)d(z/w)

+ (1= ?)0:(0wa™ (w)d(z/w))

= —a(w)a” (w)*0ud(z/w) — b(w)a” (w)dwd(z/w)

— p8(z/w)a*(2) + (1 = *)dwa” (w)d:0(z/w)
= —a(w)a” (w)*0wd(2/w) — b(w)a*(2)0,0(z/w)
- ,u(a*(w)awé(z/w) + 20,0 (0)Bud (z/w) + aﬁ,a*(z)a(z/w))
— (1 =)0y a* (w)0ywb(z/w)
= p(e(w))0wd(z/w) — p (a* (w)020(z/w) + 20,a* (W) (2z/w) + O™ (2)5(z/w))
p(e(w))duwd(z/w) — pdy (a* (w)d(z/w))

[p(e(2)), L(w)]

O
4.0.8. Corollary.
(L1, p(f(2))] = 0=p(f(2)),  [L-1,p(e(2))] = Dzp(e(2)),
(L1, p(h(2))] = 0=p(h(2)), [L-1,b(2)] = .b(2),
(Lo, p(f(2))] = 20:p(f(2)) + p(f(2)),  [Lo, p(e(2))] = 202p(e(2))
[Lo, p(h(2))] = 20-p(h(2)) + p(h(2)),  [Lo,b(2)] = 20:b(z) +

as operators on any imaginary Wakimoto module.

5. INTERTWINING OPERATORS
5.1. Topological modules. Following definitions given in | | page 22, we have:

5.1.1. Definition. A set N of subsets of a set S is called a filter on S'if S € N, @ € N, the intersection
of two elements of N is again in A/, and any subset of S containing a set in AV is again in N'. Suppose
B is a collection of subsets of a given set S and consider the set N = {F C S|3Be€ B,BC F}. If
N is a filter on S, then B is called a filter base on S. A fundamental system of neighborhoods of
zero in a vector space is any filter base generating the neighborhoods of zero.

5.1.2. Theorem ([War], Theorem 3.5). Suppose A is a ring. If N is a filter base of neighborhoods
of zero for A, then N satisfies the following conditions :

(TRN1) For each N € N there exists U € N such that U +U C N.

(TRN2) N € N implies there exists U € N such that U C —N.

(TRN3) For each N € N there exists U € N such that UU C N.

(TRN4) For each N € N, b € A there exists U € N such that bU C N and Ub C N.

Conversely if N is a filter base on A satisfying (TRN1)-(TRN/), then there is a unique ring topology
on A for which N is a fundamental system of neighborhoods of zero.
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Now to define topological modules M for a topological ring A we need a collection of neighbor-
hoods of zero n of subsets N of M such that

(M1) For each N € n there exists U € n such that U + U C N.

(M2) For each N € n there exists U € n such that U C —N.

(M3) For each N € n there exists a neighborhood T of zero in A and U € n such that TU C N.
(M4) For each N € n and each b € N there exists a neighborhood T of zero in A such that Th C N.
(M5) For each N € n and each S € A there exists U € n such that fU C n.

The set {N} satisfying the above (M1)-(M5) forms a base for a topological module M.
We want to find a completion of M =U(g_) -1 C Va_,,, and Wy_,,, such that

Jma "'fmk(z Z awhﬂl) €Vam.

neNreP,

Let
k

U, = span{hn, - hn,|n < Znﬁ CA, n={U,|n € N}
i=1
be a fundamental system of neighborhoods of zero for A,
n' = {U, - 1|n € N} topology for M,
U, CU@g-)=A4A, M,=U,-1, M=U(g) -1,
(5.1) M := lim M /M,

completion of M. So we have:

(M1) If N = M,, € n, then U = M,, satisfies M,, + M,, C M,,.

(M2) If N = M,, € n, then U = M,, satisfies M = M,, C —N.

(M3)If N =M, €n,thenfor T =U, and U = M,, € n we have TM =U,U,,-1 CUs,-1CU,-1=

M,.

(M4) For N =My en, b= Z Z azhy - 1, then take T' = Uy, and then we have Upb C M.
neNreP,

(M5) For N =My €n, =Y > azhy € A, take U = M, and we have bMj, C M.
neNreP,

We need to make sure M can be made into an fi_ & G—module. Now we have to check left multi-
plication by h,, n € N is continuous: h,M,, C M, +m.

So h.,, extends to a map h,, : M —» M.
5.1.3. Definition. Define ‘A/N,i = @VA,H/(VA,N)n and similar to W)\,H.
5.1.4. Definition. Let §,, be the finite dimensional s1(2, C)-module with highest weight m € N and
highest weight vector u™.

Observe that the definitions of F,(2) and Vy_y, x@Fm(2) are similar to the definitions given
in (2.9) and (2.11). Set u® = u™ ® 2* € . (2) for k € Z.

5.1.5. Definition. Define P, := {(—ni,—na,---,—ny)|n1 + - +n, = n} and for a fixed 7 =
(_n17 tee —Tl,p) c Pn7 deﬁne hﬂ. = hnl .. hn

p*
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5.1.6. Proposition. Suppose x # 0 and fix 3;) € C. Let m € N, Vy_, ,, the imaginary Verma
module for § and vy_m x € Vi_m, » be an imaginary highest weight vector of highest weight A — m.

For (nq1,ne,...,n,) = (n1,n2,...,n.,0,0,...) with n; € N define
mnr+~~+n171
Bs,eone) = (—g)nrtdm—l(pne oo 2m2) o L ny ) Py
For a partition
m=(-1,-1,...,—-1,-2, =2, ..., =2, ..., —r,—7,...,—T)
ni n2 N

of —n (so Zlnl = n) define
=1

=1, =1, =1,=2, =2, =25 =1y =1y ey =) = Blnynz,ny)

ny no nr
and

hn:=h"YR"% - ™"
The vector

Ug\,,{ = Z Z Olﬂ—hﬂ—’l))\,m,,{ & unm S V)\fm,n®gm(z)
neNrTeP,

is an imaginary highest weight vector of weight A\. Hence there is a nonzero g-module homomorphism
BV (2) : Var = Vacm,n@Fm(2) such that @V (2)(vx ) =5 .-

Proof. We write out an indication of the calculation in the case of the action of hy:

hi (a()v)\fm,n ® ug' + o nho10a-me @ Ui + (a1, -1h )+ agyho2) Urome © uf
+ (o—1,—1,-1)h% 1 4+ o —1yho1hoo + o(_3)h—3) Va—m,x @ ug’
+ (a(—l,—l,—l,—l)hil + a(—z,—l,—l)h31h—2 + a(—2,—2)h%2
+ a3 —1)h—1h—3 + _ayh—_4)vr_m . @ Uy + - )

= 0+ MagUr—m,x @ U" + QA1) KU A—m,x @ U+ Ma_1)h_1Vx—m x @ Uy
+20(—1,—1)Kh_1Vx ke @ uy' + ma(_L_l)h%lv)\,m,H @ uz" + mao_gyh_2vVx_m x @ uz"
+ 301,21, 1) KR 1 0A o @ uE" + mo_y 1,1y UA e @ uf
+ a(—g,—1)Rh 2V x @ Uz + Mmoo _1)h_1h 20Nk @ uy" + mo_3yh 30\ _m x @ uy'+

+K (404(—1,—1,—1,—1)}13_1 +20_g,—1,—1)h—1h_2 + Oé(—3,—1)h—3) Ureme @ Uy + -

For 1 < k < r, we have

n ng (s m
Wk (Blns oy B2 - B R 0N @ )
n nEg—1 Ny m
= k‘.nk.,‘i.ﬁ(nl 7777 T nr)h_11 chIE T LRI U @ Uy

n n Ny m
+ mBny,.ngyeen) PTG RO e @ Uyl

For this reason we want in general to have

(52) mﬁ(nl,...,nk—l,...,nr) + k~nk-’€6(n1,..A,nk,...,nr) =0.
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In this case when we apply hy, the coefficient of h™ . ..h"j’;c_l R s e @ W, where no=
22:1 i, 18 MBny,. np—1,...00) T ENE-EB(ny .. np,...n,) and we want it to be zero. Then we can fix
B(1) and find all the others using this condition:

m

mpBay +L.6Bao,...00) =0 = Buo,..01) = ;_75(1)

1
mpBo,....01) + L.6B1o,....00) =0 = Boo,..01) = 75(1),

where 1 occurs in the (last) l-entry of (1,0,...,0,1) and (0,...,0,1). Similarly by applying hg
repeatedly we need to require
M By i1 O 1seny) = ()™ K™ " g B )
Without lost of generality, we can assume n; # 0 and require
(—g)rttm=l (e 9n2) L ny)
ﬂ(l) - mnrttni—1 'B(nl,...,n,.)
So under the hypothesis k # 0,

mnrttni—1
B(nly..»7n7‘) = (_K)nr-i-""i‘nl—l(rnr ”' 2n2) ) 7’1,7.! ol . B(l)

is well defined and forces v?\’n to be annihilated by the hj for all k£ > 1.
Now we have

hm (V5,0) = 0,
emv>\,€ Z Zaﬁemhm\ mx) @ up' +Z Zaﬂhm mor @ emty’
neN* reP, neN* 7P,
=0
for all m > 0 (because e, hx = —2em+k + hiem, Vk). Thus vg\ .. is an imaginary highest weight

vector of weight A + kAg. By the universal mapping property of imaginary Verma modules, there
exists a g-module homomorphism ¢ : V) , — V,\_mﬁ@Sm(z), for k # 0, sending vy, to vg\’,{.
O

5.1.7. Corollary.
(5.3) ((zh(2)- ® 1)<i>v(z)(vA7H) = —mév(z)(v,\ﬁ).
Proof. By (5.2) we have
(he ® 1)(5(,117”2,_“7”7,)117111 C R RN e @ Ul)
= kKB gy B BT LR 0Ny e @ Ul
= 1By g1,y RETE R 0N e @ U

and hence

((zh(2))- @ 1)V (2)(vr.e) Z Z Z [P, B JOA e @ 27 Bl 2K

k>0neNreP,

:—mzz Z O N Ur—ym e @ 27 Ak Up'y i

k>0neNTeP,

mz— A g g oV T TN < R TN

neNreP,
= —m®" (2)(va)-
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O

In particular note the intertwining property of ®"(2): If we let * denote the tensor product
action, then

(5.4) OV (2)xp =2, xP(2) = (2, @14+ 2"(1 @ 2))BY (2)
for x € s1(2,C).

5.2. Operator Form of the KZ Equation. We define ®"V (2) : Wy — WA—m,K®Sm(Z) through
the diagram

a"W(2) ~
W)\,re —_— W)\fm,n(g)%’m (Z)

\I/;}Nl \hfm,,@ﬂ

YV (2) a
V/\,H E— V/\—m,n®87n(z)

where Wy  : V) — W) . is the canonical isomorphism given in Theorem 3.3.2 and
(Unme @ 1)(v1 @ v2) 1= U_py (V1) @ v2.
Then
(5.5) OV (2) i= (Wrmu ®1) 0@V (2) 0 Uy,
Now consider z as a formal variable and set
Fm @ 272C[z, 27 = 27 % ml21, 271
This space is an infinite dimensional representation of g with a basis v ® 2"~2, n€Z, v € Fm.

5.2.1. Proposition. The g-module map z=2®W (2) : Wi — WA,m’,@u@z*Agm [z, 27 1] such that

Z_A<I>W(z)(w)\’ﬁ) = Z Z QrbrWr_m i ®2_Au$,
neN* re P,

is a g-module homomorphism (here d acts by za% on the second factor)
if and only if

(5.6) A=AQ) - A\ —m).

Proof. By the definition we have d-wy . = —A(X)-wj ., for wy . € Wi, (see (2.8)). Now z~20W (2)
is a g-intertwiner if and only if it satisfies

0
(5.7) AW (2)d — (d@ 1)z 20 (2) = (1 ® za—)z—A@W(z).
z
We will apply both sides of this equality to the imaginary highest weight vector wj , and see that
they agree if and only if the condition (5.6) is satisfied. Then since W) . is generated by this vector
the two sides agree on all of W ,; if and only if (5.6) is satisfied.
The left hand side of (5.7) applied to wy . gives us
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(zfA@W(z)d —(d® 1)z7A<I>W(z)) (wan) = —AN) Z Z UrbrWr e @ U272

neN* re P,
— Z Z ar(—n — AN = m))brwr—m . @ u 274
neN* reP,
=—(AN) = AN —m)) Z Z QrbrWr_mm i ® u;nz_A
neN* re P,
+ Z Z N brWr_m x @ Uy, 2A
neN* re P,

while the right hand side is

ON —agw 9 m-a
(1®z&)z O (2)(wa k) = Z QrbrWr_yy e @ 25U 2

0z
TeP,
- _A b m_—A
- ArOrWA—m,k & U, 2
TeP,
b —A
+ N Og WA—m e @ Up 2 .
TeP,

To finish the proof we recall (5.5) and note that ¥y , is a g-module homomorphism.

For x € §%,, define ®Y(2) : Vi x — Va_m.x by
(5-8) 0}/ (2)(w) = 2(2V (2) (w)).

For example

(5.9) OV (2)(varn) = Z Z AV —m ez (upn'),

neN* e Py,

where zu”" = (zu™)z". We similarly define ® (z) : Wy — W _,n... The intertwining property (5.4)
for z = f becomes

Y (2)am = ;) (2) fn = frm * ®; (2) = (frn @ DO (2) + 2" (1 @ [)®) (2)
= (am ® 1)@2[/(2) — szl)%(z).

where fa means the action of f on an element in the dual space §3,. Thus
(5.10) [am, @L/V(z)} = zm(D%(z).

A similar computation shows

(5.11) (b, @Y (2)] = 2" (2).

The equations (5.10) and (5.11) tell us

(5.12)

PO B ()] = =G, PO ()] = S 0E), (0.0 ()] = B/,

For z € &, and A = A(\) — A —m) set W (2) := 272V (2).



16

5.2.2. Theorem (Operator form of the KZ-Equations). For x € 5, of weight o € C, set
_9 . -
Aa, p) = w and OV (z2) = Z*A(“’a)ézv(z),

where  is fized (see §4). The operator ®W (2) : Wa o — Wa_m «@Fmlz, 271 - 272 satisfies the
differential equation

(5.13) d%@w( )= B ()0.0%(2) + 5 BBV (2)

Proof. We have

(i)‘r/v(z) © a:L(anl crrlny b_ml e b—ml ' U})\,H)

= - Z 5n+ni70(i)zv(z) (a’nl Tlny 1 Qngyq a’nkb*ml e b*ml ' U))\’,{)) 3

while
a0®W (2)(an, - An by by - W)
= 0% 0 (A, %% Ay ¥ by ko kb, * BV (2) (W)
=a;,((an, ®1+2" @ f) -+ (an, ®1 42" @ f)

X (Do, @L+27™ @A) (bo, @1+ 2™ @ 7)Y (2) (W )
_ Xk:5n+ni,o(am R14+2"Qf) - (an,_, ®L+2"1® f)(an,, @1+ 2" @ f) - (an, @1+ 2" @ f)
i=1
(b, @1+ 27T @R) e (b, @ 1427 @ h) - OV (2)(wh )
Fan, ko kA, ¥ by, ke ok by, % (ar ®1) Y(2) (wa )
T Z 5n+m,0(i)w(z)(am Sl Opgyy Gy by e b Wi ,x)

iy ¥ Ky, $ Dy, F e % b, % (a5 @ D)W (2)(wa ).
On the other hand

afltIJ ) (wx k) E E Qnrbrwy— mK@z_Aﬁzo,
neNreP,

so that

(a; Y 1)0&’2/(2)(%1 e ankb—ml e b—mz : w)\,fi)
=(1®z)o(a;®1)o <i>W(z)(an1 el by by WA k)

== Z 5"+"i70(1 ® x)(i)W(z)(anl i lng_yOngyy g b—my - O—m, - w)\yli)
i=1

= Z 5n+ni70(i)a‘v/v(z)(an1 i lOng Ayttt Uy by - b, U})\,,{).
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Thus [aX, ®W (z)] = 0. We have

2 L0 () = [, Y (2)] - Alw @) (2).

Replace d by —Lg and use (4.3):

nez

e <Zo b‘”b"> ‘i (%bb) b= o, B ()| - A )al (2)
= (i)%(z) Z na’ ,z"

nez
+% <Z [b,mé?(z)] bn> + = (Z by [bméiv(z)}) 41 ({bo,ég‘/(z)} bo -+ bo [bowiff(z)})
n>0 a0
_% {boﬁI)ZV(Z)} — A(,u,a)ci) (2)

= &Y (2)20.0"(2)

+ % (Z éhwm(z)bnz—n> - % (Z b @i (2)z ) + i (ém(z)bo + boihwx(z))
=0 n>0

2B () % (~ B )bo + boBl(2)) — EBI(2) — A, )81 (2)

= $f1(2)20.0"(2) + 5 (=)@}, (2) %é%c(z) - Lol (2) — A(w, )@} (2)

5.2.3. Theorem.
Ly B2 (2)] = Y ()27 10,07 (2) + 5 271 £ b(2)BY (2) -+ (m o+ DA, )20 (2),
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Proof. We have

neZ
1 1 .

1 [0 b 1 O ()| = Bm+ 1) [ B (2)]
ISYA

= * n H

= $1(2) Y (n = m)af 2" = Sm+1) [bm, O (2)]
neL

+i Z by O (2)

LISYA

T m * H mF 1 ~
— @%(z)z T19.a*(2) — §(m +1)z @,Zvl(z) + 1 Z S bpbm—n o, @L’V(z)

neEL
=Y (2)2"10,a%(2) — &(m +1)2"0% (2) + ! Z b 5 OV (2) ]
fx 9 T 4 = » T

So we only need to calculate Z : Dubm—n 5, @Y (2)|. Then we have
Iy



Z [: brnbm—n ,@ZV(Z)} =2 Z [bm_nbn,‘ﬁv@)} +

nez n>m

=23 b [bas @Y ()] 42 Y [, B ()] B0

n>m n>m

+ ibm_i [bz,‘fy(z)} + i [bm—i,éy(Z)} b;
i=0 part
N 2zm+1< D bmen" TR (2) + J(2) D bz 1)

n>m n>m

n (ibm,iziéh PER LA Zb 2 )
i=0
Zmtl ( Z bz 1<I> Z bz 1) — 22m+1<i>hwm(z) i bz "t

NFng

=)

[bm_ibi, é;V(z)}

n<0 n>0 n=0
m ) m )
4 zm Z bn_iz TIOW (2) + 2O (2) Z bzt
i=0 i=0
= 22" b(2)8) () : —i—me,izm_iéth(z) — Y (2) Zbizm_i
i=0 1=0

= 9ymtl. b(z)éhwx(z) : +sz7i[bia (i)hwz(z)}

= 22" b(2)d)Y (2) : —|—Z 2o (2)

2 ()R () s (m o+ 1) B, (2)
= 202" b(2) DY (2) - +(m 4 1)z W (2).

[Lon, @Y (2)] = é%(z)zmﬂaza* (2) + %zmH b(2)DY (2) - +(m + 1) A(p, ) 2DV (2).

x
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