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SPHERICAL HOMOLOGY CLASSES IN THE BORDISM

OF LIE GROUPS

Richard Kane and Guillermo Moreno

The mod torsion Hurewicz map

hy s n, (G) /Tor —— H, (G) /Tor

for compact Lie groups provides a useful and efficient means
of studying G. In effect, it measures how far G fails to be
a product of spheres. For the Hopf-Samelson theorem (see Milnor-

Moore [17]) tells us that H_(G;Q) = E(x1,...,xr) where
deg X, = 2r:.L - 1. In.other words, H,(G;@) = H*(i?I szni'1
Serre pointed out that there exists a canonical m;p

bl :.ﬁ Szni“1 — G inducing this @ isomorphism. Just take the
gen;;;tors of I,(G)/Tor (they lie in degrees {2ni—1,...,2nr-1})

;D).

and multiply them together

2ni-1x

R > GX .. XG ~—>» G

Observe that the Hurewicz map is the study of the restrictions

2n.-1 r  2n.-1 ¢
Hy(S ¥ ) —>H, (I s 1 ) —=* H,(G). So it provides an
i=1 r 2n, -1
index of how far f, : H, (1 s 1+ ) — H,(G) fails to be an
i=1 '

isomorphism.
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A great deal of information has been obtained about the map
f and/or the Hurewicz map hH. The study can, of course, be re-
duced to the case of p primary information through localization.
The approach has been to concentrate on reasonably large primes.
For such primes a complete solution has been given. The relevant
concepts are regularity (see Serre [21] or Kumpel [14]) or quasi
regularity (see Mimura-Toda [19], Harper [9] and Wilkerson [27]).
For small primes much less is known. Among the various simple Lie
groups the Hurewicz map has been-calculated only for the classical
groups and for G and F4. We will cite references at the

2
appropriate places in the text.

In this paper we will study the question of a general chara- .
cterization of spherical homology classes. Such a characterization
would appear to be rather difficult in terms of ordinary homology.
The purpose of this paper is to study whether such a characteri-

zation can be obtained using MU theory. One has a factorization

hMU/ MU* (G) /Tor

n, (G)/Tox - T

h\> H, (G) /Tor

H

where the top map is the MU Hurewicz map and T 1is the Thom map.
So the determination of hMU also determines hH' In this paper
we will study whether Im hMU can be characterized as the
elements of MU, (G)/Tor which are primitive both with respect to

MU operations and with respect to the coalgebra structure of

MU, (G) /Tor. As we have already indicated, the study of hH and



hMU can always be reduced to the p primary case through
localization. Our answers, in so far as it goes (G classical

or G = G F4), is "yes" for MU localized at an odd prime

57
and "no" for MU theory localized at p = 2.

Our study of the MU Hurewicz map is related to (and,’ indeed,
motivated by) another question about .the Hurewicz map. Atiyah
and Mimura asked if, in the case of Lie groups, Im- hH can be
characterized in terms of the Chern character - B -
ch : K,(G) ® @ — H,(G;@). Our answer agrees with Atiyah and
Mimura's expectations. In the printed version of the conjecture
(see Stasheff [23]) they expect a positive answer for all primes.
However, they lates allowed the possibility of the conjecture
failing for the 2 primary case. (We are grateful to J.F. Adams
for this last piece of information). See §7 for a further
discussion of the Atiyah-Mimura conjecture and its relation to

\

MU theory.

This paper is divided into three parts. In Part I we study
rational MU theory and define an operation P which characteri-
zes the operation primitive elements of MU, (X) o . In Part II
we study how one uses the rational information to obtain informa-
tion about the primitives in MU, (X)/Tor. One reduces to integra-
lity problems connected with the inclusions MU, (X)/TorcMU, (X) o @
and I, (MU) <l (MU) ® . In Part III we study the relation between

sphericals and primitives in the bordism of Lie groups.

In this paper X will denote the arbitrary space or spectrum

while G will be reserved for a connected compact Lie group. Given



a spectrum E we will adopt the usual convention of using
E,(X) and E*(X) to denote the homology and cohomology de=
fined by E. In particular MU, (X) and MU*(X) will be used
for bordism and cobordism, respecitvely. Also H,(X) uwill
always be homology with Z coefficients while H*(X)(p) will

denote homology localized at the prime p.

The first author would like to acknowledge the financial
support of NSERC grand #A4853 as well as the hospitality of the
Max-Planck-Institut fir Mathematik, Bonn, during the preparation

of this paper.



PART I: The Operation P

§1 MU Theory

As a general reference for the material covered in Part I

we refer the reader to Adams [1].

(a) s (MU)
The ring I, (MU) 1is a polynomial algebra z[t1,t2,...]
{deg ti = 2i). However, there is no obvious canonical choice of

the generators {ti}. When we pass to rational MU theory this

problem disappears. We can write

21)

1

M, (MU) @ D = m[b1,b2,...] (deg b,

21)

Qlm, ,my, ... (deg m,

where {bi} and {mi} are canonical. The {bi} are obtained as

follows. There is a canonical map
(&e]
w : CB = MU(1) —> MU

which lower degree by 2 in homology. If we write H*(EEP) =Z[x]

s i _ _
and choose Bi.€H2i(mP ) by <x B> = ) then bi-—w*(B

ij i+1)'
One has H, (MU) = z[b.] ,b2 re«.]. The identity 1, (MU) 2@ = H, (MU) ®

then gives the first description of 1IN, (MU) & Q.

The elements {mi} are the conjugates of the {bi}. If we

consider the power series



exp(X) = ) bixl+1

iz20

and let 1log (X) be the inverse power series then
log(X) =

If we apply the Todd map then exp(X) and 1log{(X) turn into

the usual exp and log series, For Td : II_,(MU) @ @ —> Q@ sends

m, to nl1 and bn to E%TT' If we consider II,(MU)cl, (MU) ®@

then we have the following integrality condition

{1.1) (n+ 1)mI1 € 11, (MU)

(n-+1!)bn.EH*(MU).
There are best possible since Td4(Il,(MU) cZ.

(b) MU Homology and Cohomology

Both MU homology, MU, (X), and cohomology, MU*(X), are

modules over I, (MU). One must, however, adopt the connection that

*

MU, = MU * = I, (MU)
In other words, the elements of 1II,(MU) are considered to be
negatively graded when one works in cohomology. There is a

natural pairing

MU* (X) ® MU, (X) —> I, (MU) .



Provided H,(X) in torsion free then MU*(X) and MU,(X) are
free 1, (MU) modules (the Atiyah-Hirzebruch spectral sequence
collapses) and the above pairing is non-singular. In such cases
we can think of MU*(X) and MU,(X) as being "dual" I, (MU)
modules. However, one must keep in mind the change in grading be-
tween homology and cohomology. As a result MU, (X) is always
connected and of finite type whereas MU*(X) need not be either.

For example let u)emuz(mpm) be given by the map w : m?m-——> MU.

Then
MU* (CP ) = MU*{[w]]
while
MU, (CE") = MU, {BysB,/Bys...]
where <wi,8j>= Gij' In the first case we have all formal power

series in w. In the second we have the free module generated by

{801611821-00}-

In the case of rational MU theory the situation is always
simple. Both MU*(X) © @ and MU_(X) e @ are free and are "dual".
The Thom map T : MU,(X) ® § —> H, (X;®) is surjective with kernel

= ideal (m1,m2,...).



§2 The Operation P

For each exponential sequence E = (e1,e2,...) (i.e. a
sequence of non negative integers with only fintely many non

zero terms) we have the Landweber-Novikov operations

Sp ¢ MU* (X) —> MU* (X)

Sg ¢ MU, (X) —> MU, (X)

which, in the cohomology case, raise degree by |E| =2)3ei and, in
the homology case, lower degree by |E|. The action of sp on
N, (MU) 1is difficult to describe. When we pass to I, (MU) o {

the situation improves. We have the canonical generators {bi}

and {mi} of N,(MU) & @ given in §1. Given an exponential se-

guence E = (e1,e2,...) let
e e e
E _ 1 2 k
b- = b1 b2 .o bk
e e e
E _ 1 2 k
m- = My myT ... my

Then we have

- .0 if |E| 2 |F| and E%F
(2.1) s (b") ={

1 if E

il
t

If re is the conjugate of Sg defined by the recursive formula

(2.2) ) r. s, =0

then I'n acts by the rule



(2.3) r_ (m) =

We now define operations

P : MU*(X) @« @ —> MU*(X) ®

P : MU,(X) © @ —> MU, (X) ® Q@
by the rule
P(x) = J nts

where one sums over all exponential sequences. These operations

have a number of useful properties. We will only state them for

cohomology
(2.4) Multiplicative: Pixy) = P(x)P(y)
(2.5) Primitive Idempotent: P2 = P where 1Im P = the operator

primitives of MU*(X) @ ) and Ker P =the ideal (m1,m .

2,..

This last property has a number of consequences. We have that x

is primitive if and only if x = P(y) for some vy. Also the Thom
map induces an isomorphism Im P = H*(X;Q). In other words, although
an element of H*(X;®) has many representatives in MU*(X) & O,

it has an unique primitive representative. Lastly, there exists an

unique factorization
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1%
MU*(X) ® @ —>,£'¢1U*(X) ® @

|y

The above discussion also applies in homology. Of course the
multiplicative property only holds in homology when X has

a product e.g. X 1is a ring spectrum or a H-space.

For proofs of all the above properties consult Kane [11].
There, a BP version of the operation P was constructed and
studied. Indeed, the next chapter - is devoted to recalling this
BP version., The arguments given in Kane {11] also apply to the
present MU operator. Properties 2.4 and 2.5 are deduced from

2.1, 2.2 and 2.3.

Remark 2.7: Although we will not need it in this paper it is
probably useful to point out that P has a "dual" definition

as

P(x) = ] borp(x)
E
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§3 BP_ Theory

As we have already mentioned the operation P has an
analogue in rational Brown-Peterson theory. This operation has
already been constructed in Kane [11]. Given a prime p then
Brown-Peterson theory is a canonical summand of MU theory
localized at p. If we rationalize then the relation between
the two is easy to state. Namely T, (BP) @ D < II_{(MU) @ @ via

the identity

(3.1) 1, (BP) om=m[mp_1,m2 PR
p -1
Indeed Quillen defined BP so as to have precisely this property.

For each exponential sequence E he also defined operations

rp ¢ BP* (X} — BP*(X)

rp i BP,(X) —> BP,(X)
which raise degrees and lower degrees, respectively, by
2Eei(pl—1). If we define the conjugate s of «r by the

E E
recursive rule

(3.2) Y s, r, =0

then s, covers the Steenrod operation PE defined in Milnor

[16]. In other words, we have commutative diagrams
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Sg Sg
BP* (X) —PF 5 BP*(X) BP, (X) ——> BP, (X)
(3.3)
pE pE
HY (XiF ) ———> B (X;TF)) Hy (X)) ——> B, (XFp)

The vertical maps are the Thom map followed by reduction mod p.

E

Also P H*(XﬂFp) — H*(XﬂFP) is the left action defined

from from the usual left action of PP on H*(XﬂFp) by the
rule
(3.4) <X (PE) (%) ,y> = <x, PP (y) >

for any.. inH*(XﬁFp) and yEEH*(Xﬁwp). (X(PE) is the conjugate

of PE).

A
If we let m =m then the operations

P : BP*(X) @ f —> BP*(X) &

P : BP,(X) ® @ —> BP,(X) @ @

AE

Pix) = m s

b3
E E

satisfies properties analogous to the previous P. Also, the
factorization of P through H_ (X;@) implies that we have a

commutative diagram

MU, (X) ® @ T MU, (X) & O
A IS

P
BP,(X) € @ — BP,(X) @
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PART II: Integral Primitive Elements

§4 Integral Primitives

We have an imbedding MU, (X)/Tor cMU,(X) ® @ where
Tor = {x €MU,(X) |nx = 0 for some ne€Z}. By the discussion
in Part I, the problem of determining primitive elements in
MU, (X) /Tor reduces to determining Im P NMU, (X)/Tor c MU, (X} /Tor.
In other words, we have an integrality problem. When does

x €Im PcMU,(X) ® @ belong to MU, (X)/TorcMU,(X) e ?

One can always reduce this integrality problem to an inte-
grality problem concerning this inclusion T, (MU) <1, (MU) & Q.
Choose a T,(MU) @ @ basis {x,} of MU,(X) @ @ where the

{x;} are elements of MU, (X) /Tor. Expand

P(x) = % o, X, aiEZH(MU) e Q .

Then P(x) € MU,(X)/Tor if and only if a, €N, (MU) <l (MU) @ @

for each o - In the rest of Part II we will illustrate how one
can study primitive elements in MU, (X)}/Tor by the above method.
In §5 we will give some precis integrality conditions about

the inclusion T, (MU) < N, (MU) o D which will be used in solving
our problem for P(x). In §6 we will give some examples where we

solve the integrality  question for Im P by. the above method.

It should be noted that the above approach is not really
practical as a general methoed for studying the primitive of
MU, (X) /Tor. For it depends on being able to obtain reasonably

explicit exansions of P(x). Such knowledge is not always
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available. Even in this paper lack of knowledge of Im P

will soon cause us to abandom the above approach. In Part III

we will introduce and constantly use a cruder but more effective
toocl. This cruder index is the image of Im P n MU, (X)/Tor under

the Thom map T:MU(X)/Tor — H,(X)/Tor. This subgroup of

H, (X) /Tor is easier to study than Im P n MU, (X)/Tor < MU*(X)/Tor.
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§5 Integrality Conditions for T, (MU} o Q

In this section we prove that certain specific elements of
I,(MU) @ @ actually belong to T, {(MU) < TI,(MU) & (. Our arguments

are based on those used by Segal [20]. Let

b =1 + b1 + b2 + ...

(b) the homogeneous component of degree 25 in (b)*

A rt! q .
Proposition 5.1 > (b)r—q € M,(MU) if 2sgsr
Observe that the restriction q22 1is necessary. For (b);_1

= b 1° And, as we observed in §1, one must multiply br by

r- =1

r! +to make it integral.

Proof of Proposition

We can expand - ' . o

e, e e
q _ q _ 0,71 s
(b) (b0 +b1-+...) E(eo,e1,...,es)b0 b1 ...bs where
(€0+...+%s)!

(e €_) 1s the multinomial coefficients

0 = eol...es!
Then
q ) €0, 1 s
(b) = (e.;e,,...,2 )b b ... Db
r-q _ 0" 1 s 70 71 s
e0+...+es~q
e1+2e2+...+ses=r-q
and
e e e
r! gq _ r! O 1 s
s>—(b)z:_ = ) =(e.,e,,...,e )b “b_"... b
2 I“d ¢ 4...te_=q 2 0" s"70 1 S
0 s
e1+2e2+ses=r—q
111 d trate th h r b Op ] b8
We wi emonstrate at each term 5—(e0,e1,...,es) o Pg e by

€ I,(MU). We consider two separate cases
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(1) eiz 2 for some 1

We know that i, +1! ... i +1!/ b, ... b, € 11, (MU) .
q i i

, 9 '
Consequently, if (i1 +1)+ ... + (1_+1) =r then %L b. ... b,
q i 1q
1. . . .
=3 (114-1! .. 2q-+1!)(11 +1,...,1q+1)bi1 .. biqéiﬂ*(MU)

provided (i1 + 1,...,iq-+1) = 0 mod 2. But it follows from some

simple number theory that (i1+-1,...,%;+1) =0 med 2 if ia = ib

for any as#b. For

(k1,...,ks) 51]:[. (k.l.r---rksi) mod 2

_. i, s ,
where kt = Zktj? is the % adic expansion of kt’

{ii) ei <1 for all i

We ‘have that (eo,e1,...,es) 2 0 mod 2 since Zei=<qz 2.

=

. . r! eo €
Thus, as in (i), 5—(e0,...,es)b0 .oo bs € I, (MU).

Q.E.D.

Segal [20] made effective use of the Liulevicius version of ..
the Hattori-Stong theorem in studying I, (MU) <l (MU) ® Q. Write

n,(MU) ¢ @ = H,(MU) ® Q. Then

(5.2) x€H,(MU) belongs to Im I, (MU) — H,(MU) if and only

tdsg(x) €z for all" E. -~ =~ = -~

The following fact will be used in our study of X = S0(2n+1).

In harmony with BP theory let v, = 2m1. Then

2k-11

5 (b

Proposition 5.3:

} € I, (MU)

2k-2 * V1Pak-3
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Proof: We will use criterion 5.2
(1) . E= (0,0,...).
2k-11

2
to show 2k - 1! Td(bZk_2-+v1b2k_3) € 2%. We have

To show

Td(by, o, +v b, _3) € I (MU) it suffices

) _ 2k-1! _ 2k-1!
2k = NTA(byy 5 + voby 3) = 337 * Fxo33
=1 + 2k - 1
= 2k
(ii) IEl > 0

We will consider the terms b,, , and v1b2k_3 separately.

First of all

i —_—
s (b, ) ={(b)2k‘1‘i b
B k2 0 otherwise.
s 2k-11 .
So, by Proposition 5.1, — TdsE(bZk_zj € Z. A slightly more
complicated argument of the same type handles the case 2§_11
Tdsp(v by 3).

QQEQD.
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§6 Examples

We now demonstrate how one solves integrality problems
for certain cases of both the MU and BP version of the operator

P.

{a) The Space X = (I:PFo

For certain spaces one can obtain explicit formula for the
operation P : MU,(X) © @ — MU,(X) ® Q. The space X = EPm
is the canonical example. Write MU*(EPw) = MU*[[w]] and
MU, (CP) = MU,{BysBqy/Bss...} as in §1. The operations {sg}
act by the rule

-wk+1 E = Ak

sE(w) = {

0 otherwise.
It follows that

(6.1 P =] mu'" = log (u).

iz0

Inverting, we have
(6.2) w=exp P(w) = § beP(w)t"

iz0
For each kz 1 we then have

(6.3) wk = Z(b)?P(w)k+1

where (b)? are the coefficients defined in §5. Since {wt}
and {6j} are dual basis it follows that {P(wi)} and {P(Bj)}

are also dual basis. If we dualize 6.3 then we obtain
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Proposition 6.4 P(8,) = J (b)]_.B,
jék K373

It then follows from Proposition 5.1, plus

kib, _, € M,(MU), that

k_

Corollary 6.5 k!P() € MU, (TP

(b) The Space X = Sp(2)

We next demonstrate the usefulness of BP definition of the
P operation in understanding the MU version. The result obtained
is only partial. But it will play an important role in the study

of the spaces Sp(n) in Part III.

The problem we are dealing with at the moment is to determine
the minimal integer N such that NP(x) € MU, (x)/Tor < MU, (X) o Q.
To determine the p primary factor of N it suffices to
localize and work with BP theory. In other words, if pS is the
minimal power of p such that pSP(x) € BP,{(X)/Tor then
N = PPN' where (N',p) = 1. The advantage of BP is that even
if one has no information about P(x) € MU, (x) ® @ one can often
obtain information about P(x) € BP_(X) ® @ . For, as explained in
3.3, the BP operations {SE} are related to the Steenrod opera-
tions {PE} . So one can use knowledge 6f the A*(p) a;tion on
H*(X;pr) to deduce results about P(x) = Im's_(x) in

E
BP,(X) o . We give a simple but useful example of this process.

Recall that

MU*(SP(z)) = E(x31x7) ’
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where TI,(MU) is the coefficient ring. We have X3 = Pxg)
is primitive. On the other hand, it is not clear for what
coefficient N we have NP(x7) € MU,(Sp(2)) we now obtain an

upper board.

Proposition 6.6 3!P(x7) € MU, (5p(2)).

In §8 we will demonstrate that this is a best possible result.
We will prove the proposition by using the BP version of the P
operation. For each prime p we have BP_{(Sp(2)) = E(x3,x7)

where 1 (BP) is the coefficient ring. It suffices to show

il

(i) for p 2 2P(x7) BP, (Sp(2))

(ii) for p 3 3P(x7) BP, (Sp(2))

(iii) for p & 5 P(x5) BP,(Sp(2))

Proof of (i)

For p = 2 we have

i 2
Plxg) = x9 * mys,(m;) + mys, (x,)
Since 2m1 € M, (BP) we have

2m1s1(x7) € BP,_(Sp(2))

Since S%;rH7(Sp(2);Eé) — H3(Sp(2);Eé) is trivial (A*(2) acts

unstably !) we must have 52(x7) = 20X for some o €Z Thus

3 (2)°

2mls, (x,) = (2m) (2m)ox, € MU, (Sp(2))
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Proof of (ii) and (iii)

For p = 3 we can write P(x7) = X, + m251(x7) and

3m, € M,(BP). For pz25 we have P(x7) = X

7

Remark 6.7: Observe how, in the case p = 2, we used the relation

between BP operations and Steenrod operations to deduce a fact
about P(x7) from our knowledge of the A*(2) action on

Hy (Sp(2) iIF,) .
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PART III: Primitive versus Spherical Classes

§7 Primitive and Spherical Classes

So far we have only discussed homology classes which are
primitive with respect to cohomology operations. However a
homology theory also has a coalgebra structure induced by the
diagonal map A : X — X x X. And there is also the concept of a
homology class being primitive with respect to this coalgebra
structure. Given a coalgebra C with coproduct 4 : C —> C o C,
an element of C 1is said to be (coalgebra) primitive if |
AlX) = x o 1 + 1 @ x. We will use the symbol P(X) to denote .
such elements (The word ‘"primitive" will be reserved for operation

primitives so far as that is possible.)

In the remainder of this paper we will study spherical
homology classes in the bordism of Lie groups. It is well known
that spherical homology classes are always primitive in both senses
of the word. The question is to what extent being biprimitive
characterizes spherical homology classes mod torsion. More

exactly, let

SMU = Im hMU : I,(G)/Tor —> MU, (G)/Tor
. PMU = PMU,(G)/Tor N Im P < MU, (G)/Tor
Then SMU (= PMU and our question is, to what extent, SMU = PMU'
The conjecture that SMU = PMU is related to another

conjecture about spherical homology classes in Lie groups called
the Atiyah-Mimura conjecture. Let <ch : Kq(x) ® @ — H, (X;Q)

be the Chern character isomorphism
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Atiyah-Mimura Conjecture: X € PH, (G) /Tor is spherical if and

only if ch™'(x) € K, (G) < K, (G) < K, (G) ® Q.

This cconjecture implies that SMU = PMU' The main point is

that we have a commutative diagram

P
MU,(X) @« @ —— MU_(X) @ @

ch”]

LHy(X) @ @ —— K,(X) o @

where CF 1is the Conner-Floyd map (see Kane [11]). Consider

. 2 -
X € PMU‘ We want to show xEZSMU. Since P =P we have P(x) =x.
Let X = T(x). Then ch-1(§): CF P(x) = CF(x). Since x € MU,G/Tor

we have ch_T(E)GEK*(G). So, by the Atiyah-Mimura conjecture, x

is spherical. By the commutativity of the diagram

h
& PMU, (G) /Tor

n,(G)/Tor l T

hy™~pH, (G) /Tor

= has a spherical representative y in MU, (G)/Tor. But
X,y € PMU' Since we have an isomorphism T : Im P = H, (X;@)

the relation T(x) = x = T(y) forces x = y.

We should also note that, although we have not been able
to prove the reverse implication, in practical terms, the two
conjectures are equivalent. All our arguments and results in

MU theory have appropriate analcogues.
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As we indicated in §4 it can be quite difficult to deter-
mine PMU is an explicit manner. Fortunately, one can simplify
the study of the inclusion SMU c PMU by passing to ordinary
homology. Let

-
]

g = the image of P, under T : PMU,(G)/Tor —> PH, (G)/Tor

{n
I

= Im h,:0, (G) /Tor — PH, (G)/Tor

We have an inclusion SH < PH. Moreover the study of SHc:PH is

equivalent to the study of SMU é»PM For, as we observed after

U‘
2.5, T 1is injective when restricted to PMU' S0 we have a

commutative diagram

Smu < Puu

[l

SH o PH .
We will usually study SH < PH. For it is much easier to determine
PH rather than PMU' Consequently, it is easier to prove that
SH==PH or SH ¥ PH rather than SMU = PMU or SMU * PMU' In
this manner we will often be able to settle the question SMU:=PMU

without any explicit knowledge of PMU'

We will study the guestion SHe=PH for the classical groups

plus the exceptional Lie groups G2 and F4. First, we do the

infinite Lie groups SU,Sp and SO°. These results follow in a
fairly pleasant fashion. From these results the answer for SU(n)
and Sp(n) are automatic. However, the case 50(n) demands a

-

great deal more work. The result for S0 does not simply desuspend.
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Similarly, G2 and F4 involve a great deal of effort.

Most of our energy will be expended on PH rather than

SH. For SH we will basically rely-on the calculations of
1,{(G)/Tor —> PH,(G)/Tor as obtained from various sources. We
will concentrate on calculating PH. We can isolate two basic
techniques which will be utilized in this study. We might
describe the techniques as giving upper bound and lower bound
results., For example, let us suppose that we want to prove

Py < PH,(G)/Tor 1is given in degree k by NZ.cZ. The inclusion
PchNZ is the upper bound result while the inclusion NZc:PH

is the lower bound result.

(a) Representations

Once we have the answer for SU we can use representations
to deduce upper bound results for other groups. As we will see,
Py © PH,(SU) is given in degree 2m+1 by nlZcZ. If we have

a representation p : G —> SU such that p, : P H, (G) /Tor —

2n+1
P2n+1H*(SU) is of the form Z XX» g then Py for the case G
must satisfy PH c %izt For the commutative diagram
PH c P2n+1H*(G)/Tor
p*l 1 0
PH c P2n+1H*(SU)
is of the form
PH c Z
Lo
n!'x c Z
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(b) Generating Varieties

This technique is useful for the groups G = SU(n), SO(n),

G and F4 in obtaining lower bounds. Bott [3] demonstrated

2
that, for each compact Lie group G, there exists a (non unique)
finite complex V and amap f : V—> 2,6 so that H*(QOG)

is generated, as an algebra, by Im f . In other words,

f, : H (V) —> QH*(QOG) is surjective. Both H,(V) and

H*(QOG) are torsion free. Consequently, the Atiyah-Hirzebruch
spectral sequence collapses in both cases and MU, (V) — QMU*(QOG)

is surjective. The map ZQOG — G 1induces the "loop" maps.

Q*:QH*(QOG) ~—> PH, (G) /Tor

Q4 :QMU, (25G) —> PMU, (G) /Tor

By using the composite

MU, (V) —> QMU*(QOG) —> PMU, (G) /Tor

One can reduce the study of PMU < PMU, (G) /Tor to the study of
primitive elements in MU, (V). In the cases G = SU(n), SO(n),

62 and F4 the complex V 1is simple enough to enable one to
obtain detailed information about the primitives of MU, (V). On
the other hand, we have found no generating variety for Sp(n)
whose bordism MU, (V) is effectively computable (in terms of the

action of the operations). So it is fortunate that we can simply

deduce our answer for Sp(n) from the stable case Sp.

We might also remark that the generating variety only appears

explicitly in the cases G = S50(n) and G = G, In the SU case
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we use the "infinite" generating variety TP’ < QSU. In the
Fn case the geneiating variety appears implicitly in our appeal

to the calculations of Watanabe [26].
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§8 The Groups G = SU, Sp and SO

We begin our study with the infinite Lie groups SU = lim SU({(n},

N>

Sp = lim Sp(n) and SO = lim SO(n). As we will observe at the end
n->o n-e

of this chapter, our results for these groups automatically extend

to certain other groups, namely SU(n), Sp(n) and Spin =

lim Spin (n) .

n—+r

(a) The Group G = SU

Recall that H,(SU) = Elxg,Xg,X5,...) and PH,(SU) has a
Z basis {x3,x5,x7,...}. So we must study the inclusion SHc:PH

in degrees 3,5,7,... Our result is

H H
'p!zl n!'z | V.4 1
for each nz1. So SH = PH in this case.

We begin with the space X = ICP”. Our study of MU*(EPW)
in §6 also applies to MU*(ZEPW) with the obvious change of
degree. We will use the same symbol to denote corresponding elements
in MU, (ZCP"). So PMU, (ICP ) = MU, (ICP ) is a free I, (MU)
module with basis {Bk} and Py, < PMU*(EEPm) is a free Z
module with basis {n!P(Bn)}. So, in degree 2n+ 1
Py © PH, (ITP®) is the inclusion n!ZcZ. But we claim that
Sy € PH, (Z€P") is also given in degree 2n+ 1 by n!ZcZ. Consider
f S3 —> K(Z,3) representing the generator of HB(K(Z,3) = x.

3

The map Qf : 587 —> P~ is multiplication by n! 1in degree

2n. (H,(2s3 is a divided polynomial algebra while H*(TP®) is
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a polynomial algebra). Consequently, the map S2n+1 cVv S2n+1 =
nz2
1os® —s zCP”  is multiplication by n! in degree 2n+ 1 .

We have a canonical map £ep” —> SU which induces an

n

isomorphism PMU*(ZEPW) PMU, (SU) . So our treatment of

X = TP extends to X SU as well.

(b) The Groups G = Sp and G = SO

We now study the relation between SMU and PMU for the

spaces .G = Sp and G = SO. Because of the Bott periodicity be-

tween Sp and SO (QgSp = S0, QgSO = Sp) it is advantageous to

treat these cases simultaneocusly. Recall that

H, (SO) /Tor = E(x3,x7,x

H, (Sp) 11,...)

-and PH, (Sp)

PH, (SO) /Tor has a % basis {x ceot

1 X, X
7’

3 1

We will demonstrate that the inclusions . SH c PH c PH, are given,

in degree 4k - 1, by the following charts.

Sy S Pu S Pyxoqfs
k even Sp *2(2k-11)2 | 2k-1!%& Z
SO 2k-11 2k-11 '
2 2 /A
S c 2 < P, _,H,
. odd . H H 4k-1
Sp 2k=-1' Z |2k—1zz Z
SO 2k-11 Z 2k;1!z z
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So S depends on k (mod 2). And the equality S_ =P has

H H H
a similar dependence. We now verify the charts
(i) Spherical Classes
Consider the commutative diagrams
H4k_1(Sp) —_— ﬂ4k_1(SU) H4k_1(SO)/Tor —_ HMQJ(SU)

l | 1

P4k_1H*(SP) ——> P,y _1H, (SU) P4k—qHx (80) /Tor —> 1T, ,H,(SU) .

The horizontal maps are induced by the standard inclusions

SpcSUcS0O. Let

{1 k odd { 2 k odd

2 k even 1 k even

Then the above diagrams are of the form

<Q
xak» >Ebk
7z —5> 7 Z —> X
| |xax-1 | | xax-1
z =1, g z 22 ., g

For the horizontal maps see Kervaire [13] and Cartan [5].

(ii) Primitive Classes

We will consider PH < PH, and write Py,_4H, = Z.

First of all, we have

Sp

P. < 2k-1!'Z 1in the case G
(*) {
SO

H
2k-1t .
PH c 5 Z in the case G
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For the canonical maps SO — SU and Sp —> SU induce

commutative diagrams

PH(Sp) —_— PH(SU) PH(SO) PH(SU)
Pag—q1 Ha(SP) —> P, H,(SU) Py qHs(S0) —> P, __H,(SU)

4k-1

which are known to be of the form

PH(Sp) —> 2k--1!2 PH(SO) —> 2k - 11E
z 3(1_} z z X2 "Jlx

For the bottom map see Cartan [5].

Secondly, in degree 4k - 1

j2k—1!Z<:PH in the case G = Sp
(**) <
L2k- ' =
2k21!Z<:PH in the case G S0
For the Bott periodicity equivalences QgSp = S0, QSSO = Sp,
QgU = U induce a commutative diagram
Pyk—1H« (SP) —_— P4k_3H*(SO)/Tor
l Y
Pix—1Hx (SU0) —_— P4k_3;I*(SU)

P 4k—1Hx (80) /Tor —— P4k-3Hx (SP)
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which is of the form

N \
y Y
v %X (2K)- (2k+1)

A l;

For the middle horizontal map see Corollary 16.23 of Switzer [24].

We can deduce from the above that

4 . Lo .
Q4 3 Py Ha(SP) —> P,y H,(SO)/Tor is multiplication
(2k) (2k+1)
by >
Qi P4k_1H*(SO)/Tor'—“> P4k+3H*(Sp) is multiplication

by 2(2k) (2k+1).

We now prove (**) by induction on degree. Obviously (**) holds
in degree 3. By the example G = Sp(2) treated in §6 we can
assume (**) holds for G = Sp in degree 7. We now proceed by in-

duction. A flow chart for the argument is as follows

3 7 11 15 19 .....
3! 5! 71 9!
sO 3 5 Ve 5 .

Sp 1 31 51 71 91 ...,
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(c) The Groups G = SU(n), Sp(n) and S pin

We close §8 by observing that the preceeding results
for SU, Sp and SO pass to SU(n), Sp(n) and Spin respectively.
In the first two cases the inclusions SU(n)c:SU- and Sp(n) cSp
induce homoﬁopy equivalences in the range of degrees in..which the
algebra generators of H,(SU(n)) and H,(Sp(n)) 1lie. In the last
case one can simply replace SO by Spin in all the preceeding

argument.

On the other hand, the results for S0(n) and Spin (n)
cannot be easily deduced from those for SO and Spin . For
the inclusions S0(n) €SO and Spin (n) < Spin are not homotopy

- equivalences in a sufficient range of dimensions.
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§9 The Groups G = SO(n) and Spin{(n)

The study of these groups constitutes the major calculation
of this paper. We will study these groups via the generating

variety approach described in §7. For the presence of 2 torsion

in H,(SO(n)) and H,(Spin(n)) means that the structure of
MU, (SO(n)) and MU, (Spin(n)) is complicated. So the indirect
approach of studying MU*(QOSO(n)) and MU, (R Spin(n)) is’

quite useful in this case.

We will concentrate on G = S0(n) . The arguments and re-
sults for G = Spin(n) are similar and will be indicated at

the end of the chapter.

Before studying SH c PH c PH,(SO(n))/Tor we first study

the relation of 8SO(n) to the generating variety Vn < QOSO(n)

(a) Geherating Variety v

It was shown in Bott [3] that we can define the generating

variety Vn c Q,50(n}) to be

0

Vn = 50(n)/S0(2) x sO(n- 2)

*
The structure of H (Vn) is slightly different for n odd

*

and n even. H { } has a basis

V2n+1



- 35 -

{1,A, ... ,A“'1,An/2, e Azn‘1/2}

3 *
while H (V2n+2) has a basis

(1,8, ... ,a%aMv2, ... ,a%%/2,B)

where deg A = 2 and deg B = 2n . B is uniquely determined

by the requirement that

AB = An+'l/2

If we dualize then H_(V } has a basis

2n+1
{60,61, ,Gn_T,ZGn, cen ,262n_1}
while H*(V2n+2) has a basis
(800807 wee 48428 10 oun 428, A}
The inclusion SO(n) < SO(n+ 1) induces a map Vo = Viaere

Our notation is chosen so that elements with the same name
correspond under the induced maps in homology and cohomology.
Also, A has the property of generating

<. R n
Ker {HZn(V2n+2) — H2n(V2n+3)} while A" - 2B has the property

s 2n 2n
of generating Ker {H (Vo 4p) —> H (V2n+1)} .
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We next study the relation between H*(Vn) and

H*(SO(n))/Tor and then between H,(V ) and H,(SO(n))/Tor .

{(b) Cohomology

First of all the mod 2 cohomology of SO(n) can be

described in terms of a simple system of generators as

H*(SO(n)LJFZ) = A(x1,x2, RIS S

Ly = (3
st = () %y -

(To obtain the complete algebra structure of H*(SO(n)jIEZ)

one must replace each x,, by xi) . Let {Br} be the Bock-

stein spectral sequence for 2 torsion in H*(SO(n)) . Then

o
[}

H* (SO (n); F,)

B, = H* (SO (n)) /Tor oI,
Since d1 = SE we can calculate
x = S0(2n+ 1) B, = E(Y3/¥qs «-. ,y4n_1)
X = S0(2n + 2) Bz= E(y3,y7, cen ,y4n_1) ® E(z)

where
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Ygr-1 ° {f‘4k—1 * X 1 Xpp!
{xnxn+1

{x2n+1} n even

(In the description of Yap—q We are assuming that Xgp-1 = 0

when 4k-1 > 2n+1 ). So we can write

H* (SO(2n + 1)) /Tor

E(Y3'Y7’ e s . 'Y4n_1)

H* (SO0(2n + 2)) /Tor

E(Y3,Y7, vee Y ) ® E(2)

4n-1
where {Yi} and Z reduce mod 2 to {yi} and z . Our
notation’'is consistent with the maps 8S0O(n) —> SO(n+ 1) in that
symbols with the same name map~to each other. Observe, also, that
Z maps to an+1 under the map

H* (SO(2n + 2))/Tor —> H*(S0(2n+ 1)) /Tor when n 1is odd.
Now consider the loop map
Q* : QH*(S0(n))/Tor —> PH*(Q,S0(n))
The assertion that H,(V ) ~—> QH*(QOSO(n)) is surjective dua=

lizes to give PH*(QOSO(n)) < H*(Vn) is a direct summand. We

will describe Im Q* in terms of H*(Vn) . We have
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Proposition 9.1:

(1) ex(v,,, ) =a" for i=1,3,5 ..., 2n-1
(ii) , - [ 2B . n_odd
Q*(2) = n -
2B- A n even

PROOF: For (i) we need only consider SO(2n+ 1) . We have a

commutative diagram

43 1

041" Vy* (so(2n + 2k + 1)) /Tor —> Q¥ Ta*(s0(2n + 1)) /Tor

x | || n*l

7 3
P4i-2H*(QOSO(2n-+2k-+1)) - 941'23*(9050(2n4-1))

b |

4i-2 4i~2
H - (V2n+1)

Von+2k+1! —> H

({Assume k >> 0 and 1 £ i £€n)).

We have already justified 'all the isomorphisms except for

the left vertical isomorphism involving Q* . It follows from the

even

fact that Q*:QOddH*(50(2n+2k+1)jﬂgf'—+ pSVeNHx (250 (2n+2k+1) | )

is injective (see, for example CLARK (6]). Since k >> 0 , Y4i+1
is represented mod 2 by X,. .+ X, X, Wwhere x,. , =0

So Q*(x4i_1) # 0 forces Q*(Y4i_1) # 0 mod 2
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The fact that the right hand composiﬁion in the diagram must

also be an isomorphism now gives us property (i).

Regarding (ii) we must treat n odd and n even

separately. When n 1is odd we can choose Y, .q and 2 so

that v,  .'-Z € Ker{H*(SO(2n+2))/Tor —> H*(SO(2n+ 1))/Tor} .
. * - * *

But then:« Q (Y2n+1 Z) € KRer{H (v2n+2) -—> H (v2n+1)} . So

Q*(Y2n+1-Z) =a"-2B . (In particular we already know that it

is non zero mod 2 ). Since Q*(Y2n+1) = A" we have

Q*(2) = 2B . When n 1is even we can choose 2 from

Ker{H* (SO(2n + 2))/Tor — H*(SO(2n + 1)) /Tor} . We then obtain

Q*(z) = a"-28 .

(c) Homology

If we dualize the above description then we obtain

H,(80(2n + 1)) /Tor = E(ay,0 )

7' = *%4n—

H,(SO(2n + 2)) /Tor = E(a3,u7, .. ,a4n_1) ® E(B).

where {ai} U {B} is a basis of PH,(SO(n))/Tor and elements

with the same symbol correspond under the maps

SO(n) — SO(n+ 1) .
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The map §, : QH,(SO(n))/Tor —» PH,(SO(n))/Tor is des-
cribed by

Q*((Si) = O i= 1,3'5' .. 'Zn_1

2i+1

,(7) = 28

Remember, of course, that, for n £ i £ 2n-~-1 , H*(QOSO(n))

Qi1
is not generated by Gi but by 26i . S0, in those degrees,

2 1is multiplication by 2.

We will also need to know a little about the relation between
H, (80(n))/Tor and’ H,(SO(n);F,) . If we dualize our description
of H,(80(n);F,) then we can write

Hy (S0(n) ; Fy) = E(Y rYgr wve Y )

n-1
This time the identity 1s as algebras, not just with respect to
a simple a simple system of generators. Let DY = the q fold

decomposables of H*(SO(n);Zmz) and let

p : H,(SO0(n)) —> H*(SO(n);]Fé) be the mod 2 reduction map.

Our main result is

Proposition 9.2: Let B € H,(SO(2n+ 2)) be any representative

for B € H,(SO0(2n+ 2})/Tor
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Then

Yon+1 mod D2 for n even
p(B) =

3
ynyn+1+-i§n EiniY2n+1-i mod D for n odd

Let {BY) be the homology Bockstein spectral sequence
with respect to 2 torsion in H,(SO(n)) . It is dual to the
spectral sequence {Br} considered in part (b). So it follows
from the calculations in part (b) that B2 = H*(SO(n))/Tor 0:T2
is an exterior algebra on odd degree generators. However, it is
difficult to explicitly calculate B2 . For, although
d1Y2k—1 = 0 , the {71, e 'Yn-1} are not invariant under the

action of d1 . However we can use the results from part (b) to

deduce that, in the case X = S0(2n + 2)

r

* B

(*) one can choose {Y2n+1} ( n even) and '{YnYn+1+ ?}
where ? € D3 ( n odd) among exterior algebra generators
of 82

1
We need to show that the classes Yon+1 and YnYn+1'k? € Ker d
and that they pair off non trivially with the cohomology elements

Xonet and X X4 respectively. The only fact which needs

comment is that we can choose a class of the form

. . 1
YnYn+1-F? in Ker d1 . If we filter B = H*(SO(Zn—+2)j:F2)

by {D9} then, as in Browder [4] we obtain a spectral sequence
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1

converging to B2 . The action of 4 S% on

1 _ . 1 _
1 EOB - E(Y.".Yz' - s 'an_.]) ls Sg(Y2i) = Y2i_1 . SO

=
1]

3
1

5 = E({Y1Y2}I{Y3Y4}: . ’{Y2n—1Y2n}) ® E(Y2n+1) . Therefore

E, = E, = E;B, . In particular {YnY } ( n odd) survives the

072
spectral sequence.

n+1

We can rephrase (*) as stating that the canonical map
p: H (SO(2n+ 2)) —> H,(SO(2n + 2)) /Tor oimé satisfies

p(B) = {y, , ) or {yny ?} . This determines o¢(B8) for

+
n+1
p : H (SO(2n+ 2)) —> H*(SO(Zn-+2)i:F2) modulo the indeter-
minancy Im d1 . However, Im d1 is spanned by the monomials of

D2 distinct from YnYn+e1 - So Proposition 9.2 follows.

1

(d) Spherical Classes

As we will see the Hurewicz map for SO(n) is roughly the

same as for SO . Some added complications arise, however.

(i) The Case X = S0(2n+ 1)

The Hurewicz map has been determined by Barratt-Mahowald
[2], Rervaire [13] and Lundell [15]. If we ignore k = 1,2,4

then, for k £ 2n, we have a commutative diagram
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(SO(2n + 1)) /Tor —

L H4k_1(SO)/Tor =2
‘ 2k - 11
y ) : ' ,
P4y-1H4 (80(2n+ 1)) /Tor — P, x-1Hx(SO)/Tor = &

So, in those cases, S H,(50(2n + 1)) is given by

g < Pax-1

2k-1!' Z <« . When k = 1 then, in certain cases, the map

(sO(2n + 1)) /Tor — P4k_1H*(SO(2n+ 1)) /Tor is not an iso-

T gk-1

morphism. The following diagrams describes these cases.

T,(S0(3))/Tor X2 I, (S0) /Tor

x2 s

v v
P3H(SO(3))/T0r —_— P3H(SO)/Tor

H7(SO(5))/Tor}—{—-2-> H7(SO(6))/Tor-}52—sr H7(3)(7))/Tor~x2+ IL, (S0) /Tor

24 12 6 3

P_H(SO(5)) /Tor —» PH(SO(6)) /Tor —> P_H(SO(7) ) /Tor —> P_H, (S0) /Tor

o x2
H15(SO(9))/Tor

15 (S0(10)/ Tor 3 1M, (SO(11))/ Tor 5 I,5(S0(12)) / Tor™>" 1 (SO) /Tox

$nz

71 71 7! 71 71/2

v N
B cH (80(12))/ Tor + B cH (SO} /Tor

i
NETH

B H (SO0(9)/ Tor 3 B H (SO(10) / Tor 5 B H (S0(11))/ Tor
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(1i)}) The Case X = S0(2n + 2)

Again, the Hurewicz map for X = s0(2n+ 2) is similar to
that for X = SO . We have the deviation between the two already
noted above in degrees 7 and 15. We also have the added compli-
cation that, in degree 2n+ 1 , H2n+1(50(2n+ 2})/Tor

—> I (S0)/Tor and P H, (SO)/ Tor

2n+1 2n+1
have non trivial kernels. We know that the homology kernel is

2n+1H*(SO(2n+2))/Tor —> P

Z generated by £ . At the moment we show

Proposition 9.3: 28 € SH

Of course, it is possible that B € SH . We will later show that

(sO0(2n+2)) =X % is givenly

B¢ P, .So S, <P, . H,

]
%4 Z ® 22 with the exceptions noted in degrees 7 and 15.

PROOF: The map H,( ) — H,(V ) has kernel Z ge-

V2n+2 2n+3

nerated by A . It follows that A € H (x

on+ 1 ) 1is spherical

V2n+2

(look at the cofibre sequence Voneo > Vo3 > K> IV, o —>

ZV2n+3) Since Q,(A) = 2B we have 28 1is spherical.

(e} Primitive Classes for X = SO(2n+ 1)

We have to study the submodule PH c P (sO(2n + 1)) /Tor

sk-1"%
for 1 s k £ n . We will obtain the same answer as for the stable
case X = SO . Because of the homotopy equivalence between the
ani skeletons of S0(2n+ 1) and SO this is automatic when

2k § n . But, for n+1 £ 2k § 2n , we must produce an entirely

new argument. The case n = 1 1is easy. For MU,(SO(3))/Tor = E(x3).
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So Py = P3H, (SO(3))/Tor . So we can assume that n (and hence

k) 2 2 . Our goal is to prove.

Proposition 9.4: Let n 2 2 and n+1 $ 2k § 2n . Then

P. c

H P4k_1H*(SO(2n-+1))/Tor is given by

2k-11!
2

a2 cZ

Write P, _.H,(SO(2n+1))/Tor = & . Then we want to prove

P =21 3 _ The inclusion P, < 21! gz s easy. For the
H 2 H 2

diagram

P H,(S0(2n + 1)) /Tor

g < Pax-1

v

Py < P4k_1H*(SO)/Tor

is of the form

PH c ?

1 uf

2k-1!
5 Z c X

-11
2k21' %Z < PH demands all the work. We

The reverse inclusion

will use the generating variety V{( = V2n+1) described in part (a).
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Because of the isomorphisms

H, (SO (2k + 3)) /Tor

n

H, (SO(2k + 1)) /Tor

Pax-1 Fax-1

mnwe* *

P4k_1H*(SO(2k-+5))/Tor

we can reduce to the case

We first remark that we will defer our treatment of the

case k = n 3 until §10. The argument we are about to give
fails in this case. (At the end of §10 we will indicate the
nature of the failure). However, our treatment of the ex-
ceptional group G, in §10 will handle the case k = n = 3
We want to show that PH c P

11
%i Z c PH . Now, the canonical maps G2 —> Spin(7) — S0O(7)

H, (S0(7))/Tor satisfies

induce isomorphisms

H, (G,)/Tor = P, H,(Spin(7))/Tor = P, H,(SO(7))/Tor . So it

P11 11 11
suffices to show that PH c P11H*(G2)/Tor is given by

%i Z cZ . This will be done in §10.

We now set about treating the cases n =2 and n 2 4 .

Let {20,21,2 , L } be a I, (MU) basis of MU, (V) .

27+ rIaneg
The map MU, (V) — OMU, (2,SO(2n+ 1)) is surjective. We will
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also use Zi to denote the image of Ei in QMU*(QDSO(2n+ 1))

In QMU*(QOSO(Zn-+1)) we have the relation

222 = v,L where v, =2m, .

(The arguments in Kane [10] establish that relations of this sort

2n-11

exist). In order to prove 5 Z c PH it suffices to prove

Proposition 9.5: 3P(I,) € QMU,(Q,;S0(5))

2n=11
4

P(Z € QMU, (2,S0(2n+ 1)) for n 2 4 .

2n-1)

To see the sufficiency of this proposition consider the commutative

diagram

Q
QMU, (2,SO(2n + 1)) —> PMU, (SO(2n + 1))

T T

0 v
QH, (2,50 (2n + 1)) —> PH,(SO(2n+ 1))

Since T(Z ) = 26, 1 and Q,(8, 4) =a, ., we have

2n=-1
= Q*T(Zzn

-1
2n-11
- PQ*(ZZn-1) € PMU, (SO(2n+ 1)) . Consequently,

2n-1! .
-—Ef—-m < PH as required.

™R, (L = 2a4n_1 . On the other hand, the proposition

2n—1)
implies that

2n51! Ay € Py - In other words,

To prove the proposition expand
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P(z ) = L + L c. L. .
2n-1 2n-1 igon-2 + 1

For the moment assume that we are dealing with the case n 2 4 .

So we want to show that 2n21! c; € I, (MU) < N, (MU) & Q for

each 1 £ i € 2n-2 , We will divide our argument into two cases

(i) i2n+1

(ii) isn

(i) The Case 1 2 n+1

S

Given k = X k52 (2-adic expansion) let

a (k) st
Y, (k) = maximal power of 2 dividing k

It is easy to prove

LEMMA 9.6: Yz(k!) = k - a(k)

IA

LEMMA 9.7: Yz(k14-1!k24-1! cee kr-+1!) st

Since n 2 4 we have n 2 a(2n-1)+1 . Thus i 2 n+1 2

a{2n-1) + 2 . It follows that
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deg cy
2

S 2n-1-(a(2n-1)+2) =7y, (2“2”)

Thus c; can be expanded in terms of the monomials

- 2n-11
bk e bk where st < 72(——3——) . Now by 1.1,
1 r
ky+ 1t ...k +7tb ... b € H*(MU)(z) .
1 r
2k-11
So, by lemma 6.7, 7 bk1 .o bk1 € H*(MU)(z) .

(ii}) The Case 1 S n

Before handling these cases we put some restrictions on

2n-1

the coefficients c, . As before write MU, (CP )

= H*(MU){BO,81, .. 'BZn-1} . There exists a map f:V — EPzn_1
such that £,:MU_ (V) — MU*(EPzn_1) satisfies

£,(5,) = B, isn-1
(%) £ (Z) = 28 i=n

£,(L) = 28, +2 i2n+l

We use this map to prove
LEMMA 9.8: For i S n-1 one can assume ¢, = 2(b);n_i_1

. n
For i = n one can assume c_ = (b)n_1
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PROOF: Since f*(Zzn_1) = By,_1*? and since P annihilates
(m1,m2, ... ) we have
ExPZynq) = 2P(Byn_q)

Expanding both sides we obtain

I e, f,(Z,) = & . (pi . .8,
isan-1 * 1 jgop-q  2070mid

If we replace each f*(Zi) by its expression in the {Bi}

and collect the coefficients of {81, e ,Bn} then we have
i=n 2c_+ ? = 2(b)2n_1
n
isn-1 c.,+7? = 2(b)i
) 2n-1-1i

It follows from our discussion of the case i 2 n+ 1 that

2n-1! ., 2n-11
7 (?) € H*(MU)(Z) . Consequently, to prove 3 c, €

1, (MU)

for i £ n it suffices to reduce to the cases

(2)

given in the lemma. Q.E.D.

In the case i = 1 we actually want to make a further

modification in c1 .

LEMMA 9.9: We can assume ¢, = 2b, . +2v b, . .
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PROOF: By lemma 9.8 we have already reduced our expansion

of P(Z2n—1) to the form
P(Z, ) =3, .+ ...+ 2(b)2 Ty+2(b)) %
2n-1 2n-1 e 2n-3 "2 2n-2 1
Now
2 -
(B) on-3 = 2Pyp3 *
0y} = b
2n-2  "2n-2
By the relation 222 = v121 in QMU*(QOSO(2n4-1)) we can re-
place 4b2n—382 (in the expansion of P(EZn_1)) by
2 y
Viby-3Bq - Q.E.D.
2n-11

We can now set about showing that € H*(MU)(Z)

—a ©i
For i =1 and 2 £ i s n-1 we appeal to Propositions 5.3
and 5.1 respectively. Regarding 1 = n the argument given in
part (i) for the case 1 2 n+1 also covers the case
i =nz25 . For the argument given there actually applies to the
cases 1 2 a(2n-1)+2 . Regarding i = n = 4 it follows from
Lemma 9.8 that

4 3

c, = (b), = 4b1+ 4b3+2b1b2

-]
-
.S

Since (k+ %)!b, € I, (MU) it follows that (b), € I, (MU) .

|
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We have now finished our proof of Proposition 9.5 for the

n 24 case. For n = 2 we have, by Lemma 9.8,

-2 .1
P(Z3) Z3+ (b)1 22+ 2(b;2-z

1

Z3+ 2b1 22+ 2b2 21

Also 2b, € 0, (MU) while 3!Db

1 € II,(MU) . Thus 3P(23) € I, (MU) .

2

(f) Primitive Classes for X = SO(2n+ 2)

First of all, in degrees + 2n+ 1 , our description of

PH for X = sO0(2n+ 1) applies for X = S0(2n+ 2) as well.

Proposition 9.10: Given 1 £ k s n where 4k-1 % 2n+1

2k-11
2

then P H,{S0(2n+ 1)) /Tor is given by

H c P4k—1 X cZ .

PROOF: Consider the maps

P.H, (S0(2n+ 1)) /Tor N P,H, (S0(2n + 2)) /Tor g, P;H, (SO(2n + 3)) /Tor

It follows from our description of homology in part (c) that

f is surjective in degrees # 2n+ 1 while ¢g in injective in

degrees % 2n+ 1 . Because of Proposition 9.4 we can use f _.to
force 2k51! Z c Py in degree 4k-1 and g to force P, <
2k-1!

5 Z in degree 4k-1 . Q.E.D.
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On the other hand, in degree 2n+ 1 , the difference
between X = S0(2n+ 1) and X = S0(2n+ 2) appears. For
H* (80(2n+ 2))/Tor = H*(SO0(2n+ 1)) /Tor & E(B) where B

generates ker {P (s0(2n+2))/Tor —> P, _.H,(SO)/Tor} .

2n+1H*
We have already shown in Proposition 9.3 that 28 € SH . The

other key result about g8 is

Proposition 9.11: B ¢ P

H

PROOF: We begin with n odd. If B € PH then it follows from

Proposition 9.2 that Im {pT:MU +1(SO(2n+2)) —> H +1(SO(2n+2))}

2n 2n
contains an element of the form - X ei.Yiy.+ ? where
i+j=2n+1 YD
? € D3 . We claim that this is not possible. For
A
Im pT = n Sq% while such an element does not belong to
k21 IF
A A

Ker Sq Y0 ker Sq 2 . Filter H*(SO(Zn-FZ);ZFZ) by the de-
composables {DY} and pass to the associated graded object
EOH*(SO(2n-+2);ZF2) . So we can ignore ? . Now S%. and 881

act by the rule

s&(yzi) = Yyi1 (12 1)

01
Sq_(y,,) Yoi-3

Consequently, the elements of the form ZIe,. Y'Yj belonging

to Ker S% are spanned by
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Y2i¥249-17 Y2i-1725

while such elements belonging to Ker qu are spanned by

¥2iY25-3% Y21-3Y25

Consequently, an element x = L einin can belong to

Ker S% N Ker 881 only if n is even and

¥ Y4Yon* Y2Yan-1* oo Y YpVneg

Now consider n even. Suppose T(w) =8 . (If B ¢ Im T
then, as above, we are done). We will show that we must have
s,(w) # 0 in MU,(SO(2n+2))/Tor . In particular, w is not

primitive. So B ¢ Py -

It suffices to show Ts1(w) +# 0 in

H, (SO(2n + 2)) /Tor o:Fz . Let {Br} be the homology Bockstein

spectral sequence studied in part (c¢). Consider st1(w) € B1 =

H*(SO(2n+-2)jIF2) . Since 1Im pT < Ker S; we have

S&st1(m) =0 . So {st1(w)} € 82 = H,(S0(2n+ 2))/Tor & F, is

defined. To see {st1(w)} + 0 we use the equations

]

oTs, () = SEOT (u) (by 3.3)

séo(py

2
Sq(y, ,4) mod D2 (by 9.2)
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_ 2
= Yo-1 mod D
The last equality is based on the fact that, by Thomas [25],
2 .
= i ?
Sq(Y2n+1) Yop-q for n even. Lastly, since vy, _,+7? pairs

off non trivialy with the cohomology class x and

2n-1

{x -4} # 0 in B, = H*(S0(2n+2))/Tor ¢ F, it follows that
2
>
{yyqoq* 2} # 0 in BT . Q.E.D.
We can now determine PH (as well as SH ) in degree
2n + 1
n even’

We have P2n+1H*(SO(2n4-2))/Tor = & generated by B8
We have S, <« P, c P2n+1H*(SO(2n4—2))/Tor is given by
22Z =22 cZ . This follows from the already demonstrated re-

lations 2 Z < SH and PH c 2%z .

n odd

In this case we have P2n+1H*(SO(2n+ 2))/Tor =2 o X
generated by S and B . We claim that PH <
P2n+1H*(SO(2n-+2))/Tor is givenly %i Z o 2% cZT ®Z . The

]
%4 Z factor arises as in the case of deg # 2n+1 . The 2 Z
factor arises in a similar fashion to the case of deg = 2n+ 1

and n even. This time we do not have SH = PH . For the
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!
spherical classes contained in the %; Z factor have the

variation described in part (4).

(g) The Case X = Spin (n)

We finish §9 by describing S, < Py © PH, (Spin (n))/Tor

Pick s where 2% < n g 2S+1 . Then our answer for X = Spin (n)

is the same as for X = 80(n) except in degree 2s+1_

1 . In
that degree we must divide our answer by a factor of 2. This

result is based on the commutative diagram

Hi(Spin(n))/Tor = Hi(SO(n))/Tor

h h

v
P,H, (Spin(n))/Tor —9->PiH* (s0(n)) /Tor

plus the fact that

Proposition 9.12: The map g 1is an isomorphism except in degree
S+1

2 1 . In that degree g 1is injective but has cokernel = Z/2 .

Equivalently, Q, : H (V) — P

L5+ H, (Spin(n)) is an’

-1 2S+1 _ 4

isomorphism.
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PROOF: g is a @ isomorphism. By using a Bockstein spectral

sequence argument we can show that £ 1is a mod 2 isomorphism

25+ _ 4

in degrees #* 25+1- 1 while, in degree ;, f ol

2

has kernel = cokernel =2E2 . {We have already written down
H*(SO(n);:Fz) . On the other hand, H*(Spin(n)a]Fz)

= A(xi(3 $isn-1,1% 2j) ® A(x )) So the proposition
-1 Y

A+1
2 S+1
is proved for f except that, in degree 2~

-1, £ is only
known to be of the form z/zk for some k 2 1 . We now use the
bottom triangle of the above diagram plus our knowledge of

Qe : H (V) —> PH_(SO(n))/Tor from part (c) to deduce that £

can be multiplication by at most 2 and that

Q4 ¢ H,(V) —> PH_ (Spin(n))/Tor is an isomorphism in degree

2S+1 _ 1. Q.E.D.
The only remark we might add is that, in the case when
n = 2S+1 and, so, P S+1 H,(SO(n))/Tor = ¥ ® Z generated by
2 -1
o o and B , it is the factor corresponding to B8 which
o -1

is éltered by 2. In other words, B € SH instead of 28 € SH

as before.
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§10 The Group G = G

2

Now H*(Gz)/Tor = E(X3,X11) . Of course, in

P H,(G,)/Tor = 2 we have S, = P, =Z . We now show

Proposition 10.1: Write

P, Hy(G,)/Tor ="Z . Then

S, < PH c P11H*(G2)/Tor is given by

All of §10 will be devoted to the proof of this proposition.

(i) Spherical Elements

We will reduce to the case G = SO . We have a diagram
H11(G2)/Tbr - H11(Spin(7))/Tor —- H11(Spin)/Tor - H11(SO)/T0r

v
P,4H (G,) /Tor — P, H, (Spin (7))/Tor —> P, H, (Spin) /Tor — P, H, (80) /Tor

where the vertical maps are the Hurewicz maps. The horizontal
maps are all incuced from standard maps. In particular, the
fibration G2 —» Spin (7) — 87 gives rise to the first

square. The bottom horizontal maps are all isomorphisms. (Use



- 59 -

Bockstein spectral sequence arguments). The top maps imbed
M,(G,)/Tor as a direct summand of I,(SO)/Tor . For the first map
we use the fact that, for p = 2 , Spinm(m)é)c2 x s/ while,
for p od4dd, H11(S7)(p) = 0 . The fact that the second map is an

isomorphism was established in part (d) of §9.

So, since SH = 51 %Z for G = SO , the same result holds

(ii) Primitive Elements

First of all, the map’' P H*(Gz)/Tor = H, (S0) /Tor tells

11 P1i
51 51

us that PH < 5 Z . To prove that 5 Z c PH we use a gene-

rating variety. Let V c QG2 be the generating variety of G2

given in Bott [3]. Then H*(V) has an additive basis

x2 3 4 XS
{1, x, 3= 33 2 ' S a2 } deg x = 2

(This basis is due to Clarke [7] and corrects the one given by

Bott). Let {60,61,6;,63,64,6 }  be the dual basis of H, (V) .

5
Let {Zy,I;, ... , Iz} be a T, (MU) Dbasis of MU, (V) we
will use the same symbols to denote the image of these elements in

oMU, (QG,) . We have

LEMMA 10.2: Iy = 0 in QMUL(QG,) )
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PROOF: By the argument given at the end of part (e) of §9 we
have P(E3) € MU*(V)(Z) . Since 23 is any representative for

63 we might as well assume that 23 = P(Z3) . Now
MU*(QGZ) = H*(MU)[21,22,25]/(222-v121)
Consequently

oMU, (QG,) = T, (MU) {21,22,25}/(222-v12 ) .

1

So 23 = x21-+y22 where x,y € I,(MU) . But, by 2.5,

P(x) = P(y) = 0 . So Iy =P(L3) = P(X)P(Z) +P(y)P(E,) =0 .

Q.E.D.

We want to show that

51
7 P(Zg) € oMU, (QG,)

Since Q, Q1OH*(QG2) — P11H*(G2)/Tor is of the form
b4 lzgi Z (see the argument in parts (b) and (c) of §9) this re-
sult will suffice to show that %i Z c PH

We will localize and work at each prime separately. This
is more out of convenience than necessity. In particular we will

be able to make use of lemma 10.2. But we are not localizing, as
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in some of our previous arguments, to make use of BP theory.

p 27 : If we write P(ZS) = ici Zi then the
cy € MN,(MU) & @ = QIb1,b2, ...} are polynomials in

{bysb_sby,byt. By 1.1 byby,byb, € (MU () . So

4
P(ZS) € MU*(V)(p) .

5P(Lg) € MU, (V)

p =3 : Since C,1Cq,C, are pelynomials in }311,132,b-3 and since

b1,3b 3p3 € H*(MU)(3) we have 3c,,3cg,c, € m,(MuU) ., . Regar-

(3)

we can reduce, as in lemma 9.8, to the case Cq = 21:-4 .

2'
ding P

aAnd 3b4 € H*(MU)(3) . So 3P(25) € MU*(V)(3) .

p =2 : Since Cy only involves @A we obviously have

/C and cy we can reduce to the

2c, € H*(MU)(z) . Regarding ¢ 2

4

cases

1

c, = 2b4+2v1b3 (by 9.9)
= 2(b) 2 (By 9.8)

C2 - 37- y .

cy = 0 (by 10.2)

By Propositions 5.1 and 5.3 we have 2c_.,2c, € H*(MU)(Z) .

17772
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So 2P(Ig) € QMU,(G,) ,, -

3
>
However 2(b)3 ¢ T, (M) ) . Rather 4(b); € M, (MU) ,, . Our

REMARK : As in 9.8 we could have reduced cy to cy = (b)
way out of this obstruction was to appeal to 10.2.

Now this same obstruction arises i1f we attempt to deter-
mine PH c P11H*(SO(7))/Tor by the argument in part (e) of §9.

Moreover, we do not know how to prove 10.2 for SO(7) . It was

for thése reasons that we reduced our study of
Py P11H*(SO(7))/Tor in part (e) of §9 to the study of

Py S Py H,(G,)/Tor
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§11 The Group G = F,

We will localize and work one prime at a time. Loca-

lizing will enable us to often decompose the space F4 into

simpler factors. In particular, the space Bn(p) will often

appear as a factor. By Bn(p) we mean the total space of the

S2n+2p-1 S2n+‘|

bundle with base and fibre such that

_ T
H*(Bn(p),ZTp) = E(x P (x 1))

2n+1"’ 2n+

Then H*(Bn(p)) and it is easy to show that

= El¥on417Y2n42p-1)
in degree 2n+2p-1 the inclusion S, c P, < P2n+2p_1H*(Bn(p)) =%

is given by SH = PH = p%Z . (Consult the study of G = Sp(2)
in §6).
We have

Hy (F ) /Tor = E(X3,X,,,X,5:%,3)

So we must study SH c PH c PH*(FK)/Tor in degrees 3, 11, 15

and 23. The relations are summarized in the following chart

deg S, = P, < PH,(F,)/Tor



(11.1) B

3 Z 4 Z
11 23.5 z 22.5 -4 .4
15 2°.3.7 % 23.3.7 3 z
3
23 | 2°.3%°.5.7.11 7 | 27.3%.5.7.112 | .m
P 2 5 : For such primes F4 is guasi-regular. Here we are

using the results of Mimura-Toda [19]. They show

F4 (%) B1 (5) x 87(5)

F4 ) B1 (7) «x B5(7)

11 15
F4(1j) B1(11) x S x S

3 11 15 23
F4(E)st x S x S (p 2 13)

p_= 3 Harper [8] has shown that
K «x B5(3)

Fs(3)

where



- 65 -

H* (K; IF3) = E(x3.x7) oJF3[x8]/(xg) P1'(x3) = X5

6(x7) = x8

So H,(K)/Tor = E(y;,¥,3) . This time we claim that '

P,.H,(K)/Tor = Z is given by 3° % = 3°
2

suffices to show 32 Z c SH and PH c 37z .

SHCPHC Z X% . It

Sphericals

We use connective coverings of K . Consider the fibration

F — K —> K({ z(p),a)
where g represents é generator of H3(K)(3) = 1(3) . It is

easy to calculate that, in degree = 24

H*(F;IE‘B) = E(u19,u23) oIF3[u18] a(uw) = U,

3 B
Pilugg) = uy,

H, (F) /Tor = E(W,,)

The relation 32 Z c SH follows from the commutative diagram
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Z = I,;(F)/Tor £ p_.H,(F)/Tor = Z
1.8 x3
Z = T,3(K)/Tor —> P,3H, (K)/'Tor = Z

It follows from Smith [22] that the right map is multiplication
by 3 while it is easy to calculate that the top map is multi-

plication by 3.

Primitives

Consider the representation A : F4 —> SU(26) studied

by Watanabe [26]. We have a commutative diagram

A

X = Py, H,(F,)/Tor —> P .H,(SU(26)) = Z

23
Q4 Q4

(QA) ,
Z = Q,,H,(QF,)/Tor ——> Q,,H, (QSU(26)) = Z

Watanabe proved that (Q)X), 1is multiplication by «33 . Also
94 is an isomophism for SU(26) while Q, 1is multiplication
by 3k where k 2 1 for F4 . It now follows from the diagram

2

that A, is multiplication by 3 where g =5 2

Since 111 = 34N where (N,3) = 1 it follows from §8

that PH c 923H*(SU(26)) is given by 34 Z < Z . The commutative
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diagram

PH c P23H*(F4)/Tor = Z
l x32
v
4 _ i _
3" % = Py c P,,H,(SU(26)) =B
now faces P, < P23H*(F4)7Tor to satisfy Py © 3%z

p =2 : In degrees 3 and 11 the relation SH c PH c PH*(F4)/Tor
is the same as in the G2 case. For G2 < F4 is a mod 2 homo-

topy equivalence in degree 5 14.

* 4
(H (F4;IT2) = E(x5,x15,x23) ein[x3]/(x3). In degree 15 and 23

it suffices to prove

zecs cr,c2’z for deg 15
27 Z c SH c PH c 27 Z for deg 23
Primitives
The relations PH c 23 Z in degree 15 and PH = 27 Z in

degree 23 follow from an argument similar to that used above in
the p = 3 case. It is based on two facts. Watanabe has cal-

culated that QA gives maps
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%2

Q1) , H, (OF,) —5> Q. ,H, (2SU(26))

Q14

X2
(QA), = QZZH*(QF4) s Q22H*(QSU(26))

Also PH < PH,(SU(26)) is given by 7! Z < Z in degree 15
and 11! Z ¢ Z 1in degree 23. (In terms of 2 primary information

these become 24 Z % and 28 T cZX) .

Sphericals:

The relations 23 Z c SH in degree 15 and 27 Z c SH
in degree 23 follows from the information obtained by Mimura
[18] regarding the space F4/G2 . One has H*(F4/G8) = E(y15,y23).

For both k = 15 and k = 23 we have a commutative diagram

M (Fy) . .0 —> I (F,/G)) —> I, _,(G,) =2Z/8 o E/2

h h
v

Z = Per*(F4)/Tor —> P *H,(F,/G,) =L

Since h : M, (F,/G,)/Tor —> P, H,(F,/G,) 1is of the form

Z =. Z k = 15
z X8 g kK = 23
we conclude that PH c PkH*(F4)/Tor "satisfies PH c 23 4

and PH c 27 Z 1in degrees 15 and 23 respectively.
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