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Abstract

\Ve const l' lIct a COI]] plete lIletJ'ic du on t Ite s pace of COll ti 1l1l01lS COllt plete

Riclll allll ian Illctl'ics on a sillooth man ifolcl )( of cl imensioll -0.. Usi ng that lIletric

we are' a.hle Lo show 1 th at t he oS pa.ce b,m)\I( (.\~) e1eo ned i11 [Eich] is COIII pletc \V heil

stlppplied with the Ilniforill structure definecl in the same pa.per.

1 A Metric on the Space of CO Riemanniall Met-.
rIcs.

Lenuua 1.1 Fol' a > 0) b> 0) c> 0 f,he ineq'llalif,y

1a - vi < la - cl + Ic - vi
a+b a+c e+v

holr/s.

(1)

Proof: Thc incqua.lity is synlInetric in a a.nd u; a.nel wc lna.)' thus assume {/ > u
without lass of gcncrality. For e :::; b :::; (f" wc cstilnate directly

\a - &1 la - cl + Ic - vi 1a - cl Jc - vi---< < +--
a+v - a+b - a+c c+b

This proves Cl) in this ca.se. In the ca.se b< c::; fl we ca.lculate

la - bi
a+v

1(( - cl
a+c

Ic - vi
c+b

(I-V (f-C e-b
--------
a+v a+c e+b

(a - b)(a + c)(c + b) - (a - c)(a + v)(e + b) - (c - b)(a + b)(a + c)
(a + v)(a + eHe + b)
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The rUllction above thc line is (l. 2'ncl clegrec polynolllial in c with roots a anel b. The
leading coefficient is givcn by (a - v) + (a + v) - (a +b) = a - b > O. It fo11ows, that
thc polynom ia! is 2:: 0 for c > a allel for c < v, (l,nd ::; 0 for v::; c ::; a. This provc~ (l)
in this C(l~C. Final!y we consieler the case &::; a ::; c. In this case

la - vi
a+v

la - cl
a+c

le ~ &1 a - b c - a e- v
c+b = a+b - a+c --e-+-b

-(a + :3b)(e - a)(c +~)
(a + bHa + eHe + b)

Again, thc position of thc roots and the sign of t1lc leacling coefficient. of the polynomia.l
above thc !ine gives, that thi~ is !lon-positive for b ::; a ::; c. 'Tlhis provcs the Icrnrna..

o

Leil111la 1.2 Lel); be a smoolll man ifolrl und let Co j\lt = Co j\lt C){) denote lhe spuce
oJ cO'/nplclc Co mcf.ries on ){. J. c. Ihe sjJace

C1 0 'A { C10(rj"* \r rj~* \r) I . . / .. / ,{" . V
jVI = 9 E ., ~.,\ (9.,~" 9 lS sl.rlcl. y posd1.ve (cJznäc '/.71 cucry x E ~"

ond ()(,g) [8 comp/ete.}

Then. I.he fun.d/on du : CoJVf x Cu jVf 1-----1- IR yiven by

(2)

is a urcl.ric on. CoJVf and (CUJVf , du) is (J cmnplcle m.ct.ric sJmce.

Proof: Thc fUllction da is definecl for any pa.ir of lllctl'ics bccausc of thc ineqlla.lity

for any x E -)( a.nel ).... E 7"x.){. ßllol'cover, it is easy to sec: that do(g,9') = 0 inlplies
9 = y' anel tha,t do(g,y') = do(g',g). For g,g',g" E C'0J\I1, t.he tria,nglc ineqllalit;y is
the inequcdity

19x( V, Y") - 9~:()"", ).... )I < 19x(Y, Y) - g~(Y, V) I
Slip Sllp . . .. Slip sup . . . .
xEX 1"'E(7~X\{O}) gx()"', Y) + g~()"', )... ) - xEX }'E(T"X\{o}) 9x()/, )... ) + g~()"'; )... )

Ig~~ (Y, Y) ~ g~; (V, V) I (.'-.))+ Sltp Sllp . . . )
xEX )rE('J~·X\{o}) g~( )... , Y) + g~()"', )... )

whieh inllncdiately follows from LClllllla 1.1.

lt rern ains to p!'ove that (C o)\I1, do) is com plete. Let {9~~} kEN bc a Cau ehy seq LI CIl ce
in (COjVf,rlo). Let I.... ~ _)( be a. sirllply cOllllectcd cOllipact subset of .-\ allel let; V be
a contiIlLIOllS non-vallishing vcctor-ficld on I{. Then

Igk,x( V, V) - gp,x( \/, \I) I < .r

S II P (\1 'I) (\1 \1) _ uxE/\' .flk,a: , + gP.:l.: ,
(4 )



1f wc for a 1110111cnt Ict A: bc fixed, wc noticc, that gk,;LJ \I, \I) is bOllllcled fro111 ahove,
and sec, t ha.t if

Üjp.x(V, V)}p>N,xEh' (.5)

is !lot bOllnded frolll above in p a.nd :c, then (4) is ilnpossiblc for 0 < L Further, since

gk,x( \/, \/) is a contillllollS nOllvanishing fllnction on t11c compact set !(, it is bounded

from below by ~OlliC C > O. Th ll~ i f (5) is not bOllllded fronl belo\\' by SOllle E' > 0 in
p and :c: (4) would bc iIllpossi blc fol' 0 < 1. 1t folIows, that thc seq llcncc o[ [unctiom;

{,gk,x( V, V)} is a. Ca.uch)' sequcllce i!l C'0( {{) wi th il 10wc1' bound. Si nce CO
( J() is ('\

l3a.nach-space anel cOllvergencc in C'0( /{) ilnplics pointwisc cOllvergencc, we see: that

the limit is a. non-vanishing positive continuous function. By the polarization iclcntity,

for VI, \/2 continuotls nonvanishillg vector-f-ields on {{, 9k,:rJVI , V2 ) = 2~(9k,JJVl +
1'\/2, VI +TV2) - .0'J..~,J:( VI - 1"'\/2, VI - TV2)), where T is (hoosen suHicielltly big; so tlla.1;
VI ± T\/z is zero-frce. It folIows, tha.t thc lilllit

cxists a.nel givcs ('\, continuous funcLion with values in the symmetrie bilinear llla.pS
T); (3) T)( r--+ IR. !vloreovcl', .0''}: iH strictly posi ti vc defi ni te for cach :/;, Finally, it is

ea.sy to establish thc iclentity

l.0'k,x( \/, \I) - gx( V, \/) 1 <
sup (\I \I) (\' \') - e5xEh' 9k,x , + .0'x /: /

Tliis gives, tbat tbc eontriblltions ovc]' c0111pact subscts rnay bc gluccl togcther to

farin a Co 111ctric g on );, and that 9k --+ 9 with rcspcet to thc lllc1;ric do.
\-Vc ha,ve to show, that 9 is cornplete if each .0'k is COlllplcte. This will follow [1'0111

thc fa.ct, that if .0', .0" arc lllctrics such that 9 Inakcs X e0l11plete, but g' docs not: then

do(.0', .0") = 1. All Ricmannian 1l1ctrics incltlce thc 5cunc topology Oll ){: and thus have
thc Sallte convcrgcnt sequenccs. It thcl'cforc folJows, that if 9 is cornplete bllt g' is
not, therc cxists a seq LlCllce of poi lltS {:I:k} kEN C )( such that {:I;I.,} kEN is a Cauchy
scqucilce with respect to g', but not with rcspcct to g. Choosing sll100th curvcs which
al most rea.lizes thc Inininlal g'-distances bctwecn thc :i:k 's a,nd using the forl1nJla fol'

Clll'VC length, wc find, that there is Cl. sequence of points {YP}PEN and vectors {)/~}PEN

such that )/~ E 7~},~'>\ anel

Igyp (Yp , }/~) I --+ 00

1.fJ~p ( )/~, Yp ) I

F'rom tho.t it casily follo\\'s, thaI; do(g,9') = 1.

2 The Uniform Strllcture on ~'I.M.

o

In [I~ich] a sequence of unifonl'l sLruettlres is clcfinc:cl on the spacc Jyt = .iyt(~-\') of
cornplcte Sillooth rnetrics on ~'>\. \-Vc will not repcat thc construction frolll [Eich], but

on ly notice, that far ea.ch rn E N Cl- basis for the un ifann structu rc is gi VCIl by thc sets

\15 = {(g, g') E A1 x Jyt I sup Igx - g~ Igl < 00 allel
xEX



rn-I

b.mlg _ 9'19 = SUl~ Igx - g:19 + L sUI~ l(y9)j(y9 - y9
1

)xl < S}
xE ....\: j=O xE ....\ 9

for J > O. Let in thc following ~H)vt denote the topologic(l,1 spacc ()vt, Tm), where Tm

is the topology induced Oll )\11 by thc 'In'th unifornl strllctUI'C.

\Ve noticc: that thc ncigbourhood basis has a. countahle subbasis. Thus any COIl
vergent net lIas a convcrgent subscquence, and any Cauchy net has a Gauchy subse
qllence. Conscquently \\fe \vill be able to work with sequences I'athcr than ncts. Thc

Gauchy scqucnces of ~H)\I1 can bc dcscribcd by

{gV}VEN is a Cauchy scquence ifr

VS > 0 : ::luu > 0 : {:l:V}//>/IO X {:/;V}V>1I0 ~ \<5

'fhe spacc CU)\I1 (~\") will be cOllsidcrcd as a com plcte 111etric space with thc 111etric do
dcfined in thc previous section. \,Vc are ready to prove thc main rcsult of this pa.per:

Theorenl 2.1 Thc rwl:l/.nd inclusiol1 ~n)\I1 f----t CO)\.1 is con/.irt'IWU$ und e:t:lcnds /.0 f/.

continuous map ~)\.1 f----t Co )\11: where ~)vt is lhe camplci/ort oJ ~n)\.1.

Proof: It is enough Lo prove: tha.I; thc inclusion sends Gauchy sequcnces into Gauchy

sequenccs. But this follo\\'s iIllIllcdia.tely, since (9, g') E \18 implies that Ig:l: - g~ 19 < /)
for 3011 x E ){. This agaill ill1plies that

o

Corollary 2.2 The space ~.I\I1 co//sisls oJ sl'l'ic/./y posi/.iuc rlcfini/.e mc/.rics.

Proof: Convergence in ~n)\I1 as well as in CU)\;1 irnplies pointwise convcrgence. Thus

the cxtension of the inclusioll to ~IlJvt is also j list; thc inclllsion. Thc coroll(l.['j' [ollows

since elements of Cu )\;1 ( ..\) are strictly posi ti vc c1cfini te. 0

Corollary 2.3 Thc sjJace b.rn)\;1 dcJined in [Eich} is comp/de.

Proof: By definition

where C'm)\I1 is the space of strictly positive definite Cm mctrics on )(. By Corol
Jary 2.2 and sincc all e1emellts of ~ll)\I1 are .,-/1. tinles continuollsly difrcrell1;iable it
rollows, thaI;

This proves the corolla.ry. 0

Thc results a.bove can also be (l,pplied to thc spaces J\I1p,l' clefincd in [Eich, p.

268]. Let)\I1 (r, Bk) be the spacc of sl1100th COIll plete 111etrics 9 on ~\", such that thc

4



injcctivity radius of ()(, g) has a. lower bOUlld, and sIIc1l tha,1; I(\7 y )j RY I is bounded for
j:::; k. Let for g,g' E Jvt(J,Bd, pE [1,(0) anel '/' E N:

I

Ig - g'lg,p,I' = (f,. (Ig - r/I~,x + I: l(y9)i(VY
' - V9)1~.x)dVOIAg)) p

x i=o

For k 2: r > ~ + 1, a. 111etriz;able uni form structul'c on J\I1 (J, Bk) is giVCll by thc
following neigbourhood basis

Let J\I1;'( I, I3d be thc spacc J\I1 (I, Bk) slIpplicd with thc lInifonrl strllctuJ'c given
abov8, and let j\l1~( I, I3d be thc cOlnplction of j\1~( I, Bk). Then by defillition [I~ich,

')6 Q
)p .... 0 ,

wlIere C 8 ./vt is thc spacc of positive definite C 8 -n1etrics a.llel s < r - !.!..
p

Lenl1na 2.4 LeI.]J E [1, (0) mu! f/.8SU'l11,C A: 2: l' > ~ + 1. Then.

Proof: l3y the Sobolev ill1bceleling thconl1 for rnan,ifolds with boundcd geometry,
thcre is a. cOlltinuous irnbedding

\\'hich extcnds to a. continllolls imbedeling

Since both sieles a.re pointwisc dcfincel as tensors, allel the right siele cOllsists of strictl,Y
positive Illetrics, wc concIueIe, that also thc left siele consists of stricLly positive me
tries. This provcs thc IClluna,. 0
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