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Abstract

We construct a complete metric dg on the space ol continnous complete
Riemannian metrics on a smooth manifold X of dimension n. Using that metric,
we aré able to show, that the space ™ M (X) defined in [Bich] is complete when
suppplied with the uniform structure defined in the same paper.

1 A Metric on the Space of C’ Riemannian Met-
rics.

Lemma 1.1 Fora > 0,0>0, ¢> 0 the inequalily

la =0l _Ja—¢| |e—1]
a+b T a+c c+ b

holds.

Proof: The inequality is symmetric in ¢ and b, and we may thus assume « > b
without loss of generality. For ¢ < b < «, we estimate directly

ta — b < la —cl + |c— b < la —¢|  le—1)
a+b ~ a+b T a+tc c+b

This proves (1) in this case. In the case b < ¢ < « we calculate

la—b] Ja—¢ Je=b a=b a—c c=b
a+b a+c c+b  a+b a+c c+b
(a=b)a+c)c+b)—(« —c)a+b)c+b)—(c=b)(a+b)(a+c)
- (a + b)(a + c)(c -+ b)
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The function above the line is a 2'nd degree polynomial in ¢ with roots « and 6. The
leading coefficient is given by (¢ = ) + (e + b) — (¢ + ) = « — b > 0. 1t follows, that
the polynomial is 2 0 for ¢ > a and for ¢ < b, and <0 for b < ¢ < . This proves (1)
in this case. Finally we consider the case b < @ < ¢ In this case

e —b |a—c¢

b a+e c+b—(f.+b_rr+c_c+b

_ —(a+3b){c—a)(c+ %)_b)
(a + b)(a+ c)(c+b)

Again, the position of the roots and the sign of the leading coefficient of the polynomial

le—b] a—=b c—a c=b

above the line gives, that this is non-positive for b < a < ¢. This proves the lemma.

O

Lemma 1.2 Lel X be a smooth manifold and let COM = COM(X) denote the space
of complete C° melrics on X. le. the space

CM ={ge CI™X @T"X) | g is strictly positive definite in cvery x € X
and (X, g) is complete.}
Then the function dy : C'M x C'M — R given by

! |qx(Y'1 Yr) _g,()/v ‘Y') :
dolyg. ¢') = sup sup : - £ 2
olg: ) ze,l\' &'e('ry\l'\{o}) 9=(Y.Y) + (YY) @)

is @ melric on COM and (CY M, dy) is a complele melric space.

Proof: "The function dy is defined for any pair of metrics because of the inequality

l9:(Y,Y) — g2 (YY)
T gV Y) gl (YY)
for any @ € X and ¥ € T, X. Morcover, it is casy to see, that dy(g,¢’) = 0 implies

g = ¢ and that do(g,¢') = dolq', 9). For g,¢',¢" € C°M, the triangle inequality is
the inequality

)/‘ }/ - f. 3/" }/' - VA VA T f{ /'. v
sup  sup 19 . ) g‘:f( - ) <sup  sup Lo (S,"),) g*(],’),)
reX vemx\ioy 9=(Y,Y )+ 00V Y) 7 zexvernavoy g(Y.Y)+g2(Y.Y)

92 (Y, Y) — g, (Y, Y)
+ sup sup o IVIEEY
zeX vernxvopy %Y, Y) + g (YY)
which immediately follows from Lemma 1.1.
It remains to prove that (C° M, dy) is complete. Let {gi}ren be a Cauchy sequence
in (C°M,dy). Let K C X be a simply connected compact subset of X and let V' be
a continuous non-vanishing vector-field on K. Then

[k (V. V) = g (V. V)]
SUpP E—
;L‘El[\' flk,:n(‘/; V) + _(]p,r(v: V) o

3)

(4)
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[ we for a moment let & be fixed, we notice, that gg.(V, V) is bounded from above,
and see, that il

{9V, V)}p>1'\’.x€h' (5)
is not bounded from above in p and , then (4) is impossible for § < 1. Further, since
gk (V, V) is a continuous nonvanishing function on the compact set K, it is bounded
[rom below by some e > 0. Thus il (5) is not bounded from below by some &' > 0 in
p and @, (4) would be impossible for § < 1. 1t follows, that the sequence of functions
{g1,(V, V)} is a Cauchy sequence in C°(K) with a lower bound. Since C°(K) is a
Banach-space and convergence in C°( ) implies pointwise convergence, we see, thal,
the limit 1s a non-vanishing positive continuous function. By the polarization identity,
for Vi,V continuous nonvanishing vector-fields on K, gr.(V),V2) = ,ZLT(Q‘L.,,;(V} -+
TVo, Vi +TVo) — g (VI = T'Vo, Vi = T'V,)), where 1 is choosen sufliciently big, so that
Vi £ 1TV, 1s zero-free. It follows, that the limit

’[/'_'[/ — 1i Itz VAR VA
9:(Vi;V2) = lim gio(V1,12)

exists and gives a continuous function with values in the symmetric bilinear maps
TX ®TX — R. Moreover, g, is strictly positive definite for each «. Finally, it is
casy to establish the identity
l98.:(V, V) = g=(V, V)|
sup —= <4
rEN (Jk.:n(va V) + QI(V: 1/)
This gives, that the contributions over compact subsets may be glued together to
form a CY metric g on X, and that g, = ¢ with respect to the metric dy.
We have to show, that ¢ is complete if each g; is complete. This will follow from
the fact, that if g, ¢’ are metrics such that ¢ makes X complete, but ¢" does not, then

do(g,9') = 1. All Riemannian metrics induce the same topology on X, and thus have
the same convergent sequences. It therefore follows, that il ¢ is complete but ¢ is
not, there exists a sequence of points {wx}ren C X such that {a;}ren is a Cauchy
sequence with respect to ¢, but not with respect to g. Choosing smooth curves which
almost realizes the minimal ¢'-distances between the x;’s and using the formula for
curve length, we find, that there is a sequence of points {y,},en and vectors {¥}},en
such that ¥, € 17, X and

|.(J'yp(yp, ¥o)l

195, (Y Y2)]

From that it easily follows, that do(g,¢') = 1. a

— o0

2 The Uniform Structure on ° M.

In [Iich] a sequence of uniform structures is defined on the space M = M(X) of
complete smooth metrics on X. We will not repeat the construction from [Eich], but
only notice, that for each m € N a basis for the uniform structure is given by the sets

Vs = {(9,¢") € M x M | sup|g, — ¢l.|y < oo and
TEN



m—1

B g — |y = sup |gz — gh]y + > sup |("\79)j(\79 - Vg'),,‘ < 4§}
z€EXN j=0 zeXN g
for § > 0. Let in the following ® M denote the topological space (M, 1,,), where 7,
is the topology induced on M by the m’th uniform structure.

We notice, that the neighbourhood basis has a countable subbasis. Thus any con-
vergent net has a convergent subsequence, and any Cauchy net has a Cauchy subse-
quence. Consequently we will be able to work with sequences rather than nets. The
Cauchy sequences of ® M can be described by

l’l'\

{g, }en is a Cauchy sequence iff

Vo> 0:3y>0: {2, s, X {2u}usn, C Vs
The space COM(X) will be considered as a complete metric space with the metric dg
defined in the previous section. We are ready to prove the main rvesult of this paper:

Theorem 2.1 The natural inclusion 8, M — C°M is continuous and exlends to a

continuous map °. M = COM, where ®. M is the completion of ® M.

Proof: [t is enough to prove, that the inclusion sends Cauchy sequences into Cauchy
sequences. But this follows immediately, since (g, ¢') € Vs implies that |g, — ¢l|, <&
for all @ € X. This again implies that

lg2(Y, Y) — 0. (Y, Y]

sup  sup : <4
zEXN )’E(T,,\I'\{U]) gx()/t Y) + g:lc(y$ Y )

Corollary 2.2 The space 8 M consists of strictly positive definile melrics,

Proof: Convergence in &, M as well as in COM implies pointwise convergence. Thus
the extension of the inclusion to ¥, M is also just the inclusion. The corollary [ollows
since elements of COM(X) are strictly positive definite. O

Corollary 2.3 The space *™ M defined in [Fich] is complele.
! I

Proof: By definition
b.m’/\/t — b JV N C™ M

m
where C™M is the space of strictly positive definite C™ metrics on X. By Corol-
lary 2.2 and since all clements of ©, M are m times continuously differentiable it
lotlows, that

b.me — ?n M
This proves the corollary. 0O
The results above can also be applied to the spaces MP" defined in [Eich, p.
268]. Let M(I, By) be the space of smooth complete metrics ¢ on X, such that the



injectivity racius of( (, ¢) has a lower bound, and such that |(V¥)? Y| is bounded for
J < k. Let for g, € M(I,By), p € [l,0) cmcl r €N

lg = ¢ lgpr = (/ (lg -4+ Z (Vo) - VO, )flvolaz(rf))

=0

For k> r > 2 4+ 1, a metrizable uniform structure on M(/, Bg) is given by the
following II(;IE,])OLII]IOO(] basis

Vi ={(g,9") € M1, Bi)x M(I, By) | g and ¢ are quasi isometric and |g—¢'[gp.r < 6}

Let MP(1, By) be the space M{I, By) supplied with the uniform structure given
above, and let ME(1, Bg) be the completion of MP(1, By). Then by definition {Eich,
p. 268,

MPT(IL B = MA(T, B) N C* M

where C° M is the space of positive definite C*-metrics and s <r — 2

Lemma 2.4 Lel p € [1,00) and assume k > r > ;—: + 1. Then

MPT(LL By = ME(1, By)

In particular, MP"(1, By) is complete.

Proof: By the Sobolev imbedding theorm for manifolds with bounded geometry,
there is a continuous imbedding

MP(I, By) =8 M
which extends to a continuous imbedding

ME(I, By) b M
Since both sides are pointwise defined as tensors, and the right side consists of strictly
positive metrics, we conclude, that also the left side consists of strictly positive me-
trics. This proves the lemma. 0O
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