THE HOMOTOPY CATEGORY OF MOORE
SPACES AND THE COHOMCOLOGY OF THE
CATEGORY OF ABELIAN GROUPS

HANS-JOACHIM BAUES
AND
MANFRED HARTL

Max=Planck-Institut
fiir Mathematik

Gottfried-Claren~-Str. 26
53225 Bonn

Federal Republic of Germany

MPI/95-4






THE HOMOTOPY CATEGORY OF MOORE SPACES AND THE
COHOMOLOGY OF THE CATEGORY OF ABELIAN GROUPS

HaNS-JOACHIM BAUES AND MANFRED HARTL

Moore spaces M(A,n) and Eilenberg-Mac Lane spaces I\(A,n) are the funda-
mental building blocks of homotopy theory; see for example [11], [8], [6]. Forn > 2
the homotopy category of Eilenberg-Mac Lane spaces I{(A,n) is isomorphic to
the category Ab of abelian groups. The homotopy category M" of Moore spaces
M(A,n), A € Ab should also be isomorphic to an important algebrzuc category.
For n > 3 a suitable algebraic model is known (see (V.32.8) in (4] and (1.§6) in
[6]). The homotopy category M? of Moore spaces in degree 2 is still not completely

understood. Up to equivalence the category M ? is determined by a non-trivial
cohomology class of order 2,

{M?} € H*(4b, Ext(—,T)).

The results of this paper describe the restriction of this class to the full subcategory
of Ab consisting of direct sums of cyclic groups, and the image of {]\I } under
surjection of coefficients (4, B € Ab)

H': Ext(A,TB) » H,Ezt(A,T'B).

Moreover we show that {M %} is in the image of the coefficient homomorphism 1,
given by the inclusion of 2-torsion

i1 Z)2* Ext(A,TB) C Ezt(4,TB)

For the proofs we use the James-Hopf invariant v, on M % which canonically yields
an element of order 2

{72} € H'(4b, Ext(—,A%))

We describe {7,} algebraically by a cohomology class {nil} defined via groups of

nilpotency degree 2. The image of {Af 1 under the coefficient homomorphism H’
satisfies the formula

H{M*} = {uil)

where (3 is a Bockstein homomorphism. The element H,{M %} determines up to
equivalence the image category of the functor [1]:

C.Q: gz — Ho(DA)

Typeset by ArsS-TEX



which carries M(4,2) to the chain algebra of the loop space, C.QM(A,2). This
simple example illustrates fundamental differences between spaces and chain al-
gebras. Since the category M % is equivalent to the category of homotopy pairs
between Pontrjagin maps we can prove that also the universal Toda bracket [9],
(L)q, is non-trivial where [i is the homotopy category of Eilenberg-Mac Lane

spaces N (A4,2), K(B,4) with 4,B € Ab.

§1 Linear extensions of categories and the cohomology of categories

An extension of a group G by a G-module A is a short exact sequence of groups
04— FE—G->0
i p

where 1 is compatible with the action of G. Two such extensions E and E’ are
equivalent if there is an isomorphism ¢ : E & E' of groups with p'e = p and e = ¢'.
It is well known that the equivalence classes of extensions are classified by the
cohomology H*(G, A).

We now describe linear extensions of a small category C by a “natural system” D.
The equivalence classes of such extensions are equally classified by the cohomology
H?*(C,D). A natural system D on a category C is the appropriate generalization
of a G-module. o

(1.1) Definition. Let C be a category. The category of factorizations in €, denoted
by FC, is given as follows. Objects are morphisms f,g,... in C and morphisms
f — g are pairs (a, 3) for which

Y L

fT Ig

B~ B

commutes in C. Here o f is factorization of g. Composition is defined by (o', 8')(e, 8) =

(o', BB"). We clearly have (¢, 3) = (a,1)(1,8) = (1,8)(a,1). A natural system
(of abelian groups) on C is a functor D FC — Ab. The functor D carries the
object f to Dy = D(f) and carries the morphism (o, 8) : f — ¢ to the induced
homomorphism

D(a,ﬁ) = . [ Df - Dafﬁ = Dg
Here we set D(«a, 1) = o, D(1,03) = 3*.

We have a canonical forgetful functor # : FC — C°” x C so that each bifunctor
D : C°” x C —» Ab yields a natural system D, as well denoted by D. Such a
bifunctor is also called a C -bimodule. In this case D; = D(B, A) depends only on
the objects A, B for all f € C(B,A). Two functors F, G : Ab — Ab yield the Ab
-bimodule h T



Hom(F,G) : Ab°® x Ab — Ab

which carries (A4, B) to the group of homomorphisms Hom(FA,GB). If F is
the identity functor we write Hom(—,G). Similarly we define the Ab -bimodule
Ezt(F,G).

For a group G and a G-module A the corresponding natural system D on the
group G, considered as a category, is given by D, = A for ¢ € G and g.a = g a for
a € A, g*a = a. If we restrict the following notion of a “linear extension” to the
case (' = G and D = A we obtain the notion of a group extension above.

(1.2) Definition. Let D be a natural system on C. We say that

piEL¢

is a linear extension of the category C by D if (a), (b) and (c) hold.

(a) E and C have the same objects and p is a full functor which is the identity
on objects.

(b) For each f : A — B in C the abelian group Dy acts transitively and
effectively on the subset p~!(f) of morphisms in E. We write fo+ o for the
action of a € Dy on fo € p~1(f).

(c) The action satisfies the linear distributivity law:

(fo +a)(go + B) = fogo + fuB + g% a.

Two linear extensions £ and E' are equivalent if there is an isomorphism of cate-
gories e : E = E' with p'e=p and with e(fo+a) = e(fo) +a for fo € Mor(E), o €
Dyy,. The extension E is split if there is a functor s : C — E with ps = 1. Let
M(C, D) be the set of equivalence classes of linear extensions of C by D. Then
there is a canonical bijection

(1.3) ¥ : M(C,D) = H*C, D)

which maps the split extension to the zero element, see [2] and IV §6 in [4]. Here
H"(C, D) denotes the cohomology of C with coefficients in D which is defined
below. We obtain a representing cocycle A, of the cohomology class {E} =4(E) €
H?*(C,D) as follows. Let ¢ be a “splitting” function for p which associates with
each morphism f : A = B in C a morphism fo = ¢(f) in £ with pfo = f. Then ¢
yields a cocycle A, by the formula

(1.4) CHgf) = US) + Ddlg, f)

with A(g, f} € D(gf). The cohomology class {E} = {A,} is trivial if and only if
E is a split extension.



(1.5) Definition. Let C be a small category and let Nn(C) be the set of sequences
(A1y... ,An) of n composable morphisms in C' (which are the n-simplices of the
nerve of C). For n =0 let No(C) = Ob(C) be the set of objects in C. The cochain

group F* = F "(C, D) is the abelian group of all functions

(1) ¢t Nu(C) = ( U Dg) =D

geMor(C)

with ¢(A1,... ,Ar) € Dyjo..0n, - Addition in F™ is given by adding pointwise in the
abelian groups Dy. The coboundary 9 : F"~! — F™ is defined by the formula

(B)(My- s dn) = (A)ac(Azy oy An)

n—1
(2) + ) (=DM Nidign o An)

=1

+ (=" (A e(A1y- oy Anot)

For n = 1 we have (9¢)(A) = Aic(A} ~ N¢(B) for A : A - B € Ny(C). One can

check that dc € F™ for ¢ € F*~! and that 88 = 0. Hence the cohomology groups

(3) H™(C, D) = H"(F*(C, D),96)

are defined, n > 0. These groups are discussed in {2] and [4]. By change of
the universe cohomology groups H"(C, D) can also be defined if C is not a small
category. A functor ¢ : C' ' € induces the homomorphism

(4) $*: H"(C,D) » H™(C',¢'D)

where ¢*D is the natural system given by (¢*D); = Dy(s). On cochains the map
@* is given by the formula

(@ )AL, AL) = f(@AL, ... 8N

where (X,..., A} € Nn(C'). If ¢ is an equivalence of categories then ¢* is an
isomorphism. A natural transformation v : D — D’ bhetween natural systems
induces a homomorphism

(5) .t H*(C,D) = H"(C,D')

=

by (e f)(A1,-. ,An) =7maf(M, ..., An) where 7y : Dy = Dy with A=) 0...0A,
is given by the transformation 7. Now let
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|
DH — D _’_; DI
be a short exact sequence of natural systems on C. Then we obtain as usual the
natural long exact sequence

’

(16) — H™(C,D') % H*(C,D) =5 HY(C,D") 2 H™*\(C, D') —

where § is the Bockstein homomorphism. For a cocycle ¢” representing a class {c"}
in H*(C, D") we obtain #{c"} by choosing a cochain ¢ as in (1.5) (1) with r¢ = ¢".
This is possible since 7 is surjective. Then ¢~'dc is a cocycle which represents
ﬁ{cﬂ}.

(1.7) Remark. The cohomology (1.5) generalizes the cohomology of a group. In
fact, let G be a group and let G be the corresponding category with a single object
and with morphisms given by the elements in G. A G-module 4 yields a natural
system D. Then the classical definition of the cohomology H*(G, A) coincides with
the definition of

H™(G,D) = H"(G, A)

given by (1.5). Further results and applications of the cohomology of categories
can be found in {2], (3], [4], [5], [13].

§2 The homotopy category gz of Moore spaces in degree 2

Let 4 be an abelian group. A Moore space M(A,n), n > 2, is a simply con-
nected CW-space X with (reduced) homology groups H,X = A and H;X =0 for
! # n. An Eilenberg-Mac Lane space K (4,n) is a CW-space Y with homotopy
groups 7,Y = 4 and m;Y" = 0 for : # n. Such spaces exist and their homotopy
type is well defined by (A,n). The homotopy category of Eilenberg-Mac Lane
spaces {(A4,n), 4 € Ab, is isomorphic via the functor 7, to the category Ab of
abelian groups. The a"responding result, however, does not hold for the homo-
topy category M" of Moore spaces M(A,n), A € Ab. This creates the problem
to find a suitable algebraic model of the category M". For n > 3 such a model
category of M™ is known (see (V.3a.8) in [4] and (1.§6) in [6]). The category AL*
is not completely understood. We shall use the cohomology of the category _f_i___b—to

describe various properties of the category M 2,

Let T': Ab — Ab be J.H.C. Whitehead’s quadratic functor [14] with

(2.1) T(A) = m3M(4,2) = H (A, 2)
Then we obtain the Q -bimodule

Ext(—,T) : Ab°F x Ab — Ab

which carries (A, B) to the group Ezt(A,'(B)).

5
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(2.2) Proposition. The category %2 is part of a non split linear extension

Eat(—,T) 5 y? =

(=

and hence gg, up to equivalence, is characterized by a cohomology class

{M*} € H*(Ab, Ext(—,T)).
Since the extension is non split we have {gQ} # 0.

Proof. For a free abelian group Ag with basis Z let

Ma, =\/ S
Z

be a one point union of 1-dimensional spheres S! such that H; M4, = 4. For an
abelian group 4 we choose a short exact sequence
0o A1 B Ao 450

where Ag, A; are free abelian. Let

di‘ : ﬂ’fAl — f'VIAO

be a map which induces d4 in homology and let A4 be the mapping cone of d’,.
Then

M(A,2) =S My

is the suspersion of M,. The homotopy type of M4, however, depends on the
choice of d; and is not determined by A. Using the cofiber sequence for d; we
obtain the well known exact sequence of groups [11]

0 — Ext(A,mX) 3 [M(4,2),X] 2 Hom(A, 1 X) — 0

where [Y, X] denotes the set of homotopy classes of pointed maps ¥ — X. We now
set X = M(B,2). Then p is given by the homology functor. We define the action
of a € Ezt(A,T'B) on ¢ € [M(A,2), M(B,2)] by £+a = £+ Aa) where we use the
group structure in [E My, M(B,2)]. This action satisfies the linear distributivity
law so that we obtain the linear extension in (2.2). Compare also (V.§3a) in (4]
where we show {f_L{z} # 0.

(2.8) Remark. A Pontrjagin map 74 for an abelian group 4 is a map

Ta: (A, 2) - K(T'(A4),4)
which induces the identity of I'(4),

T(A) = HyK(A,2) = H K (T(4),4) = T(A)

Such Pontrjagin maps exist and are well defined up to homotopy. The map 74
induces the Pontrjagin square which is the cohomology operation [14]

6



H?(X, 4) = [X,K(4,2)] ™5 [X, K(T(4),2)] = B*(X,T(4))

The fiber of 74 is the 3-type of M(A4,2). Therefore one gets isomorphisms of
categories [9]

M? = P(X) = Hopair(X)

where &' is the class of all Pontrjagin maps 74, A € Ab. Here P(Y) is the homotopy
category of fibers P(74), 74 € X, and Hopair(X') is the category of homotopy pairs
[10] between Pontrjagin maps. We have seen in [9] that via these isomorphisms the
class {ﬁQ} is the image of the universal Toda bracket (K)q € H*(K, Dg) where
K is the full homotopy category consisting of K'(A4,2) and K([(4),4), A € 4b.
Hence we get by (2.2): o

(2.4) Corollary. (K)a #0

§3 On the cohomology class {M?}

The quadratic functor ' can also be defined by the universal quadratic map
v: A — T'(4). We have the natural exact sequence in 4b

(3.1) NA) L 404 -5 A%450

where H is defined by Hy(a) =a®a, a € A € Ab, and where A’A =A@ A/{a ®
a ~ 0} is the exterior square with quotient map q. We also need the natural
homomorphism

(3.2) (1,1]=P: AQ® A = I'(A)

with P(a @ b) = v(a + b) — v(a) — v(b) = [a,b]. One readily checks that PH is
multiplication by 2 on I'(A) and that HP(a ® b) =a®@b+b® a. For A € 4b we
obtain by P and H and g above the following natural short exact sequences of Z/2
-vector spaces

2 i —0.» \
(3.3) {Sl(“‘)”\ (A)®Z/2—T(A)QZ/2> AQL/2

Sy(A) :T(A) @ Z/2 5 @A) @ Z/2 5 A2(A) @ Z/2

Here o carries y(a)®1 to a®1, a € A. If we apply the functor Hom(—,T'(B)QZ/2)
to the exact sequence S;(4), i = 1,2, we get the corresponding exact sequence of
Ab -bimodules denoted by Hom(Si(—~),['(=) @ Z/2). The associated Bockstein
homomorphisms §; yield thus homomorphisms

s
{



H°(Ab, Hom(T'(-) ® Z/2,T(-) ® Z/2))
L B2
(3.4) H'(Ab, Hom(A*(-) @ Z/2,T(-) @ Z/2))
1B
H*(4b, Hom(- @ Z/2,T(-)® Z/2))

Moreover we use the natural homomorphism

x:Hom(A®Z/2,T(B)®Z/2) L Ext(A®Z/2,TB) X Exzt(A,TB)

where ¢ is the natural isomorphism and where p: 4 - A ® Z/2 is the projection.
Let

Ir € HO(Ab, Hom(T(-) © 2/2,I(-) ® Z/2))

be the canonical class which carries the abelian group A to the identity of ['(A4) ®
Z /2. Then one gets the element

X+P1fa(1r) € H*(4b, Eat(—,T))
determined by 1r and the homomorphisms above.

(8.5) Conjecture.

{M*} = xB1B2(1r)
We shall prove various results which support this conjecture.

(3.6) Theorem. Let A be the full subcategory of Ab consisting of direct sums of
cyclic groups and let i4 : A —+ Ab be the inclusion functor. Then we have

i3 {M?) = i Ba(l) € HA(A, Ext(—,T))

Proof. We write C' = (Z/a)a if C is a cyclic group isomorphic to Z /a with generator
a, a 2 0. A direct sum of cyclic groups

A= @(Z/a;)ai

is ordered if the set of generators {a;, <} is a well ordered set. The generator «;
also denotes the inclusion ¢; : Z/a; C A and the corresponding inclusion

(3.7) ai 1 SPy; C \/ TP, = M(4,2)
' i
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Here P, = St U, €® is the pseudo projective plane for n > 0 and Py = S! so that
P, = M(Z/n,2). Let @' : A = Z/a; be the canonical retraction of a; with
o'a; =1 and a/a; =0 for j #1i. Let

(3.8) p:A= @(Z/m)ai - B= @(Z/bj)ﬁj

be a homomorphism. The coordinates ¢;; € Z, @i : Z/a; = Z[bj, 1 — ;i1 are
given by the formula

pai =Y Bipji
Let By be the splitting function
[EP,,ZP,] 4;—“ Hom(Z[n,Z/m)

obtained in (III, Appendix D) of [5]. We define the map sp € [M(A4,2), M(B,2))
by the ordered sum

<
(sp)a; = Z B;iBa(pji)

where we use the ordering < of the generators in B. Hence we obtain a gplitting function
s

(3.9) (M(A,2), M(B,2)] = Hom(A, B)

with Ho,s(¢) = . Each element ¢ € [M(A,2),M(B,2)] is of the form ¢ =
s{¢) + € where £ € Ext(A,T'B). This way we can characterize all elements in
[M(A4,2),M(B,2)] provided A and B are ordered direct sums of cyclic groups. We
use s in (3.9) for the definition of the cocycle A, representing i*{ﬁg} in (3.6), that
is by (1.4):

s(¥p) = s(¥)s(p) + As(4, )
Below we compute A,. To this end we have to introduce the following groups.
q.e.d.
(8.10) Definition. Let A be an abelian group. We have the natural homomorphism

between Z /2 -vector spaces
(1) H:T(A)QZ/2=T(AQZ/2)QZ/2 = @*(AQZ/2)

with H(y(a) ® 1) = (¢ @ 1) @ (e ® 1). This homomorphism is injective and hence
admits a retraction homomorphism




(2) r:@*(A®Z/2) - T(A)RZ/2
with r{ = id. For example, given a basis E of the Z/2 -vector space A @ Z/2

and a well ordering < on E we can define a retraction r< on basis elements by the
formula (b, € E)

(b)) ®1 for b="¥
(3) rbb)=( [5b]®1 for b>b
0 for b<t

Now let ¢ > 1 and let

(4) ja:Hom(Z/q,A)=A*Z/qCc A A@Z/2

be given by the projection p with p(z) =z ® 1. Also let

(5)
pa:T(A)®Z/2 5 T(A)©Z/207 /g = Ext(Z/20 L /q,T(A)) 2= Ext(Z/q,T(A)

be defined by the indicated projections p. Then we obtain the homomorphism

) { Ay Hom(Z/q,A)@ Hom(Z/q, A) — Ext(Z/q,TA)

Ag=par(Ja®ja)

which depends on the choice of the retraction r in (2). Clearly A4 is not natural
in 4 since r cannot be chosen to be natural. However one can easily check that A 4
is natural for homomorphisms ¢ : Z/q — Z/t between cyclic groups that is

(7) Aale* Q¢") =9 A4,

We now define a group

(8) G(q,A) = Hom(Z/q, A) x Ext(Z/q,[(A))
where the group law on the right hand side is given by the cocycle A, that is
(9) (a,0) + (a',b') =(a+ ', b+ b + As(a®d)).

For any abelian group A there is by (XII.1.6) [6] an isomorphism
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(3.11) p: Glq, A) = [SP,, M(4,2)]

which is natural in Z/q, ¢ > 1, and which is compatible with A and p in the proof
of (2.2). If A is a direct sum of cyclic groups as above we obtain maps

Qi DP,; = M(A,2)
by @&; = p(«i,0) where a; € Hom(Z/ai, A) is the inclusion. These maps yield the

homotopy equivalence

\/ TP, ~ M(4,2)

1

which we use as in identification. Hence we may assume that p in (3.11) satisfies

*) plai,0) = ai

where «; is the inclusion in (3.7). We need the following function <7 4, defined for
an ordered direct sum A of cyclic groups,

(3.12) VA:Hom(Z/q,A) = Ezt(Z/q,TA)
VA (:E) = Z AA(CI,':B,' ®C¥j$}').
i<j

Here z; € Hom(Z/q,Z/a;) is the coordinate of & = 3. o;z;. We observe that
Za = 0 is trivial if we define A4 by < in (3.10) where the ordered basis E in
A®Z/2is given by the ordered set of generators in A. Clearly 2 7,4 (z) = 0 since
2A 4 = 0. The function 7 4 has the following crucial property:

(3.13) Lemma. In the group G(q, 4) we have the formula

<

Z e} (e, 0) = (z,Val(z))
where the left hand side is the ordered sum of the elements z} (i, 0) = (a;z;,0) in
the group G(g¢, 4).

The lemma is an immediate consequence of the group law (3.10) (9).

For ¢ € Hom(A4, B) in (3.8) and ¢ > 1 we define the function

(3.14) (¢) : Hom(Z/q, A) > Ext(Z/q,T(B))
via the commutative diagram

11



ms(Z/q, M(A,2)) BN ro(Z/g, M(B, 2))
I u
G(q, A) oo, G(q, B)

I I
Hom(Z/q,A) x Ext(Z[q,T A) Hom(Z/q,B) x Ezt(Z/q,T B)

where the isomorphisms are given as in (3.11). The homomorphism (s¢);, induced
by sp in (3.9), determines 57{y) by the formula

(se)i(e, @) = (paz,T(¢)sa + V(p)(z))

for 2 € Hom(Z/q,A) and o € Exzt(Z/q,TA). The function (¢) is not a homo-
morphism.

(3.15) Lemma. Forz € Hom(Z /¢, A) we have

Vip)z) =) Val(z) + Z 7 Blea;z;)

+ Z Ap(paiz; @ paz,)
i<t

Since all summands are 2-torsion we have (p) = 0 if ¢ is odd.

Proof. For (a;,0) € G(a;, A) one has the formula

<
(s9):(@i,0) = D _(Bj5,0)
J
as follows from property (3.11) (*) of the isomorphism x. Hence we get by (3.13)
the following equations

(s¢)s(2,0) + (0, T(9)s Va (2)) = (s9)s(z, V a(=))

<

= (s¢)s () _ i (as,0))

I
~MA - M/\ --M/\

zi (s¢)y(ai, 0)

<
Z Bipjizi,0)
j

(soa i, VBlpaizi))

12



Here we have in G(q, B) the equation

<
Y (paizi,0) = (p2, Y Ap(paiz: @ pary))
i 1<t

This yields the result in (3.13).

g.e.d.
We now describe cocycle ¢ in the class §;82(1r). For this let A, B, C' be ordered
direct sums of cyclic groups and consider homomorphisms

(3.16) bo: A5 B L C
Let 74 = r< be the retraction of H in (3.10) (3)

T(A) @ Z /2% 92A)®Z/2  (see Sy(A) in (3.3))
Méreover let s.4 be a splitting of o

T(A)®Z/22 A®Z/2  (see Si(A) in (3.3))

SA

defined by

sA(Z Tia; @ 1) = Z ziv(ai) @ 1.
Here the «; are the generators of 4 as in (3.7). We now obtain derivations Dy, D,
by setting

Dy()q = —=arp +¢*rc,
PDi(p) = —pssa +¢"sp.

For this we use the exact sequences S;(A4) in (3.3). We define a 2-cocycle § which

carries (¢, ¢) to the composition

5(b,0): A0Z/2 2D A Byez/2 Y TC)02/2

and we observe

(8.17) Lemma.

B162(1r) = {46}

where (1, 82 are the Bockstein homomorphisms in (3.4). We leave the proof of the
lemma as an exercise. The lemma yields a cocycle representing the right hand side

in (3.6).
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Next we determine the cocycle &, in (3.9). For this we use the injection

g: Ext(A,TC) C x Hom(Hom(Z /q, A), Ext(Z/q,TC))
g>1

The element gA4(, ) is given by the Z/q -natural homomorphism

(9084(¥:¢))q : Hom(Z/q, A} = Ext(Z/q,T'C)

which satisfies

(985(%,¢))q(2) = T(¥). T (¢)(z) + V($)(wz) — V(de)(2)

This equation is an easy consequence of (3.14). As in the remark following (3.12)
we may assume that 4 = Yp = V¢ = 0 are trivial. Moreover we may assume
that ¢ is even since (gA,(,¢))q 1s trivial if g is odd. We define a function

pa ARZ/2— A(AQZ/2)
pa(d zici®1) = (zioi @ 1) A (zras ® 1)

T i<t

(8.18) Lemma.

V(e)(z) = Xq Dap)pale @ Z/2)
Here we have z € Hom(Z/q, A) and

t®Z[2€ Hom(Z[qQ@Z[2,AQZL[2)=AQZ/2
since ¢ is even. Moreover v, in lemma (3.18) is the composition

Xq:T(B)®Z/2= Ext(Z/2,TB) — Ext(Z/q,T'B)

induced by Z/q — Z/qQZ/2 = Z /2. Lemma (3.18) is a consequence of the formula
in (3.15) and the definition of r,4 = r< in (3.10) (3). We apply Lemma (3.18) to
the formula for (gA,(¥,¢))q above and we get for z = Q@ Z /2

(8.19) Lemma.

(90 (0, 0))q(z) = xgD2(2)(pB(E) — wrpalZ))

This follows easily from (3.18) since Dy is a derivation. Finally we observe:

(8.20) Lemma.
pB(pZ) — pupa(Z) = Dr(p)(F)

The proof of lemma (3.20) requires a lengthy computation with the definitions of
pB,pa and Da(p). By (3.19) and (3.20) we thus get

(3.21) (9A(¥,9))q(z) = x¢D2(¥) D1 () (2)
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and this yields the formula in (3.6). In fact (3.21) vields an easy algebraic de-
scription of the cocycle A, in terms of the derivation Dy and Dy above since g is
injective.

q.e.d.

§4 On the cohomology class {ni/} and James-Hopf invariants on gz

In this section we prove a further formula for the class {A*} which, however,
does not determine {M %} completely.

For the exterior square A%(B) of an abelian group B we have the exact sequence
(3.1) which induces the exact sequence

Ezt(A,T'B) EiLN Ezt(4,®°B) X5 Ext(A,A’B) = 0

and hence we have the binatural short exact sequence

(4.1) H.Ext(A,TB) - Ext(A,®*B) % Exzt(A,A*B)
together with the surjective map
H':Fzt(A,I'B) -» H,Ezt(A,I'B)
induced by H,. The short exact sequence induces the Bockstein homomorphism
B: H'(Ab, Ezt(—,A?)) = Hz(_{{__b, H,Ezit(-,T))

(4.2) Theorem. The algebraic class {nil} € H'(Ab, Ezt(—,A?)) defined below

and the class {M %} of the homotopy category of Moore spaces in degree 2 satisfy
the formula

H{M?} = ${nil} € H*(Ab, H.Ext(~,T))

This result is true in the cohomology of 4b. For the algebraic definition of the
class {nil} we need the following linear extension nal.

(4.3) Definition. Let (Z) be the free group generated by the set Z and let T'1{Z)
be the subgroup generated by n-fold commutators. Then

Z)[T2(Z EB Z (1)
is the free abelian group generated by Z and

E, = (2)/Ts(Z) (2)
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is the free ni{(2)-group generated by Z. We have the classical central extension of
groups
A2AS By S A (3)

The map w is the commutator map with

wlqz A qy) =z 7'y wy. (4)

Here the right hand side denotes the commutator in the group E,. Using (3) we
get the linear extension of categories (compare also [3], [5])

b
Hom(—, A=) 5 nil 2 ab. (5)

Here ab and pal are the full subcategories of the category of groups consisting of
free abelian groups and free nil(2) -groups respectively. The functor ab in (3) is
abelianization and the action + is given by

f+a=f+uag (6)
for f: E4 — Ep, a € Hom(4,A?B). The right hand side of {6) is a well defined

homomorphism since (3) is central.

(4.4)Definition. We define a derivation

nil: Ab — Ezt(—,A%)

which carries a homomorphism ¢ : 4 — B in Ab to an element nil(¢) € Ext(A, A’B).
The cohomology class {nil} represented by the derivation nil satisfies the formula
n (4.2). For the definition of nil we choose for each abelian group A a short exact
sequence

0= A 2% 495 A0
where Ag, A; are free abelian groups. We also choose a homomorphism
(l?A : EAl — EAO

between free nil(2) -groups such that the abelianization of d4 is d4. For the
homomorphism ¢ : A - B we choose a commutative diagram in 4b

A =y Ay —1 4
‘F1l lsﬁo J"P
dp q
B, » By y B

and we choose a diagram of homomorphisms
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d
E,\, —2 EAO
1 J' i@o
d
Ep, —— Epg,
which by abelianization induces (¢o,%1). This diagram, in general, cannot be
chosen to be commutative. Since, however, ©od4 = dpy; there is a unique element
a € Hom(A;,A*By) with Goda +a =dp@,.

Here we use the action in (4.3) (6). Now let

nil(p) € Ext(4,A*B) = Hom(A,,A*B)/d%y Hom(Aq, A’ B)

be the element represented by the composition

(A*q)a: A - A’By — A*B

One can check that nil(p) does not depend on the choice of (¢o,¢1) and (Go, 1)
respectively and that nil is a derivation, that is nil(py) = p.nil(y) + P*nil(p).
This completes the definition of the cohomology class {nil}.

Next we use the derivation Dy on A=b defined as in (3.16). The dertvation D4
carries ¢ : A — B to
Di(p) € Hom(A® Z/2,A*(B)® Z/2) = Ext(A ® Z/2,A*B)

and hence represents a cohomology class

{D1} € H'(4b, Ext(— ® Z/2,A%)).

Let
p2: Ext(A® Z/2,A\*B) —» Ext(A,\*B)

be induced by the projection 4 » 4 Q@ Z/2.

(4.5) Proposition. Let A be the full subcategory of Ab consisting of direct sums
of cyclic groups. Then we have

i2(p2) (D1} = i3 {mil}
in H'(A, Ext(—, A?)).
We do not know whether this formula also holds if we omit :*. Proposition (4.5)

implies that the formulas in (4.2) and (3.6) are compatible. For the proof of (4.5)
we need the following properties of nil(2) -groups. A group G is a n:l(2)-group
if all triple commutators vanish in G. The commutators in G yield the central
homomorphism

(4.6 w: AN G - @
)
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where G — G°®, z — {z}, is the abelianization of G. We define w by the com-
mutator

w({z} Ag}) =27y ey

for z,y € G. Let M be a set and let f : M — G be a function such that only
finitely many elements f(m), m € M, are non trivial and let <, << be two total
orderings on the set 4/. Then we have in G the formula

<< <
Yo fm)y= ) fm)+w| Y {fm}Aa{fm’}

meM meM m<<m’
m'<m

Fora € Gandn € Zlet na =a+...+a be the n-fold sum in G in case n > 0, and

let na = —|nja for n < 0. Then one gets in G the formula
< < n
nY fm) =3 nfm)—w ((9) S (fm) /\{fm’})
meM meM m<m!

where (g) =n(n - 1)/2.

Proof of (4.5). Let A and B be direct sums of cyclic groups and let ¢ : A — B
be given by ;i € Z as in (3.8). Let Ay be the free group generated by the set of
generators {a;} of A and let A; be the free group generated by the {a;, a; # 0}.
Then we choose, see (4.4),

{(EA : EA1 — EAU

da(e;) = a;o;

Similarly we define dg. Moreover we define @) and @g by the ordered sum

<
Z 99.1!/6.? € Ep,
J

<

Z at‘PJt/b ﬁj € E31

J

Hence we get « in (4.4) by the formula, see (4.6),

< <
dpdi(ai) — Godalai) =Y aip;ifli —ai Y _ @jib
;

7

=w (sz) Y {wsiBi} AMwubi}

<t
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Hence nil(¢) € Ezt(A,A’B) is given by the formula (a; : Z/a; C A as in (3.7))

(i) nil() = (‘;) S iiwu(19 85 A B)
i<t
where 1 ® 8 A Bt € Z/a; @ A’B = Ext(Z]a;,A*B). Using the definition of Dy in

the proof of (3.16) it is easy to check that (a;)*pD;(¢) coincides with the right
hand side of the formula so that we actually have

nil(p) = p2D1(yp).
This proves the proposition in (4.5).

q.e.d.
We will need the following element which projects to nil(¢) above.

(4.7) Definition. For ¢ in the proof above let

nil(p) € Ezt(4,Q*B)
be given by the formula
(az)*nil(yp) = ((;.-) Z ©ivei(l1 ® 05 @ By)
i<t

We clearly have Ezt(A, p)nil(¢) = nil(y) where p: @B —» A?B is the projection.

Recall that we have for the bifunctor Ext(—, ®*) on Ab the canonical split linear
extension

Ezt(—,®%) — Ab x Ezt(—,®%) — Ab

Objects in Ab x Ext(—, ®?) are abelian groups and morphisms (¢,a) : A — B are
given by ¢ € Hom(4, B) and o € Ext(A,®*B) with composition (¢, a)(¥,8) =
(¢¥, s + ¢¥*«). The derivation nil in (4.4) defines a subcategory

(4.8) Ab(nil) C 4b x Ext(—,®°)
consisting of all morphisms (¢, a): 4 — B which satisfy the condition

pa(a) = nil(p) € Ext(A,A*B).
Here p: ®2B —» A%B induces p, = Ezt(4,p). The exact sequence (4.1) shows that

we have a commutative diagram of linear extensions of categories

H,Bazt(-,T) —— Ab(nil) —— Ab

n o N I

Ext(—,®?) —— Abx Ext(—,®%) —— Ab
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(4.9) Lemma. The cohomology class represented by the linear extension for Ab(nil)

satisfies o
{4b(nil)} = B{nil} € H*(Ab, H,Exzt(—,T))

where 3 is the Bockstein operator in (4.2).

Proof. Lets: Ezt(A,A’B) = Ezt(A, @B) be a set theoretic splitting of Ezt(A4,p) =
p«. Then B{nil} is represented by the 2-cocycle ¢ = i~1§(s nil) where i is the inclu-
sion in (4.1) and where § is the coboundary in (1.5). Hence ¢ carries the 2-simplex

(¥,¢) in 4b to
o, p) = i ($asnillp) — s nil(p) + "5 nil())
On the other hand we define a set theoretic section ¢ for the linear extension Ab(nzl)
by t(¢) = (p,snil(e)). Then A¢ in (1.4) is given by
snil(de) = prsnil(p) + @ s mil() + 1A, ¢)

Hence ¢ = —A, yields the proposition. In fact, since the elements in (4.9) are of
order 2 we can omit the sign.

q.e.d.
For Moore spaces M(A,2) = EM, and M(B,2) = EMp as in (2.2) we have the

James-Hopf invariant {12}, [7],

(4.10) [SMa, SMp) 22 [SMa, SMp A Mp) = Ext(A, B ® B)

which satisfies for o € Ezt(A,'B) the formula

(1) A2(€+ ) = A(€) + Hr.

Hence +; induces a well defined function

(2) 3y : Hom(4, B) = Ext(A,A*D)

defined by ¥2(p) = q.v2(£) where £ induces H,({) = ¢ : A — B. One can check
that ¥, is a derivation which represents a cohomology class in H'(Ab, Ext(—,A%B)).
This cohomology class does not depend on the choice of M4, Mp above.

(4.11) Theorem. The cohomology class {72} given by the James-Hopf invariant
~2 coincides with
{32} = {nil} € H'(Ab, Ezt(~,A?))

Moreover there is a full functor t, ‘.

A»fz -:b b(ml) é b x Emt(—1®2)
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which is the identity on objects and which is defined on morphisms by

7(§) = (H2&, 728)

The functor 7 is part of the following commutative diagram of linear extensions

Ha

Ezt(-,) —I— M? 2 4b
| K ||
H.Ext(—,T) —— Ab(nil) —— A4b

Proof of (4.2). The existence of the functor 7 shows that H.{M*} = {4b(nil)}.
Therefore we obtain (4.2) by (4.9).

q.e.d.

(4.12) Remark. We can give an alternative description of the functor 7 in (4.11) by
use of the singular chain complex of a loop space which yields the Adams-Hilton functor

C.Q: Ho(Top™) = Ho(DA)

between homotopy categories (compare [1] and also {4]). The functor C,S restriced

to M ? leads to the following diagram where ﬁ ‘cH o(DA) is the full subcategory
consisting of C.QM(A,2), A € Ab,

M S, 4" C Ho(DA)

TS
Ab(nil) —— Ab x Ext(—,®?)

where 7 is an equivalence of categories such that jir is naturally isomorphic to C,2.

Proof of (4.11). The image category of the functor

T £2 — Ab x Ext(—, Q%)

is Ab(n1l) since we show

for compatible choices of d4, d’y in (4.4) and (2.2). We use the equivalence of
linear track extension described in (VI.4.7) of Baues [5]. This shows that a triple
(B0, @1, G) with G € Hom(A4,,®%By) satisfying p.G = a (see (4.4)) corresponds
to a diagram

sd
SMy, —29 T My,

(2) BEEY IR |2

T Mp, ——— S Mg,
Sdl
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Here d'; and df; induce d4 and dp respectively and ), ¢} induces @o, @ in
(4.4). The track G’ is determined by G. This track determines a principal map
@ € [SM,, ZMp] such that 7(@) = (p,(®%q).{G}) where {G} € Ext(4,Q?B)) is
represented by G. This follows from the bijection (6) ... (11) in (VI.4.7) Baues [5].
Since p.G = a we get ¥ = nil. q.e.d.

(4.18) Ezample. Let A and B be direct sums of cyclic groups as in (3.8) and let
sp € [M(A,2), M(B,2)] be defined as in (3.9). Then the functor 7 in (4.11) satisfies
7(s¢) = (0, mil (¢))

where nil (¢) is defined in (4.7). We obtain this formula by the methods in the
proof of (4.11) above. In this case _we also can compute the James-Hopf invariant
v2{sp) which actually is v2(sp) = nil(yp).

As a corollary of (4.2) we get:
(4.14) Proposition. {gz} is a (non trivial) element of order 2.
Proof. We know that multiplication by 2 on I'(4) is the composition

2=PH:TA— ®?4—-TA

where P = [1,1]. Hence also the composition

Ext(A,TB) —2—s H.Est(A,IB) —2— Ext(A,TB)
[ n i
Ext(A,TB) —=— Ezt(A,8?B) —=— Ext(4,TB)

is a multiplication by 2. Therefore we get by (4.2):

2{M*} = (P'H').{M"}
= PLHI{M*)

Here the commutative diagram of short exact sequences

0 —— H.Ezt(A,IB) —— E=zt(A,®*B) —— Faxt(A,A’B) —— 0
g |7 |

0 —— Ezt(A,TB) —— E=zt(A,TB) —— 0 — 0

shows that P8 = 0.

g.e.d.

(4.15) Proposition. Each element in H'(Ab, Ext(—,A?)) is of order 2, in particular,
2{nil} = 0.

22



Proof. Let A, B be abelian groups and let ¢ € Hom(A,B). Let 24 = 2id €
Hom(A, A) be multiplication by 2. Then we have

po24=2p=2go0¢.

Now the derivation property of N with {N} € H'(Ab, Ext(—,A?)) shows

N{po2.4) =9uN(24) 4+ (24)" N(p)
=@, N(24) + 2N (¢p)

N(2p o) =(2B)«N(v) +¢" N{(2p)
=4N(p)+¢" N(28)

Hence we get

2N(p) = ¢« N(24) — " N(2p)

so that 2NV is an inner derivation.
g.e.d.

§5 A subcategory of %z given by diagonal elements
Let Z/2 % A be the 2-torsion of the abelian group A. We here construct a
subcategory H of the category of Moore spaces M % with the following property.

(5.1) Theorem. There exists a subcategory H. o;f'g2 together with a commutative

diagram of linear extensions

tEe

Z/2% Ext(-,T) —— H — Ab

N N |

Ezt(-,I) —— M® —— Ab
The theorem shows that the class {gz} is in the image
i HY(Ab,Z /2% Ext(—,T)) — H?(Ab, Ext(—,T))
where 1 is the inclusion Z/2x Ext(A,['(B)) C Ezt(A,T'(B)).

(5.2) Corollary. The extension gg —+ Ab is split on any full subcategory of Ab
consisting of objects A, B with (Z/2)* Ezt(A,I'B) =0. -
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(5.3) Corollary. Let A be any abelian group for which the 2-torsion of Ezt(A,T A)
is trivial. Then the group of homotopy equivalences of M(A,2) is given by the split
extension

Ezt(A,TA) — &(M(A,2)) —» Aut(A4)
where ¢ € Aut(A) acts on a € Ext(4,TA) by ¢ - a = (Tp). (0™ 1)*(a).
Proof of (5.1). For a Moore space M(A4,2) = SM, we have the diagonal element

(1) Ay €[EML,EMAAMy = Ext(A, AR A)

which is given by the suspension of the reduced diagonal M4 — M4 A M,. Let
[14,14] : ZMa A My — EM4 be the Whitehead product for the identity 14 of
M4, Then

(2) [1A,1A]AA=—1A_1A+1A+1A=O

is the trivial commutator. This implies that also

(3) Ag € Ker{[1,1], : Ezt(A,A ® A) = Ext(A,TA)}

with [1,1] in (3.2). We have the short exact sequences (see (3.3))

0 — Ezt(A,T(A) @ Z/2) —2— Ext(A,@%(A) @ Z/2) —=— Ext(4,A(A) ® Z/2) = 0

oo !

Ect(A,T(A) @ Z/2)
which shows by (3) that for the projection p: @* A — (@A) ®Z /2 there is a unique

element A/, € Ext(A,T(A) @ Z/2) with
(4) H. Ay =p.Ag
We now choose by the surjection

p. : Ext(A,TA) = Ezt(A,T(4) @ Z/2)
an element A’y € Ezt(A,T'A) with

(5) P Ay =AY
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We call A’ a diagonal structure for 4. For the definition of the subcategory H in

M ? we choose such a diagonal structure for each abelian group 4 in Ab. We define
the set of morphisms in H with

(6) H(A,B) C [EM4, M5
by the composition (compare (4.10))

[SMa, SMp) 22 Ext(A, B @ B) 2% Ezi(A,TB),

and by diagonal structures A’}, A%, namely

(7) ¢ € H(A,B) & [1,1lim26 = —p.Aly + 9" Alp.

We show that for ¢ € H(A, B) and ¢ € H(B,C) we actually have %@ € H(4,C)
so that H is a well defined subcategory of M % For this we need the fact that Y2 is
a derivation, namely

V2 (BP) = Yay2(B) + @ 72(P).

Hence we get:

[1, 1 v2(dg) = [1, 1]*(710*'72(‘:5) + @ 72())
= ¥.[1,1}s72(@) + ¢*[1, 1}a72()
= Pu(—pu D + 9" A) + @7 (= A + 7 AL)
= —(Ye): &4 + (Y9)" AT
The crucial observation needed for the proof of theorem (5.1) is the following equa-
tion where we use the interchangemap T: BQ B - BB with T(z Qy) = y® z,

(8) (1=T)n2(8) = psBa — ¢ Ap

This equation follows from the corresponding known property of James-Hopf in-
variants (Appendix A [6]) with respect to ”cup products” which in our case has the
form

UG =A119+ (1 + T2 1)72(0).

This equation is equivalent to (10). We now consider the following commutative
diagram.
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Ext(4,TB) = Ext(4,TB) = Ext(4,TB)

(M., SMp] ™, Ezt(4,BQ B) (t.1). Ext(A,TB)
| |
Hom(A, B) — 2, Ezt(4,AB) AU pay(A,T(B) @ Z/2)

the columns are exact sequences. Here - is not a homomorphism; since however
(4.10) (1) holds we see that the induced function 7, is well defined. Moreover we
use [1,1]H = -2 so that [1,1]. in the bottom row is well defined. We now claim
that (8) implies the formula

(9) (1, 1]s52(p) = —p. A + 9" A

This shows by the diagram above that for any ¢ € Hom(A, B) there is an element
@ which satisfies the condition in (7). Thus the functor H — Ab is full, moreover
the diagram above shows that H is part of a linear extension as described in the
theorem. In fact for ¢ € H(A, B) we have ¢ + o € H(A, B) if and only if 2o = 0.

It remains to prove (9). For this consider the commutative diagram

Ezt(A,B Q@ B) — Ezi(A,T'B)

L Ezt(4, B ® B) i

i

Ezt(A, B A B) —_ Ezt(A,T(B) @ Z/2)

[
*

Ezt(4,B® B® B)

The square in this diagram coincides with the corresponding square in the diagram
above. SinceforzQ@y € B® B

H1L1z®y) =2R@y+y@z=zQ@y—-y®z mod?2

we see that the diagram commutes. The homomorphism ¢ is induced by 1 —T.
On the other hand H. in the diagram is injective. This shows by the following
equations that (9) holds.
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H,(1,1]s72(p) = Hupu[1,1]e726
=Pl = T)m29p
=p.psDa— ¢ Ap)
= px(psda) = 0" (psAB)
=, (H, Q) — " (H.A%)
= H.(¢. Ay — ¢ Ap).

This completes the proof of theorem (5.1). q.e.d.

Formula (9) in the proof of (5.1) above and (1) in the proof of (4.11) show

[11 1]* nil ((P) = [11 1]* (152((:0)
= —p. Ay +¢" Ap

Hence the composition [1, 1], nil with

[1,1]. : Ext(4,A*B) —» Ext(A,TB® Z/2)
is an inner derivation. This implies

(5.4) Proposition.

[1,1]s{nil} =0
in H'(Ab, Ezt(—,Z/2®T)).
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