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o. Introduction.

Let K be the quotient field of vVitt vectors ring lV( k), where k is an algebraically
closed field of characteristic p > 0, f = Gal(I? / ]().

For a E N, a ~ p - I, denote by Mrcris (a) a full sllbcategory of the category of
Zp[r]-nl0dules, which consists of f -inv<u'iant lat tices of crystalline Qp [r]-rllodules
with Hodge-Tate weights from [0, a]. Fontaine-Laffaille theory, c.f. [F-L], gives
effective way to study objects of the category Mfcris(a) by the functor

where MFf(a) is some subcategory of the category of filtered W(k)-modules.
In this paper we follow Fontaine's iclea from [Fol] to study the iluage H of f in

AutZp U, where U E Mrcris(a).
Let ftr be the Galois group of the Inaximal tamely ramified extension K tr of

K in i? Fix a section s : rtr ---t r of the natural projection r ---t rtr. Let
U be a free Zp-module of finite rank h with continuos action of r. Then U is a
semisimple Zp[s(rtr )]-module. Introcluce the following two basic assumptions about
this module (in fact (2u) implies (lu ):

(lu) in the isotypical decomposition U = ffinEZUn all components Un are simple;

(2u) in the isotypical decomposition EndZp U = (Endz" U)8(r\c) EB (EBnE.JE o) all
componcnts (with nontrivial action 0/ s(rtr)) Eu are simple.

The first assumption implies, that U 0 vV(Fp ) = ffiXESUx , where S = S(U) is
a finite subset of the group of characters Charrtr and rkw(F

p
) Ux = 1. The set 5

satisfies the conjugacy condition: X E 5 =} ax E 5, where a is absolute Frobenius.
For any such S C Char rtr consider the set of functions Fs

n : S X S ---t Z >0 U {+oo},
. -

such that for any Xl, X2, X3 E S
a) n(Xl,Xl) ~ 1;
b) n(xI, X2) = n(aXt, aX2);
c) n(Xl' X2) ~ n(Xl, X3) + n(X3, X2)j
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d) n(Xl,Xl) = mini n(xl,X) +n(x,Xl) I XE S}.

If U satisfies assumptions (lu) and (2u), the function nu E Fs can be defined
as follows.

Let H 1 be the image of the higher ramification subgroup I = Ker(f ~ f tr )
in AutZp U. The Lie Zp-algebra H of thc p-adic Lie group H l is Lie subalgebra
and Zp[s(ftr )]-submodule of EndZp U. If a E :J, then Ho = H n Eo: = p7t Ol Eu
for same n("( E Z >0 U {+00}. If Xl, X2 ES, Xl =f. X2, then there exists the unique
a(Xl,X2) E:1, su~h that XI 1 X2 appears as a character ofthe ftr-module Eo (xllx2)'

and we set

If Xl = X2, set

We obtained the function nU E Fs, which contains considerable part of infor
lnation about the image H of f in AtltZp U.

One can check up, that for any finite subset S C Char ftr (which satisfies the
conjugacy condition) and any n E Fs, there exists f-module U (which satisfies
assumptions (lu) and (2u )), such that S = S(U) and n = nu.

Let a E N, a ~ p - 1 and let (Charrtr)(a) be union of all S(U), where U E
Mfcris (a). Consider standard identification

r : Charftr ----4 R~ = { r E Qn [0,1) Ivp(r);::: 0 }

(if X E Char rtr, then TeX) = l/(pN - 1), where 0 ~ I < pN - 1, X = xiS and
xiv E Char rtr is such that xiv(T) = (T1rN )1r"i/, where 1rN E k is such that

N

1r~ -1 = -p). Then by Fontaine-Laffaille theory we have

r((Char r tr )(a)) = Rp ( a),

w here Rp ( a) consists of r E R~, such that all digits 18 ( 7'), S 2:: 0, of the archimedian
expansion "in a base" p

belang to [0, a].
Let a :s; p - 2. In this case the Fantaine-Laffaille functor U : MFJ(a) -----+

Mfcris(a) is an equivalence af categories. If U E Mrcris(a), then U = U(M), where
M E MFf(a), and our main result (theorem A of n. 2.5.1) gives expression for the
function nu in terms related to the filtered module M.

Let
{ nu J U E Mfcris (a) } = U :F~ .

SC(Char rtr)(a)

Then by theorem B of n.2.5.2 the subset F1 C Fs is given only by one additional
condition
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d') if Xl, XO E 5,1'1 = r(Xl), 1'0 = r(xo) and for all s E Z ~o one ha.s 1,,(1'0) 2::
18 (1'1), then

n(xI,Xo) = Inin{ n(xI,X) +n(x,xo) I XE S}.

As application consider the case a = 1, p ~ 3. If G is a cornmutative formal
group G over W( k) of finite height, then its Tate Inodule T(G) is an object of the
category U E Mrcris (1). In this case (under assumptions (lu) and (2u)) theorem
B gives

:F~(T(G» ::j:. :FS(T(G» {::> Gm ~ G ,

where Gm is the formal multiplicative group. In particular, if G is a I-diluensional
formal group of height h, then

r(S(T(G)) = {piJ(ph -1) IO:S; i < h}

and
:F~(T(G» = :FS(T(G»'

This equality gives positive answer to the question of J.-M. Fontaine from [Fo1]. In
this case the function nT(G) can be also expressed in tenns of functional equation
for logari thrn of G.

We did not consider in this paper the case a = p - 1, but it can be considered
in the same way using more complicated construetion related to some version U1 of
the modifieation of Fontaine-Laffaille funetor froln [AbI]. Then theorem A holds,
when U is replaced by Ul, and theorem B holds (with small correetion: if U arises
from "eonnected" filtered module, and the trivial character 77 belongs to S(U), we
must set 1'( '1J) = 1) for a1l a ::; p - 1, so one can apply it also for fannal groups in
the ease p = 2.

vVe did not consider here systelnatically the second invariant of the iUlage H,
which appears as Zp-module 'H n (Endz" U)s(r tr ). In SOlne eases (e.g. in the ease
of I-dimensional formal groups) we prove, that

and, therefore, here the knowledge of the function nu E :FS(U) is equivalent to the
knowledge of the image H of the Galois group r.

This paper was written during Iny stay in the "Arbeitsgruppe Algebraische Ge
ometrie und Zahlentheorie" (Max-Planck-Gesellschaft, BerEn). I express my grati
tude to this organization for hospi tali ty.

1. Characterization of some subgroups in GLh(Zp).

1. Let U be a free Zp-module of finite rank h. Consider a closed (in p-adic
topology) subgroup H C AutZp U ~ GLh(Zp), so aue has structure of a continuos
Zp[H]-module on U.

1.1. Consider the following properties C1-C3 of H -module U.

Cl. There i.s an exact sequence of group8

1 -----+ H 1 -----+ H -----+ H1 -----+ 1,

3



where BI is a cyclic group of order prime to p and BI is a pro·p-group.

In this case one can fix a splitting s : H I -----7 H, what gives the strllctllre of a
continuos Zp[s(HI)]-lllodule on U. Clearly,

where 5 = 5(H) consists of characters X E Hom(HI, W(lFp )*), such that

If a is thc absolute Frobenius on lV(lFp ), then Olle has: X E 5 => ax E 5.

C2. rkW(F
p

) Ux = 1 for any X E 5(H), i. e. Zp[S( H I )] -module U does not contain
multiple irreducible cornponents.

C3. 1f Xl, X2, Xa, X4 E 5(H), Xl =f. X2 and XlI X2 = X3"l X4, then Xl = Xa (and)
therefore, X2 = X4), i. c. Zp[S(H1 )] -module EndZp U does not contain irreducible
multiple components with nontrivial action of s(HI ).

We prove the following proposition to illustrate these properties.

Proposition. H tl1e image of H in AutFp (U ® IFp ) is a cyc1ic group of order q - 1,
where q = ph, tben tllc propertics 01-03 hold and U] = U ® !Fp is a sirnple Z,,(H]
module.

Proof.
Obviously, Cl is true.
Present 5 = 5(H) as a union of a-orbits

5 { X a ht-1x..X ah,-I x }= 1,···, ], ... , 8,···, s'

Then ordXi I phi - 1 for 1 :::; i ::; s, and h] + ... + hs = 151 ::; h. Now

q - 1 = C.G.M.{ ordXi 11 ~ i ~ S }::; rr (phi - 1) ::; ph1+···+h, - s

1:::; i:Ss

gives s = 1, h1 + ... + h~ = h, 01' 5 = { X, ax, . .. ,ah
-

1 X } and ord X = q - 1, what
gives the property C2.

Let XI,.·., X4 E 5, Xl =f. X2, XlI X2 = X3 I X4· One can assume, that Xl =
X,X2 = a n2 X,Xa = a n3 X,X4 = an"x, where 0 ~ n2,na,n4 < h,n2 =f. O. Because of
the property ord X = q - 1, the equality XlI X2 = x3"] X4 is equivalent to

The both sides of this equivalence are elements fron1 [2, q], so we have the cquality
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Now n2 i=- 0 ::::} 1 + pn 4 ~ p + 1 > 2 =} n4 i=- 0 ::::} n3 = 0 ::::} Xl = X3. SO, we have
also the property C3.

1.2. Let 11. C EndZp U be the Zp-Lie algebra of H 1 C Autz,. U. Then H ~

11. gives one-to-one correspondence between subgroups H C Autz,. U (with given
H I) and Z p [s (H1)] -submodnIes and topologically nilpotent Lie subalgebras 11. of
Zp[s(H l )]-module and Lie algebra ElldZp U.

Clearly,

Under this injectiön EndZp U consists of

such that O'QXI1X2 = QUXl1 U X2 for any Xl, Xz E 5, where

Let 7] be some character of s ( H I ) 1 then
(EndZp U)'1 = 0, if 1] i=- X;-l Xz for any XI, XZ E S;
rkW(Fp)(Endz,. U)'1 = 1, if1] = Xl" l

X2l where Xl,X2 E S,Xl i=- Xz;

(EndZp U)!j(Hd = { (Qx idx)xES I O'x E W(lFp ), ao:x = Qux \:IX E 5 }.

Now let 11. (9 W(lFp ) = EB 11.'1' Then the following properties describe 'H
'1EChar !j(H 1 )

as a Zp[s(Hl )]-sublnodule of Endz,. U:
a) if 1] i=- XII XZ, where Xl, Xz E 5, then 11.'1 = 0;
b) if Xl,XZ E 5, Xl i=- X2, then there exists n(Xl,xZ) E Z~oU {+oo}, such that

'LI 1 - pn(Xl ,X2) Horn - (U U )
l(.x~ X2 - W(Fp ) Xl' X:z'

These "integers" n(Xl ,X2) satisfy the conjugacy condition n(XI , X2) = 11,( aXI , axz).
c) 'Ho = 11.!j(Hd is some Zp-submodule of

The following properties describe 'H as a topologically nilpotent Lie subalgebra
of Endz,. U:

cl) if XI, Xz, X3 are different elements of 5, then ('Hx1 1x2 ' fix;lxJ C 11.
X

-;lXiI and,

therefore, n(Xl' Xz) +n(xz, X3) ;:: n(xl, X3);
e) if XI, Xz ES, X I i=- X2, then [11....,- I x ' Hx- 1..., ] C 11.0 and this n1eans

"-1 2 2 .\.1

f) 'Ho C p(Endz,. U)ß(Hd.
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If Xl, X2 E S, Xl 1= X2, then e) and f) give n(Xll X2) + n(X2, Xl) 2:: 1. SO, if we
set by defini tion

alld reqmre n(x, X) ;::: 1 for all X E S, then the above property d) can be reformu
lated in a following way.

dl ) if Xl, X2, X3 ES, then

So, we have

Proposition. There is one-to-one correspondence between subgroups H C AutZp U,
which satisfy the properties C1-C3, alld tbe following data:

1) a function n = nH : S x S ----+- Z~o U {+oo}, such that for any Xl, X2, X3 E S

n(oXl' 0X2) = n(Xh X2);

n(x1, X2) + n(X2, X3) ;::: n(x1, X3)j

2) a Zp-sublnodule Ho = Ho(H) of p(ElldZp Ur~(Hd C p EB HomW(F )(Ux , U,,;),
xES P

SUcll that for any Xl, X2 E S

1.3. Consider the following property

C4. UI = U ® IFp i3 a simple Zp[H]-module.

Clearly, C4 implies C2. Ullder assumption C4 the above description of H can
be slightly shnplified.

From Cl it follows, that Zp[s(HJ )]-module U is simple. So, if we fix X E S =
S(H), then S = {X, OX, . .. ,oh-l X}. For i E 7l/ hZ set n(i) = n(om 1 X, a m2 X),
where (ffi2 - rHl) fiod h == i. Then

n(i) +n(j) 2:: n(i + j),

for any i,j E 7l/h71. Remark, that HI = H n (1 + pEndZp U), therefore, a11
n( i) E NU {+oo}, and we obtain thc function

12 == nH,x : Z/hZ --+ NU {+oo}.

To rewrite the condition 2) of proposition of 11.1.3, let
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where 'Ho = 'Hs(Hd as earlier, and for i E Z/h71 \ {O} 'Hi is an irreducible
Zp[s(H1 )]-module, such that 'Hi,x- 1 er i X =f. O.

For any m E Z/hZ, let Ucrm x = W(IFp )em , where aem = em +l' For any m], rnz E

Z/hZ, let em1 ,m2 E HOlnW(F'p)(Uermlx,erm:zX) be such that e m1 ,m2(em1 ) = em2 • In
trus notation for q = ph and any i E Z / hZ

'Hi C { L Q'mem,m+i J Q'm E W(IFq ), aam = Q'm+l }.

mEZ/hZ

Remark, that for any· i E Z/hZ 'Hi is completely determined by its projcction
'Hi(X).to H?mW(Fp)(Ux , Ueri x ). H i =f. 0, then 'Hi(X) = pn(i)W(IFq )eo,i.

If i E 1l/ h71 \ {O}, then oue can easily verify, that ['Hi, 'H-d C 'Ho consis ts of
elements in a form

Pn(i)+n( -i) '"" Q' eL..J m Trl,fTl,

mEZ/hZ

where 0:'0 = a i , - l' für some , E W(Fq ).

If h1lh, denote by Trh,h1 the trace map of the fields extension given by quotient
fields of the rings W(IFq) = W(IFph) and TV(IFph 1 ). Oue can easily check up the
following statement

Lemllla. Ha E W(IFq ), i E Z/hZ, tben tbe following cOllditions are equivalellt
1) there exists , E W(lFq ), such tllat Q' = a i , - ,i
2) iE h] = C.g .d.(h, i), then Trh,h1 Q' = o.

Therefore, if i E Z/ hZ \ {O}, then the property ['Hi, 1t- i J c 'Ho is equivalent to

pn(i)+n( -i) Ker(Trh,(h,i) )eo,o C 'Ho (X).

Definition.
a) If h] Ih, then

n*(h]) = min{ n(i) + n(-i) I i E Z/hZ \ {O}, (i, h) = h1 }j

b) wen) = E pn· (hd I<er Trh,h1 C W(lFq ).

h1 1h

Clearly, wen) is the minimal Zp-submodule in W(lFp ) containing Zp-Inoclules
pn(i)+n( -i) I<er Trh,{h,i) for all i E 7l / hZ \ {O}.

Finally, we obtain

Proposition. There is a one-ta-olle correspondence betweell pairs (H, X), where
H is a subgroup af AutZp U, whicb satisfies properties Cl, C3, C4, and X is a fixed
character of the H -Dlodule U 0 IFp , and tbe follawing data:

1) a function n = nH,x: Z/hZ~ NU {+oo}, such that

n(O) = min{ n(i) + n(-i) li E Z/NZ }

and
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n(i) + n(j) ~ n(i + j)

for a11 i, j E Z/hZ;
2) a Zp-module 'Ho(X) = 'Ho(H, X), sucb that

w(n)eo,o C 'Ho(X) C pW(lFq )eo,o.

2. Case of Fontaine-Laffaille modules.

Let W( k) be the ring of Witt vectors with coefficients in a perfect field k of
characteristic p > O. Let K be its quotient field and r = Gal(K / K). Let U be
a free Zp-module of finite rank h with continuos r-action. If the image H of r
in AutZp U satisfies the properties CI-C3, we also use notation nu, nu,x instead of
nH, nH,x from section 1. Under above assumptions Cl-C3 we want to study the
case, when U is Fontaine-Laffaille r-module, i.e. U is ar-invariant lattice in some
crystalline Qp[r]-module with Hodge-Tate weights from [0, a], whcre a < p. For
simplicity we assullle, that k is algebraically closed (what is equivalent to the study
of the image of the inertia subgroup of r).

2.1. Some factJ from Fontaine-LafJaille theory, [F-L].
Let Acris be Fontaine's crystalline ring. It has continuos r-action, A~ris = W(k).

There is Frobenius endomorphisln aeris(= a) of Acris, which prolongs standard
Frobenius a of W( k). Acris has a decreasing filtration of ideals Fil i Acris, such that
a Fili A cris C pi Aeris for 0 ::; i < p.

Let M:F be the category of W( k)-modules M with decreasing filtration of length
< p by W(k)-submodules M = MO :J M 1 :> ... :J lvIP = 0 and a-lincar morphisms
,pi : Mi ----+ M, such that 4JiIMi+l = p4Ji+l for all 0 :::; i < p.

One cau consider Acris as the object of the category MF, if A~ris = Fili Aeris ,
A.. = p-ia for 0 < i < P and AP. = 0If'I -, ens'

Let MF be the full subcategory of admissible modules in MY. By definition, MF
consists offinitely generated filtered modules M E MY, such that L:i <pi(Mi) = M.
MF is an abelian category. Denote by MF f (resp., MFtor) a fuH subcategory of 11F
which consists of free (resp., torsion) W(k)-modules M.

Let Mr be the category of Zp[r]-modules. Then Fontaine-Laffaille theory gives
an exact and fai thfull functor U : MF ----+ Mr. If M E MFf, then U(M) =
HOmM:F(M, Acris ), where the structure of r-module on U(M) is induced from the
r-module structure on Acris . In this case U(M) is a free Zp-module, rkZp U(M) =
rk~V(k) M and U(M) 0 Qp is a crystalline Qp[r]-module with weights from [a, b],
if MO = Ma and Mb+l = O. If M E MFtor , then U(M) = HOffiM:F(M, Acris,oo),
where Aeris 00 = limAcris n, and A eris n = Acris/pnAeris with induccd stnlcture of, ~' ,

nEN
the object of the category )\I1:F. In this case lengths of W (k )-lllOdule lI/I and of
Zp-Inodule U(M) coincide.

First information about r-luodules U(M), where M E MF, comes froln the study
of simple objects of the category MF. Let Rp = { r E Qn [0,1] I vp(r) 2:: 0 }. For
any r E Rp consider its archimedian decon1position

8



with digits 15(r), where 0 ::; ls(r) < P for all s E Z;:::o. Denote by her) the Ininimal
period of the sequence {l$(r)}s>o. One can use indices from Z/h(1')Z or from Z for
this sequence.

Let r E R p and M(r) E MF be such that
a) pM(r) = 0 and as k-module M(r) has a basis {mi li E Z/h(r)Z};
b) for 0 ::; J < P the submodule of filtration M( r)i is generated by

(in particular, mi E M(1·/i (r) \ M(r )li (r)+l)j

c) for all i E Z / h(r)Z one has 4> l i(r) (md = 11li+1.

If r E R p and i E Z, let

(
0) _ Zi(r) li+5(r)

r z - -- + . 0 • + +1 + ....
p pS

Then any simple object of the category MF is isomorphie to M( r) for some r E Rp ,

and M(r]) ~ M(r) iff rl = r(i) for some i E Z.
If N E N introduce "taluely ramified" character xiv : r ---t W( k)'" by the

relation
xiv(r) = (r7rN)/7rN,

where T E r and 7rN E I? is such that 7r~ -I = -po If X : r ---t IV(k)* is some

continuos character, then X = X;';NCX) for sOlne N E N and 0 ::; kN(X) < pN - 1.
In this notation

does not depend on thc choice of N and determines the character X uniquelly.
One can use this invariant to describe the structure of r-module U(r) = U(M(r)).
If r E R p n [0, 1), thell U(r) is a simple Zp[r]-module with the set of characters
S = {X, ax, ... ,ah(r)-l X}, where reX) = r. This means pU(r) = 0 and

where U(r)71 = {1l E U(1') ® W(k) I ru = 1](r)ll for all T E r} =I O. lf r = 1, then
U(l) = U(O) is trivial r -nl0dule IFp .

Let V be a crystalline Qp [r]-module with weights from [0, p - 1]. We eall r
Inodule U Fontaine-Laffaille r-module, if U is isomorphie to SOlue r-invariant Zp
lattiee of V. By the main result of Fontaine-Laffaille theory V contains SOlne
r-invariant lattiee isonl0rprue to U(M) for SOlne M E MFf. Generally, one can not
present any r-invariant lattiee of V as U(M), where M E MFf' beeause the funetor
U : MF ---t Mr is not fully faithfull. Let MFu be a fnil subcategory of MF, which
consists of filtered nl0dules lvI E MF, such that the simple object M(l) does not
appear as a subquotient of M. Then restrietion

is fully faithfull functor. So, if U1 c U(M) ® QPl where M E MFj, i8 r-invariant
lattiee, then U1 =U(lvI1 ) for some MI E MFi. In this case
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M 1 ·= Homr (U1 , Acris),

where the filtration and a-linear morphislllS <Pi, 0 ::; i < p, on lvII are induced from
those on Acris. (One can apply modification of the Fontaine-Laft'aille functor frOIll
[AbI] to describe all r-invariant lattices of arbitrary crystalline Qp[r]-module with
weights from [O,p - 1].)

At least in OtU' casc, properties of the r-lllodule U = U(M) are related lllore
directly to properties of the filtered module M' E MFU, such that U = U1 (M'),
where U1 : MF u

---7 Mr is some functor equivalent to the functor U. Let MF~
be a fuil subcategory of MFu

, which consists of filtered modules M, such that
pM = 0. Then construction of U1IMFf was done in [AbI] (where the more general
case of objects M E MF, such that pM = 0, was considered). Essential part of this
construction can be explained as follows.

Let M E MF~, then it has k-basis m = (mb"" mN), such that for SOlne
function I : [1, NJ --» [0, p-1] the filtration submodule Mj,°:s; j < p, is generated
by {mi II(i) ~ j}. If ~(m) = (<pl(l)(ml)"'" cPl(N)(mN)), thcn a-linearmorphislllS
</>k, 0 ::; k < p, are uni quelly defined by thc relation

~(1n) = mO,

for some C E GLN (lV(k )). Then U1 (M) can be identified wi th r -Inodule of residues
modulo pO of j{-solutions X = (){1" .. ,XN) of the system of equations

c-;r(I)""'(_~~N»)=(X1"",XN)C,

Construction of equivalence of the functors UIMFf and U1IMFf is relatively com
plicated, c.f. [Abl] (and leads to thc construction of the functor U1). But, if
MF(p - 2) is a fuH subcategory of MF, which consists of filtered modules M, such
that MP-l = 0, then restrietions of U and U1 on MF(p - 2) coincide. So, we can
considerably simplify out arguments by studying only the case of Fontaine-Laffaillc
lllodules in a form U(M), where M E MF(p - 2). Remark, that objects M of the
category MF(p - 2) are characterized by the following property:

if M(r) is a simple subquotent of M, then r E Rp(p - 2), where

Rp(p - 2) = { r E Rp I 0 ::; ItJ(r) ::; p - 2 for all s 2: °}.
2.2. Class MF(S) .
Let S be a finite subset of Rp , such that rES:::} r(l) E S. For any rES we

denote its archimedean decomposition in "a base p" by

where °:s; ItJ(r) < p for all s E Z>o.
Introduce dass MF(S) of obje~ts of the category MF f as follows. By definition

it consists of filtered free W (k)-modules M, such that
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a) M has W (k )-basis {ffi r IrE S} and for any 0 ::; j ::; p its filtration sublnodule
Mi is generated by {mr Ilo (r) ~ j} (in particuIar, for any rES one has rn r E
M1o(r) \ M 1o(r)+1)j

b) a-linear morphislllS <Pi : Mi ~ M are uniquclly defined by relations

<PiO( r( -l ))n1r(-1) = m r + L ßrr l m r ,

riES

where l' E S and eoefficients ßrr l E W (k) satisfy the following condi tions bt) and
b2 ).

bI ) Let rl, ... , r m E S be such that

S = {rl"" ,1'I(h t - 1); ... ; r m, ... , rm(hm - 1)},

where hj = h(rj) is the lninilllal period of p-digits decomposition for rj E S. There

exists substitution ( ~ ~ ) , such that
J1 Jm

ifr = rjG(a),r' = 1'jb(ß), where a 2:: b, Q' E ZjhjGZ,ß E ZhibZ, then ßrr l E
pW(k),-

b2 ) if Io(r) ::; Io(r'), then ßrr l = O.

The above conditions a) and bl ) define on M the structure of an object of
the category MFf and the condi tion bl ) describes M / pM = M( 1) E MFtor as
subsequent extensions of the simpIe ob ject M (r j J by M (r jG ), where 1 < a ::; rn.

In other words, one has the following exact sequences in the category MFtor :

o--+ M(r' ) = M(m) ------t M(m-l) ---+ M(r· ) ---+ 0
)m )m-l •

The condition b2 ) was introduced by Wintenberger, c.f. [Wtb]. He proved, that
the structure of any M E MFf has the above explicit description, whieh satisfics
this additional property (and even gives a functorial spritting of the filtration on
M).

If U is a free Zp-module with continuos action of r, and H = H(U) is the image
of r in AutZp U, then Zp[H]-module U automatieally satisfies the property Cl of
n.I. In notation of n.1 H l is the ünage of the lügher ramification subgroup I of r
and H l is identified"with a quotient of rtr = r j I. We ean fix a section s : rt.r ---+ r
of the projection r ------t rtr and take induced splitting s : H 1 ------t H. Thercfore,
any character X of s(HI ) ean be considered as character of rtr (this identification

is induced by eomposition rtr ~ s(rtr ) ---+ s(HI )) and can be givell by its 1'

invariant r(x) from n.2.1.
Clearly, MF(S) C MF(p - 2), if and only if S C Rp(p - 2). If M E MF(S) and

U = U(M), then the set S(H) of characters of the group s(HI ), which appears
in n.1, is identified with S by the correspondellce X \---lo rex). So, U satisfies the
property ,C2 of n.1. We obtained the following proposition.

11



Proposition. Tbe following statements are equivalent:
1) U is Fontmne-Laffmlle module with weigbts from [0, p - 2], wbich satisfies

conditions Cl and C2 oE n.l;
2) U ~ U(M), where M E MF(S) and S = SCHeU»~ c Rp(p - 2).

Consider the following property of S C Rp(p - 2).

C5. All elements 01 the set

are different.

Then we have

Corollary. U is Fontaine-Laffaille r -module witll weights from [0, P - 2] satisfying
conditions C1-C3 of n.i, if and only if U ~ U(M), where M E MF(S) and S C

Rp(p - 2) satisfies the above property C5.

2.3. Function nM.
-Let M E MF(S) be given in notation of n.2.2.
Define the functioll nM : S x S ~ Z~o U {+oo} as follows.
For r,,' ESset

nM(r, r') = llUU{ vp(ßr/(iLr(i» I i E Z},

then for '1,'2 E S
nM(r], (2) =

= min{ nM(rI,r(l»+ ... +n~(1,(l-1),r(l»+nM(r(l),r2)1/2: 0,,(1), ... ,r(l) ES}.

Proposition. The function nM satisnes the following properties:
1) nM(r, r) 2: 1 for any rES;
2) nM('] (1), r2 (1» = nM(r], (2) for any 1'],'2 E S;
3) for any Tl, r2, r3 E S

Proo/. 1) follows from thc property b]) of coefficients ßrr./ j

2) follows from the equality nM(r(l), 1" (1» = nM(r, ,')j
3) follows from definition of nM('], r2)'
4) H nM(rl, 1'2) = +00, then this equality follows from the above n.3). If

nM(r], 1'2) < +00, then

12



for some /2' 1 and r(1), ... ,r{l) E 5, because nM(rl,rz) = +00 by the property bz)

of n.2.2. Thcn by definition of nM wc have

This gives
nM(rl, TZ) ;:: nM(rl, T(l») +nM(r(l), TZ)'

Now it is sufficient to remark, that by the above property 3)

Remark.
It is not clear from the above definition of the function nM, that it depends ollly

on the isomorphism dass of M E MF($) in the category MF. Trus property can be
proved from functoriality of Wintenberger splitting, c.f. [Wtb]. This follows also
from theorem A of n. 2.5.1 below.

2.4. Semilinear functions and theiT 9raphs.
2.4.1. Let S be a finite set. Denote by Ts the set of functions

n : S X 5 --4 Z~o U {+oo},

such that for all rl, TZ ,r3 E Sone has
(1:F) n(rl,rl) ~ 1;

(2:F) n(1'l,TZ) S n(Tl,T3) +n(T3,Tz).

If 51 C 5 x 5 and (Tl, TZ) E SI, denote by Sl(rl, TZ) the set of sequences
(rt,T(l), .. "T(l),rZ), where /;:: 0 und (rl,T(l»), ... ,(r(l),Tz) E SI (in the oriented
graph with vertices S and edges 51 this set is the set of all paths, which connect Tl

and rz).
Denote by V$ the set of functions

v : Sv ---7 Z~o,

where Sv C S x 5 and
(lv) if(rl, ... ,r(l),r) E Sv(T,r), then

v(r,r(I») + ... +v(r(l),T) 2' 1;

So, Vs is the set of oriented graphs with nonnegative integral metries, where
edges are shortest paths between their vertices and there are no cydes of length O.

13



If n E 5, let

and consider the function 71'"(n) : S(n) -----? Z >0, such that 7r(n)(1'1,7'2) = n(7'1 ,7'2)
(if(Tl,T2)E5(n». -

We have: 7r(n) E Vs.
Indeed, (lF) and (2;F) imply (1 v). If (2v) does not hold, then there exists

(1'1,1'(1), . .. , T(l), 1'2) E s(n)(TI, 1'2), where I :2: 1, such that

This gives n( 7'1 , 1'2) :2: n(Tl , 1'( 1) )+n(1'( I) , 1'2) and we obtain contradiction (Tl, 1'2) rt.
s(n) .

So, we defined the map 7r : F s ---+ Vs.

Let v E Vs. If Sv(1'1,1'2) = 0, set 7](v)(1'1,1'2) = +00. Otherwise, let

Clearly, 1J(v) E :Fs and we defined the map Tl : Vs ---+ :Fs.

2.4.2. Proposition. rr alld 1J are inverse Olle to another bijections oE the sets :Fs
and Vs.

Proof.
1) Prove, that 7[1] = id;Fs'

Let nE Fs, v = 1r(n) E Vs. We want to prove, that für any (1'1,1'2) E 5 x S

This is implied by the following lemma.

Lemnla.
a) If1J(V)(TI ,TZ) < +00, then 12(1'1,TZ) ~ 1](V)(Tl,TZ).
b) Hn(1'1,TZ) < +00, then 71(V)(T1,TZ)::; n(TI,TZ).

PToof of lemma.
a) 11(V)(T1, 1'2) < +00 => 5(n)(1'j, 7'2) =1= 0 =>

From definition of v = rr(n) it follows, that v(Tl, 1'(1) = n(Tl ,T(J», ... , v(T(l) ,TZ) =
n(1'(1) , TZ) and, therefore, 11('0)(1'1' TZ) :2: n(1'1, TZ).

b) Let n(1'1,1'2) < +00. Then one can find a presentation

where 1'( 1) , ... , 1'( I) E Sand the nlunber of surnmands I + 1 = I(Tl , TZ) is maxiInal.
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Indeed, the set of such presclltations is not empty (oue can take I = 0). But the
number of summands of these presentations is certainly restricted, because for any
Ta, ... , TjSI E S we have the inequality

(there exist 0 :S i < j :S ISI, such that l' i = l'j, then the left-hand side is not less,
than n(Ti,Ti+1) + ... +n(rj_I,Tj) ~ n(Ti,Tj) ~ 1).

From the abovc 11laximal property of the presentation (*) it follows now, that
(Tl , T{1 )), ... , (r{l) , 1'2) E S( n), therefore, S (n) (TI, 1'2) f= 0, and 1](v) (Tl , 1'2) :S n( l'1, 7'2)'

Leulma is proved.

2) Prove, that 171f = idvs .
Let v E Vs and 11 = 1](v) E Fs.
FrOln definitions of elements of the set Vs and of the map 1] it follows, that oue

has n(1'l, rz) = v(rt, rz), if (1'1, TZ) E Sv. So,

Prove, that Sv C s(n).

Take (1'1,1'2) E Sv and some 1'3 E S. If either Sv(Tl,T3) = 0 or SV(T3,1'z) == 0,
then n(1'I' TZ) < +00 == n(r1, 1'3) + n(T3, 1'2)'

If Sv(r1,T3) =I=- 0 and Sv(1'3,1'z) =f:. 0, then

and
n(T3, TZ) == V(T3, 1'"(1») +... +V(T"(12), TZ)

~ ('(1) '(h») E S ( ) ( "(1) "(12») E S ( )lor sOlne Tl , l' , ... , l' , 1'3 v 1'1, 1'3, 1'3, l' , •.• , l' , 1'2 v 1'3, TZ .
Now by the property (2v) we have here also n(Tl,TZ) < n(TI,T3) + n(r3,TZ).

So, n(T1,TZ) < n(rI,T3) +n(r3,T2) for all 1'3 ES, i.e. (1'], TZ) E s(n).

Prove, that sen) c Sv.
Let (Tl, TZ) E s(n), then n(1'1, 1'2) < +00, Sv (TI, 1'z) =f. 0 and n(Tl' TZ)

n(rI, 1'(1)) + ... + n(1'(I), TZ) for some (1'1,1'(1), ... , T{l), TZ) E Sv(Tl' 1'2)' If 1 ~ 1,
let 1'3 == T(1). Then n(T{1),T(Z») + ... + n(T{l),1'z) ~ n(T3,Tz), and n(rl,Tz) ~

n(1'], 1'3) + n(1'3,1'2). This gives contradictio11 (Tl, T2) ~ SC n). Therefore, I = 0 and
(Tl, TZ) E Sv.

Proposition is proved.

2.4.3. vVe use the following criteriunl in 11.3 below.

Proposition. Let 121, 11Z E Fs be sud] that
1) nl (Tl , TZ) ~ nz (TI, 1'2) for 8JlY Tl , TZ ES;
2) if1f(11Z) = Vz E Vs and (1'1,1'2) E SV2' then 111(1'1, TZ) ::; Vz(Tl,T2).
Tben 111 = nz.

Proof. Let VI = 1r(nl) E Vs. Then
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Indeed, (r], rz) E SV2 :::}

=} nI(TI"Z)::; VZ(lt,TZ) == nZ(1'I,IZ) < nZ(1'l,r3)+nZ(T3,TZ)::; nI(1'I,T3)+nl(T3,TZ)

for a11 13 E S, i.e. (Tl, TZ) E SVt"
Clearly, vl1 sV2 ::; Vz.

Now, for any (Tl, TZ) E S X S we have

SV2 (11, rz) C SVl (TI, TZ)

and, therefore, nl (1'1, TZ) == 1](Vl)(Tl, TZ) =

min{ Vz (Tl, T( 1) + ... +Vz (T( l) , IZ) I (lI, ... , T( 1) , TZ) E SV2 (1'1 , TZ) } = nz (1'1, ,z).

Proposition is proved.

2.4.4. Let S be a finite subset in R,p, such that l' ES:::} T(l) E S.
Let n E :Fs and ?T(n) = v E Vs . The above description of the correspondence

n t-t v implies the following proposition.

Proposition. The following statements 1) and 2) are equivalent:
1) a) for any '1,7'2 E Sone 11as n(TI (1), 12(1» = n(Tt, TZ);

b) ifrI,rz E S and lo(r](i» ~ 10(r2(i» for a11 i E Z, then

n(rI, TZ) = min{n(TI, 13) + n('3, IZ) I r3 E 5}

2) a) if (T1, rz) E Sv, then tl1ere exists i E Z, such tbat

10(1'1 (i» < lo(rz(i»

(in particular, (r, I) t/:. Sv for any rES),.
b) if(rl,rz) E Sv, then (rl(l),'z(l» E Sv and

v(rj,Tz) = v(rl(l),rz(l».

2.5. Main statements.

Let S C Rp(p - 2) be a finite set, such that rES:::} r(l) E S, and S satisfies
the condition C5 of n,2.3.

2.5.1. Let M E MF(S) and U == U(M). If H(M) is the image ofr in Autz" U(M),
then S = S(H(M» and by proposition of n.1.2 we have the function

nH(M) = nU(A1) : S X S --j. Z~o U {+oo}

(we use identification of characters of s(H1 ) with elements of S, c.f. n.2.2).
Let

nM : S X S --j. Z>o U {+oo}

be the function defined in n.2.2.3.
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Theorem A. In tbe above notation nU(M) = nM.

We prove this theorem in n.3 below.

2.5.2. Let a function

n : S X S~ Z;::o U {+oo}

be such that for any Tl, rz, T3 E S
a) n(rl , Tl) 2: 1;
b) n(rl,Tz) = n(rl(l),Tz(l));
c) n(rl, TZ) ::; n(rl, 7'3) + n(r3,7'z);
d)n(rl,TI)=rnin{ n(TI,r)+n(r,T]) I rES}.

From n.l it follows, that this function n can be related to some subgroup
H C Autz" U, where U is a free Zp-module, rkZp U = ISl. The above aggreelnent
about identification of characters of s(H1 ) with characters of r tr gives epilllorphislll
r tr ~ H 1 • One can check up, that this epimorphism cau be prolongcd to some epi
morphism r ~ H. Therefore, any such function n arises from some Zp[r]-lllodule
U.

If U = U(M), where M E MF(S), then proposition of n.2.3 and the above
theorem A imply, that the function n = nU(M) satisfies the following property d'),
which is stronger, than the property d).

d') ifrl,TZ ES and lO(Tl(i)) 2: IO(T2(i)) for all i E Z, then

Theorenl B. H n : S X S -4 Z >0 U{+oo} satisnes tbe above properties a)-c) and
d'), tben there exists M E MF(S)~ such that n = nU(M)'

Proof. Let 7r(n) = v E Vs.
If (Tl,rz) E Sv, take ß~2lrl E W(k), such that vp(ß~2rl) = V(Tl,TZ)'
If (rl,rz) E S X S \ Sv, set ß~2rl = O.

Show, that there exists M E MF(S) given in notation of n.2.2 by these coefficients

ß~2 rl ' Tl , TZ ES.
IfT,r' E Sandlo(r) 2: 10(r'),thenbypropositionofn.2.5.4(r,r') ~ Sv,therefore,

ß~'r = 0 and the condition ~) of n.2.2 holds.
To deduce the condition b1 ) of n.2.2 set for any T, r ' E S

r >- r', if n(r, r') = 0, and r 'f r' , otherwise, i.e. if n(r, r') > O.

Properties of the function n imply the following properties of the relation >-.

1) r >I- r for any rES;
2) rl >- Tz,r2 >- r3 => rl >- T3 for any rl,Tz,T3 E Si
3) Tl >- TZ {::} rl (1) >- Tz(l) for any Tl, rz E S.

Let S = {Th"" r(h l - 1); ... j Tm, .. " T(h m - I)}, c.f. n.2.2. b1 ).

Properties 1) and 2) imply existence of strictly minimal element r j m ( ao ), Q 0 E
Z/h jm 71, i.e. rjm (ao) 'f r for any T E S. By the property 3) we have rjm (0:) >- T

for all a E 7l/h jm Z.
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Apply this procedure to the set Sjm = S\ {rjm (0') la E Z/hjmZ}. We obtain an
indexjm-1 =j=.jm,suchthatforalIO' E Z/hjm_tZandr E Sjm onehasrjm_t(a) >I- r.

Repeating this process we obtain substitution ( ~ ~ ), such that
J1 Jm

if l' = rja(a),r' = rj,Jß),a ;::: b,a E Z/hjaZ,ß E Zhjb'll, then l' >I- 1", i.e.
n(r, 1") > O.

If in the above notation ß~r f. 0, then (1',1") E Sv and vp(ß~r) = v(r,r' ) =
n(1', 1") > 0, i.e. ß~r E pW(k) and condition b]) holds. If ß~'r = 0, then condition
b]) holds by trivial reasons.

Theorem B is proved.

2.5.3. Let G be a formal group of finite height over W( k), char k = p > 2. Then
its Tate module T(G) is Fontaine-Laffaille r-module with weights 0 and l.

Assulne, that T(G) satisfies conditions C1-e3 of n.1 and denote by S(G) corrc
sponding set of characters S(T(G)) of r tr . Equivalently, S(G) is a finite subset in
Rp (l) \ {O}, where

Rp(l)={rERp I l,,(r) =0 01' 1 forall SEZ~o},

such that r E S( G) =} 1'(1) E S(G) and S(G) satisfies the property C5 of n.2.2.
In this case the property d') of n.2.5.2 plays Hs role, iff {l/(p - I)} ~ S(G), i.e.

if the formal group G contains the multiplicative formal group Gm, but G f. Gm'
So, we have the following proposition.

Proposition. H 5 C R p (l) \ {O; l/(p - I)} satisiies the property 05 oE n.2.2, alld
a Eunction n : S X S --+ Z>o U {+oo} satisfies proper ties a) - d) oE n.2.5.2, then
there exists a formal group-G ovcr W(k) oE beight h = 151, such that S(G) = S
and nT(G) = n.

This proposition lneans, that if U is r-module, such that S(U) = S satisfies
assumptions of the above proposition, then its invariant nu appears in a form
nT(G) for some formal group G. vVe do not study here realization of the second
invariant 1lo(T(G)) from proposition of n.l.2 except some trivial cases (c.f. n.2.5.4
below).

2.5.4. Assume, that

S = {7', 1'(1), ... ,r(h - 1) },

where l' E Rp(p - 2) and h = h(r), i.e. the sequence {l!J( r)} !J~o of p-digits of r has
minimal positive pcriod h. Let X be thc character of s(r tr ), such that rex) = r.
By proposition of n.l.I we have

ord X = ph - 1 =} S satisfies the condition C5.

So, in this case we can use proposition of n.1.3 for description of the image of
the Galois group r in Autz" U.

Under above assumptions the condition d') coincides with the condition cl).
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Incleed, let TI, Tl E S be such that lo(Tl (i)) 2:: lo( TZ (i)) for all i E Z. Take a E Z,
such that TZ = Tl (a). Then for any i E Z the condition cl') implies

lO(TI(i)) 2:: lo(T2(i)) = lO(TI(i + a) 2:: ... 2:: lo(rl(i + ha) = lo(rl(i)).

Therefore, 10 (Tl (i) = lo(rl (i + Q'») for 811 i E Z ,. This gives Q' == 0 fiod h and
TZ = Tl.

So, we have the following proposition.

Proposition. ·Let T E Rp(p - 2) be such that r = l/(ph - 1), where I E N and
c.g.d.(l,ph - 1) = 1, S = { T, T(l), ... ,T(h - 1) } and let n : Z/hZ -4 NU {+oo}
be such that

neO) = min{ n(i) + ~(-i) I i E Z/hZ },

n (i + j) :::; n (i) + n (j ) for 811 i, j E 7l / hZ.

Then tbere exists M E MF(S), such that nU(M),x = n (wbere X is the c11aracter

of rtr, such that rex) = r).

2.5.5. In notation and assumptions of 11.2.5.3 suppose, that r E Rp(p- 2) satisfies

assUlnption C6 of 11.3.12 below, i.e. polynonles 10(r)XPh-l + ... + lh-t(r)X and
XPh -1 _ 1 are relatively prime in IFp [X]. By remark of n.3.12 the second invariant
Ho(X) of the image H(lvf) of r in AutZp U(M») equals pW(lFp h )eoo. Thereforc,
under additional assulllption C6 proposition of 1l.2.5.3 gives cOlnplete infonnation
about H(M).

vVe have natural realization of thc above assumptions in a following situation.
Let p > 2 and G be a 1-diluensional formal group over W(k) of finite height

h. Denote by S(G) the set of characters of the group s(rtr) of the image H( G) of
r in AutZp T(G), where T(G) is Tate module of G. Then tamely ramified char
acte:i Xh (c.f. n.2.2) belongs to S(G) and S(G) = {pi/(ph -1) 10 ::; i < h }.
Clearly, additional assumption C6 is also satisfied here and we obtain the following
proposition.

Proposition. Let H be a c10sed subgroup of AutZp W(IFph). Then tlle following
statements are equivalent:

1) Tbere exists 1-diInensianal fonnal group G of heigh t h over W (k) a11 d an
isomorphism of Zp-modules T(C) ~ W(IFph), which traJlsforms tbe image H(C) of
r on H;

2) H is an extension of a cyclic group oE order re1atively prime to p by nonna]
pro-p-group (i.e. it satisfies tbe condition Cl of n.1) aJld H :J lV(Fph)*.

Remark. This proposition gives positive answer to the question of J .-M. Fontaine
from [Fü1] (a special case of this problem was cünsidered in [Na]). vVe cau also use
a relation between filtered module associated to the above formal groups G ancl
functional equations of their logarithms, c.f. [Fo2, Ch.5], to give explicit expres
sion for the associated function nT(O),x1; as folIows. Let lo(X) E WQp [[Xl] be a
logarithm of the formal group C, which satisfies the functional equation

lo(X) = X + ~(ala*lo(XP) + ... + G:ha:1a(XPh))
p
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Here a * means action of absolute Frobemus on coefficients of power series, 0'1, ... ,O'h-l E
pW(k), and (}:h E W( k)*. Then for any i E 7l / h71 we have

nT(G),Xh (i) =

= nün{vp(ai1)+···+vp(ai,) 18 E N,l::; il, ... ,i s < h,(i l +... +i.9)modh = i}.

3. Proof of the theorenl A.

3.1. Let M E MF(S) be given in notation of n.2.2. Choose rl, ... ,rm E S, such
that

s = { r 1 , ... , Tl ( h1 - 1); ... ; rm) ... , rm (l~m - 1) },

where hj = h(rj) are (as earlier) minimal positive periods of p-digit expansions of
rj,l5:j 5: m.

Choose N E N, such that N - 0 mod h j for all 1 ::; j ::; m.
Choose ß(rj ,i),(rjl ,i' ) E W(k), where 1 ::; j,j' 5: m, i, i' E Z/NZ, such that for

every rES one has

L ß(rj ,i),(rj' ,i"l) = ßf",rjl (i ' )

iEZjNZ
rj(i)=r

and

Define M* E MF f as follows.
1) M* has W(k)-basis {m(rj,i) 11 :::; j :::; m,i E Z/NZ};
2) for 0 5: I < p the submodule M""l of filtration on M* is generated by

(in particular, 7n(rj,i) E M*'o(rj(i» \ M*lo(rj(i»+l);

3) for 0 5: I < pa-linear morphisms cPl : M""l ~ Mare (uniquelly) defined by
relations

cPli_drj)(m(rj,i-l)) = m(rj,i) + L ß(rj,i),(rj"i,)m(rj"i' )'

l(/(m
i'EZ/NZ

One can easily check up, that the correspondence

ZM,M· : m r 1---7 L m(rj ,i)

iEZjNZ
rj(i)=r

gives injective mOrpmSnl iM,M. : M ---t M"" in the category MFf.

3.2. From definition of the functor U it follows, that the correspondence
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gives injective morphism of r -modules

K, : U(M) ~ ffirESAcris.

Also, W( k )-linear prolongation K,W(k) of K,

KW(k) : U(M) 0 W(k) ---+ EBrESA.cris

is still injective.
Under the above identifieation K, U(M) is identified with Zp[r]- lnodule of col

leetions (u r ) rE S E EBrE S Acris, such that for every rES one has

AIO( r)
Ur E cris

ancl
<Plo(r(-l»(U r(-l)) = Ur + L ßrrlUr l

•

riES

Analogously, U( M*) ean be identified with colleetions (U( r; ,i) )15:.i5:. m ,iEZjNZ, such
that for every 1 ::; j ::; m, i E Z/NZ one has

and
<Pl i _ 1 (r;)(U(r;,i-l)) = U(rj,i) + L ß(rj,i),(rj"i/)U(rjl,i l ).

1~j' ~m
i'EZjNZ

Epimorphism U(iM,M*) : U(M*) ---+ U(M) and its W(k)-linear prolongation
are induced by the homomorphism

EB 1 (,j~m Acris ---+ EB rE S Acris ,
iEZjNZ

sueh that (a(rj,i))]~i(,m,iEZjNZ1---+ (ar)rES, where ar = I:rj(i)=ra(rj,i)'

If U(M) 0 W(k) = ffixU(M)x and U(M*) C9111(k) = EBxU(M"')x are decornpo
sitions of s(r tr )-modules by characters X of the group s(rtr ), then for evcry X we
have indueed epimorphic map of W( k)-modules

3.3. For 1 ::; jo, ... ,j~, S; rn, ao, b1 , ... ,afj_}, bs ,'" E Z/NZ define objccts
M*(jo), M*(j}, b] j ao, jo), ,M*(js, b~j a8 -] ,j8-1, b~-l j •.. ; ao,jo) of the category
MF f as follows.

M*(jo) has W(k)-basis {m(i,jo) I i E Z/NZ }, for 0 S; 1 < P its filtration
SUblllodule M(jo)*l is generated by {m(i,jo) 11i(1'jo) 2: I}, and a-linear morphisluS
<PI : M(jo )*1 --+ M* (jo) are uniquelly defined by relations
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If s 2:: 1, then M*(j~lbs ; ... ; ao,)o) has W(k)-basis

{m(i,jl1b,;,., ;ao,jo) J 0 ~ [~s,i E Z/NZ},

for 0 ~ [' < P its filtration subnlodule M(js, bs;· .. j ao,jo)*" is generated by

and u-linear morphisms if;" : M(js, bs;... i ao,jo)*" ~ M*(js, bs;... ;ao,)o) are
(uniquelly) defined by relations

+8( i, bL)ß(*r< 6/) (r" a/ 1) m(al-I, j I-I, b1- 1 j .•. ; ao 1 jo),
JI' ')1-1' -

where [ ~ 1, 8 is Kronecker symbol, and

For any s ~ 1 we have natural iInbeddings in the category MFf

If U*(jSl bs;... j ao,jo) = U(M*(js, b~; .. < ; ao,jo)), then we have m projective
systems of Zp[rJ-modules

where all connecting morphisms

are surjective morphisms of Zp[r]-modules, which arise by Fontainc-Laffaille theory
from embeddings (*).

3.4. Let 1 ::; )0 ::; m, then by argulnents of n.3.2 the correspondcnce

Kjo : u* f-4. (m(i,jo)(U*))iEZ/NZ E ffiiEz/NzAcris

gives identification of U*(jo) with Zp[r]-submodule of ffiiEZ/NZAcrisl which consists

of (Ui)iEZ/NZ, such that Ui E A~ir~:jO) and 4>
'
i_d rjo)(Ui-d = Ui far all i E Z/NZ.

Fix same u*(jo) E U*(jo) \ pU*(jo). If K-jo(u*(jo)) = (u*(i,jO))iEZ/NZ, then

K-jo(U*(jo)) = { (wiu*(i,jo))iEZ/NZ I Wi E W(IFq),UWi = Wi+l },

where q = pN.
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If T E s(rtr ), then Tu*(i,jo) = Xi,io(T)U"'(i,jo), where Xi,io is a character of
s(rtr ) with invariant r(x) = rio (i).

Indeed, if T E rand liio (TU *(i, jo)) = (Wi,r U*(i, jo) )iEZ/NZ, then the eorre
spondenee T 1---+ Wi,r gives a continuos hOlllomorphism 1]i : r ~ W(IFq )*, and
Xi = 1]i I.,(r tr) is a charaeter of the group s(rtr ). It is suffieient to prove, that

x == Xi,io modpW(IFq ).

If lV = h(rjo) = hio ' then M"'(jo) 0 k = M(rio) is a simple objeet of the
eategory MF, and the equivalenee (*) follows from explieit deseription of r-module
U(M(rio)) = U"'(jo) ®IFp, n.2.1. If N - Omodh jo , one eau reduce the problem to
the above ease, because M"'(jo) '9 k is isomorphie to the produet of N / hio copies

of M(rio)'

In fact, the above homomorphisms 1]i : r -----+ W(IFq )'" cau be ealculated in a
following way.

Let GfvT be Lubin-Tate formal group aver W(IFq ) with logarithm

Action of r on the Tate module T( G~T) of tms group is given by continuos hOlllO
morphism

T]LT : r ~ Aut(G~T) = W(IFq )*.

If Jtb is the inertia subgroup of the Galois group of the maximal abelian extension
of the quotient field of W(IFq ), then we have a natural projection r -----+ Jüb and
identifieation of dass field theory Jtb = W(IFq )*. In these terms the homomorphism
7]LT is equal to the conlposition

where a(u) = u-1
, u E W(lFq )*.

Let r = Tio,M*(jo) = M*(r),u*(jo) = u*,u*(i,jo) = u"'(i). So, for any i E

Z/NZ and T E r, we have Tu"'(i) = 7]i(r)u"'(i) and "li(T) = a i7]o(T).

Lemma. 7]0 = n (a- i 7]LT)li(r).

O~i<N

Proof.
Tate module T = T(Gkr) is Fontaine-Laffaille Zp[f]-module, and one cau use

the following explicit construction of filtered W(k)-module Mo E MFJ, such that
U(Mo) = T.

Let 0 = (On)n~o E T, where On E GfvT(m) (m is the maximal ideal of the
valuation ring (j of I?), [P]On+l = On for n 2:: 0 and 00 = 0 (here [P] = pidG~7 E

End G kr). If On E Acr is is a lifting of On mod p E mmod pO with respect to the
structural epimorphism Acris --+ O/pO from definition of Acris , then one eau show,
that the eorrespondenee
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gives well-defined m~O) E Horn(T, A~ris)' aNmg = pmg and

Mo = Mg = L lV(k)1n~0), MJ = W(k)m~O),
iEZ/NZ

(0) ~ (0) ""
where mi = a1mo /p for 0 < i ::; N, i mod}l = i.

From this construction it follows, that for auy 0 E T and T E r one has

Let 0 = (on)n>O E T be such that 01 #- O. Then v = m~O)(o) E A~ris' TV =
1]LT(T)V for all T Er, and aNv = pv.

Now Olle can check up, that for all i E Z/NZ

vp(u'(i)) = 0, and 1> li_t(r)(u'(i - 1)) = ul(i).
This gives u' = (U'(i))iEZ/NZ E K(U(M*(r)), u'(O) = wu*(O) for SOlne w E

lV(IFq )*, and TU'(O) = 1]0 (T)u'(O) for T E r. On the other hand,

- lo(r)+u-111(r)+ ...+0'-<N-l)/N_l(r)( ) '(0)
- 1JLT TU.

Lemma is proved.

3.5. We have the following

Proposition. For 1 S; jo, . .. ,j8" .. ::; m, i, ao, b1 , . .. ,a8-1, b8,' .. E tE/NZ there
exist a family of elements u(i,jo), .. . ,u(i,j/J' b/J;' .. ; ao ,jo),' .. E Acris , sud} that

1) ( . ') AliCrjo) d .r > 1u "',)0 E cris an 101' S _

( . . b ') A1i(rj )
U "', J ~, 8;"'; aO, Jo E cris· j

2) <PI; _ tC rj 0) ( u (i - 1, j 0)) = u (i, j 0) and for s ~ 1

3) for any T E s(r tr )

wbere Xi,b., ... ,ao is a character of s(r tr ) with invariant
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4) vp ( u ( i, j 0)) = 0 and for s ~ 1

Proof.
Let 1 ::; jo ::; 111, and consider the projective system Lio from n.3.3. We want to

construct a conlpatible systeln

such that u*(jo) E U*(jo) \ pU*(jo) (c.f. n.3.4), anel if

then for any T E s(rtr ) one has

In fact, the case s = 0 was considered in n.3.4.
By induction we can assullle, that these points are constructeel for all I < s.
Take U(j8' b8;... ;ao,jo) E U*(j8' bs ; ... ; ao,jo) such that

under epimorphism U* (j8' ba ; ••• ; ao, ja) ---+ U* (j8-1, bs - 1 ; ••. ; ao, jo).
Let u(i,j,'J, bs ; ••• ; ao,jo) = m(i,jsl ba ; ••• ; ao,jo)(u(j,'J, ba ; ••• ; ao,jo)) E Aeris.

Then

and

Take decomposition by X-components

il(i,jIJl b,'J;'.'; ao,jo) = L U(i,j8' bs ; ••• j ao,jO)Xl
x

where X runs over the set of characters of the group s(r tr). Clearly, non-zero
components can appear only for characters X, such that r(x) E S (in particular,
one has for such characters aN X = X).

Set

Then comparison of X-con1poncnts of the abovc equality (*) gives
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Therefore, there exists U*(j8' b8;... ;ao,jo) E U*(j8' b8;... j ao,jo), such that

It is easy to see, that u*(j8, b8 j •.• ; ao, jo) ~ u*(j~-1, b~-l; ... ; ao, jo), and by con
struction these points satisfy properties from the beginning of this proof.

NOW, the relation

gives the farnily of elements of Aeris , which satisfy the properties of our proposition.

3.6. For 1 :::; jo :::; m consider the collection

u(jo) - (u (jo) ) E ffi . (A.) ,
- (r' i) QJl~J~m .L"1.<:ns (rj,I)'

J' iEZ/NZ

where
(jo) - 2: (' . b . ' b . . ')u( , ') - u Z,], s,as-l,Js-l, ß-1, ... ,ao,]0 ,r J ,I

and the above surn is taken for all.s :2: 0, 1 :::; j1, . .. j~-l :::; m and bß, aß-I, . .. , bI , ao E
Z/lVZ.

One can easily check up, that

u(jo) E K(U(M*)).

für any 1 :::; j 0 :::; m.

More generally, if w E lV(IFq ), q = pN, let

(jo) _ ( (jo»)
W * u - w * u( . ') l<J'<m iEZ/NZ,r J ,I - - ,

where
'W * u (jo). = '"""(a u ( i,b. , ... ,aO)w)u(i J' b· . a J')

(rj,l) W 1 , 8,·", 0,0

and the abüve surn is taken for aU.s 2:: 0, 1 :::; j}, . .. ,j8-1 :::; m, b~, as -1, .. . ,b1, ao E
Z/NZ and a(i, b8 , •• • , uo) = i - bß + a8 -1 - ... - b1 +Uo.

Then

K(U(M*)) = { 2: Wjo * u(jo) IWJ, . .. ,Wm E W(IFq ) }.

l~jo~m

Für 1 :::; jo,] :::; ffi, io, i E Z/NZ, set

(jo,i o) '""" (' . b . )u(j,i) = W U 1.,J8' ~j .•• ; Uo,]o ,
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where the above surn is taken for al1 collections (i,ja, ba;... ;ao,jo), such that ja = j
and i - i o = ba - aa-1 + ... + b1 - ao·

Then

one has for any w E W(lFq )

and for any T E s(rtr )

(jo) " ( ) (jo,i o)
TU(rj,i) = L.J Xjo,io T u(j,i) ,

ioEZ/NZ

where X jo ,io is the character of s( f t r) wi th invariant r( Xjo ,io ) = 1'jo (i0)'
In the above notation K(U(M*)) is r-modllie of collections

such that
* ,,( i o ) (jo.i o)

u(j,i) = L.J a Wjo u(j,i) ,

ioEZ/NZ
l~jo~m

where W1, ... 1 W m run over W(IFq ).

Let X be a charactcr of s(f tr ), such that rex) E S. Then there exist unique 1 :::;
jx :::; m and i x E Z/hjxZ, such that rex) = rjx (ix)' In these terms KW(k) identifies
U(M*)x with W(k)-submodu1e of EBj,i(Acris)(rj,i)' which consists of (u~,(j,i»)' such
that

(here Wjx runs over W(lFq )). This lnodule also is generated by N / hjx elements

*(io) _ (jx,io») .
U x - u(J' i) 1~J~m 1

1 iEZ/NZ

where io E Z/NZ is such that i omod hjx = ix '
Use description of the epimorphisluU( i A1 ,M-)x : U(M*)x ---+ U(AtJ)x from n.3.2.

This gives generators u~o) of W(k)-module (KW(k)U(M))x in a form

(io) - ( (io») E EB (A.)U x - Ur rES rES .n.crls r,

where i o E Z / NZ, i o mod hix = i X and

U (i o) _ '"' U(jx,i o)
r - L (j,i)

rj(i)=r
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for any rES.

3.7. Let 1 ::; jo ::; m, T E r. Then for any i E Z/NZ we have

Tu(i,jo) = w(jo),r *u(i,jo)(= aiwUo),ru(i,jo)),

where w(jo),r E W(IFq )*, c.f. n.3.4.
The following lemma can be easily proved by induction on s ~ O.

Lemma. For 1 ::; )0,)1, ... ')8"" ~ m, ao, b], ... , a,!_] , b,!,'" E Z/NZ and T E r,
there exist w(j. ,b, j ... jao,jo),r E W(IFq ), sueb that

1) for any i E Z/NZ one has

TU ( i , j 8, b8; ... ; ao , j 0) = W (jo), r * U ( i, j", b8; ... ; ao , j 0) + ... +

+W(jl,b,j ... ;ao,io),r * u(i,j,!, bttj •.• j al,jI) + ... +
+W( . ') *u(i J' ).;"b,j ... jao,)o ,1' ,11 ,

Remark. As in the above n.3.6 we use the notation

( . . b . ) (i-b +···+a/ ) (' . b . )w *U '1"J8' 8;'" ;al,Jl = a' W U 1-')8' 8;'" ;a,,)1 .

Use this statement to set

where the above sum is taken for all collections (j", b8 j .•• ; ao, j 0), such that ) 8 = j
and i - i o = b" - a,!_] + ... + b] - ao.

In trus notation the above lemma gives the following proposition.

Proposition. For any 1 ::; )0, j ~ m, i o, i E Z/NZ and T E r thcre exist wi;~//,o; E

W(lFq ), such that

(1)

(2)

where A «~o.')io) is tbe minimal value of sums
).1

under restrietions ]8 = j and i - i o = bs - a,,_] +... + b] - ao.

Let u~o) be generators of (K:w(k)U(M))x from n.3.5. Then the formula (*) of
11.3.6 gives the following corollary.
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Corollary. For every T Er, character x oE the group s(r t r ), sucll that r(x) 
rix (ix), and i o E Z /NZ one has

where Xl runs over 811 c1laracters oE s(rtr ), such that T(Xl) E S, and i l runs over
Z/NZ, such that Ti

x1
(i l ) = '(Xl).

3.8. Consider the function n = nu : S x S ------jo Z~o U {+oo} for Zp[r]-module
U = U(M), which was defined in n.1.2 (we use idcntification of characters of the
group s(H l ) with characters of s(rtr ), which are givcn by their invariants ,(X) ES).

Let nM : S X S ------jo Z ~o U {+CX)} be the functioll from n.2.3.

Proposition. For any r, ro E Sone lIas

Proof. If r = ro, then

by definition, anel

because nA.1(r, r) = +CX). So, we can assurne , =j:. ro.
lfr = 1'j(i),ro = rjo(io), where 1 ~ j,jo ~ m, i,io E Z/NZ,then corollary of

n.3.7 gives

Now proposition of n.3.7 implies, that nu(ro, r) is not less, than the mininlal
value of

where (ja, bai ... j ao,jo) is arbitrary collectioll, such that ja = j anel i - i o = ba 
aa-I+···+bl-aO.

Assurne , that the collection (ja, baj ••• j ao , ja) wi th the abave restrictians gives
the minimal value ofthe sum (*). Then the praperty niw(rl(l),rz(l)) = n~I(rl,rz)

implies the following equalities

nM (, i ~ _ t ( a~-I ), r j. ( b~ )) = n A1 (r (1) , r),

nMCri,_2 (aa-Z), rj,_1 (bs - 1 )) = nM(r(Z), r(1)),
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n:\1(rjo (ao), rj1 (bI)) = nM(r(s), r(S-l)),

where r(l) = rj~_l (io + as-1 - bs ), 1'(2) = 1'j,_2 (io +as-2 +as-1 - bs - 1 +bs ),

r(") = rjo(io + GO + ... + a.,-l - b1 - ... - b.,) = rjo(io) = 1'0·

Therefore,

by definition of the function nM.
Proposi tion is proved.

3.9. Consider the graph VM E Vs of the function 11M, c.f. n.2.4.
Suppose (1'0,1'1) E SVM C S x S. By proposition of n.2.4.4, 1'0 f=. r l

. By
the definition of the map 1'i : Fs ---t Vs, we have VM(rO, 1'1) = nM(rO, 1'1) and,
obviously,

Let S(rO) = {rO(i) I i E Z} C S and S(r1
) = {r1(i) I i E Z} C s.

Denote by jO, j 1 uniquelly defined indices froln [1, rn], such that r jO E S(1'0) allel
rp E SerO).

Introduce M(r 1
, rO) E MFJ, such that

a) M(1' 1 , ,0) is a free W(k)-module with basis

{ m~ IrE SerO) } u { m~ IrE S(1'1
) }j

b) for 0 ::; 1< P its filtration submodule M (l' I , rO
) I is generated by

{m~ IrE S(rO), 10(1') 2: I} U {m~ IrE S(r1 ),10 (r) ~ l}j

c) u-linear morphisms <P" 0 ::; I < p, are (uniquelly) definecl by relations

q,'0(r(-1»T11~(_1)= m~, for l' E SerO),

for l' E S(r1
), where

ß * -vM(rO r1)ß 'f (' ) S cl ß* 0 th .rri = P I rr l , Ir, l' E (rO,r1), an rrl = ,0 erWISe.

3.10. Let Xl
, XO be characters of the group r tr , such that rex 1 )

r(xO
) = r O

• Clearly, Xl f:. XO
•
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Proposition. In notation and assurnption of n.3.9 the following conditions äJ'C

equivaJent
a) nu(rO, r l ) ~ vM(rO, r l );

b) tbere exists u E U(M(r 1
,rO)) and TO E r, such that

(TOUXO )x1 rt ]iA(M(r l , rO))x1 ;

c) for some Wo E W(IFq ) and TO E r

'" (jO )( jl ) ('1 '1) d vM(rO r1)+1 AL-t a Wo a W(jl,bt;ao,j0),TO U ~ ,] "F P , n..cris,

where tbe sum is taken for a11 iO, i l , b1 , ao E ZjNZ, such tbat i 1 - iO = bl - 0.0,

r jO ( iO) = rO , r j1 ( i 1) = r1.

Proof.

3.10.1. The condition a) is equivalent to existence of u E U = U(M) and TO E r,
such that

In notation of n.3.6 this is equivalent to existence of

u* - L Wjo u(jo) E U(lvI*),
l::;jo::;m

such that the image of (TOU~O)Xl in UXl does not belong to pVM (rO,r
1
)+lUx I.

In notation of nn. 3.6-3.7 we have
1) u* 0 = (u*,o ( , ,»), wherex x , ),l

and the surn is taken for all iO E Z j NZ, stich that 1'jO (iO) = rO .

2) TOU"',o = (TOU* ° (""»), wherex x , ),1

and the surn is taken für all 1 ~ jl ~ m, i l E Z/NZ and all iO E Z/NZ, such that
( '0) 0'jO 'l = r .

* L( jO )( jl (j°,io) ) (j1,i
1

)
UxO vI ()' i) = a Wo a W("1"1) U( '") ,,.\, , , ) ,l ,TO J, I

,0 "1
1 ,1

and the SUITI is taken for all iO, i1 E 7l/NZ, such that TjO(i°) = ,0 and 'p (i l ) = ,I.
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(.0 '0)
Let W()' b. 'ao )'0) TO be some sUlllmand from the expression for W(~l'\) from., ., .•. , , , ) ,I , TO

n.3.7. Because of (rO, r I ) E 5VM and of the part 2) of lemma of n.3.7, we have:

and, if s 2:: 2, then

Therefore,

b1,aoEZ/NZ
b1-ao=i1-io

From the property nM ( r, r) '2 1 and construction of elements u ~~:i'() it follows,
that

(jl,i 1)_ "1 "I
U('I') = u( z, J )8(z, z ) mod pAcris.J ,I

By these arguments we obtain from the above formula 3), that

where the surn is taken for all iO, i I , bI, ao E Z/NZ, such that i l - iO = b1 - ao,
rjo(i0) = 1'0, rp(i I ) = 1'1.

Now use formulae from n.3.2 to obtain, that the value of m r E M on the iInage
of (TOU~o)xl in U(M)x1 is 0, if l' =1= ,1, and coincides with the expression of the part
c) of our proposition, if r = r 1

. So, a) and c) are equivalent.

3.10.2. Consider the elements

( . .0) (' '1 ) >I< (' '1 b .°) -n· (r
o

r
1

) (' ·1 b· .0) Au 1., J ,U Z1 J , U Z, J 1 1; aO, J = pM' U 1., J , L j aO, J E cris

froln n.3.5. Proceeding as in n.3.6, we abtain the füllowing description of elements
of the r-module U(M(rO , r1 )).

Für any u E U(M(r I , rO)) there exist Wo, Wl E TV(IFq ), such that

if r E 5(rO), then

m~(u) = L (aiwo)u(i,jO);
iEZ/NZ
rjo (i)=r

32



if r E S(r l ), then

m~(u) = L (aiWl)U(i,j1) + L (Ui-bl+aOWO)u*(i,j1,b1;ao,jO),
iEZ/NZ i,ao,b 1

rjl(i)=r

W here the last surn is taken für all i, Uo ,bI E Z / N Z, such that 7'p (i) = rand

(rjo(ao),rp(b])) E S(rO".l).

For the Xo -cürnponent uxo of the point u we have

ifr E Sera), then

m~(uxo) = 8(r,ro) L (uiwo)u(i,jo);
iEZ/NZ
rjo (i)=r

if r E S(T1
), then

m~(uxo) = 8(r,TO) L (aiW1)U(i,j1) + L (aiOwo)u*(i,j1;ao,jO),
iEZ/NZ iO ,i,ao,b1
r j l (i)=r

where the last surn is taken for all iO, i, ao, b1 E Z/NZ, such that i O = i - b1 + ao,
Tjo(i°) = rO, rp(i) = rand (rjo(ao),rp(b1) E S(rO,r1 ),

Now we can use, that XO =f=. Xl and Tou*(i,jI,b1;ao,jO) =

_( i-b 1 +ao ) *(' 'I b. ,0)+( i * ) (' 'I)- a W(j0),TO u 1.,J , l,ao,J a w(p,b 1;ao,jO),TO U 1.,J ,

where TO E r and

to obtain the following description of the point (TOUXO )x1:

if r E Sera), then nl~((ToUxO)xl)= 0;

ifr E S(r I ), then

where the surn is taken for all iO, i I , ao, bl E Z/NZ, such that iO = i1 - bl + UD,

Tjo(iO) = r O
, Tp(i I ) = Tl (we use, that the condition (rjo(ao),Tp(b1)) E S(rO,r1) is

nowa consequence of other Olles, because rp (bI) = rI(bI _i I ), Tjo(ao) = rO(ao _in)
and bl - i l = Uo - iO).

So, the part b) of our proposition is equivalellt to existence of Wo E W(IFq ) and
of TO Er, such that the right hand side of (**) does not belong to pAcris for r = r l .

Eut this is equivalent to the part c) of our proposition because of the above relation
(*).

Proposition is proved.

3.11. In notation and assumptions of n.3.9 we have the following proposition.
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Proposition. The statement of tbe part b) of proposition 3.10 is valid.

Clearly, the above proposition and propositions of nn.3.8 and 2.4.3 imply our
theorem.

Proof 0/ proposition.
This statement uses only the structure of IFp[r]-module U(M(r1,TO)) 0 IFp 

U1(rl, TO). Galois modules of this kind were studied in details (as important step
in description of all annihilated by p subquotients of Fontaine-La.:ffaille modules) in
[Ab2]. So, we give oo1y a sketch of the proof.

3.11.1. In the category MF we have a natural exact sequence

where M(T 1), M(TO) are simple objects of MF, c.f. n.2.2. This gives exaet sequence
of lFp [r]-modules

where H 1 and HO are sinlple IFp [rJ-lllodules with sets of characters S(T l ) and SerO),
respectfully. The extension (**) is not trivial, because the above extension (**) is
not trivial in the category MF.

Thc dass of extension (**) is given by nonzero elelnent e(Tl , T
O

) of the group

Ext Fp [r] (HO, H1
) = H1(f, Hom(HO, H 1

)) =

= Homrtr(I, Hom(HO, H 1
)) C $XIES(r1 ) HOlnrtr(I, Hom(HZo' H~l))

xoES(ro)

(here I is the subgroup of higher raInification in f).
Conjugacy condition gives, if

is not trivia!, then e(Tl , rO ) 0' Xo ,0'X 1 also is not trivial (here a is absolllte Frobenius
and r(axo) = r(xo )(1), T(aXt) = T(X! )(1 )).

3.11.2. For any T E Rp \ {O} = { r E Qn(0,1] I Vp(T) ~ 0 } define the sllbfield
K (r) of !{ as follows. !((r) is composite of fields

{ !(t r (Tß) I ß E W (k) },

where T$ - Tp = ßB"bG, T = alb, a, b E Z, vp(b) = 0 and Bb E K tr is such that
nb _ p
Ub - .

V\'e have the following properties
a) !((r )I I< is Galois extension;
b) l(T) = Gal(I«r)II<tr) is abelian group of exponent p;
c) 1(T) is isotypica! IFp [ft r J-lnodnIe, where action of f t r is given by the set of

characters conjugated to the character x, such that rex) = rj
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cl) if l' = k/(pN1 -1) for some NI E N, k E N, then K(T) coincides with cOluposite
of fields from the set

{ !{tr(Tß,NJ Iß E W(k) },

pNI -ß -k pNl_l_
where Tß,N

t
- TßlN1 - 1rN1 and 1rNI - -po

3.11.3. Use construction of modified Fontaine-Laffai11e functor, c.f. the end of
n.2.2. Elements of the Galois lllodule U1 (1'1, r O

) can be identified with residues
modulo pO of solutions

in f< of the systenl of equations

where r E S(r1 ).

Over !(tr all solutions of this system can be expressed via solutions of equations

where q = pN, 1rJv-l = -p, r = k/(q -1),1" = k'/(q -1).
Now the property d) of n.3.11.2 gives, that a11 points of IFp [r]-module U1(1'1,1'0)

are defined over composite of fields !((r - 1"), where

e(r1 ,rO)xo Xl E EB(r' r)ES ° I Homrtr(I(r - 1"), Hom(HxO,o' HX
1

)).
l '(r ,r ) , I

is not trivial. Therefore, the character Xö1 Xl acts.nontrivially on 1(1'0 - T~) and
for some i E Z we have 1'(a i (Xö1Xl)) = 1'0 - r~ (because 1(1'0 - rb) is isotypical
rtr-module). Trus gives

-r(xO)(i) + r(X1)( i) =1'0 - 1'~ nlod Z.

Clearly, (r~, 1'0) E S( rO, rl) implies 1'0 =I 1'~, and by the property C5 of the set S
we have 1'0 = r(X1 )(i) and rb = r(xo)( i), i.c. (1'(XO), r(X1)) E S(rO ,rl).
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Therefore, by conjugacy condition the (X O
, Xl )-component e(r1 , 1,O)XO,x1 is also

nontrivial.
Proposition and theorelll A are proved.

3.12. Remark. Suppose the set S satisfies the condition C4 of n.1, i.e. S
{r, ... ,r(h - I)}, where h = her'). In this case nU(M) = nM takes values In
NU {+CXJ}, and we can use its analogue

nU(M),X: JE/hZ ---t Nu {+CXJ}

from n.1.3 (where X E Char rtr is such that r(x) = r).
Consider the following property

h-l h
C6. The polynome~~ (lo(r)XP + ... + lh-l(l')X)modp and XP -1 - 1 are

relatively prime in IFp [X].

If our set S satisfies this additional assumption, we can prove, that 1-lo(X)
pW (IFph )eoo, i. e. the second invariant of the image of the Galois group (cJ. n.1.3)
takes maxilnal value.

Indeed, relate notation of n .1.3 with constructions of this section by taking m =
1,1'1 = r, N = h1 = h, M = M* and U = U(lvf). We can take eo = u.~l), thCll

and for any r E r

By lemma of 0.3.4

W(l),r = II (a- i 7]LT(r))li(r).

0:5 i <h

Now remark, that if T runs over subgroup of higher ramification I of r, then
its image in AutZp U runs over pro-p-group H 1, rlJ~T(T) runs over the subgroup of
principal units of W(IFph) and, therefore, W(l),r modp2 W(IFph) runs over thc set

Br = { 1 +P L (a- ia)li(r)mod p2 10' E IFph }.
O:S;i<h

This gives

Ho(X) mod p2W(IFph )eoo = Breoo.

The correspondence

0' r-t L (a-iO')li(r)
O$i<h

defines IFp-linear morphism br : IFph ---t IFph. Clearly, assumption C6 implies , that.
Ker br = 0 and, therefore, Im br = IFph. Therefore, Ho (X) mod p2 W (IFph ) eoo
pW(IFph )eoo and we obtain 1-lo(X) = pW(Fph )eoo.
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