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POLYNOMIAL FUNCTORS AND TWO-PARAMETER QUANTUM
SYMMETRIC PAIRS

VALENTIN BUCIUMAS AND HANKYUNG KO

ABSTRACT. We develop a theory of two-parameter quantum polynomial functors. Similar to how
(strict) polynomial functors give a new interpretation of polynomial representations of the general
linear groups G L, the two-parameter polynomial functors give a new interpretation of (polynomial)
representations of the quantum symmetric pair Uqu(g[n) C Uq(gl,,). This quantum symmetric pair
appears in a Schur-Weyl duality with the type B Hecke algebra Hg’q(d) and specializes to type
AIIT/AIV quantum symmetric pairs. We endow two-parameter polynomial functors with a cylinder
braided structure which we use to construct the two-parameter Schur functors. Our polynomial
functors can be precomposed with the quantum polynomial functors of type A.
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1. INTRODUCTION

Polynomial functors are endofunctors on the category of vector spaces that are polynomial on the
space of morphisms. They are related to the polynomial representations of GL,, in the sense that
the degree d polynomial functors are equivalent to the degree d representation of GL, when n > d
(this correspondence passes through the Schur algebra). Two quantization of polynomial functors
were developed by Hong and Yacobi [27] (first) and by the authors [I5]. The first category is related
to the polynomial representation theory of the quantum group Ug(gl,). The second category is
related to a “higher degree” quantization of GL,, [15 Corollary 6.16]; it is more complicated than
the category from [27] and was constructed in order to define composition of quantum polynomial
functors. Composition is a natural operation on functors which is useful in performing cohomological
computations. For example, it enables Friedlander and Suslin [22] to prove the cohomological finite
generation of finite group schemes.

In the present paper we define and study two-parameter quantum polynomial functors. These
polynomial functors are related to the representation theory of a certain coideal subalgebra Ug B
(to be defined in Section in the same way that classical polynomial functors are related to the
representation theory of GL . Many of the properties of classical or quantum polynomial functors
have (sometimes surprising) analogues for two-parameter polynomial functors, as we show in this
paper.

A quantum symmetric pair is a pair of algebras B C U,(g) where g is a finite simple Lie algebra
and B is constructed from an involution 6 of g. The subalgebra B has the following property: by
restricting the comultiplication A of U,(g) to B, one obtains a map A : B — B ® Uy(g). The
subalgebra B is also called a coideal subalgebra for this reason. Such coideal subalgebras have
been studied in special cases using solutions of the reflection equation by Noumi, Sugitani, and
Dijkhuizen [41], 43, [42] and in general by Letzter [34] [35]. For more details about quantum symmetric
pairs and their applications see the introduction to the paper of Kolb [29] where an affine version of
the theory of quantum symmetric pairs is developed.

In this work, we restrict our attention to a specific type of coideal subalgebra UQB7 q (to be defined in
. The motivation for studying this coideal subalgebra is manifold. It is a quantum symmetric
pair that comes with solutions of the reflection equation and is in (Schur-Weyl) duality with the
unequal parameter Hecke algebra of type B. It also plays a major role in many recent works in
representation theory.

We first mention two important independent works where the coideal Ug q and its specializations
play a key role. In Bao and Wang [I0], a theory of canonical bases for the coideal subalgebra qu
(denoted by U? and U7 in Sections 2.1 and 6.1) is initiated and used to obtain decomposition numbers
for the BGG category O of the Lie superalgebra osp(2m + 1|2n). The coideal at ¢ = 1 appears as
an algebra generated by certain translation functors.

In [19], Ehrig and Stroppel study a 2-categorical action of the coideal qu on a parabolic BGG
category O of type D which categorifies an exterior power of the natural representation of the coideal.
This process produces canonical bases for the aforementioned coideal modules. A Howe duality for
the coideal subalgebra surprisingly emerges.

These works started a new wave of interest in quantum symmetric pairs and their applications to
representation theory. Bao and Wang started a program of studying canonical bases for quantum
symmetric pairs [10, 8, 4] [6, 9, 11] which generalizes Lusztig’s theory of canonical basis for Uy (gl,,) [36].
In related work of Balagovic and Kolb [5], the universal K-matrix is constructed for a large class of
quantum symmetric pairs including the ones appearing in this work (the universal K-matrix for U, (fq
was first written down in [I0, §2.5]). The universal K-matrix produces solutions to the reflection
equation similar to how the universal R-matrix produces solutions to the Yang-Baxter equation. The
search for such solutions of the reflection equation is motivated by the theory of solvable lattice models
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with U-turn boundary conditions and the study of invariants for braids in a cylinder (according to
the work of tom Dieck and Héring-Oldenburg [47, 148 25]).

A natural continuation of the work [I0] is the work of Bao [6], where canonical bases for the
specialization Ul are studied, and decomposition numbers for the BGG category O of osp(2m|2n)
are obtained. The two papers [10, [0] establish a Schur-Weyl duality between the coideal subalgebras
U(fq and Ul,q’ and the Hecke algebra ’Hq’q(d) and H ’q(d), respectively (see also [19] for the Q =1
Schur-Weyl duality). The two Schur-Weyl dualities are generalized to a duality between Ug’q and
7—[57 q(d) in [12]. The Schur-Weyl duality tells us that a large part of the representation theory of Ug q

is encoded in the centralizers of ’Hg,q(d) acting on V.24, This is the starting point of our definition
of two-parameter quantum polynomial functors.
Let k a field and @,q € k* and let CP be the full subcategory of Hqu(d)—modules (over k) of

the form V,®¢ where the Hecke algebra 7—[5’ q(d) acts on a space V2% as in equation . We define

two-parameter quantum polynomial functors of degree d as linear functors from the category CdB to
the category of vector spaces, that is, we let

d
PQ,q = modcf .

We prove the category ng g 18 equivalent to the category of finite dimensional representations of the
two-parameter Schur algebra
B d
SQ,q(n; d) = End'Hgﬂq(d) (Vn® )

when n > 2d is odd. If @, q are generic, we do not need to require n to be odd (see Setup at the
end of the Introduction for what generic means). These two-parameter Schur algebras are Morita
equivalent to each other. The algebra 557 q(n; d) generalizes the g-Schur algebra of Dipper and James
and is the main subject of study of the papers [7, 32, B3]. In particular, [33, Theorem 3.1.1] shows
that Sg,q(n; d) is isomorphic to a direct sum of tensor products of type A ¢g-Schur algebras under a
small (necessary) restriction on @, q.

Our construction of polynomial functors and the proof of representability from Section [3|is based
on a Schur-Weyl duality and does not use any other property of the coideal Ug B . We know our
construction and proof work in the setting of [21I, 19] where a Schur-Weyl duahty involving the
Hecke algebra of type D appears. We expect it to work in many other settings possibly including [2]
28, 44, 46, 40] where Schur-Weyl dualities appear. The super polynomial functors of Axtell [3] are
also based on the Schur-Weyl dualities of Sergeev [45].

The theory of polynomial functors we develop interacts with type A quantum polynomial functors
in two ways. The first interaction is via composition.

Composition between type A quantum polynomial functors APZ (see Example H for the defi-
nition) for ¢ # 1 is not possible (see the Introduction to [I5] for a comprehensive discussion). In
[15], the authors define “higher degree” quantum polynomial functors APg’e (the category Apg’e is

denoted in [15] by 73(‘1 .) and define a composition functor o4 : Apgl’dQe X ./47322’6 — APZldQ’e. The
categories APd’e are quantizations of the category of classical polynomial functor P¢ (in the sense

of AP®e —1 = Pd) but are more complicated: we do not know the number of non-isomorphic simple

objects in AP? €
In our setting, one cannot hope to define composition of quantum polynomial functors because

we cannot take the tensor power of general Ug gsmodules. In Section |5 we define higher degree

dl,dge

two-parameter quantum polynomial functors PQ and prove that there is a composition o :Pg X

APdQ’ — Pdldz’ that makes the type B higher degree polynomial functors together with type A

hlgher degree polynomlals into an action pair. This structure is natural in the setting of polynomial

functors while not in the setting of Schur algebra modules. Composition for classical polynomial
3



functors is related to an operation on symmetric polynomials known as plethysm. It would be
interesting to understand the analog of plethysm related to our composition between type A and
type B quantum polynomial functors.

Higher degree polynomial functors are related to certain generalizations of the Schur algebra which
we call e-Schur algebras and denote by S;‘(n; d,e) and 557 4,(nid; e) (the former was initially defined

in [15]). They are defined via e-Hecke algebras H;'(d; ¢) and ’Hg, 4(d; €) which live inside the ordinary
Hecke algebras H;;‘(de) and HS q(de), respectively; they are higher quantizations of the Weyl groups

Wf and Wf , respectively. See Figure |1| for the relation between such Schur and Hecke algebras.

The second interaction of type A and type B quantum polynomial functors is presented in Section []
where we show that the restriction of AP, = @dAPZ to Pg,q = @dP& a forms a cylinder braided
action pair with AP,. This result is generalized to higher degree polynomial functors in Remark
There also exists a higher degree action of the category EDd.APg’e on @Cﬂ?gjz which leads to a new
cylinder braided action pair. The notion of a cylinder braided action pair’ due to tom Dieck and
Héring-Oldenburg [47, 48, 25], generalizes the notion of a braided monoidal category to a setting
where one has categorical solutions of the Yang-Baxter equation and the reflection equation. The
quantum symmetric pair Ug’q C Uy(gl,) produces a main example of such a pair. The cylinder
braided action pair has an interesting generalization. In [5, Section 4] the notion of a braided tensor
category with a twisted cylinder twist is developed (Balagovic and Kolb use the term ‘braided tensor
category with a cylinder twist’ for what we call cylinder braided action pair); in this generalization,
all finite quantum symmetric pairs produce examples of such categories. A slightly stronger notion
than a cylinder braided action pair is that of a braided module category defined in [20) §4.3] (see
also [14} § 5.1]). Kolb [30] showed all quantum symmetric pairs for @, ¢ generic produce such module
categories up to twist. Our category of polynomial functors can also be shown to produce braided
module categories (see Remark .

In type A, the tensor power has two distinguished quotients, namely the symmetric power and
the exterior power. In our setting, the two-parameter symmetric power and the exterior power both
have two distinguished quotients. We define them in Section [6]and call them the +-symmetric power,
denoted by Si, and the +-exterior power, denoted by /\i. They depend on positive and negative
eigenvalues of the K-matrix, similar to how type A symmetric and exterior power depend on positive
and negative eigenvalues of the R-matrix. These are the most basic examples of the Schur functors
and are the building blocks for other Schur functors.

In § we define higher degree + symmetric and exterior powers. The definition makes crucial
use of Corollary where we essentially show that action of the Ug’q—universal K-matrix on any

U,(gl,,) module has eigenvalues of the form +Qi¢? for i,j € Z. These examples of higher degree
two-parameter quantum polynomial functors should be thought of as the generalization of the type
A quantum symmetric and exterior powers due to Berenstein and Zwicknagl [13].

In Section |Z|, we construct the Schur functors in Pg , analogous to the classical construction of
Akin-Buchsbaum-Weyman [I]. A classical Schur functor is defined as the image of the conjugation

/\X:/\X1®...®/\)\IrHS)‘:SM@...@S)\Z’

where \ is a partition and )\’ is its transpose. In our setting, the +-symmetric/exterior powers defined
in Section |§| play the role of the symmetric/exterior powers. However, we are unable to define the
tensor product of +-symmetric/exterior powers since they are coideal modules, and not bialgebra
modules. Therefore the obvious generalization fails and we need a new idea. Our idea is to define a
“deformed tensor product” of Ug g modules by using the cylinder braided action from Section (4| (an
example of deformed tensor products is presented in Definition and use it to define the Schur
functor. We then write the Schur functor in equation generalizing the type A definition of the
4



Schur functor. It is defined as the image of a(n induced) conjugation

/\()\/7“/) — S(Avu) ,

where A ) is a deformed tensor product of /\)J‘r,l, e ,/\i‘r;",/\’ill, e ,/\‘i{ and SO#) is similarly a
deformed tensor product. See Definition and equation for details.

If Q, q are generic, the Schur functors form a complete set of simple objects in the category Pg 4.
In the non-generic case, we expect that the Schur functors form a complete set of costandard objects
whenever Pg , is a highest weight category. The latter is true under a small restriction on @, q.

Our definition of Schur functors can be ‘lifted’ to the setting of higher degree polynomial functors
as we explain in § The result is a class of interesting objects in P%¢ and AP%* and is a first
step towards understanding the categories P%¢ and AP%e.

Setup. Unless otherwise stated, we assume that & is a field and @, ¢ € k*.

In a few places, we use the stronger assumption that ¥ = C and @, q € k are such that Q'¢? # 1
for all i, 7 € Z (in particular @, g are not roots of unity). For convenience, we refer to this assumption
by saying @), ¢ are generic or by using the term ‘generic case’.

Acknowledgements. We thank Huanchen Bao, Chun-Ju Lai and Catharina Stroppel for useful
discussions. We thank Catharina Stroppel for valuable comments on an earlier version of the paper.
Part of the work in this paper was done while the first author visited the Max Planck Institute
for Mathematics in Bonn; both authors would like to thank the institute for hospitality and good
working conditions.

Buciumas was supported by ARC grant DP180103150. Ko was supported by the Max Planck
Institute for Mathematics in Bonn.

2. QUANTUM SYMMETRIC PAIRS AND SCHUR-WEYL DUALITIES

We introduce the basic objects which are used throughout the paper: the quantum group Uy(gl,,),
the coideal subalgebra UQB,q and the two-parameter Hecke algebra of Coxeter type BC which we

denote by Hgg(d). We review a Schur-Weyl duality between Hqu(d) and UCJQB,q‘ That is the basis
for our definition of two-parameter quantum polynomial functors.

2.1. Hecke algebras.

2.1.1. Definition. Denote the Weyl group of type BC of rank d by W¥(d). It is the Coxeter group
with generators s;,0 < i < d — 1 and relations

s; =1 for i > 0,
8iS8i+18i = Si+15iSi+1 for i > 0,
50515081 = S1505150,

SiSj = 5;S; for |1 — j] > 1.

The elements s; € WP(d) for i > 0 generate a subgroup isomorphic to W#(d), the Weyl group of
type A (otherwise known as the symmetric group Sy).
5



Let ng(d) be the two-parameter Hecke algebra of type BC [37]. It is presented by generators
To,T1, -+ , Ty satisfying the relations

(To +Q)(To - Q1) =0,

(Ti+)(Ti—q ') =0 for i > 0,

(1) TTTi = Top TiTo for i > 0,
ToWTyTh = Th Ty Th To,
Ty = 15T, for |i — j| > 1.

Note that the generators 717,---,T4;_1 generate a subalgebra of ”Hqu(d) isomorphic to the Hecke
algebra Hf(d) of type A.

Given an element w € W5(d), we write T,, = T}, - -- T}, where s;, ---s;, is a reduced expression
of w. The element T, € 7-[57q(d) does not depend on the reduced expression. The elements T, for
w € WB(d) form a basis of ng(d).

2.1.2. Action on the tensor space. Let Iy, := {—Lgl, e ,—%, %, e ,272—71} and lgyy1 :={-7,---,—1,0,1,---

Set n = 2r + 1 or 2r and denote I := 1,,.
Let a := (a1, ,aq) € [4. The group W7 acts on the set I as follows [10, [19]:
it (s i, aigr, o) = (L @i, ag, 00 ) for i >0,

30:(a1’...),_>(_a1’...).

(2)

Let Vj, be a vector space with basis {v;,i € I,}. Write va 1= v4, ® - -+ @ v, € V,¥%. Then the set
{va,a € 14} is a basis for V2.
There is a right action of H§ (d) on V,¢ given by
T; — (Rg)iit1 for i >0,
) Ty (K1,
where R, : V, ® V,, = V,, ® V, is the map
¢l ® vj if 1 = j,
(4) Ry :vi ®@vj = Qv @y if i < 7,
VUit (¢ —Quiou;  ifi>j,
and Kg : V;, = V,, is the map

Qv ifi =0,
(5) Kg:vi— v if i >0,
v+ Q7= Q) ifi <.

The map (R,)ii1 acts as R, on the (4,7 + 1) entries of the tensor product V,*? and as the identity
on the rest of the entries. Similarly, (Kg)1 = K¢ ® id{e}j_l. The action of Hg’q(d) is classical. See
for example Green [23]. The Schur algebra qu(n; d) is then defined as the centralizer algebra of the
right action of 7-[5’ ,(d) on the tensor space V®d,

Remark 2.1. The map R, is the action of the inverse of the universal R-matrix of Ugy(gl,) on
Vn ® V;, as explained in [10, Proposition 5.1] in the @ = ¢ case. Similarly, the map K, is the action
of the inverse of the universal K-matrix (due to [5]) of the coideal Ug q o0 Vi (see [10, Theorem 5.4,

Theorem 6.27], again for the @ = ¢ case).
6
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2.1.3. The elements K;. For each 1 < i < d, we consider the elements
Ki=Ti—---ThloTy---Ti

in 7—[57q(d).

Lemma 2.2. For each 1 <1,j <d, K; and K; commute.

Proof. We may assume ¢ < j. First let ¢ = 1. We have the j = 2 case K1 Ko = KoK; which is a
defining relation of the Hecke algebra. For j > 2, we have

K\Kj=KTj—q---ToKTo---Tj
jo1 K KTy - T
=Tj_1- - ToKo K Ty Tj_y
j-1 KTy - - Tj 1K,
= KjKl,
since K1 = Tp commutes with T, with m > 2.
To show the general case, we claim that K; commutes with 7T}, if 7 > m + 1. The claim implies
KiKj =T 1---T1K:Ty---T; 1 K;
=Ty TVK KTy Tj
=Ty TK; KTy - Tiy
= KTy Ty K Ty - Tj
= KjKi
which is what we desire.
But our claim is in fact true: If j > m + 1, we have

KT =Ti—1 Tpsr T+ To- Tp - Tj—1Tm
=Ty Tps1 T To -+ Tro1 Ton Tt T Tz - -+ Ty
=Ty To1 T To Tt Tt T Tos1 Tz -+ Tyt

(6) =Tj1 Tom1ToTmsr-To Tn1 T Tnt1 T2 - Tja
=Tj 1 TnTor T - To- - Tjy
=TTy Tosr T T+ Tj
— Ty Ko

Let cx € Hqu(d) be the element

(7) CK = HKl

The product is well-defined due to Lemma
Lemma 2.3. The element cx € 7-[5 (d) is central.

Proof. We show that cx commutes with all the generators T; of HE q(d).

First let us look at Ty. It obviously commutes with itself. It commutes with T17TuTh, this is just
the equation Th'ToT1To = ToT11oT. It also commutes with 75,4 > 1. This means it commutes with
Tj-- - To(TVToTh)T5 - - - Tj. Therefore it commutes with cx.

Now let us look at T; for ¢ > 0. T; commutes with Ty, for k <i— 1 and k > ¢ + 1. The following
facts hold:
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(1) T; commutes with K for j <i— 1. This is because T; commutes with T}, k < i — 1.
(2) T; commutes with Ky K;. This is equivalent to the relation T; K;T; K; = K;T; K;T; which we
prove by induction. For ¢ = 1, this is just the reflection equation. Then in general we have

TKTK; =TT 1 Ki1\Ti1\T,T, 1 Ki 1Ti 1 = T, T 1 Ky A TT T K 1T
=TT AT KT Kia Tl = T T T K Ty K T T
=T TiKi 1 Ti A Ki A Ti AT =T A T K T K A T T,
=T K A\ T,T \TK T, AT, =T, 1K 1\ T, AT K 1T, T, = KT KT
In the above we have used the Yang-Baxter equation, the induction hypothesis and the fact

that T; and K;_1 commute.
(3) T; commutes with K if i < j — 1. For this see the proof of Lemma

We conclude that T; commutes with cg. O

Remark 2.4. Note that the two lemmas above depend only on the braid relations in Hqu(d). In
fact, the lemmas can be lifted to the affine braid group: Consider the Bernstein presentation of the
affine braid group aBy. It has the generators by, ---bs—1 and x, where the b; generate the (type A)
braid group and the extra generator x satisfies the relation xbyxb; = byxbix while commuting with
b; for all © > 1. Then there is a surjective map from aBy to HB defined by b; — T; and x — Ty.
The element x; = bj—1---byxby ---b;—1 € aBy are maps to K;. Now Lemma [2.2] - lifts to aBy to say
that z; commutes; Lemma lifts to say that [[; x; is central in aBy. (These two statements seem
to be well-known.)

On the other hand, there is a surjective map from aBy to 7—[:14 (d) sending b; — T; and = +— 1. The
image of the element x; under this map is the i-th Jucys-Murphy element in H?(d). Thus, we can
think of the K; as the type B Jucys-Murphy elements.

Consider the action of HB ( ) on V,#? defined in * We close the section by determining the
eigenvalues of K;. The followmg lemma [39, Lemma 5. 2 comes useful.

Lemma 2.5. Suppose K;, K;11 has a simultaneous eigenvector with eigenvalues a,b (respectively).
Then either K;, K; 1 also has a simultaneous eigenvector with eigenvalues b,a or b = ¢*2a.

Proof. Let v € V,%¢ be a simultaneous eigenvector for K;, K; 1 with eigenvalues a,b (respectively).
Then the vector w = (¢~! — q)bv + (a — b)Tjv is checked to satisfy K;w = bw and K;y1 = aw.
If w # 0, then w is a desired eigenvector. If w = 0 then v is an eigenvector for T;. This implies
Kipwvw=TKTv = ac?v where c¢ is an eigenvalue for T}, which is either of —q or ¢~ 1. O

Proposition 2.6. The eigenvalues of K; on V.24 are of the form —Qq¥ and Q~'q* where |j| < i.

Proof. The i = 1 case follows from the definition (and also follows from the the relation (7 —
Q H(Th + Q) = 0 in the Hecke algebra).

Now suppose that the eigenvalues of K; are of the form —Qg¢* and Q~'¢* where |j| < i, and let
b be an eigenvalue of K;1. The actions of K; and K;;; are simultaneously triangularizable, so we
can find a simultaneous eigenvector v for K;, K;11 where K;11v = bv. Then by Lemma either
b = ¢™2a where a is an eigenvalue of K; (the second case of the lemma) or b is an eigenvalue of K;
(the first case of the lemma). Therefore b should be of the desired form. O

Corollary 2.7. The eigenvalues of cx are of the form +Q'¢’ fori,j € Z.

Proof. Since K; are simultaneously triangularizable, each eigenvalue of cx is a product of eigenvalues
of K;s. The claim thus follows from Proposition ]

2.2. Coideal subalgebras and Schur algebras.
8



2.2.1. Schur algebras. The following generalization of the (type A) ¢-Schur algebra is defined using
the action of Hg ,(d) on V2 in equation (). First let

(8) S’gq(m,n; d) = HomHg (V&d yod),

Then the Schur algebra Sg’q(n; d) is the specialization of Squ(m, n;d) at m = n; it is an algebra
with multiplication given by composition and the identity given by the identity homomorphism.
There is an obvious action 5’5’ o (1 d)cve,

2.2.2. Quantum groups and coideal subalgebras. In this subsection, we assume that k = C and Q, ¢
are generic

The quantum group Uy(gl,,) is the unital associative algebra over C generated by elements E;, F;
fori eI, — {”T_l} and D;t for ¢ € I,, subject to the relations:

DiEjD;l = q‘sij—éi—l,jEj, DZ.F].szl — q—éij—i-éi—l,ij’
E,E; = E;E;, FF;=FF, ifi#j+]l,
©) D;DY, — Dy D!
iy — FjEy = 0 ———
q—q
E?Fis1 — (¢ +q NE B B + E; 1 E2 =0,
F2Fuy — (¢ + ¢ YEF Fy + F F2 = 0.

Let K; = D; DZJ:1 The subalgebra of Uy(gl,) generated by E;, F;, K; for i € I, — {251} is the

quantum group Uy (sl,). We do not define the quantum group at a root of unity, but whenever we
mention it, we are referring to Lusztig’s version of the quantum group at a root of unity [38].

The quantum group U,(gl,,) is a Hopf algebra with comultiplication A and antipode S given on
generators by the following formulas:

A(D;) = D; ® D;,

A(E;) =1® E; + E; ® D1 D;
A(F) = F®1+DDZ+1®FZ,
S(Di) = S(E;) = —~E;D;D;}y, S(F;)=-Di;1D;'F,.

i+1
Let V;, be the defining representation of Uy(gl,); it has basis {v;,i € I} and the quantum group
Uq(gl,,) acts on V;, as follows:

(10)

Si
Divj = ¢"vj,
(11) Eivj = 0ij-1vj-1,
Fﬂ}j = (5@j’l)j+1.

We now introduce the (right) coideal subalgebra Ug’ ,(81(n)) as in [I2], where it is denoted by U
or U7, depending on the parity of n. For i € I,,i > % define the following elements of Uy(gl,,):

1The reason we need this assumption is that the coideal subalgebra Ugﬁq is defined and studied only when ¢, @ are
generic (to the authors’ knowledge at the point when this work is written). When ¢ or @ is a root of unity, we expect
there to be a definition of the coideal Ug’q similar to Lusztig’s quantum group at a root of unity [38], which still surjects
to the Schur algebra qu.
9
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The subalgebra Uéiq(g[(n)) of U,(gl,,) is generated by the elements k;, e;, f; for i € I,,7 > 0 and
the element ¢ when n is odd. We denote Uéi ,(8l(n)) by Ug , throughout the text. The name coideal
subalgebra is due to the fact that the restriction of the comultiplication from Ug(gl,,) to Ug o has
image in Ug ¢ ®Uqg(gl,). The Uy(gl,)-module V&4 restricts to an Ug s module. Then the left action

of Uqu and the right action of Hg,q(d) on V.4 commute. Moreover, we have

Theorem 2.8. [12| Theorem 2.6, Theorem 4.4] The actions of qu and Hgg(d) on V,%4 form double
centralizers.

Remark 2.9. By Theorem one realizes the Schur algebra Sg,q(n, d) as a quotient of the coideal
subalgebra Ug, . This gives an equivalence of categories between the category of degree d modules
of US, , and the category of 50,4(n; d)-modules. Our main results in Section [3| identifies degree d
polynomial functors with representations of the Schur algebra Squ(n; d) for n > d. The fact that
the category of finite dimensional representations of Sg’ q(n; d) is equivalent to the same category as
long as n > d can be interpreted as a stability result in the limit n — oo for Ug q when @ and ¢ are
generic. This is different to the d — oo stabilization studied in [7].

When q or ) is a root of unity, we expect there is a definition of the coideal qu at roots of unity
similar to Lusztig’s quantum groups at roots of unity as in [38] which surject to the Schur algebra
SE.q

Under our assumption, the algebra 7-[5’ q(d) is semisimple and has irreducible representations M) ,

indexed by pairs of partitions (A, u) with |A| 4+ |u| = d (this follows from the work of [I§]). This
follows from the work of Dipper and James [18]. Furthermore, there is a qu ® H57q(d)—bimodule

decomposition of Vn®d. (Note that using Theorem we can view it as a decomposition as a
qu ® ’Hg 4(d)-bimodule.)

(13) Vit @ Lyu(n) @ My,

(Avﬂ)knd
The subscript (A, 1) b, d means that A, p are partitions such that |A|+|u| = d and £(\) < 7, l(p) <7r
when n = 2r or £(A) < r+1,4(pu) < r when n = 2r+1. In the above, L) ,(n) is either an irreducible
representation of UQB, gor0. Ifn > 2d, Li ”(n) is never 0. We call such irreducible modules appearing

in the decomposition of V¢ degree d irreducibles. They are indexed by bipartitions (A, i) F, d.
Representations of Ug g are said to be degree d if they are direct sums of degree d irreducibles.
A useful consequence of is the following fact.

Proposition 2.10. The K; action on V®¢ is diagonalizable.

Proof. We first show that the element cx = H?Zl K; is diagonalizable. The element cg is central
in ngq(d) by Lemma It further commutes with the action of qu(n;d), so it is a central
(Sg’q(n; d),?-[gq(d))—bimodule action of V¥ (if we view (Sg’q(n; d),?—[(g’q(d))—bimodule as a left
Squ(n; d) ® H57q(d)"p—module, then ck is in the center of Sg’q(n; d) ® Hg,q(d)"p). Since the decom-
position is multiplicity free, cx acts by a scalar on each irreducible bimodule summand of V®¢, hence

diagonal on V®
10



Now we proceed by induction on d. We know that K is diagonalizable, which takes care of the
d =1 case. Let d > 1. By induction hypoethesis, for each ¢ < d, K; is diagonalizable. (In fact, the

induction hypothesis says that K; is diagonalizable on V& but then K;|yea = K;|yei @ id®4 is

also diagonalizable.) Writing K, = cKKal__l1 K 1, we see that Ky is a product of diagonalizable
elements. By Lemma [2.2] and Lemma the elements all commute and hence are simultaneously
diagonalizable. This implies that K is diagonalizable. d

Remark 2.11. The Schur algebra defined above is a generalization of the type A g-Schur algebra of
Dipper and James [I7]. It is the same Schur algebra appearing in [I2] or in [33]. It is different to the
Cartan type B generalization defined in terms of the vector representation of the type B quantum
group and the BMW algebra.

2.3. Young symmetrizers for ”HS, q(d). In this subsection, we assume k = C and @), ¢ are generic.
We explain the construction of certain Young symmetrizers for the Hecke algebra ’Hg q( ) following
Dipper and James [I18]. We then describe irreducible representations of UQ g, s images of these
Young symmetrizers acting on V¢ by Schur—Weyl duality in Theorem [2.8] .
Consider the following elements ;" € 7—[ L)
i i
(14) uf =K +Q), w =][K;-Q™").
J Jj=1
Given a and b non-negative integers, define w,, € W4(d) € WB(d) to be the element given in
two line notation by

1 o b btl - atb
(15) Wab = (a41 " ath 1 o 4 )

Let Ty p := T, be the corresponding element in Hqu(d). Let Zp, be the element defined in [I8]
Definition 3.24]. Note that by definition 2, is a central element of Hy(Sq x Sp) C HqA(a +0b) C

7-[5761(@ + b), where we define H, (S, x Sp) as the subalgebra of H?(a + b) with generators T;,i # a.
The element %, , satisfies

quTa,bub_Tb,au;{Ta’bub_ = Eb,au;rTmbub_.
and it is invertible by [I8] §4.12]. Finally define the following element as in [I8, Definition 3.27]:
(16) €ab = Ta,bungb@u:Z;; = égéTb,au;ITb@u(J{.

Then e,;, commutes with all elements in Hy(S, x Sp). The following are proved in [18] under the
assumption that the element

(17) 1:[ (Q2+4¢")
i=1—

is nonzero, which is covered under our assumption.

Theorem 2.12. Let a,b be non-negative integers such that a +b =d. Then
(1) emb”Hg,q(d)eab eabHq(Sa X Sp) = Hq(Sq X Sp).
(2) There is a Morita equivalence

HQ  (d) = ~ o eid ﬂ'lQ Jdeidi.

Let e € ’Hj;‘(a) be the (type A) quantum Young symmetrizers (see Gyoja [24] for a definition).
Since ¢ is generic, the algebra H, (S, X Sp) = Hq(Sa) X Hq(Sp) is semisimple, and the set {Hq(S, x
11



Sb)egﬁez | A F a,pu - b} gives a complete list of isomorphism classes for irreducible H,(S, % Sp)-
modules. Now let

exp = ea7be§\ez = eieZea’b.
Then it follows from Theorem that {’ngq(d)e%“ | (A, p) F d} forms a complete list of non-
isomorphic irreducible modules for ng(d).
Now we apply the Schur-Weyl duality to construct all the irreducible polynomial Ug’ ,~modules up
to isomorphism.
Proposition 2.13. The image in V,2? of the action of ey, € Hqu(d) is isomorphic to Lf’#(n).
Proof. This follows from the bimodule decomposition of V¥4, That is,

d ~ 1®d B ~ B
Vilexn = V' @y (@) Hoq(d)ern = @ Ly (n) @ My @y (a) Hig(d)ers
e
=~ @ L)\/’M/ (n) (%9 M/\/W/ ®Hg q(d) M)\,/L
X! 7
=~ @ L)\/w/ (’I’L) & 5()\1H)7(>\'1U/)k
Ny
g L)‘»,u(n)'
In the second from the last isomorphism, we use that ”Hg ,(d) is a symmetric algebra (see [16, Section
5]). O

There is no explicit formula for Z, , and therefore the element e, is not useful when performing
explicit computations. We can bypass this difficulty by working with the following element:
(18) e’/\’M = Ta,bungb@ujeiez = exuZba-
Proposition 2.14. The image in V.2¢ of the action of e\, € ’Hg,q(d) is 1somorphic to Ly ,(n).
Proof. By Proposition m it is enough to show that Vn®deA,H is isomorphic to Vn®de’>\7 " Consider
the map

m: Vn®de)\7u — V,‘?degw = Vn®de>\7ﬂ2b7a

given by the (right) action of Z,, € H ,(d) on V2% .. Since the UJ  action on V,#%e) , commutes
with the 7—{57q(d) action, the map m is an qu—morphism. Since Zz, is invertible, the map m is an
U 57 q—isomorphism. ]

The elements e’h ., are not (quasi-)idempotents, but we still call them Young symmetrizers.

2.4. Permutation modules for Hecke algebras. Given a € I¢, the subspace V(a) of V,®¢
spanned by {v,a | ¢ € W5} is invariant under the action of H5 4(d). Sometimes we write V(a,n)
to clarify where a belongs. Thus, we have a decomposition

vi= P Van)

acld /WB(d)
as ng(d)—modules.
Alternatively, we can index the permutation modules by compositions of d. Let 6 := (9 —nti, o ,On1 )
be a composition of d. Define a via the following equation: ’ ’
(n—1)/2
= @ v
j=—(n—1)/2



Let Vp := V, be the subspace of V,? spanned by Us(a), S € WHB(d). Then Vp is a direct summand of
V&4 (as an ”Hg’q(d)—module). Moreso, V,2¢ is a direct sum of Vj'’s.

Adding 0’s in pairs at a place j > 0 to a composition 0 = (07%1 e ,9D> means defining a
2 2

new composition 6’ = (9/77171 Ly ,9@) such that:
2 2

0, if —j<l<jy,
0,:=1<0 if | = 47,
O if 1= +j.

Adding a 0 at j = 0 to a composition 6 as above for n even means defining a new composition

0" = (9'1,1,--- ,9@) such that:
- 2
g J0 =0,
e if 1 = 0.

lx%
Let ¢ (6”)be a composition of d obtain from 6 by adding 0’s in pairs at 7 > 0 (a 0 at j = 0,
respectively). If Vy C V24 then Vj C Vn®+d2 (Vo C Vn@j:ll). There is an obvious inverse procedure to
adding 0’s in pairs at a place j > 0 if 6+; = 0 (and similarly there is an inverse for adding a 0 at

j =0 when 6y = 0).
The following lemma is immediate from the definitions of Vy and Vyr.

Lemma 2.15. The ’Hqu(d)—modules Vo and Vi (Vgn ) are isomorphic.

In terms of a € I, we get the following stability lemma.

Lemma 2.16. Let v > d. Then for any n and a € 1, the ’HBq(d)—module V(a,n) is isomorphic to
V(b,2r +1) for some b €ld, .

Proof. The result follows by use of Lemma, If n is odd and less than or equal to 2r + 1, we can
add 0’s in pairs to a to obtain a b such that V' (a,n) is isomorphic to V (b, 2r+1). If n is larger than
2r 4+ 1 then n is larger than 2d 4+ 1 and therefore we can subtract 0’s in pairs from the composition
associated to a to obtain a b with the required properties.

If n is even, we first add a 0 at j = 0 to the composition associated to a and then follow the same
procedure as in the odd n case. ]

2.5. Generalized Schur algebras and e-Hecke algebras. The category of polynomial represen-
tations of U,(gl,,) is a braided monoidal category. That is, given polynomial U,(gl,,)-modules V" and
W, there is a Uy(gl,)-module isomorphism Ry : V@ W — W ® V that satisfies the Yang-Baxter
equation:

(19)  (Rwy ®@idy)(idw @Rv,p)(Ryw @ idy) = (idy @ Ry,w ) (Rv,y @ idw)(idy @ Ry, ).

One can build such a map inductively, by starting with Ry, v, = R, in , defining Rvn@;d,vn@E by

use of the formulas

Rxgyv,z = (Rx,z ®idy)(idx ®Ry,z),

Rxyez = (idy ®Rx z)(Rxy ®idz),

and then realizing any indecomposable degree d representation of U,(gl,) as a subquotient of Ve,
Similarly, given V' a polynomial U,(gl,)-module of degree d viewed as a representation of the

coideal subalgebra Ugy o then there exists a K-matrix Ky that is an Ug ,-isomorphism and satisfies
the reflection equation:

(21) (Kv @ idw)Rw,v (Kw ® idv)Ry,w = Rw,v (Kw ® idy ) Ry,w (Ky ® idw).
13
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Again, one can obtain the K-matrix on polynomial representations inductively, by starting with
Ky, := Kg and using the formula:

(22) Kygw = (Kv ® idw)Rmv(KW ® idv)RV,W.

In particular, this implies that K| «a is given by the action of KqKg41--- K1 on V@4 and for every

subquotient V' of Vn®d, the K-matrix Ky is obtained by restriction.

In the Weyl group W4 (de) with simple reflections s;,1 < i < de — 1, consider the elements
w;, 1 <1< d—1 given by
(23) Wi = (Sie*** Sie—et1) " * (Siete—1 " Sie) (Siete  * * Sie+2Sie+1)-
In two line notation, w; is written as

(1 e(i—1) ei—et1 - et ei+1 - eite—1 eite - de
wi = (7 e(i—1) eitl - eite—1 ei—etl - ei eite - de )

Note that w; is the longest element in the parabolic subgroup (isomorphic to W4(e)) in W4 (de)
generated by Se(i—1)41,° 5 Sei—1-

Following [15] we define Hf(d, e) as the subalgebra of H,}q(de) generated by Ty,,1 < i <d— 1.
We call H?(d, e) the e-Hecke algebra (of Coxeter type A).

Let V' be a Uy(gl,)-module of degree e and Ry be its R-matrix. Then one can show (see the
discussion after Definition 2.9 in [15]) that there is a right action of HqA (d;e) on V&4 where T,, acts

as (Rv)iit1-
In the Weyl group W5 (de) with simple reflections s;,0 < i < de — 1, consider the elements
w;, 1 <17 <d—1 defined in equation and the element wqg given by

(24) wo = S0(515081) +* (Se—1 518081 * * * Se—1)-

Note that wg is the longest element in the parabolic subgroup (isomorphic to W2 (e)) in W5 (de)
generated by sg, -, Se—1.

Definition 2.17. Define 7‘[57(1(61, e) as the subalgebra of ngq(de) generated by T,,,0 <i <d— 1.
We call Hqu(d, e) the two-parameter e-Hecke algebra of Coxeter type B.

Remark 2.18. The e-Hecke algebras are simple to define, but not well understand. Consider the
problem of finding the dimension of these algebras. For example, the dimension of 7-[5761(1, 2) is 4

for @, q generic (and therefore larger than H51(1,2) = kS;). This follows from the fact that the
K-matrix Ky s2 € EndUg’q(Vfw) generates a subalgebra in EndUqu(V4®2) isomorphic to ’ng(l, 2)
(this is because the action of Hg’q(l,Q) on (V22)®1 is faithful for n > 2) and the K-matrix has
5 different eigenvalues for n > 4. Similarly, the dimension of Hg q(l e) is equal to the number of
different eigenvalues of K. y@e- But computing the dimension of HQ q(d e), for general d, seems like
a hard problem. This is also the case for e-Hecke algebras of type A.

Let V be a Ugy(gl,,)-module of degree e and let Ky be its associated K-matrix. We call V' a type
B e-Hecke triple. The word triple comes from the fact that when we write V' we implicitly mean the
triple (V, Ry, Ky).

Lemma 2.19. There is a right action of ’Hg,q(d7 e) on V&4 where Ty, acts by (Ry)iiy1 for i > 0
and Ty, acts by (Ky ).

Proof. First we prove this for V= V,2¢. Then the elements T,,, € Hg ,(d, e) act on (V,29)¥4 = V,2de
by Tw, = Tsjerey - Tsjorn = (RV, )iete—tiiete - (BV, )iet1ietr2 = (RVn®5)Z,Z+1 where the last equality
involves the use of equation . A similar argument can be made for the K-matrix via equation .

14
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FIGURE 1. On each row of the diagram above we have a commuting double action
on the space Vn®de. A double centralizer property is satisfied for the double action on
the bottom two rows for @), ¢ generic. A question is whether the double action on the
top two rows also satisfy a double centralizer property.

This means that (Kyee)1, (Ryse)iiv1 € End(V,#¢)®? satisfy all the relations the generators T,
satisfy. A degree e module of U,(gl,,) is a subquotient of V,®¢ and therefore (Ky )1, (Ry)ii+1 €
End(V®?) also satisfy the relations the generators T, satisfy, giving rise to an e-Hecke algebra
representation. ]

Let us now turn our attention to defining generalized Schur algebras. We have already defined the
Schur algebra of type B in equation . Let V, W be degree e representations of Uy(gl,,). For every
non-negative integer d we define

(25) S5, (V. W3d) = Homﬂaq(d’e)(V@d, wedy,

In particular, denote by qu(n, m; d, e) the space HomHS d e)((vn@)e)@d’ (VEm)8d) and let qu(n; d,e) =
b ,q k) b

Sg’ (n,n;d,e). A relation between different Schur algebras and Hecke algebras is displayed in Fig-
ure

3. TWO-PARAMETER QUANTUM POLYNOMIAL FUNCTORS

3.1. Representations of categories. Fix a field k. Let A be a k-linear category. A representation
of A is a k-linear functor A — V, where V is the category of finite dimensional k-vector spaces.

Let modp be the category of representations of A, where the morphism spaces are given by the
natural transformations.

If A consists of a single object *, then we have mody = Endy (x)-mod, so mod, is a generalization
of the module category of an algebra.

Definition 3.1. A full subcategory I' of A is said to generate A if the additive Karoubi envelope of
I" contains A. If T' consists of a single object V', we also say V generates A.

The following proposition follows by a standard argument.

Proposition 3.2. If ' generates A, then the restriction functor mody — modr is an equivalence.
15



For any inclusion of full subcategories I' C IV C A, if I" generates A, then I generates A As a
consequence, the categories modr, modyr/, mod, are all equivalent.

In particular, if V' generates A, then mod, is equivalent to Enda(V)-mod, the category of finite
dimensional modules over the algebra Ends (V).

Example 3.3. The category of degree d polynomial functors P% can be defined as modpay, where
'V is the category with objects vector spaces V, of dimension n for any n > 1 and morphisms
Hompay,(Vy, Vi) := Homg, (V,#4, V,24). If n > d the object V,, generates V. Note that Endpay,(V,,) =
Endg, (V,%?) is the Schur algebra S(n;d). It follows that P? is equivalent to mod S(n;d) for all n > d.
In this example we are dealing with the three categories A = Sg-mod D IV =T9Y > T = {V,,}, view-
ing T?V as a full subcategory of Sg-mod consisting of the objects of the form V,®¢ for all n.

In fact, all variations of the category of polynomial functors, including what we present in this
work, can be identified with module categories of some interesting algebras by use of Proposition
Example is a classical result of Friedlander and Suslin [22]. The next example is the quantum
polynomial functors of Hong and Yacobi [27], which provide a quantization of Example

Example 3.4. Let us denote by APfli the category defined as modpgv, where TV is the category

with objects vector spaces V,, of dimension n for any n > 1 and morphisms Homypay,(V,,, Vi) ==
HOquA(d)(Vn®d, V1) where H(d) acts on V24 via R-matrices as in equation ([#). As in the non-

quantum case, we have that EnngV(Vn) = EndHé(d)(Vn@@d) = S{f(n; d) and APg is equivalent to
mod Sg‘(n; d) for all n > d. We rename I'?V to CZ'.

3.2. Polynomial functors and type B Hecke algebras.

Definition 3.5. The quantum divided power category C'dB has objects V,, for n > 1. The morphisms
in this category are

Homer (Vi, Vin) = HomHg,q(d)(V,?d, yedy,
Equivalently, we can define Cf as the full subcategory of ’Hqu(d)—mod consisting of the objects
V&4 for all n.
Definition 3.6. We define the category of type BC polynomial functors as
Pa

g = mOdch .

Note that by definition, every F' € Pg’q induces a linear map
F: Homcg (Vi, Vin) = Homy (F'(Vy,), F(Vin)).-
Proposition 3.7. Let F € Pg)q' The space F(V,,) has the structure of a Squ(n)—module.

Proof. Given an element = € 5’5  (nid) = HomHg (d)(Vn®d, V@) there is a corresponding element
’ »q

F(z) € End(F(V,,)). Since the functor F' is linear, the space F(V},) has the structure of an Squ(n; d)-
module with z € qu(n; d) acting on F(V,) via F(x). O

From Remarkw the Schur algebra Sg’ q(n; d) is a quotient of the coideal Ug o I the generic case.

It follows that F'(V},) is endowed with the structure of a Ug s module of degree d.
16



3.3. Representability. We now show that the category 735’ 4 1s equivalent to the module category
over the finite dimensional algebra 5’57  (nid) = End%qu (d)(Vn®d). This follows from Proposition
if we prove that the domain category Cf is generated by the object V,, in the sense of Definition

As a convenient convention for the proof, we say for two objects V,WW € A = chf that V' generates

W if W is a direct summand of a direct sum of V' and that V' generates A if V' generates every object
in A.

Lemma 3.8. V5,11 generates Vo, when m > d.
Proof. This follows from Proposition [2.16] O
Proposition 3.9. The object V,, generates Cf ifn=2r+12>2d.

Proof. We prove the n = 2d + 1 case. The general case follows by using Lemmas and and
the transitivity of generation (i.e., if V,, generates V;, and V; generates V., then V, generates V).

Case I: Vo411 generates V,,, when m is odd. By Lemma Vin is generated by V,,11. By Case
I, Vint+1 is generated by Vag, and therefore Vi, is generated by Vaq.

Case II: Vo441 generates V,,, when m is even. By Lemma (and the transitivity), it is enough
to show that Vo, generates Vi,. Vﬁd is a direct sum of Vj, for different 6’s. Given a @, let # be the
composition of d obtained from 6 by first removing all the entries 6, 6_; such that ; = 6_; = 0. The
length of #, which we denote by I(f), is now less than or equal to 2d. Therefore V5 can be thought of
as a direct summand of V,5¢ (by adding 0 entries in pairs until /(#) = 2d). The two H57q(d)—m0dules
Vp and Vj are isomorphic by Lemma We conclude that Voy generates V. O

The following result relates the category of two-parameter polynomial functors with the category
of modules of the type B Schur algebra.

Theorem 3.10. The category Pg),q is equivalent to the category of finite dimensional modules of the
endomorphism algebra ngq(n; d) where n =2r +1 for any r > d.

Proof. Use Propositionto apply Propositionwith I' = {Vor4+1} and recall that 5’57(1(27“—%1; d) =
Endr(‘/gr+1). O

Corollary 3.11. Let Q,q be generic. The Schur algebras Sg?q(m;d) and Sg,q(n; d) are Morita
equivalent if m,n > 2d are odd.

We expect that Theorem holds for even n, that is, for any n > 2d. When @), ¢ are generic, it
follows from the following lemma.

Lemma 3.12. Suppose Hqu(d) is semisimple. Then Vo, generates Vo, 1.

Proof. Tt is enough to find a summand in V,2¢ which is isomorphic to V(a) = V(a,2m — 1) for
an arbitrary a € ]Igm_l. In fact, since ng(d)—modules are completely reducible, it is enough to

construct an injective map from V(a) into V4. Since V(a) = V(wa) for w € W, we may assume
that 0 <a; <--- < ay. Let a;41 be the first entree greater than zero.
Let o} = a; + 5. We define

lp(w) = the multiplicity of sy in a reduced expression of w;
b (w) = l(w) = Lo(w),
where £(w) is the Coxeter length for W5 (d). Then define the element

Tg 1= Z Q—ZO(W)q—fl (w)Uw(

weWB(i)/ Staby, b ;) (5, 3)

(26)

) OV @ By

)

N|=
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in VQ%CI. Here V(L. 1y =01 ®---®wv1, where there are ¢ terms in the tensor product. The vector v,
27 72 2 2

is an eigenvector with eigenvalue ¢~ for T; € 7-[57 q(d), 0 < j <4 and eigenvalue Q! for Tp, just like
Va = U(0,... 0) ® Vg;yy @+ @ Vgy- Therefore the element v, has the same stabilizer in 7—[5 q(d) as Uy

and the assignment v, — U, induces a well-defined 7—[57 4(d)-map V(a) — V324 which is injective. O

Theorem 3.13. Let ), q be generic. The category Pg,q 1s equivalent to the category of finite dimen-
sional modules of the endomorphism algebra qu(n; d) where n > 2d.

Corollary 3.14. Let Q,q be generic. The Schur algebras Sg’q(m;d) and qu(n; d) are Morita
equivalent if m,n > 2d.

Remark 3.15. When Q or ¢ is a root of unity (or when char(k) = 2) Lemma fails. To exemplify
this, take Q> = —1 and d = 1 in Lemma Then V; is an Hg),q(l)—submodule of V5, but it is not
a quotient. This is because Kg : Vo — V3 is not diagonalizable when Q? = —1. When ¢ = —1,
similar phenomena happen with R, for d > 2.

3.4. Stability for quantum symmetric pairs and Schur algebras. Corollary allows us to
state a stability property for the Schur algebra Sg’ q(n; d) as n — oo. This extends to a property of

the coideal subalgebra UQB

Let us consider Ug o in the n = 2r case. The degree d irreducibles of UQ (gl(2r)) are indexed by
pairs of partitions (A, ) such that |A| 4+ |p| = d,l(A) < r,I(A) < r. There is a notion of compatibility
for degree d polynomial representations of UQﬂ(g[(Zr)) for different 7, which allows us to take the
limit r — oco. Corollary implies that the limit of the polynomial representation theory of degree
d as r — oo is well defined and that it is equivalent to the representation theory of Sg?q(n; d) for any
n > 2d.

Let us be more precise. Let laoe = Z + % and let Iooor1 = Z and Voo and Vaooy1 be vector
spaces with basis indexed by elements in oo and o1, respectively. Define the quantum groups
Uq(gl(200)) and Ugy(gl(200 + 1)) via generators and relations as in equation (9) with Vo and Vaosot1
as defining representations, respectively (see for example [19] Section 7]). Then we define the coideal
subalgebras Ug} 4(200), UQB’ 4(200+1) by extending the definition in the finite case to the infinite case.
There is an obvious extension of the right action of 7—[5 q( ) on V¥4 in equation (3]) to when n gets
replaced by 200 or 200 4 1, therefore allowing us to define the following Schur algebras

o 5G,4(200;d) := Endyp () (V330),
5G.4(200+1;d) = Endyz () (V3id,)-

Remark 3.16. The coideal subalgebras U57q(2oo),U57q(2oo + 1) have specialization  — 1 and
) — ¢ as in the finite case. These infinite versions are compatible with combinatorics of transla-
tion functors and can be categorified in a way that they have categorical actions on representation
categories of type BD (see [19], Section 7]).

We define the polynomial representations of Sg q(2oo) and SS q(2oo + 1;d) as the representations

appearing as subquotients of the representations V®d and Vg%;l 11, respectively. We can show via
essentially the same technique as above that Theorem and Corollary extend to the 200/200+
1 case:

Proposition 3.17. The category of polynomial representations of the Schur algebras Squ(2oo;d)

and that of 55761(200 + 1;d) are both equivalent to the category P%,q.
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Define the polynomial representation theory of Ug’q(Qoo) and qu(Qoo + 1) as a direct sum of the
categories

Pq.q(200) == P PE ,(200) = EP S5 ,(200; d) -mod,

(28) d>1 d>1
Paq(200+1) =P PG (200 + 1) = P S§ ,(200 + 1;d) -mod..
d>1 d>1

The following theorem follows immediately from Proposition (3.1
Theorem 3.18. The categories Pg 4(200) and Pg q(200 4+ 1) are equivalent.

The theorem implies that the polynomial representation theory of the coideal subalgebras in
the n — oo limit does not depend on the parity of n. Therefore one can replace Pg 4(200) and
PQ.q(200 + 1) by Pq,q(c0).

Remark 3.19. Note that there is a difference between the definition of Ug 4(8l(n)) for odd and for

even n. On the level of generators , when n is odd, the coideal has a special generator ¢, while

when n is even, the generators e1, f1 are special. When n = 2r, the coideal subalgebra Ug ¢ CUq (gl,,)
2 2 ’

is a quantization of the subalgebra U(gl(r)) & U(gl(r)) C U(gl(2r)). When n = 2r + 1, the coideal
subalgebra Ug’q C Uy(gl,,) is a quantization of the subalgebra U(gl(r))® U (gl(r+1)) C U(gl(2r+1)).
This difference persists even in the n = 200 vs n = 200+ 1 case. Therefore it is unclear how to relate
the coideals Ug,q(Qoo) and U57q(2oo + 1) as algebras.

4. POLYNOMIAL FUNCTORS AND BRAIDED CATEGORIES WITH A CYLINDER TWIST

4.1. Actions of monoidal categories. Let B be a category and let (A, ®,14) be a monoidal
category. Denote by Ix : 14 ® X — X the left unitor. Denote by ax, x,x; : (X1 ® X2) ® X3 —
X1 ® (X2 ® X3) the associativity morphism of A.

Definition 4.1. We say A acts on B (from the right) if there is a functor * : B x A — B such that
(1) for morphisms fi, fo in B and morphisms g1, g2 in A the equation

(f1*91)(f2 % g2) = (f1f2) * (9192)

holds whenever both sides are defined.
(2) There is a natural morphism A : *(id x®) — *(x x id), i.e., Ayv.x,; x, : ¥ * (X1 ® X2) —
(Y % X1) * X2 such that the following diagram commutes:

idy *ax, x5,x3

Y # (X1 ® X2) ® X3) YV (X1 ® (X2 ® X3))
AY, X1, X2®X3

AY, X1 @ X5, X3 (Y * X1) * (X2 ® X3)
Ay X1, X5, X3

(Y % (X1 ® X2)) *x X3 (Y * X1) % Xo) x X3

)‘Y7X17X2 * idXs
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(3) There is a natural isomorphism py : Y * 1 — Y such that the following diagram commutes:

Avi,x
Y (1g® X) (Vxlg)xX
idy *lx PY*idX
Y« X - Y« X
idysx

Following [25], we call the triple (B, .4, x) an action pair. We write (B, .A) for (B, A, ) if it is clear
what the action * is.

Consider the category of type A quantum polynomial functors AP, defined in Example This
category has a monoidal structure. Given F € APZ and G € APy, define FF @ G € A"Pg“ as
F®G(V,) =F(V,) ®G(V,) and on the morphisms, F' ® G is given as the composition

Hommga (gpe) (Vid T, Vi €)= Hompga ayama o (Vi ? © Vi, Vi @ V)
(29) — HoquA(d)(Vn®d, Vel @ HomHaq(e)(Vn@)e, V%) — Hom(F(n), F(m)) ® Hom(G(n),G(m))
— Hom(F ® G(n), FF ® G(m)).
Given F € APf]l, G € APy, the functoriality of F, G endows the spaces F'(V,,) and G(V;,) with ac-
tions of the ¢g-Schur algebras S, (n; d) and Sy(n; e), respectively, or equivalently, degree d (respectively,

degree e) U,(gl,)-module structures.
The category AP, is a braided monoidal category with the braiding:

(30) Rpg: F®&G—GF,
where Rp.c(Va) = Rp(v,),6(v;,) is the R-matrix defined in § This is proved in [27, Theorem 5.2].
Theorem 4.2. The pair (Pg 4, APy) is an action pair.

Proof. Let us first define the action of AP, on Py 4. Let F' € APfIl and G € P, ;- Define G+F' € Pg;:f
on objects as G x F\(V,,) := G(V,,) ® F(V},,) and on morphisms as the composition:

Hommyp (o) (Vi T, Vi 7€) = Homyp yonae) (Vi © V2o, Vind @ Vi)
— Homyys () (V2% V;2%) @ Homgga o) (V24 Vi)
— Hom(G(V,,), G(Vy,)) @ Hom(F (V,,), F(Vin))
— Hom(G x F(V,,), G« F(Vy,)).

Using the action defined above, the proof consists only of routine verification of the axioms.

For example, the first property in Definition [4.1]follows by noticing that if we are given f : F} — Fj
and g : G5 — G, then f xg: F1 x G1 — Fy x G2 is given on objects by f * gy, = fv, ® gv,.

We omit the rest. OJ
Remark 4.3. The action in Theorem is a right action. This fact is related to the coideal Ug q
being a right coideal, i.e. A(Ug’q) C Ug, ® Uy(al,) and to the fact that Ty € H57q(d) acts on

the first (left) component of V,¥¢. There is a version of the Schur-Weyl duality in Theorem
where the Hecke algebra generator Ty acts on the last component of V,®¢ (and T} acts on the last
two components of V¥4 etc.) and the corresponding coideal is a left coideal. The action pair in
Theorem is defined similarly, but it is now a left action pair.

(31)

Remark 4.4. The action in Theorem is bilinear. We can therefore say that Pg 4 is a (right)
module for AP,.
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4.2. Cylinder braided action pairs. In this subsection we show how to build a cylinder braided
action pair from the theory of two-parameter quantum polynomial functors.

Definition 4.5. An action pair (B,.A) is said to be cylinder braided if:

(1) There exists an object 1 € B which gives a bijection Ob(.A) — Ob(B) via X — 1% X.
(2) A is a braided monoidal category with braiding c.
(3) There exists a natural isomorphism ¢ : idg — idp such that the following equalities hold:

ey x(ty @idy)exy(tx ®idy) = (tx ® idy)ey x (ty ®idx)exy = txay-

The goal of this subsection is to show that AP, action on Pg , produce cylinder braided action
pair. The module category B here consists of the (one-parameter) quantum polynomial functors
viewed as two-parameter quantum polynomial functors. We make this more precise:

Recall that .APZ = modch and Pglq = modcajlg, and that Ob(C¥) = Ob(C4). The Hecke algebra
inclusion H;!(d) < H§ (d) implies the inclusion HomHqu(d)(Vn@@d,Vr‘?d) — HoquA(d)(Vn®d,Vn§d)
which is the same as the inclusion Mores (Vo Vi) — Morcéx(Vn, V). We thus have the restriction
functor

Res: AP, = Pg 4.

The functor Res is equivalent to the restriction of Sj;‘(n; d)-modules to 5’57 o(n; d)-modules in view of
Theorem

Denote by Res(AP,) the full subcategory of Pg, whose objects are Res Ob(Pg,4). We define an
action of AP, on Res(AP,) similar to the action defined in § Let F' € Res(APy) and G € APy.

Write F = Res(F’) for F/ € APZ. Define FxG € Res API™ as Res(F x @)/, where (FxG)' € APIe
is defined on objects as (F x G) (V,,) := F'(V,,) ® G(V;,) and on morphisms as the composition:

(32) — HomH?(d)(Vn(@d, Vo) @ HomH;;(e)(VnQ@e, V.%¢) — Hom(F'(n), F'(m)) ® Hom(G(n), G(m))
— Hom((F * G)'(n), (F * G)'(m)).

Homgga (o) (Vi 716, Vid 7€) = Homgga (gema e (Ve © V29, Vit @ Vi)

Recall the element cx = ¢4 =[[, K; € ’Hg ,(d). Lemma [2.3 implies cx € HomHg (d)(V,?d, V,&dy,
) »q
Given an element F' € Res AP, define K : ' — F by

Krp(Vy,) :=F(ck) : F(V,) = F(V,).
Lemma 4.6. The map Kr is a morphism in the category Res AP,.

Proof. Assume F' is of degree d. To see that K is a morphism, we need to show that the following
diagram commutes

Py —2) ey
F)| | F)
F(Vy) ) F(Vn)

for all z € Homﬂqu(d)(vn‘@d, V&4, Since cy is central, we have F(z)F(cx) = F(zcy) = F(ckxz) =
F(ck)F(x). The statement of the lemma follows. O

Theorem 4.7. The action pair (Res(AP,), APy) is a cylinder braided action pair.
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Proof. The action in Theorem {4.2| preserves Res(AP,). Thus (Res(AP,), AP,) is an action pair by
restriction.

To show that the action pair is cylinder braided, we let 1 := Resk € Res(AP,), where k € AP,
is the tensor identity (the constant functor) and identify F' € Ob(AP,) with Res F' € Ob(Res AP,).
Take cpg to be the braiding of AP, in and set tr = Kp. To prove that t is a natural
transformation, let f € Mor4p, (¥, G). This means that

fv. F(x) = G(z)fv,
for any 2 € Morca (Vi, V). Since Kr(V,,) = F(ck), taking x = ck gives what we need.
To show the relation

R r(Kg ®idp)Rrq(Kr ®idg) = (Kr ®idg)Ra,r(Ke ®idr)Rra = Krea,

it is enough to consider the case F' = ®? and G = ®°¢ since the morphisms R, K restrict to subobjects.
Since Rga e is given by the action of Ty ., the above relation is equivalent to the equation

G =Toa(ch ® DTae(ch ©1) = (¢ @ V)T, a(ch @ 1) Ty

in H57q(d+e), where ¢4 ®1 € H57q(d)®7{(}4(e) and ¢, ®1 € H57q(e)®7{57q(d) are viewed as elements
in HE (d+e) via " (d)@H () C HE (d+e) and via HE  (e)@H (d) C HE (e+d) = HE (e+d).
But this is checked by a straightforward computation in the Hecke algebra Hg’q(d +e). O
Remark 4.8. Let Kp(y,) be the K-matrix defined in § Then we have
Krw,) = Flek).

Remark 4.9. Strengthening the idea of a cylinder braided action pair is the notion of a braided
module category (see [20, §4.3] and [14, § 5.1]). A cylinder braided action pair (B, .A) is equipped with
a cylinder twist which can be thought of as a natural map tx : 1xX — 1% X (via X = 1xX). A braided
module comes equipped with a twist bys x : M * X — M * X natural on both M € B, X € A with
axioms that ensure the twist is compatible with the braiding on A. Therefore, for a braided module
(B,b) over A and each M € B, the action pair (M * A, A) is cylinder braided with tar«x = bar x-

Our category Pg 4 is a braided module category over AP,. In the setting of Ug o modules with Q,q
generic, Kolb [30] shows that the category of finite dimensional Ug’ ,modules is a braided module
category over the category of finite dimensional Uy (gl,,)-modules. If we restrict to Res(AP,) C Pg.q,
we can obtain the twist by letting by x = cxy (tx ® idy)ey x for Y € Res(AP,), X € AP,. When
@Q,q are generic, every object in Pg, is a direct summand of an object in Res(AP,), so this is
enough. In the non-generic case, we need to further show that by x restricts to submodules. For
this, we can work with duals of Schur algebras and essentially build a couniversal K-matrix (see [27,

Section 5] where they use the couniversal R-matrix to show that AP is braided monoidal). In order
to streamline the contents of the paper, we skip the proof of this fact.

5. COMPOSITION FOR TWO-PARAMETER POLYNOMIAL FUNCTORS

Let d, e be positive integers.

5.1. The category APfIl’e. We now define a category of (type A) quantum polynomial functors
Apg’e where composition is possible. This category is studied in [15].
Recall the e-Schur algebra and the e-Hecke algebra defined in Section Let C;Z‘e be defined

as follows: its objects are finite dimensional Sj;l(n; e)-modules (or the degree e representation of
Uq(gl,,))) for all positive n. The morphisms are given by
Mor(V, W) := HomHg;(dye)(V(@d, wed),
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where the e-Hecke algebra acts on V& as in Define APg’e = mOdC;i“ .
Then [I5, Theorem 5.2] shows that there is a composition o4 on AP". More precisely this means

that given F € APZQ’dle, G e APZl’e, then we have F oy G € APgldQ’e. One can also check that oy
is associative.

5.2. The category Pg’eq. Define the category Cfe as follows: its objects are 5’57(1(11; e)-modules, for
all positive n. The morphisms are given by

Mor(V, W) := Homy,z (@) (VELWED),

where the action of H§ (d,e) on V¥ is given in Section Define Pg’z = modcge.
It is proved in [I5], assuming ¢ generic, that the category .APg’e is equivalent to the category

mod EnquA(d’e)((@le V,©€)®d) One can prove a similar theorem in the type B setting:

Theorem 5.1. Let k = C and Q,q € C* generic. The category Pg?’eq 15 equivalent to the category of
finite dimensional modules of the generalized Schur algebra qu(@?:l Ve d) = Enng (d e)((@?:l V,@e)ed),
b ’q b
We do not prove the theorem, see [15, Corollary 6.14] for a similar argument. Note that the
theorem requires semisimplicity, i.e. @), ¢ have to be generic and k£ has to be a field of characteristic

0.
Let F € PdZ&dle and G € APfIll’e. It is shown in [I5, Theorem 5.1] that G(V') has the structure of

an S{;‘(n; dye)-module.
Recall that F, G produce maps on morphism sets

G: HomHg(dhe)(V@dl,W@dl) — Hom(G(V), G(W))
for V, W e-Hecke pairs and
F: HomHS (d dle)(f/®d2v W®42) - Hom(F(V), F(W))
»q ’
for V,W type B dje-Hecke triples.
Define F'o G € Pga® as follows: for V an S:(n;e)-module set F o G(V) := F(G(V)). This

is well-defined since G(V') has the structure of an S;l(n; die)-module. Define F' o G(z) € Hom(F o
G(V),F o G(W)) as the composition:

(83) Homyp (40 (VE"2, W) 5 Homyp (g, 4,0(GVE", GWE®) 5 Hom(FGV, FGW),

where U is defined as follows: write x € HomHg’q(dld%e)(V@dld?, Wedidz2) a9
$:I‘1®1‘2®"'®$d2,

with x; € HomHé(dLe)(V@dl,W@dl) and set U(z1 ® - ® x4,) := G(21) ® - - G(xg,).

Lemma 5.2. The map ¥ is well-defined.

Proof. Since x € HomH5 (drdo e)(V®d1d2, W®didz) it follows that 2 commutes with the generators of
q ’

H57q(d2,dle) C Hg’q(dzdl,e) and therefore G(z1) ® - G(xg,) € HomHg’q(dz’dle)(GV(@d?,GW®d2).

O

The following theorem is a consequence of the fact that both maps in equation are k-linear:

Theorem 5.3. The composition F o G is a well-defined polynomial functor in 735231’6.
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The composition defined above is restated as follows in the language of Section 4] Define AEP, :=
D, . .»4732’6. The composition o4 is extended to AEP, x AEP, — AEP, by setting

0A(APLY x APEC) = 0 if b # de.
There is an element id4p, € AEP, given by

idaep, = » id APLe

e
where id APLe is the identity functor mapping an e-Hecke pair to itself. The category AEP, with the
operation o4 and the element id 4¢p, form a monoidal category.
In the same way we extend the map o PdQ’dle X APdl’ — Pdel’

0:EPQq x AEPy — EPQ.q,
where EPg 4 := D de 735’2. The following proposition becomes a routine check:
Proposition 5.4. The pair (EPq.q, AEP,) with action given by composition o is an action pair.

Remark 5.5. It is shown in [15] that £AP, has a k-(bi)linear tensor product ® which is braided.
Thus, one can extend the result of Section [f] to the setting of this section. That is, the tensor product
® on EAP, extends to a k-linear action of EAP, on EPg 4; the objects in EAP, restricts to the
category EP( q; the action pair (Res(EAP,), EAP,) thus obtained is cylinder braided. The cylinder
twist in this setting arises from the action of the elements

d
= HKZ-(e) € Hqu(d, e).

Above we used the notation Kjyi(e) = Ty, Tw TwyTw, - - Tw,, where w;, wo are as in equa-

tions , .

6. QUANTUM SYMMETRIC POWERS AND QUANTUM EXTERIOR POWERS

The easiest example of a polynomial functor is ®? € Res 733 C 7’5@ which maps V;, to V.24, In this
section, we define important basic objects in szq, namely the quantum 4-symmetric powers and
quantum *-exterior powers which supply examples of two-parameter polynomial functors outside
Res Pg. Consider V,®? as a representation of ’Hqu (d) on which the action of T; is given by (3). Note

1

that the action of each generator T; € H57q(d) on V24 is diagonalizable with eigenvalues ¢! and

—q for Tj;,i > 0 and Q! and —Q for Tp.
In Pg, we have the exterior power and symmetric power defined as

NV = VE(T + qw | w e V40> 0
SV, = VE (T — ¢ Mw | we V2 i >0}
We generalize equation using the 7—[57 q(d) action.

(34)

Definition 6.1. The quantum 4-exterior powers AL and the quantum +-symmetric powers S¢ are
defined on each V,, as

ALV, = V24 (T +

( Yw, (T + Qw | we Vi >0}
SV, = VE{(Ty -

(

(

D, (T; — ¢ Hw | we Vi > 0);
“Dw, (T 4+ ¢w | w e V4, i >0},

Jw, (T; — ¢ Hw | w e V2% i > 0},
24
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Given a map f € HomHqu(Vn‘gd, V&) it follows by definition that f(T; 4+ q) = (T; + q)f and
f(T; —q 1Y) = (T; — ¢ ) f. The function f can then be restricted to a map f7 : S4V,, — SV,
or to a map f) : ALV, — ALV, by Definition The assignment f e f2 (or f2) is a linear
map Homy s 0 (VEh Vi2d) — Hom(SV;,, SV (or Hom(ALV,,, A4V;,)) on the morphism spaces.
Therefore wo have the following result.

Proposition 6.2. The quantum =£-exterior powers /\di and the quantum L-symmetric powers Si
are polynomial functors.

Remark 6.3. We define the four functors as quotients of ®?. But in fact, they all split, and we
may also view them as subfunctors. We additionally introduce the following polynomial functors,
the +-divided powers, by dualizing the definition of the +-symmetric powers. They are isomorphic
to £-symmetric powers in our setting, but not in general (see Section 8).

L4V ={we VP | (T - Q Hw=0,(T; — ¢ Hw=0,i > 0};

36
( ) Fivﬂ:{wevn(g)d ‘ (T0+Q)w:01 (T‘i_q_l)wzoai>0}'

We describe a basis of each quantum exterior and symmetric power (evaluated at V;,).
Given a = (a1, -+ ,aq) with a; € I,, we denote by v, the standard vector vy, ® -+ ® v,, in V24
We introduce the classes of vectors (depending on a pair of signs)

v:t:l:(a) = Z (j:Q)ﬂFfo(w) (iQ)Ih(w)’Uwa

weWp/ Stab;. 5 (a)
d

where the length functions £y, ¢; are as in .

Proposition 6.4. The following hold:

(1) The image of the set {v(a)++ | 0 < ay
(2) The image of the set {v(a)+_ | 0 < ay
(3) The image of the set {v(a)_+ | 0 < ay
(4) The image of the set {v(a)—— | 0 < ay

- < ag,a; € 1,} is a basis of SiVn
- < ag,a; €1} is a basis of STV,
- < ag,a; € 1,} is a basis of /\ﬁern
- < ag,a; €1} is a basis of N2V,

VARASVANRVAN

Proof. We give an argument for S?; the rest is similar and left to the reader.

We first check that the (image of the) set {v(a)}, with @ such that 0 < a; < -+ < ag,a; € L,
spans S4V;,. In fact, for any standard vector v(b) with b € I¢ we can write b = wa with a as above.
For any reduced expression si - - - s, of w, we have vy = T},v4 because each T, action falls into the
second case in ,. So in S’iVn, the image of vp is a multiple of the image of vg.

Inside V&4 the set {v(a)1y |0 < a; < --- < ag,a; € I,,} is linearly independent and consists
of eigenvectors for T; (for all i at the same time). All T}’s with 4 > 0 have eigenvalue ¢~! and Tp
has eigenvalue Q~!. Since Sﬁern has the same dimension as FiVn, which is the submodule of V,®¢
spanned by ¢! eigenvectors for Tj,4 > 0 and Q' eigenvectors for Tp, this implies that the order of
the set is smaller than the dimension of SiVn.

Combining the two paragraphs, we confirm that the images of v(a) in SiVn form a basis. O
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Remark 6.5. Proposition implies, for each n, the dimension of /\iVn, S:dEVn does not depend
on ¢ and . The dimension in each case has an easy formula depending on the parity of n:

d—1
dim AL Vs, = (2) dim S4Vs, = <T+d )
1
(37) dim /\iVZr‘Jrl = <r; ), dim AL Vo, = <;),
d d—1
dim S Va1 = (TZ ) dim S? Va1 = (”d )

6.1. Higher degree quantum +-symmetric and exrerior powers. We now define higher ver-
sion of the +-symmetric and f-exterior powers that live in the category £Pg , defined in Section
The construction follows the idea in Berenstein and Zwicknagl [I3] and makes crucial use of Propo-
sition

The eigenvalues of cx € ’Hg’q(e) C ’ng(d, e) are of the form Q'¢’ and —Q'¢’ for i,j € Z, —e <
i <e, —(e—1)e <j < (e—1)e; this follows immediately from Proposition In order to be able
to define positive and negative eigenvalues of cx, we need to assume

Q'¢’ # —1 for any i,j € Z such that — 2e < i < 2e,—2(e — 1)e < j < 2(e — 1)e.

This assumption is covered under our @), ¢ generic assumption which will be enforced for the rest of
the section.

Then the two sets {Q%¢’} and {—~Q%¢/} are disjoint; we call elements of the former set positive
eigenvalues of cx and elements of the latter set negative eigenvalues of cx. It is known that the
eigenvalues of Ty, € Hg’q(d, e) are of the form +¢’, this follows for example from [I3, Lemma 1.2].
This allows us to also partition the eigenvalues of T),, into positive eigenvalues (of the form +¢*) and
negative eigenvalues (of the form —gq'), again with no overlap between the two sets when Q,q are
generic.

Definition 6.6. Given V € Cf . an e-Hecke triple as defined in § then

(1) let Si’eV be the largest quotient of @4V where each T,; and ck have positive eigenvalues;

(2) let 5S4V be the largest quotient of ®?V where each T\»; has negative eigenvalues and cx has
positive eigenvalues;

(3) let /\‘iev be the largest quotient of ®?V where each T,,, has positive eigenvalues and cx has
negative eigenvalues;

(4) let ATV be the largest quotient of ®4V where each T,; and ck have negative eigenvalues.

Since the definition is natural on V, our ST and A%¢ are quotient functors of ® and therefore the
following proposition holds:

Proposition 6.7. The functors ST and A%® belong to ng’eq.

Note that T, and ck are not diagonalizable in general; the higher degree +-powers are generalized
eigenspaces, not eigenspaces.

Remark 6.8. We do not know the dimension of the higher degree quantum 4+ symmetric and
exterior powers. Even in the type A setting developed by Berenstein and Zwicknagl, the dimensions
are not known in general. It is known that the dimension is less than or equal to the classical (q=1)
dimension and in fact, it is mostly the case that SgV or /\gV have (strictly) smaller dimension than

nglv or A§:1V- Thus we expect that the dimensions of S4“V and A2V also depend on the values

of Q,q.
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7. SCHUR POLYNOMIAL FUNCTORS

The category 73%7 o 1s semisimple, and the classification of simple objects is given by the Schur-Weyl
duality. In this section, we construct the simple objects explicitly in ®<.
We first recall the type A quantum Schur functors from [26],27]. Given a partition A = (Ay,--+ , Ay,
let
M= A @AM Q. @AM,
A =M@ stg... @5
We also write
=M @M
even if ®* = @ for any A - d. For a partition A of d, the Schur functor Sy is defined as the image
of the composition

AN Te(
(38) s AN 25 D @l Xy gd _y g
where ) denotes the conjugation of X\. The first map is given, on the evaluation at V,, by

(39) Ly : Va > (—0)" ™ vya,

wES)\l XX Sy, CSq

for va = vg, A+ Avg, with 0 < a3 < --- < aq. The second map is the conjugation T¢y) : Vn®x — VO
(The conjugation ¢(\) reads the column of the standard tableau corresponding to A; if A = (4,2)
then c(A) is the permutation (1,2,3,4,5,6) — (1,5,2,6,3,4).) Note that since Sy, x --- x Sy, is a
parabolic subgroup of Sy, there is no ambiguity on the Coxeter length I(w).

Then under our assumption, the Schur functors S are irreducible and any irreducible in APfIl,
the category of degree d polynomial functor in type A, is isomorphic to Sy for some A - d. If n > d,
then any irreducible for the quantum Schur algebra S;‘(n; d) is isomorphic to some Sy\V,.

Remark 7.1. When ¢ is a root of unity, the S are not irreducible. One should instead understand
the Sy in the following context: the category AP, (or the polynomial representations for U,(gl,,)
in the sense analogous to §3.4]) is highest weight where S\ are the costandard objects. The dual
definition

M — @ =AY
gives the Weyl functors which are the standard objects.

The quantum definition of S is not immediately generalized to the coideal case because we cannot
define the tensor products NG ® /\l_’H Y ® S | etc. in our category. The next three definitions bypass
this difficulty.

Recall from Proposition that K; has eigenvalues of the form Q 1¢%, —Qq%.

Definition 7.2. Let ®§l_ be the largest quotients of ®¢ where each K; has eigenvalues of the form
Q '¢¥. Let @2 be the largest subfunctor of @ where each K; has eigenvalues of the form —Qg% .

There is a small problem. The “positive” eigenvalues and the “negative” eigenvalues are still not
well-defined. For example, if ¢ is a primitive 8th root of unity and Q = 1 then Q@ '¢* = —1 = —Q¢®.
To make this definition valid, we need to impose a condition on ¢, Q) which we specify now.

Proposition 7.3. If
H Q2 +¢") #0,
i=1—

then Definition is well-defined.
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Proof. If f4(Q,q) # 0 then f;(Q,q) # 0 for all i« < d. The claim follows from the following lemma
whose proof is elementary and omitted. ([l

Lemma 7.4. The set {—Qq%||j| < i} and the set {Q'¢¥||j| < i} are disjoint if and only if
fi(@,q) # 0.

This lead us to the assumption we need in defining the Schur functors.
Assumption 7.5. Let k be a field. Let Q,q € k* be such that f4(Q,q) # 0.

If @ = g = 1, then Assumption is equivalent to char k # 2, which is the classical setting to
define the symmetric and exterior power. We think of Assumption as a correct two-parameter
quantization of the assumption char k # 2.

The ®i provide the easiest examples of quantum polynomial functors that do not have an analogue
in type A (take d = 1 for example).

Proposition 7.6. The functor ®% is a direct summand of ®<.

Proof. The (evaluation at V,, of) functor ®? decomposes into generalized eigenspaces for K;, in par-
ticular, into (generalized) “positive” eigenspaces and “negative” eigenspaces. Since all K; commute
(see Lemma , their actions on ®? are simultaneously triangularizable. Such a triangularization
realizes ®% as a direct summand of ®%. O

Since ®i is a direct summand of ®%, we have the projections and inclusions

px 1 ®7 = o4,

14 : ®‘i — @,

whose names will be repeatedly abused throughout the section: we denote by p4+ any projection

that is induced by p+ by a pushout diagram. Now we relate the ®‘i with the +-symmetric/exterior
powers.

(40)

Proposition 7.7. We have the pushout diagrams

@ —— o4 ¢ —— o4
g =5 54 A2 Ad

Proof. We prove this for Sf‘ﬁ. Since each T; with ¢ > 0 acts on Sf‘ﬁVn as ¢~ 1, if Ko acts as Q™! then
K; acts as ¢~ 21Q 7. So each (K; — Q) is invertible on S V. O

Proposition [7.7] suggests the following definition.
Definition 7.8. We define S, A} by the pushout diagrams

! —— ®% R —— @1
s = 6 AN —Z 5 AL

Let us construct an analogue of the tensor product ®% with ®Y that is a polynomial functor in

Pg?,q‘ Since AP, is a right module category over Pg 4, we can form ®% ® ®@* and ®1 ® ®P in Pq.q-
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Definition 7.9. The signed tensor power i®b, is the image of the map

Tha
® ®®* 2% @ @’

Then we have ¢ ®° V,, = V%%, ' T}, juf .
With the help of Definition we define SMH) and A

Definition 7.10. Let SO#) be the image of the map

Ty, 00 (i— ®id)
—_—

S @ ) Sh e g B gA g g,

and let AH be the image of the map

p+Q®id

Ty qo(i—®id
TooclB1D, (X g A BB A o

A @ AN

Note that the tensor products of the objects and maps are well-defined because Pg 4 is a module
category over the monoidal category AP, as shown in Section @

In other words, we have the following commutative diagrams where the left faces are the definition
of i@b_, and the right faces are the definitions of SM#) and A#) | respectively.

R ® » S @ S
Al y SO)
i Tb,a [ Tb,a
(43)
®% SA @ St
1P y S} @ SH
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R ® y AP @A

~

[ Tb,a Tb,a
(44)
® y AN @ AH
4@ y N} ®AH

We have AMH) € Pg,q and S e Pq,q- Note that if Q = g =1, we have
A =AM @ QAT @AM @@ AR

and
S()\:M)gsj‘_l@...@Sj‘j@Sﬁl®---®Sﬁr.

Thus we may think of AC#) and SO#) as deformed tensor products which are not tensor products
in the usual sense, but devolve to the usual tensor product when @Q,q = 1.

Example 7.11. (d=2) We have
@2 = §((L1.0) o g((1),(1) gy x g §(O:(1:1))

where X is isomorphic to S(1):(1)) and can for example be taken to be V ® V/(To + Q, T ToT) —
Q1) (here we want a strict decomposition, not up to isomorphism). Note that for the bipartitions
appearing here, there is no difference between S and A (so we could have replaced S ((1),1) py A1)
in the equation above). Furthermore, there is a decomposition

SOL1) = AOMLD) — A2 g g2

and

into direct sum of irreducibles.

Definition 7.12. The Schur functor Sy ,) is defined in the commutative diagram in Figure 2 The
two leftmost diagrams form a subdiagram equivalent to the diagram in (43)), while the leftmost and
rightmost diamonds form a subdiagram equivalent to the diagram in The rightward maps
are induced from the definitions of symmetric and exterior power; the diamonds are induced from
the definition of 1@1’_. See also the diagrams , which are subdiagrams of the diagram in
Figure |2l Then the leftward maps are induced from the map sf ® sﬁ where sf from defines the
type A Schur functors.
In particular, the Schur functor can be defined as the image of the map:

1o cf L
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b e S @ > S(o.) @ Sa A @ AN

SN

t@b  SA@sH s(A WS, ® 8y A @ AR

NN X

/

o’ 53 ® s+ Six,z) ® Sy /\*'®/\“

F1GURE 2. The diagram above consists of four diamonds and maps between them is
used to define the Schur functor Sy ;).

where the right map is the projection in the diagram in Figure [2] and the left map is induced from
the map cf ® cﬁ defined in equation , where cf = Teonytn (see and after).

) / ARcd
A @ A e 2 @ HF = @
AY @A < >y 4 @b
(46) / J
A @ AN y b @@
N o) X , /
AN y 1®°

Example 7.13. For wy = (1,---,1,0,---,0), we have S, o) = /\‘j_ and S(g &,) = A, For dw; =
(d,0,---,0), we have S (g, 0) = Si and S0 4w,y = S

7.1. Schur functors in generic case. In this subsection, we relate the Schur functors with the
Young symmetrizers in § 2.3] For this, it is necessary to assume that k = C and @, ¢ are generic.
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Proposition 7.14. We have for each n, A\,
S (Va) = (V2
as Sg’q(n; d)-modules where e’/\w is the Young symmetrizer defined in .

Proof. The projection ®% — Sy ® S, is isomorphic to (acting with) the Young symmetrizer ey ®

- +
Uy Tp qUa

e, = (ex ®id)(id®e,). The projection @7 (4®") from Definition is isomorphic to
multiplication by e, from equation .

To see this, we need to check % = @%ud. But note that by [33, Theorem 3.1.1], the dimensions
of irreducible qu—modules does not depend on ¢,Q. Thus by Schur-Weyl duality ®1V2r+6 =
@, Ly ® Dy gy, where e € {0,1}, and therefore the old ®% also has the same dimension for all
q, Q with £4(Q,q) # 0, namely, (r 4 €)%. On the other hand, it is clear in Definition that the new
®‘j_V2T+€ has dimension (r + e)d. Similarly, the old and new ®% V5, have the same dimension r¢.

The claim now follows from the Definition in Figure |2| (note specifically the implicit square con-

taining ®d,i L, Sx®8u,S(x,) and the fact that e, and ey ®e,, are idempotents and commute. [

Example 7.15. (d = 2) There are five bipartitions (A, u) F 2, namely ((1,1),0), (0,(1,1)), ((2),0),
(0,(2)), ((1),(1)). The only case that is not covered in Example is ((1),(1)). A defining sequence
in this case is

A _y 02y gl0,0)

One sees from the definition that A(M-(1) = _1%®1_ = S(M:(M) and that the composition is an
isomorphism, hence we have S((1) 1)) = S(W:1) o A1) Thanks to the Schur-Weyl duality,
we know that ®2 has four distinct irreducible summands with multiplicity one and a unique (up

to isomorphism) irreducible summand with multiplicity 2. The former correspond to ((1,1),0),
(0,(1,1)), ((2),0), (0,(2)) and the latter is necessarily isomorphic to Sy (1))-

Example [7.15| generalizes to give the following description/classification of the irreducible polyno-
mial functors in Pg 4.

Proposition 7.16. We have for each n, A\,
St (Vn) = (V2Deh
as Sg’q(n; d)-modules where e’/\w is the Young symmetrizer defined in .

Proof. The projection ®% — Sy ® S, is isomorphic to (acting with) the Young symmetrizer ey ®

o T aud
e, = (ex ®id)(id®e,). The projection @7 Zo bt (4®") from Definition is isomorphic to
multiplication by e, from equation . The claim now follows from the Definition in Figure
(note specifically the implicit square containing ®d,‘i ®7, 8 ® Su> Siap) and the fact that e, and
ex ® e, are idempotents and commute. ]

Theorem 7.17. The Schur functors S
complete list of irreducibles in Pq 4.

ap) are irreducible, mutually non-isomorphic, and form a

Proof. The claim follows from Proposition [7.16], Proposition and Proposition [3.10 O

Remark 7.18. We have that S, ,)(Vn) = L u(n). By [33, Theorem 3.1.1] and [26, Theorem 6.19],
the dimension of the Sg,q(n; d)-module Sy ,)V;, does not depend on ¢, Q). Thus it has a basis indexed

by the set of semistandard bitableaux of shape A, u.
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7.2. Schur functors in non-generic case. Theorem is not true when @), q are roots of unity
or chark > 0. But that is only because the formulation of the result is not the right one. (See
Remark ) In this subsection, we place the Schur functors in the right context.

The category Pq 4 is semisimple under the assumption of Theorem and therefore can be
viewed as a highest weight category where the irreducible, standard and costandard objects coincide.
Then Theorem is equivalent to saying that the Schur functors S ,) give a complete list of
mutually non-isomorphic costandard objects in Pg 4.

It is proved in [33 Theorem 3.1.1], assuming f4(Q,q) # 0, that qu(n; d) is quasi-hereditary for

all n,d. Then by Theorem E the categories szvq and Pg 4 are highest weight. In that case, we
expect that the Sy, ) are the costandard objects in Pg , and the Weyl functors, which are defined
by dualizing our definition of Schur functors, are the standard objects in Pg ,. We also expect that a
direct proof of quasi-heredity using the Schur functors and Weyl functors similar to the approaches
in [I B1] exists. We note that without the assumption f4(Q,q) # 0, the algebra S’S’q(n; d) is not
quasi-hereditary in general (see [33, Example 6.1.2] and the remark thereafter).

7.3. Higher degree Schur functors. We now assume @, g to be generic. Generalizing the functors
Si’e, /\i’e .E 77%’; defined in §H we can define Schur functors in Pé’z. We give an outline of this
construction.

First define Si’e to be the largest quotient of S* (here we denote by S* the restriction of S* =

SM@...08M e Apg’e to Pg)’fq) where ¢§, € Hg,q(d, e) has eigenvalues of the form +Q'¢’, i,j € 7Z,

and define similarly Si’e, /\;\E’E. Then consider the higher degree analogue of the maps T¢y) (see (38))
and Tj, o (see Definition , which are obtained by writing 7,(y), T, as a product of the standard
generators T; in Hgg(d) and replacing the 7; with the higher degree generator T, € H57q(d, e) (see
and ) The rest of the construction is now identical to that of the Schur functors in P%,q
using Remark

The higher degree Schur functors supply many non-trivial examples of polynomial functors in
Pg?’fq. Unlike in the case e = 1, however, the Schur functors are decomposable in general. Their
decomposition (even when @), g are generic) is a difficult and interesting problem. While we have
little understanding on the higher degree Schur functors at the moment, we hope that they lead us
to a structure theory of the categories 775’;.
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