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TWO GENERATORS FOR THE MAPPING

CLASS GROUP OF A SURFACE

BRONISLAW WAJNRYSI

Let F be an orientable surface of genus 9 ~ 1, either closed or with one boundary
component. Let .NI be the mapping class group of F. Then 1\1 can be generated by
two elements.

1. Introduction.

Let Fn,T be a compact orientable surface of genus n with r boundary components.
Let Mn,r be the mapping dass group of Fn,r, i.e. the group of isotopy classes of
orientation preserving homeomorphisms of Fn,T which leave the boundary pointwise
fixed. We shall only consider the case of r = 0 or r = 1. Dehn proved in [D] that
j\;!n,r is generated by twists with respect to simple closed curves (see definition
1.) Lickorish proved in [LI] that twists with respect to curves ab 0'2,"" 0'2n,

02,03, ... , On (Fig. 1) suffice. He also proved that if we do not require the generators
to be twists then four generators suffice. In fact it is easy to find three generators
for lvIn,T' vVe can find homeomorphisms S (defined later) and E , a "rotation",
such that the conjugation by S acts transitivelyon Dehn twists with respect to
0'],0'2, ... ,0'2n and the conjugation by E acts transitivelyon Dehn twists with
respect to 01,b2, 03, ... ,bn (bI = 0'].) Thus 5, E, and the twist with respect to 0']

generate Mn,r. Humphries proved in [H] that Mn,r can be generated by 2n+ 1 twists
with respect to curves al, a2, . .. ,Q:2n , 02 and that this is the minimal number of
twist generators for lVIn, r .

In this paper we prove that 1VIn ,r can be generated by two elements.

Theorem. Let F be a compact orientable sur/ace 0/ genus n , either closed or with
one boundary component. Let lVI be the mapping dass group 0/ F. Then 1VI can
be generated by two elements.

The result is known far n < 2. For n = 0 the group lvI is trivial. For n = 1 the
group lvI is generated by twists with respect to curves a1 and Q:2. For n = 2 the
group lvI is a quotient af the braid group B 6 (see [B]) and hence cau be generated
by two elements. So it suffices ta prave the Theorem far n ~ 3.

1 Technion, Haifa and Max-Planck-Institute, Sonn.



2. Definitions and notation.

We assume that n '2: 3 and that F is a surface of genus n represented on Fig. l.
The curve ß on the right side of the picture is either the boundary of F or F is
closed and ß bounds a disk on F. F is oriented in such a way that the part of F
facing us has the usual orientation of the plane. On an oriented surface we have
the notion of left and right. If we move along a curve in some direction and ti is
the velocity vector and v is anormal vector then v is to the right of u if the pair
(u, v) is negatively oriented.

---0 ö

Figure 1

Definition 1. A (positive) Dehn twist with respect to a simple closed curve Q' (or
along Q') is an isotopy dass of a homeomorphism h of F, supported in a tubular
neighbourhood lV of 0', obtained as follows: we cut F along Q', we rotate one side
of the cut by 360 degrees to the right (dockwise) and then glue the surface back
together damping the rotation to the identity at the boundary of lV. If ß is a curve
on F which meets 0' transversely at one point and if ß' is the image of ß under the
twist then ß' is obtained by splitting 0' Uß at the intersection point and reglueing it
together into one simple closed curve, where ß extends to the right into Q' (Fig.2).
If Q' and ß meet at the far side of F, where the curves are denoted by broken lines,
then ß' turns "Jeft" into 0', which means right according to the orientation of the
far side of F. For the inverse of a twist we have to interchange left and right .

ß' ß' ffi-@
Figure 2

A Dehn bvist \vith respect to Q' depends on the orientation of the surface F but
not on the orientation of the curve 0' . The twist along a will be denoted To .

By a curve we always mean a simple closed curve on F. Vle shall say that curves
are equal if they are isotopic on F.

"vVe compose homeomorphisms from left to right and we write the symbol of a
homeomorphism on the right side of the curve on which it acts. A conjugate of ..4.
by B is denoted (A)B = B-1 AB .

vVe let
5 = TOl T02 •.• T02n and R = TOn _ i To~l .

We denote by G the subgroup of ],,1 generated by Rand 5 .
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3. Proof of the Theorem.

vVe assume as before that n 2": 3 . In order to prove the Theorem it suffices to
prove the following proposi tion

Proposition. G == lVI J i. e. the group lvI is generated by Rand 5 .

Lemma 1. // Q' is a curve, h is a homeomorphism and Q" = (Q')h then Ta' = (Ta )h.

Proof: Homeomorphism h-1 takes a n~ighbourhood N' of Q" onto a neighbourhood
N of Q'. Then Ta twists N along Q' and h takes N back to N' .

o
Lemma 2. Let Q' and ß be simple closed curves on F.

(i) // Q' does not meet ß then TaTp == TpTa .
(ii) // Q' and ß meet transversely at one point then TaTpTo = TpToTß

Proof: The first case is obvious. The second case is equivalent to T;;lTpTo ­
TpToTi1 . By Lemma 1 this is equivalent to the fact that the curves (ß)Ta and

(o)Ti l are equal, which is clear from definition 1 .
o

Lemma 3. (TOi )5 == TOi _ 1 /or i == 2,3, ... ,2n .

Proof: By Lemma 2 (To;)Toj == To; for li - JI > 1 and (Ta;+l )TOi == (Tai )T~~l
for i = 1,2, ... ,2n - 1 . Lemma 3 follows .

o
Lemma 4. (on)sm == 0'2n-m for m == 0,1, ... , 2n - 1 (Fig.3 .)

Proof: For m == 0 we have On == 172n (Fig.3 .) Suppose (On )sm == I7Z n - m for
some m. Let us apply S. For j < 2n - 'm the curve I7Z n - m is disjoint from Q' j

so (l7z n- m)Toj == O'Zn-m . Clearly (O'zn-m)To2n_m == O'Zn-m-l by definition 1, and
O'Zn-m-l is disjoint from Oj for J > 2n - m , thus (on)5 m +1 == O'Zn-m-l Lemma
4 follows by induction .

o

Figure 3

Lemma 5. (on_dSZn
-

Z == pz and (on_I)52n
-

4 == P4 (Fig·4 .)

Figure 4
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Proof: Let Oa,r = (On-l )saTeq T 02 ... TOr for a = 0, 1, ... ,2n - 3 and r =
1,2, ... ,2n . Ba,2n = (On-l )sa+l .

For k = 0,1 ... ,n - 2 we define curves Ak,l' Ak,2, Ak,3 (Fig.5a) and euryes /-lk,ll

/-lk,Z, /-lk,3 (Fig. 5b for k < n - 2 and Fig. 5e for k = n - 2 .) We prove by induetion
on k that

(a) B2k ,2n-2k-3+i = Ak,i for i = 1,2,3 .

(b) B2k+l ,2n-Zk-4+i = J-lk,i for i = 1,2,3 .

(e) (on_dS Zk +2 = /-lk,3 .

We start with k = 0 (a = 0) and apply the eonsecutive faetors of S to On-l
For j < 2n - 2 curve 0:' j is disjoint from On-l so (On-l )TClj = On-l . By definition 1
(On-l )TCl2n _2 = Ao,l (Fig.5a) so BO,2n-2 = AO,l as required. Suppose that for
some k ::; n - 2 we have BZk ,2n-2k-2 = Ak,l . Clearly (Ak,dTCl2n_21c_l = /\k,2 and
(Ak,2 )T02n_2Jt = /\k,3 so the equations (a) are true by the definition of Ba,r . For
j > 2n - 2k curve aj is disjoint from Ak,3 so (On_l)S2k+l = Ak,3 . vVe apply again
the conseeutive faetors of S. For j < 2n - 2k - 3 curve aj is disjoint from Ak,3 .

Now we apply T02n_2Jt_3 to Ak,3 . If k < n - 2 we get the eurve J1.k,l on Fig.5b . If
k = n - 2 then 2n - 2k - 3 = 1 so we apply T Cll to An -2,3 . It is easy to see that
we get the curve /-ln-Z,l on Fig.5e . Thus J.lk,l = (On-l )SZk+1TCll ... TCl2n-21c_3 =
BZk+l ,Zn-2k-3 as required. Clearly (J.lk,dTo2n-21c-2 = f-lk,z and (J1.k,2 )TCl2n-21c-l =
J1. k ,3 so equations (b) are satisfied. For j > 2n - 2k - 1 eurve Ci j is disjoint from
/-lk,3 so (On-l )SZk+2 = J1.k,3 which proves (e) . If k < n - 2 we go on and apply
again the conseeutive factors of S to f-lk,3 . For j < 2n - 2k - 4 curve aj is disjoint
from J.lk,3 . It is easy to see that when we apply T02n-21c-4 to /-lk,3 we get Ak+l,l .
Thus BZk+2,2n-2k-4 = 82(k+Il,2n-2(k+l)-2 = Ak+l,l . This completes the induction
step. From (e) we get

(on_dS2n- 4 = f-ln-3,3 = P4 (Fig.5b and Fig.4 )

(on_dSZn - 2 = J.ln-2,3 = PZ (Fig.5c and Fig.4 .)
o

Figure 5a

Figure 5b
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Figure 5c

Lemma 6. (,dS2 = Oi-I for i = 2,3, ... ,n (Fig. 1 .)

Proof: This is an easy exercise for areader who followed the proof of Lemma 5 .
o

Let U = (R)S2n-2 . Then U E G and by Lemmas 4 and 5 U = Tp2T;/ .

Lemma 7. (Ok)U = lk for k = 2,3, ... , n (Fig.l .)

Proof: Fig.6a shows curves 0k and P2 . Clearly (Ok )Tp2 = VI (Fig.6b .) Now in
(VI )T~1 (Fig. 6b) most of the picture "contracts" and we are left with lk .

o

0> "
n

Figure 6a

Figure 6b

Lemma 8. Tal T8~1, Ta3 T:;;,t and T62T6~1 belong to G .

Proof: By Lemmas 6 and 7 we have (Ok)U 52 = Ok-l for k = 2,3, ... ,n . Thus
(R)(uS 2 )n-3 = T82T8~1 . Now by Lemma 7 (R)(uS 2 )n-3 u = T"'Y2T:;/ = To: 3 T;1 .
Applying S2 we get , by Lemma 6, TOI Tt5~l which is equal to TO: l Ta~l

o

Lemma 9. TO:1To3To:'!',To3 = T"To2 Ti3 (Fig.l .)
Every factor on the left hand side commutes with every other factor in the relation.

Proof: vVhen we cut F along the curves 01, 03, Q5 and 03 we get a disk with 3
holes (Fig. 7 .) The relation in Lemma 9 is the so called "lantern relation" . It was
proven in [.1] .

o
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Figure 7

Let VV = T03T:;/T83T8~1 . By Lemma S vV E G. By Lemma 9
W = TT- 1T-l .

t; 01 06

Let V = (R)SZn-4 . Then V E G and by Lemmas 4 and 5 V = Tp4 T;2 (Fig.3
and Fig.4 .)

Lemma 10. (f)V- 1 = (h, (O'dV-l = ab (O's)V-1 =,3 .

Proof: Clearly (f)TlT4 = lJz (Fig. Sa and Fig. Sb .) \Vhen we apply T;;/ to lJz

(Fig. Sb) most of the picture "contracts" and we are left with 03 .
Clearly 0'1 is disjoint from a4 and P4 so (0'1) V = 0'1 .

Finally (0':,") )TlT4 = l/3 (Fig.8a and Fig. Sc .) \Nhen we apply Tp-:,1 to l/3 agaln
most of the picture "contracts" and we are left with f3 .

o
----- ... -

--- ... _---_ ... -----
n

Figure 8a

------------------
2 j--------------------n

Figure Sb

2 3

-----P4--~~~~~::::~:,

O 'I :6-
I I

, I

~ --:::::~::::---~~~~~~,'
n

Figure Sc

V/e can now complete the proof of the Proposition. By Lemma 1 and Lemma
10 we have (vV)V- 1 = T(;3T;;tIT;1 E G . Now by Lemma 8

(Tol T/j~l )(T/j2T/j~1 )(T83T;;11 T:;/ )(T'3T;;31) = T;;3' E G .
By Lemma 3 TOt E G for each i. In particular TOt E G . Now T/j2 E G by

Lemma 8 and G = J.vl by the result of Humphries in [H] . This concludes the proof
of the Proposibon and of the Theorem.
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