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The first eigenvalue of the Laplacian for

a positively curved homogenecus Riesmannian manifold
Hajime URAKAUWA

§0. Introduction, The purpose of this paper is to compute
the first eigenvalue of the Laplacian for a certain positively curved
homogeneous Riemannian manifold.

By a theorem of A.Lichnérowicz and M.ubata, if the Hicci curvature

Ric of an n-dimensional compact Riemannian manifold M satisfies

M

Ric, > n-1 , then the first eigenvalue x1(m} of the Laplacian of M

M <

is bigger than or equal to n, and the equality holds if and only if

M is the standard sphsere Sn of constant curvature ané. Moreover,

due to [L.zJ, [L.7),[c], [B.B.G], we knou the following eigenvalue

pinching theorem :

‘Thacrem. Let M be a compact, n-dimensional Riemannian
manifold whose sectional curvature Km 2 1. Then there
exist a constant C{(n)> 1 depending only an n such that

c(n)n > :xq(m) 2N [ M is homeomorphic to s".

On the other hand, we know the classification of compact homogeneous

Riemannian manifolds with positive sectional curvature, due to [B],

@EJ, (A.w], (B.B 1,2]). Thersefore it would be interesting to know the
first eigenvaluss mq(m) of these positively curved homogeneous
manifolds. In this paper, we give a comparatiuely‘sharp estimate of
A,(m) of such manifolds and as its application we dstermine Aq(m)  of
7-dimensional positively curved homogeneous Riemannian manifolds
SU(B)/TK’L, and the manifold F,/Spin(8) of flags in the Cayley

plane (cf. Theorem 2.1). Moreover in the appendix, we give a complets
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list of A1(M) of all compact simply connected irreducible Riemannian
symmetric spaces, which was already given in {h1] for the classical

cases. As its application, we obtain a complete list of stable, i.se.,
the identity map is stable as a harmonic map (cf.[Sm]), compact simply

connected irreducible Riemannian symmaetric spaces (cf. Theorem A.1).
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fiir mathematik for its hospitality during our stay in Bonn.



1. Homogeneous Riemannian manifolos with positive curvaturae.

In this section, following [A.u], (W] ,[B.8 1,2] , we prepare the
results of classifying simply connected homogeneous kiemannian manifolds
with positive curvature.

et G be a compact connected Lis group, anod H a clossd subgroup.
Let g be a Lie algebra of G, and h +the subalgebra of g correspon-

ding to H.

Definition 1.1 (cf. [A.u] ), The pair (G,H) satisfies the

condition (I1) if there ex(ists an Ad(G)-invariant

inner product (-,-)0 on g such that the orthogonal

complement v of h in g has the orthogonal decompo-
sition v = v, il Vo with the following properties :

(i) @1,v2]C:u2, [V1,V1]C hév, , {yz,vsz h#v, , and
(i1) for X=X +Xp, Y=Y +Y, with X ,Y,€ v,,i=1,2,

[x,¥Y]=0 and X,Y # 0 dmply [X;,Y,)+# 0.
Putting Kk := h # v, , Kk 1is a subalgebra of g and (g,k) is
a symmetric pair of rank one, Furthermore, the connected Lie subgroup

K of G corresponding to k 1is clossed,.

pefinition 1.2 (cf. [A.uW]). For =1< t<co, we define an Ad(H)-

invariant inner product (',')t on v = v,8v, by
“1*"2"’1”2)1; = (1+t)(x1’Y1)a + (XQ:YQ)Q ’
for Xi,Yie'vi, i=1,2, and lst 94 be a G~invariant

Riemannian metric on G/H induced from (-,-)t .

Moreover let h be a G-invariant Riemannian metric on /K induced

from the inner product (°,-)o on v, Then the naturzal projection



% 3 G/H— G/K induces a Hismannian submersion ii: (G/H,gt)—-~7
(G/K,h) with totally geodesic fibers for all -1 < tw»(cf.(8.B.8]).
Note that in case of v, = {o}, (G/H,go) = (G/K,h) is a Rismannian
symmetric space of rank one, and in case of vy, = {0}, the condition (II
implies the ons such that the normally homogeneous Riemannian manifold

(G/H,gn) has positive curvaturs.

Theorem 1.3 (cf.[h.u , Theorem 2.4],[H » Corollary 2.2}).

Let (G,H) be a pair with condition (1I), and v, #{0}, and
v, ¥10%}. Let gy, -1¢ t<w be a G-invariant metric on G/H
given in Definition 1.2, Then the Riemannian manifold

(G/H’Qt)',“1< t< 0, has positive curvature.

Theorem 1.4 (cf.[u} ,[B.B 1,2],[8]). All the compact simply

connected hompgeneous spaces G/H which are not homeomorphi

n

te § and have positively curved G-invariant Riemannian

metrics sxhaust the following table

(1) in case of normally homogeneous spacas,

G/H
1) su(n+1)/s(u(n)xu(1)) = P™(K), n22

2)  sp(n+1)/sp(n)xsp(1) = P"(H), ny2
3)  F./Spin(9) = pZ(Cay)
4)  sp(2)/su(2)

(11) in case of the condition (II) with v %{0} and v %\(

G/H G/K
Z2n-1

5)  sp(a)/sp(n-1)x1'% p2" 1 (€), ny2 | sp(n)/sp(n-1)xsp(1)
6) Su(5)/sp(2)xT’ su(s)/s(u(a)xu(1))




7)  su(3)/1° SU(3)/5(u(2)xu(1))
8)  su(3)/1" Su(3)/s(u(2)xu(1))
9) u(s)/r2 = su(3)/T1 SU(3)/s(u(2)xu(1))
10) 5u(3)xsu(2)/T1x§ET§7 su(3)/s(u(2)xu(1))
1) sp(3)/5u(2)xsu(2)=5u(2) sp(3)/5p(2)=sp(1)
12) Fé/Spin(B) Fa/bpin(g)

Remark 1. Here we denote by T , k=1,2, k-dimensional tori.

2

In case of 7), T is a maximal torus in Su(3). In cases of 8),9),

1 2

the embeddings of T and T° are given in [A.u], [B.B2] or §2.

In case of 10), T1x5UZ75 = {(t(é gl,X); tET1, XESU(Z)}

C {(t() ,v); ter?, x,vesu(2)} = T'xsu(2)xsu(2
L-2in
1 in
Here T = ] . JeSU(3); q¢eR T
{ Lt 1e k]

Remark 2. The examples 4),5) and 6) are due to [B], and the
ones 7)~12) are due to (W], [A.u]. The inclusion SU(2)C, Sp(2)
in 4) 1is not canonical (cf.[B]). In the cases 5),6) , the normally

homogeneous Riemannian metric 9, has positive curvature.

Remark 3, The pairs (G,H) with the condition (II) are
ctlassified in [B.B?,p.SQ] . All the simply connected homogeneous spaces
G/H with the condition (II) which are not homeomorphic to s"  exhaust

the above table in Theorem 1.4.



§2. The first eigenvalue of the Laplacian.

In this section, we show ths following theorem :

Theorem 2.1. Let G/H be the homogeneous spaces as in Theorem

1.4, Let (°")o be the Ad(G)-invariant inner product on

g given by
(er)n = = B(X,Y), X,Ye g ,

for 1) ~12), except 9), where B is the Killing form of

Qe For 9), we define (-,-)D by
(X,Y), = -6 Trace(XY), X,Ye u(3).

We define the inner product (-,); , -1 t{B , on the ortho-
gonal complement v of h in g with respect to (*,')0
as in Definition 1.2 for 5)~12), and we consider only
(*s)g fof the cases 1)~4 )., Then we can estimate the
fifst eigenvalue A1(gt) of the G-invariant Riemannian

metric gy on G/H corresponding to (-,-)t as follows :

G/H Aq(gy), -<tLO
1) su(n1)/s(un)xu(1)) | rq(gy) =1
2)  sp(n+1)/sp(n)xSp(1) rMlgy) = B
3)  F,/5pin(9) M(gy) = %
4)  Sp(z)/su(2) -1-2- < 2 (gy)
3)  sp(n)/sp(n-1)xT" Ty A (9e)SReT
6)  su(5)/sp(2)xT’ 7o ex(gy)s
7)  su(3)/T? 3 salay)g 1
8)  su(3)/1 Xi(gy)= 1




9)  u(3)/1* 1< A (ey) €1
10)  sU(3)xsu(2)/T'=SUTZT | 5 ¢ a,(g,) ¢ 1
1) 5p(3)/50(2)%5U(2)x5U(2)| 7% ¢ A,(8;) € =
12)  F,/spin(a) xloy) = %
Remark. The cases 1)~ 3) are known in [C.W] .

For the proof of Theorsm 2.1, we prepare Lemma 2.2.

Lamma Z2,2. Under ths assumptions of Theorem 2.1, the first

sigenvalue *1(9t) of (G/H,gt), -1<t4D, can be estimated as

Algg) € Aq(gy) £ N(G/K,h),  -%tgo ,

where A1(G/K,h) is the first eigenvalue of (G/K,h).

Proof. Since 13 (G/H,gt)———7(G/K,h) is a Riemannian submer-

sion with totally geodesic fibers, the (positive) Laplacian ‘Ag s Dy
t

of (G/H,gt), (G/K,h) satisfy
A, (Fem) = (A F)w , f e CG/K)
9¢

(cf.[B.B.B ,p.188]). Then the spsctrum Spec(é-gt) includes the one
Spac(lSh), in particular, A1(gt) < Ai(G/K,h) for all t.

For the remaining inequality, we put p = dim(v1) and q = dim(v,).
Let ixi}i=? , {Yi}i=? be orthonormal bases of v, , v,, respectively.
Then since {Xi/inT}i=? s {Yi}i=? are orthonormal with respect to
(+»)¢ » the Laplacian Agt of (G/H,g9) can be expressed (cf.[m.u ’
P.476,475)) as



104 p 2 q 2
a, =- 17 M 7)) =x(Z7Y,.°%)
9¢ t+1 i=1 * i=1 t ’

in particular,

Ag = - i( z:P X12) =~ %( Z:q Yiz):
0 i=1 i=1

where A is the canonical isomorphism of the algebra of Ad(H)~invariant
polynomials of V = v1ﬁv2 into the space of G~invariant differaential

opsrators on G/H. Therefore we obtain

1 ~ p 2
(2.17) a_ = a  + (1-+=—=) A (2P x.9).
9 9, t+1 i=1 &

. ”~
Here bacause of =-1<t¢0, the operator P:= (1- E%WJ AP xiZ) =

i=1

t p 2 .
x( 2" X,) is non-negative, i.e., 5 (PF)f dv. 20 Ffor f€
t I=1 G/H 9
c®(c/H), where dvg is the volume element of (G/H,gt). Note that
t
(2.2) dv_ = (t+1)P/2gy
8¢ g,

Therefore, together with (2.1), (2.2) and Mini-Max Principle (cf.[B.U,

Proposition 2.1]), we obtain A, (g.) 2 A,(g,), -1ctio. Q.E.D.

Proof of Theorem 2.1. The casse 8) will be showed in Lemma 2.3.

The upper estimate af Aﬁ(gt) can be obtained by the inequality
AT(gt) < A1(G/K,h) in temma 2,2 and Theorem 2.1, 1)~ 3). In the

lower sstimate we use the inequalities
A1(G’Q) < 51(90) < A1(9t): -1<t<0.

Here A1(G,g) is the first eigenvalue of (G,g) whose metric g is
the bi-invariant one induced from the inner product (-,.)0 on g .
The computations of k1(G,g) are accomplished in the appendix and

note that A1(u(n+1),g) = % .
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Case 8). A 1-dimensional torus H =71 in G = SuU(3) is
conjugate in SU(3) to
BQKikﬁ
2xile
Tk, = {( & —2mi(e)o) “m} ’

where k, £ are integers. We know by Lemma 3.1 and Theorem 3.2 in
[A.uw], that the pair (SU(3),T1) satisfies the congition (II) if and
only if 17 s conjugate in SU(3) to Ty g with ke{k+l) # O.

2
T

Moreover, since T » me I-(0), we can assume without loss of

k,2 = mk,mi

generality that H=T =T where k& £ 0 and k,L are relatively

Kyl
prime.

tet K = s(u(2)xu(1)) = {(x det x-1) 3 er(Z)} , and g, k, h
the corresponding Lie algebras of G = SuU(3), K, H, respectively.

Let (-,-)o be the inner product on g defined by

(X,Y)D = - B(X,Y) = =6 Trace(XY), X,Y€¢ g = su(3),

& iy i L <+
and we put Vqyi= hn k, Vyi= k ,and v=h = v1@v2, uwhere Kk , h

are the orthogonal complements of k , h in g with respect to (-,'}D s
respectively. We define the Ad(H)-invariant inner product (-,»)t »

-1< t<®o, on v = v,Bv, as in Definition 1.2 and let g, be the
G-invariant Rismannian metric on G/H = SU(.’S)/Tk 2 induced from ("')t‘
b4

Then we have :

Lemma 2,3, Assume that ke(k+2) % O. Then the first eigenvalue

Aqs(gy) of (SU(3)/Tk’£,gt), -1<t<U, is given by

k1(gt) = 1 for every -1<tg0.

Proof, We know already that

k1(90) < A1(Qt) < Aq(G/H:h) = 1.
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50 we have only to show 11(90) = 1, For this we use Theorem 1 in [U]
which tells us that the sigenvalues of the Laplacian of (SU(S)/Tk L'go)
»

are given by
1 2 2
flng,ny) i= g(my"+my"-m my+3m, ),

where m i=n,+n, , m2:=n2,and n, and n, run over the set of non-

1

negative integers satisfying 35, ¥ 0. Here Sﬁ’ﬂ is the
1

N2 112
number of all the integer soclutions (p',q,r) of the equations :

kn,= no=(2k+l)p'+(-k+L)g+(k+22)r = 0 , and

1

Ogp'eny 4 0gagny , and  0grep'+(ny-a).

Then we can easily check

f(n19“2) 21 = F(1,1),

except the cases (n1,n2) = (1,0) or (0,1). Howaver 51’0 = Sg:%

= 0 due to the assumption kQ(k+L) % 0. Therefore we have the

desired result. R.E.D.



1M1

Appendix. The first eigenvalues of symmetric spaces.

The table of the first eigenvaluss of the Laplacian of compact
simply connected irreducible Riemannian symmetric spaces has been
already given by [N1] for the classical cases. In this appendix,
we give a complete list including the exceptional casass.

At first let G be a compact simply connected simple Lie group,
g its Lie algebra, and g the bi-invariant Riemannian metric on &

induced from the inner product («,+) on g given by
(A.1) (an) = - B(X,Y), X,Ye g,

where B is the Killing form of g . We denote by the same notation

* canonically induced fron (-,+) on g .

the inner product on g
Then it is known (cf,[Su] ) that the spectrum of (G,g) can be given

by the formula of Freudenthal as follouws :

the eigenvalues ; (r+ 29, 2),

their multiplicities ; d,2 ,

where 2¢f is the sum of all positive roots of the complexification
gE of g relative to a maximal abelian subalgebra t of g , and d,
is the dimension of the irreducible unitary representation of G with
highest weight A , and A varies over the set D(G) of all dominant
weights in the dual t* of t .

By the last table in [Bo], we know D(G), 29, and the inner product

(-,°) in t*, so we get the follouwing table of the first eigenvalue of

the Laplacian of (G,g) :



tape of G A, (G, 9)

AL’ 131 31&1217 X
2(2+1)

By» 222 minfyper : et}
-1-% , =2 X

‘{%% , L=3

7T+ 224

Cy» 1;2 %%;% X

Dys 223 mn{%«}_’% , %é%—:—}-;—}
15 s L=3 X
{%5% , 28

Eg 13

E7 5

Eg 1

Fa %‘

G, %

Table A.1. The first eigenvalue of the Laplacian of a
compact simply connected simple Lie group,

In this table A.1, the symbol X means the unstability of (G,g).

Next, the spectrum of the Laplacian of an irreducible Riemannian
symmetric space G/K of compact type is given as follous, Let G
be a compact simply connected simple Lie group, K the corresponding
closed subgroup of G. Let g , k be the Lie algebras of G, K,
respectively, and g =k @ p, the Cartan decomposition, We give

the inner product (+,+) on p by the restriction of (A.1), and

12
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let h be the G-invariant Riemannian metric on G/K induced from («,-).
Then it is knoun (cf.[bu]) that thse spectrum of the Laplacian of (G/K,h)

is given by
the sigenvalues ; (x+ 26,0),

their multiplicitiaes ; dl .

Here 2 varies over the set D(G,k) of highest weights of all spherical
representations of (G,K) ,which is determined by [5u] as follous.

Let acp be a maximal abelian subspace in p , and h , a maximal
abelian subalgebra of g containing a . Let T be a ¢=-fundamental
root system, say 1] = {31,...,32}, L= dim(h), 'ﬂ'o ={3e'ﬂ'; Bl 4 EG} ’
and 28 is the sum of all positive roots of (gm,h) relative to T .,
We denote by {p1,...,p1} the fundamental weights of g corresponding

to T, and put q = dim(a). Define

2 » if pp; = g; and (g;,T,) = {0},

i

”i ’ 1(1;(} s = ]"Li s if PE; 131 and (ﬁl’n;) ¥ {ﬂ}!

i

KHHoe if  pgy By, and ﬁi X Bir

where p  is the Satake's involution. Then we have

D(G,K) = Z? mimi ; mi_?:O; miEZ b ] i=1,oo',q}c
1=

Then , since (Mi+26,ﬂi) 2 0, we have

Ay (6/K,h) = min {(mg+28,m) 5 i=t,...,q }.

Let {d1....,d1} s {®ys0.0%}, 29 Dbe the fundamental root system,
the corresponding fundamental weights, the sum of all positive roots,

in the last table in [80], raespectively. Then there exists an auto-

morphism & of g preserving (+,+) invariantly such that,



for seach i=1,...,%, @(di) = ﬂi,
®(p) = € .

and

@ ('m; ) = 'Al'

for some

Since we know Hi

1;i’§ . And then

by a Satake's

14

diagram (cf.[Ur,p.30~32]), together with the last tabls in (Ba], we have

a list of the first eigenvalue

2, (G/K,h)

of simply connscted

irreducible Riemannian symmetric spaces (G/K,h) of compact type :
tape of G/K G/K A1(G/K,h)
RI, q22 Su(g+1)/s0(q+1) Lsillg
(q+1)
AII, g1 SU(2q+2)/5p(gq+1) 133131% X
- 2(q+1)
AITI, £3q22 |SU(E+1)/5(u(2+1-q)xu(a)) 1
q22 |SU(2q)/5(u(q)xu(q)) 1
AIV, 2>1 SuU(L+1)/s(U(Li=u(1)) 1
2
. +1 =g+ (28 +1
BI, £>q22 SD(21+1)/SD(2£+1-q)XSB(q) Mln{§§~1, q 4£-2 )g
1, g=2,122,
= gr q=3, 2=3,
%%;%, otherwise
BII, 22 $0(20+1)/50(2L) = X
CI, q23 sp(q)/u(a) 1
-1 2
CI1I,=5—2a21 |sp(L)/Sp(L-q)=Sp(q) Y ET) X
: : 2
922 |sp(2q)/sp(a)xSp(q) Tt X

DI, 2-22q22

50(22)/50(22~q)=xS0(q)

2
- L
min{gln ~Sarg )

) 1, g=2,
1, .
=T ¢ qQza,




a2

g2

DII, 22

D11, qZZ
q22

£l

EIX

EIII

EIV

Ev

EVI

EUII‘

EVIII

EIX

F1

FII

s0(2q+2)/50(q+2)xS0(q)

s0(2q)/50(q)x50(q)

sp(24)/50(28-1)
so0(4q)/u(2q)
so(4q+2)/u(2q+1)
€;7§ETZ)
Eg/SU(2)-5u(6)
D e
Eﬁ/Spin(1D)-SU(2)
Eg/Fy
E,/5u(8)
£,/50(12)-5u(2)
E,/Eg50(2)
Eg/S0(16)
e et
Eg/E5°5U(2)
W
Fu/5p(3)°5u(2)
F4/Spin(9)

G,/5U(2)xsU(2)

-3

TR uﬂ;

-

_.»‘.._\
fesi O8]
>

k-3

.-

i~ Ui il ufo 3k§

Table A.2.

15

The first sigenvalue of the Laplacian of a simply connectsd

S P O

A Iy
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Here in the Table A.2, N means the universal covering of N and

X means also the unstability of (G/K,h).

As these applications, we can state the stability or unstability
of all compact simply connected irreducible Rismannian symmetric spaces.
A compact Rismannian manifold (M,g) is stable (cf. [§m]) if the
identity map of (M,g) onto itself is stable as a harmonic map, that
is, all the eigenvalues of the Jacobi operator coming from the second
variation of é one parameter family of harmonic maps are non-negative.
In case of an Einstein manifold (M,g), i.s., Ricg = cg, where Ricg
is the Ricci tensor of (M,g), (M,q) is stable if and only if its
first eigenvalue X,(N,g) of the Laplacian on C™(M) satisfiss

X1(M,g) 2 2c (cf.[Sm,vProposition 2.1} ).

Since a compact simply connected Lie group (G,g) whose metric

g is induced from the inner product (A.1) satisfies (cf.[K.N])

R 1
Rlcg =z 9, ue have :

(G,9) is stable if and only if 11(5,9) 2 % .

Moreover we know the Ricci tensoar Rich of a simply connected
irreducible Riemannian symmetric space (G/K,h) of compact type

satisfies Rich = % h , so uwe havae :

(G/K,h) is stable if and only if 7\1(G/K,h) 21 .

Together with the Tables A.1, AR.2, we cbtain :

Theorem A.1. (1) Let G be a compact simply connected

simple Lie group, g & bi-invariant Riemannian metric on G.
Then (G,g) is unstable if and only if the type of G is
one of the following : Ry » 221, By Co ,2;2 and 03 .

(2) Let (G/K,h) be a simply connected irreducible
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Riemannian symmetric space of compact type. Than (G/K,h)
is unstable if and only if the type of G/K if one of the
following : AIlI, BII, CII, DII, EIV and Fll.

That is, Su(2q+2)/Sp(q+1), g1 , the unit sphers s", n23,
the quaternion Grassman manifolds Sp(R)/Sp(L-q)xSp(q),

£-93a21, Eﬁ/F4 , and the Cayley projective space Fd/Spin(Q).

Remark. The classical stable or unstable irreducible Riemannian
symmetric spaces have been known in [Sm, Proposition 2.13}, and also
sae {NZ]. Houwever it should be noticed that the statement (3.1)

in [N2] is false.
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