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Introduction

In the series of papers of the author [10], E.B.Vinberg [6],
M.N.Prokhorov [14] and A.G.Khovanskii [15], it was proved that
reflection groups in Lobachevsky spaces with the fundamental
polyhedron of finite volume exist in dimensions < 996 only. The
proof was based on the investigation of geometrical properties of
the fundamental polyhedra M of the groups. They are closed
convex polyhedra characterised by the property that any dihedral
angle has the form n/n, ne N, n > 1. In [11], [12] we remarked that
in the above series of papers a general result about polyhedra
with acute angles in Lobachevsky space was proved. We fomulate
this result now.

Let M be a convex polyhedon in a Lobachevsky space L
(defined by a hyperbolic form <I> of signature (1, n), n = dirn L )
and P(M ) c <I> be the set of all vectors orthogonal to the faces of M
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of highest dimension. Let r(M) = (vi. vj), vi, Vj 6 P(M ) be the
Gram matrix (equivalently Gram graph) of M. A subset E c P(M )
is caled elliptic if its Gram matrix is negative definite. A subset L c
P (M ) is called Lanner if its Gram matrix is hyperbolic, but the
Gram matrix of any proper subset of L is not hyperbolic (or L is a
minimal hyperbolic subset). In fact, in [10], [6], [14], [15] the
following general result about polyhedra with acute angles in
Lobachevsky space was obtained.

Lemma I! Let M be a closed polyhedron with acute angles In
Lobachevsky space Land suppose theTe exist some constants d,
CI, C2 such that

1) diam L :s; d for any LanneT subset L c P(M );
2)#iivI,V2~cE I P(vI,v2)~d-1 ~~CI(#E)

and
#i i v I, V2 ~ c Eid ~ P (v 1, v2) s 2d-I ~ ~ C2(#E )

for any elliptic subset E c P(M ).
Then

dirn L < 96(Cl + C2/3) + 68.

Here we have formulated a slightly stronger result than was
formulated in [11], [12].

Now let Z be a projective algebraic surface with normal
singularities over an arbitrary algebraically closed ground field.
Let KZ be its canonical class. The surface Z is called aDel Pezzo
surface if the anticanonical class -KZ is numerically ample, Le.
-KZ . D > 0 for any nontrivial effective Weil divisor D of Z. A two
dimensional singularity (Z, z) is called log-terminal if for the
minimal resolution 0' : Y ~ Z of the singularity in the standard
formula

we have: all ai > -1. Here Fi are the irreducible components of the
exceptional divisor of a.

The Neron-Severi lattice NS(Y) is hyperbolic. The set Exc (Y) of
all exceptional curves of Y gives a convex polyhedron M (Y) with
acute angles in Lobachevsky space L (Y) defined by NS(Y), i.e.
P(M (Y» = Exc (Y). In [11], [12] we observed that M (Y) is closed.
We showed that this is equivalent to the fact that the Mori
polyhedron NE(Y) is generated by the set Exc (Y) (the polyhedra
M (Y) and NE(Y) are dual to one another); the last fact follows from
the ShokuTov-Kawamata results [16], [22] and was remarked by
V.A.Alekseev in [4], [5] (one can see the proof in [11] also). It
follows that one can apply Lemma 1 to the polyhedron M (Y). We



and later V.A.Alekseev did this in [11], [12], [2] and obtained some
classificational results about DeI Pezzo surfaces with log-terminal
singularities over the ground field [: of complex numbers (the
Shokurov-Kawamata results are valid over [: only).

Here we obtain by the same method further classification
results about DeI Pezzo surfaces with log-terminal singularities
and improve some results of [11], [12], [2]. But the basic goal of
this work is to extend the results of the works above to the case of
projective algebraic surfaces Z with log-terminal singularities and
only nef anticanonical class -KZ (this means that -KZ . D ~ °for any
effective Weil divisor D on Z) and over an arbitrary ground field.

In the case when -KZ is nef the basic difficulty is that the
polyhedron M (Y) is not closed. It may have infinitely many faces.
To overcome this difficulty we consider the following types of
polyhedra in Lobachevsky space.

A polyhedron M is called e 11 ip ti c if it is closed, i.e. it is the
convex hull of a finite set of points.

A polyhedron M in Lobachevsky space L is called parabolic
with respect to a point P at infinity if for any elliptic polyhedron K
on a horosphere with center P the polyhedron CK n M is elliptic.
Here CK is the cone with vertex P over K.

A polyhedron M in Lobachevsky space L is called hyperbolic
with respect to a subspace TeL if for any elliptic polyhedron
K c T the polyhedron CK n M is elliptic. Here CK is the union of
the lines AB, A e K and AB .1 T .

We prove (Lemmas 1.2.1 and 1.2.2) that if M is parabolic then
there exists an elliptic face 'Y c M of codimension 1 with PEt: [y]. If M

is hyperbolic then there exists an elliptic face 'Y c M , codim 'Y S;

dirn T and 'Y is cut out by face hyperplanes of M which do not
contain T. If M has acute angles than "( also has acute angles and
we can apply Lemma 1 to "(.

From the classical results of Mori [23] we deduce (see
proposition 3.1):

Prop 0 s i ti on 2. Let Y be a nonsingular projective algebraic
surface over an arbitrary algebraically closed ground field such
that the anticanonical class -Ky is pseudoeffective and

-KZ = P + L ßiFj is its Zariski decomposition (here P is nef; P .Fi = 0;
Fj, j = 1, 2, ... , n, is elliptic set of exceptional curves; all ßi > 0).

Then M (Y) is elliptic if p2 >0, M (Y) is parabolic with· respect to
R +P if p2=0 and P ~ 0, and M (Y) is hyperbolic with respect to the
subspace 'Y = n H Fi (intersection of hyperplanes H Fi orthogonal
to Fj, i=l, ...,n) if P=O.



If Z is anormal projective algebraic surface, the anticanonical
class -KZ is nef and 0': Y 7 Z is the minimal resolution of
singularities of Z, then Zariski decomposition of -KY has the form

(0.1)

where Fj are the components of the exceptional divisor of (j. It

follows that M (Y) is elliptic if (KZ)2 > 0, M (Y) is parabolic if

(KZ)2=ü and KZ =0, M (Y) is hyperbolic if KZ = O. Hence we can
apply Proposition 2 to Y and Lemma 1 to the elliptic face y of M (Y)
(see above) in this case. We do this if Z has log-terminal
singularities and obtain the fo11owing results, which we number as
is done in the main text of the paper.

The index k(Z) of Z is the least common multiple of the
denominators of a11 rational numbers ßj in (0.1).

The fractional index r(Z) is the positive rational number such
that KZ = r(Z)h, where h is the primitive class of Cartier divisors
with respect to numerical equivalence.

The invariant e(Z) is

e(Z)=min ~ -O'*(KZ).E lEis a curve of the 1st kind and -0'*KZ.E>O r.

This invariant was introduced by V.A.Alekseev [2].
The invariant ß(Z) is

ß(Z) = min ~ -ßi + 1 r, ßi are the coefficients in (0.1).
The multiplicity e(Z) is

e(Z) = max ~ e(z) I z e Sing Z r
where e(z) is the multiplicity of the singular point z.

A projective algebraic surface Z is called an almost DeI Pezzo
surface if - KZ is nef and for the minimal resolution of singularities

0' : Y ~ Z we have: -KZ . E > 0 for any curve E of the 1st kind on Y.
We obtain here the following theorems about projective

algebraic surfaces Z with log-terminal singularities and oef
anticanonical class -KZ, where p(Y) =rk NS(Y) is the Picard number.

Theorem 4.6.1. Let Z be an almost DeI Pezzo surface with log
terminal singularities over an arbitrary algebraica11y closed field
and 0' : Y ~ Z be the minimal resolution of singularities.

Then
96(5/e(Z) + 12) + 69, if KZ2 > 0;

p(Y) < ~

96(5/e(Z) + 12) + 70, if KZ2 = O.



From the inequalities 1jk(Z) S r(Z) S E(Z), we deduce
Theorem 4.6.6. Let Z be an almost DeI Pezzo surface with log

terminal singularities over an arbitrary algebraically closed
ground field and (J' : Y 7 Z be the minimal resolution of
si ngul ari ties.

Then

96(5k(Z) + 12) + 69, if KZ2 > 0;

p(Y) < ~

96(5k(Z) + 12) + 70, if KZ2 = O.

Theorem 4.6.8. Let Z be an almost DeI Pezzo surface with log
terminal singularities over an arbitrary algebraically closed
ground field and (J' : Y 7 Z be the minimal resolution of
singul ari ties.

Then
96(5/r(Z) + 12) + 69, if KZ2 > 0;

p(Y) < ~

96(5/r(Z) + 12) + 70, if KZ2 = O.

The following important theorem follows from the theorem
4.6.8.

Theorem 4.6.9. The set R of fractional indexes of all almost DeI
Pezzo surfaces with log-terminal singularities over an arbitrary
algebraically closed ground field is contained in (0, 3], the set of
accumulation points of R is ~ l/n I ne N ~, and every increasing
sequence in R is finite.

Theorem 4.6.6 with the estimate < Ak(Z)7/2 was first proved
for DeI Pezzo surfaces with log-terminal singularities over a:: by
the author [11], [12] using the method described above. Later by
the same method, for DeI Pezzo surfaces with log-terminal
singularities over a::, Theorems 4.6.1, 4.6.6 and 4.6.8 with linear
estimates which were approximately ten time worse than here
were obtained by V.A.Alekseev [2]. For DeI Pezzo surfaces with
log-terminal singularities over a::, Theorem 4.6.9 was obtained by
V.A.Alekseev [2]. Thus we have generalised these results to almost
DeI Pezzo surfaces with log-terminal singularities over an
arbitrary algebraically closed field and have improved the
estimates.

Theorem 4.6.10. Let Z be an almost DeI Pezzo surface with log
terminal singularities over an arbitrary algebraically closed
ground field, (J' : Y 7 Z be the minimal resolution of singularities
and e =e(Z).

Then for K Z2 > 0
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3141, if e = 2,
5317, if e =3,

p(Y) < ~ 17735, if e = 4,
192e(e-3)(6e-27)

+ 1536e2 (e-3) +69, if e ~ 5 ;
E(e)

and for KZ2 = 0

3142, if e=2,
5318, if e=3,

p(Y) < ~ 17736, if e=4,
192e(e-3)(6e-27)

+ 1536e2 (e-3) +70, if e ~ 5;
E(e)

the function e(e) is defined in remark 4.6.13.
It is interesting that in the proof of this theorem we do not use

the almost DeI Pezzo condition if e(Z) :s; 4. Theorem 4.6.10 holds for
nonsingular projective algebraic surfaces Y with log-
terminal exceptional curve system Exc (Y) of multiplicity :s; 4, if
M (Y) is either elliptic or parabolic (see theorem 4.6.5). It is not
true for multiplicity ;::: 5 (see remark 4.6.16).

The following theorems hold for arbitrary surfaces with log
terminal singularities and nef anticanonical class -KZ.

Theorem 4.7.2. Let Z be an algebraic surface with log-terminal
singularities and nef anticanonical class -KZ (over arbitrary
algebraically closed ground field). Let cr : Y 7 Z be the minimal
resolution of singularities and N the number of all irreducible
components of the exceptional divisor of (J lying over singular
points of multiplicity ~ 3, E=e(Z), ß=ß(Z).

Then

p(Y) < 128(3/E + 9)(1/(3132) + 3) + 70, if KZ :;t;:0;

N<128(3/e+9)( 1/(3 132)+3)+68 and

p(Y)<256(3/E+9)(I/(3ß3)+3/ß) + 78, if KZ=O.
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From the obvious inequalities E(Z) ~1/k(Z) and ß(Z) ~I/k(Z) one
obtains the following analog of Theorem 4.6.6.

Theorem 4.7.5. With the conditions of Theorem 4.7.2 we have:

p(Y) <128(3k(Z) + 9)«1/3)k(Z)2 + 3) + 70, if KZ$O;

N < 128(3k(Z) + 9)«I/3)k(Z)2 + 3) + 68 and
p(Y) <256(3k(Z)+9)«1/3)k(Z)3 + 3k(Z» + 78, if KZ=O.

Corollary 4.7.6. Under the conditions above, the set of Gram
graphs f(Exc (Y» is finite if KZ2>Q and the index k(Z) is fixed.

This corollary was first obtained in [11], [12] for DeI Pezzo
surfaces with log-terminal singularities over [:.

We want to remark that this method works also in the case of
log-canonical singularities and that analogous statements also hold
for projective algebTaic surfaces with log-canonical singulaTities
and nef anticanonical class. We hope to show this in lateT papers.
It would be interesting to extend these results to other types of
singulari ties.

We obtain parallel results in the theory of reflection groups In
Lobachevsky spaces also (see § 2).

Let G be a discrete group in Lobachevsky space L with a
fundamental polyhedron of finite volume. We say that G is a
generalized reflection group (compare with [26]) if for its
reflection subgroup W the factor group G/W, considered as a
group of symmetries of some fundamental polyhedron M of W,
contains a subgroup A' of finite index which leaves invariant a
proper subspace L' of L . We show (see Proposition 2.2) that in
this definition we can suppose that L 'is generated by L' n M . In
this case M is elliptic if L' is a finite point, M is parabolic with
respect L' if L 'is an infinite point and M is hyperbolic with
respect taL 'if L' is a finite subspace of L.

Theorem 2.3. Let G be a generalized reflection group in
Lobachevsky space L .

. Then
a) dirn L < 996 if L' is a finite point (this is a result of Prokhorov

[14] and Khovanskii [15]);
b) dirn L < 997 if L' is an infinite point;
c) dirn L < 996 + dirn L' if L' is a finite subspace of L .

We do not know whether there exists an absolute estimate of
dirn L in the case c).

The final part of the paper was wrhten by the author during his
stay in the Max-Planck-Institut für Mathematik (May 1989). We
are grateful to Prof. F. Hirzebruch and the Max-Planck-Institut for
their haspitality. We are grateful to Profs N.-P. Skoruppa and D.
Zagier for their friendly help in preparing the manuscript.





· § I. B!:lrryKJIbIe MHororpaHImIG! C OCTpHMH yrJIaMH B npocTj;)aH

CTBaX ~o6a~eBcRoro H MeTO~ nnarpaMM.

f. rO• MoneJI:b KJrewa npocTpaHcTB8 JIo6a"tIe:s....clSoro. IIYCT:D <p -
rHne.Q60JIHtIeCROe mIHeflHoe n,P0cT,PaHCTBO (T. 8• .~.~.;')R. - JmHetmoe

llPOCT,PaHCTBO C Sa.ItaHHOH Ha HeM H8BHpOmJIeHHOM CßMM8T,P.lfq8CROH

lR - 6I1JmHetmot1 ~OPMO~ C HH)leRCaMH FIHepIUUi (1, n), r.ue

n =J"r11 ~). ,1J,Jm :J:., tE 4> nyCTI> :J:..t - 3Ha'leIme COOTBeTcrny

IOUleii <p rJHlep6oJIl'l'leCROR q,OPMbI Ha IIape 3JIeMeHTOB (x I t) .rr

rryCT:b XI?- = Je.. X • C ep CBH3aH OTRPHTIDi ROHYC

V = {x. E 4> I x:J. >0 ~ 1

HMeIDmlt~ ,IU38 llOJIhI. IlyCT1> V+-o,IIHa ki3 3THX nOJI. Tor.na COOTBeT

cTByromee ~ npOCTpaHCTBO ~06a"tIeBcKoro - 8TO MHOXeCTBo ~e~

'i = V+/ lK+ = [JR+x. I x E V+S,
r.n8 .IR + - MHOJK8CTBO nOJIOJKHTeJI:DHHX .ueHcTBHTeJI:bHHX 'tIHceJI. ECJIliI

RpHBH3Ha 't..": HOPMBPyeTcR RaR (-1), TO paCCTomme B t orrpe,ne-

MeTCR no <IoPMYJI8

ITPH 9TOM rpyrrna nBH~eHHtt ~. B~DyeTcH rpynnon aBTO-

MOpq,.rrSMOB rwnep60JIHlJeCROrO IIpOCTpaHCrna ~_, IIe'peBo~x B

ce6R IIo.rry Vf .
IIOJIyllDOCT,PaHCTE8 'i ßMelOT BH,U

1l'~- = {JRT_~ E 't. Lx· b ~O ~-I

r,ne a E p - SJIeMeHT, ,ItJIR ROToporo b2 <() . 3TO IIOJIyITPO-;

CTpaHCTBO OrpaHH~eHO rßIIepnROCKOCT:bID



IIpz aTOM a.lIeMeHT li orrpe,neJIReTCJI rroJIYrrpoc TpaHCTBOM 1e~ (CO

OTBeTCTBeHHO rznepWIOCKOCTI>ID 1{,0) O,IlHOSHa"iHO C TOlJHOCTI>ID ;0;0

YMHOiK8ImH Ha SJIeM8HTH 1R+ (COOTBeTCTB8HHO IK '* ) H. HasHBaeTCJI

opTOrOHanbHRM B8KTOPOM rrarryrrpocTpaHCTBa (rHrrepnnOCROCTß).rr98~

nOJIOMM, lITO )!Ba llOJIYIIpOCTpaHCTBa 1lt- ß 'je+o; HM810T B rre-
°1 '2

p8ce~eHHH HenycToe OTRpHToe nOnMHOxeCTBO dC • Tor~a 8TH rrony-

npOCTpaHCTBa:

a) 06paSyIOT yrQJ! 1l\ n1t~ BeJmlIlIIHH r , r;o;e

COS

eCJIFJ

tf = ( °1 ' b2.) / { 012. . ~2
'

- 1 ~ C31 . b2 ) {ä/. 'i>}'

J
(1:.1: )

6) nmeplIJIOCRoCTjJ. 1lb., z 1e~ paCXO;IlJITCJI z paccTomme Mell\IlY

ImME paBHO f ' r)le

(1.2)
J

cl f - Cb., . ö~) / ~cf/" . S"2.
2

J

eCJlli 1 ~ (51' '62.) / { s./ .~2. I

KaR OOI:rtIHO, MH 6y,neM IIOnOJIHRTb t OeCROHe'qHO y,IIaJIeHHl:lMH

TO'IKaMH R+ C ,r,n:e C e 4> I c7.. = 0 I C, V+ >0 . IIpz

aTOM t BMecTe c OeCKOH8lJHO y,IIaJI8InIHMH TOllKaME 06.Da3Y8~ 3aM-

KHy Tl:lI!ii lUICR



KOHe~ ~C~OM rHnepnROCROCTeH
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(r.ne V+ - 3a.M:ElK8IDIe V+), rpamma ROTOpOrO JIBJUI8TCSI cWepOH

pa3M8PHOCTH ., - -1 • OHa _Ha3In3aeTCR 00 -cCbe!,oi1. ITo.rrynpocTpaH

CTBa 1l~ ß: nme.pIIJIOCKOCTß: 1{0 TaDe nOnOJIHmOTCJl 6eCKOHe1JHO

y.uaneHllllMH TO'tIKaMr1:

1li - f1K+ X E-;[ 1x.·~'?O~,

1t~ f JR+x E t., I x· 0" = 0 ~ .

~.2°. MHOrOrPaHHllRH B npOCTpaHCTBe AQ6a~eBcRorO

BHrryKHHH HeB~pO~eHHHß ~OKanbHO ROHe~HHH MHOrOrpaHHHR ~
B IIPOCTPaHCTB8 JIo6a'tIeBCROrO ';l OIIpe.ueJIJIeTCH KaK rrepeC8'tI8HH8

HeROTOpOrO MHO~eCTBa rrO~rrpOCTpaHCTB:

n 1ti
dC PC JU)

3,n;ec:& PC JU) c:: ep - HeKOTopoe He 60JIee lJ:eM C1IeTHOe no,D;MHo:

xeCTBO BeKTopoB C OTp~aTerrDHHM KB~paTOM. ITPH 3TOM C~TaeTCH,

'tJTO IDIKaIGIe .rma H3 BeKTopOB pe Al) He IIpOnOpn:HOHaJIbHH; BCJ1KO~
nOJIynpOCTpaHCTBO 1l} J ?i E P(.AL) ,OTBe1IaeT rpamr JlL CTap

me}i p88Me.pHOCTß, T. e. Ha rHnepIIJIOCROCTH 1(, 0 JI~T r,P8HlJ

CTapmett pa3MepHoCTH. 8THMH YCJIOBHHMH IIO.llMH0JKeCTBO P(Jl) c:::: <p
OIIpe.ue~eHO O~03Ha~O C TO~OCTbID ,UO YMH~eHßH 3JI8MeHTOB P(~)

Ha 3JIeMeHTI:l .IR T • MHOlK8CTBO P(vll) Ha31:lBaeTCR MHOlK8CTBOM BeK-

.TOpOB, 0pTOrOHMbHl:lX rpaHSIM Al CTaIJilleH paSMepHO.C TB. HanoM-

HHM, 'tITO /Il HaSHBaeTC.fI H8BI:lpOJKJl8HHllM, eCJIH ·OH CO;uepJKßT Herryc

Toe OTR.QHToe nO.nMHOJKeCTB.o '<l-. 1vlHororpaHIDIK Jtl H83ID3aeTCJI

~OKaJIDHO-ROHe~, ecrrz-~ BCRRO~ KOHe~o~ TO~RH XE~ Ha~

~8TCR TaRaR_ee OKIJeCTHOCTb ,U ,ROTOpan nepeCeKaeTCH ~mD C

1lr- I ~ E P(.#.J



,) .:

. f. 2.1°. OJIJlßnTH1IeCMS· MHororpamnn@. McI CRaJKeM, 'tJTO EbI

rryKnHR HeEHpo~eHHHH MHororpaHHßK ~ E npocT.QaHCTEe ]o6a~eE

CRoro SIBJIRSTCR aJIJllInTHtI8CIGfM, eCJm P(,Al) ROH8lIHO (B 'tJaCT

HoeTB, Ji ~ORB.JIbHO ROHS'tJeH ) H JU - 3aMRHYTHH MHOrorpaHHHR B

npocTDaHCTBe ]o6atIeBCRorq, T. e. AL () 't "0 - aTO He 60Jlee -qeM

ROHe'tlliOS MH02KeCTBO To.qeR=~>· 'uP~M3 CJIOBaMH, JU RBJIH8TCH BImYl(

JlOM 060JlOtIKOM ROHe~oro ~crra TO'tJ8R ~ , He JlemamHX B onHoM

rnnepIIJIOCROCTH.

1.2.2°. ITapa6o#H'tJecBH8 MHOrorpaHHERH. HanOMHßM nOHHTZ8

opli cqJ8,PH. IIyCTl:> P= R+C E 'i fI!O - 6SCROHel:JHO ynaJIeHHM TO"CIRa

lIpOCTpaHCTBa JIo6a1IeBCROro 'i . OpllC\lJepa §p C ~eHTpOM B P 
aTa MHOiKeCTBO rrpHMIiX B 'i , n'poxa~x 'tI8p83 P. TaHM npR-

MaJI l', TIpOXO,URtUaH 'tISpe3 T01il\Y lR+..[, E Y; ,OT~Hyro OT P ,
llMeeT BH,n f lR+(c+tJ..) I te.lR+ U fo~ ~ .llyCT:b R>o-
HeROTOpaH ROHCTaHTa H t 1 I -fi E. g, P .Tor,na Ha:!f,nyTCJi T01IRll

IR+-1.... e L.. , JR+{z E l2. , ,llJlJI ROTOpHX t
1
2. == t.: = 1

ß t 1 · c = !2.. c' := 'R . ITOJlOJiWM

pC-l1 ,lz)= [- C-f..1 -1.
2
Y' (2.1)

IIpn H3MSHeIlliH 'R 8TO paccTomrne MeHReTCS Ha lIo,Uo6Hoe, H O.QH

C\lJepa ~p C 3TllM paCCTOEHHeM ßBHHeTCH eBKnll,nOBHM lIPOCTpaHCTBOM.

Ma:OiKSC TBO TO'tIeR

G- =- t1R+{ E ';f, It~ ~ 1 ll! . C = R~ ufp~P,R
RBJIH8TCR B npOCT.QaHCTB8 ]o6a'tI8BCROro t cWepoki, co.uepJKameii,
TO'lKy P , KacammeMcH 't Co:B P H opTOrOHaJI:bHOa BceM lIPHMHM B

';l , ITpoxo.IUl1ItIDd lIepe3 P . PaCCTOJiHHe B 1 R~pyeT B



8- P R - t P\ eBR.Jl:ß)lOBO p8CCTOmme t IIo.lIo6HOe SaItaBaeMOMY

tI>o.PMY.n'o~ (2. I). MHOJKecTBo ~ PR Taus HaSHBalOT OPHCWSPOß C

IJ;eHTpOM B P ,TaI< KaI< 0HO 0 'TOlK,llec TBJllle TCR C &-p ,eCJm TO"1KS

XE ~p l.. - f P~ COrrOCTaBHT:b rrpSJMYIO PX . J(BHlKeHHR 't ,rre

PSBO,ItlIlllH'e P B CS6R • 0"1SBH)lH0 nsPSBO,I(RT 0pi'! c<pSPH &-p i'! G- f,R
B ce6B H ~TCR MX a~HHHHME eBKnH.lIOBHMH rrpeo6paSOBaHHRMH.

aTO SanaeT HSOMO~3MCTaqHOHapHO~nO.lIrpynIIH TO~KH P B r9yn

ne )IBH'IteHHfi t C a~HHHOH 8BRJlli.JlOBOit rpynrroM )IEPIJlt8HHi! 9PZ

c<pSp G-p H t n .
JJ.nH rrO,It~lOlKSCTBa Kc: &.p rrO,ItMHOlKSCTBO

C =- U l
K lEK

B t HaSIlBaeTCH KOHyCOM B l C Be,PIIIHHOH P H OCHOBamreM K
Ha opHetPepe ~p. IIPH aTOM ROHyC Cesr .RBJIJIeTCR B :t. rro,IIUpo

CTpaHCTBOM paSMspHOCTH Jim "Sr + 1 ,SCJm '51c::: g. P -SB-

KnHnOBO rro.urrpOCTpaHCTBO.

BHrry~ HeBHpo~e~ ~ORanbHO ROHe~HHA MHOrorpaHHHK ~

B IIPOCTpaHCTBe JIo6a'tI8BCKOro 't HaSHBaeTCB napa60JI.ßlIeCISHM

(OTHOCßTeJIlJHO TO't!IUI' . PE 'i 00 ) t eCJIH BHIIOJIHeffi:l YCJIOEHJI:

f) J1 KOH8-qeH '"B TO'Ute P t T. e.)IJIJI P= 1R+C MHOm8CT-

BO f bE P(..u) I c.. 0' = 0 ~ ROHe"1HO.

2) ,!J.n.R: BCffiwro BblITyKJIOrO SaMKHyToro MHororpaHHl'lKa Ne Ep
(T.e. BIlrrYKnOß o6o~o~ KOHe'tIHOrO ~Hcna To~eKt He ~eEamßx B

O,IIHOH rxmepIIJIOCROC TM') BblITyR.JIIDi MHOrOrpaHHl'lK CIV nJU
RB~eTCB 3~IITß~eCRßMt e~ OH HeBHpo~eH.

Ha orrpe.ueJI8HHB cpasy xe MemreT t tITO napa60JIIrtIecIDIit MHO

rpammK J.l 9JL7Iß:IITlJtIeH, 8c;m H TOJI:OKO 8CJm JIß60 Ptt JL , JllI60

rHrrepIIJIOCKOCTH rpa~sfi Jtl cTaprneH paaMSpHOCTH, rrpoxo,IIRmi'lX "1S-

pes P , BbIceKaIOT Ha o.PH~epe &. BblIIyR.1II-ß:i 3aMKHyTW1: MHoro-p



(2.2)

rpaHHßK, T. e.

JL = [ f E 6- Il c n 1t; ~
p P bE P(~),

o·c=O
- BbIrryK.JIWi SaMKHYTIDI MHOrOrpaHImK B g,p.

HaM nOH~o6HTCH cne~maH

JIeMMa 1:.2. I. ITyCTI> JU - BmryKJI:fili HeBHpOJKJIeHHl:lii JIOK8JII>HO

KOHetIII1ßt MHororpaHHHR B II,pOCTpaHCTBe JIo6a'IeBCKOrO t ,rrplftIeM

Jt napa60JnI'IeH OTHOCßTeJI:bHO TOtI1GI PE ';l 00 •

Tor,IIa Haii)J:eTcR T8KM rpaH:b 'I MHorOrpammKa jL paSMep-

HOCTß Ji rn t - 1 ,'ITO At B ORpeCTHOCTH rJiInepIlJIOCKOCTH

[ '0J JIBJIJIeTCH 3JIJIßIITMtIeCKHM MHOrorpaHHHKOM (E tI8CTHOCTH, '0 
MJmnTHtIScKH:t1: MHororj.)ammK B [ DJ ) H rHU8pWIOCROCT:D ['0]
HS CO,II8DJKHT TOtI!\y P .

'uOR8.38TeJIDCTBO. ll.pe.urrOJIOJKHM, BHatIaJl8, lITO Ptt. Jll .Tor,n:a

)T.J.UI H8ROTo,Poro 0- E P( JU) T01:lRa P He co.nepJKHTCR B IIo.n:y-

rrpOCTpaHCTB8 1l~ . llyCTI:. ~=~PX E ~pl XE lt;- ~ -
,WICK B g,p' O'lemr,mro, H~eTCJI 3aMKHyM MHororpamU!K j(c::: &p,
co.n:8j1JKaUlHi-t 9J . Tor.n:8 JU = Al ncN 3JL1lliITT:tfq8H H HCROMM

rpaH:D '0 OtI8BH.IIH0 cymecmys T.

IIpe.IIIIOJIOJKHM TeneLlB, lITO PE Jtl . !IyCT:& TOtII<8 Q JIemrT

BHyTpZ J/L Z JI c:::: ~p - BHIIyKJIldt 3aMKHYTHit MHorOrpammK,

JI8JKalllHfi B JfLp (3a,JlaBaElMOM (2. 2» Z COJ(8.PJKaIllHH BHyTpZ ce6JI TO'l

KY P~ · MHorOrpaHHl'IK CN nJU H8BliP0lKJ(8HH.

TaR RaR COlIe.PJK3 T OKp8C TH°CTb TO'tIKfl g . IIoS TOMY' OH SJIJIHTITKtleH.

IIo rrocTpoeHl11O OH COBna,n;aeT B TO'lKe P C CJ{ • OTcIDJ(a CJIe.nyeT.

'tITO HaJ1.neTcR ero rpaH:D P cTapmeii pasMej;)HocTH, rßII8pIIJIOCROCT:D

KOTO'pOi! [,1 He CO,ItepJKH T P ß nOSTOMY JIBJIJIeTCH rßIIeJ;>IIJIOCROCT:bIO

[ oJ rpaIm 0' cTBpwei1 'p83MepHOCTß MHOrOrpaHIDUt8 J1i (ottemI.IUiO,



)

MHoro-

} c:::: 0' ); ['rJ = 1l~ ~E P{JU) I Ö' C =1= 0 . IIo,UMHOJKecT-

BO CO = { l E &p I .t n '1(.~ *' Rf ~ HBJIHeTCSI Ha

OIlHcq,elle 3aMroryTHM ,IlHCKOM. IIyCT:D T c: g. p - BmryK.JIHi1

8B.MRHYT·~ .MHororpamuu(, BHYTpeHHOCTI» ROToporo co.u8IWIT .uHCK CO
(OB, OlIemr.uH0, cymecTByeT). MHororpaHHHK Jtl B OKpeCTHOCTH

nmellIIJIOCKOCTI'I 1(.1} uo uocTlloemm T COBua,n:aeT C CT () JU.
TaK KaK C T n JU 8.Jl.7mIITß"CIeH , TO ß JlL 3JIJmllTIftISH B 01(-

peCTHOCTH 1lo· ",.
f. 2.3°. rßllep6o,mrqecKHe MHorOrpaHHßIDI. IIycT:D Jfi, -HeBHpoJt

JleHHHß BHrry~ ~OKanDHO KOHe~Haä MHOrorpaHHHK B npocT,PaHCTB8

JIo6a~eBcKoro ';t H er c= ';l - IIO,IllIPOC TpaHC TBO , rrpßlIeM

1 ~ Ji rn er ~ J i rn 1. - 1 ..llJLq rrO)IMHOJKeCTBa

K c:::: es rryCTI>

= U l
l-l~
lnCSE K

r,ne ! o608Ha-qaST llpHMylO B 'i .
BHIIyRJIl:ltt H8BH,POJKJleHHIrli JIORaJU>HO ROH8lImm MHororpaHHßK J.L

B 't Ha8ID388TCR rHnepC>OJilftIeCKliIM (OTHOCBTeJThHO ~ ), eeJm BH-

IIOJIHeHht YCJIOBß.FI:

f) Jtl KOH81IeH B 6eCKOH8~O YJlaHeHHBX TOlIKax, T.8. ~
JIE06oi1 TOtiroi .Il\+C E t 00 MHOJK8CTBO f ()E P( fit) J o· c -=o~

KOHe1lliO;

2) nna BCRKOrO a~rrTH-qeCKoro KOMTIaKTHOro (T.e. 688 6ec

ROHetIHO y;ItaJIeHHWC BepIII.HH) MHOrOrpaHHHRa JI c::: ~

rllaHHHI< CJI (l Jl aJIJIHUTH"IeH, eCJIH OH HeBHll0BQteH.

ReM IIOHa.IIo6HTCR

JIeMMa 1.2 •2 • IIyCTb Jl - H8BH,bliKJIeHHItlt Bmry:K.7IIDi JIOR8Jll>-



I '--

HO ROH8~ MHOrOrpaHHßR B npOCTPaHCTB8 ]o6a~eBcKorO H rryCTD

J1 rHnSp00JllftI8H OTHOCHTeJI:DHO ITO.IllIpOCTpaHCTBa c:s- c:::: t... .
Tor)1a HaitIteTCJI TaRM rpaH:& 0' MHororpammKa JL ,lITO

CO Ji m 0' ~ J i.." ~ ,rpaHD '0 9JIJil?IITTHtIHa B nopOEJIaSl\fOM

elO rrO,IIIIpOCTpaHCTBe ['6] H nO.IllIpOCTpaHCTBO ['rJ BHCeKaSTCJI
.' ~

.rHrrepIIJIOCKOCTRMH J(.~ I 3 E PCv1L) , He co.uep1KatllliU,m S I

J!ORa3aTeJThCTBO. IIpoBe.ueM ßHJlYrouno no J i rn C:S-.
ITyCT:O Ji rn er- = 1 .IIpEmrrOJIOMM, lITO cymecTByeT rn-

nepwrocKoCT~ 'Jlo"I d E PC JU) ,,IT,JI.ff ROTOPO:!t JIH60
- - ,..p, r;?-J
1C~ n CS-' = fi' ' Jll!60 1(...0- - nepeC8KaeT ~ B ROHe-qHOH

TO'qK8. OpTOrOHaJI:&HM npoeICl:Ul.F.r r1l1 rßnepIIJIOCROCTH 1to Ha es-
.RBJIJ1STCJl ROMIIaKTHHM )lHCROM B C) . !IyCT:D JIc: es- -TaROH

aJIJmIITßtIecror:tt KOMIIaKTHIDt MHorOrpaHmJR B c:) , lITO BHyTpH Rero

JIeJIti'IT ,!Jj • IIo nocTpoemno, MHororp~K CJI n JJ.. 3JIJmnTR-

-q8H ß B ORpeCTHOCTH nrnepIIJIOCROCTH 1{,0 COBIIa.uaST C JlL .rpam

o MHororpaHFmKa JU paSMspHOCTH Jim t. - 1 ,JIeJKalltM

Ha rHIIepIIJIOCROCTH Ilr , O'tJeBImHO JIBJIJiSTCJI HCROMOiI. TIpe,IIIIOJIO

lKHM Tenep!>, 1JTO BCHKail nmepIl1IOCKOCT:b 'J{o I (i E P(.;U) , JIH

60 CO,nSDJKHT ~ , Jm60 nepecsRasT er B 6eCROHe'tJHO y,I(BJIeHHoit

TO'tJKe. B JII060M CJIy'Iae Bce nmepwrocKoCTH 1{fi I (i e P(JU) .
IIDOXO,IIJIT lIepes ,ItB8 6eCROHetIHO Y)laJIeHHbIe TO-qIDI npRMoH ~ •Tax

RaR JU KOHel1eH B OeCKOH8tIHO Y.llaJIeHHI:lX TO'qRax, ,;TO. OTCIQJl8 CJIe

.nyeT, 1JTO 'll'ICJIO nmepwrocKocTei1: 1lr I 0- e pe.Al) . ROHe1JHO.

aTa .naeT, lITO J1. s.JIJmIITß'l!eH. Q-qeBH,UHO, Ha:tij]:eTcR rZITepIIJIOCROCT:D

llo I oE P( JU) ,He co,IteplKamasr er .rpaH!> 0' MHororpaH-

mnca JI1 paaMepHOCTH Ji, I?l :i. - 1 . JIeJKamasr Ha STOtt rHnep

nJIOCROCTH, .ffBJIJIeTCfI ßCKOMOI! •.'i'

TIYCT:D Ji Vh ~ > 1 . Pas6epeM neCKOJI:DKO CJIYlIaeB.

IIycT:D cymeCTByeT TaRafI rHITepIIJIOCROCT:D 1f,0" I () E P(At),



-
,IT,lIJI KOTOPO!-. er n1ll) == fJ. B aTOM c.nyqae OpTOrOHaJIJ,HaJI

IIpoeKIWJI 1l 0 Ha er" HBJIf.[eTOR B CS' ROMIIaKTBHM ,1JlI CROM. IIyc T:D

-J{ c= C) - TaRoH ROMIIaKTHI:rli SJIJmIITlJqeOIWii MHorOrpammK,

'lJTO Jb JIeJKHT BHYTllRf j{ . Tor.na CJI n JU MJIlIInTRf1leH H

IIO nOCTpOeImID B oRpeOTHOCTB 1l5' COBIIBJIaeT C Al . rpaH:O '0
MHOrOrpaHIDlRa Jti paSMe.pHOCTß Ji.".';[ - 1 , JIezBuraa- Ha

JHeOJHBnHeTC.fI ßCKOMOH.

IIyCT:& cymecTByeT TaRafI nmeplIJIOCROCT:b 1ld" I ÖE P(JU),
.IIJIR KOTO'pOH nepeC8-q8Ime er n 1lD HBJIf.[eTCR 6eCI<OH8'tIHO

Y.uarreHHo:fi fO'tIRO~ PE 'i CX) • PaCCMOTpßM rpaH:b ß paSMep-

HOCTH' Ji m ';l - 1 MHororpammKa.Al, JIeJit8myIO Ha rHrrepIIJIOC

ROCTRf 1(.;; .IIyCT:b T01JKa A JIelKliIT BHYTllH 14 HAI- ee OpTO

rOH~HaJI IIP08ro:J;HJI Ha es- '. Tarna AI =1= P 1?f HaMeTcR IIOJIyrrpo

CT.IJ8,HCTBO :Ir~ B CS" , He co.nepzamee TO'IJRY P ,HO co.neplKamee
11 I ,..,p+ ' . ~+

TOlIKY n , IIpIJlIeM BHyTpH df.., '" • IIOJIyIIPOCTpaHCTBO IL 1 JIBJIS{-

STCR O,PTOrOHaJI:DHOH np08I\IUi8i1: Ha C)' IIMyII1;)OCTpaHCTE8 llt
B ;l ,

or.PfUill"tl8HHOrO rHIIepIIJIOCROCT:DIO 1l .TO'qRa P He JIeJKBT B 1{-t- ,
IIOSTOMy 0pTOrOHaJIDH8JI rrp08KIJ:HH Ha ~ nQJIYIIpoCT,PaHCTBa ll+n1lo
KOMIIaRTHa. ITYCT:D 3:1 c::: es- - aTa II.,D08RI:(H.fI ß Jv'c::: ~

TaROH KOMIIaRTmrn: MHOrOrpammK, 'tJTO J:l JIemIT BHyTpH JV .
MHoror.IJ8,HHßR CJI n JtJ., MJIlIInm'IJeH, Tal( KaR JU I'lIneIl60JIl'1-

lIeH, H, rro rrocTP08HHID, SJIJIHIITlftlecrortt MHOrOrpammK

Jt+ nCJ{ nJU B oRlleCTHOCTH 1(,+(l1lo COBna.naeT C

1(+ nJU · Ero rpaHD, JIeJKaUlaff Ha rHIIepnn:OCROCTH 1lo,COB-

n8)laeT C 1/,+ n, H HMeeT paSMepHOCT:D Ji rn 1- 1 ,no

CKOJI:DKY co.uepmrT TOtIRY A ,JIeJKBmyIO BHyT.pH 1(+ ß BHyTDH P ,.
TaR KaR Ptf= 1lt- ,TO HaMeTcR TaRaR: nllJ'lMaR: CPM) B 1l'b '
KOTOpaJI nepeCeRaeT MHOrOrpaIDmR 1{t-nf> IIO BHyTpeHHHM TO'IJ-

Ra.M H He npOxO,ItRT lIeDes ero 6eCKOHe1ffiO y;JlaJIemm8 TOlIm. IIyCT:D'



,+-

( PM) n 1l+ fl ~ - ['R I S] ,I',I(e 'R JIeJKHT MellQlY

p H 5. Tor.u8 HaR.neTcR rpaHD '0 I paSMepHOCTß Jj, rn 'i - 1
MHOrOr118HHHKa 1(+(lJ3 ,nO,JlIIpOCTpaHCTBO KOTOPO:t! [0 ']

nepeCeRaeT npBMylO ( PM) no TOlJKe S H OTJIH'tffiO OT 1(. () 1l0" •

TaR RaR P If. 1(,t ß n08TOMY TOlIRa 1(, (J (PM) JI~T Ha

OTpeSKe [PR] . BlIaCTHOCTß, p~[O/J .r.t>aJffiO'
RBJIfleTCR lIaCT:DID rpaIDI 0" Da3M8DHOCTH Ji m 'J.. - 2 MHoro-

r,PammKa ~ ,npßlIeM P f. [ T' J = ['0' J .TaR RaR

[ .. J c: 1(.0 I 1llf f\ 7f = P H P1- [0'] ,TO

0pTOrOHaJThHM IIP08.KIU!Ji [G] Ha'er KOMIIaRTHa. oTCIQJla , . KaR H BU

me, no.rryqaeM, lITO Jll B ORpeCTHOC~ nOnnpOCTpaHCTBa [0 ] ()JI

JIHnTßlIeH.lIycT:b [rJ = 1l '5 n1lf' . r.ue (j' E P( JU) ,
ThInepIIJIOCROCTD 1('5' He CO,IIe,PmIT C) , H60 BHa'tle TO'tlRa P 00

.nePJ[aJI8CD B [0J. aTO ,nORa3H8aeT, lITO rj)aHll Q' RBJIHeTCJI

HCKOMOtt.

IIYCT:O Tenep:& cymeoTByeT TaRaf.[ rlIII8DrIJIOCKOOT:O 1{~ ,
a E pe JU,) ,KOTOpaR nepeceKaeT CJ IIO KOHelJHbIM TOlIKaM.

Tor.ua er- '= C) n1l1i c: 1f1i - no.uIIpOCTpaHCTBO

paSMepHOCTH Jj, rn ~ - 1- ~ 1. JIerKo BH.neT:D, 'tJTO rpaH:D

ß paSMepHOCTH Ji rn 't.. - 1 MHororQaHIll'lRa" Al ,JIeJKalItM B I'ß

nepIIJIOCKOCTH 1lf ' .RBJI.R:eTCH B 1{'S" rHIIep60JllrtIecIGIM MHororpaH
/

HBROM 0 THOCH TeJrbH0 tr . IIo np8)lIIOJIOX8HJiIID ßH):(yKI:UIH n 0JIytr8eM,

"tlTO cymeCTByeT rpaHD 0 MHororpamrn:Ka p ,.nM KOTOPOH

Jirn 't - t - Jim ~ ~ Jim t) -1 (T.e. co/im Y'~

) Ji /YI ~ ), rpaHl> 0 SJIJilIIITH'tJHB B IIOp0JK;UaeMOM elO nO)t-

npOCTpaHCTB8 [ oJ ß BacexaeTcR rHnep~OCKOCTHMß ~paHeA CTap

mez paSMepHOCTH,It1UI p ,He co.ue.PJK,alI\HMH es . K.aJJmM TaRaR

rHrreDnJIOCKOCTD Bucexa8TcR B Jro HeROTO~OM rnnepnnOCROCTDID

1(.. 'i I I (i' e pe JU) ,He co.ue.PJK,aUleil: c:r I .ThnepWIoc-



- MHOrOrpaHHHK C OCTPHME yr~aMH B rrpOCTpaHCTBe

KOCTH 1e.~1 BMeCTe C 1(,; .naroT B ne.p8C81IemUI nO,IUl.p0CTPaHCTBO

[ 0] B 'i. Boa OHH He CO,II8.PJK8T C)-' .rpaIffi 0' HBJIJI8TCB: HCEO

Moi:i. -...

OTMeTHM TaIOKe CJIe.IJYIOU{8e nOtITß O'tleBIUtHOe YTB8PJIOl8IDI8.

JIeMMa f.2.3. IIyCT:b JlL - HeBH'pOJfOleHHIri~ BImyKJIHl1 JIOKaJI:DHO

ROH8~ MHororpaHHHK B npOCTpaHCTB8 ]o6a~eBCKoro~ rHuepÖOHH-

tI8CKßH OTHOCßTeJIhHO IIOmIPOCTpaHcrna er c:::::: ';l.. .
Tor;n;a HaH;n;eTCSI rJilnepIIJIOCKOCTI> llfi I 0 E P( .AL) I TaI<a.fI,

tITO 1{,'$ He opTOrOHaJThHO er B He c<?JtepjKpIT es- .
1.30 , MHoforpaUHußH C OCTgHMH yr~aMH B rrpOCTPßHCTB8 ]06a

;reBcRoro, HanOMlllIM OCHOBHH8 q)aRTli, RaCalOUUIeOR MHorOrpamrnRoB

C OCT'pHMß yr~ B rrpOCTpaHCTB8 ~o6a~eBcKoro (cM.,HarrpßMep,[?]).

BbIIIYRJIbIii HeBl:lpoJfQlemnrli: JIOKaJIhHO ROH8lImrlt MHOfOrp8HIDIK

B llPOCTpaHCTBe ]o6alI8BcRoro H8SHB88TCR MHOrOrpaHHEKOM C OCTpH-

ME yrJIaMH, 8CJIH ,JJ.JIR Beex pas.JnftIHHX S", 0 I E P(JU) HM8eM:
I

O. ~ ~ 0 . 113 (f, I) II (1.2) CJIe,nyeT, lITO ,IIByrpamrne yrJm

~. M~ rpaHRMH cTaprneH pB3MepHOCTfl ~e~CTBHTenDHO OCTpHe

( ~ 'SI/ 2. ). KaR nOKa3aJI E.M.A.JmpeeB [ 5 ], BaDRO XI 06-

pa THoa: 8CJW .I03yrpaHHl:l8 yrJIH JL oe Tplil8, TO At HBJIJIe TOR MEID

rOrpaHHHKOM C OCTpWtm yrJIaMB B CMHCJIe BH6paHHoro HaM3 onpe,IIe

JI8HHH.

HwKeJi
JIo6a-qSBCRoro.

BaJitHeHnmM HHB8j;lHaHToM MHOrOrp8.HIIHR8 Jll (H He TOJI:&KO C

OCTpHMH yrJIBMß), on.vS,IteJIRlOtIWM JU C TOliHOCT:DIO ito )lmIXeHH:fii rrpo

CTpaHCTBa JIo6a'leBCKOro, HBJIJIeTCSI ,era Ma T'p~a rpaMa ('ili . ()j) ,
~ j, 7 OiE PC.Jl,l). oTO CHMMeTpß'leCKaJI rHnep6oJm'leCKaSI

(T,e. C pOBHO O,IIHHM nOJIOEßTenDHRM KBqnpaToM) MaTPHna DaRra

.~~J i tri t + 1 , .ItH8rOHaJI:bHbIe SJIeMeHTH KOTOPOji OTPHIla~eJThHH,



1 ~

a He,IlHarOHarr:OHl:l8 - HeOTpmJ;aTeJll,Hl:l. BMeCTO MaTp~bl rpaMa y,II06HO

paCCMaTplmaTl> rpaSf! (TO'lliee, MYJ1I>T.I'Irpa<lJ) )I!aMa, Bepnnnrn: KOTOpO-

ro COOTBeTCTByroT 3JIeMeHTaM ~ E PCJU .1'1 .I'IMeIOT Bec (- ~/),
,!(Be BepIIIHHH S', 0' c peJU,) coe,mHtmOTCiI pe6poM, 8CJlß ß

TOJIDKO eCJllI " 0 .. a'>- 0 , Bec (HJllI Kp8THOCT:O) SToro pe6-

pa paBHa b. 5' . TDaqJ rpaM8 (HJIH 8KBHBaJI8HTHYJO eMy MaTPßUY

rpaMa) J1 öy,IteM OÖOSHa'IaTl> r ( pC.Al ')) l'IJill IIpOCTO

r(JU).
ITo,ItMHOJKeCTBO €r c: P-( Jll ) HaSllBaeTCH 9JIJIllJIIT.I'I-

tI8CIGIM, SeJm ero M8TPima (IIJm r.Qa!IJ) rpaMa OTPHItaTeJlDHO orrpe

naneHa. TaKH8 nOnMHo~eCTBa BamEH TeM, ~TO H8XOngTCR B 6Z8KTHB

HOM COOTBeTCTBHH C KOHe'tIHllMß rpaH.fIME Jt{ : RaJi\IIoe 3JIJmIITH'tIeC

Rae rrO.DMHO~8CTBO &- c. PC JU) OIID8,lIeJUI8T KOHe'tIHYlO rpaIffi

(oQ g.. !l~) n.Al MHororpaHHHRa Ji KopasMepHOCTß, paB-

HOH 'q'ZCJIY M8MeHTOB ~. 06paTHO, HSrryOTM KOH8'tJHa.a rpaHD

'" c::::. JU OITpe.nSJIJIeT 8.7IJllIIITH'tJeCRoe IIO,UMH01K8CTBO

&.- = f ÖE PC JU,) I 'öc: 1f5~
, ~cno aITeM8HTOB KOTO-

'poro 'paBHO C-O Ji, rn '(' .

IIO,UMHO]K8CTBO ~ c:. P(JU) H83HBaeTCR OBR3Hl:lM

napa60Jm'tJ8CKHM, ecmr ero rpa~ rpaMa CEmaH, a MaT,PmJ;a r.paMa

IIO~OTpRUaTennHO onpe~eneHa ß HM88T HYneBOH RBanpaT.OTM8TßM,

'tJTO paHr TaKoii MaTpmll:l paB8H # ~ - 1 11 OHa ßMeST pOBHO

OmIH HyJIeBo:ti KB8.UpaT. CBRSHIie rr8,Pa6oJIR'tJecIrne nO)!MHOMeOTBa 00

OTBeTcrnyroT 6eCKoae'tJHO YlIaJIeHHliM BepIIrnHaM .Ai:" ECJlli ~ -CB.FI3

HOS rrapa60JmtIecRoe IIO,IIMH02K80TBO, TO IIep8cs'tJeHBe n 1t.0-
~Ety

JIBJlfIeTCR 6eCKOH8'tIHO Y.II8Jl8HHOi1: T01lltOH Jl1 .06.va TBO, eCJIH ,Ir.JIH

HeKOToporo no,ItMHollteCTBa ty 'e::::: P( Jll ) IIepeCe'IeHHe

n0.:./ 1lr- COCTOIllT RS ÖeCKOHe'IHO y,ItaJIeHHOii TO'IIm. TO
~E-.)
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8T8 TO'qKa JIeXIiIT B JU, a O,IIHa Ha ROMIIOHeHT CBH3HOCTH t:§l rrapa-

60JllPm8.

IIo,nMHolKecTBO T <= P(jI() HaSHBaSTCR nmsp6omr'Iec

~, 8eJm ero M8Tpm.J;a rpaMa rHnep6oJllI'tJHa - HMeeT nOJIOJIWT8JI:DHli[M

KBBJJ;p8 T • MHHHMaJThHoe rIiJIIep60Jm't!e CROe nO,IlMH02Kec TB0 ~ c:::: PCv1i.)
H8sHBaeTCH ~aHHepOBCRHM. OHO Bcerna CBH3HO H BCHEOe erD c06

CTBeHHoe rro~oxeCTBO RBnR8TCH 3~znTM~eCRHM rr~ CBH3HHM rrapa

6oJm't!ecIGIM, B nOCJIe,IIHeM CJIYli8e OHO COnepJlrHT JmIIIlJ Ha O,IUIH SJIe

MeHT MeHIillIS, 'IeM 't. IIO,llMHOlKeCTBO T c:::: P(JIL) rHIIep6o

~'t!HO, ecnE H TO~:DRO ecnE OHO co~epEET ~aHHepOBCR08 rro~o~eCT

BO. OTMeTHM, 'ITO T c::. P(.;u) He RBnReTCR rIHISp6oJul'lec

KHM, eCJllI H TOJThRO 8eJm erD ROMIIOHeHTbI CB.fI3HOCTH SJIJllITITH'tJHH HJm

rrapa6oJm'tffiH. oTC1Qn8 , B traCTHOCTH, c~e.1IYeT, trTO MHOrorj;)aHHHK J!i
c OCTpHMn yr~ ROHetr8H B 6ecKoHe~o y~~eHHRX TOtrKax.

JIerRo ,UORa3I:lBaeTCJI, 't1TO 8CJllI MHOrorpaHHßK .At MMeeT oCTDHe

yI'JIH, TO H BCRKaff ero ROHetIHM rpaH:D o6JIa.naeT aTHM CBOßCTBOM.
1

- Ec.mr STa rpaHJJ 0" sa.naeTCR nO;IIMHOJKeCTBOM ~ c:::: p(vtl )
TO P( a) rroJIY'IaSTCR 0PTOrOHaJI!>HOll rrpoero:urei! B,IlOJ!:b &- Tex

SJIeMeHTOB peJU ) ,KOTOpHS BMeCTe cG- 06pasYIDT aJIJIHII-

TH't1eCROe nO~02KeCTBo.

1:,4°, MeToH JIHarpaMM' Ce.pßR pa60T aBTOpa [1ß] , 3.E.BHH

6epra [6] , M,H.IIpoxopoBa [1lt] XI A.r.XOB8HcRoro [1 S] 6HJIa

nOCB,mn8Ha orpaInrqeHHID p8sMepHocTH IIp0CTpaHCTBa JIo6a'tI8BCROro 1 ,
B KOTOpOM ~eHCTByeT ~CRpeTHaH rpyrrna OTpameHEß C ~aMeHTaRb

HHM MHOrorpaHHHROM Jtl KOHe~Horo o6~8Ma. EHnO nOKasaHO, trTO

Ji." t < 9 ~ 6 .KaK nOK8SImaeT aHaJIß3 3TßX pa60T (B oco6eH

HOCTß CM. [1'1 J)) Ha CaMOM ,IteJIe B 3TßX pa60Tax 6wro ,It0K83aHO H8

KOTopoe YTBep~8HHe, OTHOcgmeeCR R rrpOß3BO~DHHM S~nTH't1eCKHM

MHOrOrpaHHHRaM JZl C OCTPHMß yr~8Mß B rrpOCTpaHCTB8 n06a~eBCRoro,
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npHMeHeIDI8 RO TOporo 1\ g)yH,uaM8H T8JIDEWM MHororpamnnt8.M rpyrm

oT~eHHß naeT ßCKoMHn pe3Y~bTaT. (~rpynn oTpameHH~ v4l
3JIJIHIITH'tI8H ß ero ,IIByrj)aHHHe yrJlli HM8IOT BJiI)I Jr/ n , r.ne 11 Ha

TyPaJThHO H t1 ~ 2 ).
JIeMMa r. 4 •!. IIycTb Jtl -BHIIYKJII:.di MJmIITn8CKHß MHOrOrpaH

ImR C OCTpIDm yrJIaM3 B npoCT,PaHCTBe JIo6alJeBcRoro i Ja:,It.1.IH He-

KOTOllHX KOHCTaHT ,J I C-f 1 C2. BHIlOJIHeHH YCJIOBHJI:

a) .IWaMeT.p JII06oro JIaHHepOBCKoro no.urpaclla t c:::: r(vU)
He 60JI:bme J ;

6) ,I(JIJI BC.fmOrO MJIlIIITHtIeCKoro Ilo,nrpatPa &. c:::. r(.JU)
HS ~ BepmHH ~cno ll8p' (HeynOPRnOlJSHHHX) ero BepillHH Ha pac

CTOJIHlUIX .f t r.n:e 1 ~ J ~ J- 1 t He IllleBOCXO,UHT Cf n ,
'll'JCJIO Ilap ero BeplIlJllH Ha paccTommmc J' , r,ne J~ f<. 2 J- 1 ,

He rIP8BOCXO,UkIT C2. VI •

Tor.n:a Ji m 'i.. < 96 ( C1 + C2 / 3) + 6 g ·

~ rpynrr oTpalKemdi J = 8 I C1 = 'I, CL = 8 t H MbI IlOJIY

lJaeM ßCKOMYID .OIleHRY : "i, rn ';l < ~ 9 b .
IIOJIDSYSIc:o JIeMMaMß i.2.~ H 1.2.2, aTe YTBe.PJiQle:me CP8.3y ES

o606maeTCSI Ha rrapa60~lJeCKHe ß rHnep6e~~ecKße MHOrOrpBHHHRR.
,4"~

~ aTO~epa r , IIO,llMHox8cTBa GS erD BepIillIH H Beprrm:H 1r1

1rz rpawa .r , He II:QHH8)1,JI82Kanm-x q , BBe.ueM paCC TOIDille

f~(~/1Yt.)=rnin~ m~n(!(s)-*(~nQ))} + fX)~)

r.ne 5 -rryTl> B r t Coe,ItHHJIlOlIUfH 7r, H 112. I f - ero ,Wßma.*(SII q ) - 'tJHCJIO BeplIlJIIH rrym 50 • co,ne.PJKaU\HxcJI Bq.

JIeMM8 r. 4.2. ITycTI:> JIL -' Brmyl\JIhlli IIapa6oJIH11ecror:ti MHoro

rpaHHllR C OCTpHMH yr~aMH B npOCTpaHCTBe JIo6a~eBCRoro ~ ,ITyCTb

rpaH:b ~ , cymecTBoBaHZe ROTOpOti ~aeT ~eMMa {.2.~, S8,UaeTCR
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BepllIHHo!1: e E P( Jll) 11.llJI.fi HeROTOJ!llX ROHCTaHT J, Cf I C2

BhlIIOJIHeHH YCJIOBHR:

a) JUJaMeTJ! JIIo6oro JIBlIijepOBCKOrO IIO.IIrpaIDa 'i c:= reAl)
He 60mme J ;

6) ,IJ,JI.iI BCRRoro 3JIJIJ1lITTlf'IeCROro nOWLJarpa &. c: r(fit )
co,ne.PJlt8mero YJ + 1 Bepnnury. O,JIH8 B3 ROTOPllX eCT:O e ,1JHCJIO

IIa'p (HeyrropR,JIotIemmx) era BepIIIHH, OTJm'tlIlliX OT e H Ha paCCTO,ff

Imme Je' r,u;e 1::;;. j e ~ J-1 , He ITpeBocxO,IUfT Cf n ,a

tmCJIO nap erD BepIIIl:!H, OTJIH"tIHliX OT e B Ha .vaCCTO.fIHH.fIX fe .
r,u;e J ~ je. :::; 2.J- 1 ,.He ITpeBOCXO,IUfT C.2. n .'

TorJIa Ji WJ 'i < ~ 6 ( C1 + C2.. / 3) + 6 ~ .

]eMMa i.4.3. llyCTD JZl -BHrry~ MHOrOrpaHEßR C OCTpHMll

yrJIaMH, rfl"llep60Jllfq8CIrni1: OTHOCHTeJlDHO rrO.IIIIpOCTpaHCTBa c:)c::: 't ,
rryCTb rpaHb () , cymecTBOBaHße ROTOPOß naeT ~eMM8 1.2.2, 38-

,u;aeTC.fI 3JIJlllITTJirqeCRHM ITO,JJ;MHOlKeCTBOM ~ c:= P( jlL)
c* G$ ~ Ji m es-') Ji'l ,IJ,JI.iI HeROTOLJIDC ROHCTaHT JI C1 , C2

BhllIOJIH8HH YCJIOBZR:

a) ,IijIaMeTI' JIID6oro JIaHHepOBCRoro IIo.nr,Paq,a 'i c::: r(Ji,)
He OOJI:orue cl ;

6) ,IIJIR BCRKOrO 3JIJIßnTlftIeCROrO no.n;rpaq>a ~ c::: r(..A.i )
co,u;eIJlK8.mero n+C-=#: G4) BeplIII'lH Ji'l Bce BeplID'lHhl H3 ~ , 'IJi'lCJIO

nap (HeynoPMo'tJemmx) erD BepmHH, OTJIH1!HbIX OT BepIl1liIH g .vI

Ha paCCTommme f~ , r,u;e 1 ~ J~ ~ J- f , He ITpeBOCXO,IUfT

Ci Vl ,a 'tßICJIO na.p ero B8PIrrnH, OTJlli'tlIlliX OT 'Be'pIIIßH C5 ß Ha

paCCTO.f.lHJi'lSIX J~ , r,u;e J~ f@, ~ 2 J- 1 , He ITpeBOCXO,IUfT

Ci.. n .
Tor;ua



nORa3aTen~CTBQ ~eMM ~.4.2 H 1.4.3. Bo-rrepBHx, 3aMeT~M,

l1TO rrpH oprOrOHaJThHOH npOeRtUUI SJIeMeHTa cf.., B.nOJI~ e ,me

e 2...c:. 0, ero 06P8S c(,,' SanaeTCR <[JoPMyJIOH

(J,' = ci- (4.1)

, 0'
OTcID.Ila ,1IJI.ff opTOrOHaJIbHIDC np08Ki.UIM rJ, I -0 SJIeMeHTOB cl, g B.IlOJI~

e IIoJrytIaeM clloPMyJIY :

{;(;', 8' = a,.. .g + (.e·ct.)-(e ·8)/(-e2
). (4.2)

BO-BTOPIlX, SaMeTHM, lITO eCJm ~ c pe '0) - SJTJlHnTH-

lIeCKoe no~o~eCTBO, TO npH opTOrOH8nbHoß rrp08RQHH B.IlO~ ~

nO,UMHOlKeCTBa U c::: P( 'Q) , co,neplKamero 'S 'erD o6pas 1(/
6y~eT S~nTH'tIeH, napa6o~~eH, rHrrep6onEl1eH , eCHH H TO~~RO

ec~ CaMa Zl COOTB8TCTBeHHO a~rrTß~O, rrapa6QITHqHo, rznep

6oJm'tJHo. ECJm U - CB.fi3HOe SJIJmIITH"tJSCK08, CB.R:3HOe napa6oJIZ-
I

'tieCROe, JIaHHepOBCKoe, TO TaIDIM JIte COOTBeTCrnSHHO 6y.u8T H U
(HYmHo BOCIIO~30BaTbCB (4.2)).

llYCT:b Tenep:b ;IJ)IR JIeMMl:l 1. 4. 2 ';LI c:::: pe 'f' ) - JIaFmepOB

ORoe IIO,nMHOlReCTEO H 't rßnep60mrtI8cRoe IIO)IMHOXeCTBO B peAi),
co;uePJK8mee e , nposKLUleii KOToporo B.UOJI~ e nOJIyqaeTcR :l' .
Hs JIaHHeJ;loBocTH 'J...I BhIT8RaeT, "tJTO )1)LF{ 1Y E 'i.. H "" =1= e II0.Il-

MFIOlKeCTBO ';l - 1. 1r ~ He RBJIJIeTCJi rnnep6OJ!H'IeCRHM. l103TOMY,

eeJm ';l - t e ~ He rßIIe,P6()J]JifqeCROe, TO ';l JIaHHepOBCRoe E

H3 g)oPMYJIH (4.:r ) CJIe.n:yeT, IITO J i&(.,." t,' ~ J,,'CUf4 ;l ~ cl.
ECJill]Re t - {·e) nIne,P60Jßf'lHO, TO npe~nymee paccY1lOIemr8

nOKaSl:lBaeT, tITO ';l - i ~ ) JIaHH8pOBcKoe, I1 (poPMYJIa (4.2)

II0K83llBaeT, lITO J~'~ t' ~ Ji~ (t, - f e~) ~ ·ri.
aTO ~OKaSHBaeT, ~TO yc~oBHe a) ~eMMH 1.4.2 BR8tIeT ycnOBZ8
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a) ~aMMH !.4.f ~ rpaEE ~ . B ~eMMe ~.4.3 Be~HO TO me CaMO~,

8cnß 8TO paccy~eHHe rrOBTOpHT~ ~ ~ pas.

I!yCTI> Teiiepl> g../ c:: pe d) - CB.fI3HOe SJIJIIIl'IITßlIeC

Roe nO,UMHOiKeCTEO B &- - 3JI.JIßIITB1I8CROe nO,IIMHOJKeCTBO B PCAl) ,
CO,IlePJK8,mee ~ (B JIeMMe L4.2 aOJIaraeM Q = 1. es) ß I

TaROe, ~TO opTOrOHaJILHO~ apoe~en ero B,IlOJIL es aO;ryqaeTCH~.

Tor)la 0Pß npOeRIUHI BS!HillUrn ~ OTOJl\UeCTBJImOTCR C BSpIIIHHaMH
I

~ - ~ ß rro WoPMYJIe (4.2) paCCTORHHe , MS~Y JllIMH B ~

OTO~eCTBJIHeTCH C paCCTOHHßeM JP~ B ~ • TaKßM o6paaoM, YCJIO

BHR 6) B JI8MMax 1:.4.2 H 1:.4.3 8REHB8JIeHTlThI YCJIOBHlO 6) JI8MMH

! . 4. f )J.JlJI rpaIDI 'f .
OCTasTcR 3aMSTßT:D, lITO B JIeMMS 1.4.2 J;, m D = Jint:t - 1,

a B JIeMMe f. 4.3 Ji n, 't. - Ji m ':):::;. J(,'m 1". IIOSTOMy llS

JIeMMH !.4.f, npHM8HeHHoH K ~ , rranyqaeM YTBe~8HHR JI8MM

1.4.2 ß 1:.4.3. ,....



Lr:;

§ 2. rpYIIIIH OTpameHßH B npocTpaHCTBax JIo6atI8BCKOro

B M8TOn ~arpaMM.

llyCTD ~ - nHCKpSTH8R RpßcT~orp8~ß~eCKag (T.e~ 'c WYH
~aM8HTannHOH oan8cTDID KOHe~Horo o6~eMa) nMCRpeTHaR rpyrrrra

B rrpOCTpaHCTBe JIo6a~eEC.KOrO ':1 J 'vI"'::J G- - ee nO,IIrpymra

OT~eHßH, nOp~eHHaH BCeMß OTpameHßRMH (OTHOCHTeHDHO rßnep

DJIOCKOCT8ß), co.uepJKatmlMHCH B G . BH6epsM WYH.ItaMeHTaJIoH!:rl1 MHO

rpammR Ji WIR 'vi · Torna epaHToprpynrra A = G-/ W'
OT~eCTBnReTCfl C rpyrrITOH C~MMeTpZH Ha G- ~~aMeHTanD?oro

~ororpaHIDlRa JU :

Jll ~ .

B ~aCTHOCTH, HMeeT MeCTO pa3~o~eHHe B no~ynpHMoe rrpOfl3Benem18

G- = W>4 A .CJr6,ItY.lI [26, 3
0
], rpylIIIa G- HaSHBaeT

CR o606meHHO~ KpHcT~orpa~ß'tJecKoß rpyrrnoH oTpameHßß, ecnB A
ßM88T IIO.ItrPYnrry ROHel:lHorO ßH.U8KCa fI / f IIMemnry:ro H8TpHBHaJIDHOe

. I
HHBapMaHTHOe npOCTpaHCTBO i c= t ,EKJIlOlJaR CJIyq8H, I\or.ua

t' - aTO 6eCKOH8tIHO 'yna.n:eHHaH TO'tiKa ';;l . HeTpHBHaJIbHOC Tb ';LI
OS Ha'tJaeT , 'ITO 'L'=1= [2f H ';t I 1= t... .

MMeeT MeeTO CJIe.n:yxmee rrpOCToe YTEepJK;I{8IDI8:

IIpelIJIOJK8HHe 2. I. EcJnI G - o606msHHM RpßcTaJIJIOrpaq,lJq8C

KaH rpyrrna oTpameHH~ B npocTpaHcTEs JIo6a'tJeBcRoro, TO HanneTcrr
I /

nOllI'Pynna A c::: A ROHelIHoro ßIijI8Kca T8RM, 'tJTO fl OCTaB-

AAST ßHBapßaHTHI:lM HeTpHEBaJIlJHOe no.n:npOCTpaHCTBO esc:. ';l
nJ)H'tIeM es nopOJlQlaeTCH ~n JlL .



.uOKaS8TeJIbCTBO. ECJllI A KOHe1ffia, TO B Ka~eCTBe ~ MOmO

B3RT:D JII06yro TOtrny Jll . /
llyc Tb fl 6eCROH8'tffia ß fl c fI - IIO.urpynna ROHstrnoro

9JIeMeHTOB a.1 J ••• I etn I ...' Hs

TeJThHOCT:& TO~8K cx,1 (.,,) I . '. I cL n (rn) I '" . CTpeMffTCR K Oec-

ROHelIHO Y.IIaJIeHHOff ,TOtIR8 'J> € JU n 'i 00 • ECJIH ';LI -6ec-
I

ROH8tIHO ynaJIeHHM TOlIKa 'J ,TO, O'1eBH)lHO ~ = ';;l
He RBnHeTCH OeCROHe~o yna~eHHoM TOtIRO~, TO paCCTORHMR

J ( '1..' f 0{, (," ( J'tI) ) nOCTOJIHHli. OTClQlI;a Me,JtyeT, 'tJTO (JE: 't~
TaKHM 06paSOM, B moOOM cJIylIae 1>E vU f1 'i' ß nepeCe'1eHH8

JU, fl ';LI =1= ;6 . B KatIeCTBe 'f CJIs.uyeT B3RT!> JmHeHHyro

060JIotIRY [.Ai n ';l'] . ~
TIon:&SYHC:& npononaeHH8M 2.1, MH Mo~eM paSOßT:& o606meHHH8

RpHCTaJIJIOr.P8WH'tI8CIlli8 rpyIIIIH oTpaa8IDIH Gr Ha CJI8,IIy1Ouwe Tpll THna.

Ec~ ~ rpynnu ~ B Ra~ecTBe nOnnpoCTpaHcTBa~ B npe~o-

lKeIDIß MOJKHO BSHT:& ROH8tmyID TO'tJRY t]l E Jll ,TO G- HaSl:lBaeT

CH a~rrTHtIeCRo~. ECRH B npe~oxeHEß 2.1 ~ rpyrrrrH tr B Ra

'tIeeTBS IIOnnpOcT,t1aHCTBa es- MOJKHO BSSIT:& 6eCKOHetIHO y,UaJI8HHyIO

TO"tIKy 'jJ E JU n 'i 00 ,TO tr HaSHBaeTCH IIapa6o~ecRoß

OTHOCßTeJI:&H..Q ~. ECJm B II,Pe,IIJIom8HZH 2.! )t1IlI r.QyrrJ::W: G-
O < cl j, rn CJ' < Jim il ,TO (;. HaSHBaeTC.f.I rHnep60JIH1I8C

KO~ OTHOCHTenDHO rrO~IIpOCT9aHCTBa ~ •

oTO naneHHe Ha THnH OrrpaB~aHO CHe~ CBoäCTBaMH ~~a

MeHTaRnHOrO MHOrorpaHHHRa ~ ~ ~ •

IIpe.lL1IoxeID!e ~.2. IIyCT:O G- - o606meHHaR ERZCTaJIJIOr paq>.trtIec

KafI rpyIIIIa OTpazt8HHH B nDoCTpaHCTB8 JIo6a"tI8BcRoro.

HHneRCa, OCTaB~m8H HHBapßaHTHHM HeTpHBßan~HOe rrOnnpOCTp8HCT-

BO '1-/ c:. 't... • BH6epSM KOHetmyID TOtIKY rn E JU. B CHJIy
/

OeCROHe~OCTH ß ~CRpeTHOCTß fl HaijneTcH n0cne~OBaTeR~HOCTb
I

fl TaRaR:, ~TO nOCJIenOBa-
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Tor,na

a) EcJm G 8JIJWIITHlIeCKaff, TO ~Im8MeHTaJI:bHl:li! MHOrOrpaH

HHR At 9JlmHIT~eH.

6) EcJm G- rrapa60JlliftI8CKaH OTHOCHTeJI.J,HO TO'tIIGI

c:o/ E Jl1 n 't 00 ,TO, JU napa60Jm'tJsH OTHOCHTe.J:ffiHO cs-.
B) EcJIH G- rBuep6oJJlPI8CKM OTHOCßTeJIbHO nO)lIIDoCTpaHCTBa

es' , TO Al rßnspOOJlll'tJSH OTHOCHT8JThHO - ~ •

1\/= LI ><1 AJ~nORaSaTenDCTBo. ITepexo,UR R uonrpynne er w --
I

C G- J A c::::: fI ,ROHe'tffiOrO MH.Il8Rca, 6y,neM C"tlli Ta T:b, 'tJTO

no.urpyrma fl nepeBo.IJ.H T rro,unpocTpaHCTBO ~ c::::.. 'J.. npe)IJIo-
......

a8ID1,ff 2.! B ceO,ff , n,Pz-qeM B c.JIy"trae a) nonrpynna fl' TIJRBHaJI:bH8

ß G- == 'W.
Boono~3yeMcH TeM, ~TO ~ nHcRIJeTHOH RpßcTanROrpa~~ec

RO:a rpynrThl G B II.QOCTpaHCTBe JIo6a~eBcKoro MOmBO BH6IJaT:b @rH

.llaMeHTarr:oHYJO oMaon 9:J ,KOTopaR, HBJUIeTCH 3a.MKHYTHM BHUyRJIIDII

MHO~orpammKoM C KOH8'tffiHM lIHCJIOM rpaH8M (T. s. SJIJmIITlftISCKIiIM

MHOrorIJ8HIiHRoM) B IIpOCTIJaHOTB8 JIoOa-qeBcRoro (CM., HanpMMep" ..

[2.1-] ). IIpz aTOM, 0't18BH,IIHO, J:J JI8mI T B O,llHOM H3 WYmIaMSHTaJIb-

mlX MHOrorpaHIDIROB ,U.JIH rpYIIID:l W . 3aMeHflR c1J Ha 1.F5JJ ,
r.ue 1Rf E \AI , MOJitHO C'tßI Ta T:D ,lITO J:J === Ai .

B c.JIy"tr8 e a) II0JIY"18SM, tI TO J:; = vU - SJIJllIIITH'tJ8CrorR MHO

rorpammR.

B c.JIy"trae 0) npOCTHe CTanuapTHHe pacc~eHHH rroRasHBaroT,

'ITO J:J = C.JI fl JIL . r,lle JI c::: &- t§> - BHnyR-

JIIDt SaMKHYTHM Mlwror.vamUIR Ha opnccIJepe g..q]. C.N -ROfryc

Ha.n JI c BepllUJ:Ho:!J: ~ .llpn STOM cL ( riJ) = Ca(JI) n .Jll
eCJIH a. E ,q , nOCRom>RY (;i., ( t§) = C§ , eCJlli "c- f} .

OlIeBJmHO,
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u ~ (JI) = f (9 x I x E v1i - f~5~ =
a..€:A +- _ J1 ..

= F0pr.,u), 'K~ - es>
~E1t1j

- BHnyKnHfi MHorOrpaHHEK C ROHe~ ~C~OM rpaHeE Ha o9ßc~epe.

llyCT:b Tenep:o 1< c::: ~'9 - npOß3Bom,HIDi: Bl:lI!YKnHfi 3aMKHY-

Tlrli MHOror,PaHHßR Ha opßcq>epe. Tor.na, SCJm rrepece-qeIDI8 MHoror.QaH

HßKOB KnJUcg BHpO]Jf,IJ;eHO J TO, O'IeBß,nHOJ H MJIOrOrpaHHßR

CK. () Ji Bblp0lK,ILeH. ECJlli nepece'IeHI!e MHorOrpam:lßROB K.r)~

HeBHpülK,ILeHO, BhlnyKnHfi 3aMRHYTW MHorOrpammR KnJIJ.~ c::::. ~C§>

JI8iKHT B KOHe'tffiOM 1liICJIe BmryI\.1IHX SaMRHYTWC MHorOrpamrnROB cl j{ ,

C(, E rJe , r.ne (J{, c:: A - HeROTopoe ROHSl1HOe nOJIMHO-

1KeCTBO. OTClll;o:a CJIe.nyeT J 'ITO MHororpaHJIJ'IR C K. () JU ::CKnJl~n .AL
JIellWT B KOH8'IHOM 'IßCJIe 3JI.JllInrn"leCKJU MHOrOrpaHIDlKOB Ca.K nJ,l ,
r.ue Cl. C: t!R, • IIo3ToMy MHOrOrpammK CK 11 JL CaM 9.7IJlllIITH-

-qeH. 3TO ,UOKa3HBaST, -qTO MHorOrpaHImR Jl IIa,Pa6oJßft!SH OTHOCß

TeJIDHO TO'tllW ~ •

B CJIyqae 6) npoCTue paCcyJiUlemIR IIORB.SlffiaIOT, 'q TO

J:r = eH () Jtl , r;o:e JIc: J),o/ = Al nc:r ß j( -
HSBHpOEJleIIHllf! 9JIJillIITIftIeCIGIti MHOrOrp8HHHR B T . TIPH 9TOM

cL ( J3) = C,,(JI) nJ1L ,eCJm oL E f/ ,H

. n a. (N) = ~ Ct-J. ECJll! J< c:::. es- - SJIJmITTI-ftIeCroIil ROM-
~~R J AI

II8I\Tmrl1: MHorOrpammR, TO C K. () lIW BbIpOJImeH, eCJllI K() vii -
BblpOlK,ILeIIHllf! MHorOrpamIßK. ECJlli J< nJi C5:' - H8BblpolK;U8HHI:rl1

MHOrorpaHlillR, TO OH JIe1KHT B ROHe'tIHOM 1IHCJI8 8JIJIHIITH'tJ8CIrnX MHO

rpammROB ex,( JV), (X, c M, , r.ue t:Je c:::::. A - KOHStIHOe

nO,llMH01KeCTBO. 1103TOMY MHorOrpamrn:K C I< () .Al = c.K.n~nJL
JIeJiWT B ROHS'tffiOM tIllCJIe 8JL7liIIITH'tJeCIDIX MHOror.QaHImROB

Cq,(N) n.Ai I (){.. E el, ß CaM 3JI.JllInTH"leH. 1103TOMY.Jl.l rßnep

60JIIiI'tJSH OTHOCßT8JThHO c:s-. ,.....
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Hs ~eMM I.4.I - 1.4.3 H npe~O~eHßR 2.2 norryqaeM cne~yro

UlYIO T80peMY, OneHKa a) KOTOPOM IIOJIycI8Ha M.H.TIpoXOPOBHM [1'1 J H

A.r.XOBaHCIillM 85].
TeopeM8 2.3. ITYCT:O G- - oCS06mSHHaJI JUICRpeTH8R RpHOTaJL7IO

rpa~lfqecK8.f.[ rpyrirra OTpaJK8IDIM B npocTpaHCTB8 JIo6a'tleBCK~ro ';L •
Terna

a) eCJm G- aJIJIHITTB'tIH8, TO Je, Yn 'i< 9~ b (OIJ;8HRa M.H .IIlJo

xepOBa H A.r.XOBaHORoro);

CS) 8CJlli G- napa60JnI'tIH8, TO Ji tri 't... < ~ ~ t ;
B) 8eJm G- rHnep60JllilJH8 OTHOCHTeJI:bHO IIO)l1lpOCTpaHCTBa

rs- c:::::;L ,TO J j, m 'i < ~ ~ b + Ji YtI es-' .
.llOR8S 8 TeJI:DC TBO • .llSf1CTBHTeJl:bHO, .IIJlff r(At) BWI0JIH8Hll yo

~OBßR a) ß 6) ~el\'IM 1.4.1 - 1:.4.3 C ROHCT8HTaMliI c.f == g I C1=7,
cl. = 3. BwIOJIIDIMOCT:b YCJIOBHJI "o} BbITSRaeT H3 Taro, 1ITO CB.f.lSHH8

MmIlITR'IeCIWe lIo.nr.Qa~ rcvU) HMelOT WO.QMy ..Il,.., I ][) lt1 HJUl lf-*.
r,ne ! = 6 I 7- I 3. ~

3aM8lJaHHe 2.4. B CBR3ß C YTBe~eHHeM B) T80PaMH 2.3 OT

MSTHM, -qTO HaM He M3B8CTHO, cymecTByeT ~ B rHnepOQITKq8CROM

c.rryqae aOCOJ1IOTHaR OIJ;eHRa Jim 'i ,He SaBßCRIIlM OT dim ~ .
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§ 3. MeTo,U ,UHar,PaMM ß arrredpaß'tIeCIDIe nOBepXHocTH.

ITYCTD ~ - H80CodaH axre6~ecKaR rrOBepXHOCT~ Ban aR-

re6paH'lecID'I 3aMRHYTHM ilOJIeM H oN s( ':J ) - ee pemeTRa Hepo-

Ha-CeBepH. IIo Te~peMe XO,ItlKa 06 HH,neKCe pemeTRa NS( 'j) I'H

rrep6QITKqHa H orrpe'uanfleT rrpOCTpaHCTBO !o6a~eBcRoro

't( ':J) = V+( ':J)/fR+. r;ne V( ':/)={xE NS(Y)I!OJRI x.2>o~

. H V+( ':J) - ITOJIa ROHYCa V ( ';/) , CO,IISpmaU{aJI

Macc rrOJIHj.1HsaIU!ß 'j .
HanOMHHM, 'tITO R,PHBas:r G- Ha 'j HaSbIBaeTC,ff HCK.1IIlJtllI TeJTh

HOH, eCJll'l G- HeilpHBO,:n:nMa H G-.2. < 0 . Ilycu Exc (':J)c::-
c::.. NS ( ':Y) _ MHOlKeCTEO KJIaCCOB HCKJIIO'IHTeJI1>HWC KDHBbIX H

( )- n 1(,+JL ':J - oE-Exc( ':J) cr - Bl:lnyR.Jnlß MHOrorpaHIDIK C

OCT.pIDYm yrJIaMH B npocTpaHcTBe JIo6a-qeBCKoro ';i ( ':J) ,.uM

KOToporo P(J),(':J))= Exc(';J). MHororDaHHHK JL('j) -
I

MHorOrDammR C OCTpHMB yrJIawI, TaR RaK a. ~ ~ 0 ., eCJm

0, 0'E Exc ( ':J) H '51= 8
1

•

MeTO.II )UIarpaMM - T. e. JIeMMH 1:.4.1: - 1:.4.3 - npHMeIDIM K

MHororpamrnxy JL( ':J) (H no~e.PXHocTH 'j ), eCJm MHororpaH-

IDIK J1 Cy) B ilPOCTpaHCTEe JIo6a'IeBCKOro ';l ( 'J) JIOKaJI1>H0

ROHe~eH H ~eTCR a~rrTH~eCRHM, rrapa6o~~ecKHM H~ rHrrep6o~

~ecrorM. HHJK8 Ml:l 'paCCMaTpHBaeM EamHIDi c.n:yqaJ:i, Korna 8TH YCJIOBßH

BHITOJIHeH1I.

HanOMHHM, lITO KOHetrnaH JIHHeibIM KOM6HHaIUIR ]) =~ a,i Ci '
r)te Ci.. - H8n,pHBO.IlHMDIe R'pßEHe Ha ':J ,HBSIIBaeTCJI ~HSOPOM,

~ - ,nnBHSOQOM,.IR - JO;IBß30POM, eCJill (X,j, E ZJ Q J IR COOT-

BeTcTBeHHo. f - ,llIiJBH30P ]) =~a.i Ci HaSHBaeTC,ff a<IxI>eR-

"THBHHM, eCJllI (X,i ~ 0, /. IR -.IUIBH30p 1> HaS1iBaSTCR tIHCJIeH-



\

HO a~eRTßBHbIM (n e. f) ,eeJm: ]). C ~ 0 .IIJIr.I JIID6oro sQJ.I>eRTIIBHOrO

.IlßBB30pa C . J< - .IDlBH30P ]) HaSImaeTCS! IICeB.uOS@?eRTßBH:HM,

eCJm ]). C>0 )lJIR mo6oro 'tll1CJIeHHO ~eRTHBHOrO ,IlliIBH30IJa C
(,uM sToro ,u00TaTO'tlliO Tpe6oBaT:D, 'tITo6u ]).C>0 .U)IJI JII060M"'·

2 '
HeIIIJHBO)ijlMOH RPHBOH C C KBBJIIJ8TOM C ~0 ). Ta JKe CaMoe orrpe-

,JleJI8mre ,uaeTCH :rtJIR RJIaCCOB ,IDIBH30POB B N ( 'i)= ;.15(':1) @ IR.. .

HanOMIDIM onpe,ueJI8Ime Tex JK8 nORfITßH B T811MMHax ROHy'Ca Mo

pB. IIyCT:O NE('J) c::N(':I) - BarryK.7IHtt EOHYC Bcex ~aCCOB

sCM>eRTHBllllX.IR -,IlHBH30,DOB Ha 'j . Ero 3aMHK8IDIe NE ('J)
B N ( ~) COCTOHT B T01ffiOCTH .l:l3 RJIaCCOB Bcex rrceB;uo~eKTliIBHHX

H< -~H30IJOB.OH Ha3HBaeTCR ROHYCOM MOpH. ~BOHCTBeHHHM KOHYC

NE ( 'J) "* c:= N ( 'J) (OTHOCIITeJI])HO ßH)lexca rreD8ce-qeIDIH

B Ne 'j)) COCTOßT B TOllliOCTI1 Ha Bcex RJIaCCOB 'tillCJIemro atW)eKTIIB

HHX j{ -~BH30DOB.OTMeTßM, ~TO rrpH aTOM

J.L(y) = NE ("3)*/ 1R+.
HanOMHHM rrOHHTH8 pa3~OmeHMfl 3aDHCKoro ~BH30pa H ero

cBoficTBa (CM. ['31] Jj.~]) .llycTb ]) -rrceB;uos!MieKTHBmrn: ~ -.ILß-

BH309· Ha ':J • Tor,u8 OH o6JIa.uaeT paa~OJKeIm8M 3aQIiCRorq (E

N (':1) ):'

])= P+N, (!) .

i) P - "lHCJIeHHO ~eKTHB~ Q -,JUJIBPI30P;'
n '"',

Ü) N= 2.: cl i Fi , r;ue J.. i E ~ z J i >0)
t=.fF; I ... J ~ - HerrpHBo)tHMhIe R'pI?fB!:le, H~eIO~e oTPllIl;8 TeJThHO

orrpe;ueJIeH!iYJll MaTpl'II{y rrepece"leHl'If1 (Fi· Fr) , 1~ "/li ~ YJ;
iit) p. Fi == 0 ;rI.JIR Bcex F -1~ ,,- -s.. n .0 TM8 THM ,

t I ""'" "
'qTO I)83JIOJR8HE8 3a.DIiCRoro e.rornCTB8HHO, T.8. KJIacc PB.·N( ':J),



I<JlHBUe F , KOSqxpmmeHTH r:L. OllJle)leJIeHbl RJI8CCOM D B NE ( ~)
t ~

Omr03H8'tlHO. EcJm D - acMJeRTHBHbJii ~ -.IUIBH30p, TO P H

N - TaIOK8 SlM>eRTßBHlle ~ - ,IUIl~a 0.pll I:! I'B.3JIOJK8IDIe 3apßCRoro

HMeeT MeCTO Ha ypoBHe ~ -.ItBBFI30'pOB:' 1> = P+, AI .C no-

MOlUI>lO paSJIOmeIDIH 3a];U1cRoro ]):=: P+ IV. orrpe,IIeJIHeTCH

tmCJIeHHaJI D -pa3MepHOCTI. i ( J), ':J) rrapH(» I 'J) ,llJi.lI
2.

IIceE)loSlM>eRTHEHoro )U!BH30pa ]) .ECJm P > 0 , TO i(1JJ'j)=2.
ECJIH p2.=o, HO P"* 0 B Ne ':1) ,'TO 'Y (]), y)= 1.
ECJIH P= 0 B Ne 'J) ,TO '9(]), Y) =. 0 .ECJill]) He

RBJIJIeTCH nceB)103~eKTIIBHHM, TO IT0JI8ralOT ~ ( D J ':J) = - 00 .

ITyCT:D K - RaHOHHtIeCKHH Macc Jn!B.liI30110B Ha 'i . Ter.na -v(K, Y)
H8SHBa.8TCR 1lliCJI8HHOH KO,JIaHPOBOM pa3MepHOCT:D1O ':I , a -y(- K I ':J)
~cneHHoH aHTH~OA8HPOBOM pasMepHocTDID ~ •

C IIOMom:oro Teo'pHH MO'pR [2 ,3] .uOKaJiteM

TIpelIJIOlK8WIe 3.1:. ll:v:CTl> ':I -H80CO68.f.I arrr86paH'1ISCRaR IIO- .

Bej)XHOCTI> Hau arrre6,PaHtISCIDI 3aMKHYTbIM IIOJIeM, .u.mr ROTOpoif Kt= 0,
tmCJIeHHaJI aHTHKO,l.taHpOBa pa3MepH~CTI. ~(- K., 'j) ~ 0 M -

- K== P+ N ,r.ne N = ~1 J..i ~. - pa3JIOlltSmrS

3apHCRoro )lJIH - J<. • Tor.na:

a) Bce HCRJI1O'IHTeJII.HHe KpHBHS Ha ':J .:.... 3TO KpHBHS F;} ... I ~,

Heoco6He PaIUlOHaJIbImS R'pßBbIe C KBa.npaTOM (-2) ß XICKJIIQ'tIßTeJI!>Hbte

RpHBHe f-ro po){a. TIPI-! aTOM .JI1 C':J) JIOKaJI:DHO ROHe-qeH.

6) ECJIH -V(-K, ':1)=2 (T.e. p2.>O), TO .;l1,(Y)
3JlJllirrTH'tIeH E JIe .,..P E JU, ( 'j)

2.

B) EcJIH V(-K,'Y)= 1 (T;e. P~ 0 ,HO P:/=O),
TO J/iC y) rrapa6bJm'ieH OTHOCHTSm.HO TO'iKH ~= R:PE "JUly)
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r) ECJm 'Y(-K,':J)=Q (T.e. P= 0 ), TO v?i(':J)
rHnep6Q.7llftI8H OTHOCßTeJIbHO nO,ItnpOCT,PaHCTBa ~= n1eFt .
KOpaSMepHOCTß n B 't ( :J) . t

.uOKaSaTeJII>CTBO. a) lJyCTI> l -HCRJIID1JHTeJThHaR K,PHBaFI Ha

:J ß L OTJIfftIHa OT ~, ... J Fn . Tor.na a,PM~eTJiI1Jecrori1:

pO,II pd. ( 'i) = CL2 +L. 1<) /2 + 1 ~ 0 .ECJm l OTJllPma

OT F.,}"" Fn '2, TO L· K=- 1.. ·P- 1... ' ;1/:::;, O. Hs STßX

.rtByx H8DaBeHCTB ,I(JIJI l ß l· K nOJIytIaeM CJIe,IIyIOUllI8 .nBe B03MOJKHOC-

TM: Li.= -2 ß L · K = O} L/'= L· J< =- 1. B o6oux

eJIytlMX Fa.. (~) = 0 rr L - Heoco6M ,PauI10HaJIoHalI

K.,DHBM. oTO ,uORa3l:lBaeT rrepBoe YTBePiiOleHße 113 a).

B npOCTpaHcrne 't. ( ':J) 3JIeMeHTH Ö E N S ( 'j) C

KBcm.PaTOM - f H - 2 Onpe,IIe.JUnOT rHne.,DIIJIOCKOCTIiI 1(.5'. OTpameIDI.R:

~~ OTHOCHTe.rr:OHO KOTODllX ,n8lO'll"" B\ ';l( ':J)]lHCKP~THyIO rpynrry oTpa

2KeHHii (TaR RaR OT'paJK8HHR ~ 0 HHJtYIO'I.PYlOTCR aBTOM0PI>H8MaMH pe-

meTKH N S ( ':J) ,rpynna aBTOMO~3MOB ROTOpOt! ,WICRj;leTHa B

't.- ('d) . IT03TOMY rßnepITJIOCROCTU "Kc ' r,n:e SE NS( ':1)
ß b1..= -1 HJm - 2 , paCIIOJIOmeHH B t ( ':J) JIOKaJI];HO ROH8'tffiO.

I'unepITJIOCRocTei1: 1e F. , '" } 1l F.. (opTOrOHaJII,HI:lX F,) .. '/ F;, )
KOHelffioe 'IßCJIO. 3TO JOI\8.3I:IBaeT~ 'tITO JU ( ':J ) JIOKaJII,HO ROHe-

1JeH, TaK RaR.UM f E P( JU( y)) mr60 f 2 = -1 -2 ,Jill-
I

60 f = F .
l

nORalKeM 6) ,B) ß r). ECJIß J (':/) = 7-1 NS(-Y)=1 ßJm 2-
TO ~ ( ':)) O;uHOMepHO H JU ( ':J) OlIeBß,ItHo MJmITTIftreH.

IIpe,rUIOJIOiKHM, tI TO f ( ':J) ~ 3 .
ITYCTb NE+(y)= f xENE(I.J)/xol«O)-

nOJIOJmTeJThHM tIBeTI> ROHYca MO'pH NE ( y). Tor.na B CßJIy TeopßH

MOPlI [2.~]npoeRTlIBMS aU,lUl PN f; +('i) = NE+( '1) / IR +
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JIOKaJII,HO II0Jll!3.It.PaJI&H8 H liIMeeT CBOßMß BeplmnmMkI (8RCTpeMaJI:&HbIMH

.rrytIaMH) B TO'tIHOCTH .rrytllI lR+ E ,H8TRHyTHe H8 HCItJIJJtlllTeJI:DHHe

KpHBl:le IIepBOrO po,ua. r.ne TO'tIRa npOeKTkIBBSamIH PC ROHYCa C
HB,3bIBaeTCJI BepnmHOH PC (:~IJIH 8KCTpeMaJI:&HHM ;rytIOM) , eCJIliI OHa

He JIeJltHT BHyTpliI OTpe~Ra, JIeJK8mero B pe.
BTopoe BamHe~~e.CBO~CTBO, BHT8KaIDmee BS TeOpeMH PHMaH8

Poxa .ItJUI IIoBepXHocrn ~ ,SaKJIB)'tI8eTCR B TOM, 'tITO

NE C:I) =:> V+-('J) .llycT:& pilE (':1)=

=(fiE('J)-fo~)/1R+ - n];lOeRT~BR3BlUI!'I ROHYca MO];lR. Tor,na R3 BJIO-

jKeHHR NE C'1) J V+( ':J) I! O'tIeBH,IlHOro P8B8HCTB8

V+( ':J) *"= V+-( 'i) nOJIY'IaeM nOCJIe,nOBaT8JI:&HOCT:& BJIOllteIDJß

ITP08KTHBßSatUIH 3aMKHyT1:lX ROHyCOB:"

KOTOP8R CaMO~BOHCTBeHHa, T.e.

Ha npHBe,ue~x ~KTOB llOJIY'IaeM cnenyromee CBOHCTBO IIonE

3)lpaJIbHO CTI! JU. ( 'i) :
JIeMMa 3.2. ECJm rzJ.. NS(':J) >-.3 ß TO~R8

q E )1,(,':1)00 n JJ,( ':1) nPNE+ (':1), TO IDJRaRaSI OTKpHTaJI

OK'peCTH~CT:O TO"tlliß ~ B 6eCROHe1ffiO Y.It8JIeHHOH cepepe 'i (';J) Da

He JI8mrIT B JU C'J) .
.uOKaSaTeJI:&CTBo.!IyCT:& U c:::= 'i( ':J) C'O - OTRpblTaJI oKpeCT-

HOCT:& TO'qKH ~ , JIeJKaUl8JI B .Al ( ':J) .TaR KaK q E PNE +(~),

TOt~': npH H806xo.ItHMOCTFI YM8H:&WM U , MOmIO C'tlHTaTlJ, 'qTO

1J JISlliß T B PNE+ (':J) · llp82K,Ile • 'Bcero 3aMeTHM, "'ITO U
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JIemIT Ha rpaHmJ;8 PNE + ('::J) .)leHCTBHTeJIoHO, rryCT:O

.IR+c EU, r,n;e C E N S ( ':J) ®1R I C 2. = 0 H C =1= 0 ·
TaR RaR PNE ( 'j) = .AL( 'j) '*~ liI JRl'c E .AL ( ':J) , TO

PNE +( ':}) c: PNE (~) c:: "'"K; , r,n;e'

K+ = f 1R +:>c I X.E N sC':}) ® 1R I xj;O H X:-C;;O~
c. .

~ npOeRTRBR3aI.J;H1fl nOJIynp'OCTPaHCTBIa' BiN SC ':i) ® JK ·
To'tIKa JlZ+c JIEUKHT.Ha. rJ)~e 1(,+ ,TaR KaR c.c=c.l.=O. ,

+ c. - - 1\
n08TOMY TO'II\8 1K C JI~T H Ha rpaHHIl;8 PNE ('J) PI PNE+('l/.
HTaR, Boe TOtIKH U JI8]K8T Ha rpaH~e PNE + ( 'J) . .113

CTporOM BblIIyRJIOCTH cq>epI:l t ( 'J) Da B IIpoeKTBBH3aD;RH

P( NS (:}) @ 1R) BHTeKaeT, 'CJTO Tor.ua K~asr TOtIKa U
JIBJIR8 TCR BepImIHOM (MJm 31\C TpeMaJIlJHI:lM JIyqOM) B PN·E. +"(.,'1) ..."
STO II'poTBBope'tJHT TeopßH Mopn, T.e. Harne IIlJenrrOJIOJKeIrn8 0 TOM,

"qTO V JIeJitHT B .AL( '1) ow:ro He B8j!HO. ",..

)lOKaJK8M T8rrep:o yTBepE.U8ImJI 0), E) H r) II.Qe,1IJIO>IteIDIR 3. f.

B CHJIY a) ~ Xc (':J) .QM6HBaSTCR Ha T'pH IIO,UMHOJKeCTB8: EXc(~)3=

=t J; I ... / ~ ~ ; E;. Xc C'd) 2. ' COCTOmIlee JJ[3 HCRJIIlJ1ll!-

TeJThHIDC R'pJJ[BHX , He n 'pIiIHa,JJ)l6JKall{JJ[X E X c. ( ':J)3 TI JIBJIRlOlI{JJ[XC.fI

Heoco6blMJi1 paIU!OHaJIbHblM1'J R'pJJ[Bl:lMJl C RBa,upaTOM (- 2) I EXc.CY)1 '

cocTogmee H3 ßC~Te~HHX RJ)ZBHX ~-ro pona, He npßH~emamBX

Ex:c( ':1)3 ECJllI FeEx c ('J)2. ,TO F·J<= F·P=
= F· Fi =o. ECJm E E (; >Ce C'j) 1 ,TO - E ·K =

"= ~. ( P+ 2:J.i Fi. ) = 1 ,rrpß"lJeM E· P~ 0 I E· F. )0.
ÜTclO,n;a,B 'IaC;;O~TJJ[, OJIe,n;yeT, 'ITO R+ PE JU('j) B;
~aRX 6) .PI B).

PaccMoTpZM CJIytIaH 6) .IIyCT:O 1R+~ E Ji ( ':I) .Tor.na

n
~ .K= !.P+ f· L cl i. F >0 ,TaR RaR -l. Fi ~0

. . /,, t=1



rr !. Po, XI 60 JR+ -! E t,( 'j) rr JR+ PE 't( 'j) ·

IIoaToMY J1i(':J)c= PNE+('j). ,Uarree, B aTOM CJIY'1ae

~xc(~) UExc(':J) ROHe1ffi0 , TaR RaR PENS(':J)~4)J
'. -I 2. '.

p2. >0 I NS ('1) - nmep6CJ.JIH'IeCRaR pemeTRa, o:f{ o· p~1
JII ~2=_1 llJIV 2. MR O€EXC(Y)1 U ExcC':J)z<=NS(Y)

IIoaToMY EX.c C 'j) ROHetIHO n MHOrOrpaHIDlR jfj ('j) orpaIDI

tIeH ROHe'tJHJ:lM 'UICJIOM nOJIyrrpOCTIlaHCTB 1(-; I b E f. xc (':J),
B aTOM CJIY'1ae, 'OlIeB~)UIo, ecmr J1L( '1) He 9.7lJllIIITn8H, TO HaJb!eTcR

HerrycToe OTRpHToe IIO,IIMHOJKeCTBO U c. .J.i('J)ni(':J)Po. TaR

RaR Jt (':J) c PN E+ ( ':J ) , TO aTO rrpOTHBOpe'UIT JIeM-

Me ,3.2.

PaccMoT,PHM CJIYtIaH B). B aTOM CJIyqae aHaJIOrB'tffiO 6) lIOKa3bI-

MeTCH, tITO Jl1 ( 'J) -' ~ c. PNE+ (':J) , r,lte CS= R+ P.
IIyCTlJ

MHolKeCTBO R ROHetIHO, TaR RaR JU ( ':J) ROHetIeH B 6eCROHetI

HO y,ltarreHHofi TOtIRe cj> • MHOllteCTBO R CO,ltePDT f ~ J ••• J F;, ~ J

Exc ( '1)2. XI HeRoTopoe ROHe~oe rrO,nMHOllteCTBO aJIeMeHTOB

Exc ('1)1 .IIYc~Ex c C':i)t =Exc (':I)1 -7{ .IIYCTb

C) - n 1(+J1 'J 11 - oE 'R Ö. MHororpaHIDIR J1l('j)C§J RBJIJIeT-

CR ROHYCOM C BeplI1ßHOM er H OCHOB8HH8M T =
=flE:~ Ilc Ji(':J)~~ Ha opJII~epe §.~. ÜtIeBIT,lUIO,

Ji,( ':J) c= JtC'i) ~ . IJyCTi> 'X c:: ~'§> -BH-

rryKJII:dt 3aMKHYTllf MHororpaHIDIK. ECJIß Je n T - BHpOJK;I.teH-

H1:lR MHOrOrpamrnR, TO MHOrOrpaHID1R C () Jll ( 'Y)a> -== C fl
Je s rxT



·1 .,
') ""'

BIlp01lQJ;eH. IIoaToMy BbIp01lQJ;eH H MHorOrpaHmIK C'X nJIJ,('J) .IIycTl>

Je nT - H8BH.QOJK.I{eHHbrli MHOrOrpaHHHR. Tor.ua MHOrorpammR .

.Al(~)n C'J(. = JIi(':J)n eXOT - orpamItIeH KOHe1ffiIDll tIHCJlOM

rJ:I~e.QIIJIOCKocTei1 r,PaHefi MHOror.QaHIDIRa CX (\ T ,ROTopHe Boe

II~OXO.nRT tIepes ~ , 1'1 :rHIIepIIJIOCKOCTRME XE I E sEx cC'i)~ ,
ne.QeceRa1OU{1IMH ROHye CrX (l T HaJI ROMIIaKTHHM nO,llMHOJKeCTBOM

Je nT Ha opHciPepe ~C§l • IIpH STOM, TaK KaK

-E·K= E·P+ E·~di ~=1, TO 0 < E .P~ 1 ,r.ue
t .

Pc= NSe ':J ) ® ~ . lfuCTO apHtPMe THtIeCKH , IIOJI:bSYJlC:b rHIIep

60Jm1JHOCT:Dro pemeTIDI N 5C'}) , JI8rRO .u0K83HBaeTCR, lITO

i e E Ns ( ':J) Ie
2
= - I, 0< e -P~ 1 , 1le () C'X {/1113

KOHetIHO. OTcro,u;a CJle.uyeT, tITO MHorOrpaHmIK JU(y)n Cxn T

orpaHE~eH ROHe~HM ~HCROM rpaH8H. Ecnn aTOT MHorOrpaHHER He

annHnTß~eH, TO o~eBH~o HaaneTCR H8nyCTO~ OTRpHToe no~o-

JKeCTBO U c::: 't, ( ':I) ro nJ/L('Y)n Cxn T' He CO,T.te.PJK81I1ee

~ • TaK KaK AL( '1) - f ~ ~ c:: PRE+ ( 'J) ,TO

aTO npoTHBope~T JI8MMe 3.2. TaI\HM 06paSOM, MHorOrpaHHßR

JliC':J) n c X = Jll('i)n C'jC f1 T _3JIJlliIITlI'leH •

.uOR8.JK8M r). ITYCT:D 0' = Ale':}) n es' .TaR RaR J.L(,:})-
~ORanbHO KOHe~ MHOrOr,PaHHHR C OCT.QHMH yrJIaMß H

P(.J1,l(~))= Exc C'.n ' TaK KaR f~ J _.. , ~ ~ =
= Exc ( ':/)3 c:: E xc. (':I) 1'1 MaTpmJ;a rpaMa MeMeHTOB

EXc. ( ':J)3 0 TpmJ;aTElJI:bHO OIIpe,T.teJIeHa, TO

es-- n(n 1lF ) c:. ';l ( ':J) - lIo.unpocTpaHcTBo

FEExc( ':J)3



Ropa3Me.pHoCTH n ,11!lPI"CIeM 0" = (j () JU C':I )'
8TO rpaH:& Jll ( '::J) ROpaSMepHOCTH n .J(aJIee ,

JL( 'J) - '(c PNE~ ( ';j) , llOCKOJII,!\y MH 1R+{E J,L (':I) -'6

HMSeM: -t. F;; '> 0 H Z J..i Fi = - K ,r,ne

J..i, > o. Jl,n.a: HOIt.11mHTeJI:LHHX K,PHBHX E E E.Xc(~)2.
HS TOrO, 'ITO E· K - 0 , E t/=. Exc CY)3 H

- K=2: rli Fi. .- ,r){e cl i >0, CJIe;zty8T, tITO

E · E xc ( ':})3 ~ 0 .IIosToMY rnrreplIJIOCROCTH 1eE )

E E Exc.( ';J)2. .. , 0pTOrOH8JU>Irn nO,nnpOCTpaHCTBY ':) .OT-

ctona CJIe,I(yST, tITO ec.rm Je c:::::: ~ - 8.7IJliIIITßl1eCRHi1: orpa-

HFI'IeHHJlli MHOrOrpaI-IIDIR B CS' n C JC n JU ( ':I) - HeBl:lPOllt~
.ne~ MHOrOr,PaHHHK, TO MHOrorpaHHHR C:J( n.Ai.C':I) orpa-

Hn'IeH JllIlIlli ROHe'IIrnM tßICJIOM rrrneplIJIOCROCTeH J(.E }

EEExc(';1), UExc.(Y)Z-IJyCT:L .t= E ExcC '})1 .Tor.na

n .
1 = C- K) .E = L cJ.. i (E . F;; ) ,

,:= 1

r.ne J.,;, - PaIUIOHaJI:LHHe IIOJIOlKHTeJI:LHHe 'IIWJIa HE· Pi ) 0 .
OTClO){a CJIe.IIYeT, tITO )J,JUI Bcex 1::; i ~ n ßMeeM:'

o~ E· Fi ~ N , r.ne N - HeROTO,PM ROHCTaH-

Ta, S8BHCmnaJ1 mIIII:& OT J..;, • lIHCTO apH~eTI1'qeCKH, nOJI:&aYJ1c:&

rHIIep60JIHlIHOCT:bro psmeTKH N SC':J) ,JIerRO .nORa3HBa8TCJ1,

lITO MHoilteCTBO

1~ E NsC ':J) J e 2.= -1 J 0 ~ e . Fi ~ N
Be&X 1~ i ~ t'I H\ 1le n Cx =f::. ß ')

KOHa~o. IT08TOMYi



MI-IOrOrpammR C'X n J1l ( 'j) OrpaHH'IeH JIHIIIb ROHe'IHHM 'IHCJIOM

rpaHeZ 1f
E

/ E E E. xc (~) 1 .B pesyJIbTaTe MH llo.rryqaeM,

'ITO MHOrorpammR C'J( () .M,( y) OrpaHH'I~H KOHe1ffiHM 'IHCJIOM

rnrrepnnocRocT8ß. IT08TOMy, ecnB ~aHHHn MHOrOrpaHHllK He ~ITTH

"tIeH, TO HaM.1I8TCR OTRpHToe rrO,1IMHOjKeCTBO (jJ c C tj( n
flJ1J,(':J)flt(y)r;o. lIo'lIocTPoeHHIO, MHororpamm2:. C";)( (lJ1,l[Y)
aJIJmIITH"tJ8H B OKpeCTHOC'TM ~ .IIo8ToMY J:) nC) =- Jlf .Ta1\

RaR JJ,(':}) - .AL(':}) ner c: PNE ( 'J) , TO OT-

ClO.ua CJIe.uyeT, 'ITO :!:J c:= PNE ('d) . ß

3:7 c: Jt1( 'J) () PNE ( ':0 nt('j) r>O • aTO llpOTHBOpe'IHT

~eMM8 3.2, ~TO .uOR8SHBaeT 8~rrTß~OCTb MHOrOrpaHHHKa

,J1 ( ':J) n c 'Je ~ TeopeMa ,n;ORaSaHa. ~

ITpzBe.ueM BamHOe cne.uCTBße n98~O~eHßfl 3.1, OnMCHBaromee

Bec}, ROHyC MopB N E· ( ':J).
HarrOMHHM, ljTO JI.ycI t =: JR+ 0 c.. NE ( ':1) ,r.ne ofO,

HaSI:lBaeTC.ff 8RCTpeMMbHHM, 8CJll! HS saIDICliI 0= 01 + 02 ' r.ue

'ö1 } bz E NE ( ':J) 10 .) CJIe,nyeT, 'ITO

01 E lRt- 0- 11: 02. E 1R+ '0 . O~eBM,1llIO, KOHyC MO'pH

NE ( 'i) nopOEJIeH CBOßMH 8RCTpeMarr:OHHMß .rrytIaM3, T. e • .uJlJ1
BCJlKOrO 0 4= -t E NE (':J) HMeeM: -! = fi1 +- ' .. + S'f< '
r,n;e JR+ bi - :,lRCTpeMaJI},HHe JIY'UI. Ha JmHRe ,IJ;BoticTBeHI-IOrO ROHY

ca 1R+JU ( ':J) ,Jryq.IR.+ Ö 8Re TpeMM8H , eCJIH H TOJIlJRO

eCJIR rHllepnnocRocT}, ~OI HBJIEeTCR 3RCTpeMaJI:bHott ollopHon ~

JU, ( ':J ) ,T• e. rroJIynpoc TpaHC TBO



, ,"

co,nepllWT JU ( ':J) 11 He cy;,...:. .
. ~+ ~+

meCTBYeT TaIDIX ITQJIYII,POCTpaHCTB ~ 01 H tfL 6'2.. ' OTJill'tJHliX OT

1(, }- , tITO 06a OHß cO)Ie.PJK8 T J1i ( 'j ) 11

1t}1 n1lt c:: 1tt 0TCIO,na H HS BJIollteJm.f.l

)
-2.

J.L (':l c:::= PV+ (')) CJIe.uyeT, lITO )lJIR sRcT,DeMaJI:bHOrO

.rryqa 1K+ 0' BepH0 , tI TO 0" 2
~ 0 . 113 IrPS,1J.JIOJlt8ID1.fI 3.,2 ,

nO~:b3YHC~ OITHCaHHeM 9KcTpe~~HHX ~eH KaK 8RCTpeM~HHX orrop-

HHX rn:nepIIJIOCKocTe}i,IJ.JI.fI vU ( y) ,IIOJIyqaeM

,r,ne cl.j > 0 l! E.j E t=xc ('J)

nOpOJl\IleH Exc C'j) U [P"5.
( T. e . P=0 ), TO

JR r 2
)J.JIJI BCHKoro 9RC TDeMaJIDHOrO JIyqa BH.na C , r.rt8 C = 0 ,

C~enCTBHe 3.3. ~ Heoco6o~ rrpoeRTHBHoH aRre6p~eCRoH rro-

BepXHOCTH Y MHOrOr'paHlliIR MOPH NE (':J) IIOPOm;u8H SRCTpe-

MaJThHWwm JIylIaNIß 1Rt- ~ , r,ne 0 2 ~ 0 .ECJllI ~HOHIfti~CIGl~

KJIacc K i= 0 ,'lJlICJIeHHM aHTHKO,naB:P0Ba p83MepHoc T:&" ..

'Y ( - KI Y) ~ 0 l! - J( = P+ N , r,ne 1../-~ rI.. ". r:; -.. K t==-1
pa3~O]KeHHe 3apßCRoro )tIDI - , TO HM810T M8CTO YTBepJiOIeHßR:

a) 3RCTD8MaJIDHbIe JIY1rn 1R-#- t) , rJ(e b.2.« 0 , - STO

B TO'tffiOC TH J.ry1rn BH.na 1K+E , r.n:8 E ITpo6erae T Boe MHO- .

lItec TBO E'f.. c ( ':J ) l!CK1lIO'IJilTeJIbHHX K,PHBHX Ha 'i .
6) ECJllI i C- I{. I ~) = 2 (T• e • p2. > 0 ), TO

. +
SKCTpeMaJll:,IlliX JIy'tIeM Bz,Ua 1R C , r,ne c2 = 0 , He C'ymec T-

ByeT ß NE C~ ) rrOjlOJK)(eH E xce ':J ) •
B) ECJllI -y (- J( I 'i) = 1 (T.e. p2= 0 ,HO

P =ß 0 ), TO B03MOJK8H e,IUIHCTBeIIRbIH 9RCTpeMaJI:oHI:rl! JIyq

BB.na R+c .. ' , r.ue c 2. = 0 :. 9TO JryT1. R+ P . OH SIBJUreTCH

9RCT'p8MaJIDIillM, ec..Jll! Ir TOJI:DRO eCJlli P He llPS.nCTaBJIR8TCH B BkI,ne

tri

p~ 2= et,j~'
(r=1 __t

B mo60M CJIytIae NEC':J)
r) ECJllI VC- KI Y) = 0



ßM88M: 1R + C E JU, ( 'i) n es- , T.e. C tIHCJIeHHO

sqxp8RTBB8H PI C· F· = 0 ;nJIR BCeX i = 1 J • '. In. TaROH .

"JIyq 8RCT.D8MaJI8H, eCJm FI TOJI:DRO eCJllI C He n.D8,IICTaBJIfleTCR B
m

BR,ne C = ~ f.t.j E j ,r,ne d,j '> 0 B
J~1 - (Ej-E E xc (-y). . B JI1060M CJIY"ae NE 'i) nOpOllQleH

Et..c ( ~) UJK+(Jll'J)fJ C)n 't.{ y) e>o) ..
~ ~aJI:OHeMrnerO BamHeMmHM ~ Hac ~8TCR cnenyromee:

IIpeJtJIOxteIDle 3.1 nOKa3HBaeT, "lTO K MHororpammKY .AL( Y) B

'J.. ( 'J) B PC.Ale 'i)) = E xc ( 'j ) npRMeIDlMH

JIeMMbl 1:.4. f - i. 4.3, 8eJm aHTI1KaHoIDI'tJecroIH KJIacc - J< IIO-

BepXHocTH y IICeB,IIOa~eRTHBeH. rrep~OPMY~poBRa aTBX ~eMM ~

':J .fIBJUIeTCR PYTßHllliM 3aHRTH8M, HO MH Boe JKe aTO IIpO~8JIaeM )lJI.fI

y,no6CTBa "lnaTeJIJl. üTMeTRM, "lTO B ~ae Y(- K. I y) = 1
Kor,na Ji ( 'i) napa6o.mrqeH OTHOCUeJI&HO P , 3JIeMeHT e JIeMMbl

1:.4.2 OOOTB8TcTByeT ßCRJIIOtUITeJIlJHOH R.QHBOß E f-ro pona Ha 'i ,
TaK~~KaK E·P>O .ABCJIy'lae -V(-K,':J)tI 0
Ror,na JU ( 'j) rHnep6oJll!"leH OTHOCBTeJlI:>HO q-= .n 1l F-

{,='1 t

IIO)IMHOJKee TBO ~ JIeMMbI ~. 4.3 ooe TOB T ß3 Reoco6wc paIU!OH8JI:DIDiX

KpRBI:lX E.., I ... , E tI1 E Ex c ( 'Y) C KBa,npaTOM

- 1 HJIH - 2 , OTJIH'tJHbUC' OT F; I ' •. I F. ,npH-qeM

m ~ Ji '" ->;l(':J) - n , ß JIeMM~ 1:.4.3 ,naeT o:qeHKY

Ha 'lliCJIO n J'lCKJIlOtm TeJlI:>HI:lX KpHBHX F:,} ... , F".
TeopeMa 3.4. IIyCT:D 'j -Heoeo6aR npo8KTBBHB.fI arrre6prorqec

KaR nOB8DXHOCTlJ Han rrpOB3BOJIlJHHM aJIre6parrqeCRHM·3aMRHY~ rro~eM

J'l 'lliCJIeHHafl aHTHRo',nanpOBa paSMepHOCT:b 'Y ( - K , 'j) = 2 .
IJyCT:O )l,JUI HeKOTOpHX KOHCTaHT I, C1 ,CL BHllOJIHeHH YCJlO-

EHrr:

a) JUIaM8TP JII06oro ~aHHepOBCROro rro.urpaepa 'i B rpacIJe



rllaMa r ( Exce ':1)) He COJIbme J ;
6) ;zJ,.7IR B C.ffKoro CB.fl3Horo 9JI..1IßIT Tß'tJeCRor0 IIO.ur,Pacps

& c::. r CE )( c ( 'j)) RS n BellIIII'lH 'lJi[CJIO nap (HeYIIO.PJI

,uO"'IemIHx) ero BellImIH Ha paCCTomU1:JlX f' r,ue 1~ f -< J-1 ,
He npeBocxo,IlHT 01 n ,a 'tJflCJIO nap ero BspnmH Ha pace TOJmHRX .f '
r,ue cl < p :r:;. 2ri~ 1 ,He IIlleBOCXO,IU:IT C2. YI •

Tor,ua .vfc. NS(Y)<·~6(C1+C2./3)+G9.
TeopeMa 3.5. IIyc T:O ':J -Heoco6M ITJloeRTBBHaR aJIre6paJrtIec

RaR IIOBepXHO CT:D Ha..zI IIPOH3BOJIbHHM arrre6prorqeCM 3 aMKHy THM' IIMeM ,

lßlCJI8HHaJI aHTHROJIaJ!POB8 ,PaSMepHOCT:D ~(- K I '1) = 1 R

- K== P+ N - paSJIoBteHPIe 3apHCKoro ,u.n.a: - K . IIycT:r,

,Il.JIH' HeKOTOpHX KOHCTaHT J, c1, C.z. BWIOJIHeHH YCJIOBR.II:

8) ,IDIaMeTD JIlOooro JI8HHepOBCRoro nOJIrpacPa

';Lc:. r(~xc( 'J») He 6oJI!>me J;
6) ;II.JIH Ecsmoft HCI\JIIO'tß1:TeJThHOH KpHBOH E 1-ro POlIS, ,IIJIR

KOTOPOH P.E > 0 , H BCffi\OrO CBH3HOrO SJIJIHIITß'tJeCKoro

IIO,I(I'j;laqia 6 c::::: 'r CFxc ( ':I)) R8 n+ 1 -it BepIIII'lHH,O,u-

Ha BS ROTOlJHX eCT:O E ,'tJHCJIO nalJ ere B8'pIIJHH, OTJilftIHblX OT E
R Ha paCCTOmm.IIX JE ' r,ue 1~ JE ~ J-1 . He IIlleBoc

XOJUIT C1 n , a trnCJIO nap era BelJIIllIH Ha DaCCTOJIIDI.ff.X JE ' rlIe

J ~ fE ~ 2 J- 1 , He IIpeBOCXO,IU:IT Cz n .
. Tor,ua vl NS('J) < 96'( C1 + Cz / 3) + t O.

Teo peMa 3.6. IIycTb 'j -Heoco6aq IIPO eR TßBHaJI aJIreopaH'tJeCRaR

-pa3~O~eHEe 3alJHCROrO ~

J I C1 , C2c", BWIOJIHe-

nOBepXHOCT:D HaJI npOH3BORDHHM anre6paH'tJecRH SaMKHyTHM naneM,

~(-K,'j)=O H~cneHHaH aHTHRO~aHpOBa pa3M8DHOCTn
m .

- K=N = 2. cL·i F· .
i.= " L.- J< • IIycn .uM H8HOTOPHX ROHCTaHT

Hbl YCJIOBHSI:



a) .llHaMeTp JII06oro JIaHHepOBCROrO IIO.urparpa

;t c. r (E.)(.c (':))) He 60JI:blue J
6) ~ BCRKOrO ~rrT~8CRoro no~omeCTBa

~ = 1E1 I ... , Eh \cExc(':J) ,COCTo.amero 1'13 Heoco6wc

palUIOHaJI:DHHX RpHBHX C KEBJlpaTOM, - 1 HJllI - 2 ß OTmftrHHX OT

ßCKJIIO'tllITeJI:DHHX KPfIBHX: G}··· I Fn ,H )IJIR BC.fIKOrO C~Horo

SJIJrnIITfllIeCRoro IIo.urpa(pa &c: r( E xc ( 'j) ) ,co.ne·J)1Ka- 

mero n + (:#: es) Bepurn:H ß Boe BeplIIHHH ~3 q, tIR~JIO"

nap .era BepnrmI", OTJIWIHHJC OT, Eapmmr, Qß Ha paCCTMHß.f.OC JQ ,
r,ue 1 ~ f~~ eR-1 , He npeBOCXO,IUIT C1 Yl ,a trnCJIO

nap ero Bepuum OTJilIlIHHX OT BepUII'fH Q 1'1 Ha paCCTOSlliHJIX Y~ ,
r.ne J~ .PQ,'~ 2. J-1 ) He npeBOCXO,IUIT CL n .

Tor.ua m < 96 CC1 + C2- / 3) + 6' 8.
3aMelIaHß8 3. 7. ITO-BliI,IUfMOMy, HaH60JIee HHT8IJeCHO npHMeH8Ime

TeopeM 3.4 - 3.6 R ßccnenOBaBHID HOpMan:DHHX rrpoeR~BHHX rroBepx

HOCT8H Z c 'tJECJIeHHO a~eRTßBHHM 8HTßKaHOHHtIeCKHM KJIacb.bM.

(no IIOBO~ TeopHH rrepecelIeEMH ß orrpe.IIeJIeHEH RaHOHHtI8CROrO ~ac

ca Ha HOPM~HHX nOBepXHOCT~ MN OTCHn~8M ~TaTenR R pa60Te

~op.ua [15] ,a TaJOKe K pa6oT8 CaKal-1" ,[28]:>
llYCT:D Z :- HOPMaJIDH8JI rrpoeRTHBHafI aJIre6.QaßtI8CR8JI IIoBepx-

HOCT:D ß 6:"':) > Z - J)8spememI8 ocooeHHocTe:fii Z .
Tor.na RaHoHirtlecKHe KJIaCCbI K'I 1'1 /<.Z CBJl3ami npH nOMOIIlR <!JopMY-

J1H:
·It·~

(4)



KO~aHpOBa pa3MepHOCT~

~ (- K , '})=

1./ '{

r,Ue F· - Herr,pHBO,UHMHe ROMlIOHeHTli HCK.7IKfCllITeJThHOrO )UIBH30pa
(.,

'paS.pemeIDIH eT. e. 0 ( Fi ) - TO"tJKa) .ll'pl'I STOM, eOJIH 6 -MIUrn:-

MaJThHOe paSDernSFrn8 ocoCSeHHOCT8ll t T. 8. HH O,UH8 HS KOMIIOHeHT F·
t-

He JIBJLCIeTC.fI HCK.7IKfCllITeJI:OHO~ RpHBoi1: ~-ro po.na, TO J- ,: ~ 0
,lJ.JI.fI BCSX 1 ~ i ~ n .TaKHM CBO!1CTBOM 06JIa,ualOT He TOJIlJI\O

MMHHManDHH8 paspemeHß.fI OC06SHHOCTeM, n03ToMY ~aBaßTe RaSOBeM

p8sperneHHe ocoCSeHHOCTeM nO~Tß MHHHM~HgM, ecnH B ~oPMY~e (4)

KO~eHTH r1i He rrOJIOJmTeJI1>HH. IIpe.unoJIoJKßM .lIaJIee t 'tITO Ha

IIOBSpXHOCTß Z aHTßRaHOHH'qecüw~ RJI8CC - KZ l1HCJIeHHO SqJ-

!IieKTl'IBeH (n e t). Tor,na 11 (- b *" J< z) 1ffiCJIeHHO s@leKTI1

BeR, ß ,uJIj1 .IIorryc TI:IMOrO paspemSIDIJl OC06SHHOC TeH q>OPMYJI8·, ( 4)

.uaeT 'paSJIOlKeImS 3apZcRorO.WIR - J<. ':I :

rn

-K ':I == - 6'* K
Z

+ z: (-cLi) Fi I . (5)
t~1

* m
r,ne P = - 0 Kz tillCJIeHHO s@leKTI1BeH, N = L (-J.Jr.

i=-1 ,,)

r,ne (- cl i ) >0 11 MaTpIDJ;a r.paMa F; I'" I Fm OT.pIDJ;aT8.JIb-

HO OIIIJe.ne.rreHa (rro TeopSM8 MaJ$JIJ~a [2.5J )..IlJr;r SToro Mb! °T6paCbI-

BaeM B llasJIOlKelillH (4) CJIaraewe J... i Fi m < i ~ n
,n;JlfI KOT0.pI:lX cl;, == 0 . IIpß STOM, OtISEH,ItHO, 't3:HCJIeHHM aHTH-

2..
2 ,eeJm O<z) "/0;

2.

1 ,eOJIH (J<. z) =0 H K.z:M (6)

o ,eeJm Kz ~ 0 .
IIpHM8HlUI R IIOB8pXHOCTH ':J TeOpeMbl 3.4 - 3.6, MIi rro.r.ryqaeM B

J<
2.. .

3JIJmllTJitIeCKOM QJIVtIa8, Kor.na Z >0 , H napa6oJII:I't3:eCROM
2..

C:J!1l]ae, Kor,na Kz = 0 ß Kz t=- 0 , o:o;eHKH Ha

J N S( j), a B rl1nepÖOJm"tJeCROM CJITIalil, Kor,na Kz == 0



" r--"I)

- OU8HKY Ha m - 'tlHCJIO "KOMIIOHeH T F;}... J Fm .B JIID60M

CJIytIa8 MH IIo.rryqaSM CHJIlJHHe orpaIDPI8illISI Ha ocOOeHHOCTH Z,
nOCKOJII>KY Kp.IiIBHe ~}'" I F:n nOlloJlQlalOT B N S_ ( ':J)
OTpIru;aTeJThHO OTIpS.neJI8HHyro no)WsmeTKy paHra m . ITpe,nCTaBJlJ18T

HeCOMHeHHH~ HHTepec HaXo~eHHe TaRHX THnOB OC068HHOCT8H IIOEepx

HOCTeß, ~ KOTOpHX npHM8H8HH8 Teop8M 3.4 - 3.6 ~aeT HeTpHBH~

aJIbHlile PesYJIbTaTI:l.B CJI8,UYIOmeM ITa,Qarpaq>e fIJU:l nOKaJIteM, 1:1TO TaIme

peayJInTaTH ~eMC~BHTenbHO rro~aroTcR nnR Kn8CCa JIor-TepMB~D~

HHX oco6eHHocT8H IIOBSpXHOCT8H. Ha CaMOM nane, Boa 8TH pe3Y~TaTH

HM8IDT M8CTO ß ~R oo~ee rnHpOKOrO ~acca - KRacca JIOr-KaHo~ec

RHX oco6eHHocTe~ nOBepXHOCTe~, HO MH HqneeMcR nOKa3aT:b aTO B

nocnenyromHX c~aTDRX - B JIOr-KaHOHß~eCKOM cxyqae B03HßRaeT MHo

ro ~OrranHßTeJIDHUX~arpaMM, pa60Ta c ROTOpHMH HepaayMHO YEenM

~~ CH 06~eM HaCTOHm8H CTaT:bß, HS ,UOOaEHB HOBHX MneM.



§ 4. IIpoeKT11:BHHe:: anrs6paHHeCKH8: rroBepxHooTHI c; JIOr-TepMHHa

JIbHHMH 00068IrnOCT.RMlI. 1ft 'tfi1CJI8HH0 8tIxPeRTHEIlliM; aHTHKaHOH1PIelllmM~
... • I ... " ~ r , .. •

RJIaCCoM'.

"

HanoMHHM" llTO ·HOpMaJThHM npoeRTHBHM anre6paH'tJ8cKM IIOBSpX-
~ .. . ..

HOCT:D Z H8.3:E:rnaeT_OR ri~~e'pxHocT:Oro ,IJ;8JIJ) TIenuo, 8CJIH: B.HTHRaHOFrn~

'Isc:K.IUt K.JIacc~ - Kz trnCJIeHHO 06wrSH, T.e., - KZ . C '/ 6
,D;JIH BCJ?XOti 8(WJS"KTHBHOi!' KPl!BO~" C . Ha Z . B aTOM: c.ny·\Iae::. ,.. 'z.- . "" . ,- ,

( K z.), '/ 0 ". U 3:rOT CJIY,tIrot. COOTBsTcTByeT 3JJJIHIITKHecKoMY/

.~!ll~· B o603Ha~eHHRX 3aMe~aHHR 3.7.

Pa60TR aBTOpa [11],[12], [13]' ~(B~A.A.n:SKCeSBa, [2. ]
/CM. TBJOKe'j [2.6 J II [3 ,'t ] / 6wm:, 1l0cBJ.IDleHbl IIOBSPxHOCT.RM .n;eJIb

IIermo Z c":.JIOr-TepMHH8JlDHHMH~ ocooeHHOCTRMH, npß'tJeM~~Ha;J; an:re6~

PB.H:qSCIm~ 38MKHYTHNll nOJI8MJ XapaETSpHCTHKRY 0., B 3TOM1 ~ae:; 11:33 pe.~

3YJThTaTOB IllOKYPOBa [16] m KaB8.MaTH~ (1.2.], KaC810mIDCCR TsüpH'lr' Mopm

~~ anre6paH~eCKHX MHor006pa3ij~,npoH3BO~HO~ pasMepHoCTH_C~JIOr-'
• - ~ ••• ." + ~ •

TepMHHaJI1>HHMli:" OC06SHHOCTHMHt IIJ?RMO CJIs.uyerr I 3TO OHJIO 38MetI8HO

B.A.AJIe·KceeBHM B [3, § 11 H! ['1]1, llTO MHOrOrpaHHHK~ MOpID.
_" I , ~ ,: _ ' . -

NE ('j) ;IJ,JIR MIDrnM8JI])HOrO pa3pemeHWI ..oc06eHHocTeti et: '1-+ Z
IIOpOJK.n;eH MHOlKeCTBOM Ex c ( 'J) . Orcro,na,., KaK: 6HJIO 3aMe'IeHO aB

,TOPOM/ B [11]" CJIe.n;yST 3JIJmIITJlfl{HOCTJ:..Al('i) JIf TeopeMa' 3.4 .IVlHJ

T~ ':1 ~ 1'1MeHHo 8T<?, _~ ~8. TeopSMa, aH8JIOrlflrH8.fl:"'TeOpSMe 3.4, "

H 'HCrrOJTh30B8JIOC:b B no.nytIeHHH, peaYJThT8TQ.B pa60T 8.BTOpa [11 J ,
[11.. j , [1 ~] 11: n03,1l;Hee 6HJIO HOlIOJTh30BaHO B. A. AJIeKoeeBHM' E?

[ 2. ].

O,n;HaKO, HCrrOJffi30BaHHe TeopsM. 3.4 -- 3.6 nÖSBOJI.H8T nepeHe'cTH~
~ • 1 • _ • ~

peSYJIbTaTli 3THX paOOT Ha 3Ha'q}{T8JffiHO 60JIee o6IIJ;Hi:t IdIacc-, nOBepx-
.~.. ~. ."

HOCT8Ü, . C JI~r-TepMHHBJThH1:lMH. oco6eHHocTRN!H[. Bo-nepBHX ~ He HYJKHO

rrpe~nOJIaraT1:> " t1TO :x:apaKTepHCTMKat OCHOBHoro TIOJIsr paBHa, o. -Bo

BTOpl:.lX, BMSCTO· 06JI.JThHOCTH aHTllKaHOHlPIe:CKoro; ItIIacca ,- Kz .n;oo:;.

TaTO'tJHO Tpe60BaTh JIHm:D 'ere tIEC~eHHYID 3~eKTHBHOCT:D. 3TOMY o6o~

. ~



6m8HHIO pe3YJI:bTaTOB pa60T [11J, [12.J, [1 3] ß) [2. 1M". nocBRDleH

)laHHllH naparpatI>. 'ÜBO Tpe6yeT H3M8H8HHH epOPMYJIHPOBOK' H HOBIlX:- M6M~

eHT~B .no~83aT'eJli>CTB. K C02K8JIeHHlO,. npM 3,'J;OM,. MH ...6Y)le~, nOCTORHHO

C:CÜL7IaT:bCR Ha pB.60TH [111, [12.J , [.2 ]. ". tITO, B03MOJKHO, Hey,';'

.nOOHO lfiITaTe.mo • B 6y.nyme~i· aBTOp Ha,n;eeT~R .naT:D 3aMKHYToe B ..ceoe' ,

H3JIOiKeIm~ -',3T<;>ro Kpyra BOnpOCOB.

KaK MH y~e OTMetI~ B a.aM~-qaHMEi 3'~ 7, pe3Y~TaTH SToro napa

rparP~·, o606m~T~Jl Ha JIor-KaHOmrqe9KH~ oc,?~.eHHC?CTH, tIeMY ~TOP Ha

.neSTCR nOCB.fITßTIl OT,neJI])HY!O pa60TY:I~" '-

4, iO. lIByMepHH8 JIOr-TSpMHHaJIDHH8. OC?6~HHOCTID. HarrOMHHM

ICM. [20J, [16], [2.2.J, [.2.9]1, tITO HOpMaJIDH8H ,IJ;ByMSpHaJi' aJJre6paH~

Tf80WH oe VeaocTb ( Z , it) Ha3lmaeTCH JIOr....TepMmI~HOH, eCJIil

UH UITillJMEJThHOrO paspenremrs oe06eHHoeTH- f1: 'j ,. Z B <pop

MY11S 1 CM. § 3, 14/1
n

+ L dvi FiK ~ ~*K
'j . Z i=1

Bee, l.IßCJIa" cL i IOHR Ha3b1B8lOTCR nOKasaTeJIillvThL oco6eHHOCTH!:

(Z ,2.) 1 y.uOBJIeTBOpffiO~ HSpaBeJ:ICTBY: rL j, >- 1 .
~H ~BYMepHHX JIOr-TepMHHan:bHHX ocooeHHOCTeH Boa KOMllOHSHTH

~ HCKJIID~Te~HOro ~BH30pa pa3pemeHMR ~TCR Heoco6HMH', pa-," ..' .
UHOHaJI:bHHMH KpHBbIMß, JIOr~TepMHHan:cHHe oc06eHHocTH XapaRTSpR3YD-

TCR rpaqJOM4 nepec8tIeHIDi IT. e. rpatIJoM I'paMa/ 8THX KOMIlOHSHT, BCS:

3TH rp~J1i - rpa:pH r; - ~'1 - HSBeCTHH H npe,nCTaBJIeHH Be Ta~ .

6JrnUe f HIDKe. Ms TOrO, TfTO rpallJH,: r; - r; '1 ~TeH ,nepeB:E>H

MH H'1 F Heoc06bl, CJIS,nyeT, tITO ,J1JIH: .mo6oro /H806HSaT8JIbHO MH-HH~
("

M8.JThHOrO/ paspsrnsIDIR f5: ':J ~ Z J10r-TepMHHaJII,HO~i oc06-

eHH0 CTH.l ( Z., 2) B cIJoPMYJI8 ,/1: .'I.I T aroK8' ~JlR BCeX. rl-i BbIIIOJIHe.H0

HSPaB8HO,TBO J... i >- 1 . II03,TOMY B_ .n;aHHOM-~ onpe;JJ;SJIsmm[, .IJ;:syMep-

HHX ~Or-TepMßHaH:cHHX·oc06eHHocTeH BM8CTO MH'HHMan:DHOrO MOmBO pa-
, .

CCMaTpHBaT:b rrpOH3BOJli>HOe paspemeHH8 ocodeHHOCTeH~ Harr nOJIeM KO-



~1 iJ. .ß'l-1 irr. 2.

f
1 ~

~ ... -!~-2• • . .. • •

; .g 3 3
2. 2 2 2 :; 2 2 2.

~?
2. 2.

~ ? • • • • ~ • • .. • •

3
3· 't 5"

~

~

r,"J ~
10 V-- r

11

5

2 1 .8 2 2.

r• • I2. • •
13

2..
•

2
•

2 2.
• •

2
•

.3 2
• •

-& 2. 2.

I··
2..

Ta6JIHUa~1.



MITJISKCHIDC liHCSJI ([ .nByMepHHs JIOr-TSpMHHBJIbHble OC06eHHOCT~Ii.aHa~

JmTH,Y8 CKHI' SKBHBarI8HTHH epaKTop-oc06eHHOCTRM:' ([ 1. / G- " G- c::::::

c::. (;aL(2, <L:) /CM;~. [2.2J, ,[ 8] / ~

HaHMeHDmee o6mes:, KpaTHoe~, i (2) Bcex' 3HaM8HaT8JI8,tt· rL. Ha3l:l--
J, .

BaeTC.FI HH1I8KCOMf'oco6eHHOC;Hi(Z ,2.) • KpaTHOOT:D' 'e(2) JIor-T,ep-

MHH8JIDHO~ ooo6eHHocTH I CM. [11J, [2.0] I San;aSTGH q,0PMYJIoi1

n
.L:CIJi-Z),
i= 1

BcerJia 10M. [11 J / e(~)~ z J.(z)~

1 +e(~) =

2.
r.ns ~' ß· - - Fv-i,'

4, 2? . ITpoeKTHBHHe aJIre6pB.Wl~c.KHe'· IlOBSpXHOCTHf Q; JIOr-TepMHHa;:"'

Jl:DHHMH", oc06sHHOOTRMHL lh c,~ ne f -aHTßKaHOIDIHeOKHM· RJIacc(iMi• .' 113.:·
j - • • - ~

KaCCHqJHRBUMH anre6paH'tlsCKKX' ,POBSpxHocTeii JIerK~ 'CJI8;n;y8T .'

TIpenJIÖiKStrn8 4.2.I. IIyc,T:D Z - IIpoeKTH~HaR.'- aJIre6paH~e,CK8.FI

nOBepXHOCT:D C1JIOr-TepMHH~HHMHi oco6eHHOCTRMH ß CI~CReHHO 8~~

weKTRBHHM: aHTIDtaHOmrqeCKHM .KJIaCCOM - Kz ., rryCT:b f5: 'i~ z
_.~ MHHMMaJIDHOe paspemeHH8 OC06SHHOCT8fi Z .

Tor.n;a ':I 11: Z HMeroT O,IUlH 1I3' CJIS,n;Y10IIUfX Tpex THIIOB:

i / 11 K'J = 0 . ; npPL8T·OM .J.. NS ( ~)~ 22 'E Z
HMeeT'~ nBOHHUS pauHOHanDHU8 IT.e. ~eKca f,'8KBRB8JIeHTHO,

KpaTHocTR'l 2/ 0eo6He'~: 'TO'tIKR:;,' ,
, L" .{,. ,. .. + ~ ,l • ~ oL ~

i i I 'i - JilIH8ß'l8TM IIoBepXHOCT:D Han; SmrrTH1IeCKOH KPHB'Okt";'_.

He HM8JOlIlM RCK.molffiTem,HIDC KPHB~;' ..np>!,. aTOM: Z = ':J ,
rJ NS( 'J) = 2 .'-
, ;, i'i / 'j - pannOHa:JThHM nOBepXHOCTJ,.

~r-: ( - r:LiJ ~ o. OTcIQ,I(a CJIe,rryST, ~TO

nOSTOMY KO.ItaMPOB~ p~3MePHooT:O ~('J)~ o.
- nef

lIoKasaTeJll>c.TBo., IIo'q>opMYJIe II.!! MMeSM'::
. , t?

-(j*1<. + L(-~i) F
Z i=1 {, }-K =':J

r.ne- - 6* Kz
,

- K IIce~os~eKTHBeH,'J -, ,



JD

IIyCTb ~ ( ~) -= 0, Tor,I(a K'i nCeB,IJ;Oa@>exTKBeH, OT~,I(a1

CJIe,n;yeT, tITO BCe Koait4JIDlHeHTH cl i = 0 Kl K':I = 0*Kz=O.
Tor.na, ':J - MHHHMa..JIDHM a.nre6pan~eCRaH nOBepXHOCT~ HJ. BS RJIaCCH~

, • . . ,l, , '. _

(P:l1~auIDI8;JIi'e6p8H;qe.dlOOC no~ep~I,I?OTe:A: .CJIe,n;yeT, tITO 11 Kz = 0
ICM.' [18], a .. TaIOKe; [21]/. V1s eJ)oPMYJrn~\ HäTepa:, B~ aTOM; 'CJIY.1Iae:', Me~

,I(yeT, tITO .J.' NS(':J) ~2.2, Hai TO~~, ''I'r~ :B;S)' . J.. i, = 0 , · BHT~::-

K.~~.T, 'qTO Z HMeeT.~ ~~o,HHHe ,p~#tOH~HHa~oc06)~e To~r /T.

e. HH,U8KCa i, aKBHBaJleHTHo',', KpaTHocTH 2/ ~ nOJIYllaronmeM CTJII'RBa

H:I1eM ,I(epeBbeB' He~C06IDC parmbH~~mC' Iq>HBIDC H~' ';j C: rpa(poM'; ,

rrepe~e~~HRll 1\ tl , iI\ :11m! JE" ,IE'J' :. lE8 ". ' . ,
IIyCTb a8. (':1) <0 If _HPperyJISIPHOCTI> . r(Y) ~ 1 ,Tor~a

B CHJIY KJIacCHcpIlli81um: me6paHH8CKHx rroBspxHooT8it I CM .', [18],
j .' + .~. I

[~OJ , a TaroK8; [1 ] / ':J Ch1:pB.mrOHaJIDHO· m0me~c.ff JIHH8ttlr8TOH
.... ~ ~..

rroBepXHOCT:DIO. CyI!1e,cTBysT MOp:lJHSM:, 'f: ':J --7" C Ha KpHBYJO po.na,~.
l' ,

3' = rC'J) '? 1 , o6uudi CJIo:A: KOToporo :I130MoPI>eH 1fP ,Hb

npe;IJ;JIOiK8HHIO 3.1:, a/ 11 4. fO BC81 HCKJIIOtIHT8JlbHHS KpHBl:l8 Hai '::I-. ~ ~

RBJIffiOTCH Hsoco6blMIL palUfOHaJIDHHMIL KpHBHWt, IIOaTOMY IIO Teop'eMe, J1B?-
pOTa ,II;JIR KpHBHX Boe 9TH HCRJIIOtrnT8JThHbI8 KpMBH8 JI8lKaT B CJIO~ 'f
Mi HX -crnCJIO KOH8tIHO. ECJrn 71 NS(':J)==2 t TO 0;CIO.II;a, JKe CJIe.nysT,

lITO ':J - JrnH8titIaTaa: IIOEepXHOCTb, T. e • <f Hl3JIReTCR paCCJIO~. 1 -. .' .J ",

eHHeM· co CJIOeM': Ir ,H ':J He co.n;ePJKHT HCRJIlO'tßlTeJTh~
Kp:l1BIDC, TOr,I(B, OtIeBH.nHO, 'Y = Z .-. IIOKaJlteM, lJT~ ~tIa:A::' .

~t Ns (':J) ~ 3 HeBOSM02Ke~. B aTOM CJIYlIae, ec.;mI X?TH-.6H .llJIffi

O;n;Horo j, KOatW1mmSHT cl ~e < 0 ,TO no npelUIOJK8HmO 3.1:'
, (" , .. ~ .

MHororpaHIDIK! IU ( ':l) aJL1llmTHtIeH ~ napa60JIHHeH wm: rHIIep6oJIH~

tI~H • To~.ua H~ KOHe~'tIHOCTH,: tmCJIa' HC~TffiTeJThHHX KpHBHX Ha ':J
CJIe,n;yeT, tITO Jl1 ( 'd ) 9JL1llmT:I1~eH, tITO HeB03MOJKHO, TaR KaK Bcel'

rpaIDIl JU C':l ) rrpOXO,I(.f1T tIepe3 6eCKOHemro y,I(~eH~ TOtIKY"]K+f,
r,I(eJ f - KJIacc: B N S( ':J)" 06mer~ CJIO~, ~ .~:- IIO~TOMY BCe''. *. '_.' ,'., . -
cl i = 0 :I1i - K'i = - 6 KZ lJHCJIeHHO ait4JeKT:I1BeH, OTKJ';IJ;a
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2.
( K':J) ~ 0 · IIo iPopMYJIe; HäTepa; ,lJ;JlfI,6HparwOHaJI1>HO .mmeittraTIDl:

nOBepxHocTSt-I

(K'j)2. + ozi NS(':J) = 10 - 8 r('j)}

OTK,Y,IJ;a H3 yCJIOBHtl y( 'i) ~ 1 • .z.! NS(Y}~3. (1<;)2. >0

nOJIYl1aeM'! rrpOTHBope:tm8:.

OG.TaeTCSI nOCJIS,IJ;HSISI B03MO~?CT!>:: ae(':l) < 0 • rC':I) = ~ .
B 9TOM] c~e H3 RJIaccH(pIiIKarmm anre6pawIs"ClGE{ HOBepxHOC-T.eß, /6M.
[30]. a TaKlKS [1 J / CJI~~~T. trTO '<''1 ~'parmOHaJI1>H~-cn'oBs~

PXHOCTb.

4 .3~ .. ApHd)MeTH':IeCKM ITpfIPona MHOJK8CTBa HCKJIK)tIHTeJI])!iHX KpHBhIX
r • • ~ .~ ..

Ha,anre6paH~ec~no~epxHocTRX c ~Or-TepMHHanDHHMßloco6eHHocTRMm

~: c..:: rief -~Tli]~~OIDI~ec~RJIaCCOM. MbL: IIOHHMaeM. IIO.rr 9THM' CJIew- 

10lnee~7 npe.n.rrOJK8HH8, RBJIRIOmeec.fI npOCTbIM' c.rre.n;CTBHeM· T80peW! PHMaHa- '

poxa, HO, T8M·; He MeHee::, Ha, .H8f:U. B3r~, ~e~ee epYH.II;8M8HT8JlI:lHOe

3Ha1!8HH8.

IlpelIJI01KeHHe 4.3.1:. TIyCTb Z - np08KTHBHaR aJIre6paHlJ8CRaff'

nOBepxHocTb c.~ JIOr-TepMHHBJIDHHMl1:r oco6e~<?c:Tm,m,' 11)~ C.' "lß!CJ:I8HHO .9W-
iPSKTH,:SH~', BJ.ITHKaHO!llitre CKIDII KJIaCCOM, (- Kz),' niCT!> 6': 'j -'pZ
-rrOqTHrMHHHManbHOe~pa3peweHH8. oco6eHHocTe~, ~J1H ROToporo'

- ,. t'YJ " . . .

K = 6* KZ +L:r1 i Fi)
'i . i=1

r.ne; F - H8IIPHBO~HMhle'.' KOMnOH8HTbI. RCKJIIOtrnT8JIbHOrO ~Jt!BH30pa'
.J l,. .. . .. - '. 1." . .. .

paspeweHHR Hf J. i < 0 .. ~9'!~ Exc.C ':J) -: M:r01KeCT~O H,eKJIK)~-=-

T,eJIDHbIX KpHBHX' ~a ':J c: ~BanpaTOM - 2 H, OTJrn~~ o~ F; ,
...•. Fm . IIyCT!> , -R. E NS( ~) - Otrsm, 06HJIbHIm SJISMSHT' H,

N es ( ':J ) • llYCT!>.Al - cO,lJ;s;pJKamaR 1K+" KaMSpal ,lJ;JIffi

rpY:IlIlbl, WfJ) (NS( 'i )) . nopoJ!U(SHHoit OTpalKeHltSIMI'F OTHOCWrSJIbHO .

Bcex '3JIeM8HTOB, C: KBa.npaTOM -1 B N 5 ( 'j) .
Tor~a:



, eCJm:f KJIacc';
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all ECJllII' 'j HepaIUiOHaJIbHa, TO ':J He': co~ep7KHT HCRJIR)'tß{.;..

T8JThHl:lX KPHBW( 1-ro po,na.

61" ECJmt" ':J p8lI;HOHa.JIbHa,. TO 8JI8MeHT e E N5 ( 'i) C:"
1 ' ,",

KBa.rtpaTOM e = - 1 sM1eKTH'B8H Inpe;n;cTaBJIeH' sqxpeKTHBHott KPH~-

BOä/:,e~ H: TO~KO eCJIH e· -l '> 0 . 8JI6M6~T e E NS( 'j)
e l. 1 "c, KBanpaTOM: = - .ffBJ.IHeTC.H KJIaCCOM" HCRJIIOtnITeJThHOIl KPR..~. . ': -' +

Bott 1-ro'po.n;·a:·Ha ':J ,e:CJm' H;·TOJIbKO' eCJmi 1l e - noJIYiIpoc-,;:",
• '.' • _•• • ~. ..:r •

TpaJiCTBO ,." IOrpaIDItrnBEUOmee" ,KaMepy v11 ,liE e· F~ 0 ;.JUL JIIb6o~t·· .~.. - 2

FE [~ ,.'" ~ ~ U Exc (~), . 6CJIH RJIacc; F OTJrn:<I6H OT e .
,~.

nORaaa'~CTBo~~TBe~eHHe.8/ cne~eT H3,npe.I(JIO~eHHH 4.2.i,
_ I _ r r ,. ~'.. '~ • • • - • • '

TaK KaR B,c~~ae a/ •. KaK RerKO B~eT~, rrO~TH ~RManDHOe pa3pe-

weRMe "COBIIa.n;aeT C f\mImMa.Jl1,HHM'.

B c~~ae 61 ne· T80PSM8 PHMaHa - PoXa~HMeeM:

ECJIID . e· { >0 ,TO {.. ( K'i - e) < 0 . TaK KaK - K. ':i ITae

B,I{Osq:q,eKTHBeH. IIos TOM,Y .e ( K':J - e):=. 0 Hl .e(e)~ 1 , T;e. SJI6

M~HT e ~eppeKTHBeH •

llOCKOJffiKY HCKJIlOlJHTeJffiHHe KPH~ble ..-, Ha. ':J HC~epIIHB8IDTCR'. , 2 . "rE; ,... ,~~UExc.( 'j}~. H HCKJIlO'llIT6JThHlOOJ: KPHB~ i-ro po.n;a

.ua", TO IIpHBe.n;eHHoe paCcY1KJl;eHHe nOK8.Sl:lBaeT, ~TO

JUe~) = JJv n ( n j{ ; ) =
2..

FEf~ ,.." Fm~ UExc( 'j~~.

= (n 1l; ) n(n 1l~ ). /~ .1/

IIOJIO::P(JU) FE{F.; ,.."Frn5UExc ('Y~~

P =le 6 pe.Al) Ie, Fi ~ 0 , i = 1 , ... ,m

'i. . OTJllltI6H OT e ; e, Exc( 'i~~~ 0].



TaK KaK JU, .
HM8eT OCTpHe yrJlli, TO H3 13.il nOJIY1Jae~" llTO'

-JU,('J) = ( n n~) n ( n 'ru; ) 2'

eE. P FE{~'.'.J Fm~ U&C('Y)

TaK KaK M ( '::J ) HeBHP0lK,I(eHH ItI .n.rur PB.3JllflIHIDC SJIeMeHTOB

b ,Ö'E P uf~ ,... , Fn, \ U Exc(':J/"
c-<::' 0 I 11 ,

HMeeM o· 0 ) , TO H3 B3BeCTHbIX CBOH.CTIf BlffiYl\JIHX MHoror-

PaHIDlKOB C OCTpUMH yrJIaMH BHTeKaeT " lITO P( Jtl (')))=
~ z'== P UfF1 ,... , F~) U Exc('j) · 3~o ItI3BeCTHoe CBOHCTBO

1CM. [ ] /, 3a.KJIIOliaSTCR B TOM,,' 'tlTO OpTOrOHaJIDHM rrp08KUHR

JU ( 'j) Ha JlJOOYIO rItl~~pnJIOCK~Cn 11-0 b,
8" E PUf~ ,...,FI'h3Ur; xc('jt, co~e~TCHjB JU( ':J)
OTKY~a CJIe.nyeT, tITO 1t} OrpaHItl'il'lBaeT J1 ( 'j) . •

4, 4~: JIor~TSp~aJI!,HHe.H ~OtITH·t .ueJThneIUJ;~~c~.s H: .ueJThIIeIIIlOB~

CKH8',' 'JIOr.....TepME~.8JIbHbIe -CI1CTeMH·· HCKJIlO'tfiIT8JffiHHx; KP~BWC;' H BeKTOpOB'.

TIyCT~' ~ - npoeKTKBHag anre6paHtIeqKaH nOBepxHOCTn'C. ROr-Tep-
- - . ,~.- , . .

MHHaJ:[1)Hl:lMH oco6eHHOCTRMH. 11: - KZ 'tlHCJISHHO a~eKTHBeH. nyc'T~ ,

es : -:)~ Z - MHHIDJIaJIDHOe paspemeIDI8 oco6eHHOoTett Z ·
Torna tPoPMYRa. /f.f/ neST::'. ... ..... ~- .

m

K~ = 6* Kz + ?; eLi Fi J /4.1:1,

~.u~ B /4,~ Mb! CtnfTaeM', tITO -1 < oL.. i < 0 ,i= 1 t.'. t n
oTOpaCHBaH Te KOMTIOHSHTH ~ HCKAID~Te~HOro ~BH30pa'paspe-'dr .'
memür, KOTOph[e ItIMelOT B lPOPMYJIEl ./1:.1~ nOKB.3aTeJIItl rlj = 0 .

TIo ~opMY~e ~~ po~a KpHBOM Ha rroBep~HOCTH ~~eM~HT

m

K(~ ,.','., Fm) = .?= tLi Fi
. t.=1

onpe~e~eH O~HOSHa~o YC~OBHeM



K( F:; I' .. I Frrl'). Fi = .e i- - 1 I /4 .2/
1

r.n;8 .Bi = - fi. - Bec ~ B rpacP8 I'paMa. JJ;eaCTBHT8JffiHO,

MaTpHUa rpaM8 9JI8M8HTOB F1 ' ···, Fm OTpHllaT8JIbHO orrpe;II;e-~

ReHa H' n09TOMY HeBHp~eHHa~

. _ TaK KaK - 5*k~" -n~ t .' TO OCT8J.lbHHe: HCRJIIO'mTe.JI:bHHe) -

KpHBue Ha '::J RBJIRlOTCJl Heoco6w.m PamtÖH8Jll>Hl:lMH KplH3HMH C KBB.n-"·.. ' , '.' "1 .
.paToM-: - 2 H.JIH' - 1 I CM. npe.n;JIOJKerrne, 3 .II '., E<?Jrir F = - 2. ~

TO F· Fi = 0 , i ~ 1 , .. '. I rn. OTCIO,na CJIe.uyeT, . -q,TO B, MHOlRe

CTBe Ex c ( ':J ) ~ 2. HCKJIIOlfliTeJThHlDC' KpHBijX 2-ro' po,na IT. ~ s. C.: KB8,1l;-:-2 . . , .-,- " " , ,

paToM: F ~ -1 ! IIO,I{MHOlKeCTBO HCRJIIOlJRTe.JI:bHIDC KpHBIDC F; ... --
. , Fm o,nH03HatIHO Bl:.UJ;8JIff8TC,ff' TSM YCJIOBHeM', J trTO 9TO' Hmr6oJThmee;}

IIoilMH,OlKeCTBO B Ex c ('1) ~ i. • Bca KOMIIOHeHTH CBR3HOCTwrpaq,a 

rp~a KOToporo co,nep2KaT' XOT.F.r 6u o,zmy Kp:rlBYlO C KBa.n.paTOM~ <- 2
, I •

TI09TOMY B E)( c ( 'J)-:, 2 O,1l;H03HatrnO onpe.n;eJ.reH YCJIOBH8M, 14.21, ID,

a.iIeM~HT K(Ff ••••• Ftri) • H MH MOlKeM· IIOJIOJKllITb _

~2. J>e.f )K(Exc('i) ) == }«F11 ···, Fm .

MiL HCKJII01ßITeJI~HOH KPll'1,O:t1., E 1:-ro po.n;a Ha· ,':J H3 14.11
IIOJIJnI~~~: -1 =E· 6'-i Kz + E · K({;Xc;.(~)~2haK '~~'- 6* kz
_. Yl:e f ,TO' OTCIO.n;a CJf8.uyeT,· tITO 'tlliCJIO

• • j - ~ •

7, CE, Exc('if~l) = E -I« Exc('Y)~2.)+ 1=E.(-6~Kd~

,STO rIo.n;CK8.3HBaeT' CJIs,I(ylÜmee' orrps,rr;8Jlemre, HeMHorO o606ll.faromse:~
I ~ • r I.~ .. ~

OIIpe.n;eR~H~~~., ,naHHOe .;_~ [1 2.. ] •

Onpe.p:eJI8IDI8 .::~. 4 ~ ..1._CHc~8Ma y BeKTOpo~ "He 6o~e8 118M rHne-

p60~~~cKoro KOHe,~OMepHoro JIHH8MHOrO 'UPOCTpaHCTBa Han ]R C
, ,r I • _ • • • ._ I I, ' 4~'" • ~.:J. r'" .... ,l • j • ~ ~ I ..

cH~eTpß'tfe'cRoH 6HJllIHe~Ho:ti (pOpMOn Ha~HBaeTC8":' II0 tITlI',.n;eJIb'nermOB·c~
K;ä JIOr-T~p~aJlliHOH:-~C~ .nJIR ne e. eE~ HMeaM:

~.. • + t... ~ .•



ßCKnID~Te~DHHX KpMBHX Heoco-

15

I I " I . ~e ·e E Z ' e· e ~ 0 , ec~. e *e ,e <:::: 0 ,/4.3/

H BbIIIpJIHeHH YC~O~H /!,JJ.e 1':"= feE Y Ie1- -1 \ - BeK~opa~
i-ro po.n;a H rv-~ =tfeY'1 t ~-2~_ B8KTopa 2-ro po~a/;

. a/ ITyCTl> 'Y 3c: 1'"~ 2. RBJI.ff8TCH OO~'8.J!:IlH8IDJ:~M KOMTI.oHe~T
,CER3HOCTll BC8X 8JI8M8HTOB e E T?1 , ,UJIR' KOTOPW:: 'eZ ~ - 3

, '." . ~-" ~ 2. ,3' ,"" "
B, rpaI>8 rpaMa ryv ~ .."Tor,Ua CR.CT8Ma y 8.JIJrnTITKmIa /T. 8.

~eeT O;PHUaTeJIl>HO onpeJJ.eJIeHHYJO·MaTP~ I'pBMa/. nO~To;Y '3=:

== f+1 ::·',,: +PlI ~~~H!3.lJH~'" H 3JIeMeHT ~Cr~z)=:lj.Lit ~
onpe,n8JIR8MHH YCJIOBß8M KC1(~2) • f == - f - 2 ;nJlJJ, BC"~' fE T12

.' " ,.' • ._ • ..; _I _.."

f E 'Y~2. oOJI~a.nae!.. C:<?HCT130M: J.i, >-1 .IqH: B~~X(E 't~

6/ '.llJI"~ Bcex e E ry

tz.(e, "t~1.)-:-1 + e· K(1"'~1.)~ O. ,/4.4/

rrO~TM neJIDneUUOBCK8R"~Or-TepMHHanbHaBCROTeMa BeKTopOB Ha~
- t ..... 4- ... •

3hlBaeTCR ,n;eJIDIIeIIUOBCKOH -~or~TepMHH8JThHoti, 80JIH"!
• r.' _ , ..... ........ ~ - I...... ~ ~.

tz.Ce I y~2.) > 0

,IJ;JIH. Bce.x e E ry 1 .. Jr--'
COOTB8TCTB8HHO MHom80TBO ~

, ,

60H aJIre6p8H~eCKO~ TIOBepXHOCTH ~ HasHBaeT~R TIO~TH .ue~rreu-

UOBCKHM" !COOTB8TcTBeHHo .ueJIDneUU?BCID!M/ JIOr-TepMHHaJIDHl:lM", ~:C~

Bce KpHBH8 H3 lr ~TCR Heoco6HMH PauHOHaRDHHMH, ~ MX Knaccu

B~ NS ( 'j)® 1K OOpasyroT TIOtITß ,neJThIlermOBCKYID / COOTB8T CTB8HHO

.ue~TIeUlloBCRYID! CHCTeMY BeKTopOB. ~

KaK MH B~e~~ ~ MHHEManDHOrO paspemeHMR oco6eHHocTeH
" • j'. • ".

es: 'j~ Z IIO~.~p~OCT~' Z c JIOr-TepMllliaJThH~ ~~~6e~-

HOCTRMH H C 'lRCJl8HHO 3<IxpeKTHBH~, -_ K
Z

MHOlK8CT~O_ Exc (':J)
HC~~Te~HHx KpHBHX o6pasyeT nO~TM .u8~rr8unoBcKYID ~Or-TepMHr. . : ." -.... :. .

HaJThHYJO CHCT8MY. ECJilllK8 - KZ 'lRCJI8HHO OOHJI8H Ha Z ~._



I
60JIee OOlI(HM OOpasOM, - K I E >0 .JJ;JIR BCJIKOt]: l1CKJ]]QtnIT6JIDHOt!

. I Z 'I

KpHEOH E !-ro po.II;a Ha Z /BCRKM TaRaR KPHBM~ E
RBJIReTOR, 110 011pe,J.J;eJIemno, 06pasOM; er (' E ) KCIbno'ß'lTeJI&HOn. RPIDl

OH I-ro po;n;a Ha 'j ,H'i .n;arrnoe:· YCJIOmie:~ 8KBHBaJI8HTHO TOMY, lITO" ", -'. ~1 ; . ,- ',.. ', 1 .,
- 6 ~K

Z
. E = Q. (E I ExcC'J)~ )O,J.J;:ID:J JII060tt EE Exc( ':J) /.

TO MHOlKeOTBO E xc ( ':J) RBJIReTOR ,J.J;eJil>11ermOBCIlliM JIOr-Tepr.rn-

H8JThHbllif.

HaM nOHallOORTCR c~~.uyromHe- YTBe~eHHH)xopomo H8BeCTHHe cne~
... :; .... lc • I .....' ,

IUIaJrnCT 81J1'.

JIeMMa 4.4 .3. IIY~T:b e 1 , . ~ • , ..e n - 9JIJmIITlrrreCKM eROTeMa

B8KTOPOB, npHlIeM~;n;JI.ft. Bcex 1~ i '.} ~ V1

IE e _2. < 0 . Tor,n;a:
'. (, ,- ,-"

aI ECJm liJIR Bcex 1 ~ i ~ n Bep,Ho, l.JTO eil. ~ -2 , TO

K (e., ..... en)== J..., e1+···+J.!Y1 ,r,J.J;e Bce d... i :::; 0 ·
6/; ECJTIf ,1ij1:arpaMMa I'paMa e1 , .. ~,e., CBH3H~,

KCe1 , ... , eJ1)= 01...1 e1+.. ·+J.h e Yl , K(e1 , -.. , e l1 - i ) ~ J.1e1+·· ·+c/...h-1f1t-1J

TO ;n;JIR Bcex 1 =' i. ~ V)-1 HM88M:

I
<:Li ') J..,i ,8eJm< c1. h < 0

dv/ = J..i ' eCJlli J..f1= 0 ;

~.' < J-. J eCJllI c:L t1 '> 0
. . {, {,

- BI ECJIH ,IJ;llarpaMMa I'paMa e1 , ••• , e t1 CBR3Ha H CROTeMa
I - I I /. ,

B8KTOPOB e1 , ••. , en y.n;OBJIeTBOpReT YCJIomno Bi' ej =ei;~ej
,J.J;JIH Bcex (i I f) =1= (n In) , Vf,(e. Y1' t <ce 11f ,TO OROTeMa

Be~TopOB. e.., I , •••• ert I TaIOKe 3JIJII'I11TKIDIa R,J.J;JIH K( e1 •..
- ~ I ') J I I I I

.• en)= J.1e1+··+.,(,,, e. n • K (e-f , .... e l1 = ~1 e1 + ... +<7-." eH

.IJ:JUI Bcex 1 ~ i ~ n ßMeeM:
I ..

J..;, < J.., i eeJm; <J..t', ';> -1 ;1

cl. .' ::: ol-j, 8CJn1f J. t1 = -1 ;
(, I

cL· ........... cL· , eeJm'! J..h <-1
" /' l/



Jt

lIoKasaTeJI.I,CTBo. Pi rlyCT:b A - MaTpmra I'paMa (ei' ej ).
Tor,na-

A 2-e -1.,
-1

YTBSPJK,IJ;emr8 CJIe.n:yeT H3 Toro, 'tITO A HMeeM. HenOJIOJKHTeJIDHHe.:

8JleNi8HTH I CM., HanpHMep,' [1 ~ ] I .
6/ ITyCT:b e/ '.~ ...' e:E JRe~ .....,+ 11\en - .n;BoA.CTBeHHHit 6ac..;·

~ . - .
SRC. Tor.n;a _ ~,;. == L U i.j ej ,r.n;e Bce' Ui j < 0 ,.TaK KaK .

(Ui,j-)= A R, rllatP I'paMa e1 , ; • :.} eh· CBJrSeH / CM., HaII-

pHMep , [1 9 ] I. O-qSB~HO,.' *K(e1 , ... , eh~1)= K(e1 ,···, er!) + i: e l1 ,

r.n;8 t. HaxO.n:HT~~._~3 YCJIÖ~R rl h + -l UnnO.~~e:. yTBepK.II;eHHej

BHTeKaeT RS Toro, 'lJ:TO 'U, h j- < 0 ,1 ~ j- ~ n ..

BI ~ M.OJKSM CtnITaTb, 'tITO fe1 ' •••,' en "5 - 6a3HC., 1K -mIH8H

Hore rrpOCTpaHCTBa V 0.; ~MMM,eTpHB8CRO:tt 6HJrnH8HHOti epÖpMOtt, on~

pe.n;eJIJieMot!: MaTpmreifI'paMB: ( ec: · ei) . PaCC~6TpRM JIHHellHOe rrpo

CTpaHCTBO 'vJ = V~ .IR f c CHMMeTp~-eCKOH 6HJ.rnHetfHoH epopMoif, KO-..~ . 2. '-

TOpM . COBIIan;aeT Ha V c Y'K8. 3 B,naHHOt! :H ,1t1I~. K?TOPOtf f = -1

Ml V .1 f
I .~ 1 I fllOJIOllU'IM e~ = ei, ,eCJllI" f (.. .... n - , H; eil =en -I:: ,

-/;. >0 .,llJI.fr BeKTopOB e (, ,O'lJ:eBM.D;HO, e· '. e/ == (!. .• Bj ,
") ( .) f. 1)2. 2 12. .e, "

SCJIH (("Ir i= nIn, H\.B... = e n - r;. •. Ecmr MaTjnru;a-. rp8Ma~-

e1 ,.... en oTpmraTeJI.I,HO orrpe.n;eJIeHa, TO S8,ILaHHM Ha VJ
6HJnrnSHHM' epopMa OTpmraTSJIDHO orrpS.n:SJISHa.'. OrCIO,lJ;{( c.rreJ:creT, lJTO

J ,:,~....~ • 1 .. L. _

TO JK8 BepHO M ,IVlR ee., OrparUI"tI8HH'R Ha no.nrrpOCTpaHCTBO

]Re/+... + JI.\ eil' c:= W ,6aSRCOM KOToporo ~.lIe-TCH' e/",
f . . .

• , ~n - • '. II09TOMY MaTI)l~a rpaMa 9THx BeKTopOB OTpHUaT8JThHO onpe~'



.n;SJI8Ha. ECJIH-;' K(e1 ' • • ., eh)=r:l1e1+ 0 •• +ol.nen' TO', KaK JIerKO

Bß,lleT:b,

KCe:"",e~J)=~1e/+... +oLl1e/ + i (1+J. I1)f + u

r.n;e.· U -l JRe:+..+ JR e; . II09TOMY K( e/, ~ .:., e/) JmlliIeTCH
. I .

opTOrOHaJI:oHO~ npoeKUH8t1: Ha JR e1' + ...+ 1Ren 8JIeMSRTa

cL
1
e/+... t- oLl'le: +t(1+ol.. 11 ) t, r.n;e i '7 0 .'OrclO.n;a TaKJie~.R8.K IIpli:

.n;OK83aTe~'CTBe 0/'; BHTeK~,e.T. Tp~6yeMOS., ""..

Hs JIeMMH 4.4.3 a/, 61 cpasy. cnenyST

IIpewlOgerue 4.4.4. wc b Y I :::: y - no.n;CZCV

neJIbneunoBcKo~ !COOTB8TcTBeHHo ~e~nennoBcKoHI JIOr-TepMßHanDHOn

CHCT8MH BSKTOpOB.
'I

Torna ~ - T~e nO~TH.~s~neUllOBCKaff IcooTB8TcTB8HHo

~e~ne~oBcKaH/ ~Or-TepMEHanbHaR CRCTeMa B8KTOPOB, rrpH~eM:~JIR

e E ( 1" I) 1 JIMeeM: rz. ( e I l' I ~2.)) :r;,( e I 'Y ~2) .
~ H3~eHHR rrO~TH ne~nepuOBCKHX H ne~neunoBcKHX JIOr-Tep

MHHallDHHX CHCTSM B8KTOPOB ~Ka3HBaeTCR y~o6HHM:nepeHTH B OOJIse

lliHPOKYID KaTsropHID CHCT8M B8KTOpOB:

Orrpe.rrS.i.IeIDie·; 4.4.5. CMcT8Ma B8KTOPOB Y ,y.n;OBJIeTBOPRmIUHX
, ..

yCJIOBmG /4.3/, HashlBaeTcH JIOr-TSpMHHaJThHoti, eCJlll MH BC.fmOt! e8~

9JIJllIIITHlieCKoH IIO~CHCTeMl:< .,' .{e1 , ... I en~ c:.1' . .n;JlfL

K(e1 , ... , en) = et1e1+ ... + ~" en BliIIOJIHSHbl Hspas8HcTBa:

cL i ') - 1 MH Bcex 1 ~ .i ~ YJ •

, VIMesT MaCTO 'c~~~maa TsopeMa, nOKaSaHHafi.B [12J H '

RBJI.fIIOiUMCR OCHOBHOH rrpM HCCJIenOBa.mnI' IIO'tfTH .n;SJIDIISllllOBCKm{ H1", ,
~ _ .• l"

.n;eJffiIISrmOBCKHX JlOr-TSpMRHarr:oHHX CHCT8M'. B8KTOpoB. Bpa.B,D;a", B [12.J

paccMaTpHBam:c:o .I{eJffine~OBC:EG!e JlOr-TSpMHHanDHl:le CHCTeMhI, HO' TO

JKe;; .n;OKasaT8JIDCTBO rO,IUITCR H ,IJ;JUI rrOllTH .n;eJIbnermOBCKIDC CHCre~.



TeopeMa 4.4.6. nO~H ne~~eUUOBCKaR ~Or-TepMHHanbH8RCHCT8Ma

B8KTOPOB ~eTCH ~or-TepMRHaHbHOH cHcTeMoH.BeKTopoB.

AOR03WSJJLO po. Iron M:ff1 , ••• '." f.( ;"e1 , ... , elM~, -
- S~TH~eOKaR rrO~CHCTeMa B ~o~~~~e~rreuuoBcKo~ ~Or-TepMHHa-

.I r .. ..... ;., ".... - - I.

JJLHOii: OROTSMS, r.ns; t1 ':. ~ ..' t rJ - B6XTOPbl 2-r0 pO.D;a, e1 ,.'

.. ,. e tl1 - f~ro po~a. 110' .~e~~9~emrib" 4.4. 4 c~cTeMa. M - nOl:!THl

~e~neUUOBCKaH ~Or-TepMHH~HaH.

*" r * 1DyOT:b t1 ' • • ., i 11 -llc .D;BO:ltOTBSHHJ:llijB [ f1,*;"'; {:" / 603:110;

K t1 , ••• , t h ' T. s. ti E: [.f~I""",flll fi9*Q:II: \ •.f,( ~F DyOT:b

rz· . = e· . t· ~ 0 . Tor.n;a e· = L: rzii. .f. + e· , r~e
" j (,! (, j=1 (J t (,

e e,' .:.L [ t",","/ f 11J . IIp:II aTOM (e/)~O:ll, .D;JIH i =1= !

e~ /. e~/ + ( t ~ij+;) ·(t; '"l-lj f/) 0 J

;=1 F

o. 113BsoTHo, llTO' -ft = L u,U +i ,

• OTCIO.D;a .f./' · t1*~ 0 ,1~ i, l~ t1,

1160 ei' e* >
r.n:e.. Ut:i ~ 0
Il08TOMY

e/, e; '7 -( iZij+t)·( t rz!j-t/))O
/=1 i-1

TaK KaK 'liJ-) 0 , 'Z-lf ~ 0 ·
Dyon 1<.( +1"'" f h)== L: ~i ( ,r.D;e~ J..i,"/ -1 ·

Torna, o~eB~HO, ~=1
"n m I

K(M) = 2:= J.i"L + ?= 'i ej ·
i=1 /=1

TaK KaK e-k.' K(M)=-1 , TO



GO

Ho ycnOBKID rrO~TH~~e~~neUUOBOCTH

'Z -l = 1 + ei . (t:.Li +i) / o.

D ~ 1 I)
llyCTl> =\e~ · eJ-. ' 1~ .Jz, j ~ m . Tor.na

tzi Pi
-D

n
~ cl-i.
~ (" /,

i:=1

.JJ-



COOTB8TCTB8HHO orrpe~e~eHHID 4.4.5 MHO~eCTBO 1r HCKJIIOtmT8-

~HHX KpHBHX Heoco6oH anr86paH~eCKOä nOBepXHOCTH j HaSHBa

eTOR ~Or~TepMHHa.JIDHHM, ecJiH BC.ffKaR KPHBaR ßS ~ m0IReTCR' HeO....

co6oil: PaI.UlOHaJIl,HOH KpHEOa Mi 11X MaCCbl B .NS(;j)@ 1K 06pasyroT
• ). r' •• >.' •

~Or~TepMHHanbHYID CMCTeMY BeKTopOB.

Ms TeOpeMH 4.4.6 BHT8KaeT

CJIelIcTBH8' 4. 4. ?'~ TIyCT:O 6': ':J --.".. Z - MRHHM~HOe pa3pem~

oco6eHHocT8ß rroBepxHocTß 2: C ~Or-TepMHHanbHHMH' o~o6eH~
• - .. • ...... r rr ••

aHTH~~?HH~~C~.~ac60M"I· - KZ·. Tor~a MHO-

HCRJTIOlßrTeJffiHbIX KpEBHX Ha ,'j 06pB.3y~T
~ • ." ~ fO I'" .~ ~ • _ _ •. , ,lI"" I I" •

rme

HOCTRMM: M C ne.f
2KeCT~~ EXC C':J)
~Or-TepMRHanbHYID CHCT8MY.

.. -.. ~

TIyCT:O r-y - JIOr':"TepMl1:HmHaR· Ö~CTeMa B8KTOpOB.'\ Hl. e E Y
~ ~ - : ~ .... ....... .' I ...~ • 1 • .;L..Io •

, ,

- B8KTOP 'I-re pö~a. GTRrßBaHHID HC~~T8JIbHOfi KpHBO~ 1-ro po~a
, r ....... ~ .... 1 . ... • ~ - 1...... • ~. I' ~ :. t 1 _ _ " • ~

Ha llOB8P::<HOCTH COOfr\B8'TcTByeT OpTOrOHaJI~H~ np~~KIDIg . Y .~OJTh

Be~~Op~~. e . TIPH STOM B~K~?P 1Y rr8p,e~,?~~_ B· B8KTOP

/4.6/

/4.7/

/4.8/

MHo~ecTBO B8KTOPOB.. .

/4.9/

H8.3!iBaeTCR nOJIYtreHHliM CTimHBaHI1eM BeKTopa e E 1( !",:,ro .po.n;a.
. r'-' '." ~.. .

M8:Tp~a rpaMa y nO~_~8JKHeMY lleJIOlIHCJIeH~~~.~ ~e8T o~p~aTe~

~HH8 a~eMeHTH'Ha ,IJ;HarOH8JIH ß HeoTpHUaTe~H~e 8~eMeHTH BHe}
,' .... ;,. ~-.,.-.....1

,IJ;HarOHaJill. BeKTOP' 1Y E ryv
.- .

~

- .co(j CTBeHHUM rrpoo6pas OM ' 'lY
~! ~ _ j ,,";.~ .J,.. . ~ -l'

Has~Ba~TcR O~PB.30M' 1Y a 1!Y

• ÜTM8TMM, 'tITO B8KTOP 7Y E Y



RMeeT o6pa3, e~ H TOJlbKO eCJIH rrapa BeKTOpOB 1:b' , e ~ ~

JIHIITHtIHa. ÜTClO.na CJIS.nyeT: ECJrn' CHCT8Ma Y 9Jl.Jll!IITH'tJHa, TO rr'
TOJK8 SJIJlliIITRtIIHl H BC~tt B8RTO.p ". € Y HMSe,T oapas /WOpM~HO

C.tIHTaeTC.ff, liTO 06pa30M e ßBJIReTCR HOJIbI. ECJIH T - CM3-
. I'""'.J

HaH napa60Jill1iSCKaJI eROTeMa Be~TOpOB,.Hr: # y ~ 3 , TO ~

- TaIOK8 CBR3HM napa60JIH:9:eCKafI CRCTeMa, H, BCJI1Grti B8KTOP H3 Y
-."

HM88T oapa3 IB '1( I. Ecmn ~ - JIaHHepOBCK8..ff eRCTeMa Hf
•• I • , • > ,

Jrn60 =ttY ~ 'f , Jrn6o: _ N *1'" = 3 Hl BC~a.a_.naP8:.,~B~TOPOB
113, y ~JI.mHITI:Ilffia, TO""" - TaroK8 JI~HepOBCR~.~HCT8!'Aa H~

BCRKK,t! E8K-TOP H3 roy HM88T o6pa~ ~ B Tex· CJly"q8.AX, Kor.na'"
'll. ~~ ~ I. • ..... l"'lll ..... f· ...... ' - ... ",-"'Il_ ••• ~ ~I • ~ I

npH CTJIT'~BaH1mlBeKTopa e ' ·1>-ro po.na. BC.HIDItf B8KTOP H3 Y
l'IMe~T o6paa, 3TO CTRI'KBaHH8. 06?3Hall~eT~t~~__ y ---": _?

TIpen~o~eHHe 4.4.8. CHpT8M8 HB nByx BeKTopoB s~nTH~a Hf
., ,10 ~ ...., '. I

JIor-:e:p~H~J:Ia, ,e9Jll'! H TOJll>KO SeJm rpruP rp~~ STKX BeK~op9B

HMe8T EH;];

• •

lIOKes 8T8JIE CTBO. rrpOBo.nHT!CR H;STI0 CTpe.n0 TB8HHbIM BbI'tßiCJI8HHeM~. I!J'"

IIy~T~ M"'r~':~ .. ~ 11;.: e 5 ~ 3JIJIl!rrTHllecKa.c:_~o;-TepMffi{a-
JIbHaH CRCTeMa B8KTOPOB Hi e - E8KTOP 1-ro po.n;a. IlyCTlJ <llIC.TeMa~

M~t~ "...'., ~ '3 rrO~tIeHa CTRI'HBaHHeM; e-' ',. ~ I--:-~ • rrö
rrpe.n;JIOJK8mno 4.4.8 e· 1J'. = 0 HJllF 1 , OTKY.na H3 ~OPMYJI

t • ~ '" - _ • ~ ~ '-

14.61 - 14.81 c~8~eT, liTO
- ~ . ~ r

K( 1A\-rL~+"'+J- ~+oLer\} - 1 1 h n ,

n
r.n;e 0'- = 1+ Lrlj,("'ioe) ;

.. i=1

/4.11/



C~OHCTBO ~Or-T8pMßH~~ CHCT8M, B8KTOPOB, ~e~aromee HX 3Ra~Te~

JIDHO 6o~ee y.n;o6HHMH, lIeM'_'IlOl1TM~,.n;eJIDIIeI.JllO~C~,~ ~Or-TepMHHaJIDHHe

CHCTeMH.BeKTOpO~.

ITpelQIOJK8HH8:: 4.4.9. IIyCT:D Y - ~or;""TepMMHaJThHM CHCTeMa Be-
L r • ~ _ • • ~ ~ I ~ I • I

KTOP~!3 H: e E. y - B8KTOP' f,-rO po,na.

Tor~a rrpK.CT~HB8HHH e CHOT~ ~ nepexo~: ONflTb B

~Ör-TepMHHa.JThHyID 'CHCT8MY' B8KTOPOB '1( .'
06P.aTHO~ / CTRrHBaHMIO B~KTOpa e 'i-ro pO,D;a/rrpeoc5pa30BaIDI~;:

- pasnyTHe rrO~Horo' nqnrpaW~ -.npome' Bcere OITHCaTb Ha BaHRe rpa

epOB r),aMa. flypnr - r~aP IL ~ == f~. ··.. 11'-k \ - ero nO.JI

HJlli no.nrpaP • T. e. JTIOOHe ~Be BepnnniH 11'i ' 1J'i B r coe~M':"

1UJ!OTCsr. pe6[lOM Beca 7-('l9i ' 1J-i) ~ 1 · TIpH PB.3~YTIDJ:' no.nrpalJa r;
rpaW r M~lfJleTcR._ ,CJJ,~~HM- 06pasOM': Beca BeplllHH 11'1, ••

. , ",i YBe~lllffiaroTcH Ha 1:, Beca pe6ep 'Z- ("'i. ,'Ir;) ylViem;wa

IOTCR' Ha 1 /B tIaCTHOCTH:, rrpo'cToe pe6po rrporran;ae'T'. ÜTM8THM, 'tITO,
• _ _ ~ ~ ~ .L , •

KaK .rrpaBHJIO , .npIDCo~HTCH paS.IJYBaTb. Bepwilllli / ~ = {'1r'{, /;~,

pec5pa' / ~ = t ~ . 'l9t. ~ /. B8lKHo nOMHHTb ,''fTO npII: TaKOM. pas~r
TIDI,JIOr-TepMmiaJlliHOCTb cHcTe~ B8KTOPOB MOJK8T H8"COxp8.HßTI,CH.

3~o KOHTpOJIH~yeTc.R. npH nOMOIItR iPoPMY~, / 4.~OI ,',/4,.1:11 •

IIpe.n~olK8mre. 4 ~ 4.,9 nO,D;CKB.3bffia~T C~8JCY1Omee

Onpene~8HHe: 4.4.IO. ]or-TepMHHanbHaH CHCTeMa B8KTOPOB
~ ~l ... _ .. ~ .' ... • •

Ha3HBaSTOß MH!ij1MMl>HO:a, eCJrn'1 y H B', .!(onycKae,T.· CTRI'HBaJ:1~'
'~. ,-- '., . '"'.'-

~ ----:::, y, Be~TopoB !~.ro P0.1l8 e ß~' 1'" . 9'rM8THM, tITO ;

CHCT8Ma rot' MOlB;6T.6~T:O MHHHMaJIDHa no ;II:BYM.; IIPHlß{H~: .l?o~nepBHX,

T He, HM8eT BeKTopOB e !7,ro p~.n;a;_: BO-BTO:(JHX, .',n.JLff BC.ffKOro·~

~_BeKTopa e 1:-rq '.pO,1l;a- H3 y Ha.H,n;8TCJl .T~Oi1: B8KTOP 11' C Y
'lTO nap~ {e, 1Y~ He._~~!~a /no npe~JIOlKeHIDO 4.4.83TO

aKBI1:B~eHT~O TOMY, \i~O JllIOO .~ =- -1 , mIOO e· 'lr~ 2 /.
113 npe,nJIOJKeHHH 4.4. ~ CJI.8-!lYer ' .. tITO BGHKasI JIOr-TepMHHaJIDHaJ'fi



CHCTeMa B8KTOPOB TIO~~aeTCR HB MHHHManbHOH rrOC~e~OBaTe~HOCTDID

p.aS.nyTHE nOJIHliX IIO.nrpatPOB. lJ_09TOMY ~rmcamre ~Or-TepMHHaJThHHX CH~

CTeM. BeKTOpOB BO' MHOrOM CBO,nHTCR' K orrnc.amno! rvnrH:mMBJIDHbIX CHCT8M-.

B CBJI3H ~,C-' TeOpeMaMH' 3.4. - 3.6 Hac' Ciy,neT HHTepeCOBaT:D,' rJIaBHHM,',

06pasOM,OImCaHK8 8JIJIHIITH'tJeC1GE{·, . napa60JIlftIe?KHX H JIaRHepOBCKHX

JIOr~epMHHan:o~-c~cTeM~

fJyCTD G=-f-f~ ,".• , f n ~ - 3JI.IDlIIT1:ltIeCK8JI· JIOr-TepNMH8Jll>

H8JI.}}HCTeMa BeKTopoB. Tor.n;a MIDU1M8Jll>HOCT:b ~ 3K'EillBarreHTHa TOMY I

TOMY, ~TO ~ He co~eP*HT BeXTopOB,i-ro po.na. Uo JIaMMe? 4.4.3

a/. 6/ aJI.IDlIITK~CK~ CROTeMa -Efr 6es BeKTopoB,1-ro po.n;a JIor-Tep

MMHBJIDHa, eCJIH~ H TOJIDKO 8CJIHl

r,n;e cLi >-1 . ~c8.IDIe~ Ta.KMX CHCT8M BKBHBaJIeHTHO ornrcamno rp~

g)OB JIOr-Tep~aJThHHX oco6eHHocT8H ITOlIHee" Hao6opoT, omrCaHHS)

rp~oB JIOr-TepMHHanbHHX ocooeHHocT8H CBOnMTCR K OnHCaHHID'T~

CHCTeM; nOCJIe,n;Hee npOBO,1J;HTCJI 1IHCTO anre6paH'lIeOKHl, HCnOJTh3yH:

JI8MMY;. 4.4.31. IIosToMY HMee.T MeeTO CJIe,I(y1OmM TeopeMa ICMr. [201 t
... . .

[2.9 J, /[ 8 ] I, r,n;e no,n; JIOr-:TepMlliiaJThHUM' rp~oM MhI noHimaeM':

rpaW rpaMa ~Or-TepMHH~HOH CHCT8MH B8KTOpOB. To E8 OTHOCHTCJI K
4- ...., • ~

CJI?BaM': Ml1:H.KM8JTh~. ~.JIJrniITHlieCKHH, rrapaCioJIHtIecKHf1:" JIB.HHepoB~·ä.

TeOP6Ma 4.4.'.[1,. a/ 3JIJIIDI.TH'tI8CKM· JIOr-TSpMH-H8JU:>HafF .cHc,TeM'a

BeKTopoB' MH:HHMäJffiH8, eCJrn H TOJIDKO eCJIH, OHa H~ -~c.~.neP'KHT
~ ~ ~ .. • . f. ~

• . I

BeKTöpOB f-r6 po.na. C~JI~HHe MHHHManDHH~' 9~rrTHyeCRHe;JIOr-TepMHQ

HaJThHI:le rparpI:l I'paMa - 3TO B TOlJHOCTRl rpaqJH r.; - ~1 ,Ta6JllmHt 1.

Ci/ 8JI.Jll!nTß~e:CKafr eROTeMa BeKTopOB JIOr-TepMHHaJIDH&,.:: 8CJm'1. Rl
• I " _ I • .. ~ L" ." ~ ... _ ...

TOJU,KO 8CJIH; BC.fIK8.fI ee CB.ff3H8.ff IIO,II.CHC.TeMa ,n;orrycKaeT CTRI'HBaHHa~

no~e.n;OBaTeJIJ)HOCTYl BeKT~pOB f:!,o po.n;a ~~ O,D;IDI R3 rpaqJOB ~ ,

n Ta6JllII1.l:l f.
'11



RH f-ro po,n;a BhIXO.II;HT He 60nee .II:Byx pe6sp, MCRJIIQ'qaffi rpatPhI

P T aOJOO.:J;hI 2.
6

Ws STOn TeOpeMH cpa3Y BHTeKaeT

CJ:re.n:cTBH8.: 4.4. f2. CBR3HHM SJIJllITITlrqecrorn JIOr-TepMHHc9.JffiHID1
, "

rpatP He HMeeT KpaTH~ pe6ep, .ffBJIHeTC~ ,.nepeBOM·, H3 BCHRO"tt erG

Beprmurn 1:-ro pana BlDCO,Iij1:T He, 60JIee .II:Byx 'pe6ep, B'cmart1: ero" CBfI~
4. ~;

3Hl:lH no,nrpaP H8 BSplIßiH 2-ro po.n;a H30~oppeH 9.n;HO~ 'RS' rp~C?B,'

r,; - ~ "1 Ta6JrnUbh 1: •

PaccMoTpRM' .~aPB:6oJrn-HeclGiti CJIY't1aH. B STOM CJIY1lae:, IIOJffi3yHC:O

Te?pe~~H 4.4.f!, CJIe.nCTBH8Mi,4.4.12 H~ T~M," tITO B,C~~ C06CTB8HHHi:t
I .

no.nrpacP CB.fI3HOrO napaooJ!ßtI8eUtOro rpaI>a 8JIJIHIITH(qeH, .n;OKa3h1BaeTCR:
• • • ~ I • ~ ( t"

TaopeMa 4.4.13., ;8./- Cl?fl~HaJL"Ilap~6J)JJH':qe'cRMi JIOr-TepMHH8JIbHaHl
•• .. ~.... • ,. ~ I .. I '.... ...... ~ ........ _.... .......# . ~

; . . ,'I .

CHCTeMa BeKTopOB MHHHManDHa, ecnM: Z'TO~KO ec~' OHa ~60 He CO~
, • ~.. T ~ j" '" .,' • J ...

.ueP'KHT BeKTopoB f-ro po.ua, JIH60:~8T' .nBa: -BeRT9·pa.
, .'- • ..t_ .• .. '

6/ CB.fI3HH8 MHHHMaJThHH8 IIapa6oJIH,:qeClGi8 JIOr-Tep~HaJThHHe~ rpa.~. ". . ~ .

WH, 'co.n;ePJK8mHe IIO 'KpafuIett Mspe TpHf BepmHHH, -- STO B TOtIHOG,THl',

r~Bfp!i'~n" ,~~2. ;ID~ ", n) 'f"O; 1, "[1-'
JE s Ta6.mm~ 2 / r.Ile HIDltlllffi HI1.I\eIW; YKasl:maeT tID.CJIO BepmIm

6S3 ,S.rmHHUf:l;' 3.n;SClJ H, BCIO,IJy HIDKe npe,n:nOJIaraeTCR, lfTO trepH8.fE Bep-
- • ~ _. I I. ~, ~ ~ ~ • 4 I .' _ ~., '_ •

IIIIDIa, Be C; 'KOTOPOH He YRa3 B.H, HM88T Bec; 2/ •.
1_ ~ I •

CBR3Hhl8 WiHHMaJI:DHhI8 rrapa60JIliItr8Cl\H8 JIOr-TSprvmH8JII>HblS, rpa:PbI
• ....~ I • • , ,4 1'-. I J ' " •

. .

H3 .n;Byx BepnrnH, .nonycKaIOIIUIe pa3.rcy';M~ IIOJIHOrO IIo,nrpa4>a .l(O OBRSH07"
• ~. ... ,. I' ~ • ~ • ~ ...... t_

ro IIa~a6oiH~eCKor9 nor-TepMMH~Hororp~a H3 Tpex Bep~RH, -
, _. , , 'I"'<J .. • ... '." '.

3TO B T0'lII0CTH rPa!I>~ 1\1 ' ~ ' ~ Ta6JrnUbl "2j~~e~:o,

H. BCIO.ny H:IDKe:: npospa'tJHaJI" BepwHHa 0603HatIaeT BepIIrnHY 1:-r0 po,n;a! ~
I. ... • ~ ~.. _, f • • ~. I J .t' ~

.noKa3aTe~CTEo. 'CM. [12. , T80pSMa f.I.6] ...

CJIencTBH8 4.4.1:4. Bc.fIKHti CB.fisIIIIti rrapa60JrntIeCKRH nOr-TSpMlL'tf--. ~ .-. ,, .'

aRbHHl rp~ C;H8 MSH88 1.JeM:TpeMR BeprnHHaMH'HMeeT JIHllib rrpOCTH8
~ ... ':", I

pe61?a·, ~~eTc~ JllIOO W1RJIOM', mICO .n;epsBoM~, H3 BCJ!KOll sra Bepnmn-

~
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AoKas T8il PO. [12., CJI8.n;CTBli8 Li. 7} •

PaccMoTpmA ~aHHepOBCKH~ cny~~. B aTOM ~ae, HcnO~3YR

rrpen~~ YTBe~eHHR rrpo 8~~nTH~eCKMe Hirrapa6oRH~eCKHe~~or-
\'- • I .'

Tep~~~~'rp~H H TO, ~o CO~?TBeH~.~O~PaW ~aHHepOBCRero

rp~a ~60 8~nTH~eH, ~60 CBHS8H H rrapa60~~eH ITIpH~8~B'TIOC~
• • .,~ : ~.... .. I. &~. j

~e~eM cny~ae OH co~ep*HT ~ Ha o~ BeprnHHY Me~me ~eM'HC-

XOnHHß rp~1 ~OKa3~BaeTcß
~ • I '~L. I ....... ~ ~. .~....

TeopSMa 4.4.15. a/ JIaHHepOBCKM JIOr-TepMIDIaJIDHMi eROTeMa
. - ". " ' !

BeKTopOB MHHKM~H~, eCITH,H~TOJIDKO eanH OHa ~60 He co~epmHT Be-
~~ -;...... ~ -:- ~ , :: r •

KTOpOB f-ro pOna, JIH60 co.n;ePJK1'IT He 60JIee T~e?C Ee~TopoB H'~ :HM~eT

rpaJIl IP8M8;' o~JmYHI:rl1 o~ rp~~B:'

$" 'Z .82-
0 • •

~~ '/'2
1

,r~e -81 ~ 2 '_ e~ ?- 2 ,z.~ 1 .,'

8mRS rro KpanHe~Mepe 4-e. BeplliHHH, aTO B TO~OCTR[rpaWH

Sie lE8 I g) TaO.JI1iUK 3, a/ /r.n;8 .8 ~2 /.

61 MKimM8JThHHe JlaHHepOBCKHe JIOr-TepMllHaJllJHhle rpa({Hi, COnepJR-.
. .

G-7-

BI MHJ.mMaJThHhI8 JIaHHepOBCKHS) JIOr-TepMHHaJffiHHe rparI>H., co.n;ePJf~a-
}

mH8 H8.6oJIee Tpex BepllißH H. ~orrycKaromHe~TIocne.nOBaTe~HOCrb pa3~-

THä.TIOJIHHX TIO~P~OB, KOTopM-j~aeT JIOr-TepMHHanbHHH ~aHHepOBCKHä

rpaIJ HS 4-XB8PI1lHH. aTO B TOlJHOCTW rpaiI>H ~ ( 1, 1 ;'~>y ....
- G-/-1, lt '. 1) TaOJlliUIl 3, 6/.

nOKasaTe~cTBo. GM. [12. ,T80peMa 1:.1.8J IOTMeTHM', ttTO B

[12 ] B q,0PMYJHIpOBK8 T80P8MlV 1:.1:.8 IlpOrryI1\8H rpaiI> G-1 (1,/ 1 j l)lJ.
CJIencTB~~~4.~.~6. Bc~~ JI~epOBCKHH ~Or-TepMHHanDHH~~rpa@,

CO.n;SPJKBll{H.H. TI? RP~H_~H Mspe 6-~b Bepnnm, .ffBJl.ffeTCR JIH60 .n;epSBOM",

JIH60 I1}IKJIOM', .ill160 UHKJIOM' H eme O.n;HOM BepmHHott, C08,I(RHffiOms1a?R .po-:-
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7-0

BHO C O.nHO~ BepIIIHHO:a SToro I1lIKJIa npOOTHMi pe6pOM.;: BOa pe6pa1
, STO

re rpa,epa.l npÖ,CTH8:- H HS, KaJK,I(~t1: BepnmHH~ 1:-ro po;n;a BHXO,IUlT He.: 6oJIe,e

,n;Byx pe6ep.

. ~oKa3aTeJThOTBO. GM. [12. , CJIe.n;cTBRe 1.1.9].

B .D;aJIDH8HllieM·; HaM. nOHa.II;o6I1:TC.ff OTIHCaHH8 TOHKOa, CTPYKTYP}V aJIJIH~,
~ + ~~

llTH'HeeKHx, IIapa6omr·treClWX :rI" JIaHHepOBCKßX -JIOr-TepMHHBm,HHX rpa~~'
. ~ ~ .r .

OB.: Don 8THM Mbl IIOIDIMaeM,- OIDICaIDIe::: .tIlOPMbI\1.9TRX rpaq;oB" 11::: cIIoco6 ux-
...,,' . I _. J. . .

nOJIY~eHHR TIPH n0!'401IU'l1' pas,UyTH,j;i· H'3.~ npeCT8IDnHX;' HaIIpifMep, MKHHMaJIll:"-
... t .. • ...... •• ~ r • • \. + • • ~ •

HHX rp8!PoB., ,
. ., ~

IIo CJie~CTBHRM, 4.4.12, 4.4.1:4, 4.4.!6 CB.fl3HHii,: aJIJi:IffiTHHe,c1tH1t,
,. • ~.I - - ,l ". " ~ •

napa6oJm'9:eclGI:ti, , JI'B.HHepOBclill~· JIOr-TepMIDI8JlDHHti rpaq" co.n;epx8II{Hti
:';: -"10 • ~ .. r· J ' •

.n;ocTaT01lliO MHoro· ~B8PIPHH, J1B.!IH,8T9,ff· UHKJIOM; I lUrEUIOM:', Hf emeF o,II;Fio:t.i
• • .."_ t~

B'epnrnHoH HJrn: ,n;ep8B,oM ~ Pas6epsM" :3 TW ~;qä.HI.
. .' ~ ; .,

CJIY'tlatl !wKJ1a. BaTOM ',p;ry,tIae HM81OT, MS:CT0 CJIe.n;YIDIIU'Ie YTB8PMe~

HHR •

.t. pp8lIJIOJKeHH8 4.4.!? ECJm napa60JmtI8,c:tara JIOr-TepMHH8JU:>HbI~

rp~ HBnReTCH nH~oM, co~epmamHM TIO KvaaHe~ Mepe:3-H EepmHHH,

TO OH no~~a~TcR npH rrOMOmH rrocne~oBaT8RbHOcTH'pa3~TH~ pe6ep .
r--.../' '. ,.

Ha rpatPOE JA h ,n~ 1 ,H F; /CM. Ta6JOOIY· 2/.-
nO~a3aTeRDCTB0. Cpasy BHT8Ka8T H3 T80peMH 4.4.~~ H~ c~e~CT-

~HH 4.4.~4...

TIpe.nJIOJKSHHe 4.4. f8. .E~Jm· JIaHHepOBCKlfH JI~r-TepMHHaJffiHH?J".

rp8I1' ,.fIBJIR8TOR UMKJIOM" co.n;eP'K8l.llHM, na Kp~HeH Mspe 4-e BepIIIHHH,
. . I., . r ~

TO OH rrOJIY~aeTcR .npH,noMOmH n0CJIe~OBaTe~DHOCTHfpas~THH pe6ep
• I , j • • I _ • ~

rparI>oB-_~1 (1, 8 ;2 )'. -8= 1 , 1 ,3 H: ~(1 ,,1 • ~) •

,g ~ 1 Ta6JIHIUl 3,.6/.' I

lIoKasaTeJIDcTBo. KBJK.I(hle ,I(B8 B8pnIHHH' SToro IUiKJIa C o6paa-,
,.' • , I

YlOT aJIJmDTH,~8CKH~ r:p~." n~aTOMY TI? CJIe,n;CTBHIO 4. 4 ~12 pe6pa'. sToro

llluura npOCTHe. C~RrHBM nOCJI~.n;OBaTeJThHOC~D Bepurn:~ f~!,o, PO?l'~\ MH:



T-t

npH,II;eM K MIDIHMaJThHOMY rpaW~, .fIBJIR!O~eMYCR Jm60 IJ,HItJIOM C npOCT"HMW '

pe6paMH~ RH60 napOH BepillHH, COenHHR!OmHXCH nBO~HM pe6pOM. TIo Te~
I • .....' ~ -..lo ~. •

opeM8" 4.4.15 TaKHMH ~HHM~H~, rparpaMH .fffiJlffiOTCH G-*3 (1, _1 , C)
Mt (;.1 C1 , .ß ; 1) . .ÜTKY.n;a BhiTeKaST Tps6ysMoe'.

CJIy'tfatt i IiHRJI8 Ir. elUe O,II;HOH BeplllHHhI. B aTOM" c.rryTIae:; HM88T M8CTO

llp8n40~e~e 4.4.~9~" EanH~~aHHepOBCKHH ~or-TepMMHanDHNM rp~

COneP*ET no KpaH~~n ~epe 4-e BSPlliHHH ~~ COCTOßT H3 ~a m

elIte O.1tHo~·" BSpum'HbI; I c08JmHRIOlllei1:cR C BSpurn:HOH- UMMa" npocTl:lNIi'pe6poM'".-
I I • ,....,. - :- • I •

,pOM",' TO OH noJIy-qasTC.ff IIpH' nOMOIIUff IIOCJI8,n:OBaT8JThHOCTH', pasJI.:Y..THl1 pe~

··d8P UH~~B rp~;B .- ~f.CJ\2. I /,): .(, ~1 ;:. Sf.(l\~18) .;8~f ;

si(~", g) , &" 2 ,3,Lt ,~ ; Sl(~I'l) , t'l,,= 5",6,

7- 10M. TaoJOOlY 3, a/ H rpaepoB bi (2 ,2 ,~) - G-5(1, ~,9

Ta6JIHIJ,bL: '4.

l[oKaS8T8JffiCTBO. TIyCT:D r - STOT rpa(fJ, H rryCT1> C - J.lH"KJI

rpaepa r· .7r _. - ~eprnHHa t , He BXO.n;muaif B~ IIHKJI C .
~OSI:Ialfi!M lIepE:13 ~ BepIllH.HY ~~.a C ,~.coenHH:ffiOmyroCR-· C-' 1Y

pe6pOM:. llH'1\JI C RBJIR8T CR TI.apa6 omrqe CKHM rpailJoM', TaK KaK TIC?

CJlenCTBIDo "4 ..4,.1:2, OH H8 MOJK8T 6HT:D' SJIJrnIITlftI8CKHM. Ecmr rnIl\JI _e
, : ..' ....... .. P, 1. I .... ~~ l: • • +- L 1 1. ~ •

~~eH, TO no. ~sopeMe 4.4.1~ "~H R~eTCJ.r,. rpBWOM" ~ ~ ; ,

n ? 2 ',. ECJIH Bec BSPlllHHbl '1Y 6oJThme) f, TO Bec!>" rp'aP _E
MIDrnM8JI8H; H· rro TsopsMe 4.4.15 OH· OOB~·a,n;aST 0 rpaepar.rn Si(i..z , $,

".fJ ~ 2. . Si(1A 3 / 6) , {~2 , Sl(ß\1( I 8) ,e::; ,1 ,

3, 4 , 5" 11 _. si. ( .A 'fI ) , YI = 5, b, f.
ECJIH B8C 1'r p8.B8H S,II;MHKUe, TO , KaK JIerXO BH.n8T:D, rpaI>- .r

~ . -. \

JIaHH8POBCKldi: .n;JIH ~a JA 11 TO.1II>KO rrpH n= 2 H. 3 ,TaK

KaK ,npI-! n ~ 't IIonrpaP r ,o6paSOBaHHHH COC8,II;HHMß C 7Y1
BepIIlliHaMll rrapa60JrnlISH 11 CO.n;SplIlliT 4-e B~P~hl.·· ~oaTO~··.r oo.n;-

6PJKHT He. 6o~ee.' 5-TH .B8PIIf~}~>_"" TaKKM o6pasoM, B Tex CJIy'tIB.JlX, KOr,D;a~~
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UHKJI C MHHHM8.JI8H, Ml:I JirytIaeM' rp8!I)}~ rrpe.IW!OJK8HHR 4. 4 •~9

Si(l\l,€), ~~ {, 5[(1\31 -8), ~>t; SlCJA.,',.ß),
~= 1 ,3 ,~ ,S H ~ I:. (1\ 11 ) , n = 5: 6:" 1.

IlY.CTh UHK.!:I_ C H~ .MHHHMaJI8H.· Tor.n;a OH co,n;ePJKHT Bep~~~

1:-ro po,n;al
.". ECJm 'tlHcho BepurnH''- f He MeH:bll{e~~~ 6; TO na CJIe,n;c,T~

~ • ~. • ..... '110 I j ~ r. ~ ., ~

.~,:.~~!q._.~eplIIlfHa__ .~_, .sT?r? .~~a._H~. ~O~~T d~T:O .. _B~purnHOH 1:~.o 'po~,
, I'

,na,' n03TOMY B 'STOM cJIy'tIae HaimeTcR I Eeprrrn:Ha-~e I-ro po.n;a UKKJIa:'
..1 .... .. , , ;J., ,

C , OT~~M OT 1tt · C~.ff!l~~ B98. Bep~.HH"1:~ro p~.n;~.J.~·~~:..e
~. erD _06pasOB': o~Jmtnrne o~, .13~pnrn:~ 11t H ee. o~pa30E. B PS3Y-

JTh,TaTe MbI rro.JJ.Y"ri'rM JIH60 YlKe rrepSllliCJIeHHl:U6 rpagJl:l !BH;I1,a siCl\ n l -8) j,
JIH60 rpaJ1!1:l G: (1 ,,,' 2; g), c;' U', 'I, ß), G: (~,' 1,8), r;ne"
'- 2. . ~ .. 2.
~) 1 1CM'. :ra6~', ?' 61(, Jrn60 rp,8!PH .r , y,n;OBJIeTBOp~~e yc-

..JIO~~ T~OP~~, Y. KO~OP~_ BepurnH8.. 111 ~!l~!·C.fI BepIIiH~<?~ ,1:-ro'

po.n;a" oCT~HHe Be'pnrn:Hbl UHKJIa C -.·2~ro po,na :vI )Jl'lliJI 'C CO- r
__. Ir •• ~.. ~ ,_.J+,I- r"....··.. "'...., ........ r _ _ .. r ...._ ... ~ ..... rI ..... ~ _I. .... ~,,,,,{, .... j.

, '

.nSPJKHT He OOJIee ~-x BepuimI. B nepBHX .nByx CJIY'lI8.fIX MhI IIOJly}iaSM"
~ . j. j • j .'~ .~ ~ • • },

'lITO f' nOJIYlI.aeTCR paa.nyTM8M pedep UMKJIOB rp~OB ~M.na

si. (JA h I e)- ,'--0.'(2; 2, f), Gz' (1: ~.. 8)Ttf;I, ~/(" , 1,~,
yRaSaHHI:lX B YCJIOBffi1:'. TeOpSMli.• B TpeT:b8M, CJIYtiae'" H3 npe,1J;JIOiKemI.fI

j" 'Ir....... I 1".. ~ 'f ... .,.... 1 4 ~.J ~ ... • ~ _" ~ I I. _ ... ~

4:4 •~8 no.ny'lIaSM, 'l3:T'O "IU1RJI C COBII~aeT c:; llMRJIaMl1::: rpa4>oBJ,
< • .., "," ',., , ••/

G-:,' (2, 2 , BA. (;.3' (1, ", 8) , G-8 ,G-;/ (~, 2" i) _"
r,.;' ('t, 1, 't), G-/ Cf" 't, 1)T~~~ 4-;~ f!pe9'r?J:r:'~Po~p~~:
Ha JIaHHSpOBOCTEfITOKaSHBaeT" 'lITO Bec BepmM~ ~ B 8THx' c~~a~'
-~t I I ~ •.. t'" ,_ t • :...' .<,

.ax )TaKOti; KaK' YK83qHO B Ta6mm;eJ 4. '/oTM8THM, 'gTO 0603Hatr8mIR
,. ..... .

rp~oB TaOJ1l'II!H 4 TIORaSbIB8IOT, H~ Ka.IU1S·; MHHIDlIaJ.[bffiie JIaHHepOBClGrf:i

rp~H oHH.~TarHBaroT?R~/_~

Cny'lIaH nepsBa. BcHKMll 8~TH'lIeCKHfi JIOr-TepMHHaRDH~ rp~

no~~aeTC.fI lloc~e,nOBaTe~HocTDro pa3~TH~ E8pmHH H~pe6ep H3 MHHH-
... • ... .. _ I" • .L ' ~

~aJlbHJD( 3JIJIHIITRlleCRI1X JIOr-TepMHHaJlbHJD( .. rpalJOB: r; ..:. ~1 '

RBnRIDmHXCH ~epeBDHMH~ B TIapaOO~yeCKoM: H JIaHHepOBCKoM c~,-qaej
t... I ~ • _.. ~.. .~.'

TaIDKe:- MOHrnO YKa3aT:b TaIDIe~' rpaPbl.
_.~ • .J • ,



-:l I'
I 1

TIpen~o~eHHe_ 4.4.20. _~~ C~fl~H~ TIapa~O~~ecKHH ~or-Tep

MHHaJI!>HHt1: rpaP, .fIBJLffiOll{HHCR .n;epeBoM HI CO.n;SpJKaIUHfi TIO Kpa:ti:He:tt Me.:...
j • , - .' .~ I

pe TpR BeplliHHH,no~~aeTCR TIocne.n;OBaTe~HOCT~ID pa3~YT~ BepillHH W
.' - . . /\./ . - r-' . - ,..-.- ,..-...J . •

peoep H3 r:parpOB ~ , lDn ' n~. 'r, JE 6 ' fE '1 ' JE 8 H' rpa'-

tPOB ~ , P5" '. ~. TaOJIID.Ul 2.

TIoKasaTeJThCTBo. py.n;eM C.TRrHBaT:b y Taxoro rpaq,a' r IIOCJIe;n;O-
~ .' ~ .

EaT~JI1>HOGTWBepllIIDI f ~r~ l?o~a, Ha KOTOpmc B~Of{HT. He 6oJIee~ ..n:~Yx.

pe6ep. TIPH 9TOM rp~ r 6y.n;eT OCTaBaT:bCHf.n;epsBoM c. npOCTHMEI
~ . ....

peOpaMH-~. B pesYJll,TaTe Mbl npH;D;eM mroo K ,MHHHM8JI:bHO,~ rrapa60JIH.~

1leCKOMY, JIOr-TepMMHaJffiHO~ rpafly:, RBJIRlOIUeMYCR .n;epeBoM, KOTOpH8>
.. . • ;,;..;/ r"J --- /"'V

DO Teop8M8 4 .4~13 CYTb ~ ,]1)h ' IE6 ' /Et' lEg, JIHOO

K napa60JIM,lI8CKOMY JIOr~TepMHHaJI1,H~MY rp81j)y, ~meMYCfl .n;epeBoMi

~~y KOToporo HS K~OH BepillHHH ~-ro po.n;a BHXO.n;HT n~ KpaMHeM M8-. .
pe 3~pe6pa. ITo cne.n;CTBHID 4.4.!4 BO BTOpOM' CHY~ae MH TI?~~a~M

rpaPhI' ~ , Ps- ' ~ Taommhl 2. ~.
rrpen~o~eHHeJ4.4.2~. BCRRH~ JIaHHepoBcKHß ~Or-TepMHH~HH~

rp~, .fIBJLffiOmHfiCfl .n;epeBoM H co.n;e~amH~ no KpaHHeH Mepe 4-e'B8~
• •• & J

lliH~, no~~aeTcR noc~eAoBaTe~HacT~ID pa~~TH~ B8pmRH H pe6ep

H3 ~e~..JIaHHepOBCKHX JIOr-TepMHHaJIbHHX -rParJ>OB, .fIBJLffiOIIlHX CB
j ,. - J _ ..... ~. - • • ~_

.n;8peB~mvm c IIPOC~HMH pe6pa.rvtH.: 8TO MIiUlliMB.JThHH8 rpaij)bI. ~0 ' -

st (JD'f' ~) ,.8 >1 ;~ sL( 1DS- ,$) , t= 2, 3; 5f(lDn},

Vl== 6,t, 8; St(lE.6 ) ; Si.(lE1) ;, si (rEs' C),. $~2 ;
Gt (1, 1, e) TaOJIID.Ul 3 Yl rparphl G-: - Gt U (1, -c, i)

TaOJIilllH 5.

lIOK8.3 aTeJil> CTBO • PYCT:b' r - TaROi! rparJ). IIaCJIe.noB8Tsm,HO

CTRHeM Boa BeplliHHH !-ro po~a, HS KOTOpUX BHXO~T He- 6o~ee ~BYX
iI. .... I ..." •. • • - •• L • _~. ..... + ~ •• t ., •• I -..::., ...

pe6ep. B pesYnbT8T8 MH.rrOJIY~:JIaHHepOBCKM~· JIOr-TepMHHanDH~
I . - c, -

rp~ f' _.fIBJLffiOmHHCB ~epeBoM c rrp~OTHMH_ pe~paMH H KOTOP~

Jrn60 MlI~8JIeH, JIH60 He MHIm'M8JI8H, HO H3 RaJK.UOtt era Bepurn:HH
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I-ro po.na BIJIXO,1J;HT IIO Kpaillieti Mspe TpH pe6pa. B rrepBOM, CJIY'qas.;

MIr Ilo.rrytIaSM rp~H Ta6Jririw 3,' yKa3 aHHH8 B YCJIOBHHI rrpe,1J;JIOJR8HHR •.
,- .... I

Ba BTOpOM CJIY'tJae paCCMOTpHM BepIIIHHY e '1-ro po.n;a; .n;e'peBa r .
. " " . I

IlyCT:b 1lt " "'i, "'3 - TpH pasJrn,tIHH8' B8p!IIHHH' r ,C08,IJ;HHRloIT(Yl"-

eCH c,; e pe6pOM. TaK KaK r co.nepEGIT H.e:. ,MaRse 4-x E~pnrn:H,·

TO K8lK,IJ;H1t IIO.n;rpatP [e. ,1'2,~ S~JIJmTHli8H 1'1 IIOSTOMY ~8prrrnHH 1Yt,
1?z,: 'lr3 ,2-ro po,n;a. IIo CJIe,n;c.TB~ I 4. 4 •~2 no..rcrpa4J fe, ,, ~ , ".
1lJ., "'b;\ H8 Mo~eT 6HT:b.· SJIJrnIITl'I:<I8H ,TIoSTOMY OH Jrn60 rHnap6omr,...

lI8H H Tor.u;a r :::::fe, ~, 1'JL,' ~~'Jrn60 OH rrapa60Jllili8H HlrI CO.nSPJKHT Tor.n;a eme TOJI!JKO O.II;HY EepllIHHY 1,.;" . TaK KaK r I
/ .

RBJIH8TCJI ~epeBOM, TO Mbl rrOJIYtIaeM, l1TO r HMe8T TY IRe wopMY,
tITO H rpaJ1)H Ta6JIHU;Ii 5, npHtISM IIO yCJIOBIDO BspIIIHHa 'l.) TaroKe.:: 2-ro

po,n;a, TaK KaK H3 He8 BblXO,IUIT 0,Il;HO ps6po. CTRrHBM BepIIIßHY e lL

B03HEKaIDmHe B p83Y~TaTe 3TO~O H rroc~e~mHX CTRrHBaHH~ 'HpBHe

BspmHHbI I-ro po.n;a, MH .n;OJDKHH nOJIY'qHTb O.n;HH M3 MHHHMaJIbHHX rpa+-
, , '. ~ f'

flJOB TaO.JIHUH 3. OToIO,na des Tpy,na nO~l1aeM T01lliHH BH)]; rpa,mOBr ,
, .

YKa.3aHHHH ~ Tao.mru;8 5 ~ 0603HBt18HH.FI rpar;PoB Ta6Jrn~ ..U:l 5 IIOKa3l:lBaeT,

Ha KaRMa MHImM8.JThHl:.le:; rpa411i OHHl CTRrHB8lOTCR. J1J'"
, I

3aäMSMCH Tenepn EHHCHSHHSM ~?PMH napa60~~ecKHX H ~BHHepOE-

C~ JIOr~TepMHHaJ1I:lHHX .nepeB:D8B r . OHa SaBHCHT OT Toro, Ha K8-

,KOH H3 rpawoB' rrpe.nJIpiKe~l1 4.4.,20 ß~ 4~4.2! 9~O ,n;epeBo CTRrß~a~:/,

TeR. HaM. 6y,n;ST y,n06HO, BHatIaJIs,. .naTb HeKoTopbIe o6II{He orrpe;II;eJIS~
l ~ ~ .. .l • • _

I:rn:R. H830BeM CTJIrHB8.HHe BepurnHH /HJm· BeKTopa!1:-ro po,na e
... . ~ . - ,- . ~. . ... - - ~ .. .

cJIaOl:.lM CTRI'HBaHHSM" eCJ;rn H~ BeplIIHHH e BbIX9.llHT He 60JIee .n;Byx
• • • .• I ~ "fr t • .... l4" ,

pe6ep. Jlpyrmm CJIOB~, CTffi'MBaHH8CJIa6oe, 800m} OHO oopaTHO' pa~
-- ..,; j.. ~

3~~mo BSPlIIH~ ~ pe6pa •. JIor-~sp~aJll,.HHti rpaj) r , He .n;onyc-

KaIOInHti c~a6bIX CTRrMBaHH:l1 r -----.. r Ha3hIBaeTCH- cJIa60 Ml?IHMMa-



~HIDJI,.JV1RHHMaJffiHl:lti rp8!Il, OtI8BH.IJ:HO, H CJIado MHHHMaJIeH.~~ 9~II~

TH~ec~ ~Or-TepMHH~HHX rpePOB rro cne~cTBHID.4.4.i2Bq~Oe'CTR7'
• ~ • _ J I ", 1"1"

r~:aaHHe:, ~epIllHH1:l'1-ro ..po~a ,ßBJIR8TC.f.H c.nadIDJIi cTRtHB8HHe~; , ,II09TO~r

BC~MCJIa60 NMHHM8JII,HM MO,n;e,m, MHHHM8JII,Ha. I'Pl:4Jll ~ , Ps
~ rrpe;J;JIOJKeHlUI 4. 4.20 H rpacI>bl .TaO~ 5 1'13 rrpe,n;JIOJKeHlUI~· 4.4. 2f

.HBJIRIDTCf.[ CJIa60 MRHHMaJU.Hl:.lMH, HO He .ff.BJIRIOTCR MHHHM8.7IfHHMHl TIapa60

JIH~eCKHMM H ~8HHepOBCKHMH.JIOr-TepMHHanbHHMH, rp~aMM.· BCRKHH'~6r~
+ •.• '

TepMHH8.JIl,HHti rpa4J r .n:orrycKaeT IIOCJIe.n:oBaTeJID~OCT:D CJIa6HX CT.lI~

r ruhtin' ' , r16ntin
rHBaHHH :. Ha OJIa60 MH'HIDJI8JffiHW- rpruIJ' .' BlOt1'\i n , ;, , ~ . . P' • -'. • •r HaSl:lBae,TCR CJIaOO ',l\OOU-!MaJThHO~''MOneJTh~ raTOM cJ!Yt1ae'

-~... ~ - !.-

ITpe~o~eHHR 4.4.20 K,4.4.21 MO*HO paccMaTpHBaTb K~ OTIß98HHe
~. . .. .. .

c~a6o MHHMManbHHX Mo~e~eH napa6o~eeEHx'Hr~aHHepOBCKHOC ~or-·
••. " • • l.,i •........;,l...-_ ...

TepMMHanbH~ ~epeB:oeB.

CJIe.nyroll{He yTBep]K,ll;eHH.fl orrn:ab1~~T epoPMY rrapac50JIH1.I8c.IGIX :~r~ JIaH....

HepoBcKKX" ~or-TepWiH8JlDHHX .uepe~'eB, li!M8roumx Ma60 MyUIRM8JIDHyro

Mo,n;e,m" OTJ]}l~ OT ~ K G-3' (~1·, 1: ~), ~ 1/ (-1, .ß ~ 2) ,&z(1,1, t).
ITI0 CJIe,n;rru:e c.nYtIaJf. HaH6OJIee CJIOlKHbI ~L 6yllYTpaCCMOTpeH~. ',no3)J;Hee

• • • • , .; .' "~. , ,J ,

BMebTe c. 8JIJIWITxp·leCKHM CJIY1.IaeM.1 OTMeTHM, llTO' npH~ pas.n:yTHHi npo-
~ ,. t • • ..J _ ~ r 10-. I· .,r, .- _".. ..;u . _.. ..

CToro pe6pa BHll: ,n;epe,Ba He MeHßeTCR IT. S·. He .Il:O~~ffiOTc.r.t H0BHe:."

KOHlU~.L~

TIpeMoJKe~,~ 4.4.22'. ITyCT:D r - c~~.~?e na:p~6o~e<?Koe' ~or~

TepMHHaJThI:I?e .nepe~9 .. 11: rryCT:D r ,I(onycKaeT no6J:re.uoBaT8JIDHOCT:D ')

CJIaobIX CTEI'HBrord r ~ r1Dmih ~a ~~6~'~~8JII,IIYJll' ~~,n;~Jlb
~ "-./"..........." r- _... - . ,,~- _.

r üf.,. i. t1 , JD 'ff fE lE 'D, ,~,9~~,?P~- e.c~:D t1'.' G' 1-' .. S HJllr:., 'f '

P5' ~ ' .. T~r,n;a r II0J.lYtIaeTCR H3, r'l6....~h , B, pe3YJIl>TaTe rroc':"

JIe~OBaTe~~ocTß pas~THH pe6ep.
.. . I ~ ~ ....

Dpe.nJiO)KeHH8 4.4.23. TIyCT:D r - 'JIaHHepOBC~oe JIOr"":TepMMHaJI:D-

Hoe ,n;epe~;'H ~CT!:> r,n;6rryCKaeT rroci.re,n;OBaT~~~OCT:bCJIaObIX CTR-
" . ~ ~ ..- .. 1ühtin - . . .'; 16mi'~:"""

rHB8.IiI'rli 7:: r~ r Ha CJIa60 MIDnIMaJThHyro Mo.n:eJTh r , KO-
I 'j.l ~'.. '1 ,4 j....... .. ~ ~ ~. ~ ~ -l \. - f.



rJ t1,
: I'

HbIM' IIOCJIe.n;OBaT8JIl,HOCTH paS.TI;yTRH pe6ep"t 'np'oHCXO,IÜIlI1,Kx H3 no.n;rpa4)at
~ rp~ar1Ut'tli.I1.- , .' '-'.' " '.- _.' ." '

HOKa3aTeJThCTBO' rrpe,n;JIOJKe~tt 4.4.22 MI 4.4. 23!.
~.. ~ • J ~ • I..... • • • "" ,.-

Ha1I-S:8Mj co CJI8.nyromero:/HeCOMH8HHO o6m8MsB8cTHoro! o6~ero 3a-
.,. . ~",'.'" ~ ',.

M8tIaImR. TIyCTI:; 5: r .,. r - nocire,i(oBaT8JffiHOCTb CTRrH:Ba.miii "Be~

pllIHH I -~0 po,n;a 'rprupa r , ÜHa,. OlJ~BI~HO, orrpe;IJ;~~eTc~ rrOCJIe,n;0-

BaTeJll>HOc Tl>RJ 'l11 ' ~ ," 1'h BeplIIllH rp8liJa r, Jll3JIRIOll{llXCH COOQ,-

TB8HHUMH npoo6pasaMH CTRrHBaromnxCR BeplliHH 1-ro pona B TOM nopR--

.n;Ke~ B KOTOpOM OHM CT~HBaIDTCR.

]eMMa~4.4.24. CTRrHBaHMe;TIOC~enOBaTeJIl,HOCTß BSPlliMH 1-ro pona

He 3aBßCHT OT nopanKa CTRrMBaHHM •

.lloI<aS8T8JThCTBO. TIy.G,T:D 'b; t • • • t ~. ~ ~~pJIe.no~aTe~H~~Tb

Bep~H rp~a fl t onpene~m~.nOCJIe~OBaTeJIl,HOCT:D CT~aHH~'

Bep~!i ,'i-ro po.na ~ .~~T:D w:, ,... , 1Vn-- npyraR IIOCJISnOBaTeJIDHOCT:b

eT.fII'HBaIDr~ Tex ]Re Bepum:H. TIPOB8ltSNI'. 11JUQIKIOOO TI0 n . .I(.rrR n=: 1
- J r~." "'t\ ••

YTBep2K.I(e~e O'q~~HO. _~CJmz U1=1tJ; t _.~O 06e nOCJIe.n;OBaTeJIDHOCTH:

CTHrHB8.IDItl 8KBHB8JI8HTHbl DO npe.n;nOJIOJKeIDDo MH.JUTKIIl1li. IIy:CT:b

1t:'" ~= 1Yt ,r,n;e 1<."t ~ h. 3~eTIDß,lJTO'll'f',,,,,_~~=
= f?eS:; , ' ',' ,1J5'n ~ - 8JI.JllUITHYeClwe rrO,n;MHOlKe~TBo B r, TaK KaK:

OHO C~.flI'HBaeTC.ff, rr08TOMY i 1!J:i , ... , l:Jf.-f~ - T~ffi 8~rrTH~emweJ
no,nMFiOJK8CTBO B~ r . II08T0r0Y npH CTRrHBaHIDii' nOCJIe.nOBaTeJl1>HOCTli-I

I!epnmH ff'1 ,.,., t?t-1~ (06P~3)'~B9P~H -' '. ~



bt ' ··.,
1Yt =1V1

es.. Bec: He

19"""t'l o6pasyI6T 8JIJIHIITM,B:S:CROe; nO,!(MHO~enTBO. BepUIKHa~

--, ~1-ro J?0.n;a., n08ToMY npß CTBnfBaHIDE ~ , ••• , ttt-1. .

M8HR8TCJi", TM KaK OH MOJKeT JllIlII1> YMeIffirrrn:T:O~.ff_., HO He M(r-

lK8T c'TaTl:. paBHHM, HYJIHJ, .. lI·TO IIpo.Tß"BOP8~O .. 6~-J SJIJmßTlfHHOC.Tii,

~ bf , ... , 19'n~ • _, OTClO.n;a CJI8.ny8T,' lfT~ Bep~Ha" 'l1f ~ W1 He", G:oe~

,IUrHR8TCR B r pe6p~ c BSpllIHHaMH'j ~, ••• , ~t-1 •. B aTOM.']

CJIY:tIae,;, OtIe:BH;UHO; nOCJIe,nOBaT8JlliHOCT1>, aT.fII'HB~'i1 1rt ,...., lr'n

8KBHBaJI~HT.!fa nOCJI8.n:OB~Te,JThHOCTH,CT.Hr.~Ba.EmM 'b51 '. 191 ,~ •• ', ~ -1 '

'l1f+-.., , •••;. ~t1 • IT0c,J.I8,UHRR TIOCJIe.noBaTeJlliHOC~:C CTRrHBa.HH'~'. B:.

cHJIY npe,UH,I1J11l{ero 8 KBHB8JIeHTHa TI0 CJIenOEaTSJH:,HO CTH! .CTBrHBaHH1it

l6.f ,... , 16., • JII" .
1tf.... 11 t1

)loR8JKSM , rrpS;IVIOJKeHHe, 4.4.22. HyCT:b 6: r ---} r
- CT.ffI'llBaHH8 nOCJI8,UOEaTeJlliHOCTH BSpIIJIDi I-ra po.n;a-. IiIYCTn ~ ,.

r t.>.,,':11 I -f()
•• '. 'tYd _.0 Bea pa3~ffi:IH:e BepIIIllliH: rpaPa . H~ ~. = 6- ~.
--" . " 10", '" t1 v I

EcJrn, 11i ,'1Yj - coc~HHe Bepurn:HJL r , TO Bepurn:HlE 1ri. '

1Yj' COe,IUiHffiOT;.ff B r e.n:IllicTBeH~ IIY~eMI rz.i j • He co.n:e~ac'-

lIlHMi BepllMH 1Yl ,OTJllPIHIiX OT ~. He 1tJ • CTffi:leM BCe IIOCJIe:nO-

BaTe~HOC~H(BSpllIlfH i-ro po.na, JIsmamIDC Ha rryTRX' _"ti, j,. H'l OTJrn'lI~
I J r I a

HIiX OT 1ri ! 1J'i . IIYCT~ 7:: ~ r - 8TO C:RI'HBamre? Torna

TIO ~sMMe~4.4.24 MH rro~aSMKOMMYTaTHBHYID ~HarpaMMY/

r 6 ~ r 1lTrn
" 1'1

7/~r' /6'
nOCJIe,UoBaTeJThHOCTet!.. CTHrIffiamIif Bepnrn:H i-ro po,na. Harne, yTBeJl'K.llffi-

'r' r' 16mihrrnej 6y.neT fo.nOK~3aHO·, 8CJll11 MlJl· nOKaJKeM, l1TO, = T .'&>•.

I r'~o TOJKTI;S.CTBeHHO. TIo-nepEl:OC, B ,rpacPe. BC.ffRM BepIIIIDIa~,

",,/'=6'-I( fTi)= 7:(1"/) HMSST Bec; He) MSIffinm;ä, 'leM BeCi BepIIlIlliH,,"
I' - . .

""i · Bo-BTOPIiX '?~:o .nOOTpoeIßi!O r ,eeJllE 7ri, '. ~ - COCS,- J

r f.J/tl'\II~ 11 n - r
.nHHe~ B~pmRHl:V' _ , TO -'Bepnrn:HH:' ~ , 11[ coe)J;ßHRlOTCHi E~;



30

1- 11 "_.'e)UllICTBaHHhlMi rryTSM:, Ha:. KOTOpOM; JI61KaT, KpOMe:~ v i li~ (T]I- ,JImlI:b
.' 11 a '

BepIIIHHHli BToporo po.n;a,' OTJIH~e~ OT BepIIIHH 1r~ .', 1t= -1 t~" ~ " n •
" [ "1_" 1- 11 ] ' 'r.0603HatrnM·.. 'tIe~83 . vi' ., ~ ~,,,,1. CBR3HÖ~:; no,IlJlSps:so B: , Ha~

1/ /I .\ ' . ,
TRHYT~e~ RaA. 1ti ' ... ; ,'Irrt • 1f31 <m;eJIaHHIDC' 3BMe~!j IDI)l;~; rpa4>oB

r1DPMf, n
E-t KJIancHtPJllRaIIIDIl 3JIJmIlTHY8.'GKHX JIor-Tep~aJIbHIDC rpti!PoB:~

BblT8Kae.T, tITO 8TO no.rur;epe.BO He:j MOJKaT ehrT:b 8JIJmIITlIlIJ40. BOSTOMY
I 1

OHO napaeOJIHmIO H COBna,naeT 0, r . ECJIHr 0 He TOJiU(eCTBeH":"

HO, TO HaH,n;eTC.A: Beprrurna !-ro pO,I(a rpaq,a r I ,OTJllI:trn8.ffi OT 1Y/'
i:::. 1 , ... , n , .HO S TO npOTHBOPSIDiT IIOCTp08HHIO ,n;epeBa:

r '-[ " /I]- ~'" ., 'b-'~ • CN r'lOtlti n
JloRaJKeMI npe,n;JIOJKeIDIe~ 4.4.23. IIyCT:D Sc=.' -- napa6o-. r 16~c:.n' ",.,...,* tG)

JIHY8CIGIi1:, nO)l.rpaw • TIyCTI> v ..) -- IIo.n;rviHoE8CTBO

BC8X T8X B8Plllllli r , KOTOPB&'/.flBJIR1OTCH JIHOO COOCTBeHftblMH~ npooo:

pa3aMH[ BSpnm:H \§' ,mICSO npOH30illJIH" B pesyJIDTaT8 paS,IJ;yTHR'

BeplllliH 11 peCiep 113 nO,IJ;rpa!Pa t:§' • 'Tor,IJ;a '1:'*~ - ~B.iI3Hhltt na'

paOOJllI~e.CKHj;i. no,n;rpaP r ,OTJIK'9BlOIqHHCH OT r ~lIffi Hai BSp-
,-. . " . 1f}.-Mira

mmry ~ -i (7r) , r.n:e' 7r - I BepmHHa r . ,HS npHH8,II;JI8JKamaJB'
, - . 1tfm Cd1rs . OroKl.n;a CJIe.n:yST ~ tI-TO er:: r---., r .ffBJlffeTCH IIOCJIe.n:OBa~

TeJIDHOCT:bIO paS,UyTl1:i:t BSpIIIHH·, 11. peCSep, IIPOHCXO.IJ:~ H3· no~pat1Ja',

~ • nO,IJ;rpa!P, ~ COBna,n:aeT C O,IJ;ImM" H3 rpaPOB r 'lDtII';',.
I • 4 ~.

~ps.nJIO~eHHJrl 4.4.22, '~?a·TOMY no npS,Il;JIOJKe~, 4. 4 ~ 22 7: RBJIJI8T-

c~ nOCJIe~OBaTe~HOCT~IO P~3~TH~ pe6ep, rrpOHCXO.n:RmHX H3 no~pa~

lPa ~.. ~ . . ,- .. ,

.uoKaaaT8JIDOTBO rrpe,Il;JIOJKSHHH 4.4.23 rrOKaSHBaeT, tITO OHO Ha',

CaMOM, .n;8JIS:; HMSeT M80TO ,I(JIJL H8.CKOJIDKO oeJIee.llIßpOKOrO, .-q8M B npe- .
_ ~ilo _ .... ..1 4 • ..... , ~

,I(JIOJK8HHHl 4.4.23, KJIacca --.JIro:II~epOBC:K.KK ;;rO~~epMmIa.JffiHHX .nepeB:bSB
'., d.,._,,'·, .• ,,1".;._ .•,. • •. ~ "_.r , co.n;ePJKaIlUfX IIapao,OJnfqe~ JIo,n;rPacPI CSJ ,.n;OrrYCRBlDIIUd! ~"la-·

- ti~ ,~. .. 1+ ... I

60 .IvllIllliMBJThHYIO MOneJTh 7: :~ --) t.3> ,r,n;e CSJ - O,IUIH Hai OJIa6o, .
.. "Jl. ,4 ;.L



j .{

-...J 1"'....../ rv ~

MKIDIMaJIb~ rrapa60.mrneCRIDCrpar.POB. "Dn lE" fE1-' Ifg

H;}lli; ~ P5" ' Pb "CJIe,IJylOII1ee" YTBeplK,nemIe, .n;aeT 0rru~?JIHe;
, .

Bcax TaKKX rpa4>oB' Mt: nepSHOCHT; Ha HKX peSyJI])T aT , rrpa;II;JIOJKeffim
~ _ • • ....:.... ~ ~ ~ _ • -111 • ., J.......J "\ ~ -+--- _ ~.,.. I ~. • i... ~ - . l .~ j , ..... I I ~ .

4.4~23.

IIpenJIoJKeime:' 4.4.25. IIyCT:b' r - JIaHHSpOBCKoe JIOr-~Tep~H8JIJ:>-
~ '" '" ._ ... , _ , 'I.~ " - '.', "

HOB; ;IJ;epeBO', co,nep]Kamee,' I1apa6omrq~cR.in no,nrpaP ~ ,:nOmyCRaro-
Lj· t 4 ".l,' • j.. ~ ~... • .. ~ .-#' I - ~ •• ~

mir~ CJIa60 MllHKMEuThHYro Mo.n;eJIb .~: lSJ ~ l§> , r.n;e·; ':§> - O.n;HO H8
.' _" ~... '"'"- ~ """"-..I-

cJIa60 MilllliMaJIbHIDC rrapa6oJm'IeCKIDC .n;epeBheBc JD,. , IE 6 lf 7- •

'it8 • Wlltl PI( , P5" ' P11 •,......, .

Tor.ua rr;. npo,nOJDKaeTCR,n;o IIOCJIe,n;OBaT8Jl:bHOC.THl cJIa6m: CTRI'l1~

r n - . n 16,.,,"
Brom,ti 7:: ---> 11 ' r,JJ;8 JII100 1

1
:::::' r - Tja:EOKe c~a60 ~~

Man:oHoe~~Or-T8pMHHanDHOe ,n;epeBo, y,n;OBn8TBOpRIDmee YCJlOBH'RM rrpe,n

JIOJKeHR.lI 4.4. 23 • Jm60 r.; -::JT0 o,nmr H3 rpaPoB ' si ( 1Dl( , 1) I CM ~

.Ta6.mmy 3, a//. Si(J..l.' 1) I • 0.. '(1. , 2, 1). Gl " ( 1, 'r, 1),
G-~'( lt, 1, 1) I CM. TaO.mmy 51 I Be ::J TOM" cJIY'Iae G.n;orrycKaeT CJIa

608 CTRrHBaHH8 Ha CJIa60 MH'HHMan:bHH8 Mo,ne~'COOTBeTCTB8HHO

I ' ) 1I( ) . 11' 1) N( I)
G-?> ( -1, 1, 1, G1 f, 1, 2, ~ (1, 1, , Gt 1, ~ ~ , 2/ '

r;;(1, 1,"S) /". B JII060M CJIY'Iae: 7: .lIBJI;;reTC.lI 06paTHHM' rrOCJIe.n;oBa~

T8JI])HOCTH pa3~THfi pe6ep, npOHcxo~RmHX M3 II~pa6oJlHHeCKoro:

IIo~paiPa.. ~ c::. r;
lIoKa3aTeJThCTBo. llHcJlO Be:P~H ~ He MeHDme 4-x, n08TOMY

lffiCJIO B8purn:H r; He M8HDIII8 5-TH, a 'TI1:CJIO Bep~H JTIOOoro rpa4l~:.

r' . npe.n;l1leCTByIOII1er~ r: IlpH. rrOCJIe.nOBaTe.1II>H~O~TH; CT.fl1'ID3aHHH

7: J He MeHlJIlI8; ~. Do CJIeJ.L~Tmno 4.4.1::6 H3 ,Ka.JKJ];OH~ ~epIIIIDibL~-ro

po,na rpaI!a r B~O.IJJI_T He__,OOJlee ;IJ;BYX pe6ep. OT,cID;n;a CJle.nyeT,.

'tfTO rz: - noc~e,n;OBaTeJI])HOCTI, cJIaOl:lX CTRrHBaIrnt!. TIYCTI, 1Y - BS-,......., '.

purnHa r , He npHHcmJleJK~rol: ty . ECJrn: T(1Y) m3JIR~TC.ff BSpIIrnHoit
, .. . 'r' r16"ntih . -

2-ro po.n;a, TO, o 118BH.D;HO , '1" = - cJIado MlllißM~HOe?;
. ~.

,rr,epeBo, TaK KaK OHO COCTOHT 113 :3 H BePm.mllli: CC'( 'lY) •..ECJIm



v 1
f) 0,-

f = 7:( ~) JmJiF.I:eTcR BepmMHOH i-ro po.n;a~, TO HS? f BHXO.n;HT pOBfio

O,IlHO peopo B O,IlHY H8 Bepnnrn CY ,TaK KaK cg CB.ff8HO Hf r;
.ffBJLfI8TCR .n;epeBOM,. llpOCTo:f;l nepe60p BCBX B03MOJKHHX rpatPOB

, I""""v """ __ rv-'

~ = ])h' lEb' [1-' lEa ' ~ , P5 ' P6 ,IlaeT, 'lTO r;
.fIBJIH8TCR JIaHHepOBCKHM,' rpaJ;PoM-. JIm1.l!>' B:. Tex c.rryll8RX, KOTOpH8 YKasa~

HH B rrpenJIO~eHHH~ nOKasaTeillDCTBO rrOCJIe.n;Hero YTBe~eHHH .n;OCHO-
~ ~ ..04

EHO IIOBTopHeT .n;OKasaTeJTh CTBO npe.n;JIOiK~IDIR 4.4.:~. ",.

PacqMoTpHM: T8rrspb HaH6oJI8'e CJIO'KHW c.rrytI~, Kor.n;a~ r RBJIR~

e,TCR JIOr-TeprvnrnaJIOHl:lM: .n;epeBoM~, llpHHeM; r - JIH60 CBR3Hoe; SJI

JIIDITWreCKOe, Jmoo CB.ff8H06' Il~paOOJIWqeCKOR, HO r He ,Ilorry,CRaaT

~aOOH MlfImMam,HOH MO,IleJllii ez:: r~ r1V",i n, OTJmHHO:!t OT

r·16'ttti.., D r r== j 1 ,Jrn60 - JIaHHepOBCK08J .n;epeBO, HO . He; c.o-..

,nePJKßT napa60JmReCIGiX IIO,TI,.IJ;epem,8B: 'SJ , CJIa68.ff MmmMaJThHWI- MO-
'. @ tSze~i" @1Dttt;"n . , D . "

.n;eJTh KOTOpbIX Cf:: -:J~ OTJIHHHa OT S. , '= '1 .

B aTOM ~'Iae~: RahE nOHa;n;06mcR CJIe;IJytOlUH8"3 nOHRTHR. ITYCTll r 
CBR3Hoe JIOr-TepMHHaJIbHOe .n;apeBo e; npOC_THM~H pe6paMa~>. HanoMHHM",

; . ~... .

lJTO IIOCJIe;:I;OBaT8JffiHOCT:D BeprrrnH C=~, ~ , ••• , 1rJ, ,- n? 0 ,~~

peBa r HasHBaeTc.R .JIeITh~!.ec.JIHi Bce;; Bepurn:~bH 'lJo ,-&; , ••• , "l1"n

paS.Jn.rnHll:. 1H BepllIKHal 1Yi coe.n;MHReTCIH pe6l?OM G) BspnrnHott 11j, +1

.n;JIg·r Bcex 0 ~ i, ~ n-1. UeEJ:> C= 'öD , ••• ,~" BSplIllm .1lepeBa1

r HasHBa~TcR lleII:bIO 1-ro pona",8CJm! 110, 111 , ••• '. lYn ,n;aroT IIO-

CJIe.nOB8T8JThHOCTl). Be~OB ( 1, 2, ... ,.1.) Mi ue~ ~,11;, •••, '11;,
RBJI~eTCR KOHIJ:OM'i ,n;epeBa r , T. e. ,,~.nH-HcTBeHHM Be,purnHa 1ft n~~tl

~ , ••• ,' ~ , KOT,?pöJH Mo~eT coe.n;murr:OCH·l pe6paMH1
: C Bepnrn:UaMHt r ,

OTJm~ OT 110, ••• , &;, " 3TO B8punma1 'bO , rrpHReMi 1133. ~eplillurn:

?l;, B .. .npyrHe~ BSpIIIRIiH 11' € r , ~ =/=-' 11'i ' i~,. 0 , .•• '.Y1
MOJKeTi" BHXO,nHT:6 "He' 6oJIee' O,ItHOrO pe6pa., EC.IDL TaKOe pe6po·i eYmercT--

" , .

ByST, ··TO, Bepnrn:Ha· 1Y onpe.n~ireHa o,n;H03Ha'tlHO H;'f HB.3HBae,TcR· B~plIIlf

ROjt. 'Ha KOTOpOit BHXOlIßT uen f-ro .lpo.na; C . BapirnH"a' 1ro H8.3UBa~



8.TeR Ha'qBJIOM.ll~IDri f -ra po.n;at C . :Ks anpe-,n;ffiJIeHH.ff Me.rcY.':Ei"T, ~o

BepIIlHHa., ~,SIBJIII8.TCH KOHIJ;OM: .IJ;epSBa r . ÜHa Ha:nmaeTCJL KOHIJ;OM~

/~i KOHIISB0H BepD1HHotV ueIfHT 1-PO .po.n;a; r. /HarrpHMsp, rpatPH~

G
b
' (1, 1, 8) He ~ 11 (1 ,e, 1) Ta6mmlJ:, 5 HeHMeIOT ueIIe~ 1:-f'O

po.na./.~ BH6pocmvl' Ha .n;epeBa~ r Bce: uemI;: 1:-ro po,n:a·. OCTa.BIIIHtlC.f.H
• 4 t f I .

rpa!>, r; Ha3lffiaeTOJI OC~IO .IJ;epeBaP • Ha orrpe.IJ;e3.I~mm uerreit: !-f'O

po.n;a CJIe.ny~T, l1TO oo!> ~ SIBJIIIe-TCR C~3H1iM; /MOJK8T ObITIJ, rny.GTHMI

.n;epeBoM·. ,YlMesT Me.eTO CJIe.n:yIOIlleS; YTB8PJK,D;8HHEt, .n;ORaSaHHOe·". B [13J
/6Jm3~oe yTBeplK.Il;sHHec TaIOKe:J CO.IJ;8plKRTOH B{12] /. '

'. ,_ I + •

TeopeMa~. 4.4.26. IIyC.T:b r _. CBJI3HOe) JIOr-TepMHHaJI])HOe,~ .nepeBo. "

0; npOCTHMH'~ pe6paMRl, KOTopoe mrCo 8JIJIHIITIDIHO , JrnOo. IIapa6o~'tJHO,, , . r - p10tMin
HO He .n;orrycKaeT CJIa6o~ MIlliIDJIaJThHOti MO.n;SJrn1 '"t: ~ ,,.. '. r-WttlirJ p
OTJmBHOH OT = 1, JnI60 JIairnepOBOKoe,' HO He' oo.nep--

lKB.lJ.lee: napca60.mme~·: n0.IUJepe;B})eB~ ~OJIa68.ff MHHHMaJl1>HaR- MO.n;em,

KOTOpllX 7: :' ~:-,; f3l1Y"'i.n OT~lffia! OT t§ 16"", .. n== p. • '.
1

Tor.na-::

a/ Oe!> ~ Jm60 nyCT,1ii, Jm60 SIBJIIIeTCH ueIThIO, Jm60, HB.1IR:MOH .

..n~pe~OM, COCTORmEM.pOBHO H3 Tpex KOHUOB'/T.e. COCTO~T H3 .~pex

uenei-i, BbIXO.n;.ffillHX H3 O,U,HOH B8p1IIHHW. ,

61 EOJrn'-l oCI, r:; rryoTa, TO rpar.P r HM8,eT BI-UJ;

o •• ... --./

9JIJmIITHtI8H,

0--0

ecmfl r rrapa60JIH!.I8H,

S.CmIi r JIaHHSpOECKHH.



BII ECJllii. OCb r He nycTa"l, TO K~asI :o;em; I-ro po.na~ EWCO,IURrT'o .
~3 HeKoTopo1i BepIIIKHH OORl r;, , p8.3JIHrqHhle:~ ue,~~ :I-ra po.nat He~ HM~

roT o6~ B~.pn.rn;H H1 He:: COe,IJ;HHRlOTCH pe6paMHi B'J rp81Pe~ r .
., " ,.' " '.. • . !~, . ,"

nOKasaTeJIbCTBO.• IIpe.nnoJIOJiGfM" tITO .JJ;B8:; paSJTIPlllhle ueIru:l JI-ro

pO,IJ;a C1 Hf Ci- HMelOT o6ume; Be~~~ 11~ o~IJ~~~e~ nene~.> 1:-:ro

pO,I(a\.GJIe.n:y'}a.~ ,~O O,UHa; 'H3:: ueIleH, CKroK8M, C1 ' HMee~ He .MeH8e)

,I{Byx BepumH, ..'uerrn'l C Mt C ~eIOT' o6~~.BSpIIrnHaMH! JOOIID o6myro
- . ;' .",',; .t,: ";'.' ,: , '. -". 1 1..",.,.", '.: .. : _.. -l' .. • ,

BeplIIHHY ,i-ro po.n;a, TIPH 9TOM· .nepeBO r HC't!ep~aeTC.fI o6~e,IJ;HHeo;o-
r •••• , ~ • • ,.~L.:....... '

HHe~ STHX: uerreii /B 'IaCTHOCTH-', _~ _rry~Tol. OrClO,IJ;H H Toro, lJTO

ue~, ..H3. Tpex ,Bepqrn:H C n?.cJIe.nOB~T8.JThHOCT}'EO BeCOB· (2, ~ ~ ,2Jn~~

pa60JIH'IDIal BHT8RaeT, 'qTO B 9TOM. c~tIae;: I - o.mm:. M3 rpalioE,.

YKasBJ?:HbIX B yCJIOBl-:UI" 6/ T80PSMbI. AHaJIOrHlIHO, SOJIH llB8 pa3~e:
.. • ~ I. • ~ ... _' ,r ,. - t' I "0'

ueIm. i~o po,n;a C1 Hi Cl He HMelOT o6ll{HX B~PlIIßH, HO COemr~TGH ,

pe6pro.m~, TO HX coe.nHHRST e,IJ;l1HOTB8HHOS) pe.6po,Me~ ..~.~ , Be~~H~~

MH,I.. 1:~ro po.na,_ .n:~pe~o r Hc~epn~a~.!c~._ ~~'be.nI-1;He~M~~~. ue~e!i C1 Hf

.. C2. / B: 'IaCTH0CTI1 , 0CI> ~ rryCTa/ ._ÜTCIO.n;a, Hi Toro, 'ITO ·ueII:b Jcl,-;

.nBYX BspnrnH f-ro po.n;a napa6oJIßtnIa~~ CJIs,nyeT, 'tITO rpaW r HMSe.T
~ ~ ~ t

O.IJ:HH H3 B~?~, _YK8.? aHHHX B Y?JIOBHHi..~( ~" 3~o .n;oKa3hlBa~T YTBe:pJK~

.neIDU3: 61 Hf BI ~
j..... ll,l _ ~

'uOKEUK8M: TenepD a/, npe~no~,ar8.ff.' ~?' 00:0' r:, He ._rryeTa., lli B': CIDJIY

B/ ~6He nBe pa3JIH'YB~e ueTIHi~-rO po.na H8JHMeIOT 06mHX BepillH'H Hi
~ j ~ •• ~. :. 4- ~

He COenMHRIDTCR pe6pOM.

B .nOKa3aTeJIDCTBe~9TOrO~HaM,nOH~o6HTCH nOHflTH8j CK8~8Ta~
4 .. .: \. ~ ~. - ~~- j • • ... ... 1

38.RMCTBOB~HOS ~~ [12.]. IIY:~T:O r cJ?H?HOej JIOr-TepMirnaJII,HOe~
- •• •• ~ ~ ~ .' • <), , ''''-'' lE" tM'i " - > . -" , L. ."

,nepeBO Q~ rrpOCTliME. pe6paMi'L H~ b: r~ r - 'IIOCJIe.n;OBaTeJTh-~
t • ~. J _ I ~ I~ ... •• • t _

HoeT}, CJIa6hlX C.T.RrHBamfii BSpIIIHH I-ro pona Ha CJIa60 MHHHMaJIbHYJO

MO,IJ;eJI:b •.. Be~IilllHa 'Ir rparpa r ~~~~aeT~H oTMe~~HHOM, '~CJlW BJIDO-
..11 •• • j • ~'.. • ~ - rj . 1 ~ 'Ir- __~ • ~4 ~' • ...

JIH8HO O;J;HO :vI 3 , ;lCJIOBHif:
••• ..... "11 ' ~..4



1.JfYH in
J,/ lr = 6-1("') , r.ue (J.,- BepmHHa:, r ,

Li,/ ~~ .Bepnrn::HhI 17' BHXO~RT no Kpa1iHeia M~pe .. TPH'~ pe'~pa:,

~ttl BeplliMRa. ~ BToporo po~a,H'cymecTByeT' e~HHCTBeHHaR ueTI~
• 1 ....._ • ~ /<#'. ~ ....~. I lijI

'Ir = '1t1 ' bi ,_. ~ ·, 'IY,,-1 ' :zrtl ::: 1V ,B- . r ,co.~,IUn{R!?ma.HJ '1Y C:

oT~e~e!IHoM ~e:pJIDlli~~ 1Jf, y~o~eTBopmomHetl i 1 MJIH i ,," I, np~eM:

Boa: .npOM8JKYTO'tfifHe BepIIrnHH ft"'z , ••• , ~_., 2-ro po~a: / ReHO, ·'t!frO

npOM8JKYTOtIHbI8J Bepurn:Hhl 1Ii ,... , 1Jh-1 TOlKe y,nOBJI8TBOl?RIOT i i, i 1 Hf

n03ToMY OTM8lJ8HHH/.- CKe-!Ie~oM' &( r) ,n~peBa r Ha3l:ffiaeTCJI no

.zmepeBo .n:epeBa r , OOCTo~ee H3 Bcex OTMe'tJeHHbIX Eepurn:R JtL

BCex BepurnH, JIeJKall.tIDC Ha COe,IUIHRlOIIlH:X IDC IJ,8rrRX 113 r . M:s OI:!lps;uer.

Jl8Hl1:.ff CJIe.n:yeT, l:1TO CReJIeT S~( r) RBJIR8TCR CBR3Hl:lM'; .n:ep~BOM·.

~e,~ee:< CBOHC.TBO CK8JI8Ta 3a.K1IKJ'tla8TC.ff B. CJI8,nyromSM' YTBe~eHIDi~,

.n;OKa3aHHOM· B [12].

Npe,UJIOJKSHK8::: 4.4.27. TIyCTll r - C,BR3Hoe JIOr-TepMRHaJIDHOel

3JIJIImTM'tIeCR08:, napa60mr:t1eCKOe HJIH JIaHHepOBCKoe .nepeBo,
d n 1.tfmi-n
0: I ~ r -- IIOCJIe.n;OBaT8JIbHOCTb CJIa6HX CTRrHBamrM Bep--

. "" . 1iitt~.,
illRE 1-ro po.n;a Ha CJIa60 MHHHM8Jll>Hyro MO.n;SJIb r . IIy;CT:D mr60

r'ltfrtt~tI '* ß ,JillOO r He ~eTC.Hllem.,lO. To~.n:a sJ,( r)
He rryCTO, CBR3HO H HM8IDT MaCTO c~e~mH,e YTBe~eHHR:

a/ r" sl (r) = U cf,
ieI

C
f,

·~ReTCH HeCBR3HHM~o6~e~HHeHHeM·lleTIeH;K~aR lleITb HaYHHa~
. ...1

"IV" " .8.TCR C BeprnHHhl LTo !-Po po.n;a, coe.n.HHfl1Omett?~~..'· pe6pO.MF C' O,IJ;Hoti H3~

B8pullIH Sl ( r) , Ht 3a.KaHtnlBaSTCR KOInl8BOH BepnmHOH .n;epeBa r .
,..- ..

61 ECJll!1 7:: r--;. r - nOCJIs.n;OBaTeJThHOCTb CTRrHBamrlt Bcex
• L.~,~ ,

rrpOMeJKYTOtIHbIX BspnmH 1:-ro po.n;a, JlSJKa.II.{HX Ha II8IIflX, CO~~HRIOUU1X

OT~el{8HHbl8 B8pumHbl st(r) , /rrpKI ;TO~ caWF O~M8l{8~Hbl8 B8PIlll;
[,

Hl:l He CTRrHBaIDTCR/, TO 7: He MeH.ff8T IJ,eneii C~· , HM8el' Me,eTO

KOMMYTaTHBHaR .n:HarpaMMa.cTRrHBaHHll



r 0 '> r 7tJttti 11

er~ ,v h ir
HI OrpamI'leIn:fe! 7: Ha s.l. ( r) .I(aeT CTHI'HBaHH8' ~ ( r) Ha CJIa60

MHHHMaJil>HYID MO.I(eJ1I> s-A.( rrirlc:.r .B 'laCTHOCTHi, ?: 06paTHO no

C.JIe.n:OBaTeJThH~·T,HiPB.3,nyTH'~ pe6ep, np~HCXO.n:m.qHX K3 ~ ( r)~..i" .
, 'l.«r." " n '

nOKasaT8JThCTBO.· EcJOO BJmr r -=/= ~ , Hillßf r He;~ RBJIße.T0JE

IJ;eIThIO, TO H3 onpe.I(~~ CKeJIeTa, CJI8)lyeT, 'lTO sler) =1= J?1 • TaK":

KaK ~ ( r) Go,n;epJKHT :Bce,~ BepIillfHH r , H3 KOTOPax BHXO,IUiT

60JIee .I(Byx pe6ep, TO' r'\. s!( r) (lOCTOM H3 He·eKOJ1I>1OOC He~BH3a.'
rnnp:: .n:pyr c; .n:pyrOM·,.o~eIIe:&i C{, , npI-r-:qeM: O.n;Hfr1 H3 KOIITI;8BHX ~ep~

(,. '0 • i '
""0 KaJK)J;O:tt TaKO:tt u~mri C coe,nHHJIeTCR pe6pOM 0:, o,nHofi 113 BSp-

IIIHH 1't E s$..er), .np~aH KOHUeB8.fI BepIIIHHa IJ;errn: C~ RBJIßeTC.ff ,

O'leBaD;HO, KOHUOM. .I(epeBa r . ECl.JIH! ~ - KOHUeB8.fI Beplill'lHa .

~(r), TO H3 onpe.I(eJIeHH.ff ~ er) CJIe,nyeT, ~O .'lri OTMe:,-.

'ieHa. B ,ST~~ CJIYtIae,'..80JIB .1Yi - Bep~H~a 2-ro po.n:a, TO'~ y,nOB

JI8TBOPR8T yCJIomno iii / H: TOJKe rrpHHa,I1;JI8JKHT CReJISTy, lITO HeB03~

MOlKHO. E~ 1Yi He RBJIße;CH KOHUeBOH BepmHHott ~ ( r) '. TO ~3;
~11t. ~l:1XO,1UIT no KpaIDie:t1 Mspe:c TpH: pe6pa /O.n:HO Ma ffiIX B 170 /, no-

STONrY 1Yi TaIpKS OTMetIeHa~. ÜTClQIl;a TOlfiiO TaK·~ ]K6:', KaK BhIIIIe', noJrY-. ~ .

-qae~,' .~TO 170 - BSpImlHa·. 1:~o po.n:a.

I10CJI8,I(OBaTeJIDHOCT:& CT.HI'HBaHHti c: O'lIeBH.IJ:HO He.~ 3an;eBae.T ue-
o i. .. . ,

ReH C.' , TaK KaK KaJK,U8.ff: TaK8JI IlaIlO C~ EHXOJ(HT H3 OTMeHeHHO~;

BaplIlHHhl 'Ir2 e ~ ( r ), a OTM~'lBHHHe:. B~~III1'lHll: ?Y€ sI( r) He)

CTRrH:BaIOTCR. CyItiecTBOBaHHe> K9MMYTaTRBHo:ti ,IUIarpaMMbl CT.Hr~mm:a ... . ~ . -

6 ,rr:,' 6" CJIe.n.y~T 113 JI~MMH_ .4: 4 •.24. I13 orrpe.n;eJIeHHR ce: tE

slC r) cJIe.nye!r, lfTO .I(JIH Beplill'lHhI 'lJ-'e sJ...(r)Bepunrna.7;[~

BToporo po.n;a, ~{~JIH[ BepmHHa. 1!Y He .fIBJI.ffeTCR OTMetIeHHoH •. :t1Hcrne?~



.ffBJIReTCR npOMeJKyT01ffiof.! BepnmlIoä !leImt, coe,muuoome:tt ,. OTMe.lIeHHl:lEf~

Bspnnnrn ,. Hf n03ToMY CTRrHBaeTCR c-e:. IIyCT}) 1r" ES s..$.( r)-oTMe~eH
HaR Bepnrn:Ha. ECJm, 1Y YlJ.OBJI8TBop,ffeT yCJIOBmO i i i/, T 0, otIeBM,D;

HO, Ben;· 11' He MeHR8TCR 1fl 7:(1r) - B8pnnrna BToporo pO,I{a. ECJIHi:. Be;..

pImIHat 1Y" y,n;OBJI8TBOPR8T YCJIomno i i, /, TO 11:3 EepIIrn-HH 7:( 1r) no

rrp81KHeMY;~·~HXo.IU1T 6oJIse: Tpex pe6ep.. ECJm~ npYH aTOM BepmHHa ~C1r)
rrepBoro po,na, TO BspllIHHa 7:( 1r) He C.TRTIfBaeTCH IIOOJIe.n;oBaTeJll)HO--

, .

CT:bIO C.TRrHBamIß 61 ' TaK, KaK HHatre; Ö He:, 6y.n;8T. II~CJle.nOBaTeJIb-

HOCT:b1O CJIaOblX CTRr~~R. _nO~TOMY BepnrnHa 7r y.uOBJI8TBOp.HeT yc

JIomno i /. OcTaSTCH paCCMOTpST:b CJIYlffii1, ,Kor.n;a 1Y y.n;OBJIeTBopR8.T
.. ' ... t

YCJIOBHIO i, / H[ '1;'"(,ry - BspllIHHa, I-ra pO,IJ;a. Tor.na, 01IeBHaJ:HO, Hf B~-
~. . . ~ .~ • r.. . , , . . . I _ ~

punrna ~(tr) - BsplIIKHa 1-ro po.n;a. ,OTClO,n;a CJIS.J;l:Y8T, tI~O H3 Be~-H... .
- 1Dltlin ' .. .

o(?r) B rpaq,e~ .r BHXO)U'IT IIO KpffitHStf Meps" TPH~ pe6pa~. VIs

orrps.n;eJI8HIDI s.l ( r) H\ er: BhITeRasT, 'tJTO Tor~a H H3 B8p1IDfHH/.'

7:("") BlDC~.1J;JIT TpHl peopa"' H?~;ry~ai s,.k (r) . 3TO .JJ:oKa3Jm&

8T, 11:TO 7:( ~(r))= c;l(p)1Dttli"HBJIR8TCH cJIa60 MHiID!MaJThHHM'~JIfJ.~--

TepMHHaJThHIDJf rp8lI>0M. ,.... .

llpo.n;o~ ~oRasaTe~cTBo TeOpeMK~

BOeTIOJI&3yeMcH .IIpe~JIOJKemreM'[4.4.27. IIyGT:D
.. ..

{,

r - s-k ( r) = U c ·
tEl L

IIyCT:b I
1

- nO.JJ:MHOJKeCTBO r . COCTo.amee, H3 nene~ C 1-;-1'0

pO.JJ:a. I1YCT:b r2. = r- I 1 - ,MHOllteCTBO OCTaJThHlDC: ?eneti.1 Ha3H,...

BaeMlDC UaIIJ1M~L 2-ro pO,I(a. ()qSBH,UHO, ,UOCTaTOllHO nOKaS8T:D, 'tITO

IIOMepeBO' .JJ:speBa r . oOpa30BB.HHOe SJ.(r) u(.U .Ci) J

(,E-IZ

HMeeT He) OOJIee Tpex KOHllOB. K8.lK,JJ;M uern, CL • .t: E I2. •
"" ~"HatrnHaeTC.ff c, nOCJI8nOBaT8.7I:DHOCTH BepumH 110 'l9t ' •··, ni.



öß

06pa3~lI\KX rrOCJIe.n;OBa~eJIbHOC~:b B,eCOB: ( 1, 2, ... , 2.., mi ), r.n;e;

""t L" tmi '? 3 · ITyCT:D C = 11;, , ~ , ... ', 'b-'n' - ueITh, 06pasOBHH-
L

HM 3THMH BepIlßiH8MH1, nOCTaTO'tffiO .n;OKas aT:D, 'q·TO IIO)l.I{epSBO ·.uepe~

Ba r, 06pa30BaHHO~ s-k( r) U (.U Ci),
LEIz

-.J

HM8eT He 60JIee Tpex I\OHuOB':~ (X503HalfiIM·r lJepes. 7/ CT.RrHBa.Ime)
'.. • J i i . i ·

Bcex rrOCJIe.uoBaTeJIbHOCTe~ Bepnrnu 7r. ,1;:1"'" 1Y l' r.uej [, rrpo-
. 0 ",' - rv

6eraeT r2.' CTRI'HBaHH.fI rz: /li3 rrpe.n;JIOlKeHIDi 4. 4 : 27/' H' 7:

KOMMYT~pyro~JM',. HX KOMJ;IOSH!:lHH ~aeTnoC?JIe,IJ;OBaTe~HOd~:b aJIaObIX GTH

rHBa.mrlt

fi: sJ( r) U(.u Ci) -? ~ ( r)mit1U(U 1in~)
. ' E Tz i EI2. {; J

r.n;e .. :J. (rr in = 'Je sl(r)) = 'i:. (c:J. ( rjrhin)
lf 7Yn

L

, = ff(7?-r. ~) = ?:e2(~ni)) -BepnmHa Be~a mi-1 )2 .
"" c-D. ~. i~OCTaTOtIHO .uOKaaaT:D, trrO ,n;SpSBO T = :Jf{(r J m" n u( u 19'n')

i~ T2. "
HMeeT He 60~ee;Tpex KOHUOB. PaCCMOTpHM HeCKOJIbKO'~ae~.

ITyCT:b ,n;epeBo T He co,nep2iUIT BepllIHH I-ro po,n;a. Tor,na T
j I' + •

- ,~HHM8J!I'Hoe CBflS-Hoe 8JIJIImT~'t{ecKoe, napa60JIH~eCKOe HJrn ,,'JIBH-·

HepoBcKoe ~Or-TepMHHanbHOe ,IJ;epeBO 683 BepIDHH i-ro po,Ua, Ma
YCJIOBRfl TeOpeMl:l Hi ormca.Illi.H MHHJiIM8Jl:bHI:DC JIOr-TepMHHaJIDHHX rparPoB:':

t . • ~ • . ,. t. ~ I. •

B~ T80peMax ~ ~"~. 11 ~ 4.4. 13 .~I-\ 4.4. 15 cpasy nOJIYtIaSM', tITO T HMe;..-

eT ~e;6o~ee Tpex KOHUOB.

ByCT:b ~epeBo T co,nepJKßT BepllIHHY e I-ro po,na, H3 KOTOpOti

BID::O,UHT no KpaiiHei:i Mepe TpHc pe6pa B pasJmHHhle BepllnfI~ 1).,1'

1),2. ' U!>,. Bo CJIe,n;9T~ 4',4 •. f2 no.n..n;epe~~ [ e , u1 ' U2.' U 31B T,
HaTRHYTOe Ha .e , u1 , ..U2 , '!"3 '._ x:r~pa60Jnl'illIO HJllI r~ep60JlliHHO. TaK

KaK T - 3~'ITTH'qenKoe, CBH3Hoe napa60~~eCKOe~HJIß~RaHHepOBC~
. :



,

~OS; .n;epeBO, T,O OTClO.n;a CJIe,IQTe~, 'tiT.O T CO,n;Sp11GIT He 6oJIee~ TIflTID

BßPIIIHH. TaK KaK T - CBfl3Hoe ,n;epeBO, TO B~· STOM c.nytrae:: T
·co.nepKHT 6oJIe~) 3-x RO~OB :~L 8.n;HHCTB8HHOM CJIY:tIa.8::,. T COC,TOKT

1'13 BepIIIHH e ,u." 'lLz , 'Jl, I~,,~L HMeeT BH,U

1L~

r,ne '111 ' 'llz, 1t?J , U'I - ESprrrn:HH 2-ro po.n;a. Tor,n;a. T - CJIa60 MHm!:-

MaJThHOe SJIJrnllTHtI8CROe, rrapa6oJmB:8CKOe WIE>I JIaHHepOBCKoe JlOr-Te~

PMHHBJIlJH08_ ,nepeBo. 113 npS.n;JlOJK8HHJl- 4. 4 ~ 20 Bi 4.4.21 CJIenys,T, tITO
.. ,.

T cOBIIa.n;aeT C JIaJmepOBCKHM: .J1:.epeBoM: 6-
1

Ta6JIHIJ:H,: 5 npe,nJIO-

meHHfl 4.4.2I. Ho STO npoTHBope~HT ycnOBHID TSOpeMH, TaK KaK Tor-
. -

,na no.n.n;epeBO [e. , U1 ' llz , 1t?>J CO:§ITa,naeT C..: p ... ., '. G
OC.TaSTCR paCCMOTpeTb CJIYlIaJi, Kor.n;a H3 K8JK,I(Oi1: BSpIßliIHl:h i:-ro

. .

po,n;a ,n;epeBa T BHXO,ILHT He 60JIee ,I(Byx pe6sp. IIyC,T:b e - TaK8Sf

Bepnnrna. 113 nOCTp08IrnR T IIo.rrytIaSM, 1FI'O BepllIlllia· e npHHanJle-

~T S-/t ( rtl'tli
.
h

• ECJI1'l' BepIIJJllHa e He OOe;ZUnIHeTCH pe6paMHi

-"
'e> BepIIIHHaMH·t . U 1Y"i ' TO MH nOJIYtIaeM rrpOTHBOpe'tßIe~co

. ., t-E- Iz. 10"", i n
cJIa60fi M1LHHM8.1lDHOCT:bIO . s! ( r) . . I108TOMY BepIIIMHa .e GOe;IUf;"

U-v
HR8TCR pe6paMH C..: BepIIIllliaMH~ 1Y" .

ieI2. t

TO B CRiJlY CBR3HOCTH'i T H: Toro, tI-TO HS e BHXO,nHT He 6oJIee;

,IJ;Byx pe6ep, cpasy TIOJIYtJaeM·, "'!TO T .f1BJIH8TCR U8ITblO HS Tpex Be-

IIIHH, 'tiTO 1-1 l HYJKHo. TI03TOMY MH MOJKeM C'tl~T:aT:O,. lfTO BC.fiKBJI ~pIIIlllia:

e ~-ro po.na ,II;epeBa T coe,n;HHJIeTCR pe6poM,' c pOBHO O.D;HOH Bep-



U
_l.

IIIHHOtt 1YE 1Yn. H ~eTCJl KOHU8BOt! B8pmHHOM ,IJ;apeBai

iEIl. f,

sl.(r)'ltSlMi." • OT6pOCHM. OT T BO.S TB.KH83 napbi~ BepIIJHH ~, e .
I

B pS3YJThTaT8 MH IIOJIYllliM IIO.rr..nepeBO 'T c:::::. T ,KOTOpOe:~ .fIBJLff~

STeH CBH3HHM, He CO.n8PJKl'IT BepUIHH 1-ro po.n:a, Mi,1tJIR KOToporo .noer

TaTolffiO .nOK8.3aT:b Halle YTB8plK.IJ;8mr8:: TI HM88T He? 6oJIee~ Tpex KOH-
I' ,

UOB. Ho ,UoxaSaTSJThCTBO SToro /0= 38MSHOtt T Ha T /, MH yiKe .na-·

Jrn BHlIIe. 3TO saBeprnaST .n;oxaaaT8JThCTBO TeOpeMH ...
~ • _ IL • • ...

OTM8THM T8.KJKe CJIe.n:yromee.:; rrpOCToe. HO nOJIe3HOS~; y,TB8PJK,Il:8HKS:·.. ;

ppe;llJIO~eFrne 4.4.28. B rrpe,n;nOJIOJKeIDI~ TSOP~MH:~~ 4.4.26 ßMeelJL:

06IIlee 'tHiCJIO BSpurnH IlSITSH f-ro po.ua, BhlXO,n;RlI{IDC H3 BeplIIHHH Beca·
~ ••• ~ 4 ~ • __

..ß OCH· ~ ,He npeBOCXO~T .fJ -.., , HC1\JIIO'tlM CJIelJYlOllGfe~

CJIY 'tIaH1:

B./ r napa60Jrn,'HeH Fr - r CO.n8PJKHT o.uHY B8pnrnHy, H\ r
10·

HM8eT BlUl:

"'t

B2. / r JIaHHepOBCKHJ,J:. H r;, co.n;eplKHT 0.IUlY HJIH . .n;Be Be:purn:HH I

Hf r HMeeT BH,D; /r.n;e -!J ~ 1 i., '? 2 , ß;~ -(/: .

nOKasaTe~CTBO' rrpe,n;OCTaBnfl8TCfl ~TaTe~. ~
_ I ,I



:mPO~OJDKHM,. H3ytIeHHe~ JIOr-TepMHHaJThHl::lX rp~OB·. r T80PeMl:Ll

4.4.26:. liT06H: He~ HCKJIIOtIaT:D H3 .n;8.JIDH8~erO' paccMoTpemm rpaPl:H

r ' y.uOBJIe_TB~PRl?rmre·:··YCJIOB~ 61 TeOpeMbI 4.4. 2~_ HJllr-l Y~O~J Eil

HjIH[ B~ rrpe.n;JI02K8mr'R 4.4. ~.' CJI8,l:I;J'.8T K ~cJr r: .u06amrT:& O.1l'HY HJm~

.nBe~' U8~~ 1:-ro po.na hHi aTO ,C:cmT8T:b 00:010 r 1 TaK, 'ti-To6hl coxp~~ ~-'

JllHTh yTB8pJK,1l;SHHf:[" TsopsMl:l-l4. 4.26 H IIPe.nJIC?lKe~Jl!. 4. ~.28: 00:0 HMaST

.nBa KORUa, oyMNIapHOe 'tllIOJIO BepIIIHH uerr~11., nepBorn,- po.na, BHXO.nimoiX

H3 BepumFrn Beaa·~ ~ OCID, He npeBocxo:UZT .ß - 1 .
CTRHeM BOB BeplIlliHHi ooett 1-ro po.na rpaq>al r Ha OCB, r; lactl

HO, '!TO aTO .neJIaeTCJI KaHOIDPIeCKH/. llpH I aTOM TIOJIY)DITOn- rpall>.. 1"; ,
KOTopHä OTOJKJleCTBJIH8TM C. 00:010 r t HG.: BeG; .iJi BepurnH~j 1r; I

I 0 ~

rp~a~ r:; ,C'OOTB8TCTByrometl HeplIIHH8; lt: OCI'H ~ , Ci'aHe-T pa:aeH
IJ .' = b. _ i-· ,r.ns .ß. - Beer 'Ir. , a t· - cyMMapHoe~ 'tIHCJIO
0" 0" (, " , t .

BSpIIIHH uenet! I-ro po.n;a, BbIXO.n.smnnc ~!'3 1ri . MIt 6y.n;eMl HaSI:maT:&
I' fllr; ROBOtt 0<Di1O r . No Te<?p8MB; 4.4.26 HOBM 00:0 1

0
HMee!l'

He 60JIeej Tpex KOHUOB:.
- I

Ha CJIS.nyIOmeMJ mare; CT.ffH6M· Bae BSpnnnn.t ~-ro po.na-~ KOHUOB:~ r:
TaKHe., H3 KOTOpHX BHXO,II;RT POBHO ,UBa pe6pa /.npyrHMß' OJIOBBMHr, aTIff

. n
0TarHBaHJm o6paTHlL·pas.IIYTH'RM'~pe6ep/., ITOJIY1I8HH08 .nepeBo ~ HaHU.-

BaSTCE pSjJLUpOB HEB r. Pe,1JynHPOBaHHaH OC~ 1;" ,O'Ia~

IDUUIO, HM~eT. CTOJIDKO JK8 KOHUOB, ~OJII,K<? H. r; ~L ~ , T.e. He
, r'''

60~ille Tpex. BC8jBSpmHHH I-ro po~a pe~pOBaHHOH OCH~ '0 BB-
~ '" . . 11 - - .

. ,. JLffiOTM ~60 KO.HIJ;~B~'~·BepnnrnaIvnF r; ,JllI60 UBHTp8JlDHOH ~ep~~

r ll
HO~, BCJllI HMe8T TPH[ KORUa. IIpHt aTOM: npHl CJIa60Ml CT.RrHBa.Hml1

, 0 . . .

MOryT CT.RrHBaT:bCR JmIII]J KOIm;8BHS::: BepnrnUH:- !-ro po.n;a. Y'IHTlffiWE STO,
r'J1f I ')

TO, 'tITO CJIa6aJI MHHHMaJffiHM Mo,UeJTh I D 0YT:b _b-~ ( 1, 1, 8 ,
G/'(1 , .g; 2), Gz( 1, 1, 8), SCJIlL r - JIaHHSpOBCrom, ~

eOJm'. r napa60JmY8H, MI rpatPH; r; -.r;1- TaOJOO.Ul,: '1, SCJIHi



'. . ,...., 11r 8J1JIHIITHReH, a. TamKe; TO J lITO BeJ)lIIHHH~ BTOpOrO po.n;a '0 06pa:-
. r D

3YJOT O.n;HH H3 rpalPoB-, r,;: - r;1- • eeJm, ueHTpaJIbHM Bepmlffia, I ä

BToporo po~aJ opasy no~~aeM

. Te.oOOMa 4.4.29. TIyC,T:& r Y,1l0BJI8TBOpfleT YCJIOBIDO T80peMH
. 11'

4. 4.26, H1 r: -ero pe.uyI.UipoBaHHM oe:o. Tor.ua:

a/J;," 6: 1(1. 1.~) lf:7IH1 G;, 'r1. t ;1). eCJm[ r - JlaHHepoBcmrtl

H c;ra6M ~aJIbHM MO,l(eJIb r;, 11 cyTJ> ~I( 1 . ". -8) HJITlIf G:,/t1,.ß; '1..}
~ , OOBna,naeT 0 O,l(HlIM H3 rpalPOB a/ - el Ta6Jn1[(1lJ 8, eCJm r Jla-:

HHepoBcKIDi: Hi CJIa6M ~~J>HM MO,l(eJIb ~ I( eCTJ> Gz( 1. 1 . ß) .
61 r:o uCOBTIan;a8T 0.; o.n;HHM·: H3 rpaPoB a/ - 0/ Ta6JOO.lH 7, e~CJIH!:

. Ur napaoommecrorn IMHIDrMaJIbHM MO.nSJID ~o eOTI,. ~1 I.
U '

BI ~ IIoJIYlIaeTcH HS rpalloB a/ - si _Ta6JOOIH 6 oT6paobIBrom~ .

8M· H8CKOJID:E\MX IMOJKST 6b1Tb, Jmj' o,IJ;Hottl BepllIIDI {-ro po.ua m H'3 rpa

llJOB- a/ - 01 Ta6JIHIUi1 7 oT6paCllBaHH8M. H8CKOJll,lOO{ Hf no RpaIDieH Me:-.

pe O.uHOH BepuIKHH f -1'0 po.n;a:.

nO~~~a~eJThCT~? IIpH·~e.neHo BHIII6;, Tpe,6y-eMbl8j mrtnICJI8HHR O1I6Kb

npOOT~. H-f npe.noCTa.BJIJnOTCR tnITaT8JI1O. ,...

HaKOHSll, OJIe.n;yIOmee BaJKHOe C006PaJK8HH8\ npHH8;I{JI8JRame:ffi,

B.A.AJIeKOeeBY !CM. [2. J. a TaIiJKeJ12.] I, n03BOJLHeT ~'leCT1> IIOlfTHf

.ue~TIauuoBOCTb HRH .ne~lleUUOBOCT:O ~Or-TepMHH~HOH OHaTaMH.
. ~ . .

I1y9T:bT' - JIOr-TSpMIiHaJI:oH8..fI CHCT8Ma B8RTOPOB J l{.J1ff ROTOpOtf

onpe,l(~eH K( y)' . To 90TJ>. ~CJmjr ~ _.cHcTeMa BeKTOpOB: JImIejt

Hore npOCTpaHCTBa \f c: OMMMeTpHHeCKO~ 6H~He~HO~ ~OPMO~, TO cy-
~ l. I ~.. • - .

m8CTBY~T ~JI8M8H.T K(y) e \f * ,06JIan;81~:)l~~~tl CBO~?TBOM'::

K( 1"'} 'Ir = - 'b-z - 2 ~JIH Bcex ~ 6 Y .
HnpHMep, K(,) onpe,n8JI8H ,nJIR JTI06?!1 8~TH,:qeCKoj;!., CB.fI~HOtt'l na~

pa60JßHleCl<O~ HJil'I Jl8HHepOBCKO~ mICTeMH. IIyCTJ> K(T~.t)=Lol.j(}

f "22.. . - 4
r,l(SJ j E T~ .m-f<J.i~ 0, 1::y~ 1" ~OCJIe~OBaTeJIbHOCTJ>

c.THrHBaHHtt BeKTopOB !-:-ro po,na-. Tor,na .uM-. r TaroK8 onpenSJI8H
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K('f) · ,l(.Jm ".nHmmOpa!' C"?"L /;i 1lt. ,~ E 'Y' I:i E iN
MOJKHO Orrpe.n;eJrnTJ:) 11 apZIPMeTmtleCIW'ti' PO.n;"

r«.( c) =(C 2. + C' K(T))/1 + 1 .
j' *,'
.H~HO J KaK onpe,n;eJmTb C = 7: C J Ht nya-T:D :

C = 7:'*[=~ai ei. +fßjtj r.ne, ei E T -1 >Ii +j E T ~2 •

JIeMMa IB. A. An:eKceeB. [ 2. ] / 4.4.30. B npe;IJ;nOJIOJKeHHRX BlIDJe-'
, t ~ .. j •

HMelOT MecTq CJIs.n:yromHe paBeHCTBO H HepaBeHCTBo:

Liq.i ~ (ei I y~t) ~ 2(1- p«-(c»+ c{c+fJ/~-C~JK.

~. 2. ( 1 - P«- ( c )) + C1 - 2: 't/l.. ·C )
i,::;;- _

r.ne.-1<J...j~ 0 mt-k npo6erae.T BSKTOpbl H~J' TaKHS!, . TI-TO ti ·C<O.
lI~KB.3aT6JfficTBo.~

L a,i, '2.(ei I y~2.)= -7:*C.(K(1"') - KCr-~2.)) =

- -("C*C)·J«(T) +(7:*C)- K(T~2)=

::=. - C t K(?) + C . L:~ K(rr~2) =

_ 2. ( 1- Pet- ( c)) + Cl + C ·L;~ 'l:~.(+j) ~
I

~ 1 ( 1- Pa( c)) + C
2

- L. tt . C ·
-l

TaK KaK 0) J..-;; >- 1 ._-...
OTMeTHM-C~e~mHe B~e ~e~CTBHR aTO~ JIeMMH, OTHo~e-

'. .. .

OR K cJIYtI8.RMt, Kor.n;a 1( - 8JIJIImTHlIeCKM J napa60Jllf9:eCKaFI lWIH'. ...". I. ,I" _

JIaHHepOBCK~ JIor-~ep~aJIDH8.H eRCTeMa H; 't: r~ r
CTHI'~BaIDIe Ha MHHllMaJIDHyro HJill OJIa6o rvrn:-HH~aJI..hHYID·Mo.n;eJI1>.

• . t •• ' , _ ...l-j... •

/ i / TIyCT:b 1" - 3JIJIHDTHY8CKM JIOr-TepMlliiaJIl>HM CMCTeM8..
I • I



~ _ "1r' ttti"
, - r H{ c - ~YH,IJ;8MeHTaJThHl:lH UImJI / CM. [11-] / .uJI.ff

'V'tIlih , T .. 8.

C = L: ti~ J

1ric rme-n

r,ne -I:. i e f!V , 06JIa,naST caof!:cTBaMM::: C· 19-i ~ 0 ,nJIH BCex

- .".."'C:" C 1
~. eS , ~E RM88T HaHM8H:onrn:e; B03MOJK1lliS) Koa@J~HeHTbI 'Ci. (,

.uJIR UHKJIa, C C Ta.KHMH CBoticTBawr. B ~T.0M.l CUIY:lffie:: pa,( c) == 0
M paseHcTBo'B,~eMMe 4.4.30 .uaST

. ~ (Li, 'L (ej, I y~.2.) < 2-. /4.!2/
(,

./ ii / NyCT:D ~. - napa6oJrn-q8cKBH CBH8HBJI JIOr-TepMHHaJIDH8.ff

HM CßCTSMa, :Y=r"tl~n Hf C=Z-ti'lJ-i ,li eUV , 06-
- - 0 - m·l.,

JIauaeT CBOHCTBaMRi: C. 011',"" =- ,n;JlR.} Bcex 1r" €-r ßl 1:i," -

HaHM8HbIIIE8 C. Ta.KHMH OBOHCTBaIvrn:r / C HaSblBaeTC.fI q>YH.TI:aMeHTaJ[J,--

-" *-'!iHM'. HYJI8M'. ' CßCT8MbI r /. B aTOM. CJIYlJae?, OtI8Bß,Il;HO, C= 7: C

- TaIOK8 ~H,1{BMeHT8.1ThHbl}f HYJID M paBeHCTBO E:! JIeMMe 4.4.30

.naST

Z (X,i YL( ei I 1"'~~=O
i ' /4.f3/

SCJIH! yl'llih = J.. n ,j\, 1E6 , 11 , C3 , ~ /H60 BSTHX

aJIy'IBJD{ P()(.Ce) = 1 /, 1'11

z: a-i ~ (ei J T~2)=2, /4.14/
{,

SCJIHi ,WII&-II = P1 /1'160 B STOM CJIY'Ias. p«(C)=O t.
I i i i /. IlyCT:b -y=r PM t 11 - MHH~8JIDHM JIaHHepOBCl\aff

CHCTSMa G1 (1 , g;2), r;n;e .. A==. 1; 2., .. 3, MI . c: = "i1 -t- i-2. ,
r,n;s 'f== t"i1 , ~). B aTOM CJIYjl!a8 HS Hspas8HcTBa JI8MMbl 4.4.30

. . .



nOJ!Y-qaeM.

14.!51

14.161

/B STOM c.rry'laS rq, ( C) = 1 I. ITy;CT!> Y= ""( 'M i n - MmmMaJTh-

RaH JIaHHSpOBCKaH CROTSMa G-~ ( 1, 1, !J) 10M. TaCl.mruy 3, 611,

r,[(s" ~ ~ '1 ,HC=~+"ii+ ~" ,r,[(aY t~ ,"iz., 1r!J ') • B

a TOM CJIy~ej H3 HepaB8HCTBa. JIeMMlh 4.4 .30 n0JIYtIaeM;

L (X.j, ~ (ei , Y~l) ~ [2 f 8CJIm ~ '7 1 j:

. 3 8~[1=1
~ ,

Ip, STOM CJIY~S Fee. ( c ) == 1 I. Hy,CTI> l'= "fllli tl
- MIDIHM8JI1>

RaH JIaHRSpOBCKaH CRCTSMa G-l1, 1, ~) 1CM. Ta6.mruy 3, 611, r,[(s}

.e ) 1 ,Rt C ==~ +~z+ &-3 • r,[(s Y f~ ,~. ~ ). B

aTOM CJIy~ae H3 HepaB8HCTBa ~eMMH 4.4.30 rro~aeM~
~ . ,~

L (Xi rz (ei , T ~l) ~ 3
~

(,

IB STOM CJIY:<Ias pa. (C)==OI.
14.1.71



4.50 . Tl1nbl 11 I1HBap11aHTbl nOBepXHOCTeß C 'iI1C,aeHHO 3~$eKTI1BHbIM

a H T 11 K a H 0 H 11 'i eCK 11 M K ./l a CC0 M 11 ./l 0 r - T e p M 11 H a ./l bH b! M 11

oc06eHHOCTBM)..1. IlYCTb Z - TaKaB JIOBepXHOCTb M cr:Y~Z 
MI1H),{Ma./lbHOe pa3pellieHMe OC069HHocTett Z. Hallia 3a,aa'ia 

no.nY'ieH11e Ol.{eHOK Ha p(Y)=rk NS(Y) M c.ne.acTBMtt M3 3T11X 0l.{9HOK.

Il03ToMy B CM.ny JIpe,aJ1Q}I(eHMR 4.2.1 Mbl MO}l(eM C'iMTaTb, 'iTO Y 11 Z

pal.{110Ha.nbHbl. B .aa.nbHettllleM Mbl 6y.aeM 3TO JIpe,aJIo.naraTb. Mbl

CKa}l(eM, 'iTQ Z RB./lReTCR JIO'iTM nOBepXHOCTblO neJlb Deuuo. eCIlM -KZ

RBllReTCR nef M -cr*KZ.E >0 .aJlR BCRKOtt ),{CK./lIO'iMTellbHoR

KpMBOtt I-ro pOlla E Ha Y. 3TO 3KB),{Ba.neHTHO TOMy, 'iTO CMCTeMa

MCKJlIO'iI1TellbHbIX KpMBblX Exc(Y) .R:BIlReTCR .aellbnel.{l.{oBCKOR Ilor

TepMMHa./lbHott. 3aMeTMM, 'iTO ,ailR nO'iTI1 JIOBepxHocT),{ lle./lb Ilel.(l.{o Z
K./laCC KZ == 0 .LIettcTBI1Te.nbHO, Y pal.(l10HaJlbHa, rr03ToMY .ailR p(Y)c::3
JIOBepXHocTb Y co.aep}l(I1T XOTR 6bl OllHY I1CKillO'iI1Te./lbHYIO Kp)'{BY:O E
I-ro pOlla, .a.nR KOTOpoR -E.o*KZ >0. EcIlM }l(e p(Y):S;;2, TO Y M30Mop~Ha

F n MJlM P2 , M Herrocpe.acTB9HHO JIpOBepReTcR, 'iTQ

KZ~O. Il03TOMY C./lY'ial1, Kor.aa Z RBJlReTCR rrO'iTM rroBepxHocTblO

,ne./lb Ilel.{l.{o, cooTBeTcTBylOT 31lIlMJIT)'{'ieCKoMY ( (KZ 2 »0) ),{ il M

rrapa60IlM'ieCKOMY (KZ2=o M KZ~) cIlY'-IaRM.

B .aallbHettllleM Mbl pa3JlM'-IaeM cile,nYIO~l1e 'ieTblpe B03MO}l(HOCTM:

I) Z RBIlReTCR rrO'-ITM rroBepxHocTblO .aeJlb Ilel.{l.{o, rrpM'-IeM 3TOT

cJly'iatt pacrra,aaeTCR Ha llBa JIOllC./lY'iaR: I a) K Z2>0; lB) K Z 2=0 ),{
KZ?1=O.

2) -KZ - nef M Z cooTBeTcTByeT 3JlJlI1JITM'-IeCKoMy C./lY '-Ia 10 , T.e.

KZ2>o.

3) -KZ - nef M Z COOTBeTcTByeT JIapa60ilM'-IeCKoMY clly'-Ia:o, T .e.

KZ2=O M KZ=O.

4) Z CQOTBeTcTByeT rlArrep60./llA'-IeCKoMY c.ny'-IalO, T .e. KZ=O.

lIJlR rroB9pxHocTeR Z Mbl MO}l(9M BBeCTlA Cil911YKl11J;Me 11HBapMaHTbl:

Ilpe}l(lle Bcero, B $opMyile

(5.1)

COOTBeTcTBylOw;eR MMH11MailbHoMY pa3p9111eHM!O oc06eHHocTeR cr:
Y ~Z, rrycTb K(Z) - HaMMeHblllee o6~ee KpaTHoe 3HaMeHaTelleR <Xi.
HaTypallbHoe 'iMCilO K(Z) Ha3blBaeTCR MHlleKCOM Z.O'ieBMllHO, '-ITO

K (Z) RBJlReTCR HaMM9HblllMM 06~l.{M KpaTHblM MHlleKCOB

oc06eHHocTeR Z (CM. 4.1 0 ).



1'] t]

lIaJlee, llJl.R KZEllO nYCTb Kz=rh, rlle h - npMMMTMBHblß 3JleMeHT

perneTKM KJlaCCOB no ~MCJleHHO~ 3KBMBaJleHTHOCTM 11MBM30POB
KapTbe Ha Z. Pa~MOHaJlbHOe "IMCJlO re ID Ha3b1BaeTC.R ApO 6 Hbl 1:4

l1HAaKCOM nOBepxHocTM Z. HeTpYllHo BMlleTb, ~TO O'*Kz=rh", rlla h" 
nplAMlATlABHbltt 3JleMeHT perneTKlA HepoHa - CeBepM NS(Y) (o~eBlAllHO,

h"=0'*h), - M 3TO llaeT llpyroe onpeneJleHMe llp06Horo lA:HlleKca. TaK
KaK perneTKa HepOHa - CeBeplA YHlAMonyJl.RpHa, TO r pa BH 0
HalA60llbrneMY o6~eMY neJlMTe1l1O pa~lAOHaJ1bHbIX "IMCeJ1

i x.<J*KZ I xeNS(Y) ~.

LIJ1.R p(Y»2 perneTKa NS(Y) nOpO)KlleHa MCKJ1IO~MTeJ1bHbIMM KpMBblMl1

(TaK KaK Y pa~J.1:0HaJ1bHa), n03TOMY llJ1.R p(Y»2

r = H.O.lI. ~ E.O'*KZ lEe Exc(Y)1 ~.

ECJ1M p(Y)<3, TO Y - 3TO nOBepXHOCTb ]p2 J.1:J1M Fn. EcJ1M Y = ]p2, FO MJ1l1

FI, TO Z=Y M r(]P2) = 3, r(Fo) = 2, r(FI) = 1. ECJ1M Y = F2, TO IlM60 Z =

Y = F2, J1M60 Z nOJly"laeTC.R CT~:rMBaHl1eM lA:CKJ1IO~MTeJ1bHott KPMBO~

C KBallpaTOM -2 Ha Y. B 060MX CJ1y"la.RX r(Z) = 2. ECJiltt Y = Fn, n>2,
TO Z nOJ1y"laeTcR CT.RrMBaHMeM lACKJ1IO~MTeJibHO~ KPMBO~ C
KBallpaToM -n Ha Y. B 3TOM CJiy~ae r(Z) = I + 2/0.

LIJ1.R p(Y»2,Korlla MHO)KeCTBO Exc (y)l,* 0,CJ1ellYR

B.A.AJ1eKceBY [2], BBelleM lAHBapMaHT

e(Z) = min i -O'*KZ . EIE e Exc (Y)l M - O'*KZ . E > O~.

TaK KaK MHO)f{eCTBO NS(Y).O'*KZ = r~ llMCKpeTHO, TO llaHHbl~

MMHMMyM nOCTJ.1:raeTCR, M nJi.R p(Y) > 2 ltt KZS=O lA:HBapl1aHT e(Z)

onpellelleH.
Mbl XOTlAM l1aTb B CJiel1YIO~Mx nyHKTax orpaHM~eHMeHa p(Y) rrpM

~MKCl1pOBaHHbIX: J.1:HlleKCe K.(Z), np06HOM MHlleKce r(Z), MHBapl1aHTe
e(Z) M e(Z) - MaKCMMaJ1bHott KpaTHoCTM oc06eHHocTett Z.
OTM&TMM, ~TO 3TM MHBapMaHTbl CB.R3aHbl HepaBeHCTBaMM:

l/k(Z) S r(Z) S e(Z), e(Z) S 21C(Z). (5.2)

nO nOBony ßOCJ1ellHerO HepaBeHCTBa CM. [11].

tiQ . nO~TM JIOBepXHOCTlA neJib Ileullo C .nor-TepMMHa.QbHbIMM
oc06eHHOCT.RMM. CJiellYIO~a.R TeopeMa llJi,R ßOBepxHocTett lleJib
ne~~o Hall (C C xyllWJ.tMM "IeM y Hac KOHCTaHTaMM 6blJia nOKa3aHa
B.A.AJ1eKCeeBbIM B [2]. TaK.MM o6pa30M, Mbl o606~aeM 3TOT pe3YllbTaT



Ha JIO'iTM nOBepXHOCTM o,ellb Ilel..{l..{o Hao, npOM3BOllbHbiM

allre6paM"ieCKM 3aMKHYTbiM nOlleM.

TeopeMa 4.6.1. IlYCTb Z - JIO"iTM nOBepxHocTb o,eJlb Ilel..{l..{o C Jlor

TepMMHaJlbHblMM oco6eHHOCTRMM Hao, JIPOM3BOJlbHbiM aJlre6paM"ieCKM

3aMKHYTbiM ßoneM H o:Y~ Z - MMHMMa./lbHOe pa3pellleHl.1e

oc06eHHOcTett Z.
Toro,a

96(5/E(Z) + 12) + 69, eCJlH KZ2> 0;

p(Y) < ~

96(5/E(Z) + 12)+ 70, eCJlM KZ2 = 0 H KZ !;8 O.

LIOKa3aTe./lbCTBO.

JJeMMa 4.6.2. IlYCTb L - JlaHHepOBcKaR o,eJlbJIel..{l..{OBCKaR Jlor

TepMMHaJ1bHaR CHCTeMa BeKTOpOB, D.JlR KOTOPOtt

11(e, L~2)~E>0 V'eeLI,

Toro,a

#L ~ 9/2E + 11,

diam L ~ 3/E + 9.

IlpM 3TOM, eCJlM #L ~ 6 M LI:;t 0, TO L (rpa~ rpaMa) RBJlReTCR JlM60

l..{MKJlOM, JlM60 llepeBoM, Lmin = Gl(l, b; 2),02(1,1, b) MJlM 03(1, 1,

b) M o,llR BCRKOtt JIapa60JlM'ieCKo:t1: JIOllCMCTeMbl PcL MMeeM: pmin =
PI, t'lMelOT MeCTO CJleD.YlO~Me 6oJ1ee TO"iHble Ol..{eHKltf B 3aBHCMMOCTM

OT BM.aa L:

10, eCJ1M LI = 0;
#L s ~ 2/E + 2, eCJlM L RBJ1ReTCR l..{MK./lOM,

3/E+7/2, eCJlM L -llepeBo ltf Lwmin=Gl ....(I, b; 2) MJlM

03 '(1, 1, b) ;

9/2E + 11, eCJlM Lmin = 02(1, 1, b);

8 eCJ1M LI = 0', ,
#L ~ ~ l/E + 1, eCJlM L - l..{MKJl;

2/E+2, eC./lM L - .aepeBo M Lwrnin=Gl"'(l, b, 2) M./lJ,{

03 "(1, 1, b);

3/E+ 11, eCJ1M Lmin = 02(1, 1, b);

DOKa3aTellbCTBO Pa36epeM HeCKOllbKO clly"iaeB.

IlYCTb L MMHMMaJlbHa. ITOllb3YRCb TeopeMott 4.4.15, cpa3Y

nOlly"iaeM OJIMCaHMe .aeJlbßel..{l..{OBCKMX rpa~oB L TaKoro BMlla. ECJlM L



.' '"\ ", ) ..

COCTOMT TO./lbKO M:3 BeKTOpOB 2 -ro po.aa, TO M3 oJIpe.aeJleHM~

.ae./lbJIeU;U;OBOcTM cpa3Y BblTeKaeT, 'iTO .a./l~ veL MMeeM: y2 = -2, M .a./l~

#L c:: 3 JIO TeopeMe 4.4.15 MMeeM: L = G7, GS ,G9, GI0; St(A n , 2), 1~

n s7; St(ID n, 2), 4sns S; StelE n, 2), n = 6, 7, 8; G3 (2, 2, 2), G5(2, 2, 2). B 0

Bcex 3TJ.1:X cJlY'ia~x K(L) = K(Li:::2) = 0 .. ECIlM: L co.aep}l(MT BeKTopa 1

ro po.aa M L .aonycKaeT pa3.aYTM~ llO ./lOr-TepMMHa./lbHott cMcTeMbl,

co.aep}l(a~ett JIO KpattHe:t1: Mepe 4-e BeKTopa, TO L =GI (1, 1; 3); GI (1,

b; 2), b = 1,2,3; G2(1, 1, b), bc::l; 03(1, 1, b). B ./l106oM c./lY'iae #LsIO,

diam LsS.
IIyCTb L co.aep}KM:T JIapa60./lM'iecKYlO JIo.acMcTe~y P, .aOJIycKalOl.l.(ylO

JIOC./le.aOBaTe./lbHOCTb CT~rMBaHMtt 't: P 7 P, r.ae P - JIapa60./lJ.1:'ieCKa~
~_,--r-~

CMCTeMa .A\ n, IDn , lE6, lE 7, lE S' P2. CT~rM:BaHMe 't JIp0.aO./l }KaeTC~ .00
,..., -

CT~rJ.1:BaHM~ 't : L 7 L. V13 ~OPMY./lbl (4.13) B 3TOM c./lY'iae nOJly'iaeM,
,..., -

'iTO 't TO }K.aeCTBeHHO, L = L, M L co.aep }KMT napa60JlM'iecKylO
.-J ,...., ,...., ~ rv

ßo.aCJ.1:CTeMY P = An, ID n, lE6, lE7, lES, Mllltt P2. 3aMeTMM, 'iTO cnY'iatt

P2 HeB03MO}KeH, TaK KaK P2 He ~Bn~eTC~, O'ieBM.QHO,

,a,enbJIeU;U;OBcKott CMCTeMoR, a JIo,a,CMCTeMa ,a,eJlbJIeU;U;OBcKott CMCTeMbl......, ,.." ,.- ,.- -
caMa ~Bll~eTC~ ,a,eJlbJIeU;U;OBcKott. II03TOMY P = An, ID o, IE6, lE'7, lEg.
IIyCTb veL M v$P. ECJlM Y - BeKTop 2 -ro po,a,a, TO L MMHMMaJlbHa, M

Bce TaKMe clly'iaM OßMcaHbl Bblllle. ECJlltt BeKTop Y 1-ro po,a,a, TO

HeTpy,a,Ho BM,a,eTb (~aKTltt'ieCKM 3TO ,a,OKa3aHO B npe,a,nO}KeHM~X

4.4.181 4.4.19, 4.4.25), 'iTO B 3TOM cnY'iae L =G2(2, 2; 1) =St(A 1, 1),

St(A n, 1), n = 2,3; St(ID4, 1), G3(2, 2, 1) (B 0603Ha'ieHM~X Ta6JlJ.1:~bl

3). B nlO6oM cnY'iae #L s 5, diam L:s 3.
V1TaK, Mbl nOKa3anM, 'iTO ,a,n~ #L c:: 6 M Ll:1:0 ,a,Jl~ BC~Kott

JIapa60J1.M'ieCKOR JIo.aCMCTeMbl Pe L MMeeM: pmin = PI. OTclO,a,a M

TeopeMbl 4.4.15 JIOJly'iaeM, 'iTO Lmin = GI (1, b; 2), 02(1, 1, b) MJ1M

03(1, 1, b). IIoKa }KeM, 'iTO B 3TOM cJ1.Y'iae L (rpa~ rpaMa) ~BJ1.~eTC~

U;MKJ1.0M MJ1M .aepeBoM. lIettcTBM:TeJ1.bHo, nycTb CcL - ~l-{KJ1. Tor,a,a, no

CJIe.aCTBMIO 4.4. 12, C He MO }KeT 6blTb 3J1.J1.MJITM'ieH. ECJlM U;MKJI C
rrapa60Jlltt'ieH, TO, 0'i9BJ.1:,a,HO, cmin ':F- PI, TaK KaK B npOTMBHOM

CJ1.Y'iae C ~BJ1.~eTCJt .aepeBOM. II03TOMY C rMnep60./lM'ieH M, B CMJlY

J1.aHHepOBOCTM, L = C. 3TO 1l0Ka3blBaeT, 'iTO L ~BJl.f(eTC~ J1.M60 U;MKJ1.0M,

J1.M60 ,a,epeBOM. Pa36epeM 31M clly'iaM.

IIpe )K,a,e Bcero, 3aMeTMM, 'iTO eCJ1M r - rpa$, COCTO.f(~]..{tl ]"{3

MHO}KeCTBa BeplllMH i Vi~, C= 1: aivi, M pa3,a,YBaeTC.f( JIOJ1.Hbltt no,a,rpa~

r 1er, COCTOJt~Mtt M3 BeplllMH VI,... , vk, TO JIpM 310M pa311yTMM cr
MMeeM:

rlle e - B03HMKalO~aJt BeplllMHa l-ro po.aa.



rrYCTb L RBJUteTcR l.{M:K./lOM. Tor,aa, O'ieBM:,aHO, Lmin = GI (1, b; 2)

M:./lM: G3(I, 1, b). rrYCTb Lmin =GI (1, b; 2), Lmin = ~ vI, v2 ~ ,C=vI +

v2.lIJUI IlpOMe)f(YT~HbIX llo,nrpa.oB L ~ r~Lmin IlYCTb

C = 't1 *C =1: aiei + 1:bjf}

r,ae ei e r I , fj e ri:::2, M:

Tax. KaK L RB./lReTCR l.{M:K./lOM, TO, O'ieBM:,aHO, L rrO./lY'iaeTCR M:3 GI (1,
b; 2) B pe3Y./lbTaTe rrOC./le,aOBaTe./lbHOCTM: pa3,aYTM:tt pe6ep. 113 (6.1)

Tor,aa O'i&BM:,aHO C./le,ayeT 1 'iTO 1 rrpM: Ka )I(,aOM pa3,aYTM:M: , 1:(r)
YBe./lM:'iM:BaeTCR rro KpattHett Mepe Ha I, MCK./llO'iaR I-tl lllar ,a./lR

GI (1, 1; 2). 3TO ,aOKa3b1BaeT 1 'iTO 1:(L) i::: #L - 2. B cMny (4.15)

rrO./lY'iaeM, 'iTO 1:(L):s 2/e, oTKy,aa #L:s 2/e + 2 M: diam L ~ l/e + 1.

rrYCTb Lffiln =03(1, 1, b). B 3TOM c./lY'iae TO'iHO TaK )l(e, KaK. Bblllle,

rrO./lb3YRCb (4.16), rrOJlY'iaeM, 'iTO eCJlM: b > 1, TO #L:s 2/e + 2 M: diam L

:s I/e + 1. C./lY'iatl Lrnin = G3(I, 1, 1) He06xo,aM:MO pa306paTb-. -
OT,ae./lbHO. rrYCTb L rrOJly'ieH 1.1:3 Lmln pa3,aYT1.1:eM o,aHoro pe6pa, L =
lVI, V2, V3, V4~, M: C = VI + V2 + V3 + V4. HCHO, 'iTO L rrOJly'iaeTCR M:3

L pa3,aYTM:eM pe6ep, 1.1: HepaBeHCTBO neMMbl 4.4.30 ,aaeT: 1:aill(ei,

L~2) :s 2. .lIaJlee K.aK Bblllle rrO./lY'iaeM, 'iTO #L:s 2/e + 2 M: diam L s l/e +
1.

PaCCMOTpM:M Terrepb C./lY'iatl, Kor,aa L RBJlReTCR ,aepeBoM. B 3TOM

CJlY'iae, KaK Mbl rrOKa3a./lM: Bblllle, L y,aOBJleTBOpReT YCJlOBMRM

TeopeM 4.4.26 l( 4.4.29. rrYCTb LO"- pe,ayl.{MpOBaHHaR OCb L. Ee

C./la6aR MM:HM:MaJlbHaR MOlle./lb (coBrra,aalOlJ..(aR, O'ieBM,aHo, C Lwmin)
eCTb G3 '(1, 1, b), GI "(1, b, 2) M./ll( G2(1, I, b). Pa36epeM 3Tvt

C./lY'iaM.

rrYCTb L wmin = 03 '(1, 1, b), b ~ 1, M:./lM GI "(1, b; 2), b=I, 2, 3. B
3Tvtx C./lY'iaRX rro TeopeMe 4.4.29 pe,ayl..(MpOBaHHaR OCb La'"
COBrra,aaeT C Lwmin. PaccMoTpMM rrpoMe )l(YTO'iHble rpa~bl

L 7 r 7 Lwrnin 7 Lmin

~

rrYCTb ,aJlR Lmin = ~Vi~ l..(1.1:KJl C= 1:vi M:, K.aK Bblllle, 1:(1) = 1:ai, r,ae 'tl *C
= 1:aiej + 1:bjfj, eier1, fjer~2. TaK K.aK LO"= Lwmin, TO HOBaR OCb La'

rrO./lY'iaeTCR M3 L wmin rrpM: rrOMO~vt pa3,ayTMtl pe6ep. OTclO,aa

clle,ayeT, 'iTO



L(LO") ~ #LO"- I, (6.2)

TaK KaK

L(LWrnin) = ~

3, eCllM Lwrnin = G3"(1, 1, b),

4, eCllM Lwrnin =GI ....(I, b; 2)

1.1 L(r) cTporo B03pacTaeT npM Ka )I(,nOM pa3,nYTMM pe6pa. Ha
C./1e,nylOJl.(J.tx lllarax, npJ.t nO./1Y'ieHJ.tJ.t L Yl3 La", J.t3 BeplllYlH La"

pa3,nYBa1OTcR ~enJ.t l-ro po,na. rrYCTb 3TJ.t ~enJ.t B03HJ.tKalOT J.t3
BeplllJ.tHbl v .. 6 La". O":[eBJ.t,nHO, L(r) He YBe./1J.t"{J.tBaeTCR ./1Mlllb npJ.t

nepBOM pa3,nYTJ.tJ.t BeplllJ.1:Hbl v", rrpJ.t'ieM ec./1J.t TOllbKO V" 6 bl./1 a
BeplllJ.tHott l-ro po,na. 3TO J.t (6.2) rrOKa3blBalOT, 'iTO

L(L) ~ #L - # (La")1 - 1. (6.3)

B rpa~e La" BeplllJ.1:Hbl l-ro pOlla O'ieBYI.aHO He MoryT CO&llJ.tHRTbCR

pe6pOM (TaK KaK OHM 06pa3YlOT napa60,nM'ieCKMtt nonrpa~ B LO "),

OTKyna, Y'iMTbIBaR, ":lTO LO" MMeeT TPM :K.OH~a, no,ny'iaeM

HepaBeHCTBa

# (LO'')I ::; (#LO" + 1)/2 ~ (1I2):E(LO") +1 ~ (I/2):E(L) + 1,

r lle Mbl BOCrr0./1b30BallJ.1:Cb :K.pOMe Toro (6.2). B pe3Y./1bTaTe M3 (6.3)
no./1y":laeM, ":lTO

#L s (3/2):E(L) + 2. (6.4)

1'I3 (4.15) M (4.16) c,ne.ayeT, 'iTO L(L) ::;;2/E,ec,nM Lwrnin = GI ....(I, b;

2), b =1,2,3, JA:J1JA: Lwrnin = G3"(1, 1, b), b >1. OTclO11a M l.i3 (6.4)

rrO./1Y'iaeM, ":[TO B 3TYlX clly'iaRX # L ::;; 3/E + 2. PaccMoTpMM O~eH:K.Y

diam L. O'ieBJA:llHO, diam L ::;; # LO"+ tl + t2 - 2, r,ne tl JA: t2 
Ko,nJA:'\{eCTBO BeplllMH ~errett l-ro pOlla, BbIXOllRJl.(JA:X M3 llBYX Bepllllt1:H
vI" JA: V2" ocJ.t LO". B 3TOM cllY'"Iae npellbl,nYJl.(ee paccy;t{lleHJ,{e

nOKa3blBaeT, '\{TO
L(L) ~ # La" + tl + t2 - 3.

OTKYlla diam L ~ :E(L) + 1 S 2/E + 1, eCJUi Lwmin = GI ....(l, b; 2), b =
1,2,3, YlIlYl Lwmin =G3 "(1, 1, b), b>l.

Clly"{att L wmin = 03 "(1, 1, 1) Tpe6yeT OTlle,nbHoro pa360pa. B

3TOM c,nY'"lae paccMoTpMM ~J,{:K.1l C = vI + v2 + v3 + 2e, rlle !i 

BeplllMHbl Beca 2, a e - Beca 1 llllR G3 "(1, 1, 1). B 3TOM cllY'iae Pa(C) =



1, M HepaBeHcTBo B ./leMMe 4.4.30 llaeT: l: aill(ei, L~2) ::; 2. na./lee

TO"iHO TaK )Ke 1 KaK Bblllle1 llOKa3bIBaeTC.R:, "iTO l:(LO '') ~ #LO' - 2, r.(L) ~

#L - #(Lo')1 - 2, #(LO')I :$; (1I2)r.(L) + 3/2, #L :s; 3/e + 7/2, diam L ::; 2/e

+2.
PaCCMOTpM:M, HaKOHe1..L HaM:60./lee CJlO)KHbIR c./lY"iaR, Korlla Lmin =

G2(I, 1, b). B 3TOM c./lY"iae BM:ll pellYU;M:pOBaHHott OCM: LO"npMBelleH

B Ta6JlM:u;e 8 TeopeMbl 4.4.29. I1I3 3TOtt Ta6./lM:U;bl BM:llHO , "iTO
cyll.{eCTByeT CT.R:rM:BaHM:e Lo"7 La'" KOHu;a LO "M:3 BepllllAH BeCOB (1 1

2 ~ ... ~ 2)~ COCTO.Rll.{ero M:3 He 6o./lee "ieM 6 -TM: BeplllM:H~ npM:"ieM 3TO
CT.R:rM:BaHM:e 06paTHO nOC./lellOBaTeJlbHOCTM: pa3llyTM:tt BeplllM:H; rpa~
LO"'.R:B./l.R:eTC.R: u;enblO M: no TeopeMe 4.4.29 nOJlY"iaeTCJl

nOC./lellOBaTe./lbHOCTblO pa3llyTM:tt pe6ep HeKoToporo rpa~a G2(I, 1, b)

= iVI, v2, V3~' Eep.R C =vI + v2 + v3, B cJly"ia.Rx a), b) M: c) Ta6JllAU;bl

8 OTClOlla nony"iaeM ou;eHKY l:(LO") ~ #LO"- 3. B cJly"ia.Rx e) - f)

Ta6./lM:~bl 8~ .RBHO Bbl"iM:C./l.R:.R: l:(LO "), nOJly"iaeM ou;eHKY l:(LO") ~

#L 0"- 7. LIa./l ee T0 "iHOTaK )K e ~ KaK B npeIIbill Yll.{ eM CJl Y "iae ~

nO./lb3YRCb TeM~ "iTO HOBa.R OCb LO' nOJly"iaeTC.R: M:3 LO" pa3llYTlA.R:MlA

pe6ep~ nO./lY'iaeM Ou;eHKM:: #L :s; (3/2)r.(L) + 11, diam L :s; L(L) + 9. B

CM./lY (4.1 7) l:(L):s; 3/e. OTKylla nOJly"iaeM Tpe6yeMbie HepaBeHcTBa:

#L ::; 9/2e + 11, diam L ::; 3/e + 9. ......
3aMe"iaHM& 4 6 3, B pa60Te B,A.AJ1eKCeeBa [2] 6blJla nO./lY"ieHa

ou;eHKa: #L:$; 16/e + 7. HalllM: Ou;eHKM: B ./leMMe 4.6.2 cyll.{eCTBeHHo

JlY"illle 6./larOllap.R TOMy ~ "iTO Mbl nOJlb3yeMcR RBHblM BMllOM L,

nOJlY"ieHHbIM B 4.40 (B oc06eHHOCTlA: B TeopeMax 4.4.26 M: 4.4.2 g).
KpoMe Toro~ Hallle llOKa3aTeJlbCTBO JleMMbl 4.6.2. BO MHorOM
OT./lM:"iaeTC.R OT llaHHoro B,A ,AJleKCeeBbIM. LI./l.R: lleJlbneU;~OBCKoro

JlOr-TepMM:Ha./lbHOrO rpa~a

b
.~

b
MMeeM:

e(L) = min 11(e, L~2) = 2/b,

eeLI

diam L = b + 1 =2/e(L) + 1.

3TO nOKa3blBaeT~ "iTO ou;eHKM #L M diam L JleMMbl 4,6,2 6./lM:3KM K

HaMJlY"illlM:M B03MO )KHbIM, EblJlO 6bl Bce }f(e MHTepecHo BbIRCHlATb~

KaKOBbl TO"iHble Ou;eHKM:. ....
)JeMMa 4.6.4. ITyCTb E - CBR3HaR 3JlJlMnTM:"ieCKaR lleJlbneU;U;OBCKa.R

JlOr-TepMMHaJlbHa.R: CMCTeMa BeKTopoB~ llJlR KOTOpott



11(e, E~2) 2: E > 0 :y. e 6 E 1.

Tor.a.a

eCJ1vt e 6 EI, TO

.DoKa3aTeJ1bCTBO 1I0xa}KeM nepBO& HepaBeHcTBo. IlycTb V e E vt T 
no.arpa~ E, COCTOfUU;vttt M3 BeplUvtH E,OTCTORllpI{X OT v Ha paCCTORHMvt

He 60./lblUe d. DOCTaTO'iHO .aoxa3aTbl 'iTO

#T ~ 2d + 4/E + 2. (6.5)

Ilo npe.a./lO }KeHJ.1::EO 4.4. 4 rpa~ T - TaX}Ke CBR3Hbitt 3./l./lJ.1:nTJ.1:'ieCKvttl

D,e./lbIleLtLtOBcKMtt ./lor -TepMvtHa./lbHbltt, J.1: OH TaX)Ke y D,OB./leTBOpReT

YCJlOBJ.1::EO J1eMMbl 4.6.4. BOCn0J1b3yeMcR TeopeMaMM 4.4.26 1 4.4.29 J.1:

HepaBeHcTBoM (4 ..12). IlycTb T 0"- peD,yLtMpoBaHHaR OCb T. I1I3
Ta6J1vtLtbl 6 TeopeMbl 4.4.29 BMllH01 'iTO

# TO" s: 2 + 2d, (6.6)

, TaK KaK OD,MH M3~OHLtOB rpa~OB Ta6J1MLtbl 6 MMeeT ,llJ1MHY He 60J1blUe

.aByX. IlycTb C-:. ~ yH.aa Me H Ta J1 bH bitt LtMX./l T 0" M L (r) 
COOTBeTcTBy:EOlJ..{J.1:e C CYMMbl xpaTHOCTeR npOMe}KyTO'iHbIX rpa~OB T 7

r 7 TO". HOBaR OCb T 0" nO./lY'iaeTCR M3 T0" pa3.aYTJ,{RMJ.1: pe6ep.

Il03TOMY

L(T) 2: L(TO') 2: #TO' - #TO". (6.7)

O'ieBM.aHO1 #(TO') 1 s: L(To '). OTKYlla (npM pa311yTJ.1:J,{ Ltenett l-ro

po.aa) nO./lY'iaeM1 'iTO

L(T) 2: #T - #TO"- #(TO')1.

OTC:EOD,a J,{ J.1:3 (6.7) no./ly'iaeM, 'iTO

# T s: 2L(T) + #TO".

B CvtJlY (4. 12) J.1:MeeM: L(T) :s; 2/E. OTcKllla J.1: M:3 (6.7) C./le.ayeT (6.5).
PaccMoTpMM BTOpy:EO oLteHxy J1eMMbl 4.6.4. IlYCTb E' IloilY'iaeTCR

CTRrMBaHMeM e.O'ieBM.aHo, BTopaR oLteHKa 3XBMBa./leHTHa I-tl



Ol.l;eHKe 1 HO 1l.n..R: E .... OHa llOKa3blBaeTCR TO'iHO TaK )l{e 1 KaK
npellblllYll.{a.R:. ...

3aMe'iaHHe 4.6.5. B pa60Te B.A.A.n.eKceeBa [2] JleMMa 4.6.4
llOKa3b1BaeTC.R: C XYlllllUMH ol.{eHKaMH. KaK H B .n.eMMe 4.6.2 1 HalliM
ol.l;eHKM .n.Y'illie 1 TaK KaK Mbl JlOJlb3yeMC.R: .R:BHbIM BvtllOM E,
Jlo.n.Y'ieHHbIM B 4.40....

DOKa)KeM TeopeMy 4.6.1. nYCTb t = t(Z).:vI3 .n.eMMbl 4.6.2 CJlellyeT,

'iTO yc.n.oBHe a) TeopeM 3.4 H 3.5 Bblno.n.HReTCR C d = 3/t + 9. :vI 3
.n.eMMbl 4.6.4 c.n.ellyeTI 'iTO TeopeMbl 3.4 H 3.5 6YllYT MMeTb MeCTO C
KOHCTaHTaMH

Cl :s; 3/t + 8 + (2ft + 1)/n :s; 4/t + 9,

rlle n = #E (O'ieBHllHO, MO)l{HO C'iHTaTb, 'iTO n ~ 2), H

C2:S; 6/t + 17 + (2/t + 1)/n - 4/t - 9:s; (7/t +18) - 4/t - 9 = 3/t +
+9.
OTclOlla H TeopeM 3.4 H 3.5 no.n.y'iaeM Tpe6yeMoe .....

:vI3 TeopeMbl 4.6.1 M HepaBeHcTBa (5.2) BbIT&KalOT CJlellYlOllp.1&
TeopeMbl.

TeopeMa 4.6.6. nYCTb Z - JlO'iTH JlOBepXHocTb lle.n.b nel.l;l.I;o C .n.or
TepMMHa.n.bHbIMH oco6eHHocTRMH Hall npOU3BOJlbHbiM aJlre6paM'ieCKM
3aMKHYTbiM nOil&M, 0": Y ~ Z - MHHHMa.n.bHoe pa3pellieHHe
oco6eHHocTett Z M k(Z) - MHlleKC Z.

Torlla

9 6(5k(Z) + 12) + 69, eCilH K Z2 > 0;

p(Y) < ~

96(5k(Z) + 12) + 70, eCJlM K z2 = 0 M KZ~O.

3aMe'iaHMe 4.6.7 . .l[.n..R: nOBepXHOcTett lleilb nel.l;l.I;o Hall a: TeopeMa

4.6.6 C Ol.l;eHKott p(Y) < Ak(Z)7/2, rlle A - a6COJllOTHaR KOHCTaHTa,

paHee 6blJla JlOJlY"IeHa aBTopoM B [11] M [12]. "'"
TeopeMa 4.6.8. nYCTb Z - nO'iTH nOBepxHocTb lleJlb nel.l;l.I;o C J1or

TepMMHa.n.bHbIMH oco6eHHOCTRMH Hall rrpOH3BOilbHbiM aJlre6paM'ieCKVt
3aMKHYTbiM rro.n.eM I 0": Y ~ Z - MHHMMailbHoe pa3peweHHe
oco6eHHocTett Z H r(Z) -llpo6Hbltt MHlleKC Z.

Torlla

96(5/r(Z) + 12) + 69, eCJlM K z2> 0,
p(Y) < ~

96(5/r(Z) + 12) + 70, eCJU{ Kz2 =0 M KZ~ O.

3aMe'iaHMe 4.6.8'. DJ1.R: JIOBepXHocTett llellb TIel.l;l.I;O Hall a: C
Xy.nlllMMM, 'ieM y Hac, KOHCTaHTaMM TeopeMa 4.6.8 6bl.n.a paHee
llOKa3aHa B.A.AJleKCeeBbIM B [2]. ....

eile .ny:EOll.{a.R: Ba )l{HaR TeopeMa BblTeKaeT H3 TeopeMbl 4.6.6 M
onHCblBaeT MHO )l{eCTBO llpo6HblX MHlleKCOB rrO'iTH rroBepxHocTeß lleJ1b



TIel.(l.(o. lIJut nOBepxHocTetl: lle./lb TIel.{l.{O Hall lt OHa 6bl./la nOJly":leHa

B.A .AJl&KCeeBbIM B [2].
TeopeMa 4.6.9. MHO)l(eCTBO R Bcex .o.P06HblX vtH.aeKCOB rrO":lTM

rroBepxHocTetl: .o.e./lb TIel.{l.{o C ./lOr-TepMMHaJlbHbIMvt oco6eHHOCTRM)..1

Hall rrp0)..13BOJlbHbIM anre6pavt":leCKM 3aMKHYTbiM nOJleM Jle)J()..1T Ha

TtOJlyMHTepBaJle (0 J 3], MHO )l(eCTBO TO"IeK HaKOrrJleHMR R - 3TO B

TO"IHOCTM MHO )J(eCTBO i 1In In e N ~ J BCRKaR B03pacTalOlJ..{aR

rrOCJlellOBaTeJlbHOCTb llp06HblX MHD,eKCOB vt3 R KOHe'iHa.

DOKa3aleJlbCTBO rrpoBollMTCR TO'iHO TaK )l(e J KaK B pa60Te

B.A.AJleKCeeBa [2]. Tpe6YlOT M3MeHeH)..1R JlMlJlb llBa MOMeHTa J KOTopble

Mbl 3aeCb rrplAB9D,eM.

Pal.{MOHaJlbHOCTb Y llJlR MMHMMal1bHOrO pa3perneHlA:R oc06eHHocrett

cr: Y 7 Z CJleD,yeT M3 np9D,./lO)l(eHMR 4.2.1.
TIyCTb p(Y) < N, rlle N - HeKoTopaR KOHcTaHTa J ]..{ .o.I1R Ka)J(D,ott

KOMrrOHeHTbl Fj e Exc(y)3 MCKJllO'iMTeJlbHOrO 11MBM30pa pa3pelJleHMR cr

MMeeM: -Fj 2< b, rae b - HeKoTopaR KOHCTaHTa. TIoKa)l(eM, ":ITO

MHO )J(eCTBO ap06HblX MH.aeKCOB TaKMX rroBepXHocTett Z KOHe'iHO. I1I3

YKa3aHHblx orpaHvt'ieHMtt O'ieBM.aHO BblTeKaeT, 'iTO 'iMCJlO B03MO )J(HbIX

MaTpvtl.{ rpaMa r(Exc(y)3) KOHe'iHO. I1IHlleKc k(Z) nOBepxHocTM Z
orrpe.aeJlR&TCR 3TOtt MaTpMl.{ett rpaMa J n03ToMY ":I]..{CJlO TaKMX

MHlleKCOB TaK}Ke KOHe"IHO. 113 ~OPMYJlbl Ky = cr*KZ + lliiFi rrOJly"IaeM J

'iTO k(Z)cr*KZ e NS(Y), OTKYlla -cr*KZ = h!k(Z) , h e NS(Y). B CM./lY

pal.{MOHallbHOCTM Y MO )l{HO C"':lvtTaTb J 'iTO p(Y) ~ 3. B 3TOM cllY'iae

cylJ..{ecTByeT MCKlllO'iMT9nbHaR KpMBaR E l-ro p0D,a Ha Y, D,./l.R

KOTopott rrOJly"IaeM - 1 = E.cr*KZ + Lai(E.Fj), rrpM'ieM E.cr*KZ < 0, Ctj::;O,

(E.Fi) ~ O. OTClOD,a CJlellyeT, 'iTO 0 < E.h ::; k(Z), rD,e E.h e N. TI03TOMY h

= th "', rne h '"e NS(Y) - npvtMvtTlABHbltt 311eM9HT NS(Y), t e N ]..{ t ::; k(Z).

OTClO.o.a nOJly'iaeM, 'iTO r = t!k(Z), rlle HaTypaJlbHble t ~ k(Z)
orpaHVt'ieHbl. ..

PaCCMOTpvtM Tenepb .apyrylO Ol.{eHKY Ha p(Y) - Kor,na OrpaHM'ieHbl

KpaTHOCTlA: oco6eHHocTett Z. TIyCTb

e(Z) = max e(Z),
zeSing Z

rD,& e(z) - KpaTHOCTb oc06eHHOCTlA z (CM. 4.1 0 ). lIllR ./lor

TepMMHa./lbHbIX oc06eHHoCTett Bcer.aa e(z) ~ 2k(z) (CM. [11, ./leMMa

1.1]). TIo3TOMY npvt OrpaHM'ieHHOM MHD,eKCe oco6eHHocTM ee

KpaTHOCTb TO}Ke OrpaHM'ieHa, OD,HaKO 06paTHoe He BepHO (CM.,

HanpMMep, [11, neMMa 1. 1]): npvt ~MKCvtpMBaHHoß KpaTHOCTM

oc06eHHOCTlA: ee MHD,eKC MO }KeT 6blTb CKOllb yrOD,HO BeJlvtK. TI03TOMY

Ol(eHKy p(Y) "Iepe3 e(Z) MO}KHO paCCMaTpMBaTb KaK llpyroe

(OT./lM"IHOe OT reopeMbl 4.6.1) o606lJ..{eHHe Ol.{eHKM p(Y) 'iepe3 k(Z),



nepBOHa'iaJ1bHO nOJ1y'ieHHott aBTOpOM. OTMeTM:M, 'iTO "pM:

OrpaHM:"{eHM:M: Ha oco6eHHOCTM:: Bce ßOKa3aTeJ1111: Cli ~ - 1/2, eCIlM: Cli;tO,

3Ta Ol.(eHKa 6bllla nOJly'ieHa aBTopoM B [11], OLteHKa p(Y) 'iepe3 e (Z)
111lR nOBepxHocTetl .aellb neLtLto ny6JlM:KyeTC.R: B [13],

TeopeMa 4.6.10. nYCTb Z - ßO'iTM: nOBepxHocTb l1ellb IIeLtLto C Jlor

TepMMHallbHblMM oco6eHHOCT.R:MM:, (j: Y 7 Z - MMHMMaJlbHOe

pa3pellleHM& oco6eHHocTett Z M e=e(Z).
Tor.aa .aIlR KZ2;t 0

3141, &CJlM & = 2,
5317, eCIlM: e= 3,

p(Y) < ~ 17735, eCJlM: e= 4,
192e(e - 3)(6e - 27)

+ 1536e 2 (e-3) + 69, eCJlM e ~5,

l1.n.R KZ2 =0

3 142, ec.n.M e = 2,
53 18, ec.n.M e :: 3,

p(Y) < ~ 17736, ec.n.1I1: e = 4,
192e(e-3)(6e-2 7)

+ 1536e2(e- 3) + 70, eC./lM e ~ 5,
E(e)

r.ae ~YHKLtM:.R: E(e) onpel1e.n.eHa B 3aM&'iaHMM 4.6.13.
nOKa3aTe./lbCTBO.

fl.n..R: .n.or-TepMlAHa.n.bHoß CMCTeMbl BeKTopoB V BBel1eM nOHRTMe

KpaTHocTM e(V ). KpaTHocTb e(V) paBHa MaKCMMa.n.bHo$t KpaTHocTM

CBR3Hott 3.n..n.MnTM:'ieCKo:A ßOl1CMCTeMbl V" c V ~2 (J~3 BeKTopoB 2 -ro

pOl1a). KpaTHocTb e(V") CBR3Hott 3Jl./llAJITM'ieCKott JlOr-TepMMHa.n.bHott

CMCTeMbl M3 BeKTopoB 2 -ro pona (T .e. MMHMMa.n.bHotl) paBHa (KaK M

l1.n.R oco6eHHocTetl)

e(V'') = 2 + 1; (-v2 - 2).
veV"

O'ieBMllHO, KpaTHOCTb JIo.aCMCTeMbl Bcer.aa He 6o.n.bllle, 'ieM

KpaTHOCTb CMCTeMbl.

JJeMMa 4.6.11. IIyCTb L - .n.aHHepOBCKa.R lleJlbßeLtLt0BCKaR ./lor

TepMHHailbHaR CMCTeMa BeKTopoB 111: e • e(L).

Tor.aa



10, eCJlM: e l:I 2,
11, eCJlH e 1:1 3,

#L ~ ~ 2 5, eCJlH e 111 4,
(6e-2 7)(e- 3)

+ 8e(e-3) + I, eCllH e 2: 5,
E(e)

r.a.9 ~YHKl.(HR E(e) 0 ßpe.a.eJlReTCri B 3aMe'iaHHH 4.6. I 3.
DOKa3aTeJlbCTBo. Mbl paCCMOTpHM HaH60Jlee Tpy.a.Hbl:t:t cJly'ia:t:t,

Kor.aa L y.aOBJl9TBOPR9T YCJlOBHlO TeopeMbl 4.4.26 (ocTallbHble

CJly'iaH pa36HpalOTcR rrpo~e, rrpH HX paccMoTpeHHH OTCyTCTBylOT

HeKoTopble MOMeHTbl .aOKa3aTeJlCTBa; cp . .aOKa3aTeJlbCTBO JleMMbl

4.6.2).
no TeopeMe 4.4.26 OCb La HMeeT He 60Jlee Tpex KOHl..{OB. nYCTb N 

'iHCJlO BeplllHH I-ro pOlla, Jle)l(a~J.{x Ha OCH La. OHM: pa36HBalOT OCb

La Ha N+l KOMßOHeHTY CBR3HOCTM: Li2:2, i = I, 2,. .., N+l, no.a.rpa~a L2:2.

nYCTb KOMrrOHeHTa Li2:2 M:MeeT BepllllAHbl Vi} j 1:1 I, ..., ßi Beca biJ TaK

KaK e(L) =e, TO

ßi
~ (bij - 2) ~ e - 2,

j=l
.oTKy.aa nOlly'iaeM, 'iTO

N+I ßi

~ ~ (bij - 2) ~ (N + l)(e - 2).
i=l j=l

(6.8)

(6.9)

PaCCMOTpUM HOBylO OCb La", nOJly'ieHHylO CTRrUBaHM:eM l..(ene:t:t I-ro

po.aa Ha La. nYCTb

~ (L() ") =~ (bk" - 2),
k

r.a.e k HyMepyer Bce BeplllHHbl La", bk" - HX Beca (TaK. )!Ce

onpe.a.eJlReTCR ~ (r) H .aJlR .apyrHx r). O'ieBH.aHO,

N+1 ßi

~(LO") =~ ~ (bij - kij - 2) - N, (6.10)
i=l j=l

r.ae kij - o6~ee "{HCIlO BeplllJ.{H l..{ene:t:t I-ro po.aa, BbIXO.QRlL(HX H3

BeplllJ.{Hbl Vij. IIo TeopeMe 4.4.29 HOBaR OCb La" nOJly'iaeTCR

pa3.a.yTHRMM: pe6ep M:3 pe.Qyl..{MpOBaHHo:t:t OCM: LO ..... OTClO,D,a CJleayeT,

'iTO



.4' ,
"1. 1 -,

1: (Lo) = #Lo' - #LO" + l:(LO"").

ECIlM Lwrnin = G3 "(1, 1, b) MIlM GI "(1, b; 2), TO LO ....= G3"(I, 1, b) MIlM

GI "(1, b; 2) COOTBeTCTBeHHO no TeopeMe 4.4.29. OTKy.na, l:(LO") 

#LO ....= b - 6, eCJlM LO"= 03 '(1, 1, b) (r.ne b ~ 1); l:(LO") - #LO"= b -4,
I1

eCIlM Lo"= 03(1, b; 2) (r.ne b = 2, 3, 4). 1IITaK, B 3TMX clly'{aRx l:(LO")

~ #LO"- 5. ITyCTb Lwrnin ;: G2(1, t', b), b ~ 1. B 3TOM clly'{ae, nOJlb3YRCb

TeopeMott 4.4.29, nOlly'{aeM .nIlR c.ny'{aeB a) - 1) Ta61lMl..{bl a
cooTBeTcTBeHHo, '{TO l:(LO ....) - #LO .... paBHo a) b-6, b) b-7, c) b-7, d) 
7, e) -7, f) -8, g) b-l1, h) -7, i) -8, j) -7, k) -7, 1) -10. T a KM M

06pa30M, B 3TMX c.ny'{aRX 1:(LO') ~ #LO"- 1O. 111 OKOH'{aTellbHo, .nIlR

Bcex L, y.noB.neTBopRIOlJ.{MX TeopeMe 4.4.26, MMeeM

l:(LO") ~ #LO"- 10. (6.11)

Y'{J.{TbIBaR, '{TO #L = #LQ" + 1: ki} M3 (6.10) M (6.11) nOlly'{aeM:
i,j

N+l ni
l: L (bij - 2) ~ #LO"+ L kij + N -10 = #L + N -10.
i=1 j=1

ni
OTKyna, y'{MTbIBaR, ":I:TO L (bij - 2) :s; e-2, nOJly'{aeM Ol.{eHKY

j=1
#L ~ (N+1)(e-3) + 11. ( 6. 12 )

OTClO.na nOJly":l:aeM, '{TO #L:s; 10, ec.nM e=2, JA #L :s; 11, ec.nM e= 3.
ITyCTb e=4. Tor.na M3 (6.12) CJlenyeT, ":I:TO #L s; N+12, oTKy.na #L~2:s; 12.

B rpa~e L npM #L ~ 4 .nBe BepllIlAHbl 1-ro pona He MoryT coe.QlAHRTbCR
pe6pOM, TaK KaK Tor.na OHM 06pa3YlOT napa60JlM'{eCKMtt JIo.nrpa~, a L

- llaHHepOBcKMtt. OTClOlla cllenyeT, ":I:TO N:s; #L~2+ 1 ~ 13 M #L s; 25.
3aMeTMM, ":I:TO nOKa, npM e :s; 4, Mbl He nOJlb30BaillACb neJlbnel.{l.{OBOCTblO
CMCTeMbl L. ITOJlb3YRCb TeopeMott 4.4.15, npe.n1l0)KeHMRMM4.4.16 M
4.4.19, .nJlR JlOr-TepMJAHaJlbHbIX L TO'{HO TaK )Ke pa36MpalOTCf(
.npyrMe CJly'{aM Lwrnin. B pe3YJlbTaTe nOJly'{aeM

TIpen.no )KeHMe 4.6.12. lIJlf( BCf(KOrO llaHHepOBcKoro Jlor
TepMMHallbHoro rpa,a L KpaTHocTM e(L) :s; 4 MMeeM:

10, eCJlM e(L) = 2,
#L :s; i 11, eCJlM e(L) = 3,

25, eCJlM e(L) = 4.



IIyCTb Tenepb e ;;::: 5. IIOJlO)l{J.tM 1= #L. 3aMeTM:M} '{TO 06~ee '{MCJ10

BeplllJA:H XOMnOHeHT Li~2, i=l,... , N + 1, BMeCTe C OTXOl1R~M:MJA: OT

KOMnOHeHT Li;;:::2 l.{enRMJ.t l-ro POl1a paBHo 1 - N. nYCIb v - BeplllJA:Ha

1-ro pOlla} Jle)l{a~aR Ha OCM: La, nycTb v COellM:HReT COCellHJ.1e

XOMnOHeHTbl Li~2, Li+1~2,Ha OCM: Lo (T.e. J.13 BepllIJ.1Hbl v BbIXO,llRI llBa

pe6pa} OllHO - B BeplllJA:Hy J.i3 Li~2 ,llpyroe - Li+ 1~2) M: s(v) - o6~ee

'{M:CJlO BepllIJ.1H XOMßOHeHT Li;;:::2 M: 4+1~2 M: OTXOllR~JA:X OT HM:X l.{enett

l-ro pOlla. IlycTb

Q = I: s(v),
v

r lle v np06era&T Bce MHO)l{eCTBO I BeplllMH l-ro pOlla Ha OCM Lo,

KOTopble COellM:HRlOI XOMnOHeHTbl Li~2, Li+ 1~2, JA:MelO~]J{e JlMHettHbitt

(T.e. ~OPMbl An) rpa~. Tax KaK LO J.tMeeT He 60Jlee Tpex XOHl.{OB, TO

06~ee '{M:C.no TaKM:X BepllIM:H v He MeHbllIe N - 3. O'{eBMllHO} Q :s;;2(l 
N), 11: M:3 (6. 12) nOJly'{aeM, '{TO

Q S; (N + 1)(2e - 8) + 24. (6.13)

rrYCTb 11 c I - nOllMHO)l{eCTBO Tex BeplllM:H l-ro pOlla v e I, II JI R

XOTOpblX 06~ee '{MCJlO BeplllM:H COell11:HReMbIX v XOMnOHeHT Li~2,

Li+1~2 BMeCTe C OTXOllR~M:MM: OT HM:X l.{enRMM: l-ro pOlla He 60Jlbllle

2e - 8. Torlla ,llJlR #1 - #1 1 ~ N -3 - #11 BeplllJA:H v G 1 - 11 3TO 'i]J{CJIO

He MeHbllle 2e- 7, M: 11:3 (6. 13) JtOJIy'iaeM:

2(#11) + (N - 3 - #1})(2e-7) s; (N +1)(2e - 8) + 28.

OTXY,lla

N - 8e + 1
(6.14)

2e - 9

lIJIR BepllIJA:Hbl 1-ro pOlla v 6 11 06~ee "IMCJIO BeplllMH COe,llJ.1:HReMbIX

&10 KOMJtOHeHT Li~2 JA: Li+1~2 He 60JIbllle 2e - 8} cyMMa BeCOB BeplllMH

3TJ.1:X XOMnOHeHT He 60JIbllle 2 (e -2) + 2(2e-8) c 6e - 2 O. OTClO,lla

CJIellyeT} "ITO '{M:CJIO B03MO )I{HOcTett ,llJlR rpa~oB Li~2 M Li+1;;:::2
KOHe'{HO, JA: "IM:CJIO

,,(v, L~2) = 1 + v.(KCLi;;:::2) + K(4+1~2»)> 0

OrpaHJ.1:"IeHO CHJA:3Y HeKoIopott xOHcTaHIott e(e)} 3aB]J{cRlJ..{ett TOJIbKO 01

e:
l1(V, L;;:::2) ~ fee) > allJIR v 6 11.

V13 HepaBeHcTBa (4.17) nOJIY"IaeM} "ITO e(e)(#ll):::; 3. OTclO.aa M: (6.14)

nOJly"laeM, "ITO N s; (6e - 27)/e(e) + 8e - I} JA: J.1:3 (6.12) CJIe,llyeT, "ITO



(6e-27)(e-3)
#L ~ + 8e(e-3) + 1.

E(e)

3aMe'{aHHe 4.6.13. 1113 ,aOKa3aTeJlbCTBa Clle,ayeT, '{TO B

~OPMYllHpOBKe JleMMbl 4.6.11 B Ka'{eCTBe E(e) clle,ayeT B3RTb

cJle,aYEOlltyEO ~YHK~HEO: LIJlR e 2: 5
E(e) 1:1 rnin il +Cll + ßl~,

L,M

r lle L, M, np06eraeT napbl llHHetlHblx Jlor -TepMHHallbHblX rpa~oB,

o6pa3YEOlltHX ~enM BeplllMH

npM'{eM BblßOllHeHbl YCJlOBHR:

n + rn ~ 2e - 8;
n

e(L)=2+2: (bi-2)~e,

i=I
rn

e(M) =2 + 2: (bj'- 2) ~ e,
j=I

raa bi - Bec vi, bj , - Bac Wj, Bce bi 2: 2, bj';:: 2; llllR K(L) =«Xl vI + 000 +

ClnVn M K(M) = ßIwi + ... + ßrnwrn MMeeM:

I + Cl 1+ ß1 > O.

(.lIaHHaR ,aMarpaMMa KOMMeHTHpyeT 3TO onpeaeJleHHe.)

JJ e M M a 4.6. 14. nYCTb E - CBR3HaR 31111MßTM'{eCKaR Jlor

TepMHHallbHaR CMCTeMa BeKTOpOB.

Toraa

#i i vI, v 2 ~ c E I P(vI, v2) s d ~ :s; (3/2)de(E)(#E);



#~ ~ vI, v2 ~ c E - ~ v ~ I Pv(Vl ,V2) ~ d ~ ~ (3/2)de(E)(#E -1).
floXa3aTeJlbCTBo. Cpa3Y BblTexaeT M3 TeopeMbl 4.4.26 M Toro, 'iTO rro

TeopeMe 4.4.26 OCb EO MMeeT He 60Jlee Tpex XOHl..(OB, Bec BeplllMHbl W

OCH E°He 60Jlbllle e, a 'iMCJlO BeplllMH l..(errett l-ro pOlla, BbIXO,aR~HX

M3 W, He 60Jlbllle b - 1, r,ae b - Bec w. ,..
floXa3aTeJlbCTBO TeopeMbl 4.6.10 Tenepb BblTexaeT M3 JleMM 4.6.11,

4.6.14 M TeopeM 3.4 M 3.5. 3TM TeopeMbl 6y,ayT HMeTb MeCTO C

KOHCTaHTaMM

9, eCJlM e = 2,
10, eCJlM e 1:1 3,

d =~ 24, eCJlM e = 4,

(6e-2 7)(e-3)
+ 8e(e- 3), eCJlM e ~ 5,

E(e)

M KOHCTaHTaMM

24, eCJlM e = 2,
4 I, eCJlM e = 3,

Cl =C2 = ~ 138, eCJlM e c 4,
3e(6e-2 7) (e- 3)

2E(e)

IIpM ,aOKa3aTeJlCTBe TeopeMbl 4.6.10 rrpM e ~ 4 Mbl He rrOJlb30BallMCb

,aeJlbrrel..(l..(OBOCTblO, M M3 npellJlO)l(eHMR 4.6.12 M JleMMbl 4.6.14
rrOJly'iaeM CJle.aylOll.{ylO TeopeMy.

TeopeMa 4.6.15. TIYCTb X - Heoco6aR allre6paM"IeCKaR rroBepxHocTb

Ha,a rrpOM3BOJlbHbiM allre6paM'ieCKM 3aMKHYTbiM rrOJleM, MHO)KeCTBO

J,{CKJllO'iMTellbHbIX KpMBblX Exc(X) KOTopot1: Jlor -TepMMHa./lbHO M

KpaTHocTb e = e(Exc(X)) :s; 4.
Tor,aa

3 14 1 ,llIlR e 1:1 2,

P(X) < ~ 53 17 ,aIlR e c 3,
17735 ,llIlR e 1:1 4,

eC./lM MHororpaHH~ M (Y) 3IlJlY1:rrTM"IeH (3KBMB a./leHTHO ~

MHororpaHHMK MOpH NE(Y) rIOpO)l(,aeH Exc(Y)), M

3 142 ,a./lR e = 2,

P(X) < ~ 53 18 ,a./lR e = 3~
17736 ,a./lR e CI 4,

eCIlM M(X) rrapa60./lY1:'{eH.



3 aMe'iaHMe 4.6.16. lIll.R: e ~ 5 TeopeMa 4.6.15 He BepHa. I1I3

rrOBepXHOCTeR F n , n ~ 0 1 pa3.aYTH.R:MM TO'ieK nepeCe'ieHM.R:

lttCKlllO'iMTellbHblX KplttBblX CTpOMTC.R: pal.(MOHallbHa.R: rrOBepXHOCTb X C

P (X) = 2k + 1 ltt co ClleD,YIOI.LJ;lttM MHO }l{eCTBOM M3 2k + 1
MCKJiIO'iMTeJibHblX K PMBblX (M(X) .R:BJi.R:eTC.R: CMMrrll e KCOM ) :

k

TIpM 3TOM k CKOJlb yrOD,HO BeJiMKO. 3TO nOKa3blBaeTI 'iTO TaK }l{e KaK

oc06eHHOCTM Kpa THOCTM 2 (T.e. JlIOBaJleBCK.Me), oc06eHHocTM

KpaTHOCTM 3 M 4 BblD,eJl.R:IOTCJl CpeD,M KJlaCCa Bcex JlOr-TepMMHaJlbHbIX

oc06eHHocTeR rroBepxHocTeR.

UQ.. TIoBepxHocTH C ner aHTMKaHOHM'ieCKMM KJiaCCOM 11 .nor

TepMHHaJJ.bHbIMH OC069HHOCTJlMl1. 3aecb Mbl XOTHMI ITO-B03MO}l{HOCTM,

rrepeHecTM pe3Y JlbTa Tbl rryHK Ta. 4.6° Ha aJlre6paH'ieCKMe

rrOBepXHOCTM Z C nef aHTMKaHOHM'ieCKlAM KJlaCCOM }.{ Ilor

TepMMHaJlbHblMM oc06eHHOCTJlMH.

CJle.aYIOI.LJ;MR rrpMMep rrOKa3blBaeT I 'iTO TeopeMa 4.6.1 He

nepeHOCMTC.R: Ha cllY"'latl l K.or,aa -Kz .R:Bll.R:eTC.R: nef.
TI p 11 M e p 4.7. 1. I1I3 nOBepxHocTeR Fn pa 3.aYTM.R:MM TO"ieK.

nepeCe"ieHMJl MCKIlIO'iMTeJlbHbIX KpMBblX CTpOMTC.R: nOBepxHocTb Y, ,aJl.R:

K.oTopoR p(Y) = k+41 rroBepxHocTb Y co.aep}l{MT p(Y) = k+4
MCKJlIO'iMTellbHbIX KPMBblX I o6pa3ylOll.{lAX rrO'iTM .neJlbrrel.(l.(oBcKMR

JlaHHepoBcKl1tt Jlor -TepMHHaJlbHbltt rpa~ Bl1,lla

3 ~k+2
.0 •• ~
~

k

llJl.R: HCKJlIO'iMT9JlbHott KplABOR 1-ro p0,lla E 11 OTBe'ialOI.LJ;e:&t JleBott

BeplllMHe 1-ro po.aa 3Toro rpa~al ,,(E 1, Exc(y)::?:2) > 1/2, a ,llJlJl

MCK.JiIO"'lMT&JlbHot1: KpMBOR E2, OTBe'ialOll.{e:A npaBo:&t BepllIMHe l-ro

po,aa, ,,(E2, Exc(y)~2) = O. TI03TOMY ,llJiJl rroBepxHocTM Z C Jlor

TepMMHaJlbHblMM oc06eHHOCT.R:MMI nOJly'ieHHott M3 rroBepxHocTM Y
CTJlrMBaHlAeM Bcex MCKJlIO'iMT9JlbHbIX Kpl1BblX 2 -ro po.nal MHBapMaHT

E(Z) > 1/2, aHTl1KaHOHH'ieCKl1tt KJlaCC -KZ - nef (M ,lla}l{e KZ 2 > 0),

o,aHaKO p(Y) = k + 4 MO}l{eT 6blTb CKOJlb yrO,llHO BeJlMKO, TaK KaK

MO }l{HO B3,RTb Jl1060e k;;::: 1. ~



O.QHaKO, TeOpeMa 4:.6.6 nepeHOCM:TCR Ha C./ty"Iatt , Kor.Qa -Kz
RB./tReTCR nef.

IlYCTb (Z, z) - ./tor -TepMM:HanbHaR oc06eHHocTb, a: Y 7 Z - ee

MM:HM:ManbHOe pa3pellleHM:e M:

Ky =a*Kz + L UiFi ,

r lle Fi ,~- KOMnOHeHTbl M:CK./tlO"IM:TenbHOro .QM:BM:30pa pa3pellieHMR M Ui 
M:X nOKa3aTe./tM. TaK KaK oc06e·HHOCTb (Z, z) ./tor-TepMM:HanbHa, TO

MO )KHO BBeCTM: M:HBapM:aHT

ß(z) =min ~ 1 + ui ~ > O.
1

3TOT M:HBapM:aHT CBR3aH C M:H.QeKCOM O"leBM:.QHbIM HepaBeHCTBOM:

ß(z) ~ I/k(z).

Il03TOMY, ecnM: M:HlleKC k(z) OrpaHM:"IeH cBepxy k, TO M:HBapM:aHT ß(z)
OrpaHM"IeH CHM3Y l/k:. O.QHaKO 06paTHoe, KaK nOKa3blBaeT npl.iMep

oc06eHHOCTM C rpa~OM

• •
~

.. . ,

He BepHO. lIJ1R TaKott oc06eHHOCTM (Z, z) MH.QeKC k(z) =2t + I, a

MHBapM:aHT

ß(z) =(t + 1)/(2t + 1) > 1/2.

EC./tM Z - nOBepXHOCTb C nor-TepMMHa./tbHbIMM: oc06eHHOCTRMM, TO

nOJlO )KMM

ß(Z) = min ß(z).
zeSing Z '- ,

O"leBMllHO, B r ./t06anbHott ~opMy./te .QJlR MMHMMa./tbHoro pa3pellleHMf{

oc06eHHocTett a: Y 7 Z

MMeeM:

Ky =a*Kz + L UiFi
1

ß(Z) =min ~ 1+ Cli ~
i

(7.1)



M, O'ieBMllHO I

ß(Z) ? lIk( Z).

TeopeMa 4.7.2. rrYCTb Z - aJlre6paM:'ieCKaR JIOBepXHocTb C Jlor

TepMM:HaJlbHbIMM: oco6eHHocTRMM 1.1: nef aHTM:KaHOH1.1:'ieCK1.1:M KJlaCCOM

-Kz . n;YCTb 0: Y ~ Z - MlAHM:MaJlbHOe pa3pellieHlAe oc06eHHOcTett Z M: N

- o6ll1;ee 'iJ,{CJlO KOMJIOHeHT 1.1:~K,JlJ<)'i1.1:Te./lbHOrOllJ.1BJ.130pa pa3pellleHJ.1R

0, np0J,{cxollRllI;J.1X U3 OC06blX TO'ieK Z KpaTHocTM ~ 3.
Torlla:

. p(Y) < 128(3/e + 9)(1/(3ß2) + 3) + 70 ,eCJl1.1: KZ ~ 0;

N<128(3/e+9)( 1/(3 ß2)+3)+68 1.1: p(Y)<25 6(3 le+9)( 1/(3 ß3 )+3/13) + 78,
eCJlM KZ=O, rlla e =e(Z) M 13 = ß(Z).

.nOKa3aTeJlbCTBO.

JJ e M M a 4.7.3. rrYCTb L - JIO'iT1.1: II eJlbnel.{l.{OB CKaR Jl or-

TepMMHaJlbHaR C1.1:CTeMa BeKTopoB, npvl'ieM LlJlR e > 0, 13 > 0 J.1MeeM:

l1(e, L~2) ~ e > 0, ecJl1.1: e e LI 1.1: l1(e, L ~2) ~ 0,

Torlla

diam L ~ (3/e + 9)<1>([1/13]) ~ (3/e + 9)(1/(3ß2) + 2),

r.oe <I>(n) = 4>(1) + 4>(2) + ... + 4>(n), 4> - ~YHKl.{MR 3ttJlepa.

flOKa3aTeJlbCTBO. Pa306b&M MHO)KeCTBO LI BeKTopoB 1-ro pOlla M3

L Ha .oBa KJlaCca:

O'ieBM.oHO, K(L 10 U L~2) = K(L;?:2) B TOM CMbICJle, 'iTO .oIlR BCRKoro

v E L I0 U L~2 MMeeM: v. K(L~2) = -v2 - 2. rr03TOMY

K(L10 U L~2) = 2: Clivi, (7.2)

VieL1QUL;?:2



1 \ tb

r.lle (Xi=O, eCJllA Vi EI L I 0, (Xi :s; 0, eCJllA vi E L;;::2. TaKlAM o6pa30M, llJlR

Jl106oro vi E L I0 U L~2 lAMeeM: (Xi :s; O.
3aMeTlAM, ~TO aBa BeKTopa 1-ro poaa JlaHHepOBcKo~ Jlor

TepMlAHaJlbHott ClACTeMbl, COllep}KalL(e~ > 3 BeKTopoB, He cOellvtHRlOTCR

pe6pOM, TaK. KaK B 3TOM CJly~ae OHlA 06pa3YlOT napa60Jlvt~eCKlA~

rroarpa~. PaCCMOTplAM MaKClAMaJlbHYIO nOCJlellOBaTeJlbHOCTb

CTRrvtBaHlAtt t: L ~L BeK.TOpOB 1-ro poaa, npOlACXOaRlL(lAX lA3 L 10 U

L~2. IIplA 3TOM llJlRL = t(L10 U L~2) c L lAMeeM:

K(L) = t.K(L10 U L2:2) = ~ t*(vi) , (7.3)

vieLIO U L~2

rae t.(vi) = 0, eCJlvt Vi CTRrlABaeTCR, t.(vi) = t(vi), eCJl1.1 vi He

CTRrvtBaeTCR. OTO}KlleCTBJlRR BeKTopa e lA t(e) M3 LI+ , nOJly'iaeM 1.13

(7 .3), ~TO

l1(e, K(L)) = l1(e, K(L~2)) > 0 ~ e e L I+ .
OTclOlla Mbl ßOJlY'iaeM CJlellylOlL(lAe llBe B03MO}KHOCTlA:

N -
a) Bce BeKTopa lA3 L 2 -ro po.lla; Torlla L - ./lOr-TepMvtHaJlbHaR

ClttCTeMa, llJlR KOTOPO~ LI+ c 1.1,1, = L~2 ,

11(e, L~2) ~ E > 0 :.,; e E LI,
.llJlR K(i~2) = L aivi , r.ae vi e L~2, BepHo, 'iTO -1 < ai :s; O.

I"W

6) L COllep}KlAT He nycToe MHO}KeCTBO BeKTopOB 1-ro po.aa; Torlla
1"'01 -

~M O.lllttH )'{3 BeKTOJ>OB l-ro p0.lla )'{3 L ~e lloßycKaeT CTRr),{BaHMR L ~

L' ; .llJlR K(L) = L aivh rlle Vi e L, BepHo, 'iTO - 1 < ui :s; 0 llJlR
- - -Bcex vi; BCRKltttl BeKTOp e e L - L - 3TO BeKTOp 1-ro po.aa, Jlpvt~eM,.., ,...,

l1(e, L) = 1 + e.K(L) ~ E > 0 .
PaCCMOTp),{M 6o./lee ßO.llP06HO Ka }KllylO )'{3 3T),{X B03MO }KHOcTett.

PaCCMOTp),{M CJly'-Iatt a), npellßOJlaraR, '-ITO #L;;;:: 4. ECJlM"I;;;:: 2

rMßep60JllA~HO, TO L =L~ MMH),{MaJleH, ),{ Bce TaKMe L OJl1.1CaHbi B

TeopeMe 4.4. 15 B Ta6Jl),{l..{ax 3, a) JA: 3, 6). Bbl'-IMCJlRR .llJlR Ka }Klloro

TaKoro L K./laCC K(L~2), HeTpyaHo y6ell),{TbCR, '-ITO K(L2:2)

Y.llOBJleTBOpReT YC./lOBJA:1O a), eCJllA TOJlbKO L2:2 COCTOJ.1T M3 BeKTopOB

Beca 2. 3TO JlOKa3blBaeT, '-ITO C),{CTeMa L - .aeJlbrrel..(l..(OBCKaR. Ec./lJ.1 L~2

rrapa60Jl)'{'-IHO, TO no TeopeMe 4.4.13 L~2 COBßa.aaeT C An, IDn,lEn, M

COCTO),{T lA3 BeK TOpOB Beca 2. OTClO.lla CJlellyeT, '-ITO L 
.lleJlbJlel..(l..(OBCKaR C),{CTeMa. EC./llA L~2 3./lJlM:ßTM:'-IHO, TO L - O'-IeBvt.aHO

.lleJlbnel..(l..(oBCKaR CJA:CTeMa. TaKJA:M 06pa30M, B c./lY'-Iae a) L
lleJlbnel..(l..(oBCK.aR cMcTeMa, KOTOpylO Mbl Ha30BeM .aeJlbnell110BCKO~



MOlleJlblO nO'iTM lleJlbnel..(l..(OBCKOR JlOr-TepMJA:HaJlbHOR CJA:CTeMbl (JA:JlJA:

rpa$a) L. _
PaCCMOTpMM c.nY'iatt 6), npellJIo.naraR, 'iTO #L ~ 4. TaK KaK L

r'!'!'
COllep}l(MT BeKTOp l-ro pOlla v e L, He llorrycKalOlJ..{J.1:R CTRrJ.1:BaHMR, TO

# L:s; 3, lA no TeopeMe 4.4.15 nonY'iaeM, 'iTO L - OllJA:H M3 rpa$oB

Ta6nMl..(bl 3), 6), -nlA60 L nony'iaeTCR M3 rpa$oB GI (1, 1; 3) MnJ.1: GI (1,

b; 2) npM nOMOlJ..{H O,llHOrO pa3,llYTHR BeplllMHbl l-ro p0,lla. rrpoBepRR

Bce 3TlA c-ny'iaM Ha yc-nOBMe 6), nony'iaeM TonbKO Te B03MO»::HOCTM

llnR L M LI +, KOTopble npellCTaBJleHbl B Ta6nMl..(e 9 HM»::e. B 3TOR

Ta6nMl..(e 3neMeHTbi L I + 06Be,lleHbi KBa,llpaTMKOM, a llnR 3JleMeHTOB
~ ~

M3 L B Kpy)KKe yxa3aHbi HX ßOKa3aTeJlM ai B K(L). B 3TOM cJlY'iae Mbl

TaK»::e Ha3blBaeM JlOr-TepMHHanbHylO cMcTeMY L C BbllleJleHHblM B

Hett nO,llMHO }l(eCTBOM L I+ lleJlbUeUUoBcKOß Jlor -TepMMHaJlbHoß

MOlleJlblQ UO'iTM ,llellbJIel..(l..{OBcxott CMCTeMbl L (HeCMOTpR Ha TO, 'iTO B

60JlblllMHCTBe clly'iaeB L He RBJl.R:eTCR ll&Jlbnel..(l..{OBCKoR).

OTMeTMM (,llaJlee Mbl 6Y,lleM 3TMM nonb30BaTbCR), 'iTO

llellbJIeUUOBCKa.R: MOneJlb TO'iHO Tax »::e onpellellReTCR llnR rrO'iTM

,lleJlbnel..{l..(OBCKlAX napa60JllA"leCKMX M 3IlJlMJITlA"leCKMX Jlor

TepMMHaJlbHblX CMCTeM. B JIapa60JllA'ieCKOM cllY'iae B03MO)KHOCTlA 6)

OTBe'iaeT e,llMHCTBeHHaR CMCTeMa - CJA:CTeMa P2 Ta6JlMl..(bl 2,
M306pa}l(eHHaR HJA:)Ke.

0----.....

E"+Z!) 0+3)

B 3JlJlMnTM'ieCKOM cnY'iae B03MO}KeH TOJlbKO CJly'iatt a) .

.lInR nO'iTM lleJlbnel.{l.{OBCKOß 1l0r-TepMJA:HanbHoß CMCTeMbl L,
y,llOBJleTBOp.RlOlJ..{eß YCIlOBMlO n&MMbl, paCCMOTpMM ee

,lleJlbUel..(l..(OBCXYIO MO,lleJlb L = LI+ UL. rrpH 310M, KaK Mbl BMlleJ1H,,..., ,....,
K(L) = 1: a{vi, Vi 6 L, rlle 0 2: ai 2: -1 + ß,

,..., ,.., 1
,,(e, L) = 1 + e. K(L) 2: E, e e L + .

rro rrocTpoeHHlO, L nony'iaeTCR nocnellOBaTeJ1bHOCTblO pa311yTMß

JIOnHblX nOllrpa$oB, npOMCXOllRlJ..{MX 1.13 L. PaCCMOTpMM

npOMe }l(YTO'iHble CMCTeMbl
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EylleM OTO )KlleCTBJlRTb LI + C 06pa30M B r. IIyCTb r'= r - LI +.

O"ieBMllHO, K(r') = o*K(L10 U L~2) = L ßiWi, wi Er',

rrpM'ieM 0 ~ ßi ~ -1 + ß > -1. EYlleM Ha3blBaTb ßi rrOKa3aTeJlRMlA Wi. B

rrOCJlellOBaTeJlbHOCTM pa311yTM!it ° :L 7 r rrpM OllHOM
+~. "

pa311YT~M 01 nOJlHOrO nOllrpa~a M3 r' nOKa3aTeJlb Beplll11:Hbl Ol-l(wi)

COBnallaeT C nOKa3aTeJleM wi er', a nOKa3aTe.n.b Cl B03HMKalOll.{e!it np11:

pa311yTMM 01 BepllIMHbl e l-ro pOlla paBeH a = 1 + ßl +...+ ßk, eC./lM

pa311YBaeTcR nOJlHbl:R nOllrpa~ JA:3 r', COCTORll.{M:R J.13 BepllIlAH wl,···, wk

nOKa3aTe.n.ett ßI,.'" ßk. OTclOlla C./lellyeT, 'iTO B r' He MO)KeT

pa311YBaTbCR o.a.Ha BeplllMHa Wi, TaK KaK Tor.a.a nOKa3aTeJlb e paBeH 1

+ ßi > O. ECJlM B r' pa311yBaeTcR pe6po, COCTORll.{ee M3 BeplllMH wi, W}

TO nOKa3aTeJlb a BepllIMHbl e y.a.oBJleTBOpReT YCJlOBMlO

(7.4)

eCllM a=1 +a llllR 'iMC./la a. ECllM #r ~ 5, TO no C./lellCTBMlO 4.4.16 nOllHble

nOllrpa~bl r - 3TO TO./lbKO BepWJA:Hbl M pe6pa, n03ToMY, Ha'iJ.1:HaR C #r ~

5, pa311YBalOTcR TO.n.bKO pe6pa, Jle)Kall.{Me B r' = r - LI+ .
IIpMBelleHHoe paccy)KlleHMe nOKa3blBaeT, 'iTO

diam L S Ydiam L,

.-r lle 'Y - 1 o~eHMBaeT KO./lJ.1:'ieCTBO BeplllM:H L, B03HJA:Karoll.{M:X rrpJ.1:

nOCJiellOBaTellbHOCTM pa311YTJ.1:1it t Ha ~enJ,{ Me)l{llY llByMR BeplllJ..1:HaMJ.1:

t-1(Vi), 't-1(VJ), rlle BeplllMHbl Vi J.1 Vj coellMHRTCR B L pe6poM. IIpJ.1:

3TOM J.13 (7.4) cJlellyeT,'iTO y ~ <1>(N), N == [I/ß], rlle [] - ~e!laR 'iaCTb, a

~YHK~MR <I>(N) , N e N, onpe.a.eJiReTCR CJlellYlOll.{MM 06pa30M.

PaccMoTpMM noc..n.ellOBaTellbHOCTb 'iJA:Cell SN, KOTopaR

onpe,aeJlReTCR peKyppeHTHO. lIJlR N = 1 3Ta nOClle,aOBaTellbHOCTb

COCTOMT M3 'iJA:ceJl (1, 1); ,aJlR N = 2 - M3 'iMCeJl (1, 2, 1) JA: T. ,a. ECJlM

3Ta ßoc.n.e,aOBa TeJlbHOCTb onpe,aelleHa ,aJlR N -1, TO llJlR N 0 H a

nOJly'iaeTCR CJle,aYlOll.{MM o6pa30M: Me)l{,ay x.a)K,aott COCeD,Hett napott

'iMCeJl ai JA: ai+1 nOClleD,OBaTeJlbHOCTJ.i SN-I CTaBMTCR 'iJ.iCJlO b = ai +

ai+ I, eCJlM b s;; N. 4>YHK~MR <I>(N) no OnpeD,elleHMlO paBHa #SN - 1.
Mbl yTBep )KD,aeM, 'iTO

<1>(N) = ep(l) + ep(2) + ...+ ep(N), (7.5)

rD,e <p - ~YHK~J,{R 3ttJlepa. HaM nOHa,a06MTcR TOJlbKO o~eHKa



<I>(N) :s; $(1) +ep(2) + ... + ep(N).

3TO Mbl M .a.OKa )l(eM.

PaCCMOTpMM Ha nJ10CKOCTM ]R2 JIOCJle.a.OBaTeJ1bHOCTb SN BeKTopoB

(a, b) C 1..(eJlo'{Mc.neHHbIMM Koop.a.MHaTaMH, KOTopaR orrpe.a.eJlReTCR- ,.....;
peKyppeHTHO. IIOCJ1e.a.oBaTe.nbHOCTb SI = «1, 0), (0, 1), S2 = «1, 0),
(1, 1), (0, 1) H T. .0.. ECJlM oJIpe.a.eJ1eHa rrOCJlellOBaTeJ1bHOCTb BeKTopoB

SN-I, TO rrOCJle.a.OBaTeJlbHOCTb SN no.ny'{aeTcR CJ1e.a.ylOll.{MM o6pa30M:

Me)l(.a.y coce.a.Hett JIapott BeKTopoB (a, b), (c, d) CTaBHTCR cyMMa 3TlttX

BeKTOpOB (a+c, b+d), eCJ1H cyMMa MX KOOe.a.J,tHaT a+c+b+d :S; N.

IIocJlellOBaTeJlbHOCTb SN JIOJly'{aeTcR M3 SN B3RTMeM CYMMbl

KoopllMHa T Ka )I(.a.oro BeKTopa. ITo nocTpoeHJ.-[EO, Ka )I(.a.aR napa
,..."

coce.a.HJ,tx BeKTOpOB nOCJ1e.a.OBa TeJ1bHOCTM SN rr 0 po )1(.0. a e T

~YHllaMeHTaJ1bHbltt JIapaJ1J1eJ10rpaMM (MJlM 6a3Mc) u;eJlo'{MCJleHHott

peilleTKM ~2 c ]R2, JI03TOMY BCRKUtt BeKTop veSN npuMMTMBeH. ITo,...,
rrocTpoeHMlO, Bce BeKTopa rrOCJlellOBaTeJlbHOCTM SN pa3Jlltt'{Hbl.

IT03TOMY J,tX '{MCJ10 He npeBOCXOllMT '{UCJla npUMUTMBHblX BeK.TOpOB C

1..(e.nO'{UCJleHHbIMJ.t KoopllMHa TaMM (a, b), llJlR KOTOpblX cyMMa

Koop.a.MHaT a+b:S; N. 3TO )l(e '(MCJlO paBHO 1+ep(1)+ep(2)+...+ep(N), 'iTO

,QOKa3b1BaeT Tpe6yeMoe. YI3BeCTHO:

<1>(N) = (3/1t2)N2 + O(N.ln N)

(CM. [32]). Mbl UCJIOJlb3yeM OTClO,Qa Ol.{eHKY: <1>(N) :5: (1/3)N2 + 2.
113 JleMMbl 4.6.2 M Ta6JlJ.-{l.{bl 9 nOJ1y'{aeM Ol.{eHKY diam L :5: 3/e + 9.

IT03TOMY diam L :s; (3/e + 9)<I>((lIß]), '(TO .a.OKa3blBaeT Tpe6yeMoe. ~

J1 e M M a 4.7.4. ITyCTb E - CBR3HaR 3J1JlMrrTM"ieCKaR JIO"iTM

lleJlbJIel.{l{OBCKaR JlOr-TepMMHaJlbHaR CMCTeMa BeKTopoB, .a.JlR

KOTOpOtt

1l(e, E~2) ~ E> 0, eCJlM e e EI M 1l(e, E~2) :F- O.
Tor.a.a .a.J1R BCRKoro JIo.a.MHO)l(eCTBa Q c E, COCTORlJ..{erO M3 BeKTopoB

C K.BallpaToM -1 M -2 MMeeM:

)]OKa3aTeJlbCTBO, IIpoBo,QMTcR TO"iHO TaK )Ke, KaK llOKa3aTeJ1bCTBO

JleMM 4.6.4 M 4.7.3, .,.
)JoKa)l(eM TeopeMy 4.7.2. )JJlR KZ :1= 0 .a.OKa3aTeJlbTBO cpa3Y

CJle.a.yeT M3 TeopeM 3,4 J.1: 3.5, lIJlR KZ e 0 TeopeMa 3.6 llaeT, "iTO N =

#Exc(y)3 (CM. orrpe.a..neHMe 4,4,1), T .e. "iMC.nO KOMJIOHeHT Fi,

y"iaCTBylOlJ..{MX B ~opMYJle Ky = o*KZ + L aiFi C oTpMl{aTe./1bHbIMM

K03~~J,{l{MeHTaMJ.t ni, Ol{eHMBaeTC.R: HepaBeHcTBoM N < 128(3/e +

9) ( I / (3 ß2) +3) + 68. C .0.PY r 0 tt CTOp0 H bl, rr 0 ~ 0 pMY./1eHeTepa

JIOJly"iaeM, "iTO



p(Y)= 1O-Ky 2:5;1 0-(~aiFi)2~1 O-~ai(Fi.(~aiFi»)=l O+~( -Fi2-2)(-aj) :5;

TaK KaK ai > -1. t13 ~OPMYJlbl llJlR pOlla KpHBOtt Ha JlOBepXHOCTH

C./lellyeT, 'iTO

2 + w·J
- Fi2 = ------------ ~ 21ß·

1 + ai

(7.6)

311eCb j npo6eraeT Te j;ti, ll./lR KOTOpblX Fi.Fj = 1. OTClOlla nO./lY"iaeM,

'iTO

p(Y) ~ 10 + 2N/ß < 256(3/E +9)(I/(3ß2) + 3/ß) + 78. ~

IeopeMa 4.7.5. ITyCTb Z - aJlre6paH'ieCKaR nOBepxHocTb C J1or

TepMJ.iHaJlbHbIMM oco6eHHOCT.R:MH M nef aHTMKaHOHM'ieCKMM KJlaCCOM

- KZ. ITYCTb 0" : Y ~ Z - MMHMMaJlbHOe pa3pellieHMe oco6eHHocTett Z ltt N
.- o6l.l.1;ee "iMCJ10 KOMJlOHeHT MCKJilO'iMTeJlbHOrO .QMBM30pa pa3pellieHMR

.0", TIPOMCXO.QRl.l.I;MX )'{3 OC06blX TO"ieK KpaTHocTM 2: 3, k(Z) - ).{H.neKC Z.
Iorlla

p(Y) < 128(3k(Z) + 9)«1/3)k(Z)2 + 3) + 70, eCJlM KZ $ 0;

N <128(3k(Z)+9)«1/3)k(Z)2+3 )+68
).{ p(Y)<256(3k(Z)+9)«1/3)k(Z)3+3k(Z»+78,

eCJ1M KZ == O.
ßOKa3aTeJlbCTBO BblTeKaeT M:3 TeopeMbl 4.7.2, TIOCKOJlbKY E(Z) 2:

l/k(Z), ß(Z) 2: l/k(Z). -..
OTMeT).{M, 'iTO M:3 TeopeMbl 4.7.5 BblTeKaeT CJle.nYlOl.l.I;ee Ba )KHOe

CJle.QCTBM:e, TIOJly"leHHoe .QJlR TIOBepXHocTett .QeJlb IIel(l(o Ha.a. [ B [11]
11: [12].

CJlenCTBl1e 4.7.6. B TIpe.nnOJiO)KeHMJlX 11 0603Ha"ieHM:JlX TeopeMbl

4.7.5 MHO }l{eCTBO rpa~oB rpaMa r(Exc(Y» KOHe"iHO, eCJlM: KZ2 > 0 11:

MH.neKC k(Z) ~MKCM:pOBaH.
LIoKa3aTe.QbcTBo. CM. llOKa3aTeJlbCTBO TIpe.nJlO)l{eHMJI 2.3 B [11]. -..
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