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lot (Mg} se & grienigd fowr-diemcstonal Rivaanaios Baaifald. Ye
shall vy snat  (M.a) s Jucgliz conforamily Kdbjerian 47 every puiat »
of K Bas 2 meigabawrtaod U with a fumction 7 > 0 on U swh thet g
10 & KAkisr meiris for some somples straciwe s U, commiibly with ibe
srimieal srimuum.

™he ain of the gresent »OLe i3 Lo discuss sons properiies end sasapiss
of Eingiain mmaifolds which are locally cuaforsally KEMhlerian. ln U case
of orisatable Rinsteln four-masifolas, this cond2ition #oss ROl seve Yoo wnn-
satural. It doles, o.g. (Tor scme oriestation), if the menifold Nas suffi-
ciently mmay isemntries wilh fised poiata {see {1.9)), an well as for gi}
M gaammiee of someacs eriesishls Rinsigin fouwr-msaifelds (1), 95). The
1ist of these eanuples (wp to fisite incemiric coveriags) comsiante of ¢
1) products of swrfaces, 2) locally irreducidle Jocally aymmetric speces,
3) coapest samplex Kikler swrfaces haviag €, <0 or &, =0 with Ehhler-
Bisstein mtriss (cf. the existence Lhoorems of 5.-7. Tau and T. Awbis, {W8),
{2), (3], V) the eouplez aurface obtained by bloviag wp o poiat i P!
(samscmoryhie 1o CPEA(-CP?)) vith the W2)-inverisst Seraition Rissteis
setrie soseirueted by B. Puge (4], {A)). :

1s §) and §2 vo Jist aoms properties of locally conformally KAhlaries
Rinstais fow-mmaifolée. Soms exmaples of couplety mesifolds of thia type
are descrided in §3 ; thess exanples are either locally conformsl to pro-
Sucts of swrfases ((3.3) | by (2.5), there is 20 ehenve of fiadiag ssseatial-
17 aev compaet omaples {a this way), or self-dund ((3.3}). An interestiag
fostwre of owr amuples is that, for maay of them, the conformally related
Elhlsr mstviss are sasentislly scn-ecuplate.

Yor & given Mammnion metric g , vo shall wee the aysbels ¢ ,
Rie , Beal , ¥ = Wig) and &= - :onou for ite Rismsanisn sanmeqtios,

Risel temsar, seslar survatwe, Veyl oonformal teasur asd Leplace uperstor.

- P~

§ 1 . aAkIer aanifoias of Feal Siimuaian fuus which are iGieii)

coufurmaily Liestisinian.

Pefore adlecubsing Lo EInololn fuwr mmuifuids which ars buundly
confuramlly BALIerias, 30\ wh e alOat ALy tuFledjeanditg Loucmliy oo
fornally Klcastelolon] kakisr four-ganifolde. The (Lafactsrization of ks
latier is, gaswricelly, very simple (oquatian (1) Melow). Conlitions,
charscioriaiag 1ocelly conformaliy Kissteinien wmanifolas smung arbs Lrary

Pissanaion ases, ware found My 8. V. Briskases {5).

For a Riessasion sanifold (N.g) , the Bpck Lempar B * Blg)
{firet atudiad by R. Bach, {31) i dafines wy OC - 17}23 .
. f!a}vw: » Under 8 conformml chacge of meiric 16 diwension fowr,
the Bach tessor trsasfores libe MPg) = Mgl/¥ . If g ia en Kloswein
setric, we bave t}-.r 0, iﬁ!..v&. * 0 ont bence Mgl >0 .
Consequestly, copditioe (g} 0 s necessnrx ia erdsr SbAL & Bichmes-

ise fouwr-maifols (M.g) e iesally seeformlly Riasisiaise -

(1.1} & Khaler fowr-mmaitols {M,3,3) setisfies B{g) » O §if wnd
oaly it

() 29%8ca) ¢ Boal.Bic o (Soad?/h - ABeal/2)g

(17), Lemma 3). Conversely, for & KAhler four-mmeifold (M,d.g) -
tiafying (1), the conformily releted metris g © g/foeil (sefinsd
wharsver Scal £ 0 ) is Bissteinion. Mia Binstein metric vonforml to
& is essentially wmique and, if Beal 46 wot semstest, § is wot o~
sally aymmtriv (sisee 2A(V°(g).0°(5)) » Seal® | of. 52 ant (1), Pro-
position 3). Therefors, gt aoiasd Mhsre el ¢ O , 3 FARIAX Lour-msmi~
feid ie decalix soaformaliy Kisstelsiss A0 sed salr AL At sarisfise (1).

(1.2) Per o EBhler fowr-mmifeld (M,3,5) setiatyieg (1), J(V8eaa}
is & Meloserstic Killisa recher Lialg (7], Propesition 4). Tows, ¢
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If g is not of constant curvature, ve may assume that M is oriented

so that W' # O somevhere. Howsver, & manifold conformal to a product of
surfaces satisfies *m—ln v &2 for both orientatiops. so that Wy

¥ O everyvhere by (2.3)b). Combining (2.3)b) vith (2.2) ve see that
.:o_»\-\i is constant, 30 that analyticity together vith the de Rhaa de-
composition theorem implies that the universal covering space (N,G) of
(M, |W*|2/%g) is isometric to a product of surfaces. If |W'| were not
constant, (2.4) vould imply that (N,G) is isometric to Amu.n_v x au.uwv
for some metrics u- . ﬁw on 82 , one of vhich has non-coustant GCauss
curvature. On the other band, G is an extrema) Kihler metric (the gradient
of its scalar curvature is holomorpuic, cf. (1.1), (1.2)) and so the same
would hold for g, and g, . By a theorem of E. Calabi ((6), p. 276),
both 8 + & would v_!a constant curvatures. This contradiction com-

pletes the proof.

$ 3 . Examples.

By (2.3) and {1.1), the only way of obtaining locally conformally
Kihlerian Rinstein four-manifolds with v # 0 is, essentially, to take
s Kihler fouwr-manifold (M,J,g) satisfying (1) and define the Einstein
metric by g » g/Bcal? . Although this procedure is possible only in
the set U where Scal § 0 , it alvays gives rise to gopplete Einstein
metrics in the components of U , provided that g is complete and Scal
is bownded. Actually, even veaker conditions are sufficient for complete-
pess of g . For convenience, we shall nov consider Riemannian manifolds
wvith downdary (espty or ..5: ; they are, naturally, metric spaces and
their completensss is squivalent to the existence of end-points for any

curve of finite leagth.

(3.1) LDMA . lat f Dbe & bounded ¢ function on & complete Riemenn-

ian manifold (M,g) (with boundary). Bet g = g/f2 vherever f ¢ O .

B I —

e ——— e e

-6 -

Tneu, for any component Q of the set N~ u.;_:o: , (Q.E) is

s complete Riemannian manifold (with boundary).

PROOF : We claim that for eny C! curve y : [a,b) + Q vith a<d <=,
g{t.t) = V' and of finite M-::ug L= —”3..\_214.:: , therc exists
alimit y(b)€Q . If b=w , then L =w , since f is bounded. For
b <= , completeness of (N,g) implies the existence of y(b) € N .
Note that 4lf(v(t))}/at = g(Vf,§¥) ia bounded for t < b , since
v({a,b)) is compact. If ve had y(b) € £°'((0}) , so that f(y(b)) =

= 0, then this woula give |f{y(t)}| < A(b-t) for some A >0 and

all t € [a,b] and hence L > =, contradicting our assumptica.

(3.2) PROPOSITION . Llet e Kihler four-manifold (M,J,g) vwith noa-con-
stant scalar curvature satisfy (1).
i) Every (non-empty) component N of the set Scal '({0,®)) (or
aa?—.._:lu.o: vhich is not a single point, is a four~dimensicoa}
submanifold of M (possibly vith boundary). (N,g) is complete if
so is (M,g) .
ii) For N as in (i), it (N,g) is complete, B8cal is bounded o X
and Q is the subset of N given by B8cal # O, then (Q, g/Sca1?)
is s completes Kinstein four-manifold (without boundary), which is

not locally symmetric.

In fact, by (1.2) snd (1), Bos1” '({0)) is & wmion of disjoist by~
persurfaces and isolated points (note that Scal(x) = 0 and VScal(x) =
= 0 implies Hess Bcal(x) = -aBcal(x).g(x)/h # O , since the Killing
field J(¥Bcal) is determined by its 1-jet at x). Applying (1.1) end (3.1)
with ¥ as in i) and £ = Scal , we obtain ii).

Using (3.2), we shall nov descride various explicit examples of
complets conformally Kihlerian Binstein fouwr-manifolds.
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here (8,g) = Nn and associate with Hn the parameter r = 2¢/3 .
-Among the sbove examples, complete ones occur-enly in D) and E).

Hovever, even for the non-corplete surfaces of A) - C), certain additio-
nal conditions imply, for some of their four-dimensional products, that
the subset of the product defined by Scal 20 (or by Scal s 0) is com
Plete (vhich follows from half-completeness of our surfaces) and Scal
is bounded on it. Therefore, by (3.2)ii) they give rise to complete,
conformally Kihlerian, open Einstein four-manifolds, which have negative
scalar curvature {equal to U8(r+r°) , cf. notations below) and are not
locally symmetric (unless both surfaces are of type E)). The details are

presented in the following table (with notational conventions like K, =

r

= xo?.l v Ky

= xoan.n\v etc.). Each of the Einstein four-manifolds

described here has an isometry group of positive dimension.

product manifold additional relation defin-] topology of the as-
condition ing a complete | sociated complete
k-submanifold | Einstein y-manifold
with boundary
. - pb
>n.~. x >n.u.. <, + < >0 Scal > 0 D
1 3
nern | %or , XL
+ -’ - - (Y
>_.~. x cu.\ <5 < ao < .J " D
Ay *D k,+2>0 " "
b.o-u. xE, c=Jef, K> e " 0 x E
+ )
B, * & ~ Rone " 8! x p?
B xD none " "
2 . _ . :
G rE, “ - .ncne, Scal 30 o % E
: (resp., Scal<0) !
€ xC, x..n.+amao. Bcal £ 0 o4
OM =D none " 8! x p3

o e A —— oy

'“OI

nm x D none " sl x 3
D xD uony " T2 x P2
a a
D, xD noae " 72 x p?
o 1 1
b, *E_, uone " §% x V' xE_,
Scal > 0 D
Dxp none Beal < O 83 x pl
Scal > 0 P x E
D xE, lel =1 Scal < 0 s1 x bl xE

(3.4} EXAMPLE . Consider a four-dimensiocnal Lie algebra with basis LITTR

.+.se)  such that nou.uo._ =0 (a32), —om.ouu = m:...a:ar R —nm.nru =

= mnnw . pnw.n_.u - M?lnnvom .vwhere P,q€E R, p¥q? and ¢ = 21.

Let o be any solution of the equation

(6) do/at = 2(q - 0)(v2 ~ p)

defined on an interval (a,b) and such that ¢(o? -p) >0, clq~-0)>0.
The open subset M = (a,b) x H of u Lie group R x H associated to our

Lie slgebra (H locally isomorphic to 8U(2) or to BSL(2,R) ) cay nov

be endowed with the Riemannian metric g given by w:_.o.v = n:w.nwv =
=(a-ao)e? -p), n?m.nmv = u?...o_._ =¢(qg-0), a?n.ou. =0 (ay8),
vhere ¢ depands on t € (a,b). and. .- /et , e 85,0, are vieved as
right-invariant vector fields on .R x H . This metric is preserved by the
right action of H on M and it is Kihlerian for the complex structure

J given by Je, = ey uom = ¢, - Moreover, (M,J,g) satisfies (1)

and Bcal = LBo is not constant. By (1.2), J(¥Scal) is a non-trivial
E-invariant Killing field on M , so that the isometry group of (M,g) is
four-dimensional {locally isomorphic to B8) x H ). Another property of

€ is that it is self-dua) ( W = 0 for the natural orisntation) 4 for

details, see [6]. Combining this construction with (3.2)ii), ve shall now

describe some examples of complete Einstein four-meanifolds, Take .¢ = ~1 ,
/2

n >0 . - « n €D H = SIHD) anl o antubdnn =~ oo I\ 2oz .2
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