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ON POINCARE SERIES ON Spm

Andrzej Dabrowski

I 11tro cluction

In this paper we eompute the Fourier-Jaeobi expansion of (holomorphie) Poinean~
series on the Siegel modular group r m = Sp(m, Z). The ease of r 2 was treated in
[1(01], where also the possibility of generalisation to r m was indieated.

Let's briefly deseribe the main result of this paper. Given even integer k > 2'm,
and T a positive definite symmetrie half-integral (m, m )-matrix, we denote by Pk,T

the T th Poineare series of exponential type and of weight k on r m. Now fix a
deeolllposition m = n + r of m into sum of two integers n, r 2:: 1. Then we show
(Theorem, sect.3) that the Fourier-Jacobi coeficients of Pk,T ean be written as an
infinite linear combination of Jacobi-Poincare series pJ,n,r and pJ,r1n on the Jacobi
groups r~ r and rt n respectively; the coefficients of these combinations involve the
Fourier co'efficients' of pJ,n1r only.

In preliminary section 1 we recall some basic facts about Siegel- and Jacobi
Poincare series. In section 2 we compute the Fourier expansion of SOlue Jacobi
Poincare series; we use it in an appendix to justify the change in order of summation
made in the proof uf main reslllt. As an application we give, in case m = 2n, n = 1',

an explicit clescription of the acljoints W.r.t. the Petersson scalar products of the
maps whieh send a Siegel modular form to its various Fourier-Jaeobi eoeffieiellts
(sect.4).

\\Te hope that our results will have some further applieations as suggested by \V.
I\:ohnen, namely to the problem of meromorphie eontinuation of non-holomorphic
Siegel-Poincare series and to iluprove the estimates for the Fourier coefficients of
Siegel cusp forms.

The starting point for this paper is the eoset deeomposition for r ffi100 \ r m given
by S. Böcherer [B01,2].

1. Preliminaries on Siegel- and Jacobi-Poincare series
2. Fourier expansion of Jacobi-Poineare series
3. Fourier-Jacobi expansion of Poincare series on Spm
4. Concluding l'emarks

Appendix

Notations

For a cornmutative ring A with 1 we denote by A(p,q) the set of (p, q)-matrices
wit.h cOlnponents in A.

The transpose of a lnatrix ){ will be denoted by ){t. Für matrices ..X" <Lud y~ (of
apPl'opriate sizes) ,ve set ..X"[1'~] :=-yt .YY.

If .Y, Y E IR ",,]1) are sYlnmetric we write X > y~ if )[ - Y is positive definite.
If Z E CPIP) ,ve set e(Z) := e2rri tr(Z).

Typeset by AJVtS-1EX-
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We write Sk(rm ) for the spaee of Siegel eusp fonus of weight k E Z on r m'

1. Preliminaries on Siegel- and Jacobi-Poincare series

vVe start with reealling some faets about Jacobi groups and Jacobi and Siegel
forms. For details the reader is referred to [Kli], [Ziel.

Throughout the paper we fix natural numbers m, n, r with m = n + r.
Let IHIm = {Z E om,m) IZ = zt, Im(Z) > o} denote the Siegel upper half-space

of degree m and let r m = Sp(m, Z). We usually write Z = (: ::) with r E

IHIm - r , T' E lITr and z E C<r,m-r). The natural action of r m on Iffim is denoted by

(~ ~)(Z}=(AZ+B)(CZ+D)-I.
Fix an even integer k 2: 2m, + 1 and a positive definite symmetrie half-integral

(m, m)-matrix T.

Let t,. Cr m be the subgroup consisting of matrices of the form (10 1:,)
with S E z(m,m) and st = S.

Let

(1) Pk,T(Z):= L j("Z)-ke(T,(Z)), (Z E !HIm )

'YE~ \r",

be T th Poincare series of \veight k on r m' It is absolutely uniformly convergent on
compact subsets of IHIm • Also it is wen known that PA:! T E Sk (rm ) .

vVe consider the Heisenberg gronp

with gronp law

((A,p),ti:)' ((A',I/),ti:') = ((A + A',p + p'),K + K' + Ap,t - /-lA It
).

The group Sp( n, IR) aets on IHIn,r froßl the right by (( A, J1), ti:) 0 M = (( A, J1 )]v[, ~).
The Jacobi grünp is by definition the semi-direct produet

G~,r := Sp(n, IR) t:< IHIn,r

The lnapping

( " 't) ( ( lLA ,Il = A,p) c

o b
Ir p
o cl
o 0

b) -1

cl



3

defines an embedding G~ r --t Sp(m,IR.).
We will denote by Mt 'the image of M E G~,r under this embedding.

(
7 zt)

Let Z = Z T' E Iffim . Then

(2)

with

(
ab) t (Z) = ((a 7 + b)(e7 + d)-1
e d Z(C7 + d)-l

and

(3)

Set r~ r := G~ r(Z),
\:Ve de~ote by 'J~u;:n r the (finite-dimensional) linear space of Jaeobi forms of

weight k E Z and iIlde~ ~ positive definite half-integral matrix M of size r on r~,r'
It is Hilbert space under the Petersson inner product

where
7 = 1.L + iv, Z = x + 'iy and dV';r = det(v)-r-2 dudvdxdy.

Define the Tl h Poincal'e series ~f weight k on r ~:r by

(4) p(,;,r (z) := 2:::: j (" Z) -I.: e(T,(Z)), (Z E !HIrn)

iELl \r~:r

It is absolutely nnifornlly convergent on cOIllpact subsets of IHIm [1(02]. One can
1 P J,'t,r JCu~p

prove t lat I.:,T E k,M.n,r"

Set
r~,co := r n,co/ {±I2n }

Then the elenlents ((A,O),0)t 111t , where'\ E z(m-r,r), M E r~,co \r n , form a

complete set of representatives far .6. \ rft;r-
Hence

(5) p :':;.,r ( Z) = 2:::: j (}vft , Z) - I.: e (T ( ci
MErJ.N\f", .\Ez(n,r)
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where

denotes a monomorphism GL(m, Z) -+ Sp(m, Z).

2. Fourier expansion of Jacobi..Poincare series

Notation: we put, for n' ::; n

r n ,,*:= {M E rn,ICM has maximal rank}.

The purpose of this seetion is to compute the Fourier expansion of the series

We use similar argunlents as in [GKZ], [BoI(], where particular cases were treated.

Proposition 1. The series p:':;.' ,r,* (Z) has the Jollowing Fourier expansion

(7)

p:';.',r,*(z) = e(1\1r') L g;:~;(~,R)(N',R')e(N'r + R'z)
N' E z(n,71), R.' E z(n,r)

"lV' - i\1-1(~] > 0

where

J,nl,r,* (lrY' R') "- 'n(n-k-l) n
2

')n
2

_ t 1 t( ~f)- ~
9k,A1j(N,R) , .- 1. Ir... (e.H

. det(c)k-~-ldet ((N _ M_l[R
t
])(N' _ iVI- 1 (R" ])-1) ,.-;-1

2 2

L HA1,c(lV,R,N',R')
c: det( c)#,O

und

HM,c(N, R., N', R.') := det(c)-~-l L ec ((.i\lx + Rx + N)y + N'y + R'x)
x(c), y(c)"

. €2c(R'M- 1R t
)
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is a Kloosterman-tYIJe sum
(here x resIJ. y run over a complete set 0/ representatives /or z(n,r) /cz(n,r) resp.

(Z (n ' , n ') / cZ (n I ,n') ) * )

and

l

iC+co liC+<Xl
Jk-~-1 (X) = ... det(s) ;-kexp (tr X(s - S-l ))ds

iC-co ie-co

is a generalized matrix Besse1 function.

(
NI K)

Remarks 1. Given T' = R~' ~ , N', R' , M as in the Proposition, the con-

,r

di tion N' - j\1- 1
[~] > 0 is equivalent to T' > 0 as follows from the J acobi

decomposition

(
N'
R't
2"""

~') _(N I -M-1 [1C.] 0) [( 1,- 2 M-1Rr
]vI 0 M 2

2. Jk-';- -1 (){) is essentially the matrix Bessel function considered in [Her].

Proof (af Prop.1): First, from (2) and (3) we deduce the explicit expression

p~,:;."r,*(Z) = e(lvli')

(:

(8)

~ det (cT+d)-k

b) Er+ \f I ..\Ez,{n,r)
([ fL I , co n 1"*'

. e(N(ai + b)(Ci + d)-1 + RZ(Ci + (1)-1

+ R.A(ai + b)(Ci + d)-1 + M(ai + b)(Ci + d)-I[A t
]

+ 2A t z.Nl( Ci + d)-1 - M c[zt](Ci + d)-I)

here we identify .:\ E Sp(n') with it.s image in Sp(n) via

(
(l b) H (~ ~ ~ ~)
C deO d 0

000 1

Also note the fallowing iclentities

(b) i7' (Z(CT + (1)-1 + /\(ai + b)(CT + (1)-1) = tr ((z - AC-1)(Ci + (1)-1 + AlLC- I )

(C) i7' (A1(ai + b)(Ci + tl)-I[A t]+ 2A t zJvI(ci + (/)-1 - Jvlc[zt](ci + (1)-1) =
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Replace (d, A) by (d + ca, A+ cß), with the new d and A running over a complete

set of representatives for (z(nl

,ni) / cz(n',n'») * resp. z(n,r) / cz(n,r), and 0' E z(n',n'),

ß E z(n,r). We obtain, for c with det( c) =f:. 0, the contribution

e(MT') L L det(c)-kdet(1 + c-1d + a)-k
c: det(c):;eO d(c)* ,..\(e), aEz<n' ,ni), ßE7J,n,,.)

(9) = e(lvfT') L det(c)-k L ec ((M[A t
] + R).. + N)d)

c: det(c):;eO d(c)*, ..\(e}

. 'Jk,A1,c;(N,R) (T +c-1d,z - AC-I)

Here

'Jk,.M,c;(N,R)(I, z) := det(T + a)-k e (-lvI(T + o:)-I[z - ß])

The latter function has period 1 in I und z, hence an expansion:

L /(N', R') e(N'T + R'z)
N'E1J n ,n) 1 R'Ez(n,,.)

where

l

iCl +00 liCI +00 l iC2 +
00

liC2+00
,(N', R') := ... rlet(T)-k e( -N'I) ...

iCI-oo iC I -00 iC'l-OO iC'l-OO

, e (-lvI1-1 [z] - N C-'lT- 1 + Rzc- 11-1 - R'z) dzdT

VVe substitute z f--1o z + t.i\1-1 R t c- 1 - t1'1-1 R,l T. Then the inner integral becomes

j
iC;+OO riC;+o:J

. ;c~-= ... J;c~-= e (-7"-1 M[z]) dz
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The latter integral is standard and equals dei (M) - -S- dei ( fa )i (cf. (Fre, p.21]).
Hence we find

If N' - M-1 [ ~'] > 0, we make the substitution

We get:

(10)
,(lV',R') = 2-~dei(A1)-~e2c(-R'M-lR t ) i<-1-k)ndei(c)k-i- 1

Now, from the theory of the Laplace transform we obtain that the integral on the
right-hand side of (10) has the value

hence

This proves (7).
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3. Fourier·Jacobi expansion of Poincare series on Spm

In this section we show that the Fourier-Jaeobi eoefficieots of Poinean~ series
Pk,T( Z) on r m ean be written as an infinite linear combination of Jaeobi-Poincan~
series on Jaeobi groups r~ rand r; n (reeall \ve have fixed deeomposition m = n+r, ,
with n, r natural numbers).

Set

Then we have

aod

(11)

L j ( (U,-I) I "Zrk

e (T (U,-I) ~ ,(Z))
U EG L( TU ,Z), I'Er m,C'Q \r"'

L j('*Y, Z)-ke(T[Ul,(Z))
UEGL( m,Z), I'Er m,co \r m

For 111 = (a b) E r n', 1 :s; n' :s; m, we put
c cl

o 0
a 0
o I m - n ,

C 0
~) .
cl

Now we deseribe a set of representatives far rm,OO \ rm.

Let r; n n' * C GL(ln, Z) be the subset eoosisting of such matriees, for which, , ,
the blocks determined by the first n' rows and n columns are of maximal rank.

\Ve decompose r 111 as follows

with

rm,n,n' = {NI E f m I the fi1'.5t n colu7nn.s of GM are of rank n'l .

r m,oo acts on each r m,n,'I' fronl the left. For 1VJ E rm,n,n
'

let !vI- denote special
representative in its r TU,oo-class with the property

(*) c ((cn,cß)
k[- = O,n-nl,n *)* 1
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Let r~ n n' be the subset of all A1- with the property (*).
Oue 'c~ check that

r m 00 \ r m n n' :::: Gm n' \ rOm n n
', t , t t ,

where

with

GL(m, n'l = {U E GL(m, Z) I U = (Om-*n',n' :)}

Proposition 2. [Bol},[B02} A complete set of representatives for Gm,n l \ r?n,n,n l

is given by {M.J,. V~Nt}, where M resp. V resp N run through a fixed set 0/ reIJre

sentatives /or r n' ,00 \ r n ' ,* resp. GL(m, n') \ r;,n,nl,* resp. r T,OO \ r T.

Therefore we can write

(12)

where

(13)

and

n

p _ pn,T + ~ pn,r,n'
k,T - k,T ~ k,T

n'=1

P~:;(Z) := L L: j(Nt, Z)-k e (T[U]Nt(Z))
UEGL(m,Z) {N}

(14) p~;,n' (Z) := L: L j(M.J,.V~ Nt, Z)-k e (T[U]M.J,.V~ JV t (Z))
UEGL(m,Z) {A1},{V},{N}

and M resp. V resp. N run throngh a. fixed set of representatives für r n ' ,co \ r n' ,*

resp. GL('m, n') \ r~,J1,n/,* resp. r r,oo \ r r'

First let 's consider p;;:;. .,
Set

r- = {± (Ir 0) 1,\ Ez<n,T)}n,r,co ,\ In

U {± (1" 0) (-1r 0) 1,\ E Z< n, r)}
,\ In 0 In

(15) P{:;'(Z)=2L L Lj(Nt,Z)-k.
{U1 } AEZ( n , r) {N}
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. [e(T[Ut (i ~ )lNt(Z)) + e(T[Ut (~

Now using the following identity

0) (-Ir 0)lNt(Z))]
In 0 In

(M E Sp(r, Z), S E R(m,m) symmetrie)
and (5), we obtain

(16) P~:;'(Z)=2L L L j(Nt,Z)-k
{Vl } .\Ezt: r, n) N Ert,oo \r r

=2

. e(T[Ud (~ l~ YNt(Z))

'""' pJ,n,r (Z)
~ k,T[Ud

Vl EGL(m,Z)/r;:,r,oo

I

N I , pu ,. JL
ow et s treat k ,r' .

Für Z E IHIm we set

Lemma. We haue the following identities

Proof: (i) follows frolll tohe cocycle relation für je, Z) and the observation that

j(M~,Z) = j(M, Z [ (Om1::,R' )]).

(ii) and (iii) are sirnple calcnlatiol1s.



11

Set

r;;-::", = {± (10 1An) I A Ez(r,n)}
U{± (; 1:) (-~r 10J IA Ez(r,n>}.

Using the Lemma, we obtain

(17) p;,:;.,n' (Z) = 2 L L L j(Nt, Z)-k
{U} .\Eztn~,.) {M},{V},{N}

. j( M, VI Nt (Z) [ (Om1:' ,n' ) ] )-k

.e(T[Ul(1 r 0 )'MJ.(VUNt(Z)))
A 1m - r

= 2L L j(lVt , Z)-k P:';~(;i:,nl ((V# Nt (Z) )'~,nl)
{U} {V},{N}

where U resp. 11;1 resp. V resp. lV run through a fixed set of representatives for
GL(m,71)jr;;,';:O resp. rnl,oo \ ru' resp. GL(m,n') \ r;,n,nl,* resp. rr,OCl \ rr.

Now insert the Fourier expansion (7) of P:'~~':,nl and interchange the order of

slunmation (see Appendix). vVe obtain

(18) p~:;.,nl (Z) = 2 L L J,n',r,* (T')

{U} T'= (: T[UJA,n'~(O;;r)l)>09

k

,T[U]A.n'

L j(Nt, Z)-k e (T'(VU Nt(Z))I\,n
l

) •

{V},{N}

The group

r + .- { (1,. p) I "']](r,nl}
m,r,OCl .- 0 In p E IU

acts (from the right.) on t.he set Gm,nl \ r;;:,n,nl ,*'

Note also the identity



(19)

p;~,nl (Z) = 2L
{V} T'= (:
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Using above remarks, (18) can be rewritten as

L g;:~~~]; (T')

T[u]",n'~(Oi,~r )] )>0

L L
VEGL(m,n')\r- I /r~,r,oo NErr,oo\rr, pE7J. r,n)

m."." .*

l:-rY Nt(Z))

= 2 L L (L9::;~~j~,nl (T')) P:'~I~Vt-ll(Z)
VEGL(m,n')\r- , /r~,r,oo TI tU}m,n,n ,*

Note that we use here the Jaeobi-Poincare series on r{. n',

Now from (12),(16),(19) we abtain the following

Theorem. The Puincare series Pk,T defined by (1) has the expansion

(20)

Pk,T(Z) = 2 pJ,n,r (Z) +
k,T[Ud

U1 EG L( m,Z)/r;;,r,oo

where U run thru1Lgh a fixed set of rel'resentatives for GL(m, Z)/r;;,;:o and T' run,
thro1Lgh all sym1netnc half·integral rnatrices of the form

4. Concluding renlarks

In this section we will diseuss fiOllle applicat.ian of the Theoren1. Namely, we will
give an explicit description of the adjoints w,r.t, the Petersson scalar products of
the 11lapS which send a Siegel l110dnlar fornl to its variaus Faurier-Jacobi coefficients,
Reca.ll that the case 'rn = 2 was treatecl in (1(01],
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More precisely, let PM: S...{fm) -+ JZ~;:'n,r be the map which sends a Siegel

cusp form to its M th Fourier-Jacobi coefficients. Let PM: J;u;:n r -+ Sk(fm) be
the adjoint map w.r.t. the Petersson scalar products. ' , ,

First let's state the following result.

Proposition 3. \IF{Z) = L:T aF{T)e{TZ) E s... {rm) one has

(i)

m(mt!) m(mtq k m ( rn..L-u)
where Ck := 7r 4 (47r) :2 -m TIV=l f k - T .
(ii) \Ir/> E Jzu:Jn r one has, , ,

where

Ak,r,n,M,N,R := 2- rn det(M)- ~ det(4N -lV!-l [Rt])-k+2-~

~-n(k-2+~)rrn r (k n +1- 'r lJ - 1).7r 4 ~ .-?+ ---
- ? ?

v=l - ...

Proof: (i) It is weH known, cf [Kli]j
(ii) Let cjJ E lzu;:n r' Then, by the unfolding argument, we have, , ,

< cjJ,P:'';;~N,R) > = r cjJ{r,z)eN,R{r,z)
ir~, r, C"O \lHIn xC<r, n)

. det{ v)" exp{ -tr{411"M v -1 [yt]) dV/ r,

vVe choose

{(r, z) E mIn x c< r, n) 10 ::; H ij ::; 1, i, j -, 1, ... , n; v > 0;

o :::; X,~t :::; I, s ='1, ... ,r, t = 1, ... , nj y E lR(r,n)}

as tl~e fundamental donlain for the action of r~,r,co'

Inserting the Fourier expansion of eP, we obtain

100 1coJ,n,r -41'1' tr(Nv) k-r-2<cjJ,P"M;(NR) >=c,p{lV,R) ... e det{v)
, , 0 0

. ( ( e-4 1'1' tr(RY+II-
1

Al[yl]) dV) dv
irR(r, .. )

The inner integral eqnals
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Now, using the above and [I(li, p.SS), we find

< 4>, P:';;~N,R) > = ccP(N, R) 2- rn
det(M)- ~

.1 e- tr tr V(4N-vM-l(RI])det(v)k-~-2dv
v>o

= C4J 2- rn det(M)- ~ det( 41V _ M- 1 [R tn-k+2 - n±~-r

n(n-1)_n(k_2+!±!.=.!.) rrn ( n + 1- 1" V-I)
."l'T" -I 2 r k-?+ ---

n ~ 2 2
11=1

It proves (ii).

Now assume n = r, so m = 2n. From (i) it follows that the T th Fourier coefficient
of Ph1 (4)) is equal to

Now use (ii) and (20); we find that the T th Fourier coefficient of PM(</» is expressed
as the sum of the following two terms. The first one has the value

L .. c~ (T[UI][(~)],(G ~) T[Ud)[(~)])
Vi: r[(h][(~~ )J=M

for some constant cl: depending on k.
The second tenn is equal to

det(Nf)- ~ L AM,r(T') det(4N - M- 1 [Rt])-k+;
T'>o

where AM,T(T') involve the Fourier coefficients of certain of the Poincare series on
r ~ n and the Fourier coefficients,

-1 (0)anel where T'[V t
][ 1 ] = Ai.

Appendix

vVe show that the series

(21 ) J, u' ,r,* (T').o ( Z )-k (T' [V t -
l

] (Z))9k ,T[VJ",n' J fl e f
-yE.ö. \r;.',tn , v, V,TI
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with U, V, T' as in the Theorem, is absolutely convergent. It will justify the change
in order of summation made in the proof above.

First, by the same argument as in [Kol] it is sufficient to show that for any C > 0
the series

(22) I: 19::~~~l~(T')l'U(" il m )]-k. exp (-C tr Im(T'[Vt-1],(ilm )))

'YE6 \r~,tn

is finite.

Let' s briefly sketch the proof.

Using (2) and (3) it is easily seen that (22) is equal to

(23)

(

Cl
M=

c

Fix € > O. Let Y E IR.(T,r), y > 0 and Q E IR(m,m), Q = (ql q2) > 0
q3 q4 '

ql E IR.(r,T), q4 E lR(n,71). Then one has, for p E z(n,T), Ilpll »y,t':,Q 0

( (1)) (d t Q)l+~+l
exp -tr(y Q[ ; ]) « d:t q4

Also, we have

Now take

\,Ve obtain that the 6un1 (23) is

I 1+ !:..=l!. + t:

~ J,n',r,* , I (det T) 2 ( I t-
I (0 01)))« ~ I IYk,T[Uj",n' (T)· det (}4 exp -C· tr(T [V ] 0

U,V,T
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for sorne Cl > 0.

Now we use the trivial bound

IHM,c(N, R, N', R')I «det(c)l-;

the estirnate
Jk-~-l(.X·)«det(X)k-;-l, (det(X) > 0)

and Hadamard's inequality
to give

Therefore the surn in (23) is

« L det(T')~+t'det(T[U]A,n' [(0) D-k+T+ 1

U,V,T' 1

. exp ( -CI tr(T'[V,-l) (~ nl)
« L det(T'l ~+'det(T[u]",n'[G) ])-k+"";" +1

U,V,T'

. exp ( -C2 det( (~ ~) + T,(V,-l) (~ ~) lI/rn) .

The latter can be written as

(24) L (L det (T')~+t:) t-k+r;"+le-C2al/rn

fl, t>O

where the inner stun is over U, V, T' satisfying (20) and

det(T[U] A,n' [(~)D= t,

det«(~ ~) +T'[V'-'] (~ nl = (l.

Now it is sufficient to show that the inner stun is « ti+oa ßk , for sorne Ci, ß E IR.
The latter can be given by silnilar argtunents as in [1(01]. Namely, first we have to
check that

t . (l ;::: det(T') . f(V),

for f(V) sorne positive integer dependillg on Vj then the inner SUffi in (24) will be

(l!

«L L pOt1'v;+t:
v=l 1 :$/1:$ :!
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at (t) P« ?;(Y: v~+, « a~+H't~+-Y+H'.

We omit the details.

I would like cordially to thank Winfried Kohnen for suggestion this problern to me
and for helJ}ful discussions. I also thank the Max·Planck-Institut für Mathematik
in Bonn) where this work was done, for hospitality and support.
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