AN INVOLUTION PERMUTING FLOER HOMOLOGY

NIKOLAI SAVELIEV

Abstract. We give an example of an irreducible homology sphere with an involution acting non-trivially on Floer homology.

Let k be the right-handed granny knot shown in Figure 1, and consider the involution on its exterior given by the 180^∘ rotation with respect to the axis indicated in Figure 1.

Figure 1

Let Σ be the integral homology 3–sphere obtained by (−1)–surgery on the knot k. The involution on the exterior of k extends to an orientation preserving involution σ : Σ → Σ.

Theorem 1. The involution σ_∗ : I_∗(Σ) → I_∗(Σ) induced on the Floer homology by σ is non-trivial, σ_∗ ≠ id.

Note that the manifold Σ is irreducible. Many examples of reducible homology 3-spheres with involutions acting non-trivially on Floer homology have been known, see [9] including the discussion on [1].

The proof goes as follows. We first describe the representation variety of π_1Σ and compute the indices of the generators in the Floer chain complex. After that, it is not difficult to see that σ induces a non-trivial action on the Floer chain complex. However, since the generators are present in both parities, it is not clear if the boundary operators vanish. To show that the action is actually non-trivial on the Floer homology we use a cobordism argument and the Floer exact triangle. In the last section we describe the representations of π_1Σ fixed by σ in terms of the branch set of Σ → S^3.

I wish to thank Olivier Collin, Jose Montesinos and Daniel Ruberman for useful discussions.

Research was supported in part by NSF Grant 9704204 and MPI Bonn. 1

1. The manifold Σ

The integral homology sphere Σ admits many equivalent descriptions. We list several of them in this section and prove that they are actually equivalent.

Description 1. The result of (−1)–surgery on the right-handed granny knot k shown in Figure 1. Note that k is a connected sum of two righthanded trefoils.

Description 2. The double branched cover of S^3 with the branch set shown in Figure 2.

Figure 2

Description 3. The graph manifold obtained by plumbing according to the diagram shown in Figure 3. In fact, this description shows that Σ is the link of a singularity. For basics on graph manifolds and singularities see [4].

Figure 3

Description 4. The splice of two copies of the Brieskorn homology sphere Σ(2, 3, 7) along the singular fibers of degree 7.

Description 5. The manifold obtained by gluing together two copies of the right-handed trefoil exterior along the boundary tori according to the map given in the standard meridian-longitude bases by the matrix φ = ( 1 1 0 −1 ) . Description 6. Let k_1 and k_2 be the singular fibers of degree 7 in two copies of Σ(2, 3, 7), and k^∗_1 and k^∗_2 the images of their cores in the surgered manifolds Σ(2, 3, 7) − k_1 = Σ(2, 3, 7) − k_2 = Σ(2, 3, 13). Then Σ is the result of (+1)–surgery of the connected sum Σ(2, 3, 13)#Σ(2, 3, 13) along the knot k^∗_1#k^∗_2. 2

The knot k is strongly invertible with respect to the given involution, so the equivalence of descriptions 1 and 2 follows from [8]. The equivalence of descriptions 1 and 3 is an exercise in Kirby calculus, see Figure 4.

Figure 4

The manifold Σ(2, 3, 13) is obtained from Σ(2, 3, 7) by (−1)–surgery on k_1, see Figure 5, where the core k^∗_1 in Σ(2, 3, 13) is also shown.

PSfrag replacements

Figure 5

Then the manifold Σ(2, 3, 13)#Σ(2, 3, 13) + k^∗_1#k^∗_2 looks as in Figure 6. This proves the equivalence of descriptions 1 and 6. The algorithm of [4] for splicing plumbing diagrams produces the diagram in Figure 3. Descriptions 4 and 5 are obtained from each other by a change of basis.

2. The representation variety

This section is devoted to describing the representation space of π_1Σ and the induced action of σ.

Lemma 2. The representation space of π_1Σ consists of four isolated points and four circles. The representations are non-degenerate in the Morse–Bott sense. 3

PSfrag replacements

Figure 6

After we compute the Floer indices in the next section, the Floer chain complex of Σ will be obtained from this by perturbing the circles.

Proof. We begin with finding a presentation for the fundamental group of the homology sphere Σ. It can be easily read off any of the descriptions of Σ given above. For example, in description 4 we start with the exterior in Σ(2, 3, 7) of the singular fiber of order 7, whose fundamental group has presentation

⟨ x_1, x_2, h | x^2_1 = h^{−1}, x^3_2 = h ⟩

with the canonical meridian (x_1x_2)^7h and longitude (x_1x_2)^{−6}h^{−1}, see [4], Lemma 7.5. Then

π_1Σ = ⟨ x_1, x_2, ξ_1, ξ_2, h, γ | x^2_1 = h^{−1}, x^3_2 = h, ξ^2_1 = γ^{−1}, ξ^3_2 = γ,

(x_1x_2)^7h = (ξ_1ξ_2)^{−6}γ^{−1}, (x_1x_2)^{−6}h^{−1} = (ξ_1ξ_2)^7γ ⟩,

= ⟨ x_1, x_2, ξ_1, ξ_2, h, γ | x^2_1 = h^{−1}, x^3_2 = h, ξ^2_1 = γ^{−1}, ξ^3_2 = γ,

x_1x_2 = ξ_1ξ_2, (x_1x_2)^{−13} = (ξ_1ξ_2)^{−13} = γh = hγ ⟩.

In what follows, we will identify the Lie group SU(2) with the group S^3 of unit quaternions, and the subgroup U(1) of diagonal matrices with the group S^1 of unit complex numbers.

Let α : π_1Σ → SU(2) be an irreducible representation. At least one of the quaternions α(h), α(γ) has to be equal to ±1; otherwise the representation α would be reducible as hγ = γh and h commutes with x_1, x_2 and γ commutes with ξ_1, ξ_2. In fact, the cases α(h) = 1 and α(γ) = 1 should also be excluded: 4

if say α(h) were equal to 1 we would have α(x_1) = ±1 which would imply that α is reducible.

Suppose that α(γ) ≠ ±1 and, if necessary, conjugate α so that α(γ) ∈ C . Then α(ξ_1) and α(ξ_2) are complex numbers and α(h) = −1. The unit complex numbers α(γ), α(ξ_1), and α(ξ_2) satisfy the following equations,

α(ξ_1)^2 = α(γ)^{−1}, α(ξ_2)^3 = α(γ), (α(ξ_1)α(ξ_2))^{13} = −α(γ)^{−1},

which are equivalent to the equations

α(ξ_1)^2 = −α(γ)^3, α(ξ_2)^3 = α(γ)^{−2}, α(γ)^7 = 1.

Therefore, α(ξ_1) and α(ξ_2) are uniquely determined by α(γ). The remaining relations give

α(x_1)^2 = −1, α(x_2)^3 = −1, (α(x_1)α(x_2))^7 = −1.

Here we used the fact that α(γ) = −α(x_1)α(x_2). The pairs α(x_1), α(x_2) satisfying these relations are, up to conjugacy, in a bijective correspondence with irreducible representations of π_1Σ(2, 3, 7). According to [3], there are two such representations, with the traces tr α(x_1) = 0, tr α(x_2) = −1, and tr(α(x_1)α(x_2)) = 2 cos(πm/7), m = 3, 5. Their Floer indices are 3 and 7, and we will call them α_3 and α_7, respectively. We denote the corresponding representations of π_1Σ by α_3 ∗θ and α_7 ∗θ (where θ is to signify the fact that the representation is reducible on the “right” component). By symmetry, we get representations θ ∗ α_3 and θ ∗ α_7.

Now suppose that α(h) = α(γ) = −1 and conjugate α, if necessary, to assure that α(x_1)α(x_2) is a complex number. The relations on x_1 and x_2 imply

α(x_1)^2 = −1, α(x_2)^3 = −1, (α(x_1)α(x_2))^{13} = 1,

so that the pairs α(x_1), α(x_2) are, up to conjugation, in a bijective correspondence with the irreducible representations of π_1Σ(2, 3, 13). There are four such representations with the traces tr α(x_1) = 0, tr α(x_2) = −1, and tr(α(x_1)α(x_2)) = 2 cos(πp_φ/13) with p_φ = 4, 6, 8, 10, see [3]. The situation with α(ξ_1) and α(ξ_2) is completely analogous. Given a representation α, we can conjugate the quaternions α(ξ_1) and α(ξ_2) by a unit complex number without changing α(x_1) and α(x_2) to get a new representation not conjugate to α. Thus we have a full circle of irreducible representations for every p_φ. We end up with four circles of representations in addition to the four isolated representations that we already had. The fact that the representations are non-degenerate follows from Lemma 5.1 of [7].

Note that the representation space of π_1Σ can also be read off a pillowcase picture, see Figure 7. For an explanation to such pictures see [7]. The four dots in the interior represent the images of the circles, and the four isolated representations show up at the bottom and at the left edge.

Figure 7

Lemma 3. The involution σ^∗ induced on the representation space of Σ interchanges α_3 ∗ θ with θ ∗ α_3 and α_7 ∗ θ with θ ∗ α_7. It acts identically on the circles.

Proof. The induced involution σ_∗ on the fundamental group can be given by the following explicit formula, h → γ^{−1}, x_1 → (ξ_1ξ_2)^2ξ^{−1}_1 (ξ_1ξ_2)^{−2}, x_2 → (ξ_1ξ_2)^3ξ^{−1}_2 (ξ_1ξ_2)^{−3}, and similarly on the other triple of generators. The first claim is now clear since σ_∗ interchanges, up to conjugacy, the two triples of generators.

Each representation α with α(h) = α(γ) = −1 and α(x_1x_2) = α(ξ_1ξ_2) ∈ C can be written in the form (X_1, X_2; uX_1u^{−1}, uX_2u^{−1}) for some u ∈ C , where X_1 = α(x_1) and X_2 = α(x_2). The action of σ^∗ is then given by the formula σ^∗α = (u(X_1X_2)^2X^{−1}_1 (X_1X_2)^{−2}u^{−1}, u(X_1X_2)^3X^{−1}_2 (X_1X_2)^{−3}u^{−1}; (X_1X_2)^2X^{−1}_1 (X_1X_2)^{−2}, (X_1X_2)^3X^{−1}_2 (X_1X_2)^{−3}), which is conjugate to (X^{−1}_1 , X_1X^{−1}_2 X^{−1}_1 ; u^{−1}X^{−1}_1 u, u^{−1}X_1X^{−1}_2 X^{−1}_1 u).

According to Lemma 6 of [10], there exists a unit quaternion ρ such that ρX_1ρ^{−1} = X^{−1}_1 , ρX_2ρ^{−1} = X_1X^{−1}_2 X^{−1}_1 , ρuρ^{−1} = u^{−1}, and ρ^2 = −1. Therefore, σ^∗α is conjugate to

(X_1, X_2; ρu^{−1}X^{−1}_1 uρ^{−1}, ρu^{−1}X_1X^{−1}_2 X^{−1}_1 uρ^{−1}) = (X_1, X_2; uX_1u^{−1}, uX_2u^{−1}) = α.

Remark. We point out that we define Floer index by using anti-self-dual equations rather than self-dual equations used in [3] and [7]. This is the reason why the Floer indices of α_k, k = 3, 7, are odd. In general, our Floer 6

indices μ_1 are related to the Floer indices μ_2 of [3] and [7] by the formula μ_1 + μ_2 = 5 mod 8.

3. The Floer chain complex

The paper [7] shows how to compute the Floer indices of representations of certain graph homology spheres by reducing the computation to previously known cases. It provides explicit formulas in the case when the homology sphere is of the type X ∪ Y where X and Y are the exteriors of a regular fiber in a Seifert fibered homology sphere. Our manifold Σ is of this type, see description 5, since the 3-sphere S^3 can be Seifert fibered so that the right-handed trefoil is a regular fiber.

Lemma 4. The Floer indices of α_k ∗ θ and θ ∗ α_k are equal to k mod 8.

Proof. The (−1)–filling of the right-hand trefoil exterior is Σ(2, 3, 7), and the Floer indices of α_k over Σ(2, 3, 7) are equal to k mod 8, k = 3, 7. According to Theorem 4.4 of [7] the Floer index of α_k ∗ θ and that of α_k differ by

sign B(e^{2iψk} ) + dim ker B(e^{2iψk} ).

Here tr α_k(ξ_1ξ_2) = 2 cos(ψ_k) with ψ_k equal either 3π/7 or 5π/7 depending on k, and B(t) = (1 − t)V + (1 − t^{−1})V^t where V = ( −1 0 1 −1 )

is a Seifert matrix for the right-handed trefoil. Since the roots of

det B(t) = (t + t^{−1} − 2)(t + t^{−1} − 1)

are 1 and e^{±πi/3}, it has zero kernel at e^{6πi/7} and e^{10πi/7}. In fact, det B(t) is negative at these points so the signatures of both B(e^{6πi/7}) and B(e^{10πi/7}) are equal to 0.

Lemma 5. Two of the circles in the representation space of π_1Σ have Floer index 1 and the other two Floer index 5.

Proof. This will follows from Theorem 5.2 of [7] after we take care of orientations. Remember that we fibered S^3 so that the right handed trefoil is a regular fiber with the exterior X, and represented Σ as a union X ∪ X. With this fibration in place, X has a canonical orientation so that

π_1X = ⟨ x_1, x_2, h | x^2_1 = h^{−1}, x^3_2 = h ⟩

where h represents a regular fiber. The canonical meridian and longitude are given as m = x_1x_2 and ℓ = m^{−6}h^{−1} with the two copies of X glued according to the map φ = ( 1 1 0 −1 )

in the canonical bases in π_1(∂X). Note that h is also a longitude although not a canonical one; it is not null-homologous in X. The pair of curves x_1x_2 7

and h^{−1} form an oriented basis in π_1(∂X); its orientation is consistent with that of m, ℓ as det ( 1 −6 0 1 ) = 1.

In the bases x_1x_2, h^{−1} and ξ_1ξ_2, γ^{−1} in the two copies of ∂X, the gluing map can be written as φ = ( u v z w ) = ( 1 13 0 −1 ) . This matrix is the main piece of information needed to apply Theorem 5.2 of [7]. The other ingredients in the notations of [7] are as follows: ε_X = ε_Y = −1, a = c = 6, b_1 = d_1 = 1, b_2 = d_2 = −1, e_X = e_Y = 5, p_φ = 4, 6, 8, 10, C = 2, and m_X = m_Y = 2. The Floer index is now given by the formula (remember the remark at the end of the previous section)

2p^2_φ 13 + 2 13 13∑ k=1 cot^2 ( πk 13 ) sin^2 ( πp_φk 13 ) + 2 mod 8

It equals 1 mod 8 if p_φ = 4, 8, and 5 mod 8 if p_φ = 6, 10.

The Floer chain complex is obtained from this by perturbing the circles. Given a circle S of Floer index μ(S), we consider a Morse function f : S → R with two critical points β and γ of indices 0 and 1, respectively, and assign to the critical point β the index μ(S) mod 8 and to the critical point γ the index μ(S) − 1 mod 8. See [3] for the proof that this gives a complex whose homology is Floer homology.

Denote β_n, γ_n the pairs of critical points obtained by perturbing the nth circle, n = 1, 2, 3, 4. Then the Floer chain complex has the following generators

Floer Index Generators 0 γ_1, γ_3 1 β_1, β_2 2 3 α_3 ∗ θ, θ ∗ α_3 4 γ_2, γ_4 5 β_2, β_4 6 7 α_7 ∗ θ, θ ∗ α_7

4. The boundary operators

The Floer chain complex of Σ may a priori have non-trivial boundary operators. We will not compute all these operators; however, we will show that the generators α_k ∗ θ and θ ∗ α_k, k = 3, 7, survive in I_∗(Σ). The idea is as follows. Recall from [3] that I_3(Σ(2, 3, 7)) = I_7(Σ(2, 3, 7)) = Z and I_k(Σ(2, 3, 7)) = 0 otherwise. Since α_k ∗ θ and θ ∗ α_k are the only generators in degrees 3 and 7 in the Floer chain complex of Σ, the result follows from theorem below.

Theorem 6. There exists a degree 0 epimorphism I_∗(Σ) → I_∗(Σ(2, 3, 7)) ⊕ I_∗(Σ(2, 3, 7)).

Our proof of Theorem 6 consists of a construction and several lemmas, which will be proved later in this section. Let k_1 be the singular fiber of degree 7 in Σ(2, 3, 7) and perform (−1)–surgery along k_1, see Figure 5. The resulting manifold is Σ(2, 3, 13), and it comes together with a canonical cobordism P_1, the trace of the surgery, which is an oriented 4-manifold with boundary −Σ(2, 3, 7) ∪ Σ(2, 3, 13).

Lemma 7. The homomorphism P_{1∗} : I_∗(Σ(2, 3, 7)) → I_∗(Σ(2, 3, 13)) induced by P_1 has degree 0 and is injective.

The manifold Σ(2, 3, 13) bounds a simply-connected oriented 4-manifold Q_1 with ∂Q_1 = Σ(2, 3, 13) obtained from D^4 by gluing two 2-handles as shown on the left in Figure 5. Let X_1 be the boundary connected sum of Σ(2, 3, 13) × [0, 1] and Q_1 along two 3-discs, one in Σ(2, 3, 13) × {1} and the other in ∂Q_1. A schematic picture of the cobordism P_1 ∪ X_1 is shown in Figure 8.

PSfrag replacements

Figure 8

Lemma 8. The cobordism X_1 induces an embedding X_{1∗} : I_∗(Σ(2, 3, 13)) → I_∗(Σ(2, 3, 13)#Σ(2, 3, 13)) of degree 0.

The above construction can be repeated with the two copies of Σ(2, 3, 13) switched to obtain cobordisms P_2, Q_2, and X_2.

Lemma 9. The images of X_{1∗} and X_{2∗} in I_∗(Σ(2, 3, 13)#Σ(2, 3, 13) have zero intersection. 9

A combination of Lemmas 7, 8, and 9 provides us with a zero degree embedding

Φ = (P_1 ∪ X_1)_∗ ⊕ (P_2 ∪ X_2)_∗ :

I_∗(Σ(2, 3, 7)) ⊕ I_∗(Σ(2, 3, 7)) → I_∗(Σ(2, 3, 13)#Σ(2, 3, 13)).

Now we turn our attention to the description 6 of the manifold Σ. Let K be the manifold obtained by 0–surgery of Σ(2, 3, 13)#Σ(2, 3, 13) along the knot k^∗_1#k^∗_2, and let Z and Y be the surgery traces from Σ to the connected sum Σ(2, 3, 13)#Σ(2, 3, 13) and from Σ(2, 3, 13)#Σ(2, 3, 13) to K, respectively. Then we have the following diagram with the exact row

I_∗(Σ) - I_∗(Σ(2, 3, 13)#Σ(2, 3, 13)) - I_∗(K)

I_∗(Σ(2, 3, 7)) ⊕ I_∗(Σ(2, 3, 7))

?

Z� Y� Φ

Lemma 10. The image of Φ belongs to the kernel of Y_∗.

Now, since ker Y_∗ = im Z_∗, we have that im Φ ⊂ im Z_∗, and Z_∗ maps I_∗(Σ) onto im Φ ∼= I_∗(Σ(2, 3, 7)) ⊕ I_∗(Σ(2, 3, 7)). This is the epimorphism whose existence was claimed in Theorem 6. Note that it is not canonical.

Proof of Lemma 7. The homomorphism P_{1∗} has degree 0 mod 8 because b_1(P_1) = b^+_2 (P_1) = 0. It can be included in the following Floer exact triangle

I_∗(K_1)

� @@I

0 = I_∗(S^3) - I_∗(Σ(2, 3, 7))

I_{∗+2}(K_1)

W� � @@I P1� -_{I∗(Σ(2, 3, 13))}

where K_1 is obtained by 0–surgery along the right-handed trefoil in S^3. Since I_{ev}(K_1) = I_{ev}(Σ(2, 3, 7)) = 0, the homomorphism W_∗, which has degree 1, vanishes by dimension counting, and P_{1∗} is a monomorphism. In fact, since I_{ev}(Σ(2, 3, 13)) = 0, the exact triangle splits into the isomorphisms

I_∗(Σ(2, 3, 13)) = I_∗(Σ(2, 3, 7)) ⊕ I_{∗+2}(K_1) = I_∗(Σ(2, 3, 7)) ⊕ I_{∗+2}(Σ(2, 3, 7)).

Proof of Lemma 8. The idea of proof of this lemma is borrowed from [6]. The manifold Q_1 can be embedded in the manifold C P^2#C P^2#C P^2, see Figure 9, where we first add a (−1)–framed 2–handle to Q_1 and then cap the resulting manifold off with D^4. 10

Figure 9

Let us denote 3 C P^2 \ int Q_1 by V_1. This is a smooth negative definite manifold with boundary −Σ(2, 3, 13). Let Y_1 be a boundary connected sum of Σ(2, 3, 13) × [1, 2] and V_1 along the two 2–discs, one in Σ(2, 3, 13) × {1} and the other in ∂V_1. Then Y_1 is an oriented cobordism with ∂Y_1 = −(Σ(2, 3, 13)#Σ(2, 3, 13)) ∪ Σ(2, 3, 13). Glue the cobordisms X_1 and Y_1 along Σ(2, 3, 13)#Σ(2, 3, 13) to get a cobordism from Σ(2, 3, 13) to itself of the form

X_1 ∪ Y_1 = (Σ(2, 3, 13) × [0, 2]) # 3 C P^2.

Thus X_1 ∪ Y_1 is a triple blow up of the product cobordism Σ(2, 3, 13) × [0, 2]. Therefore, Y_{1∗} ∘ X_{1∗} = (X_1 ∪ Y_1)_∗ : I_∗(Σ(2, 3, 13)) → I_∗(Σ(2, 3, 13)) is an isomorphism (and hence X_{1∗} is injective).

A short proof of the last statement is as follows. The product cobordism Σ(2, 3, 13)×[0, 2] induces the identity map in Floer homology. Blowing it up once corresponds to gluing a 2–handle to Σ(2, 3, 13) × [0, 2] along an unknot in Σ(2, 3, 13) × {2} with framing (−1). The homomorphism induced by this cobordism is represented by the horizontal arrow in the Floer exact triangle, see [5],

I_∗(Σ(2, 3, 13))

I_∗(K_0)

� @@I
     - I∗(Σ(2, 3, 13))

where K_0 = Σ(2, 3, 13)#(S^1 × S^2) is obtained by 0–surgery on the unknot. By excision property of Floer homology I_∗(K_0) vanishes, see [2] or [5]. Therefore, the horizontal arrow is an isomorphism. The second and third blow ups are handled similarly.

To finish the proof we note that the intersection form of X_1 is negative definite, therefore, the degree of X_{1∗} is zero.

Proof of Lemma 9. Let us consider the cobordism X_1 ∪ Y_2 pictured in Figure 10. Here, Y_2 is a boundary connected sum of the manifold −V_2 with Σ(2, 3, 13) × [1, 2], compare with the proof of Lemma 8. 11

PSfrag replacements

Figure 10

It has an obvious splitting along S^3 in the gluing region, therefore, (X_1 ∪ Y_2)_∗ : I_∗(Σ(2, 3, 13)) → I_∗(Σ(2, 3, 13)) factors through I_∗(S^3) = 0 and Y_{2∗} ∘ X_{1∗} = 0. Therefore, im X_{1∗} ⊂ ker Y_{2∗}. On the other hand, ker Y_{2∗}∩im X_{2∗} = 0 since Y_{2∗} ∘ X_{2∗} is an isomorphism. This completes the proof.

Proof of Lemma 10. We need to prove that the homomorphism (P_1 ∪ X_1 ∪ Y )_∗ : I_∗(Σ(2, 3, 7)) → I_∗(K) is zero. The cobordism P_1 ∪ X_1 ∪ Y has a smoothly embedded 2-sphere S obtained by gluing together several 2–discs as follows.

The core knot k^∗_1 in Σ(2, 3, 13) bounds an embedded 2–disc D_1 in the 4- manifold P_1 with homological self-intersection −1. Then D_1 ∪_k�_1 (k^∗_1 × [0, 1]) is an embedded disc in P_1 ∪ X_1 with boundary the knot k^∗_1 in the first copy of Σ(2, 3, 13) in Σ(2, 3, 13)#Σ(2, 3, 13). The knot k^∗_2 in the second copy of Σ(2, 3, 13) bounds an embedded disc D^′_2 in Q_2. This one comes from the slice 2–disc in D^4 it bounded before the 2–handles were added. It has zero self-intersection. Finally, let D be the axial disc of the 2–handle we attached to (Σ(2, 3, 13)#Σ(2, 3, 13)) × [1, 2] along k^∗_1#k^∗_2 to get Y . The disc ((k^∗_1#k^∗_2) × [1, 2]) ∪ D is embedded in Y , has self-intersection 0, and its boundary is k^∗_1#k^∗_2. These discs and the sphere S are shown schematically in Figure 11.

PSfrag replacements

Figure 11

The homological self-intersection of the 2–sphere S is (−1); therefore, the cobordism P_1 ∪ X_1 ∪ Y splits off a copy of C P^2 with a non-trivial SO(3)– bundle over it. Via gluing argument, all L^2–moduli spaces of instantons over such a cobordism are at least 1–dimensional, see [2] or [5]. Therefore, (P_1 ∪ X_1 ∪ Y )_∗ = 0 and im(P_1 ∪ X_1)_∗ ⊂ ker Y_∗.

5. Equivariant representation space

The equivariant representation space of π_1Σ consists of four circles, see Lemma 3. These representations can be pushed down to the quotient 12

S^3 = Σ/σ to give SU(2)–representations of π_1(S^3 \ k_σ) where k_σ is the knot pictured in Figure 2, with the meridian represented by a trace-zero matrix. It would be interesting to see the circles directly in the representation space of π_1(S^3 \ k_σ).

The fundamental group of S^3 \ k_σ has the presentation

π_1(S^3 \ k_σ) = ⟨ x_1, x_2, h, u | x^2_1h = 1, x^3_2h^{−1} = 1, (x_1x_2)^{13}h^2 = u^2 ⟩,

with the canonical meridian uv^{−1} and longitude uv^{−1}u^{−1}v^{−1} where v = (x_1x_2)^6h. It has irreducible representations of two types. First are representations α with α(u)^2 ≠ −1. These are in a two-to-one correspondence with the representations of the right-handed trefoil group and, therefore, are two open arcs limiting at reducible representations. Second type are representations α with α(u)^2 = −1 so that α(x_1), α(x_2), and α(h) = −1 give an irreducible representation of π_1Σ(2, 3, 13). There are four such representations, and each of them gives a 2–sphere worth of representations of π_1(S^3 \ k_σ) corresponding to the solutions of the equation α(u)^2 = −1 (which is equivalent to tr α(u) = 0). The representation space of π_1(S^3 \ k_σ) is pictured in Figure 12.

Figure 12

The image in the pillowcase consists of six arcs; the representations of the first type are mapped into two arcs wrapping four times around the pillowcase, and the four arcs corresponding to the 2–spheres lie on the top of each other in the V –pattern, see Figure 13.

Figure 13 13

The representations α with tr α(m) = 0 lie on the circle shown in Figure 13 as the vertical dotted line in the middle of the figure. There are four circles of such representations, all mapped to a single point in the pillowcase.

References

[1] S. Akbulut, An involution permuting Floer homology. Turkish J. Math.

18 (1994), 16–22.

[2] P. Braam, S. Donaldson, Floer’s work on instanton homology, knots and surgery.

The Floer memorial volume, 195–256, Progr. Math. 133, Birkhuser, 1995. [3] R. Fintushel, R. Stern, Instanton homology of Seifert fibred homology three spheres. Proc. London Math. Soc. 61 (1990), 109–137 [4] D. Eisenbud, W. Neumann, Three-dimensional link theory and invariants of plane curve singularities. Annals of Mathematics Studies, 110. Princeton University Press, 1985.

[5] A. Floer, Instanton homology, surgery, and knots, Geometry of low-dimensional manifolds, I (Durham, 1989), 97–114, LMS Note Ser., 150, Cambridge Univ. Press, Cambridge, 1990.

[6] A. Kawauchi, Floer homology of topological imitations of homology 3-spheres. J.

Knot Theory Ramifications 7 (1998), 41–60.

[7] P. Kirk, E. Klassen, D. Ruberman, Splitting the spectral flow and the Alexander matrix. Comment. Math. Helv. 69 (1994), 375–416.

[8] J. Montesinos, Surgery on links and double branched covers of S^3. Knots, groups, and 3-manifolds (Papers dedicated to the memory of R. H. Fox), pp. 227–259. Ann. of Math. Studies, No. 84, Princeton Univ. Press, 1975.

[9] N. Saveliev, Floer homology and invariants of homology cobordism. Internat. J.

Math. 9 (1998), 885–919.

[10] N. Saveliev, Floer homology of Brieskorn homology spheres (submitted), available from http://www.math.tulane.edu/¸saveliev

Department of Mathematics, Tulane University, New Orleans, LA 70118 E-mail address: saveliev@math.tulane.edu

Max-Planck-Institut für Mathematik, Vivatsgasse 7, 53111, Bonn, Germany