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1. INTRODUCTION

In this paper we define random distance expanding dynamical systems. We
develop the appropriate thermodynamic formalism of such systems. We obtain in
particular the existence and uniqueness of invariant Gibbs states, the appropriate
pressure function and exponentially fast convergence of iterates of Perron-Frobenius
operators resulting, in particular, in an exponential decay of correlations. We also
obtain the formula for the derivative of the expected value of the pressure function.
Next, we define and investigate in detail conformal random expanding repellers.
Applying the developed machinery of thermodynamic formalism we prove a version
of Bowen’s formula (obtained in a somewhat different context in [4]) which identifies
the Hausdorff dimension of almost all fibers with the only zero of expected value of
the pressure function. We then turn to more refined fractal properties. We move
into two directions.

Firstly, we investigate the h-dimensional Hausdorff and packing measures of
fibers, h being their Hausdorff dimension. We introduce the (rather generic) class
of essential random conformal Gibbs-systems (G-systems) and the (rather excep-
tional) class of quasi-deterministic G-systems. We show that unlike in the classical
deterministic case (see for ex. [13]) for essential random conformal G-systems the h-
dimensional Hausdorff measure vanishes while the packing measure is infinite. This
in particular refutes the conjecture stated in [4] that the h-dimensional Hausdorff
measure of fibers is always positive and finite. This fact has further striking geomet-
rical consequences. Namely, all fibers of an essential random conformal G-system
are not bi-Lipschitz equivalent to any fiber of any quasi-deterministic system, in
particular any deterministic system. In particular, almost every fiber of an essen-
tial random system is not a geometric circle not even a piecewise analytic curve.
For deterministic systems circles are possible. The quasi-deterministic systems be-
have, on the other hand, more like deterministic ones. The Hausdorff and packing
measures are positive and finite and the Hausdorff dimension of all fibers is the
same.

The second direction concerns the multifractal spectrum of Gibbs measures on
fibers. We show that the multifractal formalism is valid, i.e. the multifractal
spectrum is given by the Legendre transform of a temperature function and it is
continuous.

Unlike [3], [8] and other our considerations are restricted neither to symbol sys-
tems nor to expanding maps on full smooth manifolds. Our concept of distance
expanding random dynamical systems comprises both of them and includes an
abundance of systems that are neither of them. We do not need any Markov par-
titions or (even auxiliary) symbol dynamics to carry on our investigations.

Unlike recent trends to employ the method of Hilbert metric and Birkhoff’s cones
(like for example in [7, 9, 14]), our approach stems from a more classical method
presented in [5] and undertaken in [8]. Developing it in the context of random
dynamical systems we demonstrate that it works well and does not lead to too
complicated (at least to our taste) technicalities.

Throughout the paper we were paying special attention to the measurability
issues. This concerns particularly the conformal measures which are one of the
main objects of the thermodynamical formalism. In the RDS setting they are given
by a family of conditional measures v,, x € X the base space of the RDS. These
measures are produced in a pointwise manner and measurability of z — v, is not
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immediately obvious. As a matter of fact measurability was not clear to us even in
the symbol of full manifold expanding case until very recently Kifer’s paper [9] has
arrived to take care of these cases.

Last but not least, throughout the entire paper we were avoiding, in hypothesis,
absolute constants as much as possible. Our feeling is that in the context of ran-
dom systems all (or at least as many as possible) absolute constants appearing in
deterministic systems should become measurable functions, possibly with some in-
tegrability conditions. With this respect the thermodynamic formalism developed
in our paper represents also, up to our knowledge, new achievements in the theory
of random symbol dynamics or random expanding maps on full manifolds.
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2. GENERALITIES AND SETTINGS ON RDS

Suppose (X, F,m,0) is a measure preserving dynamical system with invertible
and ergodic map 6 : X — X which is refered to as the base map. Suppose also
(Y, 0) is a Polish space which we assumed to be normalized so that diam(Y) = 1.
To the space Y there is always associated its (most natural) Borel o—algebra By of
subsets of Y. Let Ky be the space space of all compact subsets of Y topologized by
the Hausdorff metric. Assume further that that a measurable mapping X > = —
Jz € Ky is given. Let

(21) T= )< T
reX

It follows then from [6] that J is measurable in the sense that J € F ® By, the

product o-algebra of F and By . Set A = F ® By|7. Suppose finially that for every

z € X a continuous mapping

T, : Iz — jS(x)
is defined. We consider the skew-product map T : J — J defined by the formula
(2.2) T(x,z) = (0(x), Tu(2)).

If T is measurable, it is called a bundle random dynamical system over the base
f: X — X. For every n > 0 we define the map

T;l = T9n71(z) o...0 Tx : jx — jsn(z).

Before proceeding to measurably expanding RDS, which are our main objects of
interest in this paper, and in order to fix ideas, let us look at some examples. Keep
0 : X — X, a measure preserving ergodic dynamical system and for every z € X
consider a rational function F, : C — C. As in the deterministic case, the dynamics
of (F'),, splits the sphere into two parts, the Fatou set which is the part one which
this family behaves normal

Fo={z€ C : (E?), is normal on some neighborhood of z}

and its complement the Julia set J, = C \ F. This set carries on the chaotic part
of the dynamics, the part we are interested in. From these definitions we have that
Fy : Jv — Jo(a) for every x € X. Setting then T, = F|7,, the global skew-product
map T : J — J is a bundle RDS provided it is measurable.

Occasionally, but by no means always, 6 : X — X can be just a two-sided shift
map and the invariant measure m a Bernoulli measure. If the maps 7, depend
then only on the 0-th coordinate then the iterates 7', n € Z, form a sequence
of independent random variables. More examples, all already conformal, can be
found in Section 8. General references on RDS are the book by L. Arnold [1] and

the survey articles [10, 11].

Throughout the paper we will consider two types of bundle random dynamical
systems, namely measurably expanding and conformal measurably expanding ones.
We define the former now.

Definition 2.1. Let T : J — J be a measurable skew-product (bundle RDS)
defined as in (2.2), i.e. by the formula

T(x,z) = (0(x), Tx(2))
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and suppose that the bundle mappings Ty : Jx — Jo(x) are continuous open and
surjective. This RDS is measurably expanding if for some &1 > 0, the following
conditions hold:

Uniform Openess,

Measurably Ezrpanding,
Log-integrability of the Degree,
Topological exactness,

Measurability of the Transfer Operator.

These conditions are precisely defined below. If in addition Y is a smooth Riemann-
ian manifold and the mappings T, are restrictions of C11*—conformal mappings,
then the system is called conformal measurably expanding.

The first part of the paper and, in particular, the whole thermodynamical formalism
is developed for general measurable expanding RDS. The geometric applications
start with Section 6 and they are done for conformal RDS. Let us now precisely
define the first four conditions; the measurability of the transfer operator will be
given in Section 3.3 and details on conformal systems are at the beginning of Section
6.

As usual, we will denote by B(z,7) a ball in (Y, o) centered at z and of radius r
and by B, (z,r) = B(z,r) N J, the corresponding ball in the subspace J,.
Uniform Openess 2.2. T, (B.(z,71)) D Bg(x)<TI(Z),£) for every (z,2) € J.
Measurably Expanding 2.3. There exists a measurable function v : X —
(1,+00), T +— va, with logy € L*(m) and such that for a.e. x € X

0(Tu(21), Ti(22)) > Yz0(21,22) whenever o(z1,22) <n, 21,22 € Ja.
Put

(2.3) X = / log ydm > 0.
X

Note that condition (2.3) implies that T|p(.,y) is one-to-one for every (z,z) € J.
Together with the compacity of the spaces 7, it follows that the numbers

deg(T7) := max #T,7({fy}) , j=1,

are finite. Here and in the following x; = 6?(z), j € Z. Concerning the degree, we
only assume the following.

Log-integrability of the Degree 2.4. For every j > 1, the function x — deg(T?)
is measurable and log deg(T?) € L*(m).

Topological Exactness 2.5. There exists a measurable function x — n,(z) such
that for every r > 0 and a.e. x € X
(2.4) T @) (B, (z,7)) = Tgnr@) gy  for every z € Ty

and there exists a function j € L*(m) such that for almost every v € X

(2.5) TI®) (B(&) =Tz , B(§) being any ball of radius § of To_,,, -

T—j(a)
For example in the deterministic case and in the context of rational dynamics the
two preceeding conditons immediately follow from Montel’s theorem.

Here are some general remarks. If it does not lead to misunderstanding we will
frequently identify 7, and {x} x J,. By T™ we denote the n—th composition of T'
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and by T its composition with the projection to the second coordinate. We also
define
B(yvg) = By(2,§) for y= (J),Z) eJ.
Conditions (2.2) and (2.3) imply that, for every y = (x,2) € J there exists a
unique continuous inverse branch T, ' : B(T(y),€) — B(y,n) of T, sending T (z)
to z. By (2.3) we have

(2.6) o(T, (1), Ty M (22)) < 73 el 22)
for 21,29 € B(T(y),§), and

(2.7) T, (B(T(y),£)) C B(y,7;'€) C B(y,¢).

Hence, for every n > 0, the composition

(2.8) T, " =T, oTpp 0. 0Tl B(T"(Y),€) — B(y,€)

is well-defined and has the following properties. The function T," : B(T"(y), &) —
B(y, &) is continuous, T" o T,7" = Idp(rn(y),e), T, " (15 (2)) = z and

(2.9) o(T, " (z1), T, "(22)) < (7)) telz1, 22)
for 21,22 € B(T"(y),§), where 7' = 7276(z) - * - Yon—1(2). Moreover,
(2.10) T, (B(T"(y).€)) € Bly, (v;)™'€) € B(y. ).

3. POTENTIALS AND TRANSFER OPERATOR

3.1. Spaces of continuous functions and measures adapted to bundle
RDS. Generalities on the following function spaces can be found in Bogenschiitz
[2] and in Crauel’s book [6].

We denote C9,(J) the space of measurable mappings x +— g, with gz| 7, cOn-
tinuous. In the literature this space is also denoted by L°(X,C(Y)). It contains
the subspace CL(J) (often denoted L'(X,C(Y))) which is the set of functions
g € CY(J) for which the integral

lglls = / galloo dim(z) < oo
X

Equipped with the norm ||.|[1, C},(J) is a Banach space.
Let M(Y') be the space of finite (Radon) measures on Y and set

LX(X, M) ={vi : X - M(Y) ,x — v, with ess sup |vs| < oo}.
The later space can be identified with the dual of C},(J) with duality

<1/,g>:/vm gz) dm(x //gmduxdm
X

and M}, (J), the space of probabilities on J with marginal m (or, in other words,
such that the projection of ¥ on X equals m), can be identified with the weak
unit sphere of L (X, M(Y)). Tt follows then from Alaoglu’s theorem that M? (7)
is compact with respect to the weak topology coming from the duality described
above. This topology is also called the narrow topology.

It is important to have in mind that, by disintegration, a measure v € M} (7J) if
and only if there is a family of probabilities v, € M!(7,) depending measurably on
x,i.e. the map z — fJx gz dv,, is measurable from X to R for every g € L*(X,C(Y)),
and such that dv(y) = dvy(z)dm(z). The family (v;)zex is the canonical system
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of conditional measures of v with respect to the measurable partition {J }zex of
J.

Let us also mention that convergence with respect to the narrow topology does
not imply convergence of the conditional measures. A counter—example can be
found in [6].

3.2. Holder spaces and distortion properties. Fix a € (0,1]. By H*(J,) we
denote denote the space of Holder continuous functions on 7, with an exponent a.
This means that ¢, € H*(7,) if and only if ¢, € C(J,) and v(p;) < co where

Va (o) = inf{Hy : [p(21) — ¢(22)| < Hyog(21,22)}
where the infinimum is taken over all z1, z0 € J, with o(z1, 22) <.

Definition 3.1. A function ¢ € C} (J) is called Hélder continuous with an expo-
nent a provided that there exists a measurable function H : X — [1,400), © — Hy,
such that log H € L'(m) and such that vo () < Hy for a.e. * € X. We denote
the space of all Holder functions with fived o and H by HS, (T, H), the vector space
of all a—Hélder functions by HS(J) = Uy HS (T, H) and, finally, the space of all
Hélder functions by Hm(J) = Uyso Hin(J)-

For every function g : 7 — C and a.e x € X let
n—1

(3'1) Sngax = Z gz o T3,
j=0

and, if g : X — C, then S,g = Z?;Olgo 7.
Lemma 3.2. Let ¢ € HE (T, H). Ifn > 1,y = (z,2) € J and wy,wy €
B(T7(2),£), then

n—1

|Snpe (Ty ™ (1)) = Sppa (T, " (wa))] < 0™ (wi,wa) Y Hai(a) (35 0y) ™"
=0

Proof. We have by (2.9) and Hoélder continuity of ¢ that
n—1
|Snpw (T, ™ (W) = Snpa (T, ™ (wa))| <D e (TL(T, ™ (w1) =TT, " (w2)))]
§=0

~(n—3) _ ~(n—j)
Gal Ty D (wn) = oo TP (w2)

<> 0" (T_(n_j) (w1), T, (w2)) Hegs (2)

T () T ()
7=0
n—1 )
< 0% (wi,w2) Y Hoia) (95 1)) ™"
§=0
O
For almost every z € X set
oo
(3.2) Qr =Qru = Z Haﬂ(x)('Yé—j(m))_a-

Jj=1
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Lemma 3.3. The function © — Q. is measurable and m-a.e. finite. Moreover,
for every ¢ € HS (T, H),

|Sn¢x(ngn(w1)) - Sn(Px(Tg;n(w2))| < Qo (a) 0™ (w1, w2)
foralln>1, ae x € X, every z € J, and every wy,wy € B(T™(2),&) and where
again y = (z, 2).

Proof. By (2.3), logy € L'(m). Then using Birkhoff’s Ergodic Theorem for 6~!
we get that

for m-a.e. © € X. Therefore, there exists a measurable function C, : X — [1,4+00)
m-a.e. finite such that

(33) C—?l(x)er/Z < 7§-j+1(x)

for all j > 0 and a.e. * € X. Moreover, since log H € L'(m) it follows again from
Birkhoff’s Ergodic Theorem that

J—00

1
lim EIOgHg—j(x) =0
for a.e. € X. There thus exists a measurable function Cy : X — [1,4+00) such
that
(34) H@j(m) < CH(il,')ejaX/4 and Hg—j(x) < CH((E)GjaX/4

for all j > 0 and a.e. z € X. Then, for a.e. z € X, alln>0andalla>j>n—1,
we have

Hpi (o) = Hy-n-5) (g () < Cor (67 () )=/,
Therefore, still with x,, = 0™ (z),

n—1 n—1
Qq, = ZH(%)(V?J_*J')*& < Z CH(xn)e("’j)aX/“ij‘(xn,l)e’a("’j)X/Q
§=0 §=0
n—1 .
< C(wn1)Crlan) Y e XA < O (2, _1)Cpr(wn ) (1 — e”X/4) 7,
§=0
Hence
Q. < CH(07(2))Cp () (1 — em /)7L,
The remaining affirmation follows now directly from Lemma 3.2. (]

3.3. Transfer operator. We are let to consider transfer operators
L=Ly:Cp(T) = Cp(T)

where we always take the potential ¢ to be a function of the Hélder space HE,(J).
The image of a function g € CY(J) by L is given by (Lg) (0(z),w) = L,g.(w)
where

(3.5) L.g.(w) = Z gx(z)e“”"’(z) ,x€ X andw € Jy(y) -

Te(2)=w



10 VOLKER MAYER, BARTLOMIEJ SKORULSKI, AND MARIUSZ URBANSKI

Notice that the bundle operator £, maps C(J,) into C(Jpy(z)). It is indeed a positive
bounded linear operator whose norm is bounded above by

(3.6) 1£2lo0 < deg(T)eap([[#lloo)-

For every n > 1 and a.e. x € X, we denote
,CZ = Een—l(m) o...0 ,Cx : C(jx) — C(jgn(x)) .
Note that
(3.7) L. (w) = Z gx(z)es"%(z) y WE Jon(a)
2€T; " (w)
where S, ¢, (2) has been defined in (3.1). The dual operator £} maps C*(Jy(x))
into C*(J).

In order to ensure that Lg € C2,(J) for every g € C (J) we make the following
assumption.

Measurability of the Transfer Operator 3.4. The transfer operator is mea-
surable if for every g € CO(J), x — L9, is measurable.
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4. THE RPF-THEOREM

Let u € ML (J) and let p, be the conditional measures of . The measure
w is called a Gibbs state for ¢ € HE,(J) provided that there exists a measurable
function Dy : X — [1,+00) and an integrable function P.(¢) € L*(m) such that

w1 (T (BT (y),€)))
(1) D™D < B y) = 5nPa (@)

for every n > 0, a.e. x € X and every z € 7, and with y = (z, 2).

The measure p € M} (J) is called T—invariant if poT~' = p. In terms of the
conditional measures this equivalently means that p, o T, ! = Ho(z) for ae. v € X
(see [1, Theorem 1.4.5]).

In this part we will establish the following version of Ruelle-Perron-Frobenius
(RPF) Theorem.

Theorem 4.1. Let ¢ € Hy, (J) and let L = Ly, be the associated transfer operator.
Then the following holds.

(1) There exists a unique v € M;,(J) and a measurable positive function
such that Livgyy = MaVe for a.e. x € X and with supp(vy) = Jz-

(2) There exists a positive function q € CO,(J) with ¢ € Ha(J:) and such that
LGz = Aeqs(a) Jor a.e. x € X. If normalized by fYT q.dv, = 1, then this
function is unique. \

(3) The measures i, = qzVy are the conditional measures of a measure |1 €
ML (T) which is the unique T —invariant Gibbs state for the potential .
Moreover, p (and hence also v) is ergodic.

Notice that the function P = P(y) in the definition of the Gibbs state (4.1) is
P =logA\.

< Dy(0"(2))

In order to prove Theorem 4.1 we will, in a first step, reduce the base X to an

orbit
O, ={0"(x);neZ} , zeX.

The reason for this is that only then we can deal with sequentially compact spaces on
which the transfer (or related) operators act continuously. Conformal and invariant
Gibbs states can then be obtained, for example, by fixed point methods like in
the deterministic case. Once this is done for almost every orbit, we have natural
candidates of conditional measures for the desired Gibbs measures for the initial
RDS over X. However, one must carefully check measurable dependence of these
conditional measures. With the notations of Theorem 4.1,  — v, and also of
Z +— ¢, must be shown to be measurable. This turns out to be a delicate task (which
often has been neglected in the literature) and we will get it as a consequence of
the following important result.

Theorem 4.2. Let p € Hyy (J), set ¢r = @z +10gq: —log gy o T —log A, where
Z +— ¢y 5 a (a priori not necessarily measurable) function such that Lq = q. Denote
L:=Ly. Then, for a.e. v € X and all g, € C(Ta),

ﬁ;’gm —>/gmqmd1/m as n — oo.

Notice that in addition we also obtain uniform bounds for this convergence; they
are given in the Propositions 4.14 and 4.16.
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4.1. The RPF—-theorem for f—orbits. Let in the following O, be the §-orbit
of some zg € X. We may suppose that this orbit is chosen so that all the involved
measurable functions are defined and finite on the points of O,. For every x € Oy,
let ¢, € C(Jz) be the continuous potential of the bundle operator £, : C(J) —
C(Jy(x)) which has been defined in (3.5).

4.1.1. Conformal measures. Consider the space of probabilities
P(Os) = [ M'(Ta).
2€0,,
Proposition 4.3. There exists (Vx)xeom € P(Oy,) such that
Livgz)y = Aelz  for every x € Oy,

where Ay = Vg(g) (Lo 1).
Remark 4.4. For the iterated dual operator (L2)* = LY o...0 L1y we get from
Proposition 4.3 that
(L) Von(z) = NyVa
if we set
Ap = Az Ag(g) e Agn1(a) -

Proof. A simple observation is that the map ¥, : M (Jp(y)) — M (T,) defined
by

ﬁ*Vg(m)
i} =T 7%
;C(VG(z)) E;I/G(;C)(]l)

is weakly continuous. Consider then the global map ¥ : P(O,,) — P(Oy,) given
by
v= (Vx)xeowo — \II(V) = (\IJIVO(x))zeoxo ’
Weak continuity of the ¥, implies continuity of ¥ with respect to the coordinate
convergence. The space P(O,,) being convex and compact for this topology, we
can apply the Schauder-Tychonov fixed point theorem to get v € P(O,,) fixed
point of ¥ i.e.
Livo@) = Mala where Ay = L0y (1) = V() (L (1))

for every x € Oy,. d

Using standard techniques one get’s out of Proposition 4.3 the following (indeed
equivalent) statement.

Lemma 4.5. For every n > 0 there exists a finite partition {Ar} of Jp into
measurable sets such that T"|a, is a measurable isomorphism. In addition, for
every measurable set A C T,

Vor (@) (T™(A)) <Y vogn(a) (T (AN Ag)) = AL /A e 5P du,.
k
If T} 4 is one-to-one then

on o) (T2A) = A2 [ 0%,

Here is one more useful estimation.
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Lemma 4.6. For every x € Oy, andn > 1,

)\n
inf eSn¥=() < T2 < qup Snee(2),
S = deg(Iy) ~ se.

Moreover, for every z € T, every r > 0 and with N = n,(x),

(4.2) va(B(z,7)) = D(x,7),
where
D(z,r) = (deg(TéV))_lexp{ inf  Syesz(a) — sup SNgox(b))}.
a€B(z,r) beB(z,r)

It follows that the set J, is a topological support of v,.

Proof. Since
Vo () (£20) = ((£2) ¥n () (1) = N (1) = AL
we get that

n
NG

< su eSn,¢m(z).
26Tx ~ deg(Tr) — 26}1

Now fix an arbitrary z € J, and r > 0. Put n = n,(x) (see the topological exactness
condition (2.5)). Then by Lemma 4.5

ve(B(z,7)A?  sup e Snwal@) > )\2/ e SnPedy, > 1.
a€B(z,r) B(z,r)
Thus

ve(B(r) = () Fexp{ il Supe(a)}

> (eg(T) " o {_inf Supalo) = s Suee)]-
a z,Tr €B(z,r

4.1.2. Invariant density. Consider now the normalized operator £ given by
(4.3) L.=M\'L, , z€X.

Proposition 4.7. For every x € O,,, there exists a function q, € HY(J) such
that

LGz = qoy for every x € Oy,.
Moreover, q,(z1) < exp{Qs0*(w1,w2)}qz(22) for all z1,22 € T with o(z1,22) < ¢
and
(4.4) 1/Cyl) < g2 < Cp(0)
for some measurable function C, depending only on the potential .

In order to prove this statement we first need good estimate for the iterates of
the normalized operator applied to the constant function 1. Let j = j(x) be the
index given by topological exactness (cf. (2.5) and define

(45) Cyla) = des(TL_, ) exp{Qu_, +ISypu o} max PecdeZenll)
14 T_j —J JrT—j n=0,...,j infzejr [Ln ]1(2) =

T—_n
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Lemma 4.8. For all wi,ws € J, andn >1
ﬁgﬂLﬂ(wl) Ln ll(wl)

o) Br T Br o lwe) = 4

If in addition o(w1,we2) < &, then

() Lo W) Qa2
Ly M(ws)

Moreover,

(4.8) 1/Cy(x) < ngﬂ(w) < Cy(z) foreveryw e J, andn > 1.

Proof. First, (4.7) immediately follows from Lemma 3.3. Notice also that
(4.9) exp{Qu0” (w1, w2)} < expQ,

since diam(Y) = 1. The global version (4.6) can be shown as follows: If n =
0,...,j(x), then for every wy,ws € Jy

L2 1
SUPyer, ~z_, (w)[:” ]I(UJQ)Sccp(x)‘C;L

o <
£ (wn) = infyee, £ W(w) “="

T—n

]1(11)2)

Next, let n > j = j(x). Take w] € T;_jj (w1) such that
SN = sup TP LTII(Y)
Y€, (w1)

and w), € T;_jj (w2) such that g, (w],wy) < §. Then by (4.7) and (4.9)

Lr W(w) =L (L2771)(wy) < deg(T )0 L2711 (wy)

T 3

< deg(Tg_j)eSW(wll)eQw—i L7 (wh) < Cyp(2) L2 L(ws).

xT

This shows (4.6). By Proposition 4.3
(4.10) L (1)dv, = / Ndv,_, =1,
VL T _,

we can find w,w’ € J, such that ﬁgfﬂ(w) <1 and ngn(w’) > 1. Therefore, by
the already proved part of this lemma, we get for every w € J, and every n > 1
that

1/Cp(z) < L3 L(w) < Cp(2).
O

Proof of Proposition 4.7. Let x € Oy,. Then by Lemma 4.8, for every k > 0 and
all wy,wy € J, with o(wy,ws) < &

1C5_ L(w) = Ly W(ws)| < Cp(2)2Q0 0% (wr, w2)

and 1/Cy(z) < ﬁ’;ik]l < Cy(x). It follows that the sequence

n—1
1 ~
hp=—=Y"LF 1, n>1,
n
k=0
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is equicontinuous for every « € O,,. The orbit O,, being (at most) countable there
exists n; — oo such that hy’ — hy uniformly for every z € Og,- The operators L,
being bounded we clearly get L,he = hg(z), * € Oy,. The normalized version

-/ 7, he dz

has all the required properties. O

qx , J)EO;CO,

4.2. Proof of Theorem 4.2. This proof is an adaption of Bowen’s strategy [5] to
the random setting.

4.2.1. Positive cones of Hélder functions. For s > 1, set
(111) A3 = {0 € C(T): 92 0. valg) = Land glun) < P00 g )

for all wy,wq € J, with o(wq,ws) < 5}.

The connection to Holder functions is the following.
Lemma 4.9. If g € H(J;) and g > 0, then
9+v(9)/Qx

ve(9) +v(9)/Qu

Proof. Consider h = g+v(g)/Qx. The get the inequality from the definition of the
cone we take z1, 29 € J, such that h(z1) > h(z2). Then

h(z) | _ [h(z) = h(z2)| _ v(g)o® (21, 22)

€ AL

h(z2) Ih(z)l = v(9)/Qa

= QIQ(X(217 22)-
g

Lemma 4.10. There exists a measurable function Cpax : X — (0,00) such that
l9]lco < Cmax(x) for a.e. © € X and every g € AZ.

Proof. Let g € A3 and let z € J,. Since g > 0 we get
[ adves [ g1,
B(Z»E) Ed

and therefore there exists b € B(z, &) such that
< D(x,¢)

1
g(b) £ ————735 <
SPAVTENG)
where N = ng(x) and where the latter inequality is due to Lemma 4.6. Hence
(4.12) 9(2) < e 2 g(b) < Chax(a) = 9" D(z,€).
O

The important property of the cones A® are their invariance with respect to the
normalized operator £, = \;1L,.

Lemma 4.11. Let g € Aj. Then, for everyn > 1,

Lig(wi)
L3g(w2)
Consequently L7(A3) C Agn(yy for a.e. x € X and alln > 1.

< exp {5Qy, 0% (w1, wa)} , w1, w2 € Tyn(y) with o(wy,wz) < E.
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Notice that the constant function 1 € AJ for every s > 1. For this particular
function we already have proven this distortion estimation in Lemma 4.8.

Proof. Let ggn(yy (w1, w2) < & and let 21 € T ™(wq) If y = (2, 21) we denote in the

following z3 = T, "(wq). With these notations we obtain from Lemma 3.2

Lrg(w:)

Snepa(21)
(4.13) ==—=<  sup c 9(z1)

Exg(wg) 21 €Ty ™ (w1) eSnth(Zz)g(Zg)

exp (E;’;& Haj(x)(fy(;zf(i))—aga(wl, wy)) eSnPe(2) g3Qae” (z1.22) g 5,
eSn@w (22)g(22)

< sup
z1€Ty " (w1)

< exp {Q"(wl, ws) (SQx (7)™ + ni:l Hoi () (7&}3)‘“) }

=0
Since
n—1 ]
(4.14) Qa(V) ™ + D Hoi(o) (V1)) ™ = Qono),
=0
the Lemma follows. (]

Here is one more estimation.

Lemma 4.12. There is a measurable function Cipin : X — (0,00) such that

ﬁ;_ig > Cin(z)  for everyi > j(x) and g € A}

/ gdv,_, =1,
J.

T—q

Proof. First, let i = j(z). Since

there exists a € J,_, such that g(a) > 1. By definition of j(z), for any point
w € J, there exists z € T}, " (z) N B(a,&). Therefore

€
g(w) > ¢Siva—i) g(z) > e %”"(z)eisng(G) > Crin(T)

ci
where
(4.15) Cunin(2) 1= exD (= 5Qu = 1Sj0)80 00 loc) < 1.
The case i > j(x) follows from the previous one, since E;ﬁj I)gx_i €Ny_,,,- O

We now start the heart of the proof of Theorem 4.2.

Lemma 4.13. There exists 8, € (0,1) such that for a.e. v € X, every i > j(x)
and g,_, € A __, there exists h, € A3 such that

(ﬁzg)x = é;,ig:c_,: = Beqe + (1 = B2)he

Proof. First, set
1 —exp (Hx_lfy;_o‘lr")

Por = 1 — exp(—25Qr®)
and
Cmin(x)
4.16 = L inf B,
(4.16) B o) ré?og 5
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Since by (4.14)
(417) SQ;C = SQx_l’Y;&l + SHﬂf—erx_,aﬂ
Hx,f}’z—i = 5Q; — (SQm—l + (S - 1)HE 1)730 , < 25Q.

Hence the limit lim,. g+ §;,- is not only positive but also strictly smaller than one.
It follows, in particular, from (4.5)and (4.15) that

Cmin(x)
Colw) =

Now let i > j(x) and g,_, € A; .. By Lemma 4.12

0< B <

LE gu ;> Omin().
Then by (4.4) for all w, z € Y, with 0, (2, w) < &,
( (5Qu05 (2,w))gu(2) — qx(W))
< Bz (exp SQzQ;c z w)) — €xXp ( - SQng(Zaw)))%(Z)
< B (exp (5Qu03 (2, 1)) — exp (= 5Qu02 (2,w)) ) Cy )
8:C.
<

IN

o (@) (1 = exp(~25Qq 05 (2, w)) Jexp (sQu 0 (2, w))
exp (3Qu0 (. 0) — exp (sQu_, + Ho 35702 (20)) ) B gi (=),
Since by (4.13), for h € A

Tr_1?

E:c_1h(z) < exp ((SQx_l + Hx_l)'ygg_,al Qg(za w))ﬁx_1h(w)a

L 9o ,(2) < exp ((5Qa_, + Ho, )7y % 02 (2,w)) LL ga_,(w).
Then we have that

B ((exp (5Qu08 (=, w)) 0 (2) = g (w))
< exp (sQu05 (z,w)) LY 9o (2) = L ga_, (w)
and then
Ly o (W) = Bogu(w) < exp (sQuof (2,w)) (£, 00, (2) = Bota(2))-
Moreover, ,q; < Ciin(2) < LL_ g,_,. Hence the function

Ei Gx_; — ﬂz%
T

O

We are now ready to establish a first result on the exponential convergence.

Proposition 4.14. Let s > 1. There exists B = B(s) < 1 and a measurable
function A: X — (0,00) such that for every (not necessarily measurable) function
g:J — R with g, € A for a.e. x € X the following holds:

1(£"9)e = @ulloo = €7, 92 — @alloe < A(2)B
for a.e. x € X and everyn > 1.
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Proof. Let i, be a sequence of integers such that i,11 > j(x_s,) where s, =
ZZZI in, n > 1, and where sy = 0. Lemma 4.13 yields the existence of a function

hiM € A such that
(£29), = oo+ (1= )b = (1= (1= 5) g + (1 = B)hLY.
Since

(Einrilg)m — [ (ﬁil g) =L (595,-2 Qayy + (1= »3x2)h§cll)

ZJL2 ZJL2

_ i (1)
= Boiyo + (1= B2, )22, (E1)

Lig

it follows again from Lemma 4.13 that there is hf) € A such that
(‘CNiQ—ng)x = ﬁxm ¢+ (1 - 6x72){ﬁqu + (1 - ﬁx)hgcz)}
= (1= (= ) (1= B2)) g+ (1= B, )(1 = B)b.

It follows now by induction that, for every n > 2 and a.e. = € X, there exists
hg,;") € A? such that

(£g) = (£tthg) = (1= T)g, + TR
x x

where we set

n
nm=01-4 H 1- B, )

Since h;n) € A2, we have |h§cn)| < Chax(x). Therefore,
(4.18) ‘(fs"g)x — (1 — H&"))qx

for every n > 2 and a.e. z € X.
By measurability of 8 and j one can find M < 1 and J > 1 such that the set

G:={x:0,>1—-M and j(z) < J}

max (x)‘chn) ‘

has a positive measure greater or equal to 3/4. Let nj be a sequence such that
no =0 and, for £ > 0, z_,, € G and

#{n:0<n<nyandz_;, € G} =k —1.

Applying Birkhoff’s Ergodic Theorem to the function #~ we have that for almost
every r € X

#O<m<n-1:07"@) ECGH _ by iz, @)

lim
n—oo n

where E(1¢|Zy) is the conditional expectation of 1 with the respect to the o-
algebra Z; of §~7-invariant sets. Note that if a measurable set A is §~”-invariant,
then set uj;gej (A) is 0~ -invariant. If m(A) > 0, then from the ergodicity of 671
we get that m(Uj;OIQj (A)) = 1 and then from invariantness m(A) > 1/J. Hence
we get that for almost every x the sequence ny is infinite and

k S 3

41 lim 4 > 2
(4.19) hooo g = JA4
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Fix N > 0 and take [ > 0 so that Jn; < N < Jnjy1. Define a finite sequence si by
sk = Jny, for k < [ and s; = N and observe that by (4.19) N < Jn; < 2J2]. Then
(4.4) and (4.18) give

-1

e TT1 =50

k=0

LY (90 n— (1 - ﬁ(l _ﬂk))%c
k

< MY(Cp(2) + Comax(2)) < (V)N (Cyp() + Crnae()).
This shows the Proposition. (I

Consider now the potential ¢ = p+log g, —log gg(,)oT —log A, and the associated
transfer operator ﬁx =Ly . Then

~ 1 -
Log=—Lu(9q:) for every g € Cp,(T).
qo(x)
Consequently
(4.20) L1, = L.
Now, let

Hx = qzVy.

From conformality of v, (see Proposition 4.3) it follows that

ﬁ;(“@(z))(g) fjg( ) ﬁ d,ufé(;c) = >‘ fjg( ) xgqgc)dye(x)
= >‘ I'C (VG(JC))(QQI) - Vz(g%c) ,u'z( )
It follows that, if fz, gg(s) © To € L?(pa), then

(4.21)

(4.22)
e ((Goz) 0 To) fo) = ﬁ;(ﬂ@(w))((?&(x) o Ty)fz) = Ho(x) (ﬁ;<(99(x) o Tm)fz))
= po(x) (90() Lo (f2)),
since

ﬁz((gé(x) © Tz)fx) = g@(x)ﬁx(fz)
We also have then
(4.23) ta(9o() © T) = fo(z)(9o(x))

for go) € Ll(ﬂg(x)). In other words, if  — p, is measurable, then it defines
an invariant measure. In order to establish this measurability we first need the
following version of exponential convergence along positive §—orbits.

Lemma 4.15. Let s > 1 and let g : J — R be any function such that g, € H*(J)
for a.e. x € X, then, with the notations of Proposition 4.14,

29 - (/gxdum)ﬂH < Co(0"(x /Igmld o) + 4 (Z;qm))A(é)”(x))B”,
where B = B(s).

Proof. Fix s > 1. First suppose that g, > 0. Consider the function

9z +(gz)/Qu

he = A,

where A, = v,(92) +v(92)/Qu-
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It follows from Lemma 4.9 that h, belongs to the cone A$ and from Proposition 4.14
we have

‘ oo

(4.24) Hffggx - (/gx de)Qen(x)

< HAIﬁth - %Eﬁﬂz - (/gx dl/z)qe"(x)

x

‘ oo

AN v(gl’) AN
= HAzﬁxhz - Azqen(x) + E (QG"(:E) - 'Cgc]]-z)

< (Az + %)A(enm)m.

‘ oo

Then applying this inequality for ¢, ¢, and using (4.4) we get

‘ ’CAZQI - (/gz d,u'z)]]-é"(x)
1
don (x)

‘ oo

‘~HE~Z(gxqz) - (/gzqz de)qa"(w

|

..
< C¢(9”(:C))<(/gm i) +2%)A(9"(:¢))B".

So we have the desired estimation for non-negative g,. In general case we can use
the standard trick and we write g, = g5 — g, , where g}, g, > 0. With this the
lemma follows. O

The estimation obtained in Lemma 4.15 has the inconvenience to depend on the
evaluation of a measurable function, namely C,A, along the positive §-orbit. In

particular, it is not clear at all from this statement that ||£"g,|| — (fgxdux> as

n — o00. Therefore we provide the following improvement of Lemma 4.15 which, in
particular, shows Theorem 4.2.

Proposition 4.16. We have

‘ ’CAZQI - (/gzd,u'z)]]-&"(x)

uniformly m—a.e. for every (not necessarily measurable) function g : J — R for
which g € C(Jy) for a.e. © € X.

—0 , n—o0,

‘ oo

Proof. First of all, we may suppose that the functions g, € H*(J,) since otherwise
it suffices to approximate it by a uniformly convergent sequence of Holder functions.
Now, let A > 0 be sufficiently big such that the set

XA:{iL'€X; A(l‘)SA}

has positive measure. Notice that, by ergodicity of m, some iteration of a.e. x € X
is in the set X 4. Then by Poincaré recurrence theorem, for a.e. x € X, there exists
a sequence n; — oo such that 0™ (z) € X4, j > 1. Therefore we get, for such an
x € X 4, from Lemma 4.15 that

Hﬁ;”gx - ( / gxdux) Loms (@)

‘w(/lgxldux +4%>1 < AB™
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for every j > 1. Finally, one can get rid of the subsequence n; by employing the
monotonicity argument that already appears in Walters paper [15]: since L1, =
1Ly(,), we have for every w € Jy(y)

inf g,(2) < D ga(2)e?? < sup gu(2),
2€TJx — 2€Jx
z€T, ~(w)

Consequently the sequence (M, z)nen = (SUPweJQnm L7 g, (w))nen is decreasing.

Similarly we have an increasing sequence (M z)nen = (Infyeyn - L7 g (w))nen-
The proposition follows since both sequences converge on some subsequence. [

We can now make one of the main steps in the proof of Theorem 4.1 and establish
unicity and, most importantly, measurability of the Gibbs measures and of the
function A.

Proof of Theorem 4.1 excepted ergodicity and the Gibbs property. We recall that
Lige(w) = D g:(2)e™ ) = (A2ggn (a)(w)) " (L7 9242 ) (w).
2€T; " (w)
Then
n An
n—oo LN1(z) n—00 Ln(1/q,)(zn) v, (1)
for every sequences wy,, zn, € Jpn(,). Hence the measures v, are determined uniquely.

Moreover, since the transfer operator is supposed to be measurable, and since for
some fixed w € 7, the functions

L3292 (T3 (w))
LyW(T(w))
are measurable the limit x +— v,(g,) is also measurable.

Uniqueness and measurability of the sequences of \’s follows now from the for-
mula

(4.26) L5 (vo(a))(1) = As.

n>1,

Concerning the eigenfunction ¢ of £, measurability and uniqueness follows from
Proposition 4.14 since it shows that

E;li”]]_: /\n 7 G-

O

4.3. Exponential Decay of Correlations and Ergodicity of u. For a function
fz € L' (uz) we denote the L'-norm with respect to u, by

12l 1:/|fz|dum.

Proposition 4.17. There exists a 0—invariant set X' C X of full m—measure such
that, for every x € X', every fon(s) € L (pign(z)) and every g, € H*(Tz),

‘N:c((fen(z) © ng)gx) - Men(x)(fe"/(z))ﬂx (g:c)| < A. (g:cv 0" (x))BanO"(x)”l
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where

A4, 0"()) = Col0" @) (( [ 1ol dir) + 4252 ) 400 0,

x

Proof. Set hy = go — | godu, and note that by (4.22) and (4.20) we have that

(4'27) Mz ((f@"(x) © T;;l)gz) - Meﬂr(x)(fa’l(x))ﬂz (gz)
= pon (o) (for (@) L2 (92)) = ton (@) (for (@)1 (92) = tom (@) (for () L0 (har) ).
Since Lemma 4.15 yields
||ﬁ;hz||oo < Au(gs, 0" (2))B",
it follows from (4.27) that

|1tz (for 2y © Ti)gz) — Hon (z) (for(2) )b (9a)|
é/|f9"(x)ﬁ2(hz)}dﬂen(a¢) SA*(gzvgn(x))Bn/}f@”’(m)|dﬂeﬂ'(x)'
O

Using similar arguments like in Proposition 4.16 we obtain the following.

Corollary 4.18. Let fon(y) € L'(tgn(s)) and g, € L*(Jy) where x € X', X' still
the set given by Lemma 4.17. If || for(o)||1 # O for all n, then

|11z (for(z) © T)ge) — bor(2) (for (2)) b (9a)|
I for (2|11

—0 as n — oo.

Remark 4.19. Note that if || fon(2)||1 does not grow exponentially fast then

(4.28)  |pa((for(a) © Ty ) — prom (2) (for(2) e (92)| — O still as n — oo.
This is for example the case if x — log||fz||1 is m-integrable since Birkhoff’s Er-
godic Theorem implies (1/n)log||fon ()|l — 0 a.e. So then (4.28) holds, in partic-
ular, for f € CL(J).

This remark permits us to do the next step in the proof of Theorem 4.1.

Proposition 4.20. The measure p is ergodic.

Proof. Let B be a measurable set such that T-1(B) = B and, for € X, denote
by B, the set {y € J, : (z,y) € B}. Then we have that T}, ! (By(,)) = Bz. Now let

Xo:={z € X : u,(B;) > 0}.

This is clearly a f-invariant subset of X. We will show that, if m(Xy) > 0, then
ty(Bz) = 1 for a.e. x € Xo. Since 6 is ergodic with respect to m this implies
ergodicity of T' with respect to pu.

Define a function f by f, := lIp,. Clearly f, € L'(iz) and fon(z) 0 Tyt = fa
m—a.e. We can suppose that this holds for every x € X’ where X' is given by
Lemma 4.17. Let z € X' N X and let g, € C(J,) be any continuous function with
J 92dpy; = 0. Then from (4.28) we obtain that ux((ggn(x) o T;’)fm) — 0 as n — oo.
Consequently

(4.29) / 9z iz = 0.
BT/



RANDOM DISTANCE EXPANDING MAPPINGS 23

Since this holds for every mean zero g, € C(J,) we have p,(B,) = 1 for every
z € X' N Xy. This finishes the proof of the ergodicity of T with respect to u. [

4.4. The pressure and Gibbs property. From (4.25) and (4.26) we have the
following.
L2 1 (wn 1)

Corollary 4.21. A\, = vy, (L. 1) = lim, Vo Yo B
0(x), ¢ "

Now we can define a measurable pressure function by the formula
x — Py(p) =log A\s.
Note that by Corollary 4.21 we can obtain an alternative definition of P, (), namely

£”+111(wn+1)
4.30 Py () = log(vg(z)(L,1)) = lim log —7—o——

where w,, is any sequence of points from Jyn (,)-

Definition-Proposition 4.22. The function P.(yp) is bounded above by an in-
tegrable function. Therefore, the global (integrated or expected) pressure ¢ given
by

B(P() = [ Pulpyim(z)
is well defined.
Proof. Remember that Lo1(w) =327 (), e#=(2) < deg(T,)ell#l~. Hence

Pr(p) = log(vp(a) (Lo 1)) < log(deg(Tx)) + [[#]loo-

Since the function ¢ € CL () and since log(deg(T%)) € L(m) by assumption, we
are done. g

The equality (4.25) yields alternative formulas for the global pressure. To get
them, observe that by Birkhoff’s Ergodic Theorem

E(P(p)) = nlirrgo % log A\  fora.e. zeX.
In addition, by (4.26),
NI = A2 (1) = ey (£2(1).
Thus, it follows that

1 1 Lk

—log\! = lim ~log ——2 o(Wetn)

n k—oo N ‘Can(x)]]-&"(x)(warn)
However, we can get a more interesting formula.

Lemma 4.23. For almost every x € X there exists a sequence n; — oo such that
for every ¢ € HE(J) we have

E(P(p)) = lim i'lOg L1 (wh,)

J—00 n]

where wy,; € Jgn; () are any arbitrary chosen points.
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Proof. By Lemma 4.16 we have that, for any sequence of w;,, € Jypn(q)

L Li()(wn) s
lim —=———— = lim L}(11/q;)(w,) = 1.
Jim ST i £(1/g2)(w0)
Then for every K > 1
K" A2 on () (wy) < L2(1)(wr) < KA2Ggn () (wn)

and all n > 1 sufficiently large (depending on K'). Hence
1 1 1 n 1 1 n
(4.31) " log(K™) + - log A\ + - log gor (z) (wn) < - log £7(1)(wy,)

1 1 1
< —log K + —log A} + —10g qgn (5) (wn)-
n n n

Since = — ||¢z||oo is measurable, using Poincaré Recurrent Theorem, we get that
for almost every x, ||qgn()|/oo is uniformly bounded for infinitely many n’s. It
suffices now to take n; — oo such that ||gsn; 4|/ stays bounded and to take then

the limit j — oo in (4.31). O
Lemma 4.24 (Gibbs property of v,). Let w € J,, set y = (x,w) and let n > 0.
Then B
xr Tﬁn Tn )
e*an(m) (Dl(f)”(x)))*l S v ( ( ( (y) 5))) S eQB"(m).
exp(Snp(y) — SnPr(p))
where

Dy (z) := D(z,§).

Proof. Fix an arbitrary z € J, and set y = (x,z). Then by Lemma 3.3 and
Lemma 4.5

vo (T, " (B(T"(y),£))) < (Ag)ilye"(x)(B(Tn(y%5))Supz’ETy_"(B(T"(y),.f))GS"@(Z,)
exp(Snp(y) — SnPu(p)) ~ (Ap)~LeSnel)

< e9sn@),
On the other hand
vo (T, " (B(T"(y),£))) < (D)™ o) (B(T™ (), ) inf i pon (g .0 €77
exp(Snp(y) — SnPe(p)) — (Ag)iles"w(y)
> Vgn (o) (B(T" (), €))e~ 95",
The lemma follows by (4.2). O

Now we will show the uniqueness of the invariant Gibbs measure. For that we
assume that there exists a measurable function L, such that for every x € X there
exist a finite sequence yl,...,yL € J, such that

L.
j=1

Now let %, where i = 1,2, be two probabilities such that dv' = dvidm and
suppose that they satisfy the Gibbs condition (4.1):

o 2 BB O)
(Dim () < 2B < by (o)
where P! € L'(m).
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Lemma 4.25. The measures v} and v? are equivalent and
/ledm = /Pgdm = E(P(p)).
Proof. Let A be compact and let § > 0. By regularity of /2 we can find € > 0 such
that
(4.32) vz (B:(A,€)) < vZ(A) +6.

Now, let N, be a measurable function such that £(yY+)=1 < /2 (see the proof of
Lemma 3.3 for the existence of the N,). Set

A ={y e T, "(yl,) ANT,"(B(y},.€)) # 0}.
By measurability of z +— L,, x — N, and « — D;(x) there exists a set Z C X

with a positive measure m and constants L, N and D such that forz € Z, L, < L,
N, < N and Dy(z) < D. Then, for n > N, we have

L
AclJ U 1,"Bi,.€) C Bu(Ae).

I=lyeA],
Then if 0™ (z) € Z we get
L
(4.33) v3(4) < Z > VT, B, €)) Z Z exp(Sn(y) — S P ()
yeAl, J=lyeal
Then by (4.32)
L
(4.34) v(A) < Dexp(Sy PHY Y exp(Sue(y) — SnPi())
Jj= lyeA
L
D?exp(Sn P2 — SuPH)> " Y VAT, "By, ,€))
Jj= 1yEA

< D?Lexp(S, P2 — S, PY)v2(B(A,¢))
< D?Lexp(S,P? — S, PH(V2(A) + 6)
since for y # ' such that y,y’ € T;"(y%n), we have that
T, "B(y;,.§) NT," By, &) = 0.

Hence the difference S, P? — S, P} is bounded from below by some constant, since
otherwise taking A = J, we would obtain that v!(X) = 0 on passing to a subse-
quence in 4.34. Similarly, exchanging v} with 12 we obtain that S, P} — S, P? is
bounded from above on the same subsequence. Then, letting § go to zero, we have
that v! and v2 are equivalent.

Note that on the subsequence considered above

exp(=SuPH)L La(ya) =y eSner) Sl
yeT;"(y”)

<D Y vT,;"B(yn.&) < Dvy(Y,) = D.
yET; " (yn)
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Then
1 1 1.,
—log L,1,(y,) — —logD < =S, P,.
n n n
On the other hand, by (4.33), on the same subsequence
1= V;(Yx) < DL Z esmﬂan(y)—San1

y€T: " (yn)

for some y,, € {ys ,...,y% }. Therefore, if Z is a set of points on which | log ¢ ||
is bounded, using (4.31) and the Sandwich Theorem, there exists ny such that

: 1 1 _

for m-a.e. € X. Since P} is integrable it follows from Birkhoff’s Ergodic Theo-
rem that actually the limit lim,, %Sanl exists m-almost surely and is equal to
J Ptdm. Hence [ Pldm = [ P2dm = E(P(y)) for m-a.e. z € X. O

Therefore the following is a direct consequence of the theorem about the existence
of product measure (or one can use Fubini Theorem).

Proposition 4.26. The measure u is a unique T-invariant measure satisfying

(4.1)
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5. THE PRESSURE AS A FUNCTION OF A PARAMETER

5.1. Pressure as a function. From now on throughout the section, ¢ € H,,(J)
be a potential such that there exist measurable functions L : X 3 z +— L, € R and
c: X Dz c; >0 such that

(5.1) Sn@z(z) < —ncg + L,
for every z € J, and n. Let ¥ € H,,,(J) be any other Hélder function. Define
o' =t +,

denote P, (t) the pressure P, (¢") and let E(P(t)) be the global pressure of ¢'.

Lemma 5.1. The function P, : R — R is monotone, strictly decreasing, convex
(so continuous) and

(5.2) lim P,(t)=—00 and lim P,(t)=+c0 m—a.e.
t——+oo t——o0
In addition, the global pressure EP has the same properties.

Proof. Let t1 < to, fix for every z € X a point wy € J, and put wy, = T (wo).
Then by (5.1)

Z exp(t1Sne(2)) exp(Sp1(2))

2€T; " (wn)
> Z exXp (tQSnSO(Z)) eXp ((tQ —t1)(neg — Lx))
2€T; " (wn)
Therefore,
1
21 ( t1Sn(2) smz))
~log Z e e
2€T; " (wn)

1
> log( 3 etzsﬂw(z)esﬂw(z)) ¥ (ts — t1)(co — Lu/n) .

2€T; " (wn)
Hence, letting n — oo, we get
(5.3) Py(t2) > Pu(t1) + (t2 — t1)cs -

It directly follows from this inequality that the function P, () is strictly decreasing
and the formula (5.2) holds.
Now, let A € (0,1). By Holder inequality we have

(5.4) Z A E1500(2) 4501 (2)) o (1=X) (t2Snp(2)+Sn1p(2))

2€T; ™ (wn)

(¥ etlsﬂ,¢<z>+snw(z>>A( T elasuelresints)

2€T; ™ (wy) 2€T; " (wn)

Therefore, P, (At; + (1 — A)t2) < APy(t1) + (1 — A) Py (t2), which shows that P, is
convex and thus continuous.

Concerning the global pressure it suffices to integrate (5.3) and to use that
J ¢zdm > 0 in order to get (5.2) with P, replaced by EP. Finally, the convex-
ity of E'P follows from (5.4) and Lemma 4.23. O

(1=2)



28 VOLKER MAYER, BARTLOMIEJ SKORULSKI, AND MARIUSZ URBANSKI

5.2. Uniform convergence. By L, we denote £, .+ and by ¢’ we denote the
function g, for ¢ from Proposition 4.7.

Proposition 5.2. For every ty there exist e > 0, B. < 1 and a measurable funcion
x +— Ac(x) such that, for a.e. © € X and for every t with |[tg — t| < ¢,

‘ E;L,tgx - (/g:cdyx,t>QG"(x)
for every g, € H*(Jz)-

Proof. By Cy (%), Crmax,t(x) and Chin(x) we denote the constants defined by
(4.5), (4.12) and (4.15). Observe that by their definition, there exists a measurable
function C¢(x), such that for all ¢t € I := (to —€,t0 +€)

Co.i(x) < Ce(2)Co 1, (2),
Cmax,t(x) < (Ce (x))cmaX,to (.13),
Cmin,t(x) 2 (CE (x))_lcminﬂfo (J")

Then considering 3, := (C.(z))"28,, where 3, is the constant related to ¢’ we
obtain Lemma 4.13 with the same constant 3, for all ¢ with ¢ € I.. Then we get
Lemma 4.14 with B, < 1 and Ac(z) (the same for all potentials with ¢ € I.). Hence
the lemma follows exactly like (4.24). O

= (ol + 222 a0

5.3. Derivative of the pressure. Here we assume that the essential infimum of
vz is greater than some v > 1 and the essential suprema of H,, ne¢(z), j(x) are
finite. Hence all the functions Q, Cy, (), Cmax(2), Cmin(x) also have the essential
suprema finite and then it follows that the same is true about C.(z) and A.(x)
from Proposition 5.2 (however note that here these upper bounds depend on ¢, and
€). We also assume that essential supremum of ||¢,|| is bounded. Therefore, by
Proposition 5.2 we have that there exists AE such that for all t € I,

n

(5.5) H;’”—i? - (/gxdux,t)Hoo < (llgalloe + 2%)&3;.

Proposition 5.3.

w — /spmdu;dm(x) = /@dut~

Proof. Let  — y(x) € Y, be a measurable function and let
1
EP(t,n) = / o L7, 1. (y() ().

Then lim,,_,oc EP(t,n) = E(P(t)) by Lemma 4.23. Fix x € X and put y,, := y(x,).
Observe that

dﬁnt]]. (y ) S t
R A AL n(®2)(Y)
dt = Z e ¥ ySnsoz(y)
yET;"(yn)
n—1 n—1
=30 Y S, (Thy) = L7 (a0 T (yn)-
J=0 yET:c_n(yn) J=0
Since

Sn(95)(Y) = S5(5) () + Sn—j (¥}, )(Ty)
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we have that

ﬁ:,t(SOI] © Tg)(y(xn)) = E;l;g (Sozj ﬁi,tﬂx)(y(xn))~

Then by a version of Leibniz integral rule (see for example [12], Proposition 7.8.4
p. 40)

dEP(t,n) / LS L (pu, £ 1) (y(@n))
.

dm(x).
E;Tcl,tﬂx(yn) (=)

Observe that
ﬁgj_,g (‘ijﬁi,t]l)(yn) = )‘QENZJ_,tJ (‘Pﬂcﬁtﬁi,tﬂx) (Yn)

and
Ly a(yn) = A2 L7 Lo (yn).
Then
. £ (a0 T () L (0020000 (00)

ﬁg,tﬂm(yn) ﬁg,tﬂm(yn)

The function ¢, Eé’t]lm is uniformly bounded. So does its Holder variation. There-
fore it follows from (5.5), that there exists a constant A, such that

’ EZ;i (@xjii,t]lx) (Yn)/ 4w, — (/Sﬁxjﬁgg,tﬂxdyij) Hoo < A.B'

|22 () ) 4z, = T,

From this by (5.6) it follows that

f‘pxjigc,t]lxdyatg — A.Br < L3 1 (pz; 0 T7)(yn) < f%cjigc,t]lxdygtcj + A.Br I
1+ A.Br T Loly,(ye) T 1-A.Br ’

Since m is S-invariant, we have that

//gaxjﬁiytllxdl/;jdm(x) ://gaxﬁéij’t]lx_jduidm(x).

Hence, for large n,

ff Px (% Z;l;ol ’ééfywt]]m*])dyﬂtcdm(x) - %Z;l;()l (A*B:‘lij) < dP(SOta TL)

and

S A*B?a
0o

1+ A.B? - dt
e (BS55 B ) dvhidm(e) — 3 555 (4,82 )
- 1—- A,Bn '
Therefore
lim %Ef’n) = / prdpgdm(z)
uniformly for ¢ € I.. O

Here are some notations for later use. Let

Ho (T, H, 0, V) := {w € Hy (T, H); Vz_1||50z||oo < Yzlloo < Vallwzlloo m — a.e.}

where V : X — [1,00) is a measurable function.
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Let s > 1. There exists B = B(s) < 1 and a measurable function 4 : X — (0, 00)
such that for every (not necessarily measurable) function g : J — R with g, € A2
for a.e. x € X the following holds:

1(£"9)s = Golloo = |1£2 go — qulloo < A(z)B"

for a.e. x € X and every n > 1.
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6. FRACTAL STRUCTURE OF CONFORMAL RANDOM EXPANDING REPELLERS

In this section we deal with conformal random dynamical systems. We prove an
appropriate version of Bowen’s Formula, show that typically Hausdorff and packing
measures on fibers respectively vanish and are infinite, and at the end we perform
multifractal analysis of Gibbs states.

Definition 6.1. Let the ambient space Y be a smooth Riemannian manifold and
assume that we deal with mappings f. : Jo — Jy(x) that can be extended to a
neighborhood of J, in'Y to conformal C*t mappings. If in addition

[i(@,2) = (0(z), f2(2))
is a measurably expanding RDS in the sense of Definition 2.1 then we call the
system conformal measurably expanding.
By | f2(y)| we denote the norm of the derivative of f, and by || f.||cc its supremum
over z € J,. Since the system is expanding we have

(6.1) |[fi]| > v, for ae. z€ X,

where |f1] is the similarity factor of the derivative f..

6.1. Bowen’s Formula. For every ¢t € R we consider the potential

pi(w,2) = —tlog|fy(2)]-
The associated topological pressure P(y;) will be denoted P(t). Let

/P t)dm(x

be its expected value with respect to the measure m. In view of (6.1), it follows
from Lemma 5.1 that the function ¢t — E(P(t)) has a unique zero. Denote it by h.
The result of this subsection is the following version of Bowen’s formula, identifying
the Hausdorff dimension of almost all fibers with the parameter h.

Theorem 6.2 (Bowen’s Formula). The parameter h, i.e. the zero of the function
t— E(P(t)), is m-a.e. equal to the Hausdorff dimension HD(J,,) of the fiber J,.

Proof. Let (v).cx be the measures produced in Theorem 4.1 for the potential .
Fix z € X and z € J, and set again y = (z, z). For every r € (0,&] let k = k(z,r)
be the largest number n > 0 such that
(6.2) B(z,r) C f, " (B(fi(2),€))-
By the expanding property this inclusion holds for all 0 < n < k. Fix such an n.
By Lemma 4.24,
(6.3)

v (B(z,r) < v (f, " (B(f1(2),6))) < exp(hQpn (o)) |(f1) (2)| ™" exp(—P; (h)).
On the other hand,

B(z,r) ¢ £y STV(B(f37(2),€))

for every s > k. But, since by Lemma 3.3,

B(z,exp(—Qps1(o)€)I(F2H) () 71€) € £, CFI(B(2),€)),

we get

(6.4) exp(—Qosr1 (o)) (FT) ()7 1E < r
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and
I(f2) (2)] 7" < € exp(Qporr (1) €%
Inserting this to (6.3) we obtain,
(6.5)
vy (B(z,7)) < € " exp(hQon(x)) exp(hQge+1() %) 1" exp(= Py (A))| (ford )" (F2 ()™

or equivalently

s+1—
log /" (B(z, 7)) Qo) hQurmee —hlog ([(£512 (2 )
————=>h+ + +
logr logr logr logr
—hlog¢ —PI(h))
logr logr

(6.6)

Our goal is to show that

h
o g A (B( )

>h forae. z€ X andall z€ J,.
r—0 log r

Since the function x — @, is measurable and almost everywhere finite, there exists
M > 0 such that m(A) > 0, where

A={reX:Q, <M}

Fix n = ng > 0 to be the largest integer < k such that 6" (x) € A and s = s, to
be the least integer > k such that §*T1(z) € A. It follows from Birkhoff’s Ergodic
Theorem that

lim sg/n, = 1.
k—o00
Now, note that by (6.2), the formula

F, M (B(f7(2),€)) € B(z,exp(Qon () (1) (2)]71€)
yields
r < exp(Qon()E)I(f7)' (2)] €.
Equivalently,
—logr > log|(f;))'(2)| — £ Qgn(x) — log&.
Since log |(f2)'(z)| > log~v2 and since the function z — log~, is integrable, x =

Jlog~ydm > 0, we thus get from Birkhoff’s Ergodic Theorem that for a.e. z € X
and all r > 0 small enough (so k and ny and sj large enough too)

(6.7) —logr > %n > %s

Remember that 0" (z) € A and 6°T1(z) € A. We thus obtain from (6.6) that

log v} (B 1 1
(6.8) liminf log v, (B(z, 1) > h—3hlimsup — log (‘( ‘;n"'(;;”(f;’(z))‘) —ZHP;l(h).

r—0 logr kooo S
for a.e. € X and all z € J,. But as [ P,(h)dm(z) = 0, we have by Birkhoff’s
Ergodic Theorem that

(6.9) lim =P (h) = 0.

n—oo n
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Also, since the measure p” is f-invariant, it follows from Birkhoff’s Ergodic Theo-
rem that there exists a measurable set Xy C X such that for every x € Xy there
exists at least one (in fact of full measure p,) 2z, € J, such that

lim l-10g|(f£)(2a:)\ —Xi—/yloglf;(Z)lduh(w,Z) € (0,+00).

j—o0 ]

Hence, remembering that 6" (x) and #°*!(x) belong to A, we get

lim sup % log (‘ (f;i“(i}"(fﬁ(Z))D = limsup % (log | (271 (2)] = log |(£7(2)])

= limsup % (log [ (3 (z2)| = log | (f3'(22)])

< lim sup 1 log | (f;"'l(zx)‘ — lim inf 1 log ‘ (f;b(zx)|
k—oo S k—oo S

—%-x=0.
Inserting this and (6.9) to (6.8) we get that
log V(B
(6.10) lim inf 28 (BG:7))
r—0 logr

Keep x € X, z € J, and r € (0,¢]. Now, let [ = I(z,7) be the least integer > 0
such that

(6.11) f H(B(fL(2),€)) € B(z,7).
Then, by Lemma 4.24,
vi(B(z,7)) = va(f,  (B(f1(2),)))
> Dy(0'(2)) exp (= Qo)) |(f2) (2)| " exp(— Py ().

> h.

(6.12)

On the other hand
f VB (2),6) ¢ Bz, 7).
But, since
£ VB (2),€)) € Bly, exp(Qoi—1 (2)E™)(f57) (2)] 7€),

we get

(6.13) r < Eexp(Qpi1 (&M (FL 1) ()71
Thus

[(FENY ()71 > & exp(—Qpi—1 () €%
Iserting this to (6.12) we obtain,

(6.14) 2 (B(z,7)) > € " Dy(8"(@))e” Y@ |(forr @) (S ()"
exp(—hQgi-1(2)*)r" exp(— Py (h)).

Now, given any integer j > 1 large enough, take R; > 0 to be the least radius
r > 0 such that f;7(B(fi(2),€)) C B(z,7). Then I(y, R;) = j. Since the func-
tion @ is measurable and almost everywhere finite, and @ is a measure-preserving
transformation, there exist a set I' C X with positive measure m and a constant
E > 0 such that Q, < E, D1(z) < E and Qo-1(z) < Eforall z € T'. Tt follows
from Birkhoft’s Ergodic Theorem and ergodicity of the map 6 : X — X that there
exists a measurable set X7 C X with m(X;) = 1 such that for every x € X; there
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exists an unbounded increasing sequence (j;)2; such that 67:(z) € T for all i > 1.
Formula (6.13) then yields

—log Rj, > —E{® +log& +log |(f11 7' (2)| = —E&* +log& + logy)i— > %Jz

where the last inequality was written because of the same argument as (6.7) was,
intersecting also X7 with an apropriate measurable set of measure 1. Now we get
from (6.14) that

logv! (B(z, R;,) 2logE  2E 2h1 2hEYE
(BC:By)) ) 208E 2B 2Ly Y e — 2
log Rj, XJi Xji X Ji XJi
2h1 21 .
- hsE 2 L pin)
XJi X Ji

Noting that [y P.(t)dm(z) = 0 and applying Birkhoff’s Ergodic Theorem, we see
that the last term in the above estimate converges to zero. Also ]i log [|(fps:-1(2)) o
converges to zero because of Birkhoff’s Ergodic Theorem and itegrability of the

function = — log||f1||ec- Since all the other terms obviously converge to zero, we
thus get for a.e. x € X and all z € 7, that

log " (B(z,1)) log v (B(z, R;,))

- < lim <
hgll(r)lf logr - hi@»égf log R, sh
Combining this with (6.10), we obtain that
h
lim inf log vy (B(z,7)) (B(zr)) =h
r—0 logr
for a.e. x € X and all z € 7. This gives that HD(7,) = h for a.e. x € X. We are
done. ]

6.2. Random Conformal Expanding Repellers; Hausdorff and Packing
measures. In order to investigate the finer fractal structure of random expanding
repellers we need the "measurable constants” defining random distance expanding
maps to be absolute and we also need an appropriate version of the law of iterated
logarithm. This is the case if the assumptions of Theorem 3.2 in [7] are satisfied. We
want to describe this setting now. So, suppose that Xy and Zy are compact metric
spaces, 0y : Xo — Xo and Ty : Zy — Zy are open topologically exact distance
expanding maps in the sense as in [13]. We assume that Tp is a skew-product
over Z, i.e. for every x € Xy there exists a compact metric space J, such that
Zo = Uxex, 17} X Tz and the following diagram commutes

T
Zo ° . 7
v v
)
X 0 . x,

where 7(z,y) = x and the projection 7 : Zg — Xj is an open map. We then refer
to To : Zo — Zy and 6y : Xo — Xo as a DG system. Note that To({z} x J) C
{00(2)} X Jpy(x) and this gives rise to the map T, : Jp — Jp,()- Since Tp is
distance expanding, conditions (A), (B), (C), (C’) and (D) hold with some constants
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Yz =y > 1, deg(T,) < N1 < +00 and the numbers n, = n,(z) and j = j(x) in
fact independent of z. Scrutinizing the proof of Remark 2.9 in [7] one sees that
Lipschitz continuity (Denker and Gordin assume differentiability) suffices for it to
go through and Lipschitz continuity is incorporated in the definition of expanding
maps in [13]. Now assume that ¢ : Z — R is a Holder continuous map. Then the
hypothesis of Theorems 2.10, 3.1, and 3.2 from [7] are satisfied. Their claims are
summarized in the following.
Theorem 6.3. Suppose that Ty : Zg — Zy and 0y : Xog — Xg form a DG sys-
tem and that ¢ : Z — R is a Holder continuous potential. Then there exists a
Hélder continuous function P(¢) : Xo — R, a measurable collection {v;}rex, and
a continuous function q : Zg — [0,+00) such that

(a) Voy(z)(A) = exp(Pu(0)) [, e ?*dvy for allz € Xo and all Borel sets A C T,

such that Ty|a is one-to-one.
(b) fo gzdvy = 1 for all x € X.
(¢) Denoting for every x € Xo by p, the measure ¢ v, we have

Z Hw (TJI(A)) = pz(A)
wEOEl(x)
for every Borel set A C J,.

This would mean that we got all the objects produced in Section 4 of our paper.
However, the map 6y : Xg — X need not be, and apart from the case when
Xy is finite, is not invertible. But to remedy this situation is easy. We consider
the projective limit (Rokhlin’s natural extension) 6 : X — X of 6y : X9 — Xj.
Precisely,

X ={(xn)n <0:00(xn) = Tpt1Vn < =1}
and
0((zn)n < 0) = (Bo(2n))n <O0.
Then 6 : X — X becomes invertible and the diagram

0
X X
(6.15) D P
)
X, ° . X,

commutes, where p((mn)n < O) = xo. If in addtion, as we assume from now on,
the space X is endowed with a Borel probability 8y-invariant ergodic measure my,
then there exists a unique #-invariant probability measure measure m such that
mon~1 =mg. Let

Z = U {z} X Tup-

reX
We define the map T : Z — Z by the formula

T(x,y) = (0(x), Tuo ()
and the potential X 3 z — ¢(z¢) from X to R. We keep for it the same symbol
¢. Clearly the quadruple (T,0,m,®) is a Holder fiber system as defined in Sec-
tion 2 of our paper. It follows from Theorem 6.3 along with the definition of 6
a commutativity of the diagram (6.15) for € X all the objects P(¢) = Py, (),
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Az = exp(Py(9)), @w = Guo» Vo = Vay, and iy, = iz, enjoy all the properties required
in Theorem 4.1 and Theorem 4.2; in particular they are unique. From now on we
assume that the measure m is a Gibbs state of a Hélder continuous potential on
X (having nothing to do with ¢ or P(¢); it is only needed for the Law of Iterated
Logarithm to hold). The quadruple (7,6, m, ¢) is then called a Gibbs-Holder fiber
system (or G-system for short). Since the map 6y : Xo — X, is expanding, since
m is a Gibbs state, and since P(¢) : Xy — R is Holder continuous, it is well-known
(see [13] for example) that the following limit exists

7 (P(©) = Jim + [ (S.(P(9) = nEP(@)) dm.

This limit is commonly refered to as the asymptotic variance of the function P(¢).
The following theorem of Livsic flavor is (by now) well-known (see [13]).

Theorem 6.4. Suppose (T, 0, m, p) is a G-Holder fiber system. Then the following
are equivalent.

(a) 0*(P(6)) = 0.

(b) The function P(¢) is cohomologous to a constant in the class of real-valued
continuous functions on X (Xo), meaning that there exists a continuous
function u : X (Xo) — R such that P(¢) — (u —uo 8 (0y) is a constant.

(¢c) The function P(¢) is cohomologous to a constant in the class of real-valued
Hélder continuous functions on X (Xo), meaning that there exists a Holder
continuous function u : X (Xo) — R such that P(¢) — (u —uo 0 (y) is a
constant.

(d) There exists R € R such that PM(¢) = nR for all n > 1 and all periodic
points x € X (Xo).

As a matter of fact such theorem is formulated in [13] for non-invertible (6p)
maps only but it also holds for the Rokhlin’s natural extension 6. The following
theorem follows directly from [13] and Theorem 6.3 (Holder continuity of P(¢)).

Theorem 6.5. (the Law of Iterated Logarithm) If (T,0, m, @) is a G-Hélder fiber
system and o?(P(¢)) > 0, then

. . PM(¢) —nE(P(9))
~V203(P(9)) = liminf ==

, P (¢) —nE(P(¢))
<1 L = +/202(P —a.e.
- lflsolip nloglogn *(P(g)) moae
Now we turn to geometry. Suppose that (fo,60p) is a DG-system endowed with a
Gibbs measure mg at the base. Suppose also that this system is a random conformal
expanding repeller in the sense of Section 6.1 and that the function ¢ : Z — R given
by the formula

¢(x,y) = —log|fr(y)l;

is Holder continuous.

Definition 6.6. The corresponding system (f,0,m) = (f,0,m,$) (with 0 the
Rokhlin natural extension of 0y as described above) is called conformal random
expanding Gibbs-system, or shortly random conformal G-system.

For every ¢t € R the potential ¢; = t¢, considered in Section 6.2, is also Holder
continuous. As in Section 6.2 denote its topological pressure by P(t). As a direct
consequence of Theorem 6.5, we get the following.
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Theorem 6.7. If (f,0,m) = (f,0,m, ) is a random conformal G-system, then

P (t) — nE(P
—V/202(P(1)) = lim inf — %bfg,n(m
i Py (t) —nE(P(t) _
< hflso%p Unloslosn 202(P(1))
for m-a.e. x € X whenever a%(P(t)) > 0.

Recall that h is a unique solution to the equation EP(t) = 0. By Theorem 6.2
(Bowen’s Formula) HD(J,) = h for m-a.e. z € X.

Definition 6.8. We call the random conformal G-system (f,0, m) quasi-deterministic
if and only if o*(P(h)) = 0; otherwise we call it essential.

For every a > 0 let H* refer to the a-dimensional Hausdorff measure and let
P refer to the a-dimensional packing measure. Recall that a Borel probability
measure p defined on a metric space M is geometric with an exponent « if and
only if there exist A > 1 and R > 0 such that

A~ < u(B(z,r)) < Ar®

for all x € M and all 0 < r < R. The most significant basic properties of geometric
measures are the following.

e The measures pu, H®, and P are all mutually equivalent with Radon-

Nikodym derivatives separated away from zero and infinity.

o 0 <H(M),PY(M) < 4o00.
e HD(M) = h.
The main result of this section is the following.
Theorem 6.9. Suppose (f,0,m) = (f,0,m,d) is a random conformal G-system.
(f) If (f,0,m) is essential, then H"(Y,) = 0 and P"(Y,) = +o0.
(g) If, on the other hand, (f,0,m) = (f,0,m, ) is quasi-deterministic, then

for every x € X,

(gl) 1/2 18 a geometric measure with exponent h.

(g2) The measures v, H"y,, and P"|y, are all mutually equivalent with
Radon-Nikodym derivatives separated away from zero and infinity in-
dependently of vt € X and y € Y.

(g3) 0 < HM(Y,),P"(Y,) < +oc.

(g4) HD(Y,) = h.

Proof. Part (f). Remember that by its very definition EP(h) = [ P,(h)dm(z) = 0.
Fix k € (0,4/202(P(h))). It then follows from Theorem 6.7 that there exists a
measurable set X; with m(X;) = 1 such that for every x € X; there exists an
increasing unbounded sequence (n;)72; (depending on x) of positive integers such

that P;? (h) < —ky/n;loglogn; for all j > 1, or equivalently,

(6.16) exp(—Pp9(h)) > exp(k+/n;loglogn;).

Since we are in the expanding case, formula (6.12) from the proof of Theorem 6.2
(Bowen’s Formula) takes on the following simplyfied form

(6.17) ve(B(z,7)) = D™ exp(—Pi=7) ()
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with some D > 1 and all z € J,. By our uniform assumptions, for all j > 1

large enough, so disregarding finitely many terms, we may assume without loss of

generality, that for all j > 1, there exists r; > 0 such that [(z,r;) = n;. Clearly,
lim r; = 0.

J—o0

It thus follows from (6.17) and (6.16) that
v(B(z,1;)) > Dilr? exp(—P)(h)) > Dilr? exp(k+/n; loglogn;)

for all x € X, all z € J, and all j > 1. Therefore,

h B h B .
lim sup vz (B(z,1)) (hz,r)) > lim sup vz (B(z15)) (5’ rj))D_1 lim sup exp(r+/n; loglogn;) = +oc.
r—0 T j—o0 Tj j—00
Thus H"(J.) = 0. The proof for packing measures is similar. Keep & € (0, +/202(P(h))).
It then follows from Theorem 6.7 that there exists a measurable set X» with
m(Xz) = 1 such that for every x € X, there exists an increasing unbounded se-
quence (s;)32; (depending on z) of positive integers such that Py (h) > ky/s;loglogns
for all 7 > 1, or equivalently,

(6.18) exp(—Py7 (h)) < exp(—ky/s;loglogs;).

Since we are in the expanding case, formula (6.5) from the proof of Theorem 6.2
(Bowen’s Formula), applied with s = k(z,r) takes on the following simplified form.

(6.19) ve(B(z,7)) < Dr' exp(—PF=")(h))

with D > 1 sufficiently large, all x € X5 and all z € J,. By our uniform as-
sumptions, for all j > 1 large enough, so disregarding finitely many terms, we may
assume without loss of generality, that for all j > 1, there exists R; > 0 such that
k(z, R;) = s;. Clearly,

lim R; = 0.

J—00

It thus follows from (6.19) and (6.18) that

vI(B(z,1;)) < DR? exp(—Pyi(h)) > DR;-L exp(k+/s;loglog s;)
for all x € X5, all z € 7, and all j > 1. Therefore,
h B h B .
lim inf 1/1(7(5,7“)) > liminf MZ}:R]))Dliminf exp(—ry/s;loglogs;) = 0.

r—0 r j—o0 7 j—o0

Thus P"(J,) = +o0. We are done with part (f).

Suppose now that the system (f, 0, m) = (f, 0, m, $) is quasi-deterministic. It then
follows from Theorem 6.4 that there exists a continuous function u : X — R such
that Py(h) = a + u(x) — u(f(x)), x € X, with some constant « € R. But a = 0
since [ Py(h)dm(z) = 0. Thus P,(h) = u(z) — u(f(z)). Hence, for every n > 1,
P(h) = u(z) — u(f"(x)). Thus

exp(inf(u) — sup(u)) := A™' < exp(—Pr(h)) < A := exp(sup(u) — inf(u))

for every x € X and every n > 1. So, utilizing (6.17) and (6.19), we get for every
r > 0 small enough independently of x € X,

(AD)_lrh < V;L(B(y,r)) < ADr", ze X, z€ J,.

This means that each v, x € X, is a geometric measure with exponent h. Con-

sequently, H"| 7., P"| 7., and v/? are all mutually equivalent with Radon-Nikodym
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derivatives separated away from zero and infinity independently of x € X and
2z € Je, 0 < HMT,), PM(T:) < +oo, and HD(J,) = h for all z € X. We are
done. (]

As an immediate consequence of this theorem we get a corollary transparently
stating that essential random conformal G-systems are entirely new objects sharing
no common ground with determinisitc self-conformal sets.

Corollary 6.10. Suppose (f,0,m) = (f,0,m, ¢) is an essential random conformal
G-system. Then

(1) For m-a.e. x € X the fiber J, is not bi-Lipschitz equivalent to any deter-
ministic nor quasi-deterministic self-conformal set.

(2) T is not a geometric circle nor even a piecewise smooth curve.

(3) If J» has a non-degenerate connected component (for example if T is con-
nected, then h = HD(J,) > 1.
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7. MULTIFRACTAL ANALYSIS

Let ¢ € H,,(Z) be such that E(P(¢)) = 0. Fix ¢ € R. We will not use
the function ¢, and therefore this will not cause any confusion. Define auxiliary
potentials

2 x(y) = qlpa(y) — Pu(p)) — tlog|fa(y)|-

Since log |f1(y)| > log v, > 0, it follows from Lemma 5.1 that for every ¢ € R there
exists a unique T'(¢) € R such that

B(P("7@) = 0.

Then put

1 = (@)

Let u be the invariant Gibbs measure for ¢ and v be the ¢-conformal measure. For
every o € R define

o . . logu.(B(y,r)
Ko(a) = {y € Yot dy (y) o= Jim IV a},

and

1 B
K, = {y €Y, : the limit lim 28F2(BW.1)

does not exist}.
r—0 logr

This gives us the multifractal decomposition

Y, = |4 Ke(o) WK,

a>0
The multifractal spectrum is the family of functions {g,, }zex given by the formulas
9. (@) := HD(K,(a)).

The function d,, (y) is called the local dimension of the measure p, at the point

y and d, has an analogous meaning for any measure p. Since for m almost every

x € X the measures u, and v, are equivalent with Radon-Nikodym derivatives

uniformly separated from 0 and infinity (though the bounds may and usually do

depend on z), we conclude that we get the same set K, («) if in its definition the

measure U, is replaced by v,. Our goal now is to get a "smooth” formula for g,,_ .
Let p? and v9 be the measures for the potential ¢? given by Theorem 4.1.

Proposition 7.1. For every q¢ € R there exists a measurable set X, C X with
m(X,) =1 and such that, for every x € X,

9. (a(q)) = qalq) + T(q)
where
_ Jpedps
[z log | f/|dpa

Proof. 1t follows from Lemma 4.24 that for m-a.e. x € X and all y € Y, we have

vi(f, "(B(f"(y), R))) .
e (@nety) ~ PNy @ = )

alq) =

(1) (FR0"(@) " <
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with some measurable function Fre : X — [1,+00) depending on R and ¢. In what
follows we keep the notation from the proof of Theorem 6.2. The formulas (6.2)
and (6.11) then give for every j > [ and every 0 < i < k, that

(7.2)  (FE(0%(x)) " exp(a(Sioly) — PL()) () ()| T@
< VI(B(y,r)) < FL(0'(2))) exp(a(Sig(y) — Pi())) (1) ()]~ 7@.

Now, as in the proof of Theorem 6.2, there exist a measurable set A = A,(§) with
positive measure m and a constant M = M, > 1 such that

M~ < Qq, Fi(x), F¢ (z) < M

for all z € A. For every s > 1 let s_ be the largest integer in [0, s — 1] such that
0°-(x) € A and let sy be the least integer in [0, s + 1] such that 8°+(x) € A. Tt
follows from (7.2) applied with j =l and i = k_, (6.4) true with s + 1 replaced
by k4, and (6.13) true with [ — 1 replaced by [_, that

log v(B(y.r)) _ —log M + (51, 0(y) = Pr* (¢)) — T(a) log]|(f+")' (v)|

log r - log € + oM —log|(fa ) (v)]
and
logv3(B(y,)) > log M + q(Sk_SO(?J) — P (‘P)) —T(q)log |(f§_)/(y)| )
logr - log & — €M — log (/57 ()|
Hence,

: log vi(B(y,r))
73) 1 L
©9) s ==

< lim sup

n—oo

Pl (p) = Snyo(y) msu log |(f=") ()]
<q Tog | (72 () )*T(q”wplog|<f£>'<y)|

~—
<

NS

=

1 9(B
lim inf—og vi(Bly,r)) > lim inf
r—0 log T n—oo

+T (g)lim mploel(fz @)l

(an?‘(@) Sn_w(y)> 3 .
n—oc log |(fz ") (y)]

log |(fz*)'(y)

Now, for every o € R let

() — n_y
K. (a) = {y eY,: nlLI&w =a and nli—{%o% = 1}.
It then readily follws from (7.3) and (7.4) (recall that v! = v, and T(1) = 0) that
(7.5) Ro(a) C Kala)
and
(7.6) dyg(y) = g+ T(q)

for all y € f(x(a). Given ¢ € R, set

[ pdu

(7.7) alq) = —m
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In view of Birkhoff’s Ergodic Theorem there exists a measurable set X, C X such
that m(X;) = 1 and for all z € X and vi-a.e. y € Y,

n—oo N

1 .
lim ~ log| (/) (4)] = x = / log | /| dut > 0,
7

Jim LP2(e) = [ Pulp)m(a) = B(P() =0

and )

lim —S,p(y) = / edp.

n—oo n 7
Since it also follows from Birkhoft’s Ergodic Theorem that for vi-a.e. y € Y, (after
intersecting X é with another set of measure 1), lim,_ Z—; = 1, we thus conclude
that for every » € X, vi(K,(a(q))) = 1. Hence, combining (7.5) and (7.6), we
obtain for all z € X that

(7.8) 9 (a(q)) = HD(K,(a(q))) = HD(K2(a(q))) = qalq) + T(q).

Let us now proceed to get the upper bound on g,, (a(g)). First observe that
there exist a measurable set A := A,(§) C A4(§) with positive measure m and a
constant M > 1 such that M ! < F exp((26om)-2) < Mforallz € A. Fixz e X
and suppose that 0™ (z) € A. Let rp, > 0 be the largest radius such that

(7.9) B(y,rn) C f; " (B(f2 (), €))-
It then follows from (7.1) that
(7.10) ve(B(y,mn)) < M exp(Snip(y) — Py ().

In view of the definition of r,,, B(y,2r,) & f, " (B(f;'(y),€)). So, using Lemma 3.3,
we therefore get
1
(711) 0 > S€exp((€*Qon(@) ~)I(FD) W)™ = Eexp((26"M) ) () ()"
Combining this and (7.10), we get that
logvy(B(y,mn)) o _log M + Sniply) — Pi'(p)
log 7, ~ log€& —2¢2M —log |(f2)' (y)|
Using (7.11) and employing Lemma 3.3 again, we obtain
B(y,mn) D B(y, £exp((26* M) |(f2)' W)™Y) D £, " (B(f2(y), E exp((26*M)7?))).
It therefore follws from (7.1) that
vi(B(y,ma)) = M exp(a(Snp(y) — Pr () 1(£2) ()77

In virtue of (7.9) and Lemma 3.3, we have

T < £exp(£°Qon () |(f2) ()| ™" = Eexp (€ M)|(£2) (v)| "

(7.12)

Hence,
log v4(B(y,rn)) _ = log M + q(Sne(y) — P(w)) — T(q) log |(f2) (y)]
log ry, - log& + &M —log |(f2) (y)]

Since m(A) > 0 and since the map 6 : X — X is ergodic, there exists a measurable
set X,/ C X with m(X/) = 1 and such that for all z € X the set {n > 1:0"(x) €

(7.13)
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A} is infinite. Fix = € X,/ and then y € K,(a). It then follows from (7.12) and
(7.13) that

log i (B(y,r)) log vi(B(y,n))

lim inf < liminf <qa+T(q).
r—0 logr n—00 logry,
Consequently, HD(K,(a)) < ga+T(g). In particular, g, (a(g)) = HD(K(a(q))) <
ga(q) + T'(gq). Combining this with (7.8), we obtain the proposition. O

Now, like in Section 5.3, we assume that the the essential infimum of ~, is greater
than some v > 1 and the essential suprema of H,, ne(x), j(x) are finite. Moreover,
about ¢ € H,,,(J) we assume that there exist constant L and ¢ > 0 such that

(7.14) Snpz(y) < —nc+ L
for every y € Y, and n and E(P(y)) = 0. With these assumptions we can get the
following property of the function T'.
Corollary 7.2. The temperature function T is differentiable and
odp?
7.15 T’q:—aq:fzi
719 )= =0l = Fiog i
Proof. Since |f.(y)| > 0, by Proposition 5.3 we obtain that
OFE(P(q,t

PRELD) — — [ roglsilaustdm(z) <.

z

Then by (7.16) we can use Implicit Function Theorem and find a differentiable
function ¢ — T'(g) such that

(7.16)

E(P(q,T(q))) = 0.
Since E(P(p?)) =0,

oo SEPLN) _OBPGO) | OEPWO)
dq dq t=T(q) ot t=T(q)
Then
T(g) = — W‘tﬂq) _ Sl Px)dugcdm(x)
8tq,t)) ‘tzT(q) [, —log|fildugdm(x)
B [, eedpidm(z) — [y Pedm(z) _ [, pdut
a [z log | fildugdm(x) -~ Jylog|f'|dus
Hence we obtain 7.15. It follows, in particular, that
(7.17) T'(q) < 0,

since by (7.14) there exists N such that for every n > N, m-almost every and for
every y € Jp and S, (y) < 0. Therefore [@du? < 0 and we get (7.17) because
p? is T-invariant. O
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8. EXAMPLES

In this section, when the all the tools and concepts are introduced and theorems
proved, we can illustrate them with a collection of examples. We start the section
with presenting a transparent example of an essential random G-system.

Example 8.1. (Random Cantor Set) Define
fo(z) = 3z(mod 1) for z € [0,1/3] U [2/3,1]
and
fi(z) = 4x(mod 1) for = € [0,1/4] U [3/4,1].
Let X = {0,1}%, 0 be the shift transformation and m be the standard Bernoulli

measure. For x = (...,2_1,20,71,...) € X define fo = fo,, fi!@ = for1(a) 0
f9n72(x) 0...0 fgc and

T = (2 (0. 1).
n=0

The skew product map defined on (J, x J» by the formula

generates a . We shall show that this system is essential. To simplify the next
calculation, we define recurrently

{3 ifeg=0

§:(1) = 4 ifxg=1" §x(n) = fG’“l(x)(l)gx(n —1).

Consider the potential ¢! defined by the formula

90; = —tlog{m(l).
Then
Sngotgc = —tlog&, (TL)
Let C, be a cylinder of the order n that is C, is a subset of J, of diameter
(§x(n))~! such that fI|c, is one-to-one and onto Jpn(y). We can project the
measure m on J, and we call this measure p,. In other words, p, is such a

measure that all cylinders of level n have the measure 1/2". Then by Low of Large
Numbers for m-almost every x
lim log%Lx(Cn) _ log 2 _ log 4 —h
n—oo logdiam(C,)  (1/n)log&;(n) logl2
Therefore the Hausdorff dimension of 7, is for m-almost every x constant and equal
to h.
Next note that

Kz (Cn)

(8.1) diam(C),)"

=exp(—S,P:)

where
P, :=1log2 — hlog&,(1).
This will give us the value of the Hausdorff and packing measure. So let Zy, 71, . ..

be independent random variables, each having the same distribution such that the
probability of Z,, = log2 — hlog3 is equal to the probability of Z,, = log2 — hlog4



RANDOM DISTANCE EXPANDING MAPPINGS 45

and is equal to 1/2. The expected value of Z,, E, is zero and its standard deviation
o > 0. Then the Law of the Iterated Logarithm tells us that the probabilities that

Zi+ ...+ 2,
1- 1 fi = -— 2
lnnll@g nloglogn V2o

and

limsup 2T 20 5,
n—oo v/nloglogn

are one. Thus the random conformal G-system T is essential. In particular, in view
of Theorem 6.9, the Hausdorff measure of almost every fiber J, vanishes and the
packing measure is infinite. Note also that the Hausdorff dimension of fibers is not
constant as clearly HD(Jye ) = log 2/log 3, whereas HD(Jj) = log2/log4 = 1/2.

We now want to describe some classes of examples coming from complex dynam-
ics. Indeed, having a sequence of rational functions F' = {f,}52, on the Riemann
sphere C we say that a point z € C is a member of the Fatou set of this sequence
if and only if there exists an open set U, containing z such that the family of maps
{fulv.}5% is normal in the sense of Montel. The Julia set J(F') is defined to be
the complement (in C) of the Fatou set of F. For every k > 0 put F = { frsn}22,
and observe that

(8.2) J(Frr1) = fr(J(Fi))-

Now, consider the maps f.(z) = 2¢ + ¢, d > 2. Notice that for every ¢ > 0 there
exists d > 0 such that if {¢,}22, is a sequence of points in B(0,d), then

J({fe}220) C{z €C: |2 > €}
In particular, if € > 2/d then

(8.3) [fe () = 2

forall z € J({fcwn}%o:o). Denote § corresponding to € = 2/d by d4. Let Fg = {f. :
c € B(0,84)}. Consider an arbitrary ergodig measure-preserving transformation
f: X — X. Let m be the corresponding invariant probability measure. Let also
H : X — F4 be an arbitrary measurable function. Abusing slightly notation set
fz = fH() for all z € X. For every x € X let J, be the Julia set of the sequence
{for(z)}no> and then J = J,cx J»- Note that, because of (8.2), fu(Jz) = Jo(z)-
Thus, the map

(84) TG,H(xvy) = (9(%), fm(y))v T e Xa ye sz

defines a skew product map in the sense of the first section of our paper. In view of
(8.3), when 0 : X — X is invertible, Ty g is a distance expanding random dynamical
system, and, since all the maps f, are conformal, Ty g is a conformal measurably
expanding system in the sense of Definition 6.1. As an immediate consequence of
Theorem 6.2.

Theorem 8.2. Let 0 : X — X be an invertible measurable map preserving a
probability measure m. Let H : X — Fg be an arbitrary measurable function.
Finally, let Ty i be the distance expanding random dynamical system defined by
formula (8.4). Then for almost all x € X the Hausdorff dimension of the Julia set
Jo 1s equal to the unique zero of the expected value of the pressure function.
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Theorem 8.3. For the conformal measurably expanding systems Ty g defined in
Theorem 8.2 the multifractal theorem, Theorem 7.2 holds.

The construction leading to Theorem 8.2 generates an abundance of examples just
because of the freedom in choosing § and H. We shall now describe only very few
of them, selected somewhat arbitrarily according to our taste.

Example 8.4. Set X = .7-"5. Define 8 : X — X to be the shift map, i.e.
9((fn)$f:700)) = (fn+1)22_ ). Take any probability measure A on Fy and denote
by m the corresponding product measure on X = F7. Set H((f+)52_o)) = fo.
Note that

TG,H((fn)ZO:foo)vy) = ((fnJrl)sz:foo)a fO(y))

This example can be generalized as follows.

Example 8.5. Let I be an arbitrary subset of Fy. Set X = IZ. Define : X — X
to be the shift map, i.e. 0((fn)52_)) = (fu41)52_o). Take any probability

measure A on I and denote by m the corresponding product measure on X = IZ.
Set H((fn)22_o)) = fo. Note that

Ty.r ((fr)nz-oe)sy) = ((Frs)nZco) fo(y)-

Note that the above generalization of Example 8.4 is very interesting even if I is
finite or countable.

Example 8.6. Let X := S5 = {z € C:|z| = d}. Fiz an integer k > 2. Define the
map 6y : X — X by the formula

Oo(z) = 61 k>,

Then 0y(x) = ké*~Fkz*=1  and therefore |0)(x)] = k > 2 for all x € X. The
normalized Lebesgue measure A\g on X is invariant under 6g. Define the map H :
X — Fq by setting H(x) = f,. Then

TGO,H,O(xa y) = (k(slikxkilv gd + (E)

Note that (T907H70, 0o, Ao) is a uniformly conformal DG-system and let (Tp m,0, )
be the corresponding random conformal G-system, both in the sense of Section 6.
Theorem 6.9 and Corollary 6.10.

Theorem 8.7. If (T907H’0,90,>\0) is the random conformal G-system described
above, then

(f) H"(Jz) = 0 and P"(J,) = 400 for A-a.e. x € X if only (Ty,,1,0,00, o)

is essential. In consequence, for A-a.e. © € X the Julia set J, is not bi-

Lipschitz equivalent to any deterministic self-conformal set. Furthermore,

Jy is not a geometric circle nor even a piecewise smooth curve. In fact, if

Jy is connected (it suffices to have a non-degenerate connected component)
then h = HD(J,) > 1.



RANDOM DISTANCE EXPANDING MAPPINGS 47

(g) If, on the other hand, (Tgo,mo, o, No) is quasi-deterministic, then for every
reX,

(gl) l/fg 18 a geometric measure with exponent h.

(g2) The measures v, H"|;., and P"|;, are all mutually equivalent with
Radon-Nikodym derivatives separated away from zero and infinity in-
dependently of v € X and y € J,.

(g3) 0 < H"(J.),P"(J.) < +o0.

(g4) HD(J,) = h.
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