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§ O. Introduction

Theories of modules with finite local cohomology have been developed during the last

decade under the influence of the advance of the theory of Buchsbaum modules (see, e.g.,

[33], [34], [28]). One of the main purpose of this paper is to give a new perspective of

such a theory for equidimensional and locally Cohen-Macaulay schemes in pD . The main

objective of this work is bounding Castelnuovo's regularity and the genus of such schemes.

For getting these bounds we describe two approaches: We reduce our problem to the case

of points with the Uniform Position propeny by cutting with sufficiently general linear

subspaces, and we apply our resu1ts of § 2. On the other hand, we study annihilators of

local cohomology. Using this approach we will improve Castelnuovo bounds proved, e.g., in

[30], [21], [1]. These sharper bounds yield some applications. For example, we solve the

problem posed in [31] on p. 367 (see our corollary 3.5). Moreover, both approaches

provide a motivation for a new structure which is obtained by introducing

(k,t)-Buchsbaum (modules) schemes (see also [14]). Therefore an aim of this paper ia

also to extend to (k,l)-Buchsbaum schemes some of the results known for arithmetically

Buchsbaum subschemes in pD . For example, this yielda new upper bounds even for the

genus of curves in !p
3 not contained in any surface of degree < 8 .
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§ 1. Notations and preliminary results

Throughout this paper we work over an. algebraically dosed field of characterlstic

zero. We set S = K [XO,... ,Xn] , m = (XO,... ,Xn) CS and ~n = Proj(S) . We restrict

our attention to subschemes of pD which are equidimensional and locally

Cohen-Macaulay (this will be understOOd from now on). Given a subscheme X Cpn , we

denote by IX (resp. I(X)) the ideal sheaf (resp. the defining ideal) of X . For a coherent

sheaf F on X, F(n) as usual will be F. "X(n) and we let hiF(n) = dimkHi(X,F(n)) .

Finally, given a sheaf E on pIl we denote by HlE the graded 8-module EDt Hi(lPn,E(t))

and we will say that E ia m-regular if HiE(m-i) = 0 for i = 1, ... ,n (see [27],

definition 1 and theorem 2).

Definition 1.1 ( [11], [23]). A subscheme X (~n of codimension r is called

k-Buchsbaum if and only if mkalIx = 0 for all i = 1,... ,n-r . We will say that X is

strictly k-Buchsbaum if it is k-Buchsbaum but not (k-1}-Buchsbaum.

Bemark 1.1.1: Let X C~ be a 2--eodimensional Bubscheme. X is arithmetically

Buchsbaum in the sense of [28] if and only if X js I-Buchsbaum (cf. [10]).

Remark 1.1.2: It is wel1 knwon that for 2--eoclimensional X (IPn the property of being

I-Buchsbaum js inherited by general intersection with linear subspacesj and it follows !rom

[11] that if X C pn ia a k-Buchsbaum subscheme and H Cpn ia a general hyperplane,

then X n H js 2k-Bnchsbaum. However, in general, the property of being k-Buchsbaum

is not preserved when we cut with a general hyperplane.

Hence, it makes sense the following definition:

Definition 1.2. Let X (!pn be a subscheme of codimension r. X is (k,t.)-Buchsbaum,
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o~ t ~ n-r , if the following conditions hold:

(a) X ia a k-Buchsbaum subscheme of [pn ,

(b) X n H is a k-Buchsbaum subscheme for all general H ([pn linear subspace of

dimension ~ n-f.. .

Remarb 1.2.1. (a) Any k-Buchsbaum curve X (fn is a (k,1)-Buchsbaum curve.

However, there exist examples of k-Buchsbaum subschemes X (IPn of dimension > I

which are not (k,I)-Buchsbaum subschemes.

(b) It follows from remark 1.1.2 that any I-Buchsbaum subscheme X (IPn of

codimension 2 is a (1,n-2)-Buchsbaum subscheme. Moreover, if k=l then the

(l,t)-Buchsbaum property does yield the theory of f..-Buchsbaum schemes as deve10ped in

[25] .

Finally, we recall some known results on finite set of points needed later on.

Given a closed subscheme X (IPn we will denote by HX the Hilbert function of

X , i.e. HX(n) = dimk(S/I(X))n ' where (S(I(X))n is the n-th graded component of the

homogenoous coordinate ring of X. The first differences of the Hilbert function will be

denoted by äHX(n) = HX(n) - HX(n-l) .

Definiüon 1.3 ([20]). A set X ([pn of points has the Uniform Position Property (UPP

for short) if for any suhset X I of X of d' points and auy n ~ 0 , it is

HX,(n) = min(d' ,HX(n)) .

Lemma 1.4. Let X ([pn be a reduced, irreducible, nondegenerate subscheme of

codimension r and degree d. Then, X n Lr is a set of d points with the UPP, for all

general linear subspace of dimension r.
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Proof It follows !rom Bertini's theorem and the uniform position lemma for a general

hyperplane section of a curve ([20]).

For any 0 ~ a, bEY.., we set [a/b]:= max{t E III a ~ tb} . Finally, given a set

X (!pn of d points, we denote 6(X):= min{t IHX(t) = d} .

Lemma 1.5 (See [26], Lemma 4). Let X CIPn , n ~ 2 , be a set of d points with the

Upp spanning !Pn . Assume that X is not lYing on a hypersurlace of degree < s and set

Then, we have 0 ~ p ~ 8-1 and 6(X) ~ (8-1)[(d-1)/ [[n+:-1] -1)] +p .

Lemma 1..6 ( [20]). Let X C!pu be a set of d points with the UPP. Then, for any

integer8 tl' ... ,tm one has HX(t1+···+tm) ~ min(d,l7=1Hx(ti)-m+1) .
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§ 2. Numerical invariants

In arecent years there has been a great deal of work on the subject of arithmetically

Buchsbaum (briefly a.B.) subschemes and, in particular, on 2--oodimensional a.B.

subschemes in IPn as a natural extension of arithmetically Cohen-Macaulay

2-<:odimensionalsubschemes in IPn . A sampIe of the kind of problems considered may be

found in [2-10], [12], [16-18], [22-24], [29], [32]. The purpose of the following

sections is to extend and to improve these considerations by studying the following

numerical invariants.

Given a reduced, irreducible, non-degenerate subscheme X C IPn of codimension r, we

will use the following notations:

d = d(X) = degree of X

g = g(X) = geometric genus of X

s = s(X) = min{t IHO(lPn,Ix(t)) f O}

e = e(X) = ma.x{t IHn-r+l(lPn,Ix(t)) f O}

Ci = ci(X) = max{t IHi(pll,IX(t)) f O} for i = 1, ,n-;

bi = bi(X) = min{t IHi(lPn,Ix(t)) f O} for i = l, ,n-r (Ci = bi = --Q) , if HlIX = 0)

and

r = r(X) = min{t IHi(lPn,Ix(t-i)) = 0 for i = 1,... ,n} index of regularity (in the sense

of Castelnuovo-Mumford) or Castelnuovo's regnlarity.

Note that b. <c· and r >c· + 1 +i for i = I, ....n-r .
1 - 1 - 1 '

Before proving the main results of this section, we will give the following technical

but key lemma which we needed in the seque1.

Lemma 2.1. Let XC IPn be a k-Buchsbanm subscheme of codimension r and k ~ 1 .

Assume that Hi(pll,IX(t)) f 0 for sorne t E 1l. and i E{I,... ,r} . Then:

(a) For same t ~ P ~ t + k-l there exists 0 4= x EHiIX(p) such that x is annihilated
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by all L E m.

(b) For some t-k+1 ~ P ~ t there exiBtB x EHiIX(p) BUch that X ~ mHiIX(p-1) .

proof: (a) We argue by contradiction. H (a) does not hold, then tor any 0 +x E HiIX(t)

there exist linear {orms Ll'.",Lk Buch that (L1"'~)x f 0 , contradicting k-Buchsbaum.

(b) We also argue by contradiction. Let °f x EHiIX(t) , then there exist

t -1 t-1. i ( ) f t-1 t-1 i ( )aO ,,,.,a In H IX t-1 BUch that x = La·. But each a· E H Ix t-1
n i =0 1 1 J

can be written as a linear combination of elements in HiIX(t-2) with coefficients

C t· . . thi t O.J. k t-k k t-k . hXo"",xn ' on Inmng In 8 way we ge T X = ~aO + ." + xna
7

Wlt

o~-k EHilx(t-k) ("( = r~n]) , again contradicting k-Buchsbaum.

Proposition 2.2. Let X C IPn be a k-Buchsbaum subscheme of codimension r and

k ~ 1 . Then: s(X)-k ~ s(X n H) ~ s(X) and bi(X n H) ~ bi(X) for i = 1,oo.,n-r-1 and

for all general hyperplane H Cpn .

Proof: Obviously s(X n H) ~ s(X) and bi(X n H) ~ bi(X) for i = 1,oo.,n-r-1 . Let L

be a linear form defining H, let u = s(X n H) , and let F be a general form of degree k.

We have the commutative diagram:

Let °+X E HOIxnH(u) . Hy commutativity, 0 = Fg(x) = gF(x) . Rence

of F(x) E Ker(g) , Le. there exists 0 =I z E HOIX(u+k) Buch that h(z) = F(x) . So

s(X) ~ u+k .
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As a consequence we have the following lower bound for the degree:

Coro1lary 2.3. Let X C!pn be an irreducible, reduced, non-degenerate subscheme of

codimension r. Assurne that X is (k,t)-Buchsbaum, 0 ~ t ~ n-r . Then,

d = d(X) ~ [r~~~11J where s' := mlLX(2,s-{t-l)k-~-t-rk).

Proof: Consider a generic section X I := X n Lr of X with a sufficiently general linear

space Lr of dimension r where we set Lr = B1 n ... n Bn- r . By Bertini's theorem, X'

is not lying on a linear space of dimension r-I. On the other hand, it follows horn remark

1.1.2, definition 1.2 and proposition 2.2 that X I is not lying on a hypersurface of degree

<s -{l_1)k_2n- l - rk .

Thus, X I is not lying on a hypersurface of degree < s'. Bence,

d = d(X) = d(X') ~ [r~(11J .

Proposition 2.4. Let X C[pn be a k-Buchsbaum subscheme of codimension r and

k ~ 1 . Then:

(a) e(X) ~ cn-r(X)-k-l .

(b) cn_ r(X)-k+1 ~ e(X n H) and cj(X)-k+l ~ ci(X n H) for i = l, ... ,n-r-l and for

all general hyperplane B C tpn .

(c) e(X) + 1 ~ e(X n H) ~ e(X)+k+l for an general hyperplane H Cpn .

Proof: (a) Suppose that Hn- r+1Ix(n) = 0 for an n ~ cn_r-k-l . Therefore, for &11

general hyperplane H C IPn we have the exact cohomology sequence:
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for all n >c (X)-k-l . By lemma 2.1, for some t >c (X)-k+l there exists- n-r - n-r

x EHn-rIX(t) such that x ~ mHn-rIX(t-l) . Now, take two linear forms LI and L2 ,

we have the commutative diagram:

--~)O

----+10

Hn- r I X(t-2) n-r ( ) ~ Hn-rIxnH(t-l)LI ) H IX t-l h

1L
2 1L

2 19
Hn-rIX(t-l)

LI
I Hn-rIX(t) f ) Hn-rIxnH(t)

1
0

Let x E Hn-rIx(t) be as indicated. In panicular, f(x) f 0 . Since g and h are

surjective, there exists 0 f y E Hn-rIX(t-l) such that g(h(y))) = {(x) . Moreover,

f(L2y) = f(x) by commutativity. Bence, (L2y-x) E Ker(f) = Im(L1) , i.e. there exists

z E Hn-rIx(t-l) such that x = L2y - L1z I contradicting the choice of x.

(b) For all general hyperplane H (lP
u and for all n > ci(X n B) we have

Taking k-times H, we get

i i .
H IX(n-l) ----i H IX(n+k-l) ---+ 0 .

By hypothesis, X is k-Buchsbaum. Thus, HiIx(n+k-l) = 0 for n > ci(X n H) .

Equival~t1y, ci(X)-k+l ~ ci(X n H) . Similarly, we prove cn_r(X)-k+l ~ e(XnH) .

(c) From the surjective map
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we get e(X) + 1 ~ e(X n H) . To proving that e(X n H) ~ e(X)+k+l we argue by

contradiction. If not, Hn-rIxnH(e(X)+k+2) f 0 and hence we have

Hn- rIX(e(X)+k+2) fOthat ia to say cn-r ~ e(X)+k+2 which contradiets (a).

Remark. Let X (IPn be a k-Buchsbaum subscheme of codimension r with k ~ 1 .Is

then e(X) ~ seX) - (n-r+l)(k+l) ?

Proposition 2.4 has an interesting consequence which will be used in next section.

Corollary 2.5. Let X CIPD be a k-Buchsbaum subscheme of codimension r with k ~ 1 .

If X n H is rn-regular; then X is (m+k-l)-regular.

Proof: It follows from Proposition 2.4.
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§ 3. Bounds for CastelnuovoJs reguIarity

A. Castelnuovo bounds for (k,l)-Buchsbaum schemes in pn .

Using the results of § 2 we will give abound for Castelnuovo's regularity of the ideal

sheaf of (k,t)-Buehsbaum subsehemes of pI1 . Examples show that the bounds of the

following theorem are optimal.

Theorem 3.1. Let k ~ 1 be an integer. Let X (pn be an irreducible, reduced,

non-degenerate subseheme of eodimension r. Assume that X is (k,t)-Buchsbaum,

o~ t ~ n-r . Then, we have:

where s' := max(2,s--(t-l)k-2n-f.-rk) ,

p := min{t E71 1 [rttJ > d(X)-l-[ [r~(11J-IJ [(d(X)-1)/ [[r~(11J-l J]} .and
a(X) := k(f.+l)-n+r+2k(2n-f.-r-l_1) .

proof: As in Corollary 2.3 we have that a generie section X' := X n Lr of X with a

su:fficiently general linear space Lr = BI n ... n Hn-r of dimension r is a set of points

not lying on a hypersurface of degree < s' . By lemma 1.4, X' is a set of points with the

UPP. Henee lemma 1.5, definition 1.2, remark 1.1.2 and eorollary 2.5 yield our bound.

_ In the following examples we will see that there exist eurves in !p
3 , surfaces in 1P4 ,

and three-folds in !p
5 whieh reach the bounds given in Theorem 3.1. UnfoItunately, we do

not known in general how good the bounds of Theorem 3.1 are.

Example 3.1.1. (a) Let C ([p3 be a general sIDooth connected rational quanie. 1t is weIl
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lmown that C is (1,1)-Buchsbaum, s(C) =s' (C) =2, p =1, a = 0 and r =3 .

Hence, this example shows that the bounds of Theorem 3~1 are sharp.

(b) Let C (1P3 be a generalsmooth connected rational quintic. Hy [23] Corollary 2.10 C

ia (2,i)-Buchsbaum. Moreover, an easy calculation shows that s(C) =3, s' (C) = 2 J

P = 0, a = 1 and r = 4 . Hence, this exam.ple also shows that the bounds of Theorem 3.1

are sharp.

Example 3.1.2. Let X (1P4 be the Veronese surlace in 1P4 . Using the following locally

free resolution of its ideal sheaf IX :

we can prove that X is (1,2)-Buchsbaum and r(X) = 3 .

On the other hand, s(X) = 3 J S I (X) = 2 J p = 1 ,and a = 0 . Thus, the Veronese

in !p4 gives an example proving that the bounds of Theorem 3.1 are optimal.

Example 3.1.3. Let X (IPS be a smooth connected three-fold in !pS such that its ideal

sheaf IX has a locally free resolution of the Collowing kind:

1o-------t 2 (J S ------t n S(2) --+ IX(4) --+ 0
p p

One can easily compute that X is (1,3)-Buchsbaum, r(X) = 4, s(X) = 4 ,

S I (X) = 2, p = 0, and a = 0 . Thus, X gives us an example proving that the bounds of

Theorem 3.1 are optimal.

Remark 3.1.4. Let X (pn be an irreducible, reduced, non-degenerate subscheme. The
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Castelnuovo's bounds of Theorem 3.1 are given in terms of d(X) and s(X). For

codimension 2 subschemes, using the well known correspondance between codimension 2

subschemes in IPn and rank 2 reflexive sheaves and applying the vanishing results on

cohomology given in [23] Proposition 1.4 and Proposition 1.5, we ca.n find stronger

Castelnuovo's bounds in terms of d(X), s(X), and e(X) . Seee [23], Theorem 3.1 and

Theorem 3.3, for the case of CUIves in ,3 .

Finally, we want to state two special cases of theorem 3.1.

Coro1lary 3..1.5: Let X (pD be an irreducible, reduced, non-degenerate subscheme of

codimension r. Assume that X is (k,n-r)-Buchsbaum with k ~ 1 . Then we have

r(X) ~ {degree X-l/codim X} + (n-r)(k-l) + 1 .

Applying this bound to curves in IPB we get an upper and lower bound for k. For this we

introduce the following notation. If I(X) is the defining ideal of a subscheme X of lPu ,

we denote by m(X) the highest degree of the homogeneous elements in a minimal basis of

I(X) . Using corollary 3.1.5, remark 1.2.1, (a) and some well-known results we get

Coro1lary 3.1.6. Let X (tpn be an irreducible, reduced and non-degenerate curve. Let

k ~ 1 be an integer such that X is strictly lt-Buchsbaum. Then we obtain the following

bounds for k:

m(XHdegree X-l/codim X} ~ r(X)-{degree X-l/codim X}

~ k ~ r(X)-2 ~ degree X - codim X-I.
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B. Castelnuovo bounds for equidimensional and locally Cohen-Macaulay schemes in IPn .

The aim of this section is to improve bounds for Castelnuovo's regularity statOO in [30],

[21], [1]. Moreover, we will describe some applications of these new bounds. For

example, we give an affirmative answer to the problem posed in [31] on p. 367. Before

atating our main results, we give sorne general observations.

Let A = $ A be a graded k-algebra, Le., AO= K and A is generated aB a
n~O n

K-algebra by Al . Let M = $ M be a graded A-module. The i-th local cohomology
nEll n

module of M with support in the irrelevant ideal P:= $ An' denoted by H~(M) , is
n>O

also a graded A-module. Let [M] i denote the i-th graded part of M ,Le., [M] i = Mi .

Let p be an integer then let M(p) denote the graded A-module whose underlying module

is the same as that of M and whose grading ia given by [M(p)] i = [M] p+i for all

integers i . Moreover, we will study the following numerical invariants

e(M) := 8up{n E II such that [M] n f O} .

Trus invariant is connected with e(X) and ci(X) for schemes X.

'\(H~(M)) := inf{r E IN such that pr. H~(M) = O} ,

d-l

A(M):= l [dil] ~(H~(M)) ,

i=O

where d > 0 ia the Krull-dimension of M ,

i {I if H~(M) f O}
sgn Hp(M) := .

o if H~(M) = 0
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Finally, we introduce some more notations. Let X be a subscheme of IPn with defining

ideal I(X) ( S := K [xO,... ,xn] . Consider the K-algebra A = S/I(X) . Then

Castelnuovo's regularity reg(A) of A is defined by r(X)-l where r(X) is the index of

regularity of X (see section 2). H Q is any homogeneous ideal of S , we put

Moreover, we set for integers a,b ~ 0

{alb} := inf{t E IN with a ~ t· b} .

We will prove the following two statements.

Theorem 3.2. Let A = K [xa, ... ,xn] I'P be a graded and locally Cohen-Macaulay

K-algebra where p is a homogeneous prime ideal of the polynomial ring

S := K [xO""'xn] such that 'P does not contain forms of degree 1 and Krull

dim A = d ~ 2 . Then we have the following bound for Castelnuovo's regularity

d-l

reg A ~ {degree p-l/codim 'P} + A(A) - 1: sgn H~(A)
i=l

Theorem 3.3: Let K be any infinite field. Let A = K [xO""'xn] la be an equidimensional

and locally Cohen-Macaulay graded K-algebra of Krull-dimension d ~ 1 . Then we have

the following bound for Castelnuovo's regularity

d-I

reg A ~ degree a + A(A) - 1: sgn H~(A) .
i=O

Before embarking on the proofs of these statements we must prove a key lemma which ia
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connected with our Proposition 2.4, (b).

Lemma 3.4. Let A be a graded K-algebra of Krull-dimension d ~ 1 . Let x E [A] 1 be

any parameter for A. Assume that lengthA( [0 :A x]) < m . Then we have

e(H~(A)) ~ e(H~(A/xA)) + ~(H~(A)) -1 for al1 i ~ 0 .

proof: There is not I08S of generality in assuming that ~~(A) f 0 and ~(H~(A)) < CD •

i i " . ... . ~-~.' i
We set p:= e(Hp(A)), q:= e(Hp(A/xA)) and ~:= ~(Hp(A)) ~ 1 . We suppose

p ~ q+~ and look for a contradiction. Consider the following exact sequence (see, e.g.,

lemma 2.3 of [33]) for i ~ 0 :

[H~(A)] j-1 _X--tl [H~(A)] j -----tl [H~(A/xA)]j

Hence we have for all j ~ q+1

[H~(A)] j-l_x-----to [HjA j ------tt 0 .

Take an element 0 f u E [H~(A)] p . Since ~ ~ 1 we have by assumption that p ~ q+1 .

Therefore there is an element, say u1 E [H~(A)] p-1 such that u = u1 · x . If ~ ~ 2

then there ie an element u2 E [H~(A)] P.-2 such that u1 = ~ x , that is, u = ~ x
2

.

Finally we get u = u~ x~ where u~ E [H~(A)] p-~ . Since P~H~(A) = 0 we obtain a

contradiction u = 0 , q.e.d.

Proof of theorem 3.2: We induct on d. First we have to prove the result in case d = 2 .

Then, by the General Position Lemma [19], (2.13)-(2.16), there ia a generic form, say

x E [A] 1 such that A' = A/x· A : (p) has the following Caste1nuovo bound (see also
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lemma 1 of [30])

leg A I ~ {degree p-l/codim p} .

Moreover, we have

reg A = reg A/xA = ma.x{reg A' ,e(H~(A/xA)} .

We consider again the exact sequence

o 1 xlI
0---+ Hp(A/xA) ---+ Hp(A)(-l) ---+ Hp(A) --+ Hp(A/x) -------+ ...

Hence we obtain

e(H~(A/xA)) ~ 1 + e(H~(A))

~ 1 + e(H~(A/xA)) + ~(H~(A»-l by lemma 3.4

~ reg A' + ~(H~(A»-l

Therefore we get

reg A ~ max{reg A' ,reg A' + .A(H~(A»-l}

= reg A' + ~(H~(A»-l

~ {degree p-l/codim P}+~(H~(A))~gnH~(A)

This completes the proof in case d = 2 .

Let d ~ 3 . Applyjng theorem 5.5 of [15] we choose a generic linear form l of S such
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that (p + f.. S) : (p) is a prime ideal, say q. Moreover, we have degree q = degree p ,

codim p = codim q ,and q contains no linear forms (see lemma 3 of [30]). Therefore we

get by induction

d-2

reg S/q ~ {degree p-I/codim p}+A(S/q) - l sgn H~(S/q) .

i=1

Hence we obtain by using lemma 3.4 and the above observations in case d = 2 :

reg A = reg A/l- A = max{reg S/q,e(H~(A/xA))}

~ reg S/q + ~(H~(A)) - sgn H~(A)

~ {degree(p)-I/codim p} + A(S/q) + ~(H~(A)
d-2

. 1- ( l sgn H~(S/q) + sgn Hp(A)) .

i=1

Consider again the exact sequence

for 1 ~ i ~ d-2 . Then it follows that

A(S/q) + ~(H~(A)) ~ A(A)

Moreover, if H~(S/q) = 0 then we get H~+I(A) = 0 , that is,

sgn H~(S/q) ~ sgn H~+I(A) for 1 ~ i ~ d-2 . Therefore we obtain

d-I

reg A ~ {degree p-I/codim p} + A(A) - l sgn H~(A) .

i=1

This concludes the proof of theorem 3.2, q.e.d.
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Proof of theorem 3.3: We induct on d. The case d = 1 follows from theorem 2 of [30]

since sgn H~(A) ~ 1 . Let d ~ 2 . Take an element x E [A] 1 such that

o :Ax ~ 0 :A (p) . Then we get from lemma 2.3 of [33]:

reg A = max{reg A/xA, e(H~(A)} .

Applying lemma 3.4 we obtain

e(H~(A)) ~ e(H~(A/xA))+ ~(H~(A))-1

5 reg A/xA + ~(Hg(A)) -1

Therefore we have:

reg A ~ reg A/xA + ~(Hg(A)) - sgn H~(A)
d-2

~ degree(a + x· S)+A{A/xA) - l sgn H~(A/xA)
. i=O

+ ~(H~(A» - sgn H~(A) , by induction

d-l

~ degree a + A(A) - l sgn H~{A)
i=Q

by Bezout's theorem and using the same arguments as in the proof of theorem 3.2. This

completes the proof of theorem 3.3, q.e.d.

We will conclude this section by describing some applications and studying some examples.

First, we willsolve the problem posed in [31] on p. 367. Let V be a reduced, irreducible
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and nondegenerate subvariety of pll . Let pe K [Xo,.:~,xn] =: S be the defining prime

ideal of V . We set A = S/p . Following [31] V is said to be a variety with minimal

syzygies of maximal degree if Castelnuovo!s regularity of A ia given by

reg A = {d~ p..:.1/codim~} -+- A(A) .

The problem of [31] on 367 ia to descri~thelocally Cohen-Macaulay varieties with

minimal syzygies of maximal degree. Applying our theorem 3.2 we give the following

affirmative answer to this problem.

Corollary 3.5: If V is a variety with minimalsyzygies of maximal degree then V is

arithmetically Cohen-Macaulay.

Proof: The above definition and theorem 3.2 yield the following relation:

reg A = {degree p-l/codim p} + A(A)
d-1

~ {degree p-l/codim p} + A(A) - l sgn H~(A) .
i=1

Hence we get H~(A) = 0 for all i = 1,... ,d-l ; that ia, A ia Cohen-Macaulay, q.e.d.

The next application gives new Caste1nuovo bounds even for curves in IPn . Let C be a

reduced, irreducible and non-degenerate curve of pn . In sense of our definition 1.1 such

curve C is h-Buchsbaum for some h ~ 0 . Of course, C is arithmetically

Cohen-Macaulay if and only if h = 0 . The following corollary results immediately from

theorem 3.2 or 3.1.5.
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Corollary 3.6: Let C be a reduced, irreducible and nondegenerate curve of IPn . We

&Ssume that C is strictly h-Buchsbaum with h ~ 1 ; Then we have for Castelnuovo's

regularity

r(C) S{degree e-l/codim C} +h .

In general, ibis bound is sharper ihan degree C - codim 0+1 (see example 3.8).

EXample 3.7: Consider the smooth and rational curves r N in g>3 given parametrically

by

li is well-known thai r N is strictly (N-3)-Buchsbaum (see, e.g., [13], [23], [14]).

Hence we get for Casielnuovo's regularity r(rN) ~ {N-1/2} + N-3 .

Hence the case N = 5 shows ihat the bound staied in iheorem 3.2 and corollary 3.6 is

sharp. Of course, r(rN) ~ N-l .

Enmple 3.8: Let a,b ~ 1 be iniegers and d ~ a+h-l. Consider the curves C in

1P&+b--l given parametrically by

{ d d-l d-a a b d-b d}s,s i, ... ,s i,s i ,... ,t .

We set h = max({d-h-1/a},{d-a-l/b})-1 . It is then not too difficult to show that C

is sirictly h-Buchsbaum. Moreover, we have degree C =d and codim C = a+b . Hence

we get for h ~ 1 the following bound for Castelnuovo's regularity by applying corollary
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7(C) 5 Ü+ }+ruM {d-+-Ua {J -1 .

Using the special structure of ihese monomial curves we can show ihat

r(C) ~ max({d-b-l/a}, {d-a-l/b}) + 1 , which extends resulis of [35], corollary 2.
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§ 4. Bounds Jor the genus of certain Buchsbaum scbemea in pD-

In this section, using the results of section 2 together with theorem 1 and 2 of [26],

we will give abound for the geometrie genus of (k,trBuchsbaum subschemes of IPn .

Moreover, we will state an upper bound for the genus of k-Buehsbaum eurves in 1P3 not

contained in any surface of degree < s .

n ~ .;. . .
Theorem 4.1: Let X (IP be an irreducible, reduced, non-degenerate subscheme of

codimension r. ASBume that X is (k,t)-Buchsbaum, °~ .t ~ n-r . Then we obtain

M

g=g(X)~ [nMr]d(X)- l [n~:I]h/x(j),
j=n-r

where M:= min{t E IN Ih' X(t) = d(X)} -1, s' := max(2,s-(f..-l)k-2n-f..-rk) , and

h I X(i(s I -1)+t) = min{d(X), i [[r~(11] -1] + [t~r]} far all 0 ~ t ~ s'_I.

Proof: It follows from [26] Theorem 1 and the fact (see Corollary 2.3) that a generic

section X' := X n Lr of X with a sufficiently general linear spate Lr of dimension r is

not lying on a hypersurface of degree < s' .

For the next theorem we introduce seme notations. Let XC 1P3 be a reduced,

irreducible, non-degenerate curve and M(X) = StEll H1(p3,IX(t» its Harlshorne-Rao

module. For a linear form L E HO(1P3, () 3(1», let t L : M(X) -----. M(X)(l) be the
p

induced homomorphisIDj we set KL(X):= ker t L . Notice that M(X) , and hence

KL(X) , is a graded S-module of finite length.

Furthermore, from the exact sequence:
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0---+ IX(-I)..-. IX-+ IxnH --t 0

weget

o --t I(X)(-I) --t I(X)..-. I(xnH) ~ M(X)(-I) -+ M(X)

~, ~
KL(X)( -1)

0/ ~O

In particular,

Finally, given a reduced, irreducible, non-degenerate curve X in p3 , we denote

b := min{t IH1(i»3,Ix(t)) f O} and c:= max{t IH1(p3,Ix(t)) f O} (c = b = --m ,if C

is arithmetically Cohen-Macaulay).

Lemma 4.2. Let X (1P3 be a reduced, irreducible, non~egenerate curve. It holds:

(a) X is arithmetica.lly Cohen-Macaula.y if and only if M(X) = 0 if and only if

KL(X) = 0 for every L EH
O

(1P3, ti 3(1)).
P

(b) X is I-Buchsbaum if and only if M(X) = KL(X) for every L E HO(i»3, ti 3(1)).
P

(c) H X is k-Buchsbaum, k ~ 2 ,then dim KL(X) ~ h1IX(c) + -r(X) , where

nX) := #{i ~ 11 c-ik ~ b and there exists j,c - ik ~ j < c-(i-l)k ,with H1IX(j) +O} .

Proof: (a), (b) are well known. (c) follows from lemma 2.1 (a).

Now, we will improve Theorem 4.1 in the case of space curvcs.
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Theorem 4.3. Let X (!p3 be a reduced, irreducibleJ non-degenerate curve. Assume that

X is k-Buchsbaum, k ~ 2 . Then,

M

g = g(X) ~ Md(X) - l hi(j) - hl IX(c) - ?{X)
j=1

where M:= min{t E IN 1hX(t) = d(X)} -1, s' := max(2 Js-k) J h' X(i(s'-1)+t) =

min{d(X) , i [[2+f-IJ -1J + [tt2J} for all 0~ t~ s'-1 , and
-r(X) := #{i ~ 11 c--4k ~ b and there exists j,c--4k Sj < c-{i-l)k ,with H1IX(j) *O} .

proof: Consider a general plane section r:= X nH such that r ia a set of d points

with the UPP. Let f.» °.Then, by Riemann-Roch, we have:

t t t
dt - g+l=hO(X, 0X(t))=HX(t)=1 + l äHX(t)=l + l Hr(t) + l dim KL(X)t_l .

t=1 t=l t=l

Therefore,

t
g = dt - l Hr(t) - dim KL(X) ~

t=1

t
l (d-Hr(t» - dim KL(X) S

t=1

t
l (d-Hr(t» - h1IX(C) -7(X) , by lemma 4.2.

t=l
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On the other hand, since r ia not lying on a curve of degree < 8 , we have that

h' X(t) ia a lower eatimation of Hr(t) (lemma 1.6). So we get:

M

g = g(X) ~ M d(X) -I h' x(j) -h1IX(c) - r(X)

j=l

Remark 4.3.1: For the case k = 1 ,

M

g = g(X) ~ M d(X) -l h' X(j) - l h1(g>3,IX(f.»
j= 1 t.Ell

(See [26], Theorem 6).



[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

-27-

Achilles, R. .. , Scbenzel, P.: On bounds fOl Castelnuovo's index of regularity.
J. Math. Kyota Univ. 29, 91-104 (1989)

Amasaki, M..: On the structure of arithmetfcally Buchsbuam curves in .IP~ .

Publ. Res. Inst. Math. Sei. 20, 793-837 (1984)

BaIlico, E., Bolondi, G., Mir6-Roig, B..M.: Numerical invariants of rank 2
arithmeticaJly Buchsbaum aheaves. J. Pure Appl. Algebra 58, 107-125 (1989)

Bolondi, G.. , MigIiore, J.: Clas8ification of maximal rank curves in the liaison
claas Ln' Math. Ann. 277, 585-603 (1987)

Bolondi, G" MigIiore, J.: Buchsbaum liaison cluscs. J. Algebra 123, 426-456
(1989)

Bolondi, G., MigIiore, J.: The structure of an even liai80n dass. Trans. Am.
Math. Sec. 316, 1--37 (1989)

Bolondi, G. , ~Roig, R.M.: Two codimensional Buchsbaum subschemes of

IPn via their hyperplane sections. Commun. Algebra 17, 1989-2016 (1989)

Bresinsky, H., Schenzel, P., Vogel, W.: On liaison, arithmetically Buchsbaum

curves and monomial curves in 1P3 . J. Algebra 86,283-301 (1984)

Brodmann , M.: Generalized Castelnuovo bounds. Preprint, University of
Zürich, May 1990.

Chang, M.C.: Characterization of arithmetically Buchsbaum subschemes of

codimension 2 in pn. J. Diff. Geom. 31, 323-341 (1990)

Ellia, Ph.: Ordres et cohomologies des fibres de rang deux sur l'espace
projectif. Preprint, Univ. Nice 170 (1987)

Ellia, Ph., Fiorentini, M.: Courbes arithmetiquement Buchsbaum de l'espace
projectif. Ann. Univ. Ferrara Sez. VII (N.S.) 33,89-111 (1987)

Fiorenüni, M., LaBcu, A.T.: Projective embeddings and linkage. Rend. Sem.
Mat. Fis. Milano 57, 161-182 (1987)

Fiorentini, M., Vogel, W.; On Buchsbaum rings, old and new. In preparation

Flenner, H.: Die Sätze von Bertini fftr lokale Ringe. Math. Ann. 229, 97-11
(1977)

Gaeta, F.: A geometrical char&eterization of smooth k-Buchsbaum curves. To
appear in Springer Lecture Notes in Math.



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

-28-

Geramita, A., Migliore, J.: On the ideal of an arithmetically Buchsbaum
curve. J. Pure Appl. Algebra 54, 215-247 (1988)

Geramita, A., Migliore, J.: Generators for the ideal of a Buchsbaum curve. J.
Pure Appl. Algebra 58, 147-167 (1989)

Griffiths, P., Harris, J.: Residues and zero-cycles on algebraic varieties. Ann.
Math. 108,461-505 (1978)

Harri8, J.: Curves in projective Spate. Les presses de l'Universite, Montreal,
1982.

Maroscia, P. Stückrad, J;, Vogel, W.: Uppei heunds for the degrees of the
equations dJining locally Cohen....:.Macaulay schemes. Math. Ann. 277, 53-65
(1987)

Migliore, J.: Buchsbaum curves in 1P3 . In: Algebraic geometry, Prot. Berlin
Conference 1985, Tuebner-Texte zur Math. 92 (1986), 259-266

Migliore, J.) Mir6-Roig, R.M.: On k-Buchsbaum curves. Commun. Algebra
(to appear)

Mir6-Roig, R.M.: On the theorem of Castelnuovo for Buchsbaum cruves.
Arch. Math. 52, 513-518 (1989)

Miyazaki, C.: Graded Buchsbaum algebras and Segre products. Tokyo J.
Math. 12, 1-20 (1989)

Nagel, U., V~el, W.: Bounds for Castelnuovo's regularity and the genus of
projective vaneties. In: Topics in A16ebra. Banaeh Center Publ., Vol. 26, Part
2. Polish Scientific Publishers, 1990 (to appear)

Ooishi, A.: Castelnuovo's regularity of graded rings and modules. Hiroshima
Math. J. 12, 627-644 (1982)

Stückrad, J., Vogel, W.: Buchsbaum rings and applications. Berlin,
Heidelberg, New York: Springer 1986

Stückrad, J., Vogel, W.: Castelnuovo bounds for cenain subvarieties in IPn .
Math. Ann. 276,341-352 (1987)

Stückrad, J., Vogel, W.: Caatelnuovo bounds for locally Cohen-Macaulay
schemes. Math. Nachr. 136,307-320 (1988)

Stückrad, J., Vogel, W.: Caatelnuovo's regularity and multiplicity. Math.
Ann. 281, 355-368 (1988)

Stückrad, J., Vogel, W.: Castelnuovo's regula.rlty and cohomological

properties of sets of points in tpn . Math. Ann. 284, 487-501 (1989)



[33]

[34]

[35J

-29-

SnZuki, N~: On quasi-Buchsbaum modules. In: Commutative Algebra and
Combinatorics, 215-243. Advanced Studies in Pure Mathe~tics11, 1987

Trung, N.V.: Toward a theory of generalized Cohen-Macaulay modules.
Nagoya Math. J.·I0~, 1-49 (1986)

Trung, N.V.: Degree bound {or the defining eq.uations of projective monomial
CUIves. Acta Math. Vietnam 9, 157-163 (1984)

Le Tuan Hoa
Institute of Mathematics
Vien tom hoc
Box 631
Bö' Ho, Hanoi
VIETNAM

Rosa M. MirO-ij.oig
Departament d'Algebra
i Geometria
Universitat de Barcelona
Gran Via 585
08007 Barcelona
SPAIN

Wolfgang Vogel
Dep. of Mathematics
Martin-Luther-Universi ty
4010 Halle
GERMAN DEMOCRATIC REPUBLIC


