GEOMETRY OF THE MODULI SPACES OF HARMONIC MAPS INTO LIE GROUPS VIA GAUGE THEORY OVER RIEMANN SURFACES

MARIKO MUKAI AND YOSHIHIRO OHNITA

Contents

Introduction 1 1. Geometric Structures of the Moduli Spaces 4 2. Energy Functions 12 3. The Foliated Structure and Twisted Harmonic Maps 13 4. Each Uniton Solution is a Critical Point of the Energy Function 17 5. Flag Transforms for Solutions 18 6. Subspaces in the Moduli Spaces 22 7. 1-uniton Solutions and Fixed Point Subset by the S^1-Actions 28 References 32

Introduction

The aim of this paper is to investigate the geometry surrounding the moduli spaces of harmonic maps of compact Riemann surfaces into compact Lie groups or compact symmetric spaces. Our approach is to turn our attention to the gaugetheoretic equations coming from such harmonic maps and the moduli spaces of their solutions. In general the moduli space of such solutions is much larger than the moduli space of such harmonic maps itself. However, we believe that the nice features of such harmonic maps come from the character of the gauge-theoretic equations.

First of all, we shall review the formulation of harmonic map equations to the gauge-theoretic equations. Let M be a compact Riemann surface and G a compact Lie group with Lie algebra g. We endow G a bi-invariant Riemannian metric. Let f : M −→ G be a harmonic map and set α := f^∗θ_G = f^{−1}df, which is a 1-form pull-backed from f of the left-invariant Maurer-Cartan form θ_G of G. Then the form α satisfies the identity dα + 1 2 [α ∧ α] = 0 (0.1)

The first named author was supported partially by the JSPS Research Fellowships for Young Scientists, and the authors were supported partially by the Grants-in-Aid for Encouragement of Young Scientists, No.10629503 and Scientific Research, No.11640088, the Ministry of Education, Science, Sports and Culture, Japan.

and the harmonic map equation

d ∗ α = 0. (0.2)

These equations (0.1) and (0.2) can be formulated to the gauge-theoretic equations as follows.

Let P = M × G be a trivial principal bundle over M with the structure group G. Let A_P be the affine space of all smooth connections in the principal bundle P and Ω^i(g_P ) be the vector space of all smooth i-forms on M with values in the adjoint bundle g_P . We define a connection A ∈ A_P by d_A = d +^1_2 α and a Higgs field ϕ ∈ Ω^1(g_P ) by ϕ =^1_2 α. Then the equations (0.1) and (0.2) can be expressed as the equations (∗)^+_G for a pair (A, ϕ) ∈ A_P × Ω^1(g_P ) (cf. [14, 15, 29, 26]). Here the gauge-theoretic equations (∗)^±_G are defined as F (A) ± 1 2 [ϕ ∧ ϕ] = 0, d_A ∗ ϕ = d_Aϕ = 0, (∗)^±_G where F (A) is the curvature form of the connection A. Hitchin [15] has provided the profound theory on the moduli space of solutions to the equations (∗)^+_G in terms of algebraic curves, so called spectral curves, in the case where M is a compact Riemann surface of genus one and G = SU(2). We should remark that solutions to the equations (∗)^−_G locally corresponds to harmonic maps into noncompact symmetric space G^C /G (cf. [7, 25]).

However it is advantageous to consider these gauge-theoretic equations (∗)^±_G on general principal G-bundles P over Riemann surfaces M in the abstract setting, being independent of harmonic maps. It is well-known that the equations (∗)^−_G are the self-duality equations which were extensively investigated by Hitchin [12, 14] and others. The equations (∗)^+_G were investigated also by Valli [30, 31] and recently by the authors [23, 24, 25, 26, 27]. The equations (∗)^+_G seems to be more difficult to be studied than the equations (∗)^−_G.

From now on we shall consider the equations (∗)^±_G on general principal G-bundles P over M. The simplest solution to the equations (∗)^±_G is (A, 0), where A is a flat connection and ϕ ≡ 0, which is called a trivial solution. Let

~M^±(M, G, P ) ⊂ A_P × Ω^1(g_P )

denote the spaces of all smooth solutions to the equations (∗)^±_G, respectively. We denote by [(A, ϕ)] the gauge equivalence class of an element (A, ϕ) in A_P × Ω^1(g_P ) under the action of the group G_P of gauge transformations of P . Let M^±(M, G, P ) := ~M^±(M, G, P )/G_P ⊂ (A_P × Ω^1(g_P ))/G_P denote the moduli spaces of all gauge equivalence classes [(A, ϕ)] of smooth solutions to the equations (∗)^±_G, respectively. We can equip the moduli space M^±(M, G, P ) with a Riemannian metric defined by the L^2-inner product. We note that the moduli space of harmonic maps of M into G Harm(M, G)/(G × G) ∼= M_{HM} ⊂ M^+(M, G, P ) is characterized by the moduli space of solutions (A, ϕ) to the equations (∗)^+_G such that both A+ϕ and A−ϕ have the trivial holonomy. It is interesting and important to discuss the relationship and difference between moduli spaces M^+(M, G, P ) and M^−(M, G, P ). Both moduli spaces M^±(M, G, P ) are contained in the space (A_P × Ω^1(g_P ))/G_P as follows: ~M^−(M, G, P ) −−−→ A_P × Ω^1(g_P ) ←−−− ~M^+(M, G, P ) G_P G_P G_P M^−(M, G, P ) −−−→ (A_P × Ω^1(g_P ))/G_P ←−−− M^+(M, G, P ). The intersection of M^+(M, G, P ) and M^−(M, G, P ) is M^+(M, G, P ) ⋂ M^−(M, G, P ) ={[(A, ϕ)] ∈ A_P × Ω^1(g_P ) | A is a flat connection and ϕ is a 1-form with values in abelian subalgebras which is harmonic relative to connection A}.

If G is abelian, then we have M^+(M, G, P ) = M^−(M, G, P ). If M = S^2 is of genus zero, then M^−(M, G, P ) is a point. If M is of genus one, then we have M^−(M, G, P ) = M^+(M, G, P ) ⋂ M^−(M, G, P ) ={[(A, ϕ)] ∈ A_P × Ω^1(g_P ) | A is a flat connection and ϕ is a 1-form with values in abelian subalgebras which is parallel relative to connection A}

(See [25]).

This article is organized as follows. In Section 1, we shall begin by discussing various geometric structures on moduli spaces M^±(M, G, P ): the S^1-actions on M^±(M, G, P ) in §1.1, the local structures of M^±(M, G, P ) in §1.3, the hyper- Kähler structure {ω^−_1 , ω^−_2 , ω^−_3 } on M^−(M, G, P ) and the hyper-presymplectic structure {ω^+_1 , ω^+_2 , ω^+_3 } on M^+(M, G, P ), which is degenerate, in §1.4, the Hitchin maps p^± on M^±(M, G, P ) in §1.5. On the other hand, as a certain class of solutions to the equations (∗)^+_G, we define uniton solutions in §1.2.

In Section 2, we shall discuss the energy functions E^± on M^±(M, G, P ). The energy functions E^+ and E^− coincide with the moment maps for the S^1-action on the moduli spaces relative to ω^+_1 and ω^−_1 , respectively. Hence we see that all fixed points by the S^1-action on M^±(M, G, P ) are critical points of E^± and that F^−(M, G, P ) = C^−(M, G, P ) becuase of the non-degeneracy of ω^−_1 on M^−(M, G, P ).

In Section 3, we shall introduce a kind of a foliated structure on M^+(M, G, P ) defined by fixing the holonomy homomorphisms ρ induced from solutions. The moduli space M^+_{[ρ]}(M, G, P ) is regarded as the moduli space of ρ-twisted harmonic maps. Each M_{[ρ]}(M, G, P ) are an integral manifold of Ker(ω^+_1 ) and Ker(ω^+_3 ) in the sense of T (M^+_{[ρ]}(M, G, P )) ⊂ Ker(ω^+_1 ) ∩ Ker(ω^+_3 ) (Proposition 3.2).

The degeneracy of ω^+_1 on M^+(M, G, P ) seems to cause the interesting phenomena. In Section 4, We shall prove that each uniton solution is a critical point of the energy function E^+ and hence we obtain that F^+(M, G, P ) ⊂ U(M, G, P ) ⊂ C^+(M, G, P ) (Theorem 4.1).

In Section 5, as a further property of solutions to the equations (∗)^+_G, we shall define a flag transformation, inspired by uniton transforms [29] and flag transforms [5] for harmonic maps. This is a method which transforms a given solution to a new solution by adding flag factor. We shall show that the flag transform for solutions preserves the values of the Hitchin map p^+ on the moduli space M^+(M, G, P ).

In Section 6, we shall discuss the moduli spaces Harm(M, G/K)/G of harmonic maps of M into compact symmetric space G/K. The gauge-theoretic equations (∗)^±_{G/K} reduced to G/K and their moduli spaces M^±(M, G/K, Q) are defined. We shall show that such moduli spaces can be considered as subspaces in the moduli spaces M^±(M, G, P ). Their properties will be discussed from the viewpoint of differential geometry of submanifolds.

In Section 7, we shall give a characterization of the fixed point subset F^+(M, G, P ) by the S^1-action on the moduli space M^±(M, G, P ) in terms of flag transforms (Theorem 7.1). Thus we shall see that in general F^+(M, G, P ) does not coincide with C^+(M, G, P ) and U(M, G, P ) appears between them.

The authors would like to thank Professors Martin A. Guest and Reiko Miyaoka for their encouragements and valuable suggestions. The second named author was supported partially by NCTS in Taiwan during preparing this article. He would like to thank Professor Chuu-Lian Terng and NCTS for her interest in this work and the kind hospitality. The first named author would like to thank also Professor Ursula Hamenstaedt and Doctor Gregar Weingart for their interest in this work and all the staff in Max-Planck-Institut für Mathematik in Bonn for their hospitality.

1. Geometric Structures of the Moduli Spaces

1.1. The S^1-action and the associated loop of flat connections. We summarize the fundamental properties of solutions to the equations (∗)^±_G. Let (A, ϕ) ∈ A_P × Ω^1(g_P ), decomposing a 1-form ϕ with values in g into (1, 0)- and (0, 1)-parts as ϕ = ϕ^′ + ϕ^{′′}. For each λ ∈ S^1, we set

ϕ_λ := λ^{−1}ϕ^′ + λϕ^{′′} (1.1)

and define a loop of connections

A_λ := A − ϕ_λ ∈ A_P . (1.2)

Proposition 1.1 ([30, 31]). (i) If (A, ϕ) is a solution to the equations (∗)^±_G, then for each λ ∈ S^1, (A, ϕ_λ) is also a solution to the equations (∗)^±_G.

(ii) A pair (A, ϕ) is a solution to the equations (∗)^+_G if and only if A_λ is a flat connection for each λ ∈ S^1. In particular, if (A, ϕ) is a solution to the equations (∗)^+_G, then both A + ϕ and A − ϕ are flat connections.

For each solution (A, ϕ) ∈ ~M^+(M, G, P ), we call A_λ the associated loop (circle) of flat connections. From Proposition 1.1(i), for a solution (A, ϕ) to the equations

(∗)^±_G, we obtain an S^1-family (A, ϕ_λ) of solutions to the equations (∗)^±_G. Then the S^1-actions on ~M^±(M, G, P ) and hence M^±(M, G, P ) have been well-defined by

λ^♯([(A, ϕ)]) := [(A, ϕ_λ)] for each λ ∈ S^1. (1.3)

1.2. Uniton solutions. Calabi, Chern, Barbosa, Bryant, Eells-Wood, Wolfson and others investigated a certain class of weakly conformal harmonic maps (branched minimal immersions) of Riemann surfaces into the standard spheres and the complex projective spaces, which includes all harmonic maps of Riemann spheres into such spaces. Harmonic maps belonging to the class were called pseudo-holomorphic maps, superminimal immersions, or isotropic harmonic maps and were well investigated by so many differential geometers. Uhlenbeck [29] introduced the notion of harmonic maps of finite uniton number and proved that any harmonic map of the Riemann sphere into the unitary group is a harmonic map of finite uniton number. It has been clarified that pseudo-holomorphic maps, superminimal immersions and isotropic harmonic maps are harmonic maps of finite uniton number.

The notion of these harmonic maps can be extended to the solution to the equations (∗)^+_G as follows.

Definition 1.1. A solution (A, ϕ) ∈ ~M^+(M, G, P ) to the equations (∗)^+_G is called a uniton solution if {A_λ | λ ∈ S^1} is contained in a single orbit of the gauge transformation group G_P on A_P . Denote the subspace of moduli space consisting of all uniton solutions by

U(M, G, P ) := {[(A, ϕ) ∈ M^+(M, G, P ) | (A, ϕ) is a uniton solution}.

Remark 1.1. Any solution to the equations (∗)^+_G on a Riemann sphere M = S^2 is always a uniton solution, because any flat connection on a Riemann sphere is a trivial flat connection.

1.3. Local structure. We shall review the local structure of the moduli spaces M^±(M, G, P ) ([12, 23, 24]). The linearized equations for the equations (∗)^±_G are d_Aα ± [ϕ ∧ η] = 0, d_A ∗ η + [∗ϕ ∧ α] = 0, d_Aη + [ϕ ∧ α] = 0,

(1.4)

for (α, η) ∈ Ω^1(g_P ) ⊕ Ω^1(g_P ). The elliptic cochain complex associated with deformations for solutions to the equations (∗)^±_G is

0 −−−→ Ω^0(g_P )^{d0}−−−→ ⊕^2Ω^1(g_P )^{d1,±}−−−→ ⊕^3Ω^2(g_P ) −−−→ 0. (C^±_{(A,ϕ)}) Here the linear differential operators d^0_{(A,ϕ)} and d^{1,±}_{(A,ϕ)} are defined by

d^0 = d^0_{(A,ϕ)}(ξ) := (d_Aξ, [ϕ, ξ]), (1.5) d^{1,±} = d^{1,±}_{(A,ϕ)}(α, η) := (d_Aα ± [ϕ ∧ η], d_A ∗ η + [∗ϕ ∧ α], d_Aη + [ϕ ∧ α]). (1.6)

We define the cohomology groups H^0_{(A,ϕ)}, H^{1,±}_{(A,ϕ)} and H^{2,±}_{(A,ϕ)} associated with the cochain complex (C^±_{(A,ϕ)}) as H^0_{(A,ϕ)} = Ker(d^0_{(A,ϕ)}), H^{1,±}_{(A,ϕ)} = Ker(d^{1,±}_{(A,ϕ)})/ Im(d^0_{(A,ϕ)}), H^{2,±}_{(A,ϕ)} = ⊕^3Ω^2(g_P )/ Im(d^{1,±}_{(A,ϕ)}).

By using the method of Kuranishi, we obtain the local description of the moduli spaces in terms of the cohomology groups. Each the first cohomology group H^{1,±}_{(A,ϕ)} can be identified with the formal tangent space T_{[(A,ϕ)]}(M^±(M, G, P )) of the moduli space M^±(M, G, P ) at the point [(A, ϕ)].

For each (A, ϕ) ∈ A_P × Ω^1(g_P ), we define two kinds of the Jacobi differential operator J^±_{(A,ϕ)} : Ω^0(g_P ) −→ Ω^0(g_P ) by J^±_{(A,ϕ)}(ξ) := d^∗_Ad_Aξ ∓ ∗[[ϕ, ξ] ∧ ∗ϕ], (1.7) where d^∗_A = − ∗ d_A∗ on Ω^1(g_P ). We call ξ a Jacobi field if J^±_{(A,ϕ)}(ξ) = 0. We note that Ker(d^0_{(A,ϕ)}) ⊂ Ker(J^±_{(A,ϕ)}). We see that in the case of (A, ϕ) ∈ ~M^−(M, G, P ), Ker(d^0_{(A,ϕ)}) = Ker(J^−_{(A,ϕ)}). On the other hand, in the case of (A, ϕ) ∈ ~M^+(M, G, P ), the equality does not satisfy necessarily. In [23, 24], the first named author showed that the second cohomology group H^{2,+}_{(A,ϕ)} can be described in terms of Ker(J^+_{(A,ϕ)}) and then it never vanishes in general.

In order to use later, we shall list some operators associated with (C^+_{(A,ϕ)}) for (A, ϕ) ∈ ~M^+(M, G, P ) (see [23, 24]). The formal adjoint operators with respect to the L^2-inner product are (d^0_{(A,ϕ)})^∗(α, η) = − ∗ d_A ∗ α − ∗[ϕ ∧ ∗η], (1.8) (d^{1,+}_{(A,ϕ)})^∗(u_1, u_2, u_3) = (β(u_1, u_2, u_3), ζ(u_1, u_2, u_3)), (1.9) where we put β(u_1, u_2, u_3) := − ∗ d_A ∗ u_1 + [ϕ, ∗u_2] − [∗ϕ, ∗u_3], ζ(u_1, u_2, u_3) := −[∗ϕ, ∗u_1] − d_A ∗ u_2 − ∗d_A ∗ u_3.

Moreover, we obtain a nice description of (d^{1,+}_{(A,ϕ)})^∗ in terms of complex structures {F_1, F_2, F_3} defined in Subsection §1.4, (1.18).

Lemma 1.2. For each solution (A, ϕ) ∈ ~M^+(M, G, P ) to the equations (∗)^+_G, the operator (d^{1,+}_{(A,ϕ)})^∗ can be described in terms of {F_1, F_2, F_3} as

(d^{1,+}_{(A,ϕ)})^∗(u_1, u_2, u_3) = F_1(d^0_{(A,ϕ)}(∗u_1)) + F_2(d^0_{(A,ϕ)}(∗u_2)) + F_3(d^0_{(A,ϕ)}(∗u_3)). Moreover, the self-adjoint elliptic operator P^0_{(A,ϕ)} = (d^0_{(A,ϕ)})^∗ ∘ d^0_{(A,ϕ)} is P^0_{(A,ϕ)}(ξ) = J^+_{(A,ϕ)}(ξ) + 2 ∗ [[ϕ, ξ] ∧ ∗ϕ] = J^−_{(A,ϕ)}(ξ). (1.10) See [23, 24] for explicit descriptions of the other operators

1.4. Hyper-Kähler structure and hyper-presymplectic structure. The moduli spaces M^±(M, G, P ) of solutions to the equations (∗)^±_G have the expressions from the viewpoint of moment maps ([12, 16, 14, 23, 24]).

The infinite dimensional affine space A_P × Ω^1(g_P ) has two kinds of a triple set of symplectic forms; hyper-Kähler structure {~ω^−_1 , ~ω^−_2 , ~ω^−_3 } and hyper-symplectic structure {~ω^+_1 , ~ω^+_2 , ~ω^+_3 }:

~ω^−_1 ((α_1, η_1), (α_2, η_2))

:= −⟨∗α_1, α_2⟩_L2 + ⟨∗η_1, η_2⟩_L2 , ~ω^−_2 ((α_1, η_1), (α_2, η_2))

:= ⟨η_1, α_2⟩_L2 − ⟨α_1, η_2⟩_L2 , ~ω^−_3 ((α_1, η_1), (α_2, η_2))

:= −⟨∗η_1, α_2⟩_L2 − ⟨∗α_1, η_2⟩_L2 , and

~ω^+_1 ((α_1, η_1), (α_2, η_2))

:= −⟨∗α_1, α_2⟩_L2 − ⟨∗η_1, η_2⟩_L2 , ~ω^+_2 ((α_1, η_1), (α_2, η_2))

:= ⟨η_1, α_2⟩_L2 − ⟨α_1, η_2⟩_L2 , ~ω^+_3 ((α_1, η_1), (α_2, η_2))

:= −⟨∗η_1, α_2⟩_L2 − ⟨∗α_1, η_2⟩_L2 ,

(1.11)

for (α_1, η_1), (α_2, η_2) ∈ ⊕^2Ω^1(g_P ). Note that ~ω^−_2 = ~ω^+_2 and ~ω^−_3 = ~ω^+_3 . The structure {~ω^−_1 , ~ω^−_2 , ~ω^−_3 } has a underlying quaternionic structure {J_1, J_2, J_3} and the positive definite L^2-inner product ⟨ , ⟩_{+,+} where ⟨(α_1, η_1), (α_2, η_2)⟩_{+,+} := ⟨α_1, α_2⟩_L2 + ⟨η_1, η_2⟩_L2 , which is preserved by the S^1-action, and the structure {~ω^+_1 , ~ω^+_2 , ~ω^+_3 } has a underlying split-quaternionic structure {E_1, E_2, E_3} and the indefinite L^2-inner product ⟨ , ⟩_{+,−} where ⟨(α_1, η_1), (α_2, η_2)⟩_{+,−} := ⟨α_1, α_2⟩_L2 − ⟨η_1, η_2⟩_L2 , which is preserved by the S^1-action, respectively. Namely,

~ω^−_1 ((α_1, η_1), (α_2, η_2)) = ⟨J_1(α_1, η_1), (α_2, η_2)⟩_{+,+}, ~ω^−_2 ((α_1, η_1), (α_2, η_2)) = ⟨J_2(α_1, η_1), (α_2, η_2)⟩_{+,+}, ~ω^−_3 ((α_1, η_1), (α_2, η_2)) = ⟨J_3(α_1, η_1), (α_2, η_2)⟩_{+,+}, and

~ω^+_1 ((α_1, η_1), (α_2, η_2))

= ⟨E_1(α_1, η_1), (α_2, η_2)⟩_{+,−}, ~ω^+_2 ((α_1, η_1), (α_2, η_2))

= ⟨E_2(α_1, η_1), (α_2, η_2)⟩_{+,−}, ~ω^+_3 ((α_1, η_1), (α_2, η_2)) = ⟨E_3(α_1, η_1), (α_2, η_2)⟩_{+,−}.

(1.12)

Here the complex structures J_1, J_2, J_3 and E_1 and para-complex structures E_2, E_3 on A_P × Ω^1(g_P ) are defined by J_1(α, η) := (− ∗ α, ∗η), J_2(α, η) := (η, −α), J_3(α, η) := (− ∗ η, − ∗ α), and E_1(α, η) := (− ∗ α, ∗η), E_2(α, η) := (η, α), E_3(α, η) := (− ∗ η, ∗α), (1.13) and they satisfy the following conditions: J^2_1 = J^2_2 = J^2_3 = −Id, J_1J_2 = −J_2J_1 = J_3, J_2J_3 = −J_3J_2 = J_1, J_3J_1 = −J_1J_3 = J_2 and E^2_1 = −Id, E^2_2 = E^2_3 = Id, E_1E_2 = −E_2E_1 = E_3, E_2E_3 = −E_3E_2 = −E_1, E_3E_1 = −E_1E_3 = E_2.

Then the three corresponding moment maps for the action of G_P on A_P × Ω^1(g_P ) relative to {~ω^−_1 , ~ω^−_2 , ~ω^−_3 } and {~ω^+_1 , ~ω^+_2 , ~ω^+_3 } exist and are given by

μ^−_1 (A, ϕ) = F (A) −^1_2 [ϕ ∧ ϕ], μ^−_2 (A, ϕ) = d_A ∗ ϕ, μ^−_3 (A, ϕ) = d_Aϕ, and μ^+_1 (A, ϕ) = F (A) +^1_2 [ϕ ∧ ϕ], μ^+_2 (A, ϕ) = d_A ∗ ϕ, μ^+_3 (A, ϕ) = d_Aϕ, respectively. The solution spaces ~M^±(M, G, P ) can be expressed as ~M^−(M, G, P ) = 3⋂ i=1 {μ^−_i }^{−1}(0) and ~M^+(M, G, P ) = 3⋂ i=1 {μ^+_i }^{−1}(0)

and thus moduli space M^±(M, G, P ) is given by M^−(M, G, P ) = 3⋂ i=1 {μ^−_i }^{−1}(0)/G_P and M^+(M, G, P ) = 3⋂ i=1 {μ^+_i }^{−1}(0)/G_P ,

respectively. Via the description in terms of moment maps, {~ω^−_1 , ~ω^−_2 , ~ω^−_3 } and {~ω^+_1 , ~ω^+_2 , ~ω^+_3 } induce three closed 2-forms {ω^−_1 , ω^−_2 , ω^−_3 } and {ω^+_1 , ω^+_2 , ω^+_3 } on the moduli spaces M^−(M, G, P ) and M^+(M, G, P ), respectively.

For each solution (A, ϕ) ∈ ~M^−(M, G, P ), let denote the tangent space of the gauge orbit at (A, ϕ) and its orthogonal complement with respect to ⟨ , ⟩_{+,+} by (A,ϕ)(G) := T(A,ϕ)G ∗(A, ϕ) = Im(d^0_{(A,ϕ)}), T^⊥_{(A,ϕ)}(G) := {X ∈ Ker(d^{1,−}_{(A,ϕ)}) | ⟨X, Y ⟩_{+,+} = 0 for all Y ∈ T_{(A,ϕ)}(G)}, respectively. Similarly, for each solution (A, ϕ) ∈ ~M^+(M, G, P ), let denote the tangent space of the gauge orbit at (A, ϕ) and its orthogonal complement with respect to ⟨ , ⟩_{+,−} by

T_{(A,ϕ)}(G) := T_{(A,ϕ)}G^∗(A, ϕ) = Im(d^0_{(A,ϕ)}), T^∨_{(A,ϕ)}(G) := {X ∈ Ker(d^{1,+}_{(A,ϕ)}) | ⟨X, Y ⟩_{+,−} = 0 for all Y ∈ T_{(A,ϕ)}(G)}, respectively. First we obtain the following lemma.

Lemma 1.3. (i) For each solution (A, ϕ) ∈ ~M^−(M, G, P ) to the equations (∗)^−_G, T_{(A,ϕ)}(G) ∩ T^⊥_{(A,ϕ)}(G) = d^0_{(A,ϕ)}(Ker J^−_{(A,ϕ)}) = 0.

(ii) For each solution (A, ϕ) ∈ ~M^+(M, G, P ) to the equations (∗)^+_G, T_{(A,ϕ)}(G) ∩ T^∨_{(A,ϕ)}(G) = d^0_{(A,ϕ)}(Ker J^+_{(A,ϕ)}).

Proof. For all ξ, ~ξ ∈ Ω^0(g_P ), we have ⟨(d_Aξ, [ϕ, ξ]), (d_A ~ξ, [ϕ, ~ξ])⟩_{+,±} = ⟨d_Aξ, d_A ~ξ⟩_L2 ± ⟨[ϕ, ξ], [ϕ, ~ξ]⟩_L2 = ⟨d^∗_Ad_Aξ, ~ξ⟩_L2 ± ⟨∗[[ϕ, ξ] ∧ ∗ϕ], ~ξ⟩_L2 = ⟨J^∓_{(A,ϕ)}(ξ), ~ξ⟩_L2 . Then the statements follow from these formulas.

Now let us return to the structures on the moduli spaces. We shall review in the case of (A, ϕ) ∈ ~M^−(M, G, P ). It is easy to show that each null space Ker(~ω^−_i ) of ~ω^−_i (i = 1, 2, 3) at (A, ϕ) is given by

Ker(~ω^−_1 )_{(A,ϕ)} = J_2 ( T_{(A,ϕ)}(G) ∩ T^⊥_{(A,ϕ)}(G) )

+ J_3 ( T_{(A,ϕ)}(G) ∩ T^⊥_{(A,ϕ)}(G) ) + T_{(A,ϕ)}(G), Ker(~ω^−_2 )_{(A,ϕ)} = J_3 ( T_{(A,ϕ)}(G) ∩ T^⊥_{(A,ϕ)}(G) )

+ J_1 ( T_{(A,ϕ)}(G) ∩ T^⊥_{(A,ϕ)}(G) ) + T_{(A,ϕ)}(G), Ker(~ω^−_3 )_{(A,ϕ)} = J_1 ( T_{(A,ϕ)}(G) ∩ T^⊥_{(A,ϕ)}(G) )

+ J_2 ( T_{(A,ϕ)}(G) ∩ T^⊥_{(A,ϕ)}(G) ) + T_{(A,ϕ)}(G). Because of Lemma 1.3(i), we see that Ker(~ω^−_1 )_{(A,ϕ)} = Ker(~ω^−_2 )_{(A,ϕ)} = Ker(~ω^−_3 )_{(A,ϕ)} = T_{(A,ϕ)}(G), and hence we obtain that each null space of ω^−_i (i = 1, 2, 3) at [(A, ϕ)] is Ker(ω^−_i )_{[(A,ϕ)]} = Ker(~ω^−_i )_{(A,ϕ)}/T_{(A,ϕ)}(G) = 0.

It means that {ω^−_1 , ω^−_2 , ω^−_3 } becomes nondegenerate closed 2-forms on M^−(M, G, P ). By combining three complex structures induced from J_1, J_2, J_3 and the L^2-inner product with them, we can endow a hyper-Kähler structure on the moduli space M^−(M, G, P ) ([18, 12]).

In contrast, we obtain the following in the case of (A, ϕ) ∈ ~M^+(M, G, P ). Lemma 1.4 ([16, 23, 24]). Each null space Ker(~ω^+_i ) of ~ω^+_i (i = 1, 2, 3) at (A, ϕ) ∈ ~M^+(M, G, P ) is given by

Ker(~ω^+_1 )_{(A,ϕ)} = E_2 ( T_{(A,ϕ)}(G) ∩ T^∨_{(A,ϕ)}(G) ) (1.14) + E_3 ( T_{(A,ϕ)}(G) ∩ T^∨_{(A,ϕ)}(G) ) + T_{(A,ϕ)}(G), Ker(~ω^+_2 )_{(A,ϕ)} = E_3 ( T_{(A,ϕ)}(G) ∩ T^∨_{(A,ϕ)}(G) ) (1.15) + E_1 ( T_{(A,ϕ)}(G) ∩ T^∨_{(A,ϕ)}(G) ) + T_{(A,ϕ)}(G), Ker(~ω^+_3 )_{(A,ϕ)} = E_1 ( T_{(A,ϕ)}(G) ∩ T^∨_{(A,ϕ)}(G) ) (1.16) + E_2 ( T_{(A,ϕ)}(G) ∩ T^∨_{(A,ϕ)}(G) ) + T_{(A,ϕ)}(G). Hence each null space of ω^+_i (i = 1, 2, 3) at [(A, ϕ)] ∈ M^+(M, G, P ) is given by Ker(ω^+_i )_{[(A,ϕ)]} = Ker(~ω^+_i )_{(A,ϕ)}/T_{(A,ϕ)}(G). (1.17)

Before showing Lemma 1.4, we shall define another three complex structures {F_1, F_2, F_3} on A_P × Ω^1(g_P ) by F_1(α, η) := (− ∗ α, − ∗ η), F_2(α, η) := (η, −α), F_3(α, η) := (− ∗ η, − ∗ α). (1.18)

They satisfy F^2_1 = F^2_2 = F^2_3 = −Id, F_1F_2 = F_2F_1 = E_3 ≠ F_3, F_2F_3 = −F_3F_2 = E_1 ≠ F_1, F_3F_1 = F_1F_3 = −E_2 ≠ F_2

(1.19)

and preserve the Riemannian metric ⟨ , ⟩_{+,+}. Then we have the another expressions of {~ω^+_1 , ~ω^+_2 , ~ω^+_3 } as ~ω^+_1 ((α_1, η_1), (α_2, η_2)) = ⟨F_1(α_1, η_1), (α_2, η_2)⟩_{+,+}, ~ω^+_2 ((α_1, η_1), (α_2, η_2)) = ⟨F_2(α_1, η_1), (α_2, η_2)⟩_{+,+}, ~ω^+_3 ((α_1, η_1), (α_2, η_2)) = ⟨F_3(α_1, η_1), (α_2, η_2)⟩_{+,+}.

(1.20)

By the simple computation, we have the following lemma which is convenient to prove Lemma 1.4 and Proposition 3.1.

Lemma 1.5. Let (A, ϕ) ∈ A_P × Ω^1(g_P ). Suppose that (α, η) ∈ ⊕^2Ω^1(g_P ) is of the form (α, η) = d^0_{(A,ϕ)}(ξ_1) + E_2(d^0_{(A,ϕ)}(ξ_2)) + E_3(d^0_{(A,ϕ)}(ξ_3)) (1.21) for some ξ_1, ξ_2, ξ_3 ∈ Ω^0(g_P ). Then we have

d_Aα + [ϕ ∧ η] = [F (A) + 1 2 [ϕ ∧ ϕ], ξ_1] + [d_Aϕ, ξ_2] + [d_A ∗ ϕ, ξ_3],

d_A ∗ η + [∗ϕ ∧ α] = [d_A ∗ ϕ, ξ_1] − ∗J^+_{(A,ϕ)}(ξ_2) − [F (A) + 1 2 [ϕ ∧ ϕ], ξ_3], d_Aη + [ϕ ∧ α] = [d_Aϕ, ξ_1] + [F (A) + 1 2 [ϕ ∧ ϕ], ξ_2] − ∗J^+_{(A,ϕ)}(ξ_3).

In particular, if (A, ϕ) is a solution to the equations (∗)^+_G, then we obtain d_Aα + [ϕ ∧ η] ≡ 0, d_A ∗ η + [∗ϕ ∧ α] = − ∗ J^+_{(A,ϕ)}(ξ_2), d_Aη + [ϕ ∧ α] = − ∗ J^+_{(A,ϕ)}(ξ_3).

(1.22)

Proof of Lemma1.4. Suppose that (A, ϕ) ∈ ~M^+(M, G, P ) is a solution to the equations (∗)^+_G. It is sufficient to show the equation (1.14), because we can show similarily the equations (1.15) and (1.16). We note that Ker(~ω^+_1 )_{(A,ϕ)} = {X ∈ T_{(A,ϕ)}( ~M^+(M, G, P )) | ⟨F_1X, Y ⟩_{+,+} = 0 for all Y ∈ T_{(A,ϕ)}(G)} = {X ∈ ⊕^2Ω^1(g_P ) | d^{1,+}_{(A,ϕ)}X = 0 and F_1X ∈ Im(d^{1,+}_{(A,ϕ)})^∗}.

Suppose that X =: (α, η) ∈ Ker(~ω^+_1 )_{(A,ϕ)}. By Lemma 1.2, there must exists (u_1, u_2, u_3) ∈ ⊕^3Ω^2(g_P ) such that

F_1(α, η) = F_1(d^0_{(A,ϕ)}(∗u_1)) + F_2(d^0_{(A,ϕ)}(∗u_2)) + F_3(d^0_{(A,ϕ)}(∗u_3)). Then by using (1.19), (α, η) = d^0_{(A,ϕ)}(∗u_1) − E_3(d^0_{(A,ϕ)}(∗u_2)) + E_2(d^0_{(A,ϕ)}(∗u_3)).

By replacing ξ_1 = ∗u_1, ξ_2 = ∗u_3 and ξ_3 = − ∗ u_2 in Lemma 1.5, we have d_Aα + [ϕ ∧ η] ≡ 0, d_A ∗ η + [∗ϕ ∧ α] = − ∗ J^+_{(A,ϕ)}(∗u_3), d_Aη + [ϕ ∧ α] = ∗J^+_{(A,ϕ)}(∗u_2).

(1.23)

Since (α, η) must satisfy the linearized equations (1.4) and by using Lemma 1.3(ii), we conclude that (α, η) belongs to the right-hand side of (1.14).

Conversely, assume that (α, η) is an arbitrary element of the right-hand side of (1.14). Our claim is that ~ω^+_1 ((α, η), (α̂, η̂)) = ⟨F_1(α, η), (α̂, η̂)⟩_{+,+} = 0 (1.24) for each element (α̂, η̂) of T_{(A,ϕ)}( ~M^+(M, G, P )). By the assumption, (α, η) must be written as (α, η) = (d_Aξ_1, [ϕ, ξ_1]) + E_2(d_Aξ_2, [ϕ, ξ_2]) + E_3(d_Aξ_3, [ϕ, ξ_3]) = (d_Aξ_1 + [ϕ, ξ_2] − [∗ϕ, ξ_3], [ϕ, ξ_1] + d_Aξ_2 + ∗d_Aξ_3) for an element ξ_1 and some Jacobi fields ξ_2, ξ_3 ∈ Ker J^+_{(A,ϕ)}. By using the equations (1.23) again, we see that such (α, η) satisfies the linearized equations (1.4). Since F_1(α, η) = (− ∗ d_Aξ_1 − [∗ϕ, ξ_2] − [ϕ, ξ_3], −[∗ϕ, ξ_1] − ∗d_Aξ_2 + d_Aξ_3), we compute ⟨F_1(α, η), (α̂, η̂)⟩_{+,+} =⟨− ∗ d_Aξ_1, α̂⟩_L2 + ⟨−[∗ϕ, ξ_2], α̂⟩_L2 + ⟨−[ϕ, ξ_3], α̂⟩_L2 + ⟨−[∗ϕ, ξ_1], η̂⟩_L2 + ⟨− ∗ d_Aξ_2, η̂⟩_L2 + ⟨d_Aξ_3, η̂⟩_L2 =⟨ξ_1, ∗(d_Aα̂ + [ϕ ∧ η̂])⟩_L2

+ ⟨ξ_2, ∗(d_Aη̂ + [ϕ ∧ α̂])⟩_L2 + ⟨ξ_3, − ∗ (d_A ∗ η̂ + [∗ϕ ∧ α̂])⟩_L2 = 0.

Finally, we mention that the relationship of the S^1-action (1.3) and the structures {ω^−_1 , ω^−_2 , ω^−_3 } and {ω^+_1 , ω^+_2 , ω^+_3 } are given as follows: For λ ∈ S^1, (λ^♯)^∗ω^±_1 = ω^±_1 , (λ^♯)^∗ω^±_2 = cos(2πt)ω^±_2 − sin(2πt)ω^±_3 , (λ^♯)^∗ω^±_3 = cos(2πt)ω^±_3 + sin(2πt)ω^±_2 , and (λ^♯)^∗(ω^±_2 + √ −1ω^±_3 ) = λ(ω^±_2 + √ −1ω^±_3 ).

1.5. Hitchin maps. We choose a basis {p_1, · · · , p_k} of the ring consisting of AdG^C - invariant polynomials on g^C . We denote by d_i the degree of the polynomial p_i. The Hitchin maps p^± : M^±(M, G, P ) −→ k⨁ i=1 H^0(M; K^{⊗di}_M ) (1.25)

are defined by p^±([(A, ϕ)]) := (p_1(ϕ^′), · · · , p_k(ϕ^′)) for each [(A, ϕ)] ∈ M^±(M, G, P ), respectively. Here K_M denotes the canonical line bundle of M.

It is known that the map p^− is surjective ([13, 17]). On the other hand, is the map p^+ surjective? It is a fundamental problem on the existence of solutions to the gauge-theoretic equations (∗)^+_G. Though the theory for harmonic maps of compact Riemann surfaces of genus greater than or equal to two into compact symmetric spaces is not a well-developed area yet, this problem can be considered as the first step on the research.

2. Energy Functions

We shall introduce the energy functions E^± on the moduli space M^±(M, G, P ) by

E^±([(A, ϕ)]) := ||ϕ||^2_L2 , for [(A, ϕ)] ∈ M^±(M, G, P ), (2.1)

respectively.

2.1. Weak compactness theorem. For each c ≥ 0, we set M^±_c (M, G, P ) := {[(A, ϕ)] ∈ M^±(M, G, P ) | E^±([A, ϕ]) ≤ c}. We shall review the results in [25]. In order to prove the weak compactness theorem (Theorem 2.2) on sequences of solutions to the equations (∗)^+_G with bounded energy, we showed the removability theorem (Theorem 2.1) for isolated singularities, which are analogue to Sacks-Uhlenbeck’s theorem.

Theorem 2.1 ([25]). Let P = D × G be a trivial principal G-bundle over D = {z = x + √ −1y | |z| < 1}. Let (A, ϕ) ∈ A_{P |D\{0}} × Ω^1(g_{P |D\{0}}) be a solution to the equations (∗)^+_G defined on D \ {0} such that A − ϕ is a trivial flat connection with respect to P = D × G. Assume that ∫ D\{0} |ϕ|^2dx ∧ dy < ∞. Then (A, ϕ) extends smoothly to the whole disk D.

Theorem 2.2 ([25]). For each 0 ≤ c < ∞, any sequence [(A_i, ϕ_i)] ∈ M^+_c (M, G, P ) has a subsequence [(A_j, ϕ_j)] ∈ M^+_c (M, G, P ) and a point [(A_∞, ϕ_∞)] ∈ M^+_c (M, G, P ) such that the sequence (A_j , ϕ_j) converges to (A_∞, ϕ_∞) on each compact subset K ⊂ M \ {x_1, · · · , x_s} in the C^k-topology for each k. Moreover, at each singular point x_α, a nontrivial solution (Ã_α, ϕ̃_α) ∈ M^+_c (S^2, G, S^2 × G) appears as the phenomena of bubbling off.

Since we see that lim_{j→∞} p^+([(A_j , ϕ_j)]) = p^+([(A_∞, ϕ_∞)]), we obtain the following.

Corollary 2.3. For each c ≥ 0, the image p^+(M^+_c (M, G, P )) is a compact subset of ⊕^k_{i=1}H^0(M; K^{⊗di} ).

2.2. Critical points of the energy functions.

Proposition 2.4 ([12, 23, 24]). The energy functions E^+ and E^− are moment maps of the S^1-action on the moduli spaces M^+(M, G, P ) and M^−(M, G, P ) with respect to ω^+_1 and ω^−_1 , respectively. That is, dE^+(·) = ω^+_1 (V^+, ·) and dE^−(·) = ω^−_1 (V^−, ·), (2.2) where V^+ and V^− are the vector fields on M^+(M, G, P ) and M^−(M, G, P ) induced by the S^1-actions, respectively.

Now, let F^±(M, G, P ) :={[(A, ϕ)] ∈ M^±(M, G, P ) | λ^♯[(A, ϕ)] = [(A, ϕ)] for each λ ∈ S^1} denote the subsets of all points fixed by the S^1-actions on M^±(M, G, P ), respectively, and

C^±(M, G, P ) := {[(A, ϕ)] ∈ M^±(M, G, P ) | [(A, ϕ)] is a critical point of E^±} denote the subsets of all critical points of the energy function E^± on M^±(M, G, P ), respectively. Then it follows from Proposition 2.4 that F^+(M, G, P ) ⊂ C^+(M, G, P ) and F^−(M, G, P ) ⊂ C^−(M, G, P ). (2.3) Moreover, we see that in M^−(M, G, P ) F^−(M, G, P ) = C^−(M, G, P ), (2.4) because ω^−_1 is nondegenerate at each point [(A, ϕ)] ∈ M^−(M, G, P ) ([12]).

In contrast, the degeneracy of ω^+_1 at each point [(A, ϕ)] ∈ M^+(M, G, P ) will cause the interesting phenomena as we shall prove in Theorem 4.1.

3. The Foliated Structure and Twisted Harmonic Maps In this section, we shall discuss a kind of a foliated structure on the moduli space M^+(M, G, P ). Let P be a principal G-bundle over M. We embed G into the product Lie group G × G as a diagonal subgroup. Then we define a larger principal bundle P̄ P̄ := P ×_G (G × G) over M with structure group G × G by the fiber bundle associated with P with respect to the left action of G on G × G. It contains P as a reduced subbundle.

Fix a solution [(A, ϕ)] ∈ M^+(M, G, P ). Then we can associate [(A, ϕ)] to a holonomy homomorphism ρ_{(A,ϕ)} : π_1(M) −→ G × G of the flat connection (A_{−1}, A_1) = (A + ϕ, A − ϕ) ∈ A¯_P on principal bundle (G × G)-bundle P̄ . Here π_1(M) is the fundamental group of M with some reference point x_0 ∈ M. More generally, we have a kind of a foliated structure M^+(M, G, P ) = ∐ [ρ] M^+_{[ρ]}(M, G, P ), (3.1)

where [ρ] ∈ Hom(π_1(M), G × G)/(G × G) is a conjugacy class of a homomorphism of π_1(M) into G × G. Here we define M^+_{[ρ]}(M, G, P ) := {[(A, ϕ)] ∈ M^+(M, G, P ) | ρ_{(A,ϕ)} ∈ [ρ]}. (3.2) We shall give another characterization of M^+_{[ρ]}(M, G, P ). Fix a solution [(A, ϕ)] ∈ M^+(M, G, P ) again. Let ~M −→ M be the universal covering of M, which can be considered as a principal bundle with structure group π_1(M). The fundamental group π_1(M) acts on (G × G)/G ∼= G via the holonomy homomorphism ρ_{(A,ϕ)} : π_1(M) −→ G × G. Then we can construct a flat fiber bundle E_ρ := ~M ×_{π1(M)} ((G × G)/G) with the fiber (G × G)/G ∼= G over M. Note that E_ρ depends on [(A, ϕ)]. We know that a section s of E_ρ is a ρ-twisted map of ~M into (G × G)/G ∼= G, that is, a map s : ~M −→ (G × G)/G ∼= G with the condition

s(~x · γ) = ρ(γ)^{−1}s(~x) for each ~x ∈ ~M and each γ ∈ π_1(M). (3.3) Then we can show that M^+_{[ρ]}(M, G, P ) coincides with the moduli space of harmonic sections of E_ρ or ρ-twisted harmonic maps of ~M into G:

M^+_{[ρ]}(M, G, P ) ∼= { harmonic sections of E_ρ}/ ∼= ∼= { ρ-twisted harmonic maps of ~M into G}/(G × G).

See also [7]. Note that when ρ is a trivial homomorphism, M^+_{[ρ]}(M, G, P ) coincides with the moduli space M_{HM} of harmonic maps of M into G.

Next we shall give the description of the formal tangent space of M^+_{[ρ]}(M, G, P ).

Proposition 3.1. Let [(A, ϕ)] ∈ M^+_{[ρ]}(M, G, P ). Then the formal tangent space T_{[(A,ϕ)]}(M^+_{[ρ]}(M, G, P )) at [(A, ϕ)] consists of elements (α, η) ∈ ⊕^2Ω^1(g_P ) of the form (α, η) = ( 1 2 (d_Aξ + [ϕ, ξ_J ]), 1 2 (d_Aξ_J + [ϕ, ξ]) ) (3.4)

for some Jacobi field ξ_J ∈ Ker J^+_{(A,ϕ)} and an element ξ ∈ Ω^0(g_P ) with the condition

∗ P^0_{(A,ϕ)}(ξ) + 2[∗ϕ ∧ d_Aξ_J ] = 0. (3.5) Here the operator P^0_{(A,ϕ)} is defined by (1.10).

Proof. Let [(A^t, ϕ^t)] ∈ M^+_{[ρ]}(M, G, P ) be a deformation of [(A^0, ϕ^0)] = [(A, ϕ)] and set (α, η) = d dt (A^t, ϕ^t)|_{t=0} ∈ Ω^1(g_P ) ⊕ Ω^1(g_P ), which is its infinitesimal deformation at t = 0. Since two flat connections (A^t + ϕ^t, A^t −ϕ^t) and (A_{−1}, A_1) in P̄ belong to the same conjugacy class of their holonomy homomorphisms, each (A^t + ϕ^t, A^t − ϕ^t) is gauge-equivalent to (A_{−1}, A_1) in P̄ , that is, there exist a gauge transformation ḡ^t := (g^t_1, g^t_2) ∈ G¯_P on P̄ such that (A^t + ϕ^t, A^t − ϕ^t) = (ḡ^t)^∗(A_{−1}, A_1) (3.6) for each t. Set (s_1, s_2) = d dt ḡ^t|_{t=0} ∈ Ω^0((g ⊕ g)¯_P ) = Ω^0(g_P ) ⊕ Ω^0(g_P ).

By taking the derivative of the both-hand of the equation (3.6), we have α + η = d_{A−1} s_1, α − η = d_{A1} s_2. (3.7) By putting ξ := s_1 + s_2 and ξ_J := s_1 − s_2, we have α = 1 2 (d_Aξ + [ϕ, ξ_J ]), η = 1 2 (d_Aξ_J + [ϕ, ξ]). We note that such (α, η) just becomes of the form of 1.21, by replacing ξ_1 =^1_2 ξ, ξ_2 = 1 2 ξ_J and ξ_3 = 0. Since (α, η) ∈ T_{[(A,ϕ)]}(M^+_{[ρ]}(M, G, P )) ⊂ T_{[(A,ϕ)]}(M^+(M, G, P )), (α, η) must satisfy the linearized equations d^{1,+}_{(A,ϕ)}(α, η) = 0 and moreover the equation (d^0_{(A,ϕ)})^∗(α, η) = 0. By the equations (1.22), we have d_Aα + [ϕ ∧ η] ≡ 0, d_A ∗ η + [∗ϕ ∧ α] = − ∗ J^+_{(A,ϕ)}(ξ_J ), d_Aη + [ϕ ∧ α] ≡ 0, (3.8)

and moreover d_A ∗ α + [ϕ ∧ ∗η] = ∗P^0_{(A,ϕ)}(ξ) + 2[∗ϕ ∧ d_Aξ_J ]. (3.9) Hence we obtain the statement.

We obtain the relationship between M^+_{[ρ]}(M, G, P ) and two structures ω^+_1 and ω^+_3 as follows.

Proposition 3.2 (See also [16]). Each M^+_{[ρ]}(M, G, P ) is an integral manifold of Ker(ω^+_1 ) and Ker(ω^+_3 ) in the sense of T_{[(A,ϕ)]}(M^+_{[ρ]}(M, G, P )) ⊂ Ker(ω^+_1 )_{[(A,ϕ)]} ∩ Ker(ω^+_3 )_{[(A,ϕ)]}. (3.10)

Proof. Let (α, η) ∈ T_{[(A,ϕ)]}(M^+_{[ρ]}(M, G, P )) which is of the form of (3.4) in Proposition 3.1. In terms of the para-complex structure E_2 in (1.13), we can rewrite (α, η) as (α, η) = ( 1 2 (d_Aξ + [ϕ, ξ_J ]), 1 2 (d_Aξ_J + [ϕ, ξ]) )

= 1 2 {d^0_{(A,ϕ)}(ξ) + E_2(d^0_{(A,ϕ)}(ξ_J ))}. (3.11) It follows from Lemma 1.3(ii) that (α, η) ∈ T_{(A,ϕ)}(G) + E_2 ( T_{(A,ϕ)}(G) ∩ T^∨_{(A,ϕ)}(G) ) . By vietue of the equations (1.14) and (1.16), we obtain (α, η) ∈ Ker(ω^+_1 )_{[(A,ϕ)]} ∩ Ker(ω^+_3 )_{[(A,ϕ)]}.

Remark 3.1. We can define maps F̃_{±1} : ~M^+(M, G, P ) −→ A^{fl}_P as F̃_{±1}(A, ϕ) := A ∓ ϕ, where we set A^{fl}_P := {A ∈ A_P | A is a flat connection on P }.

If we denote by ω the standard Kähler form on the moduli space M^{fl}(M, G, P ) := A^{fl}_P /G_P of flat connections defined as in Subsection 1.4, then maps F_{±1} : M^+(M, G, P ) −→ M^{fl}(M, G, P ) induced by the maps F̃_{±1} satisfy F_{−1}^∗ω = ω^+_1 + ω^+_3 and F_1^∗ω = ω^+_1 − ω^+_3 .

For each ρ = (ρ_A, ρ_B ) ∈ Hom(π_1(M), G × G) with corresponding flat connections A, B ∈ A^{fl}_P , we have M^+_{[ρ]}(M, G, P ) = {F_{−1}}^{−1}([A]) ∩ {F_1}^{−1}([B]). (3.12) On the other hand, the relationship between M^+_{[ρ]}(M, G, P ) and another structure ω^+_2 is given as follows.

Proposition 3.3. Each M^+_{[ρ]}(M, G, P ) is isotropic in the moduli space M^+(M, G, P ) with respect to ω^+_2 , that is, ω^+_2 |_M+_{[ρ](M,G,P )} = 0. (3.13) Proof. Let (α, η), (α̂, η̂) ∈ T_{(A,ϕ)}(M^+_{[ρ]}(M, G, P )), putting as (α, η) = 1 2 {d^0_{(A,ϕ)}(ξ) + E_2(d^0_{(A,ϕ)}(ξ_J ))}, (α̂, η̂) = 1 2 {d^0_{(A,ϕ)}(ξ̂) + E_2(d^0_{(A,ϕ)}(ξ̂_J ))}, where ξ_J , ξ̂_J ∈ Ker J^+_{(A,ϕ)} and ξ, ξ̂ ∈ Ω^0(g_P ) as Proposition 3.1. Then we note ω^+_2 (E_2(d^0_{(A,ϕ)}(ξ_J )), d^0_{(A,ϕ)}(ξ̂)) = ⟨d^0_{(A,ϕ)}(ξ_J ), d^0_{(A,ϕ)}(ξ̂)⟩_{+,−} = 0, (3.14) because of Lemma 1.3(ii). Then we compute ω^+_2 ((α, η), (α̂, η̂)) = 1 4 ω^+_2 (E_2(d^0_{(A,ϕ)}(ξ_J )), E_2(d^0_{(A,ϕ)}(ξ̂_J ))) = 1 4 ⟨d^0_{(A,ϕ)}(ξ_J ), E_2(d^0_{(A,ϕ)}(ξ̂_J ))⟩_{+,−} = 1 4 ω^+_2 (d^0_{(A,ϕ)}(ξ̂_J ), d^0_{(A,ϕ)}(ξ_J )) = 0, by using (3.14) again.

4. Each Uniton Solution is a Critical Point of the Energy Function We shall state our main theorem.

Theorem 4.1. Each uniton solution [(A, ϕ)] ∈ M^+(M, G, P ) is a critical point of the energy function E^+ on M^+(M, G, P ), and hence we have F^+(M, G, P ) ⊂ U(M, G, P ) ⊂ C^+(M, G, P ) (4.1) in the moduli space M^+(M, G, P ).

Remark 4.1. In Section 7 we shall show that in general F^+(M, G, P ) does not coincide with C^+(M, G, P ) and hence U(M, G, P ) appear between them.

In order to prove Theorem 4.1, we shall show the following.

Lemma 4.2. Each point [(A, ϕ)] ∈ M^+(M, G, P ) fixed by the S^1-action is a uniton solution.

Proof. If [(A, ϕ)] ∈ M^+(M, G, P ) is a point fixed by S^1-action, then there exists a smooth one-parameter family of gauge transformations g_t ∈ G_P with g_0 = Id such that (A, ϕ_λ) = g^∗_t (A, ϕ) with λ = e^{2π√−1t}. It implies that A_λ = g^∗_t A_1 for each λ = e^{2π√−1t} ∈ S^1.

Proposition 4.3. Let [(A, ϕ)] ∈ M^+(M, G, P ) be a uniton solution and [ρ] a conjugacy class of ρ_{(A,ϕ)}. Then the solution λ^♯[(A, ϕ)] obtained by S^1-action also belongs to M^+_{[ρ]}(M, G, P ).

Proof. Let [(A, ϕ)] ∈ U(M, G, P ) and [ρ] a conjugacy class of ρ_{(A,ϕ)}. If A_λ = g^∗_t A_1, then we have A_{−λ} = g^∗_{t+} 1_2 A_1 = g^∗_{t+} 1_2 (g^{−1}1_2 )^∗A_{−1} = (g^{−1}1_2 g_{t+} 1_2 )^∗A_{−1}.

If we define a gauge transformation h̄_t on P̄ as h̄_t = (g^{−1}1_2 g_{t+} 1_2 , g_t), then we have h̄∗_t (A_{−1}, A_1) = (A_{−λ}, A_λ) for λ = e2π^√−1t. It means that λ♯[(A, ϕ)] = [(A, ϕ_λ)] ∈ M^+_{[ρ]}(M, G, P ).

Therefore we obtain Theorem 4.1, by combining with Propositions 2.4, 3.2, 4.3 and Lemma 4.2.

5. Flag Transforms for Solutions

Uhlenbeck [29] introduced the “uniton transform” for harmonic maps of Riemann surfaces into G = U(n), and more generally Burstall and Rawnsley [5] introduced the “flag transform” for harmonic maps of Riemann surfaces into compact Lie group G, which constructs a new harmonic map by multiplying a “flag factor” to a given harmonic map. In this section we shall show that the notion of the flag transform can be extended to the property of the transform on the moduli space M^+(M, G, P ).

Let M be a compact Riemann surface, G a compact Lie group with Lie algebra g and P a principal G-bundle over M. Let Γ = Γ(g) denote the set of all canonical elements of g for parabolic subalgebras of g^C (see [5]). Since the structure group G acts on Γ, we have an associated fiber bundle Γ_P := P ×_G Γ. Let C^∞(Γ_P ) denote the space of all smooth sections of Γ_P . We can identify each smooth section Ξ of Γ_P with a smooth function Ξ on P with values in Γ satisfying Ξ(ua) = Ad(a)^{−1}Ξ(u) for each u ∈ P and each a ∈ G. For each x ∈ M, we define the eigenspace of ad(Ξ(x)) as g_i(Ξ(x)) := {X ∈ (g^C_P )_x | ad(Ξ(x))X = √ −1iX} and we let

g^C_P = ⨁ i∈Z g_i(Ξ)

the orthogonal direct sum decomposition into eigenspace subbundles of adΞ. For each i, we denote by π_i : g^C_P −→ g_i(Ξ) the Hermitian projection. Then we have Id = ∑ i∈Z π_i. Let (A, ϕ) ∈ ~M^+(M, G, P ) be a given solution to the equations (∗)^+_G. For each smooth section Ξ ∈ C^∞(Γ_P ) ⊂ Ω^0(g_P ), we define a one-parameter subgroup

f_t := exp(2πtΞ) ∈ G_P , (5.1)

for each t ∈ R. Since f_t ∈ C(G) for each integer t ∈ Z and C(G) ∩ {exp(2πtΞ)} is a finite subgroup, we see that f_t is a constant function on G for each integer t ∈ Z. Note that {f_t | t ∈ R} induces an S^1-action on A_P and Ω^1(g_P ). Thus a loop of flat connections f^∗_t A_λ with λ = e^{2π√−1t} ∈ S^1 is well-defined, where A_λ denotes the circle of flat connections corresponding to the solution (A, ϕ).

Then we have the following theorem.

Theorem 5.1. Let (A, ϕ) be a solution to the equations (∗)^+_G. Then f^∗_t A_λ is of the form f^∗_t A_λ = B − ψ_λ for some solution (B, ψ) to the equations (∗)^+_G if and only if the smooth section Ξ ∈ C^∞(Γ_P ) satisfies the following conditions :

(i) d^{′′}_AΞ has values in g_{−1}(Ξ), (ii) ϕ^′ has values in g_0(Ξ) ⊕ g_{−1}(Ξ).

We shall give a new proof of Theorem 5.1 by using results on geometry of the based loop group ΩG^⋆. Here G^⋆ := G/C(G) = Int(g) denotes the adjoint group with Lie algebra g^⋆ which is the semi-simple part of g. We define an embedding j : Γ −→ ΩG^⋆ by j(ξ) := γ_ξ, where γ_ξ(λ) = exp(2πtξ). For each ξ, we let F a connected component of Γ containing ξ. The Lie group G acts transitively on F via the adjoint action and F is the orbit Ad(G)ξ of G through ξ and hence is diffeomorphic to a homogeneous space G/C_G(ξ). Here C_G(ξ) denotes the centralizer of G at ξ.

Suppose that a compact Lie group G acts transitively on F . Denote by [g] := F ×g the trivial vector bundle over F with fiber g equipped with the fiber metric induced from the AdG-invariant inner product of g. For each point ξ ∈ F , the action of G on F induces a linear map ℓ_ξ : g −→ T_ξF and set [k]_ξ = Ker(ℓ_ξ) ⊂ [g]_ξ. Thus we define a vector subbundle [k] of [g]. We take the subbundle [k]^⊥ orthogonally complemetary to [k] so that we have an orthogonal direct sum [g] = [k] ⊕ [k]^⊥. The subbundle [k]^⊥ can be identified with the tangent bundle T F of F . The 1-form θ_F on M with values in g is defined as θ_F : T F −→ [k]^⊥ ⊂ [g] −→ g.

Let θ_{ΩG}⋆ denote the left-invariant Maurer-Cartan form of group ΩG^⋆, which is a 1-form on ΩG^⋆ with values in the based loop algebra Ωg^⋆. Then the differential dj of the map j is given by the following formula: For each v ∈ T_ξF ,

(θ_{ΩG}⋆ ∘ (dj)_ξ)(v) = (Exp(−2πtadξ) − Id)θ_F (v) (5.2)

(cf. [10]). Denote by i : F −→ g the inclusion map of F ⊂ Γ into g. We should note that di : T F −→ g is given by

(di)_ξ(v) = [θ_F (v), ξ]

for each v ∈ T_ξF . For a map f : P −→ F , set Ξ := i ∘ f : P −→ g. Then we have

dΞ = [θ_F ∘ df, Ξ]. (5.3)

Now, if we consider f_λ := f_t with λ = e^{2π√−1t} ∈ S^1 in (5.1) as a section of P ×_{Ad} ΩG^⋆, then we obtain

f_λ = j ∘ f. (5.4)

Then by the equation (5.4) we obtain the following formula.

f^∗_t A_λ =f^∗_t θ_{ΩG}⋆ + Ad(f^{−1}_t )A − Ad(f^{−1}_t )ϕ_λ

=(θ_{ΩG}⋆ ∘ (dj)_f )(df) + (Exp(−2πtadΞ))A − (Exp(−2πtadΞ))ϕ_λ,

by using the formulas (5.2) and (5.3), = ∑ i (Exp(−2πtadΞ) − Id)π_i(θ_F ∘ df) + ∑ i λ^{−i}π_i(A) − ∑ i λ^{−i}π_i(ϕ_λ) = ∑ i≠0 (λ^{−i} − 1)π_i(θ_F ∘ df) + ∑ i λ^{−i}π_i(A) − ∑ i λ^{−i−1}π_i(ϕ^′) − ∑ i λ^{−i+1}π_i(ϕ^{′′}).

Thus the (1, 0)-part of f^∗_t A_λ is given by

(f^∗_t A_λ)^{1,0} = ∑ i≠0 (λ^{−i} − 1)π_i(θ_F ∘ d^′f) + ∑ i λ^{−i}π_i(A^′) − ∑ i λ^{−i−1}π_i(ϕ^′) = − ∑ i≠0 π_i(θ_F ∘ d^′f) + π_0(A^′) − π_{−1}(ϕ^′)

+ λ^{−1}(π_1(θ_F ∘ d^′f) + π_1(A^′) − π_0(ϕ^′)) + ∑ i≠0,1 λ^{−i}(π_i(θ_F ∘ d^′f) + π_i(A^′) − π_{i−1}(ϕ^′))

= − θ_F ∘ d^′f + π_0(θ_F ∘ d^′f + A^′) − π_{−1}(ϕ^′) + λ^{−1}(π_1(θ_F ∘ d^′f + A^′) − π_0(ϕ^′)) + ∑ i≠0,1 λ^{−i}(π_i(θ_F ∘ d^′f + A^′) − π_{i−1}(ϕ^′)),

where d^′f : T^{1,0}M −→ T F^C denotes the restriction of the complex extension df : T M^C −→ T F^C to the (1,0)-tangent space T^{1,0}M. Hence (f^∗_t A_λ)^{1,0} has the form B^′ − λ^{−1}ψ^′ for some (B, ψ) ∈ A_P × Ω^1(g_P ) if and only if π_i(θ_F ∘ d^′f + A^′) = 0 and π_{i−1}(ϕ^′) = 0 for each i ≠ 0, 1, or equivalently, θ_F ∘ d^′f + A^′ ∈ g_0(Ξ) ⊕ g_1(Ξ), (5.5) ϕ^′ ∈ g_0(Ξ) ⊕ g_{−1}(Ξ). (5.6) The first condition (5.5) is equivalent to θ_F ∘ d^{′′}f + A^{′′} ∈ g_0(Ξ) ⊕ g_{−1}(Ξ), which is equivalent to −d^{′′}_AΞ = −(d^{′′}Ξ + [A^{′′}, Ξ])

= [Ξ, θ_F ∘ d^{′′}f + A^{′′}] ∈ g_{−1}(Ξ), (5.7) by using the formula (5.3). Therefore we obtain Theorem 5.1.

Thus we obtain a new solution (B, ψ) ∈ ~M^+(M, G, P ) such that f^∗_t A_λ = B − ψ_λ. A section Ξ satisfying the conditions (i) and (ii) in Theorem 5.1 is called a flag factor. This transformation from a given solution (A, ϕ) to a new solution (B, ψ) defined by a flag factor Ξ is called the flag transform (or uniton transform in the case of unitary group G = U(n) and F is a complex Grassmann manifold) of (A, ϕ) by Ξ. From the proof of Theorem 5.1, we also obtain the formulae B^′ = −θ_F ∘ d^′f + π_0(θ_F ∘ d^′f + A^′) − π_{−1}(ϕ^′), ψ^′ = −π_1(θ_F ∘ d^′f + A^′) + π_0(ϕ^′).

(5.8)

Corollary 5.2. Suppose that Ξ has height one, and hence F is an Hermitian symmetric space. The subbundle u^Ξ of parabolic subalgebras of g^C_P relative to Ξ is a flag factor of (A, ϕ) if and only if u^Ξ is a holomorphic subbundle relative to d^{′′}_A and invariant under the action of ϕ^′.

The following is a fundamental result.

Theorem 5.3 ([29, 23, 24]). In the case of G = U(n) any uniton solution on a compact Riemann surface with based gauges f_λ, i.e., f_λ(z_0) = Id at the based point z_0 ∈ M, such that f^∗_λ A_1 = A_λ can be transformed into a trivial solution by a finite number of uniton transforms.

Question 5.1. Without the assumption of having such based gauges f_λ, is it possible that any uniton solution on a compact Riemann surface be transformed into a trivial solution by a finite number of uniton transforms ?

We call the minimum m of such numbers of uniton transforms the minimal uniton number of uniton solution (A, ϕ), and then we say that the uniton solution is an muniton solution. Valli [31] showed the following.

Theorem 5.4 ([31]). In the case of G = U(n) any solution to the equations (∗)^+_G on a compact Riemann surface M can be transformed into a solution to the equations (∗)^+_G on M with semistable holomorphic Higgs pair by a finite number of uniton transforms.

Question 5.2. How about in the case of any compact Lie group G?

Theorem 5.5 ([5], see also [26]). In the case of a compact Lie group G of the type except for E_8, F_4, G_2, any solution to the equations (∗)^+_G on a Riemann shpere M = S^2 can be transformed into a trivial solution by a finite number of flag transforms.

As one of important properties of this transform, we shall show that the values of the Hitchin map p^+ are preserved by flag transforms on the moduli space M^+(M, G, P ). Theorem 5.6. If a given solution (A, ϕ) to the equations (∗)^+_G is transformed to a new solution (B, ψ) to the equations (∗)^+_G by a flag transform, then

p^+([(A, ϕ)]) = p^+([(B, ψ)]).

Lemma 5.7. Suppose that X_1 ∈ g_{i1} (ξ), · · · , X_{dα} ∈ g_{idα} (ξ). If ∑_{dα} a=1 i_a ≠ 0, then we have

p_α(X_1, · · · , X_{dα} ) = 0.

Proof. Since p_α is invariant by the adjoint action of g^C , we have d_α∑ a=1 p_α(X_1, · · · , adξ(X_a), · · · , X_{dα} ) = 0. Thus we have ( d_α∑ a=1 √ −1i_a)p_α(X_1, · · · , X_{dα} ) = 0.

Proof of Theorem 5.6. By using Lemma 5.7, we compute p_α(ψ^′, · · · , ψ^′) = p_α ( −π_1(θ_F ∘ d^′f + A^′) + π_0(ϕ^′), · · · , −π_1(θ_F ∘ d^′f + A^′) + π_0(ϕ^′) ) = p_α(π_0(ϕ^′), · · · , π_0(ϕ^′)).

On the other hand, since ϕ^′ has values in g_0(Ξ) ⊕ g_{−1}(Ξ), we have p_α(ϕ^′, · · · , ϕ^′) = p_α(π_0(ϕ^′) + π_1(ϕ^′), · · · , π_0(ϕ^′) + π_1(ϕ^′)) = p_α(π_0(ϕ^′), · · · , π_0(ϕ^′)).

Corollary 5.8. If [(A, ϕ)] ∈ M^+(M, G, P ) is a uniton solution which can be transformed into a trivial solution by a finite number of flag transforms, then we have [(A, ϕ)] ∈ (p^+)^{−1}(0).

6. Subspaces in the Moduli Spaces

6.1. Gauge-theoretic equations reduced to symmetric spaces. In [25], generalizing the equations (∗)^±_G, we introduced certain gauge-theoretic equations for each compact symmetric space G/K and discussed the local structure of the moduli spaces. Now let (G, K, σ) be a compact symmetric pair, more generally (G, K) be a pair of a compact Lie group G and its compact subgroup K associated with an orthogonal symmetric Lie algebra (g, k, σ) (see [11]). Let g = k + m be the canonical decomposition of g with respect to a symmetric space G/K. Let Q be a principal K-bundle over M. Define associated vector bundles over M as k_Q := Q ×_K k, m_Q := Q ×_K m, g_Q := Q ×_K g.

Then we have g_Q = k_Q ⊕ m_Q. Note that g_Q ∼= g_P as vector bundles. Let A_Q denote the space of all smooth connections in Q. For each i = 0, 1, 2, let Ω^i(k_Q) and Ω^i(m_Q) denote the vector spaces of all smooth i-forms with values in k_Q and m_Q on M, respectively. The space A_Q is an infinite dimensional affine space with the associated vector space Ω^1(k_Q).

For (A, ϕ) ∈ A_Q × Ω^1(m_Q), we shall consider the gauge-theoretic equations F (A) ± 1 2 [ϕ ∧ ϕ] = 0, d_A ∗ ϕ = d_Aϕ = 0. (∗)^±_{G/K} A solution (A, ϕ) to the equations (∗)^±_{G/K} with ϕ ≢ 0 is called nontrivial. A connection A ∈ A_Q is called irreducible if the holonomy algebra of the connection A is equal to the Lie algebra k of the structure group K. Set ~M^±(M, G/K, Q) :={(A, ϕ) ∈ A_Q × Ω^1(m_Q) | (A, ϕ) is a solution to the equations (∗)^±_{G/K} }

Denote by K_Q the group of gauge transformations of the principal K-bundle Q. The right action of K_Q on A_Q × Ω^1(m_Q) is defined by k^∗(A, ϕ) = (k^∗A, Ad(k)^{−1}ϕ).

The tangent space of the gauge orbit through (A, ϕ) is given by {(d_Aξ, [ϕ, ξ]) | ξ ∈ Ω^0(k_Q)}. The moduli spaces of all gauge equivalence classes [(A, ϕ)] of smooth solutions to the equations (∗)^±_{G/K} are defined by M^±(M, G/K, Q) := ~M^±(M, G/K, Q)/K_Q. For (A, ϕ) ∈ A_Q × Ω^1(m_Q), we set Γ_{(A,ϕ)}(K_Q) := {k ∈ K_Q | k^∗(A, ϕ) = (A, ϕ)}. A point (A, ϕ) ∈ A_Q × Ω^1(m_Q) is called regular if Γ_{(A,ϕ)}(K_Q) = C(G) ∩ K. Set ~M^{±,∗}(M, G/K, Q) := {(A, ϕ) ∈ ~M^±(M, G/K, Q) | (A, ϕ) is regular} and define M^{±,∗}(M, G/K, Q) := ~M^{±,∗}(M, G/K, Q)/K_Q. We showed [25] that the moduli space of harmonic maps of M into a compact symmetric space G/K by the left translations of G on G/K can be embedded in the above moduli spaces as follows: Harm(M, G/K)/G ⊂ ∐ Q M^+(M, G/K, Q), where Q runs through all equivalence classes of principal K-bundles over M.

The local structure of the moduli spaces M^±(M, G/K, Q) were discussed in [25]. The linearized equations for the equations (∗)^±_{G/K} are d_Aα ± [ϕ ∧ η] = 0, d_A ∗ η + [∗ϕ ∧ α] = 0, d_Aη + [ϕ ∧ α] = 0,

(6.1)

for (α, η) ∈ Ω^1(k_Q) ⊕ Ω^1(m_Q). The elliptic cochain complex associated with deformations for solutions to the equations (∗)^±_{G/K} is 0 −→ Ω^0(k_Q) −→ Ω^1(k_Q) ⊕ Ω^1(m_Q) −→ Ω^2(k_Q) ⊕ Ω^2(m_Q) ⊕ Ω^2(m_Q) −→ 0, where the linear differential operators d_0 = d_{0(A,ϕ)} : Ω^0(k_Q) −→ Ω^1(k_Q) ⊕ Ω^1(m_Q), d_1 = d_{1(A,ϕ)} : Ω^1(k_Q) ⊕ Ω^1(m_Q) −→ Ω^2(k_Q) ⊕ Ω^2(m_Q) ⊕ Ω^2(m_Q) are defined by d_{0(A,ϕ)}(ξ) := (d_Aξ, [ϕ, ξ]), d_{1(A,ϕ)}(α, η) := (d_Aα ± [ϕ ∧ η], d_A ∗ η + [∗ϕ ∧ α], d_Aη + [ϕ ∧ α]). Set P_0 := d^∗_0d_0, P^±_1 := d_0d^∗_0 + d^∗_1d_1 and P^±_2 := d_1d^∗_1. Then the i-th cohomology group H^i_{(A,ϕ)}(M, G/K, Q) of the cochain complex is isomorphic to Ker P_i for each i = 0, 1, 2. In [25], we showed that for each (A, ϕ) ∈ ~M^±(M, G/K, Q), there exists a real analytic Γ_{(A,ϕ)}(K_Q)-equivariant map ψ_{(A,ϕ)} : U −→ H^2_{(A,ϕ)}(M, G/K, Q) defined on a neighborhood U of the origin in H^1_{(A,ϕ)}(M, G/K, Q) with ψ_{(A,ϕ)}(0) = 0 and (dψ_{(A,ϕ)})_0 = 0 such that a neighborhood of [(A, ϕ)] in M^±(M, G/K, Q) is homeomorphic to ψ^{−1}_{(A,ϕ)}(0)/Γ_{(A,ϕ)}(K_Q). We can show that the image of ψ_{(A,ϕ)} is contained in a vector subspace of H^2_{(A,ϕ)}(M, G/K, Q) orthogonally complementary to (c(g) ∩ k) ⊕ (c(g) ∩ m) ⊕ (c(g) ∩ m). We define subsets of M^±(M, G/K, Q) as follows: M^{±,sm}(M, G/K, Q) := {[(A, ϕ)] ∈ M^{±,∗}(M, G/K, Q) | H^2_{(A,ϕ)}(M, G/K, Q) = (c(g) ∩ k) ⊕ (c(g) ∩ m) ⊕ (c(g) ∩ m)}, M^±(M, G/K, Q)^{irr} := {[(A, ϕ)] ∈ M^±(M, G/K, Q) | A is irreducible}, M^{±,∗}(M, G/K, Q)^{irr} := M^{±,∗}(M, G/K, Q) ⋂ M^±(M, G/K, Q)^{irr}. Then we see that a neighborhood of each point [(A, ϕ)] in M^{±,sm}(M, G/K, Q) becomes a smooth manifold of dimension equal to dim H^1_{(A,ϕ)}(M, G/K, Q). If we specify the case of moduli space M^−(M, G/K, Q), then we obtain more results on the vanishing theorem for the second cohomology group and the manifold structure of the moduli space (cf. [27]).

The L^2-metric and a complex structure on A_Q × Ω^1(m_Q) are defined by ⟨(α_1, η_1), (α_2, η_2)⟩_{+,+} := ⟨α_1, α_2⟩_L2 + ⟨η_1, η_2⟩_L2 , J(α, η) := (− ∗ α, ∗η) for each (α_1, η_1), (α_2, η_2), (α, η) ∈ Ω^1(k_Q) ⊕ Ω^1(m_Q). If we define a Kähler form ~ω^− on A_Q × Ω^1(m_Q) by ~ω^−((α_1, η_1), (α_2, η_2)) := ⟨J(α_1, η_1), (α_2, η_2)⟩_{+,+}, then it induces a Kähler structure ω^− on moduli space M^−(M, G/K, Q) ([27]). On the other hand, using the indefinite L^2-metric ⟨(α_1, η_1), (α_2, η_2)⟩_{+,−} := ⟨α_1, α_2⟩_L2 − ⟨η_1, η_2⟩_L2 for each (α_1, η_1), (α_2, η_2) ∈ Ω^1(k_Q) ⊕ Ω^1(m_Q), and a complex structure E = J on A_Q × Ω^1(m_Q), we define another Kähler form ~ω^+ on A_Q × Ω^1(m_Q) by ~ω^+((α_1, η_1), (α_2, η_2)) := ⟨E(α_1, η_1), (α_2, η_2)⟩_{+,−} Then it induces a presymplectic structure ω^+ on moduli space M^+(M, G/K, Q). 6.2. Maps between moduli spaces. We assume that ρ is a Lie group homomorphism from a compact Lie group G^′ to another compact Lie group G and P^′ −→ P is a bundle homomorphism from a principal G^′-bundle P^′ over M to another principal G-bundle P over M. We have the induced map A_P ′ × Ω^1(g_P ′ ) −→ A_P × Ω^1(g_P ).

This map induces maps ĩ = ĩ_{P ′} : ~M^±(M, G^′, P^′) −→ ~M^±(M, G, P ), which are equivariant under the actions of G_P ′ and G_P , and hence maps between the moduli spaces i = i_P ′ : M^±(M, G^′, P^′) −→ M^±(M, G, P ). (6.2) Let (G, K, σ) be a compact symmetric pair. A subbundle Q of P with a structure group K which is a compact subgroup of G is called a reduced subbundle of the structure group G of P to K. It is known (cf. [20]) that

{Q | reduced subbundles of P to K} ∼= C^∞(M; P ×_G (G/K)), where P ×_G (G/K) is a fiber bundle associated to P with respect to the left action of G on the compact symmetric space G/K. Note that any principal K-bundle Q over M becomes a reduced subbundle of a principal G-bundle P to K. Indeed, the structure group K of the principal bundle Q acts on Lie group G on the left hand side. We define a principal bundle P = Q ×_K G over M with the structure group G associated with the left action of K on G. Then the principal K-bundle Q is embedded into the principal G-bundle P as a reduced bundle. Conversely, if Q is a reduced subbundle of P to K, then P is canonically isomorphic to Q ×_K G as principal G-bundles.

Since Q is a reduced subbundle of the structure group G of P to K, we have natural embeddings A_Q −→ A_P and Ω^1(m_Q) −→ Ω^1(g_P ).

Since k ∈ K_Q extends to a gauge transformation of P ∼= Q×_K G, we have an injective homomorphism K_Q −→ G_P . These embeddings induce embeddings between the solution spaces j̃ = j̃_Q : ~M^±(M, G/K, Q) −→ ~M^±(M, G, P ), (6.3) which are equivariant under the actions of K_Q and G_P , and hence we obtain a map between the moduli spaces j = j_Q : M^±(M, G/K, Q) −→ M^±(M, G, P ) (6.4) for each compact symmetric pair (G, K, σ) with the same G and each Q ∈ C^∞(M; P ×_G (G/K)). We should note that j = j_Q is not necessarily injective. However we showed ([27]) that if N_G(k) = K, then the map j_Q : M^±(M, G/K, Q)^{irr} −→ M^±(M, G, P ) is injective, where N_G(k) = {a ∈ G | Ad(a)k = k}, the normalizer of k in G.

The group G_P of gauge transformations acts on C^∞(M; P ×_G (G/K)) by transforming Q to g(Q). Then we have j_{g(Q)} ∘ g = j_Q and thus j_Q(M^±(M, G/K, Q)) = j_{g(Q)}(M^±(M, G/K, g(Q))). Therefore, when we discuss the image of the map j, we may consider the quotient space C^∞(M; P ×_G (G/K))/G_P by the group G_P of gauge transformations rather than C^∞(M; P ×_G (G/K)).

The local properties of the maps j = j_Q : M^±(M, G/K, Q) −→ M^±(M, G, P ) such as smoothness, immersions and embeddings were discussed in [27].

Then these subspaces in the moduli spaces have the following properties:

Theorem 6.1 ([27]). Let G be a compact Lie group and P a principal G-bundle over a compact Riemann surface M. For each compact symmetric pair (G, K, σ) with the same G and each Q ∈ C^∞(M; P ×_G (G/K))/G_P , the map j = j_Q : M^+(M, G/K, Q) −→ M^+(M, G, P ) satisfies j^∗_Qω^+_1 = ω^+, j^∗_Qω^+_2 = 0 and j^∗_Qω^+_3 = 0,

and the map j = j_Q : M^−(M, G/K, Q) −→ M^−(M, G, P ) satisfies

j^∗_Qω^−_1 = ω^−, j^∗_Qω^−_2 = 0 and j^∗_Qω^−_3 = 0.

Moreover, concerning to the moduli space M^−(M, G, P ),

(i) M^−(M, G/K, Q) is a complex submanifold of M^−(M, G, P ) with respect to J_1. (ii) M^−(M, G/K, Q) is a totally real submanifold of M^−(M, G, P ) with respect to J_2 and J_3.

(iii) 2 dim M^−(M, G/K, Q) = dim M^−(M, G, P ).

That is, M^−(M, G/K, Q) is a complex Lagrangian submanifold of a hyper-Kähler moduli space M^−(M, G, P ).

Theorem 6.2 ([27]). Let G be a compact Lie group and P a principal G-bundle over a compact Riemann surface M. For each compact symmetric pair (G, K, σ) with the same G and each Q ∈ C^∞(M; P ×_G (G/K))/G_P , the maps M^±(M, G/K, Q) −→ M^±(M, G, P ) are totally geodesic.

Remark 6.1. In [27], we gave the similar construction also for k-symmetric spaces.

6.3. Automorphisms on moduli spaces. The automorphisms on moduli spaces induced from the automorphisms of the structure group were discussed in [19, 21, 22]. In this subsection, we shall mention the relationship of their works with geometry of submanifolds in moduli spaces constructed here.

Suppose that (G, K, σ) is a compact symmetric pair. For each reduction Q ∈ C^∞(M; P ×_G (G/K)), we can define a diffeomorphism σ_Q : P = Q ×_K G −→ Q ×_K G = P by sending ua to uσ(a). If we denote also by A the connection form on P corresponding to a connection A ∈ A_P , then

A^{σQ} := (σ^{−1}_Q )^∗(σ ∘ A)

is also a connection form on P and we denote also by A^{σQ} ∈ A_P its corresponding connection. If ϕ ∈ Ω^1(g_P ), then

ϕ^{σQ} := (σ^{−1}_Q )^∗(σ ∘ ϕ)

is also a 1-form with values in g_P on M. Thus we obtain a transformation on A_P × Ω^1(g_P ) by sending (A, ϕ) to (A^{σQ} , ϕ^{σQ} ), which induces a transformation on M^±(M, G, P ). We should note that if σ is of inner type, then the induced transformation σ_Q on the moduli space M^±(M, G, P ) is the identity transformation ([19]).

Now we consider the composition (−1)^♯ ∘ σ_Q of the action of an element −1 ∈ S^1 by the S^1-action and the transformation σ_Q on the moduli space M^±(M, G, P ).

Theorem 6.3. Let F(M^±(M, G, P ), (−1)^♯ ∘ σ_Q) denote the subsets of all points fixed by the automorphism (−1)^♯ ∘ σ_Q on the moduli spaces M^±(M, G, P ). Then we have j_Q(M^±(M, G/K, Q)) ⊂ F(M^±(M, G, P ), (−1)^♯ ∘ σ_Q). Moreover, j_Q(M^{−,sm}(M, G/K, Q)) is an open submanifold of F(M^−(M, G, P ), (−1)^♯ ∘ σ_Q), and thus it is totally geodesic.

Proof. Suppose that [(A, ϕ)] ∈ M^±(M, G/K, Q). On Q we have A^{σQ} |_Q = A and ϕ^{σQ} |_Q = −ϕ, and thus A^{σQ} = A and ϕ^{σQ} = −ϕ. Hence ((−1)^♯ ∘ σ_Q)(A, ϕ) = (A, ϕ), in particular we have ((−1)^♯ ∘ σ_Q)[(A, ϕ)] = [(A, ϕ)].

Moreover we obtain the following description of the set of points fixed by the (−1)^♯-action on the moduli space.

Theorem 6.4. F(M^±(M, G, P ), (−1)^♯) = ⋃ G^′,G^′/K^′,Q^′⊂P^′ (i_P ′ ∘ j_Q′ )(M^±(M, G^′/K^′, Q^′)), where G^′ runs through compact Lie subgroups of G, G^′/K^′ runs through compact symmetric spaces with involutions given by σ = Ad(c) for some c ∈ G, Q^′ runs through reduced subbundles of P to K^′, and P^′ := Q^′ ×_K′ G^′ denotes a principal subbundle of P with structure group G^′.

Proof. Suppose that [(B, ψ)] ∈ M^±(M, G^′/K^′, Q^′) and set (A, ϕ) = (ĩ_P ′ ∘j̃_Q′ )(B, ψ). If we define a map g|_Q′ : Q^′ −→ G by g|_Q′ (u) := c for each u ∈ Q^′, then we see that g|_Q′ extends to g ∈ G_P in the natural way, because of P^′ = Q^′ ×_K′ G^′ and P := Q ×_K′ G. Then we obtain g^∗(A, ϕ) = (A, −ϕ), and hence we have [(A, ϕ)] ∈ F(M^±(M, G, P ), (−1)^♯). Conversely, suppose that [(A, ϕ)] ∈ F(M^±(M, G, P ), (−1)^♯). Then we have

(−1)^♯[(A, ϕ)] = [(A, −ϕ)] = [(A, ϕ)], and hence there is a gauge transformation g ∈ G_P such that g^∗(A, ϕ) = (A, −ϕ). Thus we have d_Ag = 0, (6.5) g^∗ϕ = −ϕ. (6.6) Fix an arbitrary point x ∈ M and u ∈ P with π(u) = x. Denote by H_A and h_A the holonomy group and the holonomy algebra of the connection A at the point u. We take a holonomy subbundle Q_A = Q_A(u) of P with respect to the connection A, which is a principal subbundle of P with structure group H_A. Then, since g is parallel with respect to the connection A, when the gauge transformation g is considered as a AdG-equivariant map P −→ G, the restriction g|_{QA} of g to Q_A is constant, which is denoted by c ∈ G. Denote by G^′ the identity component of a compact Lie subgroups of G defined by {a ∈ G | (Ad(c))^2(a) = a}, and define K^′ := {a ∈ G^′ | (Ad(c))(a) = a}. (6.7) Then (G^′, K^′) is a compact symmetric space with an involutive automorphism σ = Ad(c). Denote by g^′ the Lie algebra of G^′ and define k^′ := {X ∈ g | Ad(c)X = X}, (6.8) m^′ := {X ∈ g | Ad(c)X = −X}. (6.9) Then we have a decomposition g^′ = k^′ + m^′ as a symmetric Lie algebra with the involutive automorphism σ = Ad(c). By (6.5), we see that H_A(x) ⊂ K^′ and thus h_A(x) ⊂ k^′. The associated principal bundle Q^′ := Q_A ×_{HA(x)} K^′ is a principal subbundle of P with structure group K^′ and moreover its associated principal bundle P^′ := Q^′ ×_K′ G^′ is a principal subbundle of P with structure group G^′. Then we have P = Q_A ×_{HA(x)} G and the connection A reduces to a connection in Q_A and thus a connection in Q^′. Setting g^′_Q := Q_A ×_{HA} g^′ = Q^′ ×_K′ g^′ = P^′ ×_G′ g^′, k^′_Q := Q_A ×_{HA} k^′ = Q^′ ×_K′ k^′, m^′_Q := Q_A ×_{HA} m^′ = Q^′ ×_K′ m^′,

(6.10)

by (6.6) we see that ϕ has image in m^′_Q.

Therefore we conclude that (A, ϕ) ∈ j̃_Q′ ( ~M^±(M, G^′/K^′, Q^′)) and hence [(A, ϕ)] ∈ j_Q′ (M^±(M, G^′/K^′, Q^′)). 7. 1-uniton Solutions and Fixed Point Subset by the S^1-Actions Let ξ ∈ Γ(g) be a canonical element. Then we take the eigen-space decomposition of g^C by the endomorphism adξ: g^C = g_0(ξ) + ∑ i∈Z\{0} g_i(ξ), where g_i(ξ) := {X ∈ g^C | adξ(X) = √ −1iX}. If we denote by H = C_G(ξ) the centralizer of G at ξ, then its Lie algebra h = c_g(ξ) is a real form of g_0(ξ). Set F := G/H, which is a generalized flag manifold. If the element ξ satisfies the equation (adξ)^3 + adξ = 0, then F = G/H is a compact Hermitian symmetric space. Conversely, all compact Hermitian symmetric spaces can be obtained in this way. We have the decomposition g = h + m such that m^C = ∑ i∈Z\{0} g_i(ξ).

Let P be a principal G-bundle over M and Q a reduced subbundle of P with structure group H. Denote by H_Q the group of gauge transformations of the principal bundle Q. Further we take associated vector bundles g_Q = h_Q + m_Q and m^C_Q = ⨁ i∈Z\{0} g_i(ξ)_Q. (7.1)

We define the following gauge-theoretic equations for (A, ϕ) ∈ A_Q × Ω^1(m_Q): F (A) ± 1 2 [ϕ ∧ ϕ] = 0, d_Aϕ = 0, ϕ^′ ∈ Ω^{1,0}(g_{−1}(ξ)_Q). (∗)^±_{G/H,1}

Let ~M^±_1 (M, G/H, Q) denote the spaces of all smooth solutions to the equations (∗)^±_{G/H,1} and M^±_1 (M, G/H, Q) := ~M^±_1 (M, G/H, Q)/H_Q denote these moduli spaces. It is easy to show that if (A, ϕ) is a solution to the equations (∗)^±_{G/H,1}, then (A, ϕ) extends to a solution to the equations (∗)^±_G. Therefore we have the canonical injections j̃_{1,Q} : ~M^±_1 (M, G/H, Q) −→ ~M^±(M, G, P ), which are equivariant with respect to H_Q and G_P . These injections induce maps between moduli spaces j_{1,Q} : M^±_1 (M, G/H, Q) −→ M^±(M, G, P ). (7.2) Now for each t ∈ R we define g_t := exp(−2πtξ) ∈ C(H) ⊂ H, (7.3) which is a constant function on Q, where C(H) denotes the center of H. Then g_t can be considered as a gauge transformation of the principal H-bundle Q, that is, g_t ∈ H_Q. For [(A, ϕ)] ∈ M^±_1 (M, G/H, Q), we obtain g^∗_t (A, ϕ) = (g^∗_t A, g^∗_t ϕ) = (g^{−1}_t dg_t + Ad(exp(−tξ)^{−1})A, Ad(exp(−tξ)^{−1})ϕ) = (A, Exp(tadξ)(ϕ^′ + ϕ^{′′})) = (A, λ^{−1}ϕ^′ + λϕ^{′′}) = (A, ϕ_λ) = λ^♯(A, ϕ) for each λ = e^{2π√−1t} ∈ S^1. This means that each [(A, ϕ)] ∈ M^±_1 (M, G/H, Q) is a point fixed by the S^1-action on the moduli spaces M^±(M, G, P ). Namely, j_{1,Q}(M^±_1 (M, G/H, Q)) ⊂ F^±(M, G, P ). (7.4) Moreover, concerning to the moduli space M^+_1 (M, G/H, Q), we shall obtain the following. If we denote by SHH(M, G/H) the space of all super-horizontal holomorphic maps of M into G/H ([5]), then we have SHH(M, G/H)/G ⊂ ∐ Q M^+_1 (M, G/H, Q). On the other hand, we have g^{−1}_λ^∗A_λ = A_1 and Ξ := ξ is a flag factor for (A, ϕ), because d^{′′}_AΞ = d^{′′}ξ + [A^{′′}, ξ] = 0 and ϕ^′ has values in g_{−1}(Ξ). This means that each solution (A, ϕ) ∈ M^+_1 (M, G/H, Q) can be transformed into a trivial solution (A_1, 0) by a flag transform defined by a flag factor Ξ = ξ.

So in the case when the element ξ satisfies the equation (adξ)^3 + adξ = 0, and hence G/H is a compact Hermitian symmetric space with pair (G, H, τ), we call the solution (A, ϕ) an 1-uniton solution.

Let Hol(M, G/H) be the space of all holomorphic maps of M into a compact Hermitian symmetric space G/H. Then we have Hol(M, G/H)/G ⊂ ∐ Q M^+_1 (M, G/H, Q). (7.5)

Finally, we obtain the following. Theorem 7.1. F^±(M, G, P ) = ⋃ G^′⊂G,G^′/H^′,Q^′⊂P^′ (i_P ′ ∘ j_{1,Q}′ )(M^±_1 (M, G^′/H^′, Q^′)), where G^′ runs through compact Lie subgroups of G, G^′/H^′ runs through generalized flag manifolds with a canonical element ξ of G^′, Q^′ runs through reduced subbundles of P to the structure group H^′, and P^′ := Q^′ ×_H′ G^′ denotes a principal subbundle of P with structure group G^′.

Moreover the subspace F^+(M, G, P ) of all points fixed by S^1-action is that of M^+(M, G, P ) each element of which can be obtained as a flag transform of a trivial solution.

Proof. Assume that [(A, ϕ)] ∈ M^±(M, G, P ) is a point fixed by the S^1-action on the moduli space, that is λ^♯[(A, ϕ)] = [(A, ϕ)] for each λ ∈ S^1. There is a one-parameter family g_t ∈ G_P with g_0 = e such that (A, ϕ_λ) = g_t^∗(A, ϕ) (7.6) for each λ = e^{2π√−1t} ∈ S^1. Then we have d_Ag_t = 0 and Ad(g_t^{−1})ϕ = ϕ_λ. (7.7) Setting λ = e^{2π√−1t} ∈ S^1, we define −2πΞ := ∂ ∂t g_λ|_{t=0} ∈ Ω^0(g_P ). (7.8) It follows from (7.7) that d_AΞ = 0 (7.9) [Ξ, ϕ^′] = − √ −1ϕ^′, [Ξ, ϕ^{′′}] = √ −1ϕ^{′′}. (7.10) We fix x ∈ M and u ∈ P with x = π(u) and we use the identification u : g −→ (g_P )_x. We see that the subbundle of holonomy subalgebras of g_P relative to the connection A is contained in g_0(Ξ). Let Q_A be the holonomy subbundle of P at the point u ∈ P relative to the connection A with structure group H_A ⊂ G. By (7.9), we see that the restriction of Ξ to Q_A is constant, which is denoted by ξ ∈ g. Then we have the eigen-space decomposition of g^C relative to adξ as g^C = (g_0(ξ) ⊕ g_{−1}(ξ) ⊕ g_1(ξ) ⊕ · · · ⊕ g_{−k}(ξ) ⊕ g_k(ξ)) ⊕ W^C , (7.11) where we set

{ eigenvalues of adξ} ∩ √ −1Z := {0, √ −1, − √ −1, · · · , √ −1k, − √ −1k} and W is a vector subspace of g. The section Ξ induces an orthogonal direct sum decomposition of g^C_P relative to the induced Hermitian inner product which is preserved by the parallel translatons of the connection A:

g^C_P = (g_0(Ξ) ⊕ g_{−1}(Ξ) ⊕ g_1(Ξ) ⊕ · · · ⊕ g_{−k}(Ξ) ⊕ g_k(Ξ)) ⊕ W^C_A , (7.12) and W_A is a vector subbundle of g_P . Set g^{′C} := g_0(ξ) ⊕ g_{−1}(ξ) ⊕ g_1(ξ) ⊕ · · · ⊕ g_{−k}(ξ) ⊕ g_k(ξ), (7.13) h^{′C} := g_0(ξ) (7.14) which are subalgebras of g^C with real forms g^′ and h^′ in g. We denote by G^′ the identity component of a compact Lie subgroup of G defined by {a ∈ G | Ad(exp(2πξ))a = a}, (7.15) and set H^′ : = {a ∈ G^′ | Ad(exp(2πtξ))a = a for each t ∈ R} = C_G′ (ξ). (7.16)

Then G^′ is a compact connected Lie subgroup with Lie algebra g^′ and H^′ is a compact connected Lie subgroup with Lie algebra h^′, and there is a real subspace m^′ of g^′ with direct sum g^′ = h^′ + m^′ and

m^{′C} = g_{−1}(ξ) ⊕ g_1(ξ) ⊕ · · · ⊕ g_{−k}(ξ) ⊕ g_k(ξ). (7.17)

Moreover ξ becomes a canonical element of g^′. Setting Q^′ := Q_A ×_{HA} H^′ and P^′ := Q^′ ×_H′ G^′, we have reduced subbundles Q_A ⊂ Q^′ ⊂ P^′ ⊂ P with structure groups H_A ⊂ H^′ ⊂ G^′ ⊂ G, and

g^′_Q′^C = Q^′ ×_H′ g^{′C}

= g_0(Ξ) ⊕ g_{−1}(Ξ) ⊕ g_1(Ξ) ⊕ · · · ⊕ g_{−k}(Ξ) ⊕ g_k(Ξ),

h^′_Q′^C = Q^′ ×_H′ h^{′C} = g_0(Ξ),

m^′_Q′^C = Q^′ ×_H′ m^{′C}

= g_{−1}(Ξ) ⊕ g_1(Ξ) ⊕ · · · ⊕ g_{−k}(Ξ) ⊕ g_k(Ξ).

(7.18)

Then the connection A reduces to a connection in Q_A and thus in Q^′, and ϕ^′ has image in g_{−1}(Ξ) = g_{−1}(ξ)_Q′ . Thus the solution (A, ϕ) reduces to a solution (B, ψ) ∈ A_Q′ × Ω^1(m_Q′ ). Hence we conclude that [(B, ψ)] ∈ M^±_1 (M, G^′/H^′, Q^′) and (i_P ′ ∘ j_{1,Q}′ )([(B, ψ)]) = [(A, ϕ)].

References

[1] M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Phil. Trans.

R. Soc. London A 308(1982), 523-615.

[2] F.E. Burstall, D. Ferus, F. Pedit, and U. Pinkall, Harmonic tori in symmetric spaces and commuting Hamiltonian systems on loop algebras, Ann. of Math. 138(1993), 173-212.

[3] F.E. Burstall and M.A. Guest, Harmonic two-spheres in compact symmetric spaces, revisited, Math. Ann. 309(1997), 541-572.

[4] F.E. Burstall and F. Pedit, Harmonic maps via Adler-Kostant-Symes theory, Harmonic Maps and Integrable Systems, edited by A.P. Fordy and J.C.Wood, Aspects of Mathematics E23, Vieweg, Braunschweig/Wiesbaden, 1994, 221-272.

[5] F.E. Burstall and J.H. Rawnsley, Twistor Theory for Riemannian Symmetric Spaces, Lecture Notes in Math. 1424(1990), Springer.

[6] K. Corlette, Flat G-bundles with canonical metrics, J. Differential Geom. 28(1988), 361-382. [7] S.K. Donaldson, Twisted harmonic maps and the self-duality equations, Proc. London Math.

Soc. 55(1987), 127-131.

[8] B.A. Dubrovin, M. Giordano, G. Marmo and A. Simoni, Poisson brackets on presymplectic maniflds, Int. J. Mod. Phys. 8 (1993), 3747-3771.

[9] M. Gotay, On coisotropic imbeddings of presymplectic manifolds, Proc. Amer. math. Soc.

84(1982), 111-114.

[10] M.A. Guest and Y. Ohnita, Group actions and deformations for harmonic maps, J.Math.

Soc. Japan 45(1993), 671-704.

[11] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, 1978, Academic Press, Inc., New York, San Diego, London, Tokyo.

[12] N.J. Hitchin, The self-duality equations on a Riemann surface, Proc. London Math. Soc.

(3), 55(1987), 59-126.

[13] B.A. Dubrovin, M. Giordano, G. Marmo and A. Simoni, Poisson brackets on presymplectic maniflds, Int. J. Mod.Phys. 8 (1993), 3747-3771.

[14] N.J. Hitchin, Monopoles, Minimal surfaces and Algebraic Curves, 105, 1987, Les Presses de de l’Universitré de Montréal, Montréal, Canada.

[15] N.J. Hitchin, Harmonic maps from a 2-torus to the 3-sphere, J. Differential Geom. 31(1990), 627-710.

[16] N.J. Hitchin, Hypersymplectic quotients, Acta Academiae Scientiarum Tauriensis, Colloque La ⟨⟨Mécanique Analytique⟩⟩ de Lagrange et son heritage I, Paris 27-29, Sep. 1988, Supplemento al numero 124(1990), 169-180 [17] N.J. Hitchin, Lie groups and Teichmüller spaces, Topology 31(1992), 449-473. [18] N.J. Hitchin, A. Karlhede, U. Lindström, and M. Roček, Hyperkähler metrics and supersymmetry, Commun. Math. Phys. 108 (1987), 535-589.

[19] M. Itoh, Automorphisms and conjugate connections, Hokkaido Math. J. 26(1997), 141-155. [20] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry I, II, 1963, 1969, Wiley- Interscience, New York.

[21] S. Kobayashi and E. Shinozaki, Conjugate connections in principal bundles, Geometry and Topology of Submanifolds, VII, (in honor of K. Nomizu), edited by F. Dillen, M. Magid, U. Simon, I. Van de Woestijne, L. Verstraelen, 1995, World Scientific Publ., 143-148.

[22] S. Kobayashi and E. Shinozaki, Conjugate connections and moduli spaces of connections, Tokyo J. Math. 20(1997), 67-72.

[23] M. Mukai, Deformations of harmonic maps and the gauge-theoretic approach, Ph. D. thesis at Tokyo Metropolitan Univ., March, 1998.

[24] M. Mukai, Moduli spaces of solutions to the gauge-theoretic equations for harmonic maps, to appear in the proceedings of International Conference “Harmonic Morphisms, Harmonic Maps and Related Topics” held in Brest, July, 1997.

[25] M. Mukai and Y. Ohnita, Gauge-theoretic equations for harmonic maps into symmetric spaces, The Third Pacific Rim Geometry Conference, held in Seoul, Dec. 1996, edited by J. Choe, 1998, International Press, 195-209.

[26] M. Mukai and Y. Ohnita, Gauge-theoretic approach to harmonic maps and subspaces in moduli spaces, in preparation.

[27] Y. Ohnita, Gauge-theoretic equations for symmetric spaces and certain minimal submanifolds in moduli spaces, to appear in the proceedings of International Conference “Harmonic Morphisms, Harmonic Maps and Related Topics” held in Brest, July, 1997.

[28] C.T. Simpson, Constructing variations of Hodge structure using Yang-Mills theory and applications, J. Amer. Math. Soc. 1(1988), 867-918.

[29] K. Uhlenbeck, Harmonic maps into Lie groups (Classical solutions of the chiral model), J.

Differential Geom. 30(1989), 1-50.

[30] G. Valli, Some remarks on geodesics in gauge groups and harmonic maps, J. Geom. Phys.

4(1987), 335-359.

[31] G. Valli, Harmonic gauges on Riemann surfaces and stable bundles, Ann. Inst. H. Poincaré Anal. Nonlinéare 6(1989), 233-245.

Department of Mathematics, Graduate School of Science, Tokyo Metropolitan University, Minami-Ohsawa 1-1, Hachioji, Tokyo 192-0397, Japan E-mail address: mmukai@comp.metro-u.ac.jp, ohnita@comp.metro-u.ac.jp