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WILD KERNELS AND DIVISIBILITY IN K-GROUPS OF
GLOBAL FIELDS

GRZEGORZ BANASZAK

ABsTRACT. This paper is a comprehensive study of the divisibility and the
wild kernels in algebraic K-theory of global fields F. We extend the notion
of the wild kernel to all K-groups of global fields and prove that Quillen-
Lichtenbaum conjecture for F' is equivalent to the equality of wild kernels
with corresponding groups of divisible elements in K-groups of F. We show
that there exist generalized Moore exact sequences for even K-groups of global
fields. Without appealing to the Quillen-Lichtenbaum conjecture we show
that the group of divisible elements is isomorphic to the corresponding group
of étale divisible elements and we apply this result for the proof of the lim!
analogue of Quillen-Lichtenbaum conjecture. We also apply this isomorphism
to investigate: the imbedding obstructions in homology of GL, the splitting
obstructions for the Quillen localization sequence, the computations of divisi-
ble elements via special values of {r(s). Using the Rost-Voyevodsky theorem,
which established the Quillen-Lichtenbaum conjecture, we conclude that wild
kernels are equal to corresponding groups of divisible elements.

1. INTRODUCTION

Let [ be a prime number and let F' be a global field of characteristic char F' # [.
If | = 2 we assume that uy C F. The main goal of this paper is to establish general
results concerning divisibility and wild kernels in algebraic K-theory of global fields.

It has already been shown by Bass [B], Tate [Ta2] and Moore (see [Mi, p. 157])
that for a number field F' the group K»(F') and in particular the group of divisible
elements and the wild kernel in K5 (F) are closely related to arithmetic of F' and the
Dedekind zeta (r(s) at s = —1. The divisible elements for the Galois cohomology
of number fields and local fields in the mix characteristic case were introduced
in [Sch2]. The divisible elements and wild kernels for the odd torsion part for
the even higher K-groups of number fields were introduced in [Bal| and [Ba2].
The results of Bass [B], and Moore (see [Mi, p. 157]) concerning the divisible
elements and the wild kernel for Ky where extended in [Ba2] to higher even K-
groups of number fields F' and values of (r(s) at negative integers. The étale
wild kernel as a Shafarevich group in Galois cohomology of number fields was
introduced in [Ng]. The work in [Bal|, [Ba2], [Ng] and [Sch2| was carried out
under assumption [ > 2. The wild kernels for the 2-primary part even, higher K-
groups were introduced in [Os| and in [We3] were studied for all [ > 2. In this
paper we investigate the wild kernels and the divisible elements for even and odd
K-groups of global fields and for all [ > 2 (see Theorems 1.1 - 1.11 and Corollary
1.12 in this introduction). We carry our computations as explicitly as possible,
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2 GRZEGORZ BANASZAK

hence except Theorem 1.8, all our results are proven without appealing to the
Quillen-Lichtenbaum conjecture. It was shown in [Ba2] and [BGKZ]| in the case of
number fields that the Quillen-Lichtenbaum conjecture for odd torsion part of the
even K-groups is equivalent to the isomorphism between corresponding wild kernels
and divisible elements. This isomorhism holds indeed due to the Rost-Voevodsky
theorem [V1]| which established the isomorphism between the motivic and étale
cohomology of F, (hence established the Quillen-Lichtenbaum conjecture) due to
motivic cohomology results of Bloch, Friedlander, Levine, Lichtenbaum, Morel,
Rost, Suslin, Voevodsky, Weibel and others. C. Weibel [We3] and K. Hutchinson
[Hu] worked on wild kernels and divisible elements in the K-theory of number
fields for I > 2. C. Weibel [We3] computed the index of the the group of divisible
elements in the corresponding wild kernel for even K-theory of number fields for the
2-primary part. The key ingredient in his proof was the Rost-Voevodsky theorem
[V2]. In this paper we show (see Theorem 1.8) that the wild kernel is isomorphic
to the divisible elements in K-groups of global fields for all indexes n > 1 and [ > 2
(assuming 4 € F in the case of the 2-primary part). To prove this we first show
that Quillen-Lichtenbaum conjecture is equivalent to the isomorphism between wild
kernel and the divisible elements in our case and then we apply the Rost-Voevodsky
theorem.

Recall that the divisible elements in K-groups of number fields are in the center of
classical conjectures in algebraic number theory and algebraic K-theory. Indeed,
the conjectures of Kummer-Vandiver and Iwasawa can be reformulated in terms of
divisible elements in even K-groups of Q [BG1], [BG2]. We have already pointed
out in [Ba2, p. 292], that the divisible elements in higher K-groups of a number
field F are precise analog of the class group of Op. Moreover, as shown in section
6 of this paper, there is a positive integer Ny such that for every positive integer
N, such that Ny | N, there is the following exact sequence:

0— K2n(OF) — K2n(F)[N] — Dy KQn—l(kv)[N] — D(n) — 0.
Recall that the class group Cl(Op) appears in the classical exact sequence:

In addition, as already mentioned above, the conjecture of Quillen-Lichtenbaum
can be reformulated in terms of the wild kernels and divisible elements (see also
Theorem 5.5 for more detailed presentation). At the last but not the least we would
like to point out the close relation of divisible elements and the Coates-Sinnott
conjecture [Bal], [BP].

The organization of the paper is as follows. In chapter 2 we introduce basic
notation and recall some classical facts about the cohomological dimension. In
chapter 3 we extend results of P. Schneider [Sch2| concerning the divisible elements
in Galois cohomology (in [Sch2] the assumption was char F = 0 and [ > 2). Namely
we obtain Theorem 3.5 and Corollary 3.6 which lead us to the following analog of
the classical Moore exact sequence (see [Mi, p. 157]) for higher étale K-theory:

Theorem 1.1. Let n > 1. For every finite S D S, there are exact sequences:
0 — D%(n) — K5.(Ops) = @ W"(F,) - W"(F) — 0.
vES
0= D(n) = K5L(F); = @ W™(F,) = W"(F) = 0
v
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where D (n) := div K§! (F);. In particular:

n
—1

K5, (Ors)l _ [Tloes wa(F)];
| Det(n)] Iwn(F)|l_1

In chapter 4 we investigate the divisibility in K-theory and étale K-theory of F.
Let D(n) := div K3, (F) and for every k > 0 let:

D(n,1*) := ker (Ko, (Op, Z/1¥) = Ko, (F, Z/I%)),
D (n,1%) == ker (KS (Op[1/1), Z/1¥) — KS.(F, ZJ1%)).

The following result shows that the Dwyer-Friedlander homomorphism is an iso-

morphism when restricted to the groups D(n,I*) and div Ks,, (F); :

Theorem 1.2. If] > 2 then Vk > 1 there is the following canonical isomorphism:
D(n,1¥) = D (n, %)

Ifl =2 then Yk > 2 there is the following canonical isomorphism:
D(n,2%) = D (n,2%)

If 1 > 2 then there is the following isomorphism D(n); & D¢ (n) or more explicitly

div Ko, (F); = div K§! (F),
By Theorem 1.2 and Corollary 3.6 (see section 3) the divisible elements are ex-
pressed in terms of Tate-Shafarevich groups for all n > 0 :
D(n); = D*(n) = D, 1(F) = I%(F,Z(n+ 1)) = I*(F, Z(n + 1)).
We also get the following lim' analogue of the Quillen-Lichtenbaum conjecture.

Theorem 1.3. For every n > 1 there is the following isomorphism:

1 k = .1 et k

Moreover there is the following equality:

©) lim' Kon (F, 2/1") = 0
k

and the exact sequence:
(3) 0 — D(n); — lim' Kans1(F, Z/1") = lim" @, Kon(ky, Z/1") =0
k k
In the end of chapter 4 we show that the natural maps:
Ho, (GL(OF), Z/1*) — Han(GL(F), Z/IF)
are not injective in general. In particular we show that the maps:
Ho(GL(Z), 7./691) — Hoao(GL(Q), Z,/691)
Hso(GL(Z), Z/3617) — H3o(GL(Q), Z/3617)

are not injective.

In chapter 5 we define wild kernel K*(Op); for all n > 0:
KY(Op); := ker (K, (F) — €D Ki'(F)1)
v
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and observe that:

divKn(F)l - K;LU(OF)Z C Kn(OF)l-
Further, we obtain the analogue of the classical Moore exact sequence for higher
K-groups:

Theorem 1.4. For everyn > 1 and every finite set S D S there are the following
exact sequences:

(4) 0 = K3,(Or)1 = K2n.(OF,s) z—>@W F,) = W"™(F) = 0.
veS
(5) 0= K3,(Or )i = Kon(F)r - @ W"(F,) - W"(F) - 0.

In particular:

|[Kon(Ors)| _ |HUES wn (F, |f

6

© 55,00

In chapter 5 we define another wild kernel WK, ( Yforallm >0:
WK, (F) = ker (K ﬁ@K

We observe that for allm > 0:

WKL(F) C Knp(OF)tor

WK, (F) C K5,(Or)
and if K, (F,);, —s K¢ (F,); for every v € S, then:

div K,,(F), € WK, (F); C K,(Op);.
The Dwyer-Friedlander homomorphisms [DF| which are surjective:
K,(Ors) — K(Orps)
Ky (F) — KiH(F),

(see also [Ba2]) are also split as follows by results of [Ba2|, [Cal, [K] which can
be extended also to the function field case. We use this to establish the following
properties of wild kernels and divisible elements (see Theorems 5.1, 5.4 and 5.10).

Theorem 1.5. For all n > 1 the Dwyer-Friedlander homomorphisms induce the
following canonical map:

K#)(OF)l — div Kn(F)l
which is split surjective. The Dwyer-Friedlander homomorphisms induce the fol-
lowing canonical map:

WKH(F)Z — div Kn(F)l
which is split surjective if K,(Fy), =, K2 (F,); for every v € Sj.
The first splitting map of the Theorem 1.5 in case of number fields and [ > 2 was

done in [Ng] by use of an argument from [Ba2|. Note that Theorem 1.5 is obvious
for n odd since in this case div K,,(F') = 0.

Theorem 1.6 below shows that the Quillen-Lichtenbaum conjecture holds modulo
the wild kernel:
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Theorem 1.6. The Dwyer-Friedlander homomorphisms induce the following canon-
ical isomorphisms for alln >1:

Kn(Opsh/K3(Or) — K (Opsh/divK! (F)
Kn(F) /KR (Op) — K (F)/divKEH(F),
Theorem 1.7 below shows that the difference between the wild kernels and the
divisible elements is the obstruction to the Quillen-Lichtenbaum conjecture.
Theorem 1.7. Let n > 1. The following two conditions are equivalent:
K. (OF) ® Zi — K5HOp[1/1)),
KY(Op); = divK,,(F);.

Moreover assume that K, (Fy) = K&(F,), for every v € S;. Then the two condi-
tions above are equivalent to:

WKH(F)l = diUKn(F)l.

At the end of sections 5 by use of the Rost-Voevodsky theorem we prove:

Theorem 1.8. For every n > 1 we have the following equality:
K:f(OF)l = dZUKn(F)l

Assume that K, (F,); =, K&(F,), for every v € S; and every n > 1. Then for
everyn >0 :
WK, (F) = div K, (F).

Observe that for 0 < n < 1 we have WK, (F) = div K,,(F) = 0 for obvious
reasons. In chapter 6 we investigate the obstructions for the splitting of the Quillen
localization sequence and complete a statement of [Ba2, Cor. 1 and Prop. 1 p.
293|. Recall, that Tate (see [Mi, Theorem 11.6]) proved that there is the following
isomorphism

K>(Q) = Kq(Z) @ @ K1 (Fp).

The results concerning the splitting of the Quillen exact sequence for higher K-
groups of number fields were obtained in [Bal] and [Ba2]. A very special case of
results of [Bal] is the following isomorphism:

Kon(Q) = Kon(Z)r & €D Kon1(Fp)i,
P
forn =3,5,7,9 and [ > 2. Moreover one has [Ba2, Cor. 2 p. 294] (see also Corollary
6.6 in section 6):

Theorem 1.9. Let n be an odd positive integer and let | be an odd prime number.
The following conditions are equivalent:

K2,(Q); = Kon(Z); ® @ Kon_1(Fp);.

[wnt1(Q)la(—n)|; ! =1
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In this paper, under the assumption that [ > 2 and F'is a global field with char F' #£ [
(if I = 2 we assume puy C F'), we get the following result concerning the splitting of
the Quillen localization sequence that extends the splitting results of [Bal], [Ba2],
[Ca] for the number field case:

Theorem 1.10. Let n > 1. The following conditions are equivalent:
(1) D(n,I*) =0 for every 0 <k <k(l),

(2) D(n,1¥) =0 for every 0<k <k(l),
(3) Kon(F)i = Kon(Orp)1 & @D, Kan—1(ku)i,
(4) K5, (F) = K5, (Op[1/1]): ® @, K5, 1 (ko)

where k(1) is defined by (55) and (56) in section 4.

The group of divisible elements is the obstruction to splitting of the following nat-
ural boundary map in the Quillen localization sequence:
Theorem 1.11. Letn > 0 and let k > k(I). The following conditions are equivalent:
(1) 01 : Kon(F); — P lan—1 Kon_1(ky)1  is split surjective,
(2) D(n); = 0.
This implies the following corollary:

Corollary 1.12. Let F' be a totally real number field, n odd and 1 > 2 or let F' be
a global field of charF > 0, n > 1 and l # charF. Then for every k > k(l) the
following conditions are equivalent:

(1) The following surjective map splits
81 : Kgn(F)l — @ Kgnfl(k

Ik qr—1

(2)

|wn(F) wn-‘rl(F)CF(*n) |_1
Hv\l wn(Fv) !
Observe that |wn(F)|l_1 =1 for F totally real, n odd and ! odd.

2. BASIC NOTATION AND SET UP

2.1. Notation.

is a prime number
(1) 1 pri b
:= a global field.
(2) F global field
(3) p:= char F, if char F > 0.
(4) Op = the integral closure of Z in F if charF=0
7\ the integral closure of F,[t] in ' if charF >0
(5) v a place of F.
[ {v:wvjec} if charF=0
(6) Soo '_{ {v:vv-1} if char F>0
v:oll} if charFF=0
(7) S = é .
if charF >0
(8) Soc,l =S US.
(9) S a finite set of places of F' containing S
(10) Op,s the ring of S-integers in F.
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(11) F, the completion of F' at v.
o ._{ {a € F,: v(a) >0} if v fooand char F =0
""" {a€F,:v(a) >0} if charF >0

) ky { Op/v=0,/v if v¢Sy and char F >0

v O, /v if ve Sy, and char F' > 0
) Fs the separable closure of F.
) Fs C Fs the maximal separable extension of F' unramified outside S.
) Gr:=G(F/F).
) Gs:=G(Fs/F).
) W =W/ := Qu/Zi(n) for any n € Z.
) Wn(L) :== W(L) := H%(Gpr,Qi/Zi(n)) for a field L with char L # .
) wn(L) = [ senar £ IW/"(L)| whenever [W*(L)| < oo for every I # char L
and |W*(L)| = 1 for almost every .
1) divA:={a € A: Vmez Jarca ma’ = a} for an abelian group A,
2) DivA := the maximal divisible subgroup of A,
3) A/Div:= A/DivA.

2.2. Fields of cohomological dimension < 2. Let L be a field. If L = F, is
a finite field with ¢ elements then cd;(F,) = 1. If L is a local field it follows from
[Se, II, sec. 4.3, Prop. 12,] that cd;(L) < 2. If L = F is a global field and | > 2
then cd;(F) < 2 by [Se, II, sec. 4.3, Prop. 11 and Prop. 13,. If char FF = 0,
then cdo(F) < 2 iff F,, = C for every v|oo. It is so because for any m > 3 and
any 2-torsion, finite G p-module M there is the following natural isomorphism [M,
Theorem 4.8 (c) Chap. IJ:

(7) H™(F,.M) = @ H™F,, M)

v real
Hence if char F' = 0, and F’ does not have real imbeddings then trivially H™ (F,,, M) =
0 for all v|oo, all G(F,/F,)-modules M and all m > 0. This will always be the case
in this paper since for [ = 2 we will assume that us C F.

The localization sequence for étale cohomology [Sol, pp. 267-268| shows that
cd;(0,) < 2 for all nonarchimedean v and ¢d;(Op g) < 2 for all finite S D S

Lemma 2.1. Let L be a field such that charL # | and e~ C L. Assume that
Ky(L')/DivKy(L') is torsion for any algebraic extension L'/L. Then cdi(L) < 1.

Proof. Let L'/L be an algebraic extension. Since p; C L', by Merkurev-Suslin
Theorem [MS]:

(8) Ko(L) 1K (L)) = H2(L', Z/1(2)) = Br(L")[l] ® Z1Z(1).

By assumption Ko(L')/IK2(L') = Ko(L');/IK2(L');. By Suslin theorem [Su2, The-
orem 1.8] if a € Ky(L')[I*] then there is a € L’ such that o = {&x, a}. Hence « is
divisible by [ in K5(L'); because pj C L'. This shows that Br(L')[l]] = 0. Hence
cd;(L) <1 by [Sh, Corollary 2, p. 100]. O

Corollary 2.2. Let L be an algebraic extension of a global or local field. Let
charL #1 and p C L. Then cdi(L) < 1.

Proof. Let L be an algebraic extension of a global field. Observe that for n > 0 the
Ko, groups of rings of integers in global fields are finite by results of Borel [Bo],
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Harder [Ha] and Quillen [Q2]. Hence by the Quillen localization sequence [Q1] the
group K5(L') is torsion for every algebraic extension L'/L. If L is an algebraic
extension of a local field then by [Ta3] and [Me] the group Ko(L')/DivKs(L') is
torsion for every algebraic extension L’/L. Now the claim follows from Lemma
2.1. ([l

Let L be a field such that char L # I. We have G(L(u)/L) = A x T' where
A= G(L(m)/L) and T i= G(L(=)/L(n)).
Lemma 2.3. Let L be a field such that charL # 1. If | = 2 assume that uqs C L.
Then cd)(G(L(u=)/L) < 1.

Proof. By assumptions I' &2 Z; if o ¢ L and I' = 1 if gy« C L. Moreover
A CZ/I"ifl >2and A :=1if [ = 2. Consider the spectral sequence for any
I-torsion G(L(p)/L)-module M.

9) Ep* = HP(A, HY(T, M)) = H""(G(L(m==)/L), M).
EY? =0 for all p > 0 and ¢ > 1 because | f|A| and ¢d;(T') < 1 by [Ri, Chap. IV,
Cor. 3.2]. Hence H™(G(L(p)/L), M) =0 for all m > 1. O

The following two theorems are straightforward extensions of well know results of
Tate [Tal] and Schneider [Sch2] to the framework of general fields.

Theorem 2.4. Let L be a field such that charL #1 and pe ¢ L. If Il = 2 assume
that py C L. Let M be a discrete G(L(u)/L) module. Then
(10) HY(G(L(ju~)/L), M & W) = 0.

Proof. Is clear that H*(A, M ®z W) = 0. Hence to get (10) it is enough to prove
HY (T, M ®; W) =0 as in |Tal] and apply the inflation-restriction exact sequence.
O

Theorem 2.5. Let L be a field such that char L # 1 and py~ ¢ L. If | = 2 assume
that 1y C L. Assume that Ko(L')/DivKo(L') is torsion for any algebraic extension
L'/L(we<). Then

0 if m>2 and neZ
(11) H™(Gp, W) = 0 if m=2 and n#l
Br(L); if m=2 and n=1

Proof. Consider the spectral sequence:
(12)  EP? = HP(G(L(pu=)/L), H(Gr(ue), W) = HI TG, W)
Observe that F¥? = 0 for all p > 1 or ¢ > 1 by Lemmas 2.1 and 2.3. Hence

H™(Gp, W™) =0 for all m > 2 and all n € Z and Eg’o = Eg,z =0 for all n € Z.
If n # 1 then by Theorem 2.4

Ey' = HY(G(L(u=)/L), H (Grium), W) =
= H'(G(L(m=)/L), L(p=)" ®z W"1)) = 0.
Hence H?(Gp, W") = 0 for n # 1. For n = 1 the long cohomology exact sequence

associated with the short exact sequence 1 — ;. — G,, — G,,, — 1 and the Hilbert
90 show that H?(Gr,, py) = Br(L)[I*] for each k. Hence H(Gp, W) = Br(L);. O

Corollary 2.6. Let L be a global or local field with char L # 1. Assume that puy C L
if L = 2. Then the isomorphism (11) holds for L.
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Proof. Tt is shown in the proof of Corollary 2.2 that Ko(L')/DivKy(L') is torsion for
any algebraic extension L'/L(y ). Hence the claim follows from Theorem 2.5. O

Assuming that py C F if I = 2, the I-cohomological dimension of the any of the fol-
lowing rings Of g, F, O,, and F}, is <2 for any /. Hence the Dwyer-Friedlander spec-
tral sequence [DF] Proposition 5.1 shows that for X = spec Op g, spec F, spec O,,
spec F,, there are natural isomorphisms:

(13) KS$t(X) = H?

cont

(X.Zi(n+1)),  Ks,(X) = H,

cont

(X,Zi(n+1))

From now on in this paper char F' # [ and pg C F if [ = 2.

3. GALOIS COHOMOLOGY OF LOCAL AND GLOBAL FIELDS

3.1. Tate-Shafarevich groups and Tate-Poitou duality. The r-th Tate-Shafarevich
group I (F, M) for a Gp g-module M is defined as follows [M, p. 70]:

(14) % (F, M) = ker (H"(Gps, M) Mes,™ H H"(GF,, M))
veS
In this paper S is finite. In loc. cit. IIIG(F, M) is defined for any nonempty S

(containing S, if char F' = 0). In particular for a Ggp-module M :

(15) 1" (F, M) = ker (H"(Gp, M) 125 T[ H"(Gr,, M)

Observe that for an abelian variety A/F and M = A(F) we have I1I!(F, A(F)) C
II(A/F) where III(A/F) is the classical Tate-Shafarevich group. By Tate-Poitou
duality (see eg. [M, Theorem 4.10, Chap. I]) for any finite Gg-module M with

order being a unit in Op g and for the G's-module MP = Hom(M, FX) there is
the following perfect pairing

(16) [Ty (F, M) x T (F, M7) — Q)7
Since Z/1*(n)P = 7Z/1%(1 — n) we get perfect pairing:
(17) ULy (F, Z/1*(n)) x W& (F, Z/1*(1 = n)) — Z/I*

Passing on the left and the target of (17) to the direct limit and on the right of
(17) to the inverse limit we get perfect pairing:

(18) LI (F, Qi/Zi(n)) x WIE(F, Zi(1 —n)) — Q/Z
Let M be a finite discrete G(F/F)-module. If pps : G(F/F) — Autz(M), then
we put F(M) = M For any place v of F fix a place 7 in F. Let w be the

place of F(M) below . Consider the following commutative diagram with exact
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columns:

I1, rv
—_—

HY(G(F(M)/F), M) [1, H(G(F(M)w/Fy), M)

v

HY (Gr, M)

[T, #(Gr,, M)

[Ty Tw

0 —— Hl(GF(M), M) Hw Hl(GF(IVI)w7 M)

By Chebotarev’s density theorem the bottom horizontal arrow [ [, 74 is a monomor-
phism, hence I (F (M), M) = 0. Hence it is clear that the upper horizontal arrow
is a monomorphism if and only if II*(F, M) = 0. If F(M)/F is cyclic then by
Chebotarev’s theorem there are infinitely many places v such that G(F(M)/F) =
G(F(M)y/F,). So it is clear that in this case the top horizontal arrow [, 7, is a
monomorphism hence IIT'(F, M) = 0. The most interesting case for this paper is
M = Z/1¥(n), where | # char F and n € Z. In this case all horizontal arrows in the
above diagram are monomorphisms. Hence for every n € Z and every k > 0

(19) I (F, Z/1%(n)) = 0.
By Tate-Poitou duality (17) for every n € Z and every k > 0
(20) I1%(F,Z/1*(n)) = 0.

The equalities (19) and (20), in the number field case, have already been observed
by Neukirch [Ne, Satz 4.5]. Hence (20) and the exact sequence of G p-modules

(21) 0— Z/1*(n) — W" 5 W" — 0
give the following commutative diagram with exact rows and columns:
0 0

| |

0 - Hl(GF7 Wn)/lk M. Hv Hl(GFv,Wn)/lk

| |

0 —— HGrZ/Mw) L HA(Gr, 2/ )
This diagram gives the following equality:
(22) div H (Gp,W™) = {h: r,(h) € div(H" (Gp,, W™)), for all v}
For an abelian group M put M* := Hom(M, Q/Z). For a finite S containing

Soo,i and for a finite Gg module M Tate-Poitou duality gives the following exact
sequence.

(23) 0— H°(Gs, M) — @ H*(Gr,, M) — H*(Gs,M")"
veS
GS7 ——)@H GF, ——>H1(G57MD)*
veS
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— H*(Gs, M) — D H*(Gr,, M) — H°(Gs,M")* -0
vES

Taking M := Z/I*(n) and passing to direct limits gives the exact sequence:
(24) 0— H(Gs,W") — @ H(Gr,,W") — H*(Gs,Zi(1 - n))"
veS
— H'(Gs,W") — D H (Gp,,W") — H'(Gs,Zi(1 —n))*
veS

— H*(Gs,W") — @ H*(GF,, W") — H(Gs,Zi(1 = n))* =0
veES

3.2. Divisible elements in Galois cohomology of local fields. By Theorem
2.5 and Corollary 2.6.

0 if m>2 and neZ
(25) H™(Gp,, W") = 0 if m=2 and n#1
BT(FU)Z g@l/Zl if m=2 and n=1

It follows from local Tate duality [M, I Corollary 2.3] or [Se, II, sec. 5.2 Theorem 2
and the remark following it], that for each i such that 0 < ¢ < 2 there is a perfect
pairing

(26) H'(F,,Q/Zi(n)) x H* "(F,, Zi(1 —n)) = Q/Z.
Hence the following group is finite for every n # 1 :

(27) H*(GF,. Zi(n)) = H(Gp,, W' ™")" 2 W"H(F,),
so by (25):

(28) HY(GF,, W")/Div = H*(GF,,Z(n)) for n # 1.

Moreover by Hilbert 90 we have:

(29) HYGp,, WY 2 F*®Q/Z = Div H (GFg,, W').
Hence for any local field F;,, any prime [ # char F,, and any n € Z :
(30) div H*(Gp,, W") = Div H (Gp,, W™).

By (27) and (28), for any v ¢ S;, the boundary map 9, in the localization sequence
for O, gives the following isomorphism:

(31) 9y + H'(Gp,,W")/Div — H°(g,, W™ 1)

Theorem 3.1. There is the following isomorphism.:

(Ql/Zl)[F“:Ql]+1 if ves;, ne {O, 1}
(Q/z)F @l if we S, ne{0,1}
Ql/Zl if véSl, nE{O,l}
0 if ve¢S;, n¢{0,1}

(32) Div HY(Gp,,W™) =
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Proof. For any finite Gp,-module M with order m := |M] prime to char F,, the
Euler characteristic can be computed as follows [M, chap. I Theorem 2.8 |:

_ |HGr,, M)||H*(GF,, M)

M) : = -1
(33) X(GFuy ) |H1(GFU, M)‘ | O’U/mO’U |
Hence

@l iy e s
(34) XGrz /i) ={ | ey
Taking log; in (34) gives
2

. i —[Fy : it vesS

®) D G ) = { el el

Observe that

0 ny ~ Ql/Zl if n=20
(36) HA(Gr, W ){ finite if nF#O0

Computing the divisible rank of H*(Gg,, W") by use of (25), (35), (36) and the
following exact sequence gives the formula (32).
(37) 0 — H%(Gp,,Z/l(n)) — H*(Gp,,W") - H(Gp,,W™)
— HY(Gp,,Z/l(n)) — H'(Gr,,W") - H(Gp,,W")
1

— H*(Gp,,Z/l(n)) — H*(Gp,,W") — H*(Gp,,W") — 0.
O

Remark 3.2. Theorem 3.1 was proved by P. Schneider [Sch2, Satz 4 sec. 3] for { > 2
and char F, = 0.

3.3. Divisible elements in Galois cohomology of global fields. Consider any
first quadrant spectral sequence EY? = E™ with n = p + ¢ > 0. The differentials
drd ;. EPY — EPTTA=THL define EPf = ker dP? /im db=ma+T =1 for every r > 2.
For v > n 4 1 we have d29 = 0. Put ER? := El'l, = Ells = ... The filtration
0CE} CE},C- - CEy = FE"gives E}Y/E),, = ER. If EP* = 0 for
every p > 2 then the exact sequence of lower terms extends to the following exact
sequence:

(38) 0B’ - FE' - EY' - B 5 B - Ey' =0
Consider the Leray spectral sequence for the natural map j : spec F' = spec Op,g :
(39) EY? = H?(Opg, Rj,W™) = HPTI(F, W")

Since cd;(Gg) = ¢d;(Op,s) = 2 the exact sequence (38) gives the following local-
ization exact sequence in cohomology:

(40) 0= H'(Ops,W") — H'(E,W") 5 @ H (k, W"") —
vgS

- HQ(OF,SaWn) — 17’12(}_‘7 W") _8_) @H1<kv7wn—l) 0
vgS
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By Theorem 2.5 and Corollary 2.6 we get H?(Gp, W™) = 0 for all n # 1. Hence for
any n # 1 the sequence (40) has the following form:

(41) 0— H'(Ops,W") — H'(F,W™) 2 @) HO (ky, W"™") = H*(Op,s, W™) — 0
vegS
By [Ta2, Prop. 2.3] there is the following exact sequence:
(42) 0— H'(Gs, W")/Div — H*(Gs, Zi(n)) — H*(Gs, Qi(n)) = H*(Gs, W") = 0
P. Schneider defined numbers i, (F') as follows:
in(F) := dimg, (DivH?*(Gs, W™))][l]

In other words i, (F) is the number of copies of Q;/Z; in Div H*(Gg, W"). Note
that i, (F) = 0 iff H?(Ggs, Q;(n)) = 0 since H'(Gg, Z;(n)) are finitely generated
Z;-modules. Tt is immediate from (41) that 4, (F') does not depend on the finite set
S and for every finite S containing S :

(43) Div HY(Gp5,W™) = Div HY(Gp, W™).
Conjecture 3.3. (P. Schneider) i, =0 for allm # 1.

Lemma 3.4. H?>(Ops,W") = 0 for any n > 1 and any finite S O Sey. In
particular i, =0 for alln > 1.

Proof. Consider the following commutative diagram for each n > 1 :

00— Kon—2(0F,5) ——— Kon—2(F), 2 @ms Kon—3(kv)i —>0

| | ¥

0—— H'(Or5, W")/Div —= H'(F, W")/Div —> @, ;s H*(ky, W"™") —0

The top row is exact by Quillen localization sequence [Q1] and results of Soulé
[Sol, Théoréme 3 p. 274|, [So2, Théoréme 1 p. 326]. The left and the middle
vertical arrows are surjective by [DF, Theorems 8.7 and 8.9] and the right vertical
arrow is an isomorphism by [DF, Corollary 8.6]. This implies that the bottom
sequence is also exact. Hence (41) shows that H?(Op s, W™) =0 for all n > 1. So
i, =0 for alln > 1. O

Put:
D, (F) := div(H (Gp,W")/Div)

The following theorem extends [Sch2, Satz 8 sec. 4].

Theorem 3.5. Assume that i, = 0 for n # 1. There are the following exact
sequences:

(44) 0= Dn(F) = H'(Gs, W")/Div — @ W"™H(F,) - W™ (F) - 0.
vES

(45) 0= Dn(F) = H'(Gr, W")/Div - @ W" 1 (F,) » W" 1 (F) =0
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Proof. Let us prove the exactness of (44). Substituting n for 1 —n in the first three
terms of the exact sequence (24), dualizing and applying [Ta2, prop. 2.3] gives us
the following exact sequence:

(46) H'(Gs, W")/Div -+ @ H'(Gr,, W")/Div - W" " (F) — 0.
veS

For every S D So,; consider the following commutative diagram:
0 ———— Dp(F) ——— H (Gp, W")/Div —> @, H'(Gr,, W")/Div
0—— H'(Op5, W")/Div ——= H'(F, W")/Div — > @, 5 H*(ky, W"™")

The exactness of the top sequence follows by (22) and (30). By (31) this gives the
following commutative diagram:

0 — D, (F) — H'(Gr, W")/Div —2> @, H"(Gr,, W")/Div

| | T

0 — Dyn(F) — H'(Op,s, W")/Div —> @, .5 H'(F,, W")/Div

Hence the exact sequence (44) is obtained by connecting the bottom exact sequence
of the last diagram and the exact sequence (46) and applying isomorphisms (27)
and (28). The exact sequence (45) is obtained from (44) by passing to the direct
limit over S. (]

Corollary 3.6. Let n # 1 and let i, = 0. For every finite S O Seo 1 :

(47) Dy (F) = WI(F, Zy(n)) = WI*(F, Zy(n)):.
Proof. Follows by Theorem (3.5) and [Ta2, Prop. 2.3]. O
Let (see (54) in the next chapter):
(48) D (n) := div KS' (F),.
Theorem 3.7. Let n > 0. For every finite S D S there are exact sequences:
(49) 0= D*(n) — K3,,(Ors) - @ W"(F,) » W"(F) = 0.
ves
(50) 0= D(n) = K5, (F)i — @ W"(F,) — W"(F) =0

Moreover there is the following equality:

—1
|K§$1(OF7S)| _ ’HvGSwH(FU)’l
| D (n)] lwa (F)|;!

Proof. By Lemma 3.4 the sequences (44) and (45) are exact. Moreover by [DF,
Prop. 5.1] and [Ta2, prop. 2.3| there are the following isomorphisms:

K5 (Ops) = H*(Gp,s, Zy(n+ 1)), =2 H' (Gp,s, W"™)/Div.

(51)

K§h(F) = H*(Gp, Zy(n+ 1)), = H (Gp, W")/Div
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Hence D®(n) = D,11(F). Observe that the group H'(Grgs, W"!)/Div is fi-
nite. Indeed by [Bo], [Ha] and [Q2] the group Ks,(OF ) is finite and the Dwyer-
Friedlander map Ks,(Ors) — K. (OFs) |DF] is surjective. The formula (51)
follows from (49) because all the terms of this exact sequence are finite. O

4. DIVISIBLE ELEMENTS IN K-GROUPS OF GLOBAL FIELDS

Consider the following commutative diagram. The rows are localization sequences
and the vertical maps are the Dwyer-Friedlander maps [DF].

—— Ko 1 (F, Z/1") — 2> @, Kon(ko, Z/1¥) —— K20 (Or, Z/1F) ——

| - |

—— K5t (F 21 — 2= @, )y K5k, Z/1") — K54(0p[}], 2/1) —
For every k > 0 define:
D(n,1") := ker (K2, (Op, Z/1¥) = Ko, (F, Z/I*)) = coker d

D (n,1%) := ker (KL (OF[1/1), Z/1*) — KS§.(F, Z./I¥)) = coker ¢

We do not consider coker @ and coker ¢! in the following commutative diagram:

—— Koo (F, Z)1") —% @, Kan1(ky, Z/1*) ——> Kz 1(Or, Z/1F) ——

| |- |

et
—_— KS;(F, Z/lk) HB @vj/l K2e1t171<k’u7 Z/lk) —_— 26':‘171(0}7[%]7 Z/lk) -

because the isomorphism Ko, —1(Op) = Kan—1(F) (resp. the isomorphism K5 _,(Op|}]) =
K$§t_(F);) for every n > 1 and the comparison of Bockstein sequences for O and
F (resp. Op[1] and F) show that:

cokerd = ker (Ka,_1(OFp, ZJ1*) = Ko, 1(F, Z/I*)) =0
coker 9 = ker (K§!_(Op[1/1], Z)1*) — KS'_(F, Z/I*)) =0

Comparing the Bockstein exact sequences in K-theory for Op and for F' (resp. étale
K-theory for Op[1/l] and for F') we notice that for each k > 0:

(52) D(n,1") 2 ker (Kon(OF)/1¥ — Kon(F)/1¥) =
> Kon(Op) N Kon(F)" /Ko (Op)".

(53) D (n,1¥) = ker (KS%(Op[1/1)/1F — K5 (F)/1F) =
~ KSt(0p[1/1) NKSL(F) /KSL (Op[1/1)".

Hence for every k > 1 the group D(n,I*) (resp. D(n,I*) ) is a subquotient of
K2, (OF) ( K§t(Op[1/1]) resp.). Following [Bal] we will abbreviate our notation
at some places as follows:

(54) D(n) = div Ko,(F) and D(n):= div KS!(F);.
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Applying Bockstein sequences (cf. [Ba2, Diagrams 2.1 and 2.3, p. 289-290]) for all
k> 0 gives:

(55) KQ»,L(OF)/lk = KQn(OF)l and D(n,lk) = D(n)l .
Moreover for all k£ > 0 we get by similar argument:
(56) K5, (Op[1/0)/1* = K5 (Op[1/U)i  and  D“(n,1*) = D (n).

Let k(1) be the smallest k such that both conditions (55) and (56) hold. We observe
that if I J |K2,(OF)| then D(n,1*) = D(n); =0 for all k > 1.

The following theorem generalizes [Ba2, Theorem 3] which was obtained jointly
with M. Kolster.

Theorem 4.1. Ifl > 2 then Yk > 1 there is the following canonical isomorphism:

(57) D(n,1*) = D (n,1*)

Ifl =2 then Yk > 2 there is the following canonical isomorphism.:

(58) D(n,2%) = D (n, 2F)

If 1 > 2 then there is the following isomorphism D(n); & D¢ (n) or more explicitly
(59) div Ko (F); = div K§! (F),

Proof. For every | odd and k > 1 (resp. for [ = 2 and k > 2) consider the following
commutative diagram.

> Kon1(F, Z)I*) —2> @, Kon(ky, Z/I*) —— D(n,1*) —0

| | |

— K551 (F, Z/1°) % B,y Ksi(ko, Z/1*) —— D (n,1*) ——0

1R
1R

The right vertical map is an isomorphism because the middle vertical map is an
isomorphism by [DF, Corollary 8.6] and the left vertical arrow is an epimorphism by
[DF, Theorem 8.5]. The isomorphism (59) follows from (55), (56), (57), (58). O

Corollary 4.2. For all n > 0 there are the following isomorphisms:
(60) D(n)y = D*(n) = Dyya(F) = WE(F,Zi(n + 1)) = W2(F, Zy(n +1)).
Proof. This follows by Lemma 3.4, Theorem 3.5, Corollary 3.6, Theorem 4.1 and

by the following isomorphism K§! (F) = H?(F,Z;(n + 1)) [DF, Prop. 5.1]. O
Theorem 4.3. For every n > 1 there are the following isomorphisms:
(61) lig D(n,1*) =0,
k
. kY ~v
(62) %ﬂ D(n,l%) = D(n);.
(63) lim D (n,1*¥) =0,

k
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(64) Jim D¢ (n, %) = D% (n)
k
Proof. The isomorphisms (61), (62), (63), (64) follow by comparing the Bockstein

exact sequences in K-theory for O and for F' (resp. in étale K-theory for Op[1/]]
and for F). O

Proposition 4.4. For everyn > 1:

(65) 11m @ Kon(ko, Z)1*) = g%l P Ks.(ko, 2/1%) =

and the group

(66) lim* @ Ko (ky, Z/1%) = lim'" QB K5 (ky, Z)1%)
k k

is torsion free.

Proof. Notice that Ko, (ky, Z/1¥) = Ko, _1(k,)[I*] and K§! (k,, Z/1¥) = K§ | (k,)[I*].
Because Ko, (ky, Z/1F) = K§t (k,, Z/1¥) by [DF] it is enough to make the proof for
K-theory Hence (65) follows because:

%n P Kok, Z/1¥) C 1%1 1 Konks,z/1%) =0

Applying the lim — lim' exact sequence to the exact sequence:

0= ©y Kon(ko, Z/1%) — [ Kon(ko, Z/1%) = [ Kon(ko, Z/1%)/ @y Kon(ky, Z/1*) — 0
v v

gives the natural isomorphism

(67) %’“H Kon(ko, ZJ1¥) | @0 Kon(ko, Z/1¥) = un By Kon(k, Z/1%)

The group on the left hand side of (67) is clearly torsion free. (]

Theorem 4.5. For every n > 1 there is the following isomorphism:
(68) Li%nl Kn(F, Z)I") =» %nl KeH(F, Z)1%).
Moreover there is the following equality:

(69) lim" Kan(F, Z/1") = 0,
k

and the following eract sequence:

(70) 0— D(n);, — 1(1%11 Kony1(F, Z)1F) — y%nl B Kon(ke, Z/1F) = 0

Proof. In the number field case this theorem was proved in [BZ]. We are going to
give a proof that works for all global fields satisfying our assumptions set up in
section 2. Consider the following Bockstein exact sequences:

(71) 0= Kn(F)/I" = Ko (F, Z)1*) = Kn_1(F)[I*] = 0

(72) 0 — K (F) /1" — KH(F, Z/1F) = Kna(F)[I*] — 0

If n = 2m then K2m—1(0F,S)l = Kgm_l(F)l and K;fn_l(OF,s)l = K2€£n—1(F)l are
all finite groups. Since the natural maps K, (F)/l**1 — K, (F)/I* and K¢(F) /1t —
KeH(F) /1% are surjective for all n > 0 and all k > 0, the equality (69) follows by
applying the lim — lim! exact sequence to the Bockstein sequences (71) and (72).
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Consider the natural maps

i ¢ Kopi1(Ops, Z/1%) = Kopy1(F, Z)1%),

i K51 (Ors, Z/1%) = Koy, (F, Z/17).
Since the groups Kan11(Op,s, Z/1*) and K§, (Op,s, Z/1*) are finite, the lim —
lim! exact sequence shows that

lim' Kopi1(F, Z/1°) [i(Kan41(Ops, Z/1%)) 2 lim' Kopy1(F, Z/1°)
k k

lim' Kopi1 (F, Z/1%) /i (K55, 1 (Or,5, 2/1F)) = lim' K5l (F, Z/1%).
k k

Hence taking into account the Theorem 4.3 (62) and applying the lim — lim! exact
sequence to the rows of following commutative diagram :

0= Kona(F, Z/1) /i (K511 (Ors, T/1)) ——> @, Kon(ko, Z/1¥) ——> D(n,1*) =0

| | X

0 = Kont1(F, Z/1¥) /i (K53, 41(OFs, 2/1") ——= @, , K5 (kv, Z/1F) —— D (n,1*) =0

1R

gives the natural commutative diagram:

0 —— D(n); ——lim; Koni1(F, Z/1") ——lim, @, Kon(ky, Z/1") —=0

0 ——> D(n) —>lim" Kby (F, /1) — lim! @, , K5h(ko, Z/1) —>0

Hence the top row of the diagram is the exact sequence (70) and the middle vertical
arrow is the isomorphism (68) d

Theorem 4.1 gives the opportunity to compute the order of the group D(n);.
Recall that for n odd, [ > 2 and a totally real number field F' [Ba2, Theorem 3 (ii)
p. 289] there is the following formula:

(73 £ (o), = [ S

One gets this formula taking S = S;, applying the equalities (51) and (58), observing
that in this case |w,(F)|; ! =1 and using the theorem of Wiles which states that

t H*(Os,, Zi(n+ 1)) = [wpg1(F)Cr(—n)|;

Now let char F' = p > 0 and let I, be the algebraic closure of F, in F. Let X/F,
be a smooth curve corresponding to F. This curve is unique up to F, isomorphism.
The Leray spectral sequence for the natural map i; spec FF — X :

EY? = HP(X, R, W") = HPTI(F, W)
gives the following exact sequence of the lower terms:

(74) 0 — HYX, W) — HY(F, W) 2 @ HO(k,, W)
v
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By (31) and the exact sequences (45) and (50) we obtain for all n > 1 the following
natural isomorphism:
(75) D (n) = H' (X, W™t
Its is well known c.f. [Ko| p. 202 that |[HO(X, W) = ¢"T1-1, |H?(X, W"Hl)| =
q" — 1 and
(76) [HH X, W] = (@ = D" = Dex (=n)l;
Since F, is the algebraic closure of F, in F' we have W¥*(F) = W*(F,) for all
k € Z. In particular for all k > 0 we have |wy,(F)|;' = |wp(Fy)|; ' = |¢¥ — 1|, If
@v = Nv, then wy(F,) = wi(k,) = |¢F — 1];". Observe that:

¢r(s)=Cx(s) [T @ —No™)

v | oo

Hence by Theorem 4.1 we get:

Wy (F) wpg1 (F) (r(=n) 1
(77) §D(n), =

| Hv | 0o wn(F’U) |l
Theorem 4.6. For everyn > 1,k > 1 andl > n+1 the kernel of the natural map
(78) Ho, (GL(OF), Z/1*) — Han(GL(F), Z/IF)

contains a subgroup isomorphic to D(n,*).

Proof. Let A be a commutative ring with identity. Comparing the Bockstein exact
sequences for K-theory of A and for the homology of GL(A) and applying the result
of Arlettaz [Ar2, Cor. 7.19] (cf. [Arl]) we observe that for alll >n+ 1 and k > 1
the Hurewicz homomorphism

(79) hon : Kon(A, ZJIF) — Ha,(GL(A), Z/1%)
is injective. Hence the claim follows by the following commutative diagram.

Kon(Op, Z/1%) Kon(F, Z/1F)

\LhQn ihzn

Hon(GL(OF), Z/1¥) —— Hyn (GL(F), Z./1%)

O

Corollary 4.7. Let n > 1 and | > n+ 1. Assume that KS.(Or[1/1]) = D(n),
and l || |D(n);|. Then kernel of the natural map

(80) Hon(GL(OF), Z/1) — Han(GL(F), Z]1)
contains a subgroup isomorphic to D(n);.

Proof. By Theorem 4.1 we have D(n); & D¢ (n); and D(n,l) = D¢ (n,l). Moreover
by (53) and the assumptions we have the following isomorphism D¢ (n); & D®(n, 1),
hence D(n); = D(n,). O

Corollary 4.8. Let FF = Q and let n > 1 be odd. Assume that | > n+ 1 is such
that 1 || |wn41(Q)¢a(—n)|; . Then the kernel of the natural map
(81) Hyn(GL(Z), Z)1) — Han(GL(Q), Z/1)

contains a subgroup isomorphic to Z/1.
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Proof. Recall that K§!'(Z[1/1]) = D(n), = divK§(Q) (see [Ba2]). Moreover
ID(n)i| = |D*(n)| = |wnt1(Q)lo(—n)|; " by [Ba2, Theorem 3 p. 289]. Hence
the claim follows by Corollary 4.7. O

Example 4.9. Let FF = Q, n = 11 and I = 691. Observe that wi2(Q)(o(—11) =
2 x 691 cf. [Bal, p. 343]. Then the kernel of the natural map:

H3(GL(Z), Z/691) — Hi3(GL(Q), Z/691)
contains a subgroup isomorphic to Z/691.

Example 4.10. Let F = Q, n = 15 and [ = 3617. Observe that wi6(Q){g(—15) =
2 x 3617 cf. [Bal, Example, p. 358]. Hence the kernel of the natural map:

Hso(GL(Z), Z.)3617) — Hso(GL(Q), Z/3617)

contains a subgroup isomorphic to Z/3617.

5. THE WILD KERNELS AND DIVISIBLE ELEMENTS

5.1. Wild kernels and the Moore exact sequence. The following theorem is
basically known however the results are scattered over a number of papers. Namely,
surjectivity of the map (82) is due to [DF| and surjectivity of (83) for number fields
was proven in [Ba2|. The splitting of the map (82) in the number field case was
settled in [Ba2| and the canonical splitting of the map (82) in global field case was
settled in [K]. The splitting of the map (83) for the even K-groups of number field
was proven in [Ca]. For the record we make a very short proof of Theorem 5.1
pointing out key ingredients.

Theorem 5.1. For every n > 1 and every finite set S O S; the following natural
maps are split surjective:

(82) K (Ors) = K (Ors)i.

(83) Kn(F)l — K:;t(F)l.

Proof. If X denotes Op g or F then by [DF| Theorem 8.5 the left vertical arrow in
the following commutative diagram is surjective.

(84) Kpi1(X, Z)1F) — K, (X)[1F] —=0

» |

(X, Z/1°) —— K (X)[IF] —=0

Hence the right vertical arrow is surjective so K, (X); — K¢(X), is surjective cf.
[Ba2, Theorem 1] . The surjectivity of the map (83) follows also by surjectivity of
the maps (82) for all finite S upon taking the direct limit over S, (cf. [Ba2| the proof
of Theorem 1). Since the groups K, (Of )i, K& (Ops)i, are finite for all n > 0,
and the groups K, (F); and K¢ (F); are finite for all n odd then the splitting for
the map (82) for all n > 0 (resp. the splitting of the map (83) for all n odd) follows
from the investigation of the right vertical arrow of the diagram (84), cf. the proof
of [Ba2, Proposition 2] . For the splitting of the map (83) with n even we use the
method of Luca Caputo [Ca]. Namely from the diagram (84) we find out that the
kernel of the map (83) is a pure subgroup of Ks,(F'); and from the diagram of the
proof of Lemma 3.4 we get that this kernel is finite. Hence by [Ka, Theorem 7] the
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map (83) is split surjective. Actually the splitting of both maps (82) and (83) for
all n > 1 follows by this method by use of [Ka, Theorem 7].
O

The Wild kernels K¥(Op); and WK, (F') are defined as the kernels of the natural
localization maps to make the following sequences exact:

(85) 0= K(Op)i = Ko(F) = [ K (F)
(86) 0= WKL (F) = Ko (F) = [ Kn(F)

Observe that WK, (F) C K,(Op) for any global field F and n > 0 cf. [BGKZ].
In the number field case it was proved in [BGKZ]| that WK, (F') is torsion. In the
function field case K,,(Op) is torsion for all n > 1 and it is clear that W Ky(F) =
WK;(F) = 0. Hence for any global field F' and any n > 0 we get:

(87) WK’I’L(F) C Kn(OF)tor

Hence in particular if F' is a number field then the group K%, (Op); has already
been defined in [Ba2| and the group WK, (F') has been defined in [BGKZ].

Consider the following commutative diagram.

0——> WKTL(F)Z E—— KTL(F)Z EE—— Hv KTL(E))Z EE——

L

0 —— KY(Op) — K, (F); — [, K;'(F,)1 —

From this diagram we notice that for any n > 0 and any [ > 2 we have:

(88) WKn(F)l C K,:f(OF)l C Kn(OF)l

Hence by [Ta2], Proposition 2.3 p. 261 we observe that

(89) K5, (F) = HY (Fy, Qui/Zi(n + 1))/ Div = W™ (F,),
(90) K51 (Fo)i = HY(Fo, Qu/Zy(n + 1))/ Div = W"H(E,),

Hence the group K¢ (F,), is finite for any v, any n > 1 and [ > 2. This shows that
(91) div K, (F), C K;LU(OF)Z C K,(Op),.

Applying Quillen localization sequences for rings Op g and O, it is also important
to notice, that for any finite set S D S; there are the following exact sequences:

(92) 0= WKL (F); = Kn(Ops) = [[ Kn(Ou)i
veS

(93) 0— K,LLU(OF)l — Kn(Opﬁs)l — H Kff((’)v)l
veS

The following theorem gives the analog of the classical Moore exact sequence for
higher K-groups and global fields.
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Theorem 5.2. For everyn > 1 and every finite set S D S there are the following
exact sequences:

(94) 0= K5, (Or)i = Kon(OFp,s)1 — @WH(FU) — W"™(F) — 0.
vES
(95) 0= K3, (Or)i = Kon(F)i = D W"(F,) = W"(F) — 0.

In particular:

(96) | K2n (OF,s)i] _ |vaswn(Fv) |*1

| K50, (OF )i wy(F) T
Proof. Tt results from Theorems 3.7 and 5.1. The equality (96) follows from (94)
since all terms in this exact sequence are finite. U

Lemma 5.3. For everyn > 1 and every l > 2 there is the following exact sequence

(97) 0 — div KSH(F), — KgH(F) — [ [ K&H(F)

Proof. Put n = 2i — j for j = 1,2. Hence by (13), by [Ja, Theorem 3.2] and by
[Ta2, Proposition 2.3 p. 261], the exact sequence has the following form:
(98)

0 = div Ko;_j(F), — H' =Y (Gp,Q/Z(i))/Div — [ [ H " (Gr,, Q/Zi(i))/ Div.
Let 5 = 1. Then the map H°(Gr,Q;/Zi(i))/Div — H°(Gp,,Qi/Z(i))/Div is
trivially injective for each v and div Ko;_1(F') = 0 so (98) is exact in this case. For
j = 2 the exactness of (98) is the result of Theorem 3.5. O

Consider the following commutative diagrams:

0 —— K/ (Op); — Kn(F) —— [, K (F)

| | -

0 ——div KH(F); — KH(F) — [, KgH(Fyo)

n

00— K(Op), K, (Ops) —1I1, K (Fo)

| | X

0 —— div Kzt(F)l — Kflt(OFﬁ)l — Hv Kflt(Fv)l
The left vertical arrows in both diagrams are identical.

Theorem 5.4. The left vertical arrows in the diagrams above are split surjective.
The middle vertical arrows induce canonical isomorphisms for alln > 1 :

(99) Ko(Opsh/KX(Op) — K (Ops)i/divKe (F),
=,

(100) Kn(F)1/ K (OF): KX (F)/divK (F),

Proof. 1t follows since the middle vertical arrows in the diagrams above are split
surjective by Theorem 5.1. a
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5.2. Divisible elements, wild kernels and Quillen-Lichtenbaum conjec-
ture. We keep working with global fields as stated in the introduction. In partic-
ular gy C F if [ = 2. The Quillen-Lichtenbaum conjecture for the global field F'
states that for all n > 1 and [ # char F’ the natural map:

1
(101) Kn(Orp) © Zi = K/ (Op[7])
is an isomorphism.

Theorem 5.5. The following conditions are equivalent:
1) K,(Op) ®Z, HK”(OF[ D) for alln > 1,
) Kn(F), —>Ket( )i for alln > 1,
) Kn((’)F,Z/lk) = K¢ (Op[1],Z/1%) for all k >0 and n > 1.
) Kn(F,Z)1%) — K&(F,Z/1*) for all k >0 and all n > 1.
5) lim, K, (F, Z/Nzk) — lim, K{(F,Z/1¥) for alln > 1.
) KS(F,Zy) — KH(F) for all n > 1.
) K¥(Op); = divK,(F); for alln > 1.
Proof. The equivalence of conditions (1), (2), (3) and (4) follows by finite generation
of K-groups of O and by comparison of Bockstein and localization sequences
for Quillen and étale K-theory. Clearly (4) implies (5). Consider the following
commutative diagram cf. [BZ]:

0 ——lim, ' K1 (F,Z/1F) —— KP*(F, Z)) — lim, K,,(F,Z/lF) —0

0—> 1<1_k Kt (FLZ)1F) ——— KH(F) ——lim, KiH(F,Z/1*) —0
where K'5(F,Z;) is the continuous K-theory defined in [BZ]. Hence (5) and The-
orem 4.5 implies that the middle vertical arrow in this diagram is an isomorphism.
By [BZ] Theorem 1 this implies (2). Hence we proved that (5) implies (4). This

diagram also shows that (5) and (6) are equivalent. By the diagram following the
proof of Lemma 5.3 conditions (2) and (7) are equivalent. O

Base on the proof of Theorem 5.5 we easily prove the following theorem.

Theorem 5.6. For every n > 1 the following conditions are equivalent:

(1) K.(OF) %Zz = KeHOF[1)),
(2) Kn(F)1 — K (F)i,
(3) lim, K, FZ/Z’“) —> lim, Kg'(F,Z/1"),
(4) K (F,Z) = Ket(F)
( ) Kw(OF)l —dZ’UK ( )
Proof. Exercise for the reader. O

Proposition 5.7. Let l be prime to char k,. There are natural isomorphisms:

(102) Kn(Oy, Z)IF) =5 KO, Z)1F)
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(103) Ka(0,)[IF] = KeH0,)[17]

(104) Ko (0u)/1F = KHO,)/1F
Proof. Consider the following commutative diagram.

K, (0,,Z/1") — K4 (0,,Z/1%)

f T

K (ky, Z/1F) —> K¢ (k,, Z/1*)

The left vertical arrow is an isomorphism by [Sul, Corollaries 2.5 and 3.9] . The
bottom vertical arrow is an isomorphism by [DF, Corollary 8.6] . Hence the top
horizontal arrow is a monomorphism. Moreover, the top horizontal arrow is an
epimorphism by [DF] Theorem 8.5 and by comparison of K-theory and étale K-
theory localization sequences with coefficients for the local ring O,. The maps
(103), (104) are isomorphisms by comparison of Bockstein K-theory and étale K-
theory sequences for O,, with corresponding Bockstein sequences for k,, cf. [BGKZ)]
Section 2. O

Corollary 5.8. Let | be prime to char k,. There are natural isomorphisms:

(105) K. (F,, Z)IF) = KS'(F,, 7,JIF)
(106) Ko (F)[F] = K3/ (F)[1%]
(107) En(F,) /1P =5 K (F,) 1F

Proof. The isomorphism (105) follows by Proposition 5.7 and by comparison of
K-theory and étale K-theory localization sequences with coefficients. Consider the
following commutative diagram with exact rows:

0——- Kn(ov)l I Kn(Fv)l —_— Kn—l(kv)l —0

T

0—— K3NOy)1 —= K/ (Fy) — Ky (ko) —0

The bottom exact sequence is an appropriate étale cohomology exact sequence
written in terms of étale K-theory. It follows by Proposition 5.7 that the map (106)
is an isomorphism, hence by Bockstein sequence argument the map (107) is also an
isomorphism. [

Remark 5.9. If p = char k, then it was proven in [HM] that:
(108) Kn(Fy, 2/*) = K1, 2",
By Bockstein sequence argument the map

(109) Kn(F)W] = K (F)

is an epimorphism and the map

(110) Ko (F)/pt = K (F) b

is a monomorphism.



WILD KERNELS AND DIVISIBILITY IN K-GROUPS OF GLOBAL FIELDS 25

Consider the following commutative diagram.

0 —— WK, (F); —— Kn(F)i —= 1, Kn(F.)i

| | |

0 ——div Kn(F)l —_— K,elt(F)l _— Hv K,Zt(Fv)l
Theorem 5.10. Assume that for every v € Sj :
(111) Ko(F) — K§H (o).

Then for all n > 1 the left vertical arrow in the diagram above is split surjective.
Moreover the following conditions are equivalent for all n > 1:

(1) Ko (F) — K&(F),
(2) WKn(F)l = diUKn(F)l

Proof. By theorem 5.1 the middle vertical arrow is split surjective. The right ver-
tical arrow is an isomorphism by Corollary 5.8 and our assumption. This shows
that the left vertical arrow is split surjective. Hence the left vertical arrow is an
isomorphism if and only if the middle vertical arrow is an isomorphism. [

As stated in the introduction the results on motivic cohomology make it possible
to prove that the equivalent conditions in Theorems 5.5, 5.6 and 5.10 hold true.
Consider the spectral sequence connecting the motivic cohomology and K-theory:

EYT = HY U(F, Z/1"(—q)) = K_p—o(F, Z/1%).
Geisser and Levine [GL] proved that for [ > 2 the Bloch-Kato conjecture implies
HY(FZJ1%(i)) = H,(F,Z/1*(i)) for all j < i and HA(F,Z/1*(i)) = 0 if j > i.

The Bloch-Kato conjecture has been established by Voyevodsky [V2, Theorem 6.16]
so all this implies that:

(112) K, (F,7/]1F) = K(F,7./1%).

Hence for I > 2 the Quillen-Lichtenbaum conjecture holds for global fields of char-
acteristic # [, (cf. Theorem 5.5 above). When | = 2 the theorem of Voevodsky and
Rost [V1] was used by Rognes-Weibel, [RW] to compute 2-part of the K-theory of
rings of integers. In particular their work implies the isomorphism (112) for [ = 2
in the case py4 € F. Hence the isomorphism (112) for all [ > 2 and the Theorem 5.5
imply the following theorem:

Theorem 5.11. For every n > 1 we have the following equality:
K;LU(OF)Z = di’UKn(F)l.

Assume that K, (F,) = K&(F,), for every v € S; and every n > 1. Then for
every n > 0 :

WKn(F)l = div Kn(F)l-

Remark 5.12. Tt is easy to observe that WK, (F) = div K,(F) =0 for 0 <n < 1.
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6. SPLITTING OBSTRUCTIONS TO QUILLEN BOUNDARY MAP

Observe that the [Ba2, Diagram 2.5] and the corresponding diagram for étale
K-theory and also [Ba2|, Diagram 3.2 extend naturally to the global field case and
[ > 2. Hence by analogues arguments as the ones in loc. cit. we get for every k > 1,
every n > 1 the following commutative diagram with exact rows:

oo Koy (F)[IF] —— @y Kon—1(ky)[I¥] —— D(n,1¥) ——=0

T

oo K5 (F)[I*] —— @y jy K5}, _1 (ko) [I*] —— D' (n,1*) —0
Actually the rows of this diagram have the following form:
(113) 0 — Kon(Op)[1¥] = Koun(F)[I*] = @0 Kan_1(ko)[I"] = D(n,1*) — 0.

(114) 0 — K5i,(Op)[1*] = K5 (F)[1"] = &y K51 (ko)[I*] = D (n,1*) — 0.
Taking direct limit in (113) gives the I-part of the Quillen localization sequence
(115) 0 = Kan(OF )i = Kan(F)i —2 ©y Kan1 (ko) — 0.

which also implies the property (61).

Recall the definition of the numbers k(1) in section 4. Define

(116) No:= [ *O.
l | ‘K27L(OF)|

The exact sequence (113) for every [ shows that for every positive integer N such
that Ny | N we have the following exact sequence:

(117) 0— K2n(OF) — KQn(F)[N} — D K27L71(kv)[N] - D(n) — 0.

The exact sequence (117) shows that the group D(n) is the analog for higher K-
groups of the class group CI(Op) that appears in the exact sequence:

(118) 0— Ki(Ofr) = Ki(F) = ®v Ko(ky) — Cl(Op) — 0.

Remark 6.1. To determine whether a map of two [-torsion abelian groups is split
surjective I considered in [Ba2, p. 293 and p. 296] obstructions to the splitting via
I* truncations of this map. Working throughout [Ba2| with k >> 0 I did not consider
on p. 293 loc. cit. the cokernels of the [¥ truncation of d for k < k(I). By (113) the
cokernel of the I* trancation of 9 is D(n,*) and in particular for k > k() we have
D(n); = D(n,I¥). As a result in [Ba2, Corollary 1, p. 293] I have an incomplete
statement. The Proposition 6.2 below completes the statement of [Ba2, Corollary
1, p. 293]. The proof of the Proposition 6.2 below is the same as the the proof of
[Ba2, Corollary 1, p. 293| by considering I* truncations for all k > 0 not just for
k > k(1). The gap in the statement of [Ba2| Corollary 1 p. 293 has been noticed by
Luca Caputo in [Ca).

Proposition 6.2. The following conditions are equivalent:
(1) D(n,1¥) =0 for every 0<k <k(l),
(2) Kon(F)1 = Kon(Op) @ @, Kan—1(kv)i
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Proof. (2) implies Ko, (F)[I*] 2 Ko, (Op)[I*] & @, Kan—1(k,)[l¥] for every k >0
hence D(n,[*) = 0 for every k > 0 by (113).

Now assume (1). By definition of k(I) we note that D(n,(*) = 0 for every 0 < k <
k(1) if and only if D(n,I*) = 0 for every k > 0. Hence by (113) there is an exact
sequence for every k > 0 :

(119) 0= Kon(Op)[IF] = Kon(F)[1*] = €D Kan—1(ky)[I*] = 0.

The groups Ks,_1(k,) are finite cyclic. Hence for every v we can choose k > 0
that Ko, 1(ky); = Kan_1(ky)[l*]. Hence the exact sequence (119) allows us to
construct a homomorphism A, : Ko,—1(ky)i — Kopn (F); such that for every element
&o € Kon—1(ky)1 we get O(Ay (&) = (..., 1,&,1,...) € @, Kon—1(ky):. Hence the

map
A=]] A
A @ KQn—l(kv)l - K2n(F)l
clearly splits 0 in the Quillen localization sequence (115). O

Proposition 6.3. The following conditions are equivalent:
(1) D (n,l*) =0 for every 0 <k <k(l),
(2) K5, (F) = K5,(Op[1/1]) & @D, KS, 1 (ko)

Proof. The proof is precisely the same as the proof of Proposition 6.2 with use of
the exact sequence (114). O

Theorem 6.4. The following conditions are equivalent:
(1) D(n,1¥) =0 for every 0<k <Kk(l),
(2) D (n,1¥) =0 for every 0 <k <k(l),

(3) Kon(F)1 = Kon(Op) @ @, Kan—1(kv)i,

(4) K5, (F) = K5,(0p[1/1])1 & @, K51 (ko).

Proof. Tt follows by Theorem 4.1, Propositions 6.2, 6.3 and the definition of k£(1). O

Observe that for any totally real number field F' any odd n > 0 and any odd prime
number [ we have

¢ K5, (Op[1/1)) = [wai1 (F)Cp(=n); !
The following corollary is a correction of [Ba2] Proposition 1 p. 293.

Corollary 6.5. Let n be an odd positive integer and let I be an odd prime number.
Let F be a totally real number field such that Hv|l wn(Fy) = 1. The following
conditions are equivalent:

(1) The following exact sequence splits
o
0 = Kon(Or) = Kon(F); — @y Kon—1(ky)1 = 0.

(2)
(Wit (F)Cp(—n)|] ' =1
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Proof. In our case D(n); = |wy41(F)Cr(—n)|;", (see (73)). Moreover, by Theorem
4.1, for every k > 0 we have D(n,l¥) = D¢ (n,I¥) and D (n,I*) is a subquo-
tient of K5 (Op[1/1]). In addition, as we observed before, D(n); = D(n,I*) for
k >> 0. Hence in the assumptions of the corollary D(n,l*) = 0 for all k& > 0 iff
w11 (F)Cr(—n)|; " = 1. Hence the corollary follows by Corollary 6.2. O

Corollary 6.6. Let n be an odd positive integer and let | be an odd prime number.
The following conditions are equivalent:

(1) The following exact sequence splits
0 = Kon(Z) = Kan(Q) -2 ®y Kan1(ky) = 0.
(2)
w1 @ (-n)); =1
Proof. Tt follows from Corollary 6.5 since |w, (Q;)[;* = 1. O

Remark 6.7. Take F' = F,(z). Then Op = F,[z]. By the homotopy invariance [Q1]
Corollary p. 122 we have K, (F,[z]) = K, (F,). Hence the boundary map in the
localization sequence gives the following isomorphism:

KZn(IFp(I)) i 2 KQn—l(kv)
In particular D(n) = divKy, (Fp(z)) = 0.

Let %0 be the exponent of the group Ko, (Or);.

Lemma 6.8. For every k > 1 and every k' > k + kg :
(1) the natural map D(n,1%) — D(n,1¥) s trivial,
(2) B, Kon—1(ky)[I*] C (K2 (F)[I¥]).

Proof. Statement (1) follows from the commutative diagram with exact rows:

0 — D(’I’L,lk) I Kgn(OF)/lk — Kgn(F)/lk

e e

0 ——= DmI¥) —s Ky (Op)/l"¥ —— Ky, (F)/IF

’

since the middle vertical map is trivial by definition of k.
Statement (2) follows from (1) and the following commutative diagram with exact
rows:

Ko (F)IY) —% @, Konoa(k)[IF] —— D) —— 0

| | ;

Ko(F)I¥]  —2% @, Konoa(k)IF] —— Dn¥) —— 0

since the left and the middle vertical arrows are natural imbeddings. [
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For any k > k(I) let us define
1
@ K2n71(k/’v>l :

P Konalko)

*lqp—1

(2)
P Eonalko)ii= @ Konalko)
v UV

Theorem 6.9. Let F be a global field, n > 1 and | be any prime number. The
following conditions are equivalent:

(1) D(n): =0,
(2) the following surjective map splits

(1)
o : KQn(F)l — @ KZn—l(kv)l~

Proof. For each k' > k consider the following exact sequence
o ¢Y) / ©)) /
(120) Kon(F)[I*] 5P Kon-a(k) ¥ @@ Kan-1(ky)[I*] = D(n); — 0.

where 0 = 01 @ 0. Assume that D(n); = 0. Hence for each k¥ > k the following
map is surjective:

(121) Kon(F)F] 25 @ Kon 1 (k)I¥].

So for each v such that ¥ | g — 1 we take &’ > k such that I¥'||¢”” — 1 and we notice
that there is a homomorphism

Av : K2n—1(kv)l — K?n(F)l

such that
al OAU(gv) = ("'713 gv; 17"')7
for any &, € Ka,—1(ky);. It is clear that

(1)
Al : @ KQn—l(kv)l — KZn(F)l

1
A1 = = Av

splits 0.
Assume now that 9y is split surjective. Consider the exact sequence (120) for
k' = k + kg. For such k' by Lemma 6.8 we have

0u(Kan(F)I¥)) € @D Kan ()] =

(122) =@ Ko s (k)" € @ Fonr (k) [1"] € DK (F)IF))

On the other hand 0 is split surjective hence @U(l) Kon_1(k)[IF] = 01(Kan (F)[IF]).
Since & = 8; @ J, then by (122) we see that 8; (Ko, (F)[I¥]) € d(Kan(F)[IF]).
Hence again by (122) the map 0 in the exact sequence (120) is surjective. Hence
D(n)l =0. O
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Corollary 6.10. Let F' be a totally real number field. Let n be an odd positive
integer and let | be an odd prime number. The following conditions are equivalent:

(1) The following surjective map splits

(€]
O+ Kon(F) = @ Kon—1(ky):

(2)
’wn+1(F)CF(—n) -1 _
[ wn(Fy) !

Proof. By [Ba2] Theorem 3 p. §D(n); = |%W|;l Hence the corollary

follows by Theorem 6.9 U

Corollary 6.11. Let F' be a global field of char F > 0. Let n > 1 be an integer and
letl # charF. The following conditions are equivalent:

(1) The following surjective map splits

(€]
O+ Kon(F)i = @ Kan—1(ky):

(2)

‘wn(F) W1 (F) Cp(=n) -1 _
Hu|oow"(Fv) :

Proof. Due to (77) the corollary follows by Theorem 6.9 O
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