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Introduction. Since early stages of its developments, the theory of
transformation groups has relied on comparison of linear representations with
general group actions on manifolds from algebraic as well as geometric points of
view. If G is a finite group and W is an orthogonal linear representation space
of G, then it is an elementary fact that the unit sphere S(W) with the induced
linear G-action has more than ome G-fixed point if S(W)®#¢ . The
generalization of this fact to arbitrary smooth G-—manifolds is neither elementary
nor obvious. The first result in this direci;ion is due to Conner—Floyd ([8] § 31)
who proved that for G = (Z/2)" acting smoothly on a closed manifold X , the

fixed point set XG

cannot consist of one point. Conner and Floyd conjectured
([8] § 45) that the cyclic group Z/q", where q is an odd prime, cannot act on
a closed orientable manifold with only one fixed point. The example of Conner
and Floyd for a smooth 7/4 action on RP? shows that this fixed—point
property does not hold in general. The Conner—Floyd conjecture was proved by
Atiyah and Bott ([4] Theorem 7.1) using their version of the Lefschetz fixed
point formula for elliptic complexes (nowadays known as Atiyah—Bott—Lefschetz
formula). Conner and Floyd also established their conjecture using their work on
the cobordism of odd order periodic maps ([9] Theorem 8.3). They also
constructed a smooth G-—action on a Riemann surface with exactly one fixed

point for G a cyclic odd order group with at least two dinstinct primes dividing
|G -

A more general form of the Conner—Floyd conjecture for smooth odd order
abelian p—group actions i8 due to W. Browder ([6]) and Ewing and Stong
({11]) who showed that the abelian hypothesis is necessary. In fact, based on the
Atiyah—Bott and Conner—Floyd Theorem, Ewing and Stong ( [11]) proved that if
G # (Z/2)" is a compact Lie group, then G can act smoothly on a closed
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(possibly non—orientable) manifold with one fixed point and in the orientable
case, only abelian groups of odd prime power order cannot act with only one fixed
point. The generalitzation and interpretation of the Conner—Floyd conjecture in
an algebraic context was taken up by Assadi in [2] and [3]. Assadi’s
generalization to chain complexes and G—spaces with Poincaré duality provided
an algebraic proof of the Conner—Floyd conjecture for G = (Z/p)" . For infinite
dimensional Poincaré G-spaces and kG chain complexes satisfying Poincaré
duality, the Conner—Floyd conjecture may be formulated in terms of the
associated varieties [3]. Recently, W. Browder has extended his results in [6] to
abelian p—group actions on finite dimensional simplicial complexes which are
(Z/p) —homology manifolds [7], thus giving a further generalization of the
Conner—Floyd conjecture. See also Browder [6a].

In this paper, we prove that the Conner—Floyd conjecture generalizes to
actions on complete non—singular algebraic varieties over an arbitrary

algebraically closed field k . In particular:

Theorem 2.1. Let X be a complete algebraic variety over an algebraically closed
field of characteristic p > 0, and let G be a finite abelian group of order q,
where q is a prime different from p , acting on X via automorphisms. If the

fixed point set consists of one point x € X, then X is singular at the point x.
In fact, the following scheme—theoretic generalization is proved:

Corollary 3.2. Let G be a finite abelian group of prime power order acting on a
complete non—singular algebraic variety V defined over an algebraically closed

field of arbitrary characteristic. Then VG cannot consist of an isolated point, i.e.

ve # Spec(k) .



For varieties over € , the underlying topological space of X in the analytic
topology is triangulable according to Hironaka ([13]). Combining the above
theorem and the results of Browder [6] or Assadi [2] [3] one concludes that in
this case such an X is not a mod p homology manifold if G is an abelian
p—group . If G is an elementary abelian group, then (by Assadi [2] [3]) X
does not satisfy Poincaré duality with Fp — coefficients. For G = Z/p this result
can be deduced from Bredon [5], as pointed out: ~ . . to us by Browder.

From the point of view of varieties, the condition p # q in Theorem 2.1 is

necessary, since the action of I/p on IPl(Ep) given by
(x0 ; xl) —_ (x0 s Xg + xl) has precisely one fixed point. On the other hand, it
is easily seen that this fixed point has multiplicity two, so that Corollary 3.2
applies to this case. Finally, one may ask to what extent the non—singularity of
X plays a role for the truth of the Conner—Floyd conjecture. By means of
examples (Section 3) one can see that there exists one—fixed point actions on
projectively normal subvarieties of P N which have only a normal singularity at
the fixed point. Moreover, for k = €, the link of the singularity at XG could be
quite complicated (see Corollary 3.3).

In the next section we discuss some preliminary notions from algebraic
geometry which may not be well-known to researchers in topological
transformation groups. In Section 2 we give the proof of the main theorem. In
Section 3 we discuss some examples including the case of p—groups actions in

characteristic p .



Section One. Preliminaries.

In the sequel, k denotes an algebraically closed field of characteristic
p20,and G will be a finite group. If (|G| ,p)=1 (|G| =order of G),

then the element ﬁ gGg is an idempotent in kG . Consequently, all
8

kG—modules are kG—projective and the group algebra kG is semisimple, which
shows that all kG—modules are completely reducible (i.e. kG—isomorphic to a
direct sum of irreducible kG—submodules). This result (known as Maschke’s
Theorem, cf. Curtis—Reiner [7]), refines further when G is abelian. Namely,

any n—dimensional kG—module W is G—isomorphic to a direct sum of

n

one—dimensional (over k) kG—submodules: W~ & L., dim L. = 1. Further,
i=1

the representation of G on L, factors through G ——— Z/f where Z/L acts

on Li via an appropriate £—th root of unity. Similarly for infinite dimensional

representation the above idempotent may be used.

The standard reference for notation and definitions from algebraic geometry
is Hartshorne [9] and the reader will find the details in [9] as appropriatly re-
ferred to them. In particular, the term variety refers to an irreducible variety. Ba-
sic properties of projective varieties are adequately covered in [9] Chapter I
where the reader may replace "complete" by "projective". Let G act effectively
on a projective k—variety X by automorphisms. Then the geometric orbit space
X/G exists and it is a projective variety as well. In the case k = C , this
coincides with the orbit space under the usual (Euclidean) topology. We will need
this fact only for curves in the positive characteristic where complete and
projective are equivalent (indeed for non-singular curves only). This case is

handled by the following elementary considerations. The G—action on X induces
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def
a G—action on the field of rational functions K(X) = K leaving the subfield k

def G
fixed. In particular, the fixed field L = K

is a finitely generated field
extension of k of transcendence degree one, and the extension L C K is Galois.
It is well-known that there is a unique (up to isomorphism) projective
non—singular curve X’ whose function field is isomorphic to L . Moreover, there
is a k—morphism #:X — X’ inducing the inclusion L CK (cf. [9] Ch. I

§6).

In the classical case, i.e. k = C, the map = is a ramified (i.e. branched)
covering, and ramification occurs over the orbits whose isotropy subgroups are
non—trivial. Let g and g’ be the genera of X and X’ respectively. Then, the
Riemann—Hurwitz formula relates g and g’ when X and X’ are

non-singular:
(GRH) 28-2=|G|(2g" —2) +deg R.
Here R is the ramification divisor ([9] Chapter IV, § 2).

The proof of this theorem for k=C is an elementary Euler—Poincaré

characteristic count, and simplifies to the following:
(RE) %-2=[6l0g -2+ L (16~ |6())
X

where |G(x)| is the number of points in the orbit of x € X which is equal to

|G| except for finitely many x .
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In the general case, the above formula (GRH) is valid, and the only delicate
point is the computation of deg R . However, when (]Gx| ,p) =1 for all points

x € X with non-trivial isotropy groups, the ramification is called tame, and

deg R = 2 (|G| = |G(x)|) sothat (RH) holds in the following discussion
xeX

(cf. [9] Ch. IV, §2).

We will also need to consider desingularization of curves and an equivariant
analogue. Suppose X is a possibly singular projective curve on which G acts by
automorphisms. Then the set of singular points of X is a finite G—invariant set,
i.e. a G—set. Also, G acts on the function field K(X) =K by k—automorphisms

as above. Let Y be the unique non-singular projective curve such that

def
K(Y) =K. Then the G-action on K induces a G—action on the set of discrete

valuation rings of K (which is the underlying set of Y). Thus G actson Y by
isomorphisms. Every local ring ax,x , x € X, when regarded as a subring of K,
is dominated by a discrete valuation ring aY’y ([9] Ch. I, § 6). The inclusions
OX’XC aY,y for various x€X and y€Y giverisetoamap f:Y—X
which turns out to be a morphism. Clearly, f will be equivariant with respect to
the given G-actions. Further, Y is the normalization of X , and in the

complement of the singular set, say X reg = X-X f:{ 1(X

g sing ’
— X

reg) — X

is a G—map of G—sets.

8
is an isomorphism, and f:{ 1(X

sing) sing
Remark. Although we will not need the following, it is interesting to notice that
Y/G is the normalization of X/G , and the suitable generalization of the
Hurwitz formula for singular curves should agree with the standard one for

Y—Y/G.



ion T
We will keep the hypotheses and notation of the previous section.

2.1. Theorem. ILet X be a complete algebraic variety over an algebraically
closed field of characteristic p > 0, and let G be a finite abelian group of order
q" , where q is a prime different from p . Suppose that G acts on X via
automorphisms, and XG consists of one point. Then XG is a singular point of
X.

As a corollary of this theorem we have the following analogue of the

Conner—Floyd conjecture and its generalitzation by Browder [5] [6].

2.2. Corollary. Let X be a complete non—singular variety over an algebraically
closed field of characteristic p > 0 . Suppose G is an abelian group of order q,
where q is a prime different from p, and G acts on X via automorphisms.

Then XG cannot consist of one point.

Proof.: To get a contradiction, assume that xG = {xo} , X 1is smooth at Xp
and the action on X — {xo} is fixed—point free, i.e. for all x # X » the isotropy

subgroup G, # G . Notice that T X is a G-representation. Choose a basis
0
of eigenvectors of T_ X andlet x,,..,x_  be the corresponding
n X, 1 n
coordinate functions. Let s be the maximal ideal of the local ring 6( <.
0

€y e 1€

*
Xp- Then we have a projection 72— m/m2g(Tx X) . Choose a
0
*
G—equivariant splitting (using semisimplicity) (p:(TxOX) — =z and let

fi=p(x)e %(’XO . Let Vy CX be an open neighborhood of x; where all f,
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are defined, and let V := ﬂG g Vy bea G—invariant open neighborhood. This
ge

induces a G-equivariant morphism ¢:V — Txox Y v)=2 fi(v)ei . Since
x. = f; (mod =) , the differential d 4 induces an isomorphism of the Zariski
cotangent spaces, which implies that ¢ 1is étale at Xy - Now let
C:={veV|[i(v)=..=1(v)=0} . C issmooth at x, by the Jacobian
criterion. Let )30 := component of C passing through xg - Thus EO is a curve
passing through X and non—singular at xg - Moreover, L is G—invariant and
)3%; = {x,} . Let X, be the closure of I, in X, (i.e. add the finitely many
possibly missing closed points to 20 to get a complete, possibly singular curve
I, )- It follows that ¥, is also non—singular at x, and the G—invariant finite
set of singular points of 21 lies in the fixed—point free part of 21 . Now let
7 : X — L, be the equivariant normalization of )31 as described in Section
One. Thus, m is a finite proper morphsim which restricts to a G—isomorphism
onto the open subset of regular points of }31 , i.e. an open G-invariant

neighborhood of x| . Hence, £C consists of one point, namely wIl(xO) .

To summerize, we have produced a nonsingular complete curve £ on which
g acts by automorphisms and EG consists of one point, call it Xo again. Let
2'=2%/G and #:X—3/G be the projection onto the orbit space (cf.
Section One), and let xj = n(x;) . Since (|G|,p) =1, the ramifications of =
are all tame, and we may apply the Riemann—Hurwitz formula (RH) of Section
One. For each branch point x’# x),» X €I, and each ramification point
x € 7 }(x) lying above x’, the ramification index is |G, | # |G| . Let

g = genus(X) and g’ = genus(X’) . Thus (RH) becomes

%—-2=|G|(2g -2) + g 1G] - [1- 1 ]+|G| : [1—_1—]

X ¥ x, |Gx|
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Hence 2g -2 =-1{(mod q) .

On the other hand, consider the space of differential one—forms Q% [k
which i8 a g—dimensional k—vector space on which G acts linearly. From the
above conclusion of (RH), we conclude that g#1.For g=0, & & [Pl(k) and
it is well-known that the automorphism group of [Pl(k) is PGL(2,k) and as a
result, up to G—isomorphism, the G—action on [Pl(k) is linear. It follows that

any such effective linear G—action on [F'l(k) must have at least two fixed points.

g

Hence g> 2, and Q%:/k # 0 . According to Section One, Q}J/k ~ ig L. , where

1
dim, L. = 1 and the G—action on L, factors through a projection

0. 8

. §
G 1—l-+—+ U/q T« Ci > , where Ci is a primitive q

i—th root of unity. Thus, we

have a basis T = {t;,... ,tg} of G—invariant differential one—forms on which

(Cj,tj) — (];j . t.i where n; # 0(mod qu) and qBi > 1 since the action of G
on X is not trivial. At least one element of T, say t, , must not vanish at g -
Since the degree of the divisor (t;) is2g—2> 0, t; must vanish at some point
y# Xq - Let ¢: X —— Y be the isomorphism which represents the generator of

|

8
Z/q ' 2 0,(G) so that (p*tl =¢ !ty et y, =1"(y) e G(y) = orbit of .

1 def * 111
Then t(y)) =t,(f(3)) = (£t)(3)=¢ "~ - t,(y) =0, and we conclude that
the order of vanishing of t; at all points of the orbit of y are the same. Hence,
the degree of the divisor (t,) is divisible by
gcd[lg—| 14(y) = 0} =0(modq). It follows that 2g—2=0 (modq),
y
contradicting the conclusion of the Hurwitz formula above. This contradiction

proves the theorem. O
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Section Three. In this section we discuss some consequences of the main theorem
as well as the case of p—group actions on varieties in characteristic p , where a
scheme~theoretic version of Corollary 2.2 is valid. As before, let k be
algebraically closed of characteristic p, and let X be an affine k—scheme with
G is the closed subscheme

defined by the ideal I= {f8—f|ge G,fek[X]} . Thus, the k—algebra

coordinate ring k[X] . The fixed—point scheme X

R:=k[X]/I is the largest quotient of k[X] on which G acts trivially, and
XG = Spec(R) .

3.1. Theorem. Let X be an irreducible k—scheme of positive dimension on which
a finite p—group G acts by k—isomorphisms. Then the fixed—point scheme XG

cannot consist of an isolated point, i.e. xG # Spec(k) .

3.2 Corollary. Let G be a finite group of prime power order acting on a
complete non—singular algebraic variety V defined over an algebraically closed

field of arbitrary characteristic. Then VG cannot consist of an isolated point, i.e.

vG # Spec(k) .
The above corollary follows from 3.1 and Corollary 2.2.

Proof of 3.1. We may assume XC(k)#¢ . Let x;e XC(k), andlet U bean

affine open neighborhood of x, . Then Uy:= N gU is a G-invariant affine
geG

open neighborhood of x, , and we may prove the theorem for U, . Therefore, we
0 0

may assume that X is affine. Let m be the maximal ideal of the local ring

%.x,

acts linearly. Since G is a p—group and char(k) = p , there is a non—zero vector

, and consider the finite dimensional k—vector space m/m2 on which G
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ag € (m/m2)* which is fixed under G . The pair consisting of the closed point
X, and the non—zero tangent vector ay at x, which is fixed under G is
equivalent to a surjective k—homomorphism R — k[e] /(52) , Wwhere
Spec(R) = X%  as discussed above. Therefore Spec(R) # Spec(k)  as
caimed. o

A version of 3.1 has been proved for unipotent actions in a different context

by Meyer—Oberst [13].

As pointed out in the Introduction, the case k= C implies that if a
complete variety X has a G—action with XG = one point , then the link of the
singularity at the fixed point x% s not (mod q)-homology equivalent to a
sphere, provided that X — XG is regular.

3.3. Corollary. Suppose k = € and X is a complete variety on which G (as in
Theorem 2.1) acts with xC = {xo} . Suppose that X is non—singular in the
complement of X - Then the link of the singularity at X, is not

(mod q)}-homology equivalent to a sphere.

Proof: According to Hironaka [10], X is triangulable, and we may choose x, to
be a vertex of an underlying symplicial structure. Further, by triangulating the
orbit space X/G , we may assume that G acts simplicialy on X . Passing to
the second barycentric subdivision, results in a G—-CW-—structure for X.
Therefore the cellular chain complex Cy(X) becomes a finite—dimensional
permutation G—chain complex (cf. Assadi [1] Ch. I). If the link of the
singularity at x, is a (mod q)-homology sphere, then X becomes a

(mod g)-homology manifold, and consequently, the permutation G—chain



complex Cy(X) ®[Fq satisfies duality. According to the construction, in the
G—sets providing permutation bases for Ci(X) , only X, has isotropy subgroup
G . But this contradicts Browder’s Theorem [6] (see the Introduction).

In the same direction, the combination of Theorem 2.1 above, Browder [6],

and Hironaka’s triangulation Theorem [10] yields the following:

3.4. Corollary. Suppose k= C,and X is a complete variety and G actson X
as in Theorem 2.1 above with XG = one point. Then the underlying topological
space of X in the analytic (i.e. Euclidean) topology does not satisfy Poincaré

duality with mod q coefficients (and hence Z—coefficients). o

Note: (1) When G = (Z/q)" , then we can also apply Assadi [2] [3] in
conjunction with Hironka’s result [10] to obtain this special case of Corollaries
3.3 and 3.4 above. This was the original form of 3.3 and 3.4 in the first version of
this paper. We would like to thank Bill Browder for communicating his results to
us, a8 well as bringing to our attention the following result of G. Bredon [14].
Bredon has shown that if G = Z/p acts on a connected finite Poincaré complex

G

X of positive formal dimension, then X“ cannot be mod p acyclic. Thus, for

G =1I/p , Brendon’s Theorem also implies 3.3 and 3.4.

To point out a concrete example confirming the above results, we consider
an example of a complex projective surface X on which the group G = Z/p acts
with only one fixed point. The link of this point is a rational homology sphere, in
fact the 3—dimensional classical Lens space L3(Zl/.5) , which is not a (Z/5) —

homology sphere.
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3.5. Example. Let X be the quintic hypersurface in 1P3(d1) given by the
equation x? + xg + xg + xlxzxi =0 where (xl,x2,x3,x4) are the homogeneous
coordinates of P3(C) . The action of Z/5 on P s given by (&x;) -——-+£ixi
where ¢ is a fifth root of unity generating Z/5 . As one computes easily, X is
invariant under Z/5 and of the four fixed points in p , exactly one point lies in
X , namely P =(0,0,0,1) . At P, X is analytically isomorphic to the affine

5

hypersurface xy = z" near the origin, by the Morse Lemma. This is a rational

double point of type A, and it is a quotient C2/(ZI/5) where Z/5 acts by

5, y=t5, z = 8t . On the other hand, X is

(e,(8,8)) — (ss,e4t) . Here, x =58
nonsingular at any point different from P . Thus, the link of the singularity is the
classical lens space L3(1,4) with fundamental group Z/5 which is a rational
homology sphere, but not a (mod 5) — homology sphere. In particular, X does
not satisfy Poincaré duality with (Z/5) — coefficients, although it is a rational

Poincaré complex.

Finally, it appears that the analogues of Corollary 2.3 and 2.4 for varieties
defined over fields of positive characteristic remain true when we formulate them

in terms of local cohomology.
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ON FINITE DRINFELD MODULES

Introduction

In [5], Deuring determined the possible isomorphism types of endomorphism rings
of elliptic curves, notably for those curves that are defined over a finite field. His results
were later generalized to abelian varieties of higher rank by Tate [17] and Honda [13].

Now in the fundamental paper [6], Drinfeld transports the modular theory of el-
liptic curves to the function field case. He found the kind of dioplantine objects (called
by him "elliptic modules") that over global function fields play the role of elliptic curves
in number theory. By his theory, he was able to prove analogues of the theorem of
Kronecker—Weber, the main theorem of complex multiplication, and parts of the Lang-
lands conjectures for GL(2) over function fields. Actually, in the course of the last few
years, the theory of Drinfeld modules has shown to be the key tool in the arithmetic of
function fields over finite fields. This comes from the fact that Drinfeld modules lead to
moduli problems that are related to GL(r) (r arbitrary), and to Galois representations
in local fields of positive characteristic, which one needs in order to describe the absolute
Galois group of a global function field.

In this paper, we treat Deuring’s problem of endomorphism rings in the Drinfeld
module setting, i.e., we study Drinfeld modules that are defined over a finite field, and
their endomorphism rings. Let (K,w) be a pair consisting of a function field K in one
variable over a finite field, and a place @ of K . Let further A be the ring of elements
of K with poles at most at o, and p a prime of A with finite residue field

Fp = A/p . As for elliptic curves, the classification up to isogeny of Drinfeld modules ¢
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over extensions of IFp is given by the isomorphism type of End(¢) g K (Thm. 3.5).
This ring turns out to be a certain division algebra central over the subfield E genera-
ted over K by the Frobenius endomorphism F of ¢ (Thm. 2.9). (These two results
are stated in [7], Prop. 2.1 in a somewhat disguised form, and with a few cryptical
hints as proofs.). We call ¢ supersingular if E equals K . One of our results is that for
supersingular ¢ , End(¢) is a maximal order in End(¢) ® K (Thm. 4.3). This opens
the way to use Drinfeld modules in the arithmetic of division algebras over function
fields, exploiting properties of modular schemes. In a subsequent paper, we will use this
approach to effectively determine the class and type numbers of such algebras. Simple
examples on this are given in (4.4) and (4.7).

We introduce the norm n(u) of an isogeny u, an ideal of A which for separable
u is the Euler—Poincaré characteristic of Ker(u) , and for u an endomorphism agrees
with the reduced norm. By means of n(u) , we may interpret the value P ¢(1) of the
characteristic polynomial of F as the E.—P. characteristic of our finite Drinfeld
A-module (Thm. 5.1). This leads to the definition of the local zeta function (or rather
Z—function) Z ¢(t) attached to ¢ , which has properties similar to those of the
Z—function of an abelian variety over a finite field. Also, our results suggest that the glo-
bal zeta functions ¢ é (for Drinfeld modules ¢ over finite extensions of K) which may
be constructed through local factors as above, have reasonable properties. This is at least
the case if ¢ has "complex multiplication", as results e.g. from Takahashi’s paper [16].



I. Background on Drinfeld moduleg

Let K be a function field in one variable over the finite field [F q with q ele-
ments, which we suppose to be algebraically closed in K . Fix a place "o " of K, let
K _ be the completion, and A the ring of elements of K regular outsideof . On A,
we have the degree function deg: A — 7 (extended to K in the obvious way) that
maps a to logq#(A/a) . The typical example is given by the polynomial ring
A=F q [T] , where "deg" is the usual degree function. By an "ideal" of A, we under-

stand a non—zero ideal. We use "prime", "prime ideal", and "place" of A as synonyms.

Let L be a field that is an extension of either K or of |Fp =Afp, i its alge-
braic closure, and 7: A —— L the canonical structure as an A-—algebra . L has
characteristic (written char(L)) o or p, respectively. Let 7 be the Frobenius endo-
morphism relative to IFq , i.e., the ma.pl x+——x1 . In the ring EndL(Ga) of all
L—endomorphisms of the additive group scheme Ga|L , 7T generates a subalgebra
L {r} that is simply the non—commutative polynomial algebra in 7 subject to the
commutationrule Tox=x%0 7, xe L. Let deng be the well—defined "degree" of
fe L{r} in 7.

Monic elements f e L{r} (i.e., those with leading coefficient 1) correspond bijecti-
vely to finite subschemes of [F q-—vector spaces of Ga|L by f~— H =ker(f) . Any
monic f may uniquely be written f= fs o fi , where fs is separable (i.e., its constant
coefficient is non—zero) and f, =1 b i purely inseparable. We write h = ht(f) = ht(H)

and call it the height of f or H, respectively.

1.1. Definition: A Drinfeld module over L of rank r > 1 is a structure of A—module

on Ga. | L , given by a ring homomorphism
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¢: A—L{r} CEnd;(G,),

a,l———)qf)a

where we require that for any a e A , the following two conditions hold:

(i) deg_¢, =r - dega;
(ii) ¢, = 7(a) + terms divisible by .

Thus if A = IFq [T] , arank r Drinfeld module ¢ is given by
¢p=1T) + g7+ +87,

where By Bp1 B # 0 may be chosen arbitrarily in L . A morphism u: ¢ — ¢
of D. modules (more precisely, a morphism defined over L, or L—morphism) is a mor-
phism of group schemes over L commuting with the A—action, i.e., an element

u e L{7} such thatforall ae A
(*) wog =4 o0u

holds. Therefore, we have endomorphisms, isomorphisms, and automorphisms of D.
modules, where e.g. an isomorphism is a non—zero constant u € L for which (*) is satis-

fied. Non—zero morphisms are possible only between D. modules of the same rank; they

are called igogenies.

1.2. Proposition (see e.g. [2], Thm. 4.9): The endomorphism ring End (¢) of the

rank r Drinfeld module ¢ is a finitely generated projective A-module of rank less or
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equal to . Moreover, End(¢) 2 K is a division ring.
Clearly, there exists a finite extension L’ of L such that all

L — endomorphisms of ¢ are defined over L’ .
We let a¢ = ker(¢a) be the scheme of a—divigion pointg, which is a finite sub-
scheme of A—modules of G, |L . For anideal n of A, welet

n¢ = ker(¢a).

aen

It is easy to see that ¢ is reduced, and its module n¢(L) of L—points is isomorphic
with (A/n)" if and only if n is relatively prime to char(L) . Thus let q be a prime
ideal of A different from char(L), Kq and Aq the g—adic completions, and put

¢g=lim _¢.
qm __’qn

We define the g—adic Tate module of ¢ by

(13) To(¢) = Homy (K /A o8(L)

which is a free Aq—module of dimension r.On T CI(:;5) we have representations of

a) the Galois group Gal(L:L) of L and
b) the ring End(¢) .

Since any endomorphism u# 0 of ¢ has finite kernel, the associated homomorphism
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iq: End(¢) ® A g End Aq(T q) is injective

Later on, we will need the following characterization of kernels of isogenies:

(14) Let ¢ be a Drinfeld module over L and HC Ga|L a finite subscheme of

F q—vector spaces. Then H is the kernel of some isogeny u: ¢ — 9 if and only if

(1) H(E) is an A—submodule of L (A—action by ¢);
(ii) ht(H) =0 (char(L) = o)
ht(H) = 0(deg p) (char(L) = p) .

This implies e.g. that for any isogeny u: ¢ — ¥, there exists v: $p—— ¢ such that

v°“=¢a. for some a€ A .

Proofs of all the assertions collected here may be found in [6], [8], or [2].



2. Endomorphism rings

Let now p be a prime of A of degree d, and suppose L is a finite extension of

degree m of F_ = A/p. Then L has cardinality qn , where n=4d - m, and contains

b

n

IFq via. y:A—L.Let F=7":x——x% be the associated Frobenius morphism.
If the Drinfeld module ¢ (always assumed of rank r) is defined over L, F commutes
with ¢(A) CL{r} ,ie, Fe End(¢). Aslong as ¢ is fixed, we write "A" for the

subring @#(A) of L{r}.

(2.1) Let L(7) be the division ring of fractions of L{7} . It is central of degree n?
over IFq(F) = quotient field of IFq{F} , and splits at the places of !Fq(F) different
from F=0 and F=wo. At F=0 (F = o), its invariants are 1/n (—1/n) , respecti-
vely. (See e.g. [14]. In the identification of local Brauer groups with Q / Z , there are
two possible sign choices. Ours, which agrees with that of [14], is defined by the asser-

tion above.)

(2.2) Recall that for any field extension E of IFq(F) that embeds into L(7), there s
only one place extending the ramified place F =0 or F = o, respectively. This follows

for example from Thm. 32.15, loc. cit ..

(2.3) Regarding ¢ : A— L{r} as an embedding, K = Quot(A) is contained in

L(7) . Let E be the extension of K generated by F.Then E =E® K  is a field.
K

* *
(2.4) Let deg: E —— Q be the extension to E of the valuation deg: K — 7,
which is uniquely determined by the preceding. From deg (¢,) =r - dega (ae A),

we derive deg F=n/r. If dcn denotes the degree of o over F qQ° this means that F



-8 -

has fractional pole order n/r - d, 8t o with respect to the field K .

(2.5) By (2.3), [E:K] = [Em : Km] =e - f , where e = ramification index and
f = residual degreeof E_:K_.But E_ = KQ(F) , hence

e = denominator of pole order of F w.r.t. K-

(2.6) Correspondingly, [E: [Fq(F)] = [E,:F q(F)m] =e’ -’ by (2.2). Clearly, the

residual degree f’ equals dtIJ - f, whereas the ramification index e’ is given by
e’ = pole order of F w.rt. E_ = numeratorof n/r - d_
Combining (2.5) and (2.6) yields the equality
(2.1) [E: [Fq(F)] /[E:K] =n/r
(compare "proof" of Prop. 2.1in [7]).
Therefore, letting 1, = [E: K] ,
Ip=1/r; =n/[E: qu(F)]
is an integer.

(2.8) For asubset S of L(7),let ¥(S) beits commutant. Then
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End(¢) 8 K = ¢(K) = #(E)

since E = K(F) and F is central. From the commutant equality ([1], § 10, Thm. 2),
we see that End(¢) ® K is central over E of degree rg . Its class in the Brauer group
of E is the class of L(7) over F q(F) restricted to E , as follows from loc. cit., § 10,
Prop. 2. Denoting by ‘B the unique prime of E that divides F (note that P lies
above the prime p = char(L) of K) , the invariants of End(¢) ® K are therefore
[E: [Fq(F)] *1/n=1[1, at P, —1/r, at theplace o of E, and zero at all the
other places.

Summarizing, we have proved the theorem (stated in [7]):

2.9. Theorem: Let E be the subfield of End(¢) ® K generated over K by F, and
= [E:K] its degree. Then r/r, is an integer 1, ,and End(¢) @K is a central
division ring over E of degree rg . There i8 a unique prime B of E that divides F,
and P lies above p. End(¢) ® K splits at primes different from P and o, and has
invariants 1/r2, —l/r:2 at P, o, respectively.
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3. Norms of isogenies

We keep the notations of the last section.

Let N be the map from End{¢)® K to K obtained by composing the reduced
norm nr: End{(¢) ® K — E with the field norm NIF(} :E—— K. Then N is
K-homogeneous of degree r and agrees on maximal commutative subfields H with the

H,
norm NK :H— K.
3.1. Lemma: For u e End(¢) , we have deg N(u)=r - deg u.

Proof: Both sides define valuations on End(¢) ® K equivalent with the m—adic valua-
tion. The proportionality factor comes out by evaluatingon u = ¢ ar BE A.

For each prime q#p of A, i q(H) ®K q is a maximal commutative K _—subalge-

q

bra of Endy (T q(¢') @K q) , whose norm mapping to K q is the determinant. There-
q

fore, Nj g =(detoi q) | g for every maximal commutative subfield H of
End(¢) ® K , s0

(3.2) N=detoi_.

Let P ¢(X) be the characteristic polynomial of i q(F) ,and M ¢(X) the minimal poly-

nomial of F over A .

3.3. Lemma: Py(X) =M ¢(x)r2, r,=1/[E:K] .
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I
Proof: It suffices to show that P(t) = M(t) 2 for t e E.But

T T T
P(t) = det(t — F) = Ny o nr(t —F) = NE((t = F) 2) = (NR(t = F)) 2= M(t) > , the
last equality coming from E = K(F).

3.4. Corollary: The characteristic polynomial P ¢(X) of F in the q—adic representa-

tion iq has coefficients in A that are independent of q.

3.5. Thegrem: For two Drinfeld modules ¢ and 4 of rank r over L, the following

statements are equivalent:

(a) ¢ and ¢ are isogeneous;

(b) End(¢)® K and End(9)® K are isomorphic K—algebras ;
(c) M 6= M v

(d) P 6= P "

Proof: ¢) and d) are equivalent by the lemma, since both M and P are monic polyno-
mials. a) 2 c): Let M¢(X)=Eai)(i . Then in L{r} , EF¢, =0 . Let
i

u:¢— 19 be an L-isogeny ; i.e., ue L{7} such that for each a e A , we have
wog, =y ou. Then 0=ZuoFo¢ =ZFoy ou , which implies
i i

EFiodja.:O,inotherwords, M¢|M¢,thus M¢=M¢.c) 3 b): Denote by E¢,

E " CL(r) the fields generated by the Frobenius elements, respectively, which are
K—isomorphic by assumption. From Thm. 2.9, we see that an isomorphism may be
extended to an isomorphism of End(¢)® K to End(¢) ® K.b) 3 a): Let

a : End(¢) ® K — End(y) ® K be an isomorphism. By the theorem of

Skolem—Noether ([1], § 10, Thm. 1), there exists u € L(7) such that a is conjugation
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with u. But L(7) = L{r}[F QF IFq(F) , hence, up to a central element, we may as-

sume u € L{7} , which clearly defines an isogeny u: ¢ — 9.

(3.6) Following Deuring [5], we associate an isogeny with any left ideal of the A—order
End(¢) in End(¢) ® K . In the given context, this generalizes a construction of Hayes
[12]. (For notation and the elementary ideal theory in simple algebras, we refer to
(14].)

Let u be a left ideal of End(¢) . Since L{7} is right euclidean, the left ideal
L{7r}u of L{r} is principal, generated by u = u(u) € L{r} , which is well-defined,
requiring u to be monic. But ¢(A) is central in End(¢),s0 u = u¢(A), which for

each a € A implies the existence of ¥, € L{r} with uo ¢, =¥, 0u.

3.7. Lemma: The map a+— qba defines a Drinfeld module %= ¢u ,and u is an
isogeny from ¢ to .

Proof. Clearly, 9 is a ring homomorphism, and 4, satisfies the degree condition (i) of
(1.1). If fe u, we have ht(f) = 0(d) by (1.4) (ii), so the same holds for u = g.c. right
divisor of fe u in L{7} . But this implies that ¢, and 9, have the same constant

coefficient « (a) , i.e., condition (ii) of (1.1).

3.8. Lemma: Let R be the right order in End(¢) ® K of the left ideal u of End(¢) .
Then conjugation with u in L{r} defines an injection of ¢ into End(¢") .

Proof: Let ref? ,ie, urCu, which yields the exstence of 8 e L{7r} with

nor=sou.But then

Bod}aos_l=souo¢aou_1os_1=uoro¢aor_lou_1=uo¢aou_1=1/1a,
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since r commutes with ¢_, thus uoRo vlc End() .

(3.9) Next, we associate an ideal n(u) of A with each isogeny u:¢ — 9 of Drin-
feld modules of rankr over L.If M is afinite A—module,let y (M) be the Euler—
Poincaré characteristic of M, which is an ideal of A uniquely determined by the condi-

tions

(i) x (M) =gq, if M¥ A/q with a prime ideal q of A;
(ii) If 0— M; — M— M, — 0 is exact, then
x (M) = x (My)x (My) .

Define the norm n(u) of the isogeny u by

n(u) = pRHO/4 Ly ((ker u)(L)).

3.10. Lemma: Let u and v be isogenies of rank r Drinfeld modules over L that

may be composed. Then

i)  n(uwov)=n(u)n(v);

(ii) deg.u = deg n(u) ;

(i)  n(u) = (N(u)) if u € End(¢) is an endomorphism;

(iv)  Let uC End(¢) be aleft ideal. Then n(u(u)) = ideal generated by N(f),

feu.

Proof: (i) and (ii) follow directly from the definition. (iii) Let q be a prime different
from p,and v a very high power of q. We calculate the g—part of (N(u)):
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(N(u)), = (det o i (u)) (by (3.1)) |

= X (T ($)/im i (u)

= x($/1(9))

= xlier(u) N 9)

= x(ker(u)),

= (n(w)), -
Furthermore, by (ii) and Lemma 3.1,
r - degn(u) =1 - deg u = deg N(u) =1 - deg N(u) , 50 (N(u)) and n(u) agree, since
they have the same g—components (q# p) and the same degree. (iv) results from (iii)

in view of u(u) = g.c. right divisorin C{7} of {fe u},so0

n(u(u)) = g.cd. {n({f)|feu}.

Note that (iii) implies that the norm of an endomorphism is a principal ideal.
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4. Supersingularity

We now study in detail the extreme case of Thm. 2.9 where E = K . Let r be the rank
of ¢ . The assumption E = K is equivalent with F = ¢f , some fe A, whose divisor
(f) must be a power of p . Comparing 7—degrees yields (f) = pm/ T . (Recall that
m= [L:IFp] .) We denote by ¢p the isogeny from ¢ to ¢" associated with the left
ideal u = End(¢)p C End(¢) . Then ker(¢,) = ¢ .

4.1. Proposition: The following assertions on ¢ are equivalent:

a) There exists a finite extension L’ of L such that over L’ , the degree
[End(¢) ® K : K] equals 1.

b) Some power of F liesin A .

c) ¢p is purely inseparable.

Proof: The equivalence of a) and b) comes from Thm. 2.9. By the preceding, b) says

m /r¢ , thus qu i8 local, which means that ¢p is purely inseparable. Conversely, let
b

¢p be purely inseparable. Then P¢(E) =0,andalso (L)=0,all i.If pi = (f) is
p

principal, ¢f is purely inseparable, and some powers of F and of ¢f agree.

Drinfeld modules that satisfy the conditions of the proposition are called super-
singular. All the supersingular D. modules of rank r in characteristic p are isogeneous
by Thm. 3.5. Their isomorphism classes are finite in number, since all of them may be
defined over a certain finite field L .

Let m, be the order of p in the class group of A, and L the extension of F

p
of degree m=mj-r.
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4.2. Proposition: Any supersingular Drinfeld module ¢ of rank r and characteristic p

is isomorphic to one defined over L .

Proof: Let ¢ be defined over a finite extension L’ of L, and F=7", n=d-m

. m
the Frobenius relativeto L. Let fe A with (f)=p 0 , thus @p = const - 7" . With-
out restriction, we may assume ¢f= ~, possibly replacing ¢ by an isomorphic D.

module. If ae A and ¢a =X airi ,the commutation rule ¢a ©¢p= g0 ¢a implies
n

a, =8 forall i,i.e., a, elL.

43. Theorem: Let ¢ be a supersingular rankr Drinfeld module over the finite field

L , which we assume large enough such that all endomorphisms are defined over L .

(i) End(¢) is a maximal order in End(¢)® K .
(ii) The left ideal classes of End (¢) correspond bijectively to the elements of
the set X(r,p) of isomorphism classes of supersingular rank r Drinfeld

modules in characteristic p .

Proof: (i) We adapt the idea of Deuring’s proof in the elliptic curve case [5] to our
situation. In each order, there always exist left ideals with maximal left (and right) or-
ders. Thus from (3.8), we see that there exists a supersingular 4 isogeneous with ¢
and such that End(¢) is maximal. We are therefore reduced to showing that End(%)
is maximal if 4 is isogeneous with ¢ and End(¢) is maximal.

Let u:¢ — 3 be a monic isogeny with norm n{u) = n a fixed ideal in A . De-

Compose
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f.
n=pfn’ , where n’ ='[_|'qil

with different primes Ch $#p of A. Since ¢ is supersingular, the p—component of
ker(u) is purely local, and u is completely determined by the number f and the

A—module ker(u) (E) , which has Euler—Poincaré characteristic n’. Thus choosing u

amounts to choosing for each i an A—submodule of length f; of

§
qi .

ni¢ = (A/“i)r y N

Next, by (8.10) (iv), for any left ideal u of End(¢), the norm n(u(u)) agrees with the
reduced norm nr(u) relative to the central division algebra End(¢) ® K : K . Since the
ideal theory of End(¢) localizes, u is given by the choice of:

a left ideal u, of End(¢)® A, with reduced norm ol; and for each i,

aleft ideal u, of End(¢)® A g 2 M (A, ) with reduced norm n, .
i

%

Now there exists only one ideal u_ as above ([14], Thm. 13.2) and by the theo-

rem of elementary divisors, there are aspma.ny ideals u, as required as A—submodules
of length £ of (A/n.).

In view of n(u(u)) = nr(u) , this means that each isogeny u as above comes from
a left ideal u . Lemma 3.8 now yields that for = ¢", End(¢) is a maximal order,

and (i) is proved.

(ii) By (i), we have a surjective map uw— ¢ from the set of left ideal classes of

End(¢) to Z(r,p) , which is also injective, as is easily seen.
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In the following, let D = D(r,p) be the central divison algebra of degree % over
K with invariants 1/r, —1/r at p, o, respectively. The theorem may be used in in-

vestigating the arithmeticof D .

4.4. Example: Let K=T q(T) be the rational function field and "w" the usual place
at infinity,ie., A = [Fq [T] ,and p a prime of degree d . The number of supersingular

isomorphism classes of rank 2 D. modules in characteristic p is given by

d

#E(20) = 5= (4= 0(2)
d

=22‘_‘1+ 4 (d=1(2).

Thusfor d =1 or 2, ¥(2,p) consists of one element, represented by the module

b =7 (T) + 7 (@=1)

bp=7(T)+ 717 [p,zT)] 2 (d=2),
where p(T) is the monic polynomial that generates p. The formula is proved in [8] by
an elementary argument, which works only in the case above. In [9], a conceptual proof
is given that is based on the arithmetic of Drinfeld modular curves. It has the advantage
to generalize to the case of arbitrary function rings A . Combined with the results of
[10], this will lead to explicit formulas for #(Z(2,p)) (= class number of D(2,p)) in

terms of zeta values of the function field K under consideration. Another generalization
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of (4.4) is the case where A still equals the polynomial ring F q [T] ,_but I > 2 is arbi-
trary. Here, the corresponding modular scheme has dimension r—1 over A, but is still
simple enough such that the number #(X(r,p)) can be determined (see forthcoming
work of the author). 6ther interesting results concerning class numbers of D(r,p) (and
of more general algebras, and non—maximal orders) have been obtained by Denert [3]

and Denert—v. Geel [4].

(4.5) In certain cases, our methods also allow to describe the set of types (i.e., conjugacy
classes = isomorphism classes) of maximal orders in D(r,p) . First note that if u is a
left ideal in the maximal order End(¢) of D(r,p), u is two—sided if and only if u(u)
induces an isomorphism End(¢) =y End(y) for y= ¢u . The next proposition gives

necessary conditions for endomorphism rings to be isomorphic.

4.6. Proposition: Assume the class number of the quotient ring A [p_l] of A isone.
Then the types of maximal orders in D(r,p) correspond bijectively to the orbits of

T(r,p) under the action of the Galois group G = Gal(IFp : IFp) .

Proof: Clearly, applying o € G to the coefficients of f € End(¢) defines an isomor-
phism End(¢) —=- End(y) , where ¥ =o(g) . Let ¢ € B(r,p) . Since all maximal or-
ders in D(r,p) appear up to conjugacy as right orders of a left ideal u of the given

maximal order End(¢) , the assertion will follow from (ii) of the theorem and

(*) If e X(r,p) and End(y) is isomorphic with End(¢) , there exists a purely

inseparable isogeny o : ¢ — 9.
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Namely, such a o has the form o = const - -rid , a.ﬁd, possibly replacing % by
an isomorphic module, we may assume o = -rid . Then 1 will be the Galois twist o(¢)
of ¢ , where we now consider o as an element of G .

Proof of (*): Let u:¢ — ¢ be an isogeny. Factorizingu =u_o u, into a purely in-

8
separable u, : ¢ — ¢’ and a separable ug ¢’ — ¢, we have
End(¢) —=- End(¢’) . Let u, correspond to the left ideal u_ in End(¢’) , having
right order R . From the maximality of & and Lemma 3.8, R~ End() , which by
assumption is isomorphic with End(¢”) % End(¢) . But this means that u  is
two—sided. Since u_ is separable, nr(us) = n(us) is relatively prime to p . In view of
the known structure of two—sided ideals of the maximal order End(¢’) ([14], Thm.

I4

22.4, 22.10), the class number condition forces u_ to be principal, and hence ¢’ is

8
isomorphic with .

The conditions of the proposition are in particular satisfied if A itself has class
number one, e.g. if A=TF q [T] . In the situation of Example 4.4 (suppose p > 2 for
simplicity), the number t(2,p) of types of maximal orders in D(2,p) is related to the
number w of fixed points of the Atkin—Lehner involution (see [9], Korollar 5.4) on a

certain modular curve by
H(2p) = 5 (#(2(29)) + w/2)

Let e be a non—square in EFq and p(T) the monic generator of p. Then w may be

expressed through the class numbers h(vp{T)), h(f/ep(T)) of the rings obtained
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by adjoining square roots of p(T), e - p(T) to A (loc. cit., Prop. 3.6). Together, this
yields

(4.7) t(2,b) =§ [ﬂ;il‘ll +1+ % (b(/p(T) +h(yep(T) )] ,if d is odd,
Q¢ -

d
%[12-_1'*‘%11(1/‘3HT5)] ,if d is even.
qg ~-1

The values for d =1,2,3 are 1,1,q+ 1.
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5. Zeta functions

 We let now again ¢.be a fixed rank r Drinfeld module defined over L, where L has

degree m over [ . Further, F = - , n=m -+ d, is the Frobenius morphism relative

b
to L.Let P(X)=P ¢(X) € A[X] be the characteristic polynomial of F . For any na-
tural number i , L, denotes the extension of L of degree i, and x (Li,¢) the Euler—

Poincaré characteristic of the finite A—module L, defined by means of ¢ .

5.1. Thegrem:

(i) The principal ideal (P(1)) of A equals x (L,¢).

(ii) (P(0)) = p™.

(iii) The zeroes x, of P in an extension of K_ satisfy |x;| < qn/ r.

Proof: From (2.9) and (3.3), we see that p is the only prime of A that divides P(0) .
The exponent m comes from (2.4) and the product formula in K, thus (ii). Since P is
a power of the minimal polynomial M of F, it suffices to prove (iii) for M instead of
P . But M is also the minimal polynomial of Em = K(F) g Km , hence ig irreducible

over K . Now the assertion follows from considering the Newton polygon of M over
the local field Km , thus (iii). Finally, a8 in (3.10), we calculate the q—primary compo-
nent of the principal ideal (P(1)):
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(P(l))q = (det o iq(F - 1))
= X (T,(4)/im i (F ~1))
= x (ker(F — 1))q .

Furthermore, deg(F —1) =degF =n/r ({see (2.3)), which means that P(1) and

N(F —1) have the same gq—adic valuations at all places q#¥p of K, including 9= o

. Hence by the product formula, their p—adic valuations agree too, and (i) is shown.
The theorem has some remarkable consequences. First, we get restrictions for those

fields that carry a Drinfeld module.

5.2. Corollary: If there exists a Drinfeld module (rank arbitrary) over the field L of
degree m over A/p, theideal p™ is principal.

By results of D. Hayes, a finite field L carries a rank one Drinfeld module if and
only if L contains some residue field of the Hilbert class field H of (K,») as an
A—subalgebra ([12], sect. 8; H = maximal unramified abelian extension of K that
splits completely at o ). Combined with (5.2), this yields an explicit version of the prin-
cipal ideal theorem of class field theory for K (see also [15]):

5.3. Corollary: Every ideal of A becomes principal over the Hilbert class field H of
(K,o) .

5.4. Corollary: x (L;,¢) is a principal ideal for all i .

5.5 Corollary: Let ¢ be supersingular with Frobenius endomorphism F = ¢f , fe A,

and q#p aprimeof A.If ¢ has one non—trivial g-torsion point over Li , all of its
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g—torsion points will be defined over L.
Proof: Since M,(X) = X —f, we have X(L;9) = (1 NS

Let now for a moment F be an endomorphism of an r—dimensional vector space
V over an arbitrary field K . Let Ai V be the i—th exterior power and AN F the in-
duced endomorphism. We put

Q(X) = det(1~X ' F)
and denote by " gxlog" the operator f+— f’ /f on power series (X).

5.6. Lemma: We have the formal identity of power series

i+1
Y det(1 - F)x¥ =X §x—log TT Qi(:ar:)('l)1+ .
k>1 0<i<r

Proof: This results from combining the well-known identities

a) det1-XF)= Y (-1)' (A F)X (applied to F*X and
0<i<r
evaluated at X =1),

kyyk
b) -X3logdet(1-XF)= § Tr(FX*, and
k>1

o) S loglt - g) = I log(f) + Sy log(s) -
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The preceding motivates our

5.7. Definition: The Z—function of a rank r Drinfeld module ¢ over L is

Z¢(t) — -I—l- Qi(t)(—l)i+1 ’

0<i<r

where Q;(X) is the inverse characteristic polynomial det(1 - X AiF) of the i-th exte-
rior power AR acting on AT q(qb) . Note that Q,(X) is completely determined by
Q,(X) = Q(X) = X"P(X ™).

58. Example: Let r=123, and P(X) given by P(X)=X -2, X>—aX+b,
X3 - aX2 + bX — ¢, respectively. Then

Zy(t) = ¢ (r=1)
_ 1-at +bt2 =2
al § [ EER ) (r=2)
_(1—at +bt2- ct3)(1—ct) (r=3).

(1-t)(1 - bt + act” - c*t°)

5.9. Variant: If we have a meaningful notion of exponentiation of ideals of A with
values in K (see e.g. [11]), we define the zeta function of ¢ by

C¢(s) = Z¢(p—m'8) .

Also, if ¢ is defined over a finite extension L of K with ring of A—integers B, we
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may define a global zeta function -

e = TTQ )™,

gprime of B

where tCI = p_m(q) "8 m(q) = [B/q: A/p] , and the factors Qq are constructed
from the reductions of ¢ mod q . By the following corollary, we may expect that ( é
contains meaningful information about the arithmeti¢ of ¢ . If e.g. ¢ is the Carlitz mo-
dule for A = I]:ql [T] , defined by ¢pp=T+r71, C¢ will be the Carlitz—Goss zeta

function which has values

2 a._kats=k,andlim z ak at s=—k ,
inm

a€A monic a monic

deg a<i

for natural numbers k . It is known that these values and their congruence properties
are intimately connected with the arithmeticof K =F q(T) .
From (5.1) and (5.6) we obtain

5.10. Corollary: Let Ta, ¢k

a3, € A,and (a) is the E.—P. characteristic x (Ly,$).

be the power series expansion of t (aiflog Z ¢(t) . Then

In the following concluding examples, we assume that A =[F q [T] , and that ¢ is
defined over the "prime field" IF‘:l = A/p . Write p(T) for the monic generator of p,

and v for the map composed of the norm I]Ep — [Fq and the canonical inclusion

IFq-'—bA.
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5.11. Examples:

(i) r=1,ie, ¢p=T+ecr, 0fcelF, . Wehave P(X)=X-a. Comparing

p
coefficients yields a = 1{c) - p(T), thus

Z¢(t)=1—VC T

ii r =2, and suppose ¢ =T + 'r+72, e[F_. Then

P(X)=X2-aX+b , b=const-p(T) , and by (iii) of (5.1), dega<d/2,
d =deg p . The precise value of a and b may be expressed through the "Deuring

polynomial® of [8]. Let first d=1,ie, F, —S—F,. Then P(X) = X% + gX —p(T)

p

and

2
_ 1+4+gt—-p(T)t
Zg(t) = T=inT+ ¥

If d=2, an elementary calculation gives P(X)= X2 — (v (g) + p’(T))X + p(T) ,
which leads to

2
_1- + p/ (Tt + p(T)t
Z4(t) = L .

The complexity of determining P(X) grows rapidly with d and r increasing.
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