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GROWTH RATE FOR ENDOMORPHISMS OF FINITELY
GENERATED NILPOTENT GROUPS AND SOLVABLE GROUPS

ALEXANDER FEL’SHTYN, JANG HYUN JO, AND JONG BUM LEE

ABSTRACT. We prove that the growth rate of an endomorphism of a finitely generated
nilpotent group equals to the growth rate of induced endomorphism on its abeliniza-
tion, generalizing the corresponding result for an automorphism in [14]. We also study
growth rates of endomorphisms for specific solvable groups, lattices of Sol, providing
a counterexample to a known result in [5] and proving that the growth rate is an
algebraic number.
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1. INTRODUCTION

In the present paper we study purely algebraic notions of growth rate and entropy
for an endomorphism of a finitely generated group.

Let m be a finitely generated group with a system S = {sj,---,s,} of generators.
Let ¢ : m — 7 be an endomorphism. For any v € , let L(v,S) be the length of the
shortest word in the letters S U S~! which represents . Then the growth rate of ¢ is
defined to be ([2])

GR(¢) := sup {limsupL(qb’%v),S) |y e 7'['} .

k—o00

For each k£ > 0, we put

Li(6,5) = max {L(¢k(si),S) i1, n} _
It is known that

GR(9) = lim Ly (6, 5)"/* = inf { Li(6, 8)"/*}

and the algebraic entropy of ¢ is by definition hae(¢) := log GR(¢). The growth rate
and hence the algebraic entropy of ¢ are well-defined, i.e., independent of the choice of a
set of generators ([11, p.114]). It is immediate from the definition that the growth rate
and the algebraic entropy for an endomorphism of a group are invariants of conjugacy
of group endomorphisms. Furthermore, for any inner automorphism 7., by 7o, we have

GR(7y,¢) = GR(¢) and haig(7y, @) = haig(¢) ([11, Proposition 3.1.10]).
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2 ALEXANDER FEL’SHTYN, JANG HYUN JO, AND JONG BUM LEE

Consider a continuous map f on a compact connected manifold M, and consider a
homomorphism ¢ induced by f of the group of covering transformations on the universal
cover of M. Then the topological entropy hiop(f) is defined. We refer to [11] for
backgrounds. Among others, we recall that R. Bowen in [2] and A. Katok in [10] have
proved that the topological entropy hiop(f) of f is at least as large as the algebraic
entropy halg(¢) = halg(f) of ¢ or f.

The problem of determining the growth rate of a group endomorphism, initiated by
R. Bowen in [2], is now an area of active research (see detailed description in [5] and
[14] and references therein). For known properties of the growth of automorphisms of
free groups we refer to [1, 18].

The purpose of this paper is first to study the growth rate of an endomorphism on a
finitely generated nilpotent group. In [14, Theorem 1.2] it was proven that the growth
rate of an automorphism of a finitely generated nilpotent group is equal to the growth
rate of induced automorphism on its abelinization. Our main result is a generalization
of this result of [14] from automorphisms to endomorphisms (Theorem 3.5) by using
completely different arguments. In Section 2 we remind some known results about
growth rate of group endomorphism, sometimes correcting them. In Section 3 we refine
the calculation in [2] of the growth rate for an endomorphism of a finitely generated
torsion-free nilpotent group and prove that the growth rate is an algebraic number.
Another purpose of this article is to begin a study of growth rates for specific solvable
groups, lattices of Sol, providing a counterexample to Theorem 5.1 in [5] and proving
that the growth rate is an algebraic number.
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2. PRELIMINARIES

We shall assume in this article that all groups are finitely generated unless
otherwise specified. For a given endomorphism ¢ : # — 7, if 7’ is a ¢-invariant subgroup
of 7, we denote by ¢ = ¢|,+ the restriction of ¢ on «’. If, in addition, 7’ is a normal
subgroup, we denote by qg the endomorphism on 7 /7’ induced by ¢. Then the following
are known, see for example [2, 5]:

GR(¢*) = GR(¢)* for k > 0.
GR(¢) < GR(9).

GR(¢) < max {GR(¢), GR(3) }.
Let ¢ : Z'" — Z™ be an endomorphism yielding an integer matrix D. Then we
have GR(¢) = sp(D), the maximum of absolute values of eigenvalues of D.

Let S’ be a finite set of generators for 7 and let S be a finite set of generators for
the quotient group 7/7’. Then it is possible to extend S’ to a finite set S of generators
for 7 so that S is projected onto S under the projection m — 7/7’. For any v € 7', it
is true that L(~,S") > L(v, S).

Consider the concentric balls B(n) = {y € 7| L(v,S) < n} for all n > 0, and the
distortion function of 7’ in 7 which is defined as

AT (n) :==max {L(y,5") |y €' NB(n)}.

™
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The notion of distortion of a subgroup was first introduced by M. Gromov in [8]. We
refer to [3] for our discussion. For two functions f, g : N — N, we say that f < g if there
exists ¢ > 0 such that such that f(n) < cg(cn) for all n > 0. We say that two functions
are equivalent, written f &~ g, if f < g and g < f. The subgroup 7’ of 7 is undistorted
if AT,(n) ~ n. The following facts about distortion can be found in [3]:

e If ' is infinite, then it is true that n < AT, (n).
o If [7: 7'] < oo, then 7’ is undistorted in 7.

Assume that AT,(n) < n. By definition, there exists ¢ > 0 such that AT, (n) < ¢*n
for all n > 0. For any v € 7/, let n = L(~,S). Then
L(7y,8") < AT(n) < ¢*n = *L(v, S).
Thus L(v,S) < c2L(v, S) for all v € /. This inequality induces that for all k > 0
Li(¢', §') = max { L(¢"(2), ) | v € §'}
< 2 maX{L(qb’k(%-), S)|vie S,} < Li(¢, S)
and so GR(¢') < GR(¢). Consequently, we have

Lemma 2.1 ([5, Corollary 3.1]). Let ¢ be an endomorphism of ©. If ' is a ¢-invariant
undistorted subgroup in 7, then GR(¢') < GR(¢); hence if, in addition, 7' is a normal

subgroup of 7, then GR(¢) = max {GR(¢/), GR(¢)}.

Proof. Since n’ is undistorted in 7, we have from definition that AT, (n) < n. Now the
proof follows from the above observation. O

Remark 2.2. Remark further that:

e If 7/ is of finite index in 7, then 7’ is undistorted and hence GR(¢’) < GR(¢).
Example 2.4 shows that the inequality can be strict. Thus [2, Proposition 1]
(see also [5, Theorem 3.1]) is not correct.

e If GR(¢) < GR(¢'), then 7’ is distorted, and 7’ is not of finite index in 7.

Lemma 2.3. Let ¢ be an endomorphism of w. If GR(¢) < 1, then GR(¢) = 0 and ¢ is
an eventually trivial endomorphism, and vice versa.

Proof. Let p = GR(¢) and let € = 1 — p > 0. Since limy,_o0 L (¢, S)Y/™ = p, there
exists N > 0 such that for all m > N we have Ly,(¢,S)/™ — p < € Ly (¢, S)/™ <1 =
Ly (6,5) <1= Ly(¢,S) =0 because L, (¢, S) is a nonnegative integer. This implies
that p = 0 and the endomorphism ¢" is trivial or ¢ is eventually trivial. The converse
is obvious. O

Example 2.4. Let m = Z x Zy with generators a and 8 such that 32 = 1. Consider an
endomorphism ¢ of 7 defined by ¢(a) =1 and ¢(8) = 5. Observing that
Ln(9,5) = max {L(¢" (), 5), L(¢"(B), 5)}
=max{L(1,95),L(3,5)} =max{0,1} =1,
we have GR(¢) = 1. Similarly, we have GR(¢|z) = 0 and GR(¢|z,) = 1. Notice further
that Zs is a distorted subgroup of 7 because A7 (n) =1 for all n.

Lemma 2.5. Let ¢ be an endomorphism of .
(1) If 7’ is a ¢-invariant finite subgroup of 7, then GR(¢') < GR(¢);
(2) If, in addition, 7 is a normal subgroup of 7, then GR(¢)=max {GR(qb’), GR(qB)},

and GR(¢) = GR(ngS) if and only if ¢' is eventually trivial or ¢ is not eventually
trivial.
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Proof. If the ¢-invariant subgroup =’ of 7 is finite, then we can show easily that GR(¢')
is either 0 or 1 by taking a system of generators S’ = 7’ for 7/. We will show that
GR(¢') < GR(¢). May assume that GR(¢') = 1. This implies that there is an element
x € 7 such that ¢'"(x) # 1 for all n > 0. Considering any system of generators for 7
which contains z, we can see right away that GR(¢) > 1 = GR(¢').

Assume that 7/ is normal in 7. If GR(¢') = 0, then it is clear that GR(¢) = GR(®).
On the other hand, if GR(¢) = 1 then GR(¢) = GR(¢) if and only if GR(¢) > 1 if and
only if ¢ is not eventually trivial by Lemma 2.3. O

Remark 2.6. However the above lemma is not true anymore whenever 7’ is infinite,
see also Example 2.7. Note further that if GR(¢) < GR(¢'), then 7’ is infinite.

The following is an well-known example about subgroup distortion.

Example 2.7. Let 7 be the Baumslag-Solitar group B(1,n):
B(1,n) :={a,b|a 'ba =b"), n > 1.

Then S = {a,b} is a generating set for 7. Let #’ = (b) and let S" = {b}. We observe
that the subgroup n’ of 7 is distorted. In fact, since b = a=kbak for all k > 0, we have
that L(b"k,S’) = n* and L(b”k7 S) =2k + 1. If ¢ is an endomorphism of 7 given by
#(b) = b™ and ¢(a) = a, then we can see that GR(¢') = n and GR(¢) = 1.

Example 2.4 shows that [2, Proposition 1] is not correct in general, but it is almost true
in the sense of Theorem 2.8. By modifying the argument of the proof of [5, Theorem 3.1],
we have:

Theorem 2.8. Let ¢ be an endomorphism of m and let ™ be a ¢-invariant, finite index
subgroup of m.
(1) If ¢ is not an eventually trivial endomorphism, then GR(¢) = GR(¢').
(2) If ¢’ is an eventually trivial endomorphism of 7', then GR(¢') = 0 and GR(¢) =
0 or 1. Moreover, GR(¢) = 0 if and only if ¢ is an eventually trivial endomor-
phism of .
Consequently, the equality GR(¢) = GR(¢') holds except only the case when ¢’ is even-
tually trivial and ¢ is not eventually trivial. If this is the case, then GR(¢') = 0 and
GR(¢) = 1.

Proof. Let 8" = {v1,--- ,7%} be a set of generators of #’. Let u = [r : 7/]. Then we
have m = o177’ U --- U dyn’ so that S = {~1, -+, %, 01, -+ ,0,} generates w. For any
j =1,--+,u, there exists a unique k; such that ¢(d;) € dx;7". We denote

p= lréljaSXu {L(’U}j,S/) ’ (ﬁ((%) = (5kjwj S (Skjﬁl} .

Assume that p = 0. Then ¢(d;) =y, for all j =1, ,u. For each j =1,--- ,u, we
write ¢™(d;) = d;,,. Hence L(¢™(J;),S) =0 or 1 according as d;,, = 1 or J;,, # 1.

Suppose that there is N > 0 such that ¢N(6j) =1 forall j =1,---,u and hence
L(¢™(6;),5) = 0 for all m > N. Since 7’ is undistorted in =, there exists ¢ > 0 such
that

L(v,8) < L(v,S), Vyenr.
It is clear that
L(v,8) < L(v,8'), Vyen'
Thus,
m(¢,8") < Lim(9,5),

Lon(&,
Lin(¢,8) = max {L(¢" (%), S)} < Lin(¢', 5).
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This implies that GR(¢’) = GR(¢).
Suppose on the contrary that for any m > 0 there is j such that ¢ (;) # 1. Then
max {L(¢™(d;),S)} = 1. Hence
= max {L(¢™(7;),S5),1} < max {Lm(qﬁ', S, 1} .
This implies that GR(¢") < GR(¢) < max {GR(¢'),1}. Since ¢’ is not eventually trivial,
Lemma 2.3 implies that GR(¢') > 1, and hence GR(¢) = GR(¢').

Next we assume next that p > 1. For each j = 1,--- ,u, we write ¢(J;) = d;,w; for
some j; and wy € w’. Then

qu(éj) = 5jmwm¢(wmfl) e qu_l(wl)'
and thus
L(¢™(85),8) < 1+ p+pLi(¢,S) +pLa(¢',S") + -+ +pLimn-1(¢, ).

Let L = GR(¢'). By the assumption of our proposition, L > 1. Let € > 0 be given.
Since limy,—yo0 L (¢/, 8")/™ = L, there is N > 0 such that if m > N then Ly, (¢',5") <
(L +¢)™. Choose q1,--- ,qn > 0 such that L;(¢',S") < ¢;(L+¢€) fori=1,---,N. Put
g = max{q, - ,qn,1} > 1. Then L,,(¢',S") < q(L + €)™ for all m > 1. Hence we
have

L(¢™(87),5) < 1+ p+pg(L +€) +pa(L +€)* + - + pa(L + &)™
(L+e)™—1
<1 -_
=itp (L+¢€)—1
Since pg # 0, this induces that

lim vm?x{L(gbm(éj), S <L+e

m—r0o0

Since 7’ is undistorted in m, there exists ¢ > 0 such that
Lin(¢',8") = max {L(¢"" (7:), S) }
< max {L(¢"" (%), 8), L(¢™(85), 5) } = L(6, 9),
and hence we obtain
L =GR(¢) < GR(¢) = lim R/Lin(¢,5) < L+e

for all € > 0. Consequently, GR(¢) = GR(¢').

Suppose that ¢ is an eventually trivial endomorphism of #/. Then it is clear that
GR(¢') = 0. Consider a set S = {1, -+ ,7,01, - ,0y} of generators for w as above.
For any m > 0, we observe that

" () =1, ¢"(6;) = 0j, wm
for some j,,, € {1, ,u} and wy, in a finite subset of 7/. This induces that the sequence
{Lmn(¢,S)} is bounded. Because L;,(¢,S) = 0 or > 1, it follows that GR(¢) = 0 or 1
respectively.

When GR(¢) = 0, Lemma 2.3 says that ¢ is an eventually trivial endomorphism.
Next we consider the case when GR(¢) = 1. From the definition, we can choose N >0
so that for m > N we have 1/2™ < L,,(¢, S), which implies that L,,(¢,S) > 1 because
L (¢4, S) is an integer. Therefore, for each m > N, we can choose v € S such that
¢™ () # 1. This shows that ¢ is not eventually trivial even though ¢’ is eventually
trivial. 0

Before leaving this section, we observe the following elementary facts. These turn
out to be useful in driving practical computation formula of GR(0), see Section 4.
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Lemma 2.9. Let ¢ be an endomorphism of m with a finite set S of generators. Let
GRi(¢) = lim L(¢*(s), 9)"/"
k—o0
for each s; € S. Then GR(¢) = max {GR;(¢) | s; € S}.

Proof. Since L(¢"(s;),S) < Li(e,S), it follows that GR;(¢) < GR(¢). Assume GR;(¢) <
GR(¢) for all s; € S. Thus there exists K > 0 such that if ¥ > K and s; € S then
L(¢*(s;), 8)/* < GR(¢). Because S is finite, it follows that Ly (¢, S)/* < GR(¢) for all
k > K. However, since limy,_,o, L (¢, S)V/* = limy> g L (¢, Sk = infi>x Li (o, Sk,
we obtain a contradiction: GR(¢) = infy>x Li(¢, S)/* < GR(¢). O

Lemma 2.10. Assume that f(k),g(k) > 0, klim FYF = F and klim g(k)V*F = @.
—00 —00
Then for any positive constants A and B, we have
Jim (Af (k) + Bg(k)* = lim (f(k) + (k)" = max {F,G}.
—00 —00
Proof. Iflimy,_,o f(k)Y/* = F, then limy,_,o0 (Af (k))V/F = limy_ o0 AY*limy_, o f(k)V/* =
F. This implies that we can assume A = B = 1.
If G = 0, then for sufficiently large k, g(k)'/* < % or g(k) < 2%, which implies that
g(k) — 0. Hence limy_,oo (f (k) + g(k))* = limj_, 00 f(k)'/* = F = max {F, G}.
We may now assume that 0 < G' < F. The assumption limj_,« f(k)/* = F deduces
f(k)/E f(k) _ 9(k)

that limg—c —%— = 1 and it follows that limy, 5z~ = 1. Similarly, limg oo o =L
So, limy_, % = limg_ oo % (%)k is 1 or 0 according as G = F or G < F. Therefore
k
tog [ 1im LBV WYy o T R i
k—oo F k—oo k
o (482-+ 42
= lim =0
k—o0 k

This proves our assertion. ]

3. FINITELY GENERATED NILPOTENT GROUPS

Consider the lower central series of a finitely generated group m: m =m D w9 D -+,
where 7j = [m, mj_1] is the j-fold commutator subgroup ~;(7) of 7. The endomorphism
¢ : m — 7 induces endomorphisms

¢j T — Ty, (ﬁj : 7T/7Tj —>7T/7Tj, (Z_Sj : 7Tj/7Tj+1 —>7Tj/7Tj+1.

Then it is known from [2] that GR(¢) > GR(¢;)'/7 for all j > 1. The group 7 is called
nilpotent if 7; = 1 for some j. When 7. # 1 but m.41 = 1, we say that it is c-step. It
is also known from [2] that:

e If 7 is c-step nilpotent, then GR(¢) = max {GR(QEC)7 GR(qﬁC)l/C},
e If 7 is nilpotent, then GR(¢) = max;>1 {GR(¢;)'/7}.

Recall for example from [14, Proposition 3.1] that a finitely generated nilpotent group
7 is virtually torsion-free. Thus there exists a finite index, torsion-free, normal subgroup
I’ of m. Following the proof of [15, Lemma 3.1], we can see that there exists a fully
invariant subgroup A C I' of @ which is of finite index. Therefore, any endomorphism
¢ : m™ — m restricts to an endomorphism ¢’ : A — A. By Theorem 2.8, we may
consider only the case when ¢’ is not eventually trivial and hence we may assume that
GR(¢) = GR(¢'). Consequently, for the computation of GR(¢), we may assume that =
is a finitely generated torsion-free nilpotent group.
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Consider the lower central series of a finitely generated torsion-free c-step nilpotent
group m: T = T, Tj41 = |7, 7], T # 1 and w4 = 1. For each j = 1,--- ¢, we
consider the isolator of 7; in 7:

VT = T = {:BEW | z* € m; for some k > 1}.

Then it is known that ,/7; is a characteristic subgroup of 7 with [,/7; : 7] is finite.
Furthermore, ,/7; /m; is precisely the set of all torsion elements in the nilpotent group
m/m; and (/7 / /i1 = ZFi for some integer k; > 0. Hence we obtain the adapted
central series

T=/T1DVT2 D DTeD/Ter1 = 1.

The following lemma plays a crucial role in our study of growth rate for endomor-
phisms of finitely generated nilpotent groups.

Lemma 3.1 ([21, Lemma 3.7]). Let 7 be a finitely generated c-step nilpotent group with
lower central series

MT=m DM D DM D Met1 = 1.
Then there are finite sets T; = {le, e ,Tjkj} C m; such that

(1) if pj : mj = mj/mj11 denotes the projection, then p;(T}) is an independent set of
generators for the finitely generated Abelian group m;/mji1;

(2) if j > 1, then every T is of the form [T1;, Tj—1,]; and

(3) Ty generates .

Let G be the Malcev completion of a finitely generated torsion-free nilpotent group
and let ¢ be an endomorphism of 7. Then ¢ extends uniquely to a Lie group homo-
morphism D of G, called the Malcev completion of ¢. We call its differential D, the
linearization of ¢.

Theorem 3.2. Let ¢ : 1 — w be an endomorphism on a finitely generated torsion-
free nilpotent group w. Let G be the Malcev completion of w. Then the linearization
D, :® — & of ¢ can be expressed as a lower triangular block matrix with diagonal
blocks {D;} so that

_ N\1/j
GR(¢) = max {sp(Dj) }
In particular, GR(¢) is an algebraic integer.

Proof. Let m be a finitely generated torsion-free c-step nilpotent group with adapted
central series

T =+/T1 D/m2D DT D J/Ter1 = 1.

Let ¢; : \/7; — /7j/\/Tj+1 denotes the projection. We choose {T1,---,T.} as in
Lemma 3.1. Since w9 is a fully invariant, finite index subgroup of /w2, it induces a
short exact sequence

1 — \/TTQ/ﬂ'Q —)7‘(’1/7‘(’2 —)7’[‘1/\/5: \/71'»1/\/7?2—> 1.

Since /w3 /o is finite, it follows that /7 /\/m2 = ZF can be regarded as the free part
of the finitely generated Abelian group m/m3. Hence we can choose S; C 77 such
that p1(S1) is an independent set of free generators of /71 //m2 and p1(T1 — S1) is an
independent set of torsion generators of m; / 9.

Next we consider the short exact sequence

1 — /w3 /75 — /M2 T3 —> /T2 /\/T3 —> 1.
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Since mo/m3 C /m2/73, we obtain the following commutative diagram between exact
sequences

1 —— T3/ T3 — M/ —— /M7 ~ gk 4]

I I I

/(w2 N /73)
= T2 /T3/\/T3

where all vertical maps are inclusions of finite index. Hence we can choose So C 15
such that po(S2) is an independent set of free generators of the free Abelain group
(g - \/m3)/\/T3 and pa(T> — S2) is an independent set of torsion generators of mo /3.
Note that So C m C /m2. Because the right-most vertical inclusion is finite index,
we can choose Sy C /72 such that ¢2(S2) is an independent set of free generators of
\/T2/+/T3, and for each o9 € Sy there are unique 2 > 1 and unique 7o, € S such that
o9'2 = 79, modulo \/73. Remark also that #5 = #8o.

Continuing in this way, we obtain {S1,---,S.} C {11, -+ ,T.} and {S1, - ,S.} such
that

1 —— (7T2ﬂ\/71'73)/71'3 _ 7T2/7T3 —_ — 1

Sj C Tj, #Sj = #Sj,

p;j(S;) is an independent set of free generators of 7;/mj 1,

pj(T; — S;) is an independent set of torsion generators of 7;/mj41,

qj(S;) is an independent set of free generators of |/7;/, /711,

for each 0; € §; C VT there exist unique ¢; > 1 and 7;, € S; such that

ajzf = Tj» mod ,/T;17.
The adapted central series of m allows us to choose a preferred basis a of m; we
can choose a to be {S1,---,Sc} so that it generates m and 7 can be embedded as a

lattice of a connected simply connected nilpotent Lie group G, the Malcev completion
of . Its Lie algebra & has a linear basis loga = {log Sy, - ,logS.}. From O'jej = Tjx

mod ,/7; 1, we have

(B) tjlog(0;) = log(0;") =log(rjx) mod 7;4+1(®).

This induces that {log Sy, --- ,log S.} is also a linear basis of &.
Let ¢ : m — m be an endomorphism. Then ¢ induces endomorphisms

Gj T =T, Py 77/77]- — 77/77]-, gEj : 7Tj/7Tj+1 — 7Tj/7rj+17

and

03 TG = Ty B3 TN = Ty BTN = /T
Moreover, any endomorphism ¢ on 7w extends uniquely to a Lie group endomorphism D
on G, called the Malcev completion of ¢. With respect to the preferred basis log a of the
Lie algebra & of G, we can express the linearization D, of ¢ as a lower triangular block
matrix, each diagonal block D, is an integer matrix representing the endomorphism
@i 1 /T[Tt = LR — 75/ /T = 2% . For details, we refer to for example [13].
When the new basis {log S1,- - ,logS.} is used instead of loga, the integer entries of
block matrices D; will be changed to rational entries because of the identities (B), but
the eigenvalues of D; will be unchanged. This means that whenever the eigenvalues of
D, are concerned, we may assume that 7;/m; 1 is torsion-free, or 7; = ,/7;, or we may
take tensor with R. Thus,

GR(¢;) = sp(D;) = GR(g).
Now the theorem follows from GR(¢) = max;>1 {GR(@)I/J‘}. O
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Example 3.3. Let Nil be the 3-dimensional Heisenberg group. That is,

1 =z =z
Nil={ [0 1 y )x,y,zeR
0 0 1
Consider the subgroups I'x, k € N, of Nil,
1 n %
Te=<10 1 m ‘m,n,ﬁeZ
0 0 1
These are lattices of Nil, and every lattice of Nil is isomorphic to some I';. Let
100 110 10 ¢
ar=10 1 1|, a=1(0 1 0|,a3=1]0 1 0
0 01 0 01 0 0 1
Then S = {aj,a2,a3} is a generating set of I'y satisfying [a1,as] = agk, [a1,a3] =
[a2,a3] =1, and in fact
1 n %
¢
0 1 m| =a"ayas.
0 0 1
Let m = Ty = (a1, a9,a3 | [a1,a2) = a3”, [a1,a3] = [ag,a3] = 1). Let 7/ = (a3) and

S’ = {as}. Since (agk)"2 = [a}, a}], we have L((agk)"g, S') = kn? and L((agk)"2

4n. Hence

’S):

L((a3")"™, 8") > L((az")", )
for all n with n > 4/k. It follows that 7’ is distorted.
Consider any endomorphism ¢ : m — 7. Then ¢ must be of the form

Qb(al) — a71n11a;n21a§’ ¢(a2) — a71n12a§n22ag7 ¢(a3) — agbumm—mumm‘

We will compute GR(¢). The lower central series of 7 is 7 = 71 D T = (a}), and
its adapted central series is m = w1 D (/T2 = (a3). We observe that Ty = {a1, a2, a3}
and Th = {a’g} are sets satisfying the conditions of Lemma 3.1. Then we can see that
S1 = {ay,a2} C Ty and Sy = {a§} C Ty, and S} = {a1,a2} and S5 = {as}. Further,
{81, 55} = {a1,a2,a3} is a preferred basis for . The linearization of ¢ with respect to
this preferred basis has two integer blocks D and Do, where

mir mi2

D, =
mo1 M2

] , Do = [m11mag — migma] = [det(D1)].

By Theorem 3.2, we have GR(¢) = max {sp(Dl), sp(Dg)l/z}. Let u, v be the eigenvalues
of Dy. Then

GR(6) = max { |ul, [v], /[ } = max {|ul,[v]} = sp(Dy).
In fact, we will show in Theorem 3.5 that it is always the case that GR(¢) = sp(Dy).

We consider another example in which we obtain much information about lineariza-
tions of endomorphisms and then we obtain an idea of proving the next result, Theo-
rem 3.5.

Example 3.4. Consider a 2-step torsion-free nilpotent group m generated by
T1,72,73,012,013
satisfying the relations

[T1, 72| = 012, [T1, T3] = 013, [T2, T3] = 075073, [Ti, 0jk] = [012,013] = 1.
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Since mp = (012, 013) = Z? and 7/my = (71, To, T3) = Z3, it follows that the set {11, T5} =
{11, 72, 73,012,013} satisfies the conditions of Lemma 3.1 and forms a preferred basis of
our group 7. Let ¢ be an endomorphism of 7. A direct computation shows that if

(1) = T{i“nging’i mod g,

i.e., if the first block of the linearization of ¢ is

di1 di2 di3
Dy = |do1 doo das|,
d31 dz2 d33

then with o93 = [72, 73], we have
_ Mss Mz Mg _ Msa Moo M2 _ M3y My My
P(012) = 015013 093", do13) = 015°2 013720932, P(023) = 075° 0737 09311,
where M;; denote the (7, j)-minor of D. These yield a matrix

M3z Msz Mz )
K = |Maz My M| = /\ (D1),
Mys Mia My

the second exterior power of Dq. On the other hand, since o923 = 075075, we have

(1) P(o12) = 0%330{\?30.%13 — U{\g33+mM130i\§23+nM13,
(2) P(o13) = U%SQU%QQU%IQ — Ug32+mM120%22+nM12,
(3) P(093) = P(o12)"P(013)" = Ugmai\éleaé\gu — Ug31+mM110%21+nM11.

From (1) and (2), the second block of the linearization of ¢ is

D, — M3z +mMi3  Msza + mMio
2 Moz +nMy3 Moo +nMyo |

Plugging (1) and (2) into (3), we have

[ Mg Ms33 M3,
M21 =m M23 +n M22 when (m, n) 75 (0, 0),
(4) | M1y M3 Mo
M 0
st — when m =n = 0.
Moy 0

When (m,n) # (0,0), because of (4), K is column equivalent to the matrix K’ with the
zero third column, and then by doing some row operations on K’ we can see that K’ is
row equivalent to the matrix K" where

Mss M3z O Ms3 + mMyz Msz + mMia O
K ~ K/ = M23 M22 0 ~ K” = M23 + TLM13 M22 + TlMIQ O
My My 0 | My My 0

Thus the second block Ds of the linearization D, is a block submatrix of K”. This
is obtained by removing the row and column of K” that are determined by (3) or by
the relation [, 73] = o]4075. Note also that K, K’ and K” have the same eigenvalues
which are 0 and the eigenvalues of Dy. When (m,n) = (0,0), because of (4), we have

M3z M3z : 0
K = | Ma3z My i 0
M3 Mys : My

Thus D5 of D, is a block submatrix of K, and K has Mj; and the eigenvalues of D5 as
its eigenvalues.
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On the other hand, if ju1, jig, ju3 are the eigenvalues of Dy, then as K = A*(D;), the
eigenvalues of K are p;p; (i < j). Consequently, we have

— . AR G 1/2
sp(D1) = o () = max ] | = sp() 2 (D)
This proves that GR(¢) = sp(D1).

The following result was proved in [14] when ¢ is an automorphism using the intrinsic
polynomial structure of nilpotent groups. We will now improve [14, Theorem 1.2] from
automorphisms to endomorphisms by using completely different arguments.

Theorem 3.5. Let ¢ : m1 — © be an endomorphism on a finitely generated torsion-free
nilpotent group ™ with Malcev completion D. Then

GR(¢) = GR(¢ab);

where ¢qp ¢ w/[m,w| = w/[m, 7| be the endomorphism induced by ¢. Hence GR(¢) =
sp(D1) < sp(D.).

Proof. Let m be c-step and choose a family of finite sets {11,---,7T.} satisfying the
conditions of Lemma 3.1. As it was observed in the proof of Theorem 3.2, we can choose
{S1,--+,Sc} such that each S; C T; C m; projects onto free generators of 7;/mj;1 and
a preferred basis {S],-- -, S.} of 7 so that each block matrix D; of the linearization D,
of ¢ which is determined by log S;- may be assumed to be determined by log S;.
Indeed, for each j with 1 < j < ¢, we write S; = {le, ‘e ,Tjkj} C Tj; then if j > 1,
every T, is of the form |71, 7j—1]. For 1 < j <, if
d{z dijz
P(Tje) = T;1° T, modulo w1,

then the jth block of the linearization D, of ¢ is

J J
dyp e dlkj
Dj=1":
J 7
dppyy o dkjkj

In order to compare first the eigenvalues of D with those of Dy, we use the following
new notation: D = [d%j] = [di;], 045 = [T, 7y] for all 1 < i < j < ky. Then
0ij = TQiel € Sy for some ¢ or o;; is an word of elements in S;d modulo 73 (see the
presentation of 7 in Example 3.4). Let S = {oy; | 1 <14 < j < k;}; then we may assume
that So C S. Further, Sy differs from S except possibly by o;;’s, words of elements in
Sgcl modulo 73 (note in Example 3.4 that Sy = {012,013} and S = {012,013, 075075}).

Now we can express ¢(o;;) as follows:

MBI phd MBI Mm‘_
(P) G(oi) = 015" 03" ooy, M -aklkjL,i’lkl modulo 73

for some integers M;;g. We denote by K the (]‘321) X (7‘321) matrix [Mé;ﬂ

1,2 1,3 k1—1,k1

Mﬁ’% Mﬁ’z A M]kyz lk

M7 MUE s MMM

K — b b K

1,2 1,3 k1—1,k;

Mkl—l,lq Mkl—l,kl o Mkl—l,kl

. 2,7 1,] 7,] 1,
We will refer to the column vector <M1,2v My, - - le,kl’ e 7Mk1—1,k1> of K as the

(i,j)-column of K. Remark that:

(i) For any o;; € S, M} is unique for which Opq € So.
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(ii) If 045 € S — Sy, then oy; is an word w of elements in S;El modulo 73. If w #£ 1
modulo 73, the (7, j)-column of K is an integer combination of (p, ¢)-columns of
K corresponding to the elements 0,, appearing in the word w. If w = 1, then
M} = 0 for which g, € S,.
(iii) The right-hand side of the expression (P) can be rewritten in terms of only the
elements of Sy using the words o;; = w(opq). This yields the second block Ds.
Since o, = [113, 715, taking ¢ on both sides, we have (see [5, Lemma 4.1] or [19, p. 93,
Lemma 4.1])

My Mi];g Hc Mli] 1,k di; Ay i _da diy 5
015 %0 coy, L =y ]
12 13 1k kl 1,k1 11 1ky 11 1k1

(R) :HHTlp 7qu HHTlp’qu piida s

dp,idq,;—d d
= H opy T PITEE modulo 3.
1<p<g<ki

This shows that K is the second exterior power of the matrix Dy, i.e., K = A*(Dy).
Hence, if p; (1 < i < ky) are the eigenvalues of Dy, then p;p; (i < j) are the eigenvalues
of K.

From part (ii) of the above remarks, we see that K is column equivalent to the matrix
K’ with zero (i, j)-column for which ¢;; = w(opq) # 1 modulo 3. We rearrange the
elements of S so that S = SU(S—93) = S2US3US3 where S3 = {0, € S — Sz | 0i; = 1}
and S3 = {0;; € S — S | 0;j # 1}. By rearranging S to Sz U (S — S3), we have

K ~c K'= ..

The effect of part (iii) on K and hence on K’ is doing some row operations by using the
(i, j)-rows in the last block of K’ for which ¢;; = w(opq) # 1 modulo 73. By rearranging
S further to Sy U S3 U S3, we have

Dy 00

V7N EETTTTTPR- PP

K ~p K= * %0
TR

The middle block column is determined by that fact that if o;; = w = 1, then My =0
for which o, € So.

Consequently, the second block Dy of D, is a block submatrix of K” which is obtained
by removing the rows and columns associated to S — S3. Remark also that K, K’ and
K" have the same eigenvalues which contain the eigenvalues of Dy. This observation
shows that

sp(D1) = max {|p;|} > max {\/mift; } = sp(K)'/? > sp(Dy)"/?.

For the next inductive step, we recall that every element of S3(C T3) is of the form
[T1e, 045], where i < j. Taking ¢, we have that

drp dp,idg,j—dp, jdq.q
o(lnesoi)) = ([I 70" TT owe ™™ %)
r 1<p<q<k:
= H H (71, Opg) Pt (dpidas=dpsdas) modulo my.
T 1<p<q<ki
This expression is unique except possibly the exponents of the elements [11,,0p4] = 1

modulo 7. This produces the matrix K = Dy @ A® Dy. First if [71,, 0py] = w(S3) # 1
modulo 74, by doing some column operations and then by doing some row operations we
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obtain a matrix K", which can be regarded as a lower triangular block matrix. Finally,
we remove the columns and rows from K” which are associated with the elements
[T1r,0pq] = w(S3) modulo m4. This gives rise to the third block D3 of D,. Hence
sp(Ds3) < sp(D1)3. Continuing in this way, we may assume that the jth block D; of D,

is obtained from <®j_2 D1) Q A? D; so that
sp(D1) > sp(Dj)'/7.

Consequently, GR(¢) = max {sp(D;)'/7} = sp(D1) = GR(¢ap) < sp(Ds). O
4. LATTICES OF Sol

A group is said to have max if every its subgroup is finitely generated. It is known that
a solvable group has max if and only if it is polycyclic. A polycyclic group is virtually
poly-Z. Following the proof of [15, Lemma 3.1] again and using [20, Lemma 4.4], we can
show that a polycyclic group has a torsion-free, fully invariant, finite index subgroup.
Consequently, for the computation of growth rates of endomorphisms on polycyclic
groups, we may assume that polycyclic groups are torsion-free, see Theorem 2.8.

The simplest non-nilpotent poly-Z group is the Klein bottle group. We can compute
easily the growth rate of any endomorphism on the Klein bottle group.

Example 4.1. Consider the Klein bottle group 7 = (z,y | yzy~! = 271) and let ¢
be any endomorphism on 7. Since [r, 7] = (22), we have the induced endomorphisms
@' on [r, 7] and Pap, on ma = (Z,5 | 2% = [Z,y] = 1). Recall for example from [12,
Lemma 2.1] that ¢ satisfies ¢(z) = 29 and ¢(y) = y ' for some integers r, ¢ and ¢
where either r is odd, or r is even and ¢ = 0. Observe that ¢’ is the multiplication by
q on [r, 7] and so GR(¢') = |g|. Since ¢(y?) = (y"z%)? = y* (D +DE it follows that
Gap is the multiplication by 7 on the subgroup (7?) of 7., and so GR(¢ap) = |r|. Hence
GR(¢) < max{|q|,|r|}. Now, to compute GR(¢) we simply notice that the subgroups
(z*) of 7 are undistorted. Consequently, we see that

GR(¢) = max {|q, [r[} = max {GR(¢), GR(¢ab) } -

Or, we note that 7 = (x) x (y) is preserved by ¢, inducing endomorphisms ¢’ and )
so that ¢ is the multiplication by ¢ and qg is the multiplication by r both on Z. Since
(x) is undistorted, we can conclude that GR(¢) = max {GR(¢'), GR(¢ap)} as above.

On the other hand, we remark also that the Klein group 7 is a Bieberbach group.
Namely, the subgroup I' of 7 generated by = and 32 is isomorphic to Z? which is of index
2. By observation above, I is ¢-invariant and hence GR(¢) = GR(¢|r) = sp(¢|r). Since
¢|r is represented by a matrix with eigenvalues g and r, we have GR(¢) = max {|q/|, |r|}
as it was observed above.

The primary goal of this section is to compute the growth rate of any endomorphism
on a lattice of the 3-dimensional solvable Lie group Sol. To the best of our knowl-
edge, such a computation on a poly-Z group was carried out for the first time in [5,
Theorem 5.1]. However, we will observe that its statement is false (Remark 4.7).

The Lie group Sol is defined by Sol := R? X, R where

Then Sol is a connected and simply connected unimodular 2-step solvable Lie group of
type (R). It has a faithful representation into Aff(R3) as follows:

e 0 0 =z

_ 0 et 0 y
Sol = 0 0 1 ¢ ‘m,y,teR

0 0 01
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The lattices I' of Sol are determined by 2 x 2-integer matrices A

b1 lio
A =

[521 a2
of determinant 1 and trace > 2, see for example [17, Lemma 2.1] or [9]. Namely,
(S) I'= FA = <a1,a2,7' | [al,ag] = 1,7’@1'7'_1 = afliag2i> = Z2 XA 7.

Let 6 : T' — T" be any endomorphism. By [17, Theorem 2.4], 6 is one of the following:

Type (I) 0(ar) = ay"'ay?", 0(az) = a]"*' a3, 0(7) = ajajr
Type (II) 0(a1) = a""'ay*, 0(az) = a*'a??, 0(1) = afadr™!
Type (III)  6(a1) =1, 6(az) =1, 0(7) = ajadr™ with m # +1
Noting that [a1,a] = 1, we shall denote a* for a{'a3?. Then Ta;77! = ade and
ra*r~! = a?*. Since Sol is of type (R), Sol satisfies the rigidity of lattices, see for

example [16]: every endomorphism 6 : I' — I' extends uniquely as a Lie group endo-
morphism D : Sol — Sol. Let S = {aj,a2,7}, a set of generators for I'. With respect
to the linear basis log S = {log a1, log as,log 7} of the Lie algebra of Sol, the differential
D, of D can be expressed as a matrix of the form

myy miz2 0 00 O
mo1 Moo 0 or 0 0 O
* * 1 * % m

according as 6 is of type (I), (II) or (III). Let H = (a1,as) = Z?, the subgroup of T
generated by a; and as. Then H is a fully invariant subgroup of I'.

For any matrix M, ||M||; denotes the sum of the absolute values of the entries of the
ith column of M, and the subscript is suppressed when M is a column matrix. Let
S = {ay,az,7} and S' = {a1,az}. Since T"aX7T"" = aA"* for all n > 0, we have

L(@t"*,8) = L(r"a*r ", 5) = 2n + |x||,
L(a""™, ) = || A"x]s + [ A"x].

Now, we recall from [9, Sect. 3] or [17, Theorem 2.4] that A is conjugate to a diagonal

matrix .
e’ 0 a 0
a=lo S =5 5

say P~1AP = A for some invertible matrix P. Hence A" = PA"P~! and this shows
that
A — [aua" +b118"  apa™ + b125n]
aga” +bo1 " agea™ + boo "
for some nonzero constants a;; which are independent of n. Thus [|A™||; = a;|a|™+b;| 5"
for some positive constants a; and b;. It now follows that

L(a?"™*,8") = Aq|a|" + Az| 8"
for some positive constants A; and Ay where o and 3 are the eigenvalues of A. Conse-

quently H is exponentially distorted.
Given 6, we denote ¢ : H — H and 6 : I'/H — I'/H. Then

GR(A) < max {GR(G’), GR(@)} = max {sp(@’), Sp(é)} = sp(Dx).

We now determine GR(6) explicitly:

When 6 is of type (III), we have ' is a trivial homomorphism and 6 is multiplication

by m. Because GR(6') = 0 and GR(6) = |m/|, we have

Im| = GR(d) < GR(H) < max {GR(H’), GR(é)} = |ml.
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When 6 is of type (I), 6’ is represented by the matrix
_ |mar ma2
ma21 Moz’

That is, 6(a;) = aM®. From this, we can show that 6(aP7) = aP*+Pr where p is any
column vector p = (p, q)!. Furthermore, we have

)

ka. nA-nirrka. —npzfka.
Hk(ai):aM el:aAA MeZ:TnaA MeZT n

24 k-1
6’“(7’) _ a(I+M+M +- M )pT

—nq _ —Np_q k—1 _
ni AT Mp m)_,,(Tnk_laA M p -1

=aP(r T.

These identities imply that
L(0*(a:), S) = min {HA‘”M’“HZ- - 2n} :
L(#*(r). 8) = min {lel + AT M| 4 AT M )
+2(n1 4+ mgo1) + 1} when p £ 0.

Let © and v be the eigenvalues of M. If y = 0 or v = 0 then it follows that M = 0.
Indeed, using the notation of [17, Theorem 2.4],

2(L11€22—1)u— (5115227512@1:‘:521 V. (511+522)2*4>”

2([11[2271) ?

Qorvy=

and g or v = 0 induces that v = 0 (because /({11 + £22)2 — 4 is an irrational number)
and so g = v = u = 0 and hence M = 0. This case yields GR() = GR(f) =

Hence we now assume M # 0, or equivalently, 4 # 0 and v # 0. Recall from the
proof of [17, Theorem 2.4] that both M and A are simultaneously diagonalizable to
diagonal matrices diag {u, v} and diag {«, 5}, respectively. In what follows, we may

assume that o > 1 and § = é Thus A~"MP is similar to the diagonal matrix

= dlag{ vt }, say A""M* = PDP~! for some invertible matrix P. This shows

an IBn
that each entry of A~"M¥ is a linear combination of —i and by nonzero constants
which are independent of n and k (see the discussion before for A and A):

k k k k
VG ants +bufm  anly +bheg
M"® = u Uk ik Uk |
a1 gw + bo1 5w (122a7 + b2 5
A= Mip = (pra11 + p2a12) + (p1b11 + p2b12)T
(prag1 + p2a22) + (p1b21 + p2b22) v

This makes possible to assume that |A="MP¥||; and ||A=" M7p|| are of the form A; %—lj +
Ag I ond B |“| + Bg M. respectively.
Accordlng to Lemma 2.10, we may assume that |A~"M¥|; and ||[A=" MIp|| are

simply WL 4 ¥ g bty oy

57 respectively. Let

(M1) L(6%(a;), 8) = || A~ M¥||; + 2ny,
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for some nj. Then

k kN 1k
Jim L(0*(a;), 8)Y* = lim <|“|+‘”‘>
— 00

k—oo \ 'k Bk
—max{klggo <%>I/k7 klggo (gy:)l/k}
Let
(M2) L(#*(7), 8) = [p]| + |47 Mp]| + - + A1 0" p]

+2(ny+---+ng_q) +1

for some ny, -+ ,ng_1. Then [|[A™" M7p| = min,>o {||[A~"M’p||} and

1/k
lim L(6(7), )" = lim (AT Mp]| + -+ + A~ a*p]))

k—o00
k—1 ;
. W v|?
=1
Jim, Z( S+

Jj=1

1/k

Consequently, when M # 0 we have

| |k; 1/k ‘ |I/|k 1/k
(G) GR(#) = max klgglo <ank) , klggo (B"’“) ,

I W)
( g

Example 4.2. When 0 is of type (I) with M = A, the formula (G) is already enough
to compute GR(6). In fact,

1/k

’Mi

lim
k—o0
j=1

Here, we used Lemma 2.9 for the identity.

k kprk _ _
ek(az) :aM e; —TkaA M e k :Tkaz"l' k:7

2 k—1
0k (1) = allHMAM 4+ M )p

= ap(TaAilMpT_l) o (Tk_laAi(kil)MkilpT_(k_l))

= ap(Taprl) i (TkilapTi(kil))T.

T

This shows that n; = j for all j > 1 in (M1) and (M2). Because p = a and v = 3,

j 1/k j 1/k
lim (’“’_) — lim <| d ) —1
k—oo \ " k—o0 6”3

and hence GR(f) = 1 whereas GR(0') = sp(A) = a > 1. This provides a counter-
example to [5, Theorem 5.1].

In order to use the formula (G) in general, we first have to determine n; (j =1,--- , k)
n (M1) and (M2). For this purpose, we observe that
el _ el P

g =an Tpm

i1
+04”f§’ﬁ’ — +a”
vl a”
’,u‘]a —a”

n__ . nj
n;+n < @ «
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First we consider the case where |u| < |v|. In this case, we notice that all n; = 0. If
some n; > 0, then 0 < n < n; for some n and then the above inequality (I) reduces to

J
‘ﬁ‘ > it s o251 s ]
1%

)

which contradicts |u| < |v|. By (G), we have
1/k

k—1
GR(9) = li J ]
() = max el o, Jim {3 (1 + 1)

. . kel 1\ . b1 A\ VK
Since limg_ o0 (ijl |M|J) = |u| and limg_,eo (ijl \1/V> = |v|, Lemma 2.10
implies that GR(0) = |v|. '
Next we consider the case where [v| < |u|. Since [£)7 > 1 > a™!, we have

‘ﬁ‘] > o2ni—1

even for n; = 0. On the other hand, for n > n;, the above inequality (I) reduces to

J ) v
‘H‘ < a" - min {a"} = " - o = o2t
v

n>n;

In all, we obtain that

(II) a2nj—1 S ‘E‘j S a2nj+1, 1 SJ S k.
v
Taking log on (II), we obtain
log |u|—log|v| ) - log |u|—log|v] ) -
< log a )j_l ( log o )]+1
<n; < )
2 2
Write x = bg“f‘ilogw‘ First we compute

oga

kN L/k kN L/k
(N e (N el
(kx+1)/2k 'k alkx=1)/2k7 L0 \ ek ax/?

Similarly, we obtain that

1/k
. v|* I
Jm <ﬁn = gz~

Next, we compute

k—1 , ;
o~ 1/2 || Wj al/? || !
/ z (Y <y z ,

Thus a simple computatlon shows that

1/k 1/k
k—1 k—1
i ()2 () ey
k—oo \ 4 7 o™i aX/2’ k5o | 4 7 B 5X/2 .
J= J=

In all, we have that if |v| < |p| then

GR(0) = max{asp, ﬂli/g} = max{|u|\/Z, |V|M} = /|pv| = /| det(M)].

Here the first identity follows from Lemma 2.10 and the second identity follows from

X2 — (ex/2>10g0‘ — (log|E])/2 = ‘B‘

v
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In summary for endomorphisms of type (I),
Theorem 4.3. Let 0 be an endomorphism of type (I). Then
1 when p=v =20
GR(0) =< |v] when 0 < |p| < |v|
Vipr|  when 0 < |v| < |pl.

In particular, GR(0) is an algebraic integer.

In the following examples, we will carry on explicit computation of growth rate to
confirm our Theorem 4.3.

Example 4.4. Let us consider an example:
2 1 1 2
A= [1 1], M = [2 _J, O(t)=r.
Then:

o a= 3+2‘/5,B = 3_2\/5,u =+/5 and v = —/5; hence |u| < |v|.
o Ta T = a%ag and TasT ! = ajas.
o 0% (ay) = a?k(: Ta‘;’ka2_5k7'_1 = T_la%5kagk7'), 6%*(as) = agk, 0% (1) = 7.

Hence Loy (6, S) = 5* and so GR(0) = V5 = |v|.

Example 4.5. Let us consider another example:

11 0 1
A—[2 3},M—[2 2],9(7)—7'.
Then:
ea=2+V3p=2-V3u=1+V3andv=1-3; |v] < |ul|

o TayT 1= alag and TayT ! = alag.

e By induction on k, we can show that
02k+1(a2) _ Tk+1a%’“7_f(k+1)’
02k(a2) _ Tka%kak(: kala%ka%-Qka(kfl) _ Tk+1a1_2ka§k7-*(k+1)),
92k+1(a1> _ Tka%’““T—k’
0% (ay) = Tka%kT_k,
0k (1) = 1.
The observation shows that Lo (6, S) = 2 + 2k and so

GR(0) = lim Li(6,S)* = lim Lok(6, S)Y/?* = lim (2% 4 2k)'/% = /2.
k—o0 k—o0 k—o0
On the other hand, because det(M) = —2, Theorem 4.3 also says that GR(6) = /2.

When 6 is of type (II), using the notation as in type (I), we have 62(a;) = a’*® and
0%(r) = alM=APr_ This says that 62 is of type (I) with M2A = AM?. Let p and v be
the eigenvalues of M so that %2 and ”7; are the eigenvalues of A~'M?2. By Theorem 4.3,
we have

1 when p=v =20
GR(0?) = { |v|> when 0 < |u| < |v|
|pv|  when 0 < |v| < |ul.
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Consequently,

1 when p=v =90
GR(#) = GR(0*)/2 = { || when 0 < || < |v|
Vipv| when 0 < |v| < |pl.

Now we can summarize what we have found as follows:

Theorem 4.6. Let 0 be an endomorphism on the group Ty given as in (S). Let 8/ = M
and 6 = m be the endomorphisms induced by 0 on the subgroup H = 72 and the quotient
group w/H = 7, respectively. Let o, 5 and u,v are the respective eigenvalues of A and
M so that %,% are the eigenvalues of A~'M and o > 1. Then
Im| = GR(0) when p=v =0
GR(0) = < |v| = GR(#') when 0 < |u| < ||
Vvl when 0 < |v| < |p|.

In particular, GR(0) is an algebraic integer and GR(0) < sp(D).
Remark 4.7. In Theorem 4.6, if 0 < |v| < || then

GR(0) = V[u] < V/[ul? = |u| = max {GR(#') = |ul, GR(D) =1} .

Thus there are many endomorphisms (of type (I) or type (II)) for which the strict

A~

inequality GR(6) < max {GR(G' ), GR(H)} holds. This provides a counterexample to [5,
Theorem 5.1].

Remark 4.8. Let f be a continuous map on a compact manifold M. Then by [11,
Theorem 8.1.1] we have that hiop(f) > hag(f) = log GR(¢), where ¢ is a homomorphism
induced by f of the group of covering transformations on the universal cover of M.

When M is an infra-solvmanifold of type (R), it is known from [6, Theorem 5.2,
Remark 5.3] that

htop(f) > log Sp(/\ D).
Let M be an infra-nilmanifold or a closed 3-manifold with Sol-geometry. By Theo-

rem 3.5 and Theorem 4.6, we can see that sp(D,) > GR(¢) = GR(f). Consequently,
we have that

hiop(f) = logsp(/\ D.) > logsp(Ds) > log GR(f) = haig(f)-

We wonder whether the inequality sp(D,) > GR(f) holds whenever M is an infra-
solvmanifold (of type (R)). For the relation between the growth rate GR(¢) and as-
ymptotic Reidemeister number, see [7].

Remark 4.9. From Theorem 3.2 and Theorem 4.6 it follows that the growth rate of any
endomorphism on a finitely generated torsion-free nilpotent group or a lattice of the 3-
dimensional solvable Lie group Sol is an algebraic number. The question of determining
for which groups the growth rate of group endomorphism is an algebraic number was
rised by R. Bowen in [2, p. 27].
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